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ABSTRACT 

The  Proceedings  of  PME-XI  has  been  published  in  three 
separate  volumes  because  of  the  larg^  total  of  161  individual 
conference  papers  reported.  Volume  I  contains  four  plenary  papery, 
all  on  the  subject  of  "constructivism,"  and  44  commented  papers 
arranged  under  4  themes.  Volume  II  contains  56  papers   (39  commented; 
17  uncommented)  arranged  under  9  themes.  Volume  III  contains  53 
papers  arranged  under  17  themes,  and  4  Research  Agenda  Project 
papers.  Due  to  space  limitations,   the  subject  content  of  these 
volumes  will  be  represented  by  listing  the  30  themes  used  to 
categorize  the  papers.  Volume  I:    (1)  Affective  Factors  in  Mathematics 
Learning;    (2)  Algebra  in  Computer  Environments;    (3)  Algebraic 
Thinking;    (4)  Fractions  and  Rational  Numbers;  Volume  II:   (5)  Geometry 
in  Computer  Environments;    (6)   In-Service  Teacher  Training;  (7) 
Mathematical  Problem  Solving;    (8)  Metacognition  and  Problem  Solving; 

(9)  Ratio  and  Proportion;    (10)  Number  and  Numeration;    (11)  Addition 
and  Subtraction;    (12)  Rationals  and  Decimals;    (13)   Integers;  Volume 
III:    (14)  Cognitive  Development;   (15)  Combinatorics;   (16)  Computer 
Environments;    (17)  Disabilities  and  the  Learning  of  Mathematics;  (18) 
Gender  and  Mathematics;   (19)  Geometry;   (20)  High  School  Mathematics; 

(21)  Effect  of  Text;   (22)  Socially  Shared  Problem  Solving  Approach; 

(23)  Didactic  Engineering;    (24)  Curriculum  Projects;   (25)  Affective 
Obstacles;   (26)   Instructional  Strategies;   (27)  Measurement  Concepts; 

(28)  Philosophy,  Epistemology,  Models  of  Understanding;  (29) 
Pre-Service  Teacher  Training;    (30)  Teritary  Level.  Each  volume 
contains  an  author  index  covering  all  three  volumes.  (MKR) 
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A  FORUM  FOR  RESEARCHERS 


This  eleventh  annual  meeting  of  PME  can  be  singlod  out  lor  the  largest 
number  of  scientific  communications  ever  contributed  and  tor  the  widest 
geographic  distribution  of  its  participants.  One  of  the  reasons  for  this  success 
must  be  attributed  to  a  constant  concern  for  improvement  that  can  be  traced 
back  to  the  early  beginnings  of  PME.  The  founding  members  will  remember  that 
following  the  first  meeting  in  Utrecht  in  1977,  it  was  decided  that  research  reports 
would  be  called  for  3nd  that  these  would  be  published  in  Proceedings.  At  the 
very  next  meeting,  in  Osnabruck,  this  tradition  was  started  and  has  been 
maintained  ever  since. 

This  concern  for  establishing  a  forum  for  research  in  mathematics  education 
was  also  reflected  later  on  when  the  aims  and  objectives  were  formalized  in  our 
constitution  adopted  at  the  Berkeley  meeting  in  1980.  Two  of  the  major  goals 
mentioned  in  that  document  are: 

(1)  to  promote  international  contacts  and  exchange  of  scientific  information  in 
the  psychology  of  mathematics  education,  and 

(2)  to  promote  and  stimulate  interdisciplinary  research  in  the  aforesaid  area 
with  the  cooperation  of  psychologists,  mathematicians  and  mathematics 
teachers. 

The  constitution  also  emphasizes  the  importance  of  research  in  its 
membership  qualification,  membership  being  "open  to  persons  involved  .n 
active  research  in  furtherance  of  the  Group's  aims  or  professionally  interested  .n 
the  results  of  such  rosearch". 

Over  the  years,  several  efforts  have  been  made  to  change  the  philosophy  of 
PMZ-  At  different  times  there  have  been  pressures  to  transform  it  variously  into  a 
more  teacher  oriented  organization,  or  into  a  general  discussion  group  for 
mathematics  educators.  The  objectives  pursued  in  these  attempts  were  quite 
laudable,  for  indeed  serious  thought  must  be  given  to  the  problem  of  bringing 
research  to  the  teaching  profession.  Equally  important  is  the  realization  that 
some  very  serious  issues  exist  in  mathematics  education  which  are  beyond  the 
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research  domain.  But  thare  are  many  other  groups  whose  vocation  is  precisely 
the  discussion  of  those  questions.  On  the  other  hand,  in  mathematics  education, 
there  are  no  international  groups  other  than  PME  where  researchers  can  gather 
and  discuss  their  work  among  themselves.  Evidence  that  our  association 
answers  such  a  need  can  be  found  in  the  very  impressive  number  of  research 
reports  in  the  PME-XI  scientific  program.  Thus,  It  seems  essential  that  PME 
should  continue  to  be  primarily  a  forum  for  researchers. 

This  is  not  to  say  that  we  can  ignore  the  more  general  issues,  such  as  the 
significance  of  constructivism  for  mathematical  didactics,  witness  the  fact  that 
this  happens  to  be  the  theme  of  our  plenary  sessions.  Indeed,  the  discussion  of 
such  issues  proves  to  be  essential,  for  it  provides  us  with  an  opportunity  to 
situate  our  own  research  in  a  broader  perspective.  And  it  is  against  this 
enriched  backdrop  that  we  can  exchange  more  profitably  the  results  of  our 
individual  research. 


Improving  the  quality  of  our  scientific  exchanges  has  been  an  ongoing 
concern  for  many  years.  This  has  been  discussed  at  several  meetings  of  the 
International  Committee  (I.e.).  More  recently,  at  the  London  meeting  of  the  I.C., 
there  was  general  approval  of  the  suggestion  that  the  PME-Xi  Program 
Committee  formulate  criteria  for  the  selection  of  research  reports.  Following  this, 
the  President,  Pearla  Nesher,  mandated  us  to  carry  out  this  recommendation.  At 
its  October  1986  meeting,  the  Program  Committer  (Behr.  Bergeron,  Herscovics, 
Kioran,  Nesher,  Romberg)  agreed  to  the  following  criteria  which  were  published 
in  the  first  announcement: 


To  allow  for  a  broad  range  of  research  issues, 
both    empirical    and    theoretical    papers    will  be 


-  importance  of  the  study 

for  the  psychology  of  mathematics  education.  These 
contributions  need  not  be  limited  to  completed 
research.  Ongoing  studies  may  be  reported;  however, 
preliminary  results  must  appear  in  the  paper. 
Papers  stating  merely  that  results  will  be 
presented  at  the  meeting  will  not  be  accepted 
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Theoretical  papers  are  equally  important.  They 
can  be  quite  varied  and  deal  with  questions  of  an 
epistemological  nature,  methodological  problems,  a 
n?w  theoretical  approach,  a  synthesis  of  the 
literature  in  a  specific  domain,  etc.  These  papers 
must  relate  the  issues  under  consideration  to  the 
existing  relevant  literature,  indicate  how  their 
perspective  differs  from  others,  and  how  they 
contribute  to  the  psychology  of  mathematics 
educat  ion. 


The  criteria  we  proposed  were  aimed  at  improving  the  readability, 
coherence  and  significance  of  the  research  reports.  The  need  to  provide  a 
theoretical  framework  and  to  relate  issues  to  the  existing  literature  was 
considered  essential  in  order  to  establish  a  continuity  indispensable  for 
scientific  progress.  The  formulation  of  some  minimal  criteria  for  theoretical 
research  reports  was  to  prevent  mere  "armchair  reflection"  from  being  passed 
off  as  research.  Our  intention  was  to  provide  a  forum  for  as  many  ideas  as 
possible  and  to  encour&ge  a  spirit  of  disciplined  inquiry. 


Some  Innovations 


Formulating  criteria  for  research  reports  was  not  the  only  innovation  carried 
out  this  year.  For  the  first  time,  research  report  proposals  were  subjected  to  a 
blind  review  process.  Each  one  was  sent  to  two  reviewers  with  experience  in 
the  given  domain.  They  were  asked  to  use*  the  criteria  for  research  reports  as 
guidelines  in  evaluating  the  proposal  and  to  recommend  one  of  the  following: 


In  evaluating  these  proposals,  please  keep  in  mind 
that  it  is  not.  always  feasible  to  cover  all  the 
criteria  in  the  required  500  to  700  words. 

Unconditional  Acceptance  indicates  that  the 
proposal  deals  with  significant  issues  in  a 
coherent  manner  reflecting  the  suggested  criteria. 

Acceptance  with  reservation  indicates  that  either 
the  proposal  deals  with  an  issue  of  questionable 
importance  or  that  it  does  not  adhere  to  the 
suggested  criteria.  Please  make  your  remarks 
sufficiently  detailed  so  that  we  can  make  explicit 
suggestions  to  the  author  for  improving  the 
research  paper. 
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R«j«ction  indicates  either  that  the  .issues  dealt 
with  are  considered  ir.Jignif  icant,  or  that  the 
proposal  is  totally  incoherent,  or  that  it  cannot 
qualify  as  empirical  or  theoretical  research. 
Please  make  your  remarks  sufficiently  detailed  oo 
that  the  Organizing  Committee  can  provide  a 
reasoned  rejection. 

That  the  implementation  of  criteria  and  a  blind  review  process  did  not  have 
a  discouraging  effect  is  evidenced  by  the  record  number  (185)  of  research 
report  proposals  received.  The  review  process  was  carried  out  by  52 
colleagues,  time  constraints  limiting  their  selection  to  North  Americans.  Those 
proposals  which  received  unconditional  acceptance  (44)  by  both  reviewers 
were  so  accepted  by  us.  Where  one  of  the  reviewers  recommended 
acceptance  with  reservation  o;  rejection,  we  gave  the  proposal  a  conditional 
acceptance  (132).  Authors  were  provided  with  a  copy  of  the  reviewers' 
comments  and  were  asked  to  take  thoir  remarks  into  consideration  when  writing 
the  final  version  of  their  paper.  Where  both  reviewers  recommended  rejection  of 
the  proposal,  we  in  turn  studied  each  one  very  carefully.  Onty  9  proposals  were 
not  accepted  as  research  reports.  Their  authors  were  provided  with  the 
reviewers'  comments  and  were  urged  to  submit  their  contribution  in  the  form  of 
a  poster  presentation  or  as  part  of  a  working/discussion  group. 

The  176  accepted  proposals  resulted  in  155  research  reports,  since  20 
proposals  were  withdrawn  for  a  variety  of  reasons  (such  as  lack  of  travel  funds, 
conflict  with  summer  schools,  etc.)  and  one  paper  was  rejected  for  it  did  not 
develop  the  themes  announced  In  the  proposal.  We  would  like  to  have  been 
able  to  read  the  final  drafts  of  the  research  reports  to  see  If  the  suggestions  of 
tho  reviewers  had  been  taken  into  account,  but  time  did  not  allow  It.  Thus,  every 
paper  that  was  not  withdrawn  or  rejected  appears  in  the  Proceedings. 

In  order  to  continue  improving  the  quality  and  scope  of  discussions 

surrounding  the  paper  presentations,  another  innovation  was  planned.  While  in 

tho  past  many  contributions  were  grouped  into  subthemes  (early  arithmetic, 

geometry,  problem  solving,  etc.),  no  attempt  was  made  at  bringing  the  reported 

research  into  perspective  and  suggesting  future  directions.  Such  syntheses  are 

included  in  this  year's  program.  Whenever  the  content  of  papers  was  sufficiently 

related,  they  were  grouped  into  subthemes  warranting  a  synthesis.  We  solicited 
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nino  established  authoritios  to  comment  on  these  grouped  sots  ol  papers.  Their 
task  was  to  prepare  a  written  response  to  appear  in  the  Proceedings,  presont  it 
at  th8  Conference,  and  lead  the  ensuing  discussion.  In  their  commentary,  they 
were  asked  to  address  more  specifically  the  following  questions: 

How  has  each  paper  contributed  to  thin  area  o£  research? 
Are  there  common  threads  to  be  found  in  the  papers? 
(e.g.  research  questions,  methodologies,  results,  etc.) 
What  are  the  major  questions  in  this  area  of  research  that 
still  need  to  be  answered? 

Are  there  any  indications  in  these  capers  on  how  to  tackle 
them? 

More  than  half  the  research  papers  (83  out  of  155)  wore  grouped  into  the 
nine  commented  sub-themes.  The  syntheses  of  these  papers  should  prove  to  bo 
highly  valuable.  On  one  hand  they  provide  the  person  unfamiliar  with  a  given 
domain  with  a  broad  overvlow  of  the  current  research  In  that  area.  On  the  other 
hand,  for  those  researchers  in  a  given  domain,  they  Drovide  an  opportunity  to 
relate  their  individual  work  to  that  of  others  in  the  same  fiold.  Furthermore,  those 
commentaries  should  stimulate  a  higher  level  of  discussion  at  the  Conference. 

OUTLINE  OF  THE  PROCEEDINGS 

The  Plenary  Papers 

As  a  theme  for  the  plenary  papers,  we  selected  a  broad  topic  of  genoral 
Interest  In  the  psychology  of  mathematics  education;  the  theory  of 
constructivism.  Current  issues  involve  questions  of  definition  and  distinction 
from  other  psychological  theories,  the  status  of  constructivism  as  a  theory  of 
knowledge  acquisition,  its  implications  for  research  on  teaching  and  learning  in 
general  and  for  research  on  mathematics  education  in  particular.  These  issues 
are  addressed  by  four  eminent  scholars:  Professor  Hermine  Sinclair  who  has 
written  from  the  perspective  of  a  psychologist,  and  Professor  Jeremy  Kilpatrick, 
from  that  of  a  mathematics  educator.  These  two  perspectives  are  also  reflected 
in  the  two  reactions  given  by  Dr  Gerard  Vergnaud  and  Professor  David 
Wheeler. 
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The  commented  research  reports 

Tho  commented  research  papers  have  boon  grouped  Into  the  following 
subthemes  and  commented  by: 


The  uncommented  research  reports 

These  papers  were  sometimes  difficult  to  group  since  a  given  report  could 
be  classified  under  different  topics.  We  tried  as  much  as  possible  to  rotain  the 
authors'  preferred  classification.  The  papers  have  been  grouped  under  the 
following  headings: 

Arithmetic 

Cognitive  development 

Combinatorics 

Computer  environments 

Disabilities  and  the  learning  of  mathematics 

Gender  and  mathematics 

Geometry 

High  school  mathematics 
Mathematics  instruction 
Measurement  concepts 

Philosophy,  epistemology,  models  of  understanding 
Pre-service  teacher  training 
Tertiary  level  mathematics 


Affective  factors  in  mathematics  learning 
Algebra  in  computer  environments 
Algebraic  thinking 
Kractions  and  rational  numbers 
Geometry  in  computer  environments 
In-service  teacher  training 
Mathematical  problem  solving 
Motacognilion  and  problom  solving 
Ratio  and  proportion 


Douglas  B.  McLeod 
David  Tall 
James  J.  Kaput 
I'homasE.Kieren 
Celia  Mary  Hoyles 
Michael  Shaughnessy 
Edward  A.  Silver 


Frank  Lester  Jr. 


Morlyn  J.  Behr 


VIII 


Papers  on  the  N.C.T.M.  Research  Agenda  Project 


The  North  American  Chapter  of  PME  (PME-NA)  has  sponsored  the 
reporting  of  the  Research  Agenda  Project,  a  two-year  project  aimed  at 
developing  conceptual  frameworks  and  research  agendas  in  four  critical  areas 
of  mathematics  education  research  --  middle  school  number  concepts,  the 
teaching  and  learning  of  algebra,  the  teaching  and  evaluation  of  problem 
solving,  and  effective  mathematics  teaching.  Papers  reporting  this  project  are 
the  following: 

The  Research  Agenda  Project :  An  overview  Judith  Threadgill-Sowder 

Effective  mathematics  teaching  Thomas  Cooney  and  Douglas  A  Grouws 
Learning  in  middle  school  number  concepts  Merlyn  J.  Behr  and  James  Hiebert 
The  teaching  and  learning  of  algebra         Carolyn  Kieran  and  Sigrid  Wagner 
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It  la  tempting  to  begin  by  comparing  the  oonatruotlvlat  movement  In 
mathematics  education,  at  least  as  It  Is  being  ami  Tested  in  the  United 
States,  to  any  of  the  waves  of  religious  fundamentalism  that  have  swept  our 
society  in  Its  three-and-a-hnlf-century  history.    A  siege  mentality  that 
seeks  to  spread  the  word  to  an  unoomprehendlng,  fallen  world;  a  band  of  true 
believers  whose  credo  demands  absolute  faith  and  unquestioning  commitment, 
whose  tolerance  for  debate  la  minimal,  and  who  view  compromise  as  sin;  an 
apocalyptic  vision  that  governs  all  of  life,  answers  all  questions,  and  puts 
an  end  to  doubt— these  are  some  of  the  parallels  that  night  be  drawn. 

I  shall  not  begin  with  suoh  a  comparison,  however;  It  would  be  unfair. 
Instead,  I  shall  discuss  what  constructivism  might  be  for  mathematics 
eduoators.    I  was  Invited  to  examine  whit  constructivism  Is  from  the  point  of 
view  of  mathematics  eduoatlon,  but  as  one  who  stands  outside  both 
constructivism  aa  a  belief  system  and  philosophy  as  a  profession,  I  have 
decided  that  It  would  also  be  unfair  for  me  to  claim  that  I  know,  let  alone 
could  tell  you,,  what  It  la.    As  Jere  Confrey  (1986)  recently  noted, 
presenting  "construotlvlam  In  all  lta  glory"  (p.  3H7 >  is  a  contradlotlon , 
preaumably  because  an  understanding  of  construotlvlsm  must  Itself  be 
construoted  from  the  Inside  out;  It  cannot  be  simply  displayed  or  presented. 
(I  m  tempted  to  add  that  It  sounds  as  though  an  Initial  commitment  Is 
prerequisite  to  that  oonstruotlon,  but  I  shall  forgo  that  temptation  too.) 

In  this  paper,  I  dlsouss  first  what  constructivism  seems  to  be,  to  Judge 
primarily  from  the  writings  of  some  authors  who  olalra  to  know.    Then  I 
consider  various  claims  that,  from  the  outside,  do  not  seem  essential  to 
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eonstructlvlst  doctrine.    Finally,  I  explore  some  directions  that  educators 
w.V>  consider  themselves  constructlvlsts  might  take. 

Each  or  these  topics  Is  examined  rrora  the  ,,o).nt  or  view  or  mathematics 
education.    Although  constructivism  has  had  some  lnTluence  on  literary 
studies  (von  GlasersTeld,  In  press),  It  seems  to  be  having  an  espeolally 
strong  Impact  on  the  thinking  and  activities  or  mathematlos  eduoators.  Much 
of  this  lmpaot  Is  undoubtedly  due  to  our  views  or  mathematics  and  the 
learning  or  mathematics.    We  seem  to  have  little  dirriculty  adopting  such 
language  as  "Eddie  has  constructed  rational  number"  or  "Sally  has  constructed 
the  rundamental  theorem  or  calculus."    Our  colleagues  In  other  subject 
rields,  however,  probably  rind  It  awkward  to  make  such  assertions  as  "Eddie 
has  constructed  osmosis"  or  "Sally  has  oonstructed  the  Hor.roe  Doctrine."  The 
claim  that  there  Is  an  Independently  existing  world  "out  there"  that  can  be 
known  by  the  cognizing  subjeot  Is  explicitly  avoided  by  constructivism.  That 
avoidance  leads  some  mathematics  educators  to  reject  the  language  oT  discover 
in  Tavor  or  construct  when  rererrlng  to  the  genesis  or  mathematical  Ideas — a 
rejection  that  might  seem  rather  easy  and  harmless.    One  can  describe  the 
recent  proof  or  the  Tour-color  theorem,  Tor  example,  as  having  been 
constructed  rather  than  discovered  without  doing  much  violence  to  the  Ideas 
Involved.    A  corresponding  rejection  In  other  rields,  In  contrast,  might  lead 
to  such  distortions  as  "Priestley  construoted  oxygen"  or  "Cartler  constructed 
the  Saint  Lawrence  River."    The  mutual  attraction  between  constructivism  and 
mathematics  Is  an  Intriguing  theme  that  cannot  be  developed  Tully  In  the 
paper  but  that  Is  touched  on  again  at  the  conclusion. 
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What  Constructivism  Seems  to  Be 

Mathematics  educators  have  arrived  at  their  views  on  students' 
oonstruotlon  or  mathematical  knowledge  by  many  routes,  Including  genetlo 
epl3temology,  Information  science,  and  symbollo  lnteraotlonlam.  A 
comprehensive  analysis  of  construotlvlst  positions  held  by  contemporary 
mathematics  educators  would  undoubtedly  reveal  many  points  of  agreemont  and 
many  divergencies.    In  North  America,  the  major  exponent  or  constructivism, 
as  known  by  mathematlos  educators,  la  Ernst  von  Glasersfeld  (1983,  198M, 
1985,  1906,  In  press),  who  through  his  writings  and  his  work  with  Lea  Steffe 
and  colleagues  (Stefre,  von  Glasersfeld,  Richards,  I  Cobb.  1983)  has  argued 
for  a  Instrumentalist  theory  of  oognltlon  In  which  the  mind  Is  modeled  as 
organizing  experience  so  as  to  deal  with  •  real  world  that  cannot  Itself  be 
known.    Although  von  Glaaersreld'a  theory  Is  far  from  being  accepted  In  Its 
entirety  by  all  who  March  under  the  construotlvlst  banner.  It  offers  the  most 
coherent  and  elaborated  basis  Tor  sn  Initial  analysis. 

An  ancient,  unresolved  eplstemologloal  problem  Tor  Western  philosophy 
concerns  how  Bn  Independent  objective  reality  oan  ever  be  known  by  a 
cognizing  subject  who  has  no  way  to  check  what  his  or  her  knowledge  Is 
knowledge  of.    Any  attempt  to  test  the  truth  of  what  is  known  must  ltselr  be 
an  act  of  knowing  and  hence  subjective.    Any  knowledge  or  "objective  truth," 
therefore,  Is  Impossible.    Constructivism  outs  the  Gordlan  knot  by  separating 
eplstemology  from  ontology  and  arguing  that  a  theory  of  knowledge  should  deal 
with  the  rit  or  knowledge  to  experience,  not  the  match  between  knowledge  and 
reality.    The  only  reality  we  can  know  Is  the  reality  of  our  experience. 
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Tho  constructlvlst  view  Involves  two  principles: 

1.  Knowledge  la  actively  constructed  by  the  cognizing  subject,  not 
passively  rooelved  from  the  environment. 

2.  Coming  to  know  Is  an  adaptive  process  that  organizes  one's  experiential 
world;  It  docs  not  discover  «n  Independent,  pre-existing  world  outside 
the  mind  of  the  knowcr. 

As  von  Olasersfeld  (1985,  In  press)  and  Coub  (1986)  have  noted,  the  rirst  of 
those  principles  Is  much  more  widely  accepted  than  the  second  uy  i«*apl«  who 
think  of  themselves  as  construct!* lata.    Tho  rirst  principle  Is  one  to  which 
•noit  cognitive  scientists  outside  the  behaviorlst  tradition  would  readily 
give  assent,  and  almost  no  mathematics  educator  alive  and  writing  today 
clalrac  to  bellnvc  otherwise.    Tho  second  principle  Is  the  stumbling  block  for 
many  people.    It  separates  what  von  Glascrareld  calls  trivial  constructivism, 
what  Cobb  calls  «MEirl<,AaA~'?.rA?iltl<!  constructivism,  and  what  Davis  and  Hason 
(  1986)  call  simple  constructivism  from  the  radical,  constructivism  that  li 
based  on  the  oocop^anoo  of  both  principles. 

Radical  constructivism  13  radical  because  It  rejects  the  metaphysical 
realism  on  which  most  empiricism  rests.    It  requires  that  Its  adherents  forgo 
all  errorts  to  know  the  world  as  It  truly  Is.    In  what  von  Olnsersrcld  (198r>) 
terms  "an  even  greater  effort  of  deoentratlon"  (p.  82)  than  humanity  needed 
to  give  up  the  view  of  our  planet  as  the  center  or  the  universe,  radical 
constructlvlats  claim  that  we  need  to  abandon  our  search  lor  objective 
truth. 

Constructivism  appears  to  have  been  given  Its  first  formulation  by  Uco 
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In  the  16th  oentury  (von  Glasersfeld,  In  press),  whose  motto  "verum  est  lpsum 
factum"  (the  true  Is  the  saM  as  the  mad*)  encapsulates  hts  olalm  that  we  can 
only  know  what  we  have  constructed.    God  oan  know  his  creation  because  he 
created  It;  we,  however,  can  only  know  what  we  ourselves  have  created. 
Modern  oonstruotlvlsn  dispenses  with  any  consideration  of  God's  creation.  It 
focuses  Instead  on  the  clash  between,  on  the  one  hand,  the  Kantian  argument 
that  experience  can  teach  us  nothing  about  things  In  themselves  and,  on  the 
other  hand,  the  evldenoe  of  our  own  experience,  which  says  that  we  live  In  a 
fairly  stable  and  reliable  world  (von  Glasersfeld,  1981,  p.  27).  Tha 
developmental  side  of  constructivism,  first  developed  by  Baldwin  and  by 
Plaget,  attempts  to  give  an  account  of  how  human  beings,  with  access  only  to 
their  own  sensations  and  to  the  operations  of  their  own  Kinds,  construot  suoh 
a  world  (von  Glasersfeld,  In  press). 

The  mechanism  that  oonstruotlvlsn  postulates  as  driving  development 
cones  from  the  theory  of  evolution  I  Just  as  the  physloal  organism  adapts  to 
Its  environment,  so  cognition  develops  through  adaptation.    Adaptation  Is 
coping  with  the  possible,  not  representing  the  aotual.    The  mind  constructs 
knowledge  that  adapts  to  the  world  in  muoh  the  same  way  as  one  might 
construot  a  key  for  a  lock.    The  key  Is  not  the  image  of  the  look;  It  is, 
rather,  one  of  many  keys  that  might  open  the  lock  (von  Glasersfeld,  1983, 
p.  95).    Or,  to  use  another  metaphor,  the  captain  sailing  a  ship  through  a 
channel  on  a  dark  and  stormy  night  with  no  navigational  aids,  never  actually 
comes  to  know  the  channel.    If  his  ship  wreoks,  he  learns  something  about 
what  his  course  should  not  have  been,  but  If  he  passes  through  the  ohannel 
successfully,  he  cannot  know  whether  his  oourse  night  have  been  Improved. 


-  9  - 


His  course  Tit  the  channel,  but  he  cannot  know  how  well  It  matched  the 
channel's  topography  (Watzlawlck,  19810. 

Radical  constructivism  adopts  a  negative  feedback,  or  blind,  view  toward 
the  "real  world."    We  never  come  to  know  .  reality  outside  ourselves. 
Instead,  all  we  can  learn  about  are  the  world's  constraints  on  us,  the  things 
not  allowed  by  what  we  have  experience  as  reality,  what  does  not  work.  Out 
of  the  rubble  of  our  failed  hypothecs,  we  continually  erect  ever  »ore 
elaborate  conceptual  structures  to  organize  the  world  of  our  experience. 

We  are,  therefore,  self-organizing,  self-regulating,  self-contained 
systems  (von  Foerster,  1986;  von  Glasersfeld,  1986).  neither  knowledge  nor 
lnform.tlon  flows  In  or  out  of  us;  we  are  infor.atlon.Uy  closed.    Because  we 
are  also  self-reproducing  systems,  we  are  sometimes  termed  autopoletlc 
(Haturana  &  Varela,  1980).  This  conception,  or  rather  this  set  or  related 
conceptions,  rests  on  a  cybernetic  analogy  between  human  cognition  and  the 
behavior  of  Independent  effectors  In  protozoa  and  metazoa,  neurons  In  the 
mammalian  central  nervous  system,  chemical  reactions,  Insect  societies, 
lasers,  superconductors,  and  other  systems  that  are  far  from  equilibrium  and 
to  some  extent  self-organizing  (Haken,  1977;  Nlcolls  4  Prlgoglne,  1977). 

Because  we  are  closed  systems,  language  and  other  forms  of  communication 
entail  not  the  Interchange  of  Ideas  between  us  but  the  construction  of 
subjective  realities  to  fit  the  experiences  we  have  had  of  situations  we  have 
shared.    Each  of  us  constructs  meaning  for  the  language  we  use  as  we  build 
our  experiential  world,  and  the  meaning  In  turn  shapes  that  world.  Heanlngs 
cannot  be  communicated;  they  are  necessarily  subjective. 
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.  ruU  account  of  constructive  -uXd  consider  such  question,  as  how  do 
we  know  other,,  what  Is  objectivity,  and  Is  there  a  constructlvlst  ethic, 
(von  Gl.sersfeld.  ,985.  1986).  The  constructlvlst  view  of  what  others  see  as 
5oclally  con,tructed  knowledge  Is  In  particular  need  of  exlg.sls. 
Unfortunately,  how  space  does  not  pen.lt  an  exploration  of  these 


Issues. 


I.  su-.ry.  radical  constructivism  see.,  to  be  an  episte^ology  that 
makes  all  knowing  active  and  .11  knowledge  subjective.    Following  modern 
physical  sciences  In  its  rejection  of  the  possibility  of  co-lng  to  know 
ultimate  reality.  It  tre.ts  the  cognizing  subject  as  the  organizer  of  his  or 
her  own  experience  .nd  the  constructor  of  his  or  her  own  reality.    It  views 
cclng  to  know  .s  .  process  in  which,  rather  th.n  taking  in  infor-.tlon.  the 
cognizing  subject  through  trial  an.  error  constructs  a  viable  nodel  of  the 


world. 


&n  experi~nt  at  Stanford  University  by  Alex  B.velas  captu  U  the 

essence  of  constructive  (see  W.tzl.wlck.  W).  The  experimenter  read  to 
each  subject  a  long  list  of  number  pairs  (e.g..  31  and  80.  77  «.  15).  The 

the  experimenter  would  Indicate  whether  or  not  it  was  correct.    The  subjects 

invariably  wanted  to  know  in  which  sense  the  nu-h  *  **  -  — 

told  that  th.  dl.cov.ry  of  thoa.  rul  *****  th,  point  of  the  task. 

experiment  and  proceeded  to  -ake  rando.  "fit"  and  "do  not  fit"  responses.  » 

flrst.  the  subject  ong  every  tlTO,  but  as  they  rotated  hypotheses 

a3  to  how  the  nu.bero  were  related,  they  8radually  began  to  l.prove.  and 
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eventually  every  response  they  made  was  correct.    Their  hypotheses,  though 
not  perfect,  received  Increasing  support. 

What  the  subjects  did  not  know  was  that  the  experimenter's  responses 
followed  a  predetermined  sequence  from  all  lncorrtot,  through  a  varying 
mixture  or  lnoorrect  and  correct,  to  all  oorreot.    The  sequence  had  no 
connection  to  the  choices  the  subjects  made.    When  the  experiment  was  over, 
however,  and  the.subjeots  were  told  or  the  deception,  they  rerused  to 
rellngulsh  their  assumption  that  there  was  an  order  In  the  number  pairs. 
Some  subjeots  even  olalmed  that  there  was  a  pattern  In  the  numbers  that  the 
experimenter  had  rot  been  aware  of. 

In  an  objective  sense,  there  was  no  order  In  the  number  pairs.    That  did 
not  stop  the  subjeots,  however,  Trow  olalmlng  that  they  had  discovered  an 
order.    They  constructed  a  reality  to  Tit  their  experience,  and  they  can 
serve  as  models  or  how  all  of  us— In  the  eyes  or  constructivism— organize  our 
experiential  worlds. 

What  Constructivism  Seems  Hot  to  Be 

As  a  theory  or  knowledge  acquisition,  constructivism  Is  not  a  theory  or 
teaohlng  or  Instruction.  There  Is  no  necessary  connection  between  how  one 
views  knowledge  as  being  acquired  and  what  Instructional  procedures  one  sees 
as  optimal  Tor  getting  that  acquisition  to  occur.  Eplstemologles  are 
descriptive,  whereas  theories  or  teaching  or  Instruction  must  necessarily  be 
theories  or  practice  (Kerr,  1981).  Nonetheless,  constructlvlsts  have  sought 
to  derive  Implications  Tor  practice  from  their  theory,  and  In  some  writings 
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the  laplloatlon  seats  to  be  drawn  that  oartaln  teaching  praotloes  and  views 
about  instruction  presuppose  a  oonatructlvlst  view  of  knowledge.  That 
implication  is  false. 

Von  Glasersfeld  ( 1983,  In  press)  has  identified  five  consequences  for 
eduoational  praotice  that  follow  froa  a  radloal  construotlvlst  position:  (a) 
teaching  (using  procedures  that  ala  at  generating  understanding)  becoaes 
sharply  distinguished  froa  training  (using  prooedures  that  aim  at  repetitive 
behavior);  (b)  prooasscs  inferred  as  inside  the  student's  head  beooae  aora 
interesting  than  ovart  behavior;  (o)  lingulstio  ooaaunloatlon  beooaes  a 
process  for  guiding  a  student's  learning,  not  a  process  for  transferring 
knowledge;  (d)  students'  deviations  froa  the  teacher's  expeotatlons  beooae 
means  for  understanding  their  efforts  to  understand;  and  (c)  teaohlng 
interviews  beooae  atteapts  not  only  to  lnfar  oognltlvc  struotures  but  also  to 
modify  thea.    All  five  consequenoes  fit  the  oonstruotlvlst  stance,  but  they 
appear  to  fit  other  philosophical  positions  as  well. 
Teaohlng  and  Training 

The  contrast  between  teaching  and  training  la  an  old  one  in  educational 
philosophy.    Host  people  would  probably  argue  that  although  the  two  conoepts 
are  different,  training  is  a  part  of  teaohlng  when  aimed  at  actions  that 
display  some  Intelligence  (Green,  1968).    The  esrenoe  of  the  dlstlnotlon 
between  the  two  seems  to  hinge  on  whether  the  action  Involves  explanations, 
reasons,  argunent,  and  Judgment — presumably  the  souroes  for  the  teacher  to 
conolude  that  the  student  has  understood.    Making  the  dlstlnotlon  Into  a 
dichotomy  Ignores  the  contexts  In  which  the  two  terns  are  used 
Interchangeably  but  may  be  useful  If  it  can  be  defended.    Certainly  the 
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understanding/behavior  contrast  fits  with  the  traditional  view  or  teaching  as 
giving  Instruction,  aiming  at  the  acquisition  or  knowledge  and  beller,  as 
opposed  to  rormlng  habits  and  engendering  repetitive  behavior. 
Inside  Versus  Outside 

The  attention  to  processes  lnrerred  as  going  on  Inside  the  learner's 
head  rather  than  to  the  learner's  overt  responses  seems  to  be  a  hallmark  of 
the  constructivism  position.    On  the  one  hand.  It  Is  dirricult  to  Imagine  any 
teaoher-even  Skinner,  when  he  Is  teaching-looking  at  a  student's  behavior 
only  as  uninterpreted  behavior  and  not  using  It  to  make  lnrerences  about  what 
the  student  was  thinking.    Any  .rrort  aimed  at  detecting  signs  or  thinking, 
which  teaching  most  assuredly  Is,  must  assume  that  the  teacher  makes  such 
lnrerences.    On  the  other  hand,  the  most  radical  constructive,  lacking 
direct  access  to  the  student's  mind.  Is  Torced  to  Tall  baok  on  overt 
responses  as  the  only  constraints  the  world  provides  Tor  making  lnrerences 
about  internal  processes.    What  el->e  Is  there?    The  contrast,  then,  seeras 
truly  one  or  Toous.    The  behavlorlst  teaoher  attempts  to  see  In  the  overt 
behavior;  the  constructive  teacher  attempts  to  see  through  It.    The  ensuing 
teaohlng  actions,  however,  may  not  be  any  dirrerent. 
Constructed  Versus  TransTerred 

The  metaphor  or  knowledge  being  constructed  by  the  learner,  like  the 
metaphor  or  knowledge  being  transferred  during  teaching.  Is  only  a  metaphor. 
Both  metaphors  seen,  to  have  some  utility  Tor  describing  what  goes  on  when  one 
person  Is  teaching  others.    When  constructlvlsts  shirt  their  attention  rrom 
students  to  teachers,  they  observe  that  many  teachers  quite  happily  use  the 
transport  metaphors 
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"I  got  the  Ideas  across."  .  .  . 

"Some  students  pick  things  up  quickly." 

"Why  can't  ut  chop  this  seotlon  of  the  content  out?" 

"The  teacher  Is  a  medium  for  delivering  curriculum  to 

students."    (Davis  4  Hason,  1986,  pp.  6-9) 
Tile  teachers  quoted  evidently  have  construoted  a  raodol  of  the  world  In  whloh 
the  transport  metaphor  provides  a  viable  way  of  talking  about  Instruction. 
That  model  Is  apparently  wrong  (I  am  not  sure  how  the  oonstructlvlsts  havs 
cone  to  know  that  It  Is  wrong,  but  assume  they  have),  so  the  task  facing  the 
oonstructlvlsts  Is  to  ohange  the  teachers'  »odel.    The  strategy  they  have 
adopted  Is  to  deny  the  validity  of  the  aetaphor  ("knowledge  cannot  be 
transferred  to  the  student  by  linguistic  communication ,"  von  Glasersfeld,  In 
press)  and  to  atteapt  to  ohange  the  aetaphor  by  ohanglng  the  language  used  to 
talk  about  Instruction  ("teachers  with  a  oonstructlvlst  leaning  are  likely  to 
see  themselves  not  as  delivery  agents  of  an  educational  system,  but  more  as 
gardeners,  tour  guides  or  learning  counsellors,"  Davis  4  Hason,  1986,  p.  9). 
Whether  teaohers  can  be  moved  to  revise  both  their  language  and  their 
conception  of  lnstruotlon  remains  to  be  seen.    Cobb  (1983),  conceding  that 
oonstructlvlsts  "often  manage  to  tie  ourselves  In  linguistic  knots"  (p.  1), 
attributes  the  problem  to  a  quest  for  preolslon.    A  plausible  alternative 
hypothesis  Is  that  It  steas  fro*  an  aversion  to  common  language  forms  that 
ordinary  people  find  viable  but  that  signal  dangerous  thoughts  to 
construct lvlsts. 

Cobb  (In  press)  has  argued  for  a  oonstructlvlst  analysis  of  mathematics 
instruction  over  a  transmission  analysis  because  (a)  mathematical  objects  and 
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structures  that  the  teacher  oan  "see"  are  unlikely  to  be  apparent  to 
students,  (b)  students'  misconceptions  are  better  understood  when  seen  as 
arising  fro*  alternative  constructions  of  meaning  than  as  failures  In 
communication,  and  (o)  theories  of  Instruction  ought  to  be  consistent  with 
theories  of  learning  and  conceptual  davelopa-fnt.    It  Is  not  clear  how  the 
abstract  nature  of  mathematics  fits  a  construotlvlst  analyals  better  than  a 
transmission  analysis.    People  who  conceive  of  teaching  as,  at  least 
sometimes,  transmission  ought  to  be  Just  as  puzzled  as  the  construotlvlst 
over  how  to  put  mathematics  Into  a  tangible  form  that  oan  be  examined,  talked 
about,  and  symbolized.    Contrary  to  Cobb's  argument,  one  need  not  claim  that 
mathematical  structures  are  soaehow  visible  In  the  environment  In  order  to 
hold  that  Ideas  about  those  structures  oan  be  communicated  to  students.  If 
you  doubt  that,  ask  the  next  Instructor  of  collegiate  mathematics  you 
encounter.    The  case  of  ralsoonceptlons  Is  similar;  one  can  model 
misconceptions  as  arising  from  alternative  constructions  or  from  a  breakdown 
In  communication.    Either  can  lead  to  attempts  to  find  out  what  the  student 
Is  thinking.    The  Issue  of  consistency  Is  a  different  matter.    It  becomes  an 
argument  for  employing  constructivism  as  an  approach  to  teaching  only  If  one 
accepts  constructivism  as  an  adequate  desorlptlon  of  the  acquisition  of 
knowledge.    It  le  not  by  Itself  an  argument  for  constructivism. 
Unexpected  Errors 

The  attention  that  construotlvlsts  have  paid  to  teaohers'  expectations 
and  students'  deviations  from  those  expectations  as  clues  to  students' 
thinking  Is  one  of  the  most  attraotlve  and  promising  aspects  of 
construotlvlst  work.    Hany  models  of  the  learner  treat  the  learner  as  someone 
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who  la  attempting  to  sake  sense  of  the  teaching  encounter.  Consistency 
demands  that  they  also  treat  tha  teacher  as  someone  who  Is  attempting  to  make 
sensa  of  that  saw  encounter.    Construotlvlsts  have  drawn  our  attention  to 
the  teaoher's  view  of  the  student's  knowledge  as  a  phenomenon  worthy  of 
investigation.    But  again,  on*  need  not  be  a  construotivist  to  be  Interested 
in,  or  to  study,  tha  errors  students  make  that  are  contrary  to  the  teaoher's 
expectations. 

In  faot,  the  construotivist  view  Bay  turn  out  to  be  something  of  a 
liability.    Whereaa  tha  transmission  view  of  teaohlng  takes  successful 
communication  as  what  Cobb  (In  press)  taras  its  "paradigm  oase,"  the 
construotivist  view  takes  as  lta  paradigm  oasa  the  situation  In  which 
communication  braaka  down  and  students  and  teaohera  "talk  past  eaoh  other." 
This  arguacnt  My  yield  a  conception  of  communication  In  teaohlng  as  a 
process  that  falla  Bolt  of  the  time.    Of  course,  we  learn  from  the  errors 
that  we  and  othars  aak«,  but  a  full  view  of  cognition  suggests  that  we  also 
learn  Troa  our  suooesses.    One  oannot  deny  that  the  world  la  Tull  of 
classrooas  in  whloh  auch  alsooaaunloatlon  about  aatheeatlos  is  taking  place. 
To  take  alsooaaunloatlon  as  the  paradigm,  however,  ia  to  Ignore  the  role  of 
suooessful  coaaunloatlon  in  promoting  learning.    The  negative  feedbaok  model 
nay  be  useful  in  describing  self-organizing  systeas  that  do  not  mind  having 
negative  feedbaok  models  of  thawselvaa,  but  lta  utility  in  daaorlblng 
teaohera  and  students  to  thea selves  aay  be  Halted.    Few  people  respond  well 
to  olalms  that  they  are  falling  most  of  the  tlae,  especially  when  their  own 
models  or  their  coaaunlcatlon  are  signalling  sucoess.    It  may  be  more 
produotlve  In  the  long  run  to  show  teaohera  and  students  that  the  glass  is 
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not  Just  half  empty  but  also  half  full. 
Teaching  Interviews 

Steffe  and  his  colleagues  (1983)  have  pioneered  an  extension  of  Plaget's 
cllnloal  Interview  In  whloh  a  ohlld  Is  set  a  aathematloal  task,  the  response 
Is  analyzed  In  terms  of  a  model  of  the  ohlld' s  understanding  of  the  task 
oonstruoted  from  an  Interpretation  of  that  and  other  responses,  additional 
tasks  are  given  .to  test  the  model,  and  Instruction  Is  provided  by  the 
interviewer  in  an  effort  to  develop  the  ohlld's  oonoeptual  structures  and  to 
model  that  development  as  It  occurs.    The  term  teaching  experiment  Is  often 
used  to  desorlbe  such  an  interview,  but  that  tara  refers  more  appropriately 
to  a  procedure  fro*  the  Soviet  Union  In  which  a  class  Is  Instructed  by  their 
regular  teaoher  and  an  experimenter  uses  their  responses,  together  with  data 
from  Interviews  with  seleoted  students,  to  guide,  In  consultation  with  the 
teaoher,  the  course  of  subsequent  Instruction.    Teaching  interview  seems  a 
more  appropriate  term  for  what  Steffe  and  his  colleagues  do. 

History,  not  logloal  neoesslty,  links  the  teaohlng  Interview  to 
construotlvlsn.    Interviews  In  whloh  Instruction  ooours  have  never  been 
popular  In  rasearoh  traditions  that  demand  a  high  degree  of  oontrol  because 
the  Instruction  would  likely  be  quite  variable  and  comparisons  would  be 
dlffloult  to  make.    Nonetheless,  teaohlng  Interviews  have  for  some  time  been 
popular  In  Europe  and  the  Soviet  Union  ae  a  mean*  or  atudylng  oognltlon. 
The/  have  made  their  way  to  North  Amerloa  Independently  of  oonstructlvlsm. 

The  Impulse  to  adopt  the  learner's  point  of  view  when  one  Is  teaching  1 
a  worthy  Impulse.    Successful  teaohlng,  like  suooessful  oonaunloatlon , 
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depends  on  having  a  good  Model  of  the  other.    Constructlvlsts,  however,  do 
not  have  a  sonopoly  on  the  view  of  teaching  that  sees  students  and  teachers 
negotiating  aa  they  develop  shared  aeanlngs.    They  are  not  the  only  people 
who  believe  that  teachers  should  listen  to  students  and  attempt  to  undsrstand 
what  they  are  thinking.    They  are  not  the  only  ones  to  enoourage 
Investigative  work  by  students— any  Bore  than  behavlorlsts  are  the  only  ones 
who  glva  lectures. 


Conneetad  to  Ontology 

*  central  probleei  with  constructivism  seeds  to  be  Its  reletlon  to 
ontology— what  Is.    Von  Glaeerefeld  (1985)  olalm  thet  oonstruotlvlSM 
"dellbaretely  and  consequentially  avoids  saying  anything  about  ontology,  let 
alone  sinking  any  ontologloal  ooaaltaents.    It  Intends  to  be  no  more  and  no 
less  then  one  viable  nodal  for  thinking  about  the  oognltlve  operations  and 
results  whloh,  oolleotlvely,  we  oell  'knowledge'"  (  p,  100).  Nonetheless, 
oonstruotlvlets  Mldoa  baheve  as  though  they  have  aeda  no  ontologloal 
commitments,  let  alone  thet  their  view  Is  only  one  among  many.    To  reject 
"■atephysloel  reel leu"  is  to  taka  an  ontologloel  stand,    Cobb's  (1983) 
esohewal  of  "realist  language"  expresses  an  ontologloal  view.  Contrestlng 
radloal  oonstruotlvlste  with  realists  (Davie  I  Mason,  1986),  by  eaylng  whet 
conetructlvlsm  Is  not,  contributes  to  the  construction  of  a  oonstruotlvist 
ontology.    Furthermore,  suoh  arguments  es  those  given  by  von  Glasersfeld 
(1985,  In  press),  Cobb  (1986),  end  Davis  and  Meson  to  the  effeot  thet  the 
only  good  oonstruotlvist  Is  e  radical  oonstruotlvist  lmplloltly  reject  the 


What  Constructivism  Meeds  to  Be 


-  19  - 


viability  of  alternative  views  within  oonstruotlvlsm,  let  alone  outside. 

Conatructlvlsts  need  to  clariry  and  develop  their  ontologies.' 
oomnltnents.    Cutting  eplstemology  loose  fro*  aataphyslcs  as  *  way  of  solving 
the  eplstemologloal  dllema  does  not  provide  a  satisfactory  resolution  of  our 
problems  as  eduoators.    He  need  sn  eplateaology  that  takes  ontology  Into 
acoount.    "Me  aunt  keep  netaphyalis  and  eplstenology  tied  together  so  that 
(a)  our  explanation  of  Knowledge  does  not  leave  us  ooanltted  to  there  being 
things  we  oannot  aooount  for  In  our  theory  of  Being,  and  (b)  our  theory  of 
Knowledge  (thus  restrloted)  oan  aooonwodate  our  olaln  to  know  what  Being  Is" 
(HoClellan,  1981,  p.  265). 
Conneoted  to  Hathenatlei 

I  referred  at  the  outset  of  the  paper  to  the  affinity  between 
constructivism  and  nathenatloa,  so  It  night  seen  lnoonalstent  to  suggest  that 
oonstruotlvlsn  become  acre  or  better  oonneoted  to  nathenatloa.    What  I  mean 
la  that  oonstruotlvlsts  need  to  think  through  and  spell  out  more  olearly  than 
they  have  done  thus  far  the  relationships  between  oonstruotlvlsm  and  both 
mathenatlos  as  a  dlsolpllne  and  «ath««atlos  as  a  sohool  subjeot. 

Von  Glaaersfeld  (In  press)  has  noted  that  "oonstruotlvlsn  has  as  yet 
only  an  lnpllolt  relation  with  the  oonstruotlvlst  approach  to  the  foundations 
of  mathematics  (Lorenien,  Brouwer ,  Heytlng)."    The  foundations  of  mathematics 
may  not  pose  as  nuoh  of  a  problem  to  oonstruotlvlsn  as  the  practice  of 
mathenatlos.    As  Davis  and  Hersh  (1980)  oontend,  "the  aotlvlty  of 
mathematical  researoti  forces  a  ^cognition  of  the  objeotlvlty  of  mathematical 
truth.    The  'Platonlsn*  of  the  working  aathematlolan  Is  not  really  s  belief 
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in  Plato's  Myth;  it  is  Just  tn  awareness  of  the  refractory  nature,  the 
stubbornness  of  aetheaetloal  facts.    They  are  what  the^  are,  not  what  we  wish 
the*  to  be"  (p.  362).  Or,  as  Gardner  (1981)  put  It,  "the  existence  of  en 
external  world,  aetheaatloelly  ordered,  Is  taken  for  grented.    I  have  yet  to 
meet  a  mttheaatlalsn  willing  to  say  that  If  the  human  race  ceased  to  exist 
the  noon  would  no  longer  be  spherlcul"  (p.  37).    Construct  Wis*  needs  to  cone 
to  terms  with  matheaetloel  realism. 

Moreover,  oonstruotivlsa  needs  to  address  the  olaims  of  a  new  approeoh 
to  the  philosophy  of  aetheaetloe,  "quesl-eaplriolsa"  (Tyaocxko,  1985),  which 
studies  the  prs; '.  Jt  of  Mtheaatloe  in  e  soolchlstorloel  content  end  which 
appears  to  b*  compatible  with  both  reallet  end  conatruotlvist  mathematlos. 
Hatheaatica  seeas  to  be  veering  e  more  huaan  face  these  days;  one  hears  of 
"aatheaetlo*  as  a  huaan 1 it lc  discipline."    If  indeed  it  is  e  humenlstlo 
dlaolpllne,  than  perhaps  radloei  oonstruotlvlaa  can  find  a  voice  to  speak  to 
all  of  the  humanities  end  not  Just  the  ones  seen  es  the  aost  ebstraot  and 
subjective.    Vloo  clalaedi  "Hathanatlos  is  oraeted  in  the  self-alienation  of 
the  huaan  spirit.    The  spirit  cannot  discover  itself  in  mathematics.  The 
huaen  spirit  llvee  In  huaan  Institutions"  (olted  in  Davis  a  Hersh,  1986, 
p.  x).    Is  Davis  end  Herah  (1966,  p.  305)  observe,  perhaps  some  dey  the  shade 
of  Vloo  will  look  down  froa  Elysium  end  eoknowledge  theb  methematlcs  is  a 
human  institution.    And  perhaps  other  construotlvlsts  will  some  day 
acknowledge  thet  thtrlr  view  of  aethefletlos  hes  not  deelt  adequately  with 
mathemetloel  preotlce. 

Nor  hes  It  deelt  adequately  with  school  mathematics.  Eplstemology  alone 
oannot  answer  the  question  of  what  mathematics  to  teach.    In  analysis  of 
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knowledge  cannot  yield  n  curriculum.    The  curriculum  depends  on  our  purposes, 
on  what  we  value,  about  which  eplstcmology  la  necessarily  silent.    To  think 
otherwise  Is  to  commit  what  Martin  (1981)  terms  "the  eplstemologlcsl 
fallacy."    Some  construotlvlsts  (Kamll,  1981 j  Steffe,  1987;  Thompson,  198b) 
have  attempted  to  build  currloulums  on  a  constructlvlst  foundation.  Martin 
argues  that  we  first  need  to  determine  the  moral,  soolal,  and  political  order 
wo  bellove  to  be  desirable,  then  set  out  our  educational  purposes,  and  In  the 
light  of  those  purposes  choose  curriculum  content  and  objectives.  An 
eplstcmology  may  be  useful  to  us  at  that  point  In  dealing  with  cognitive 
objectives,  but  other  theories  will  be  needed  In  dealing  with  noncognltlve 
objectives,    We  need  to  be  careful  not  to  put  the  construotlvlst  oart  before 
the  values  horse. 
Connected  _to  Jt_ca 11 1£ 

If  Bauersfold's  (1987)  analysis  Is  correct,  each  scientific  theory  In 
the  human  sclenoos  deals  with  Its  own  reality  from  Its  own  perspective. 
Competing  theories  cannot  Judge  one  another,  and  mctathcorles  are  Impossible 
because  there  Is  no  external  rulorum  on  which  to  hang  a  common  perspective, 
framework,  and  language.    Therefore,  a  theory  such  as  constructivism  should 
be  seen  as  having  a  limited  domain  and  perspeotlvej  it  cannot  beoome  a 
mi-tathcory  that  driven  all  or  education,  let  alone  mathematics  education. 
Nonetheless,  there  Is  a  need  for  people  working  within  one  theory  to 
communicate  with  people  working  within  other,  necessarily  Incompatible 
theories.    A  common  technical  language  la  not  possible,  but  a  common 
lo33-technlcol  language  Is  not  only  possible  but  essential. 

K'iriSti  uetlvlsm  needs  to  become  moru  connected  to  reality.     Not  the 
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Inverted  corns  "reality"  about  which  one  reads  so  much  In  oonstructlvlst 
writings,  but  the  reality  of  everyday  scientific  activity,  aatheaatlcal 
Investigation,  and  olassroom  praotlce.    People  live  In  that  reality,  and  they 
try  to  ccxiBunloate  with  each  other  within  Its  constraints.    If  constructivism 
has  something  to  say  about  what  it  Mans  to  oome  to  know  aatheaatlos  beyond 
the  aatheaatlos  of  the  elementary  aohool,  about  how  teaohers  alght  work  with 
pupils  In  groups,  about  now  indirect  guidance  of  learning  oan  be  handled 
through  the  grades,  than  It  need  a  to  find  a  language  with  which  to  speak  to 
teachers  on  thoee  Batters.    Condemning  everyday  language  by  terming  It 
"reallat"  or  "relfloatlon"  and  then  putting  sanitizing  quotation  marks  about 
each  usage  of  such  words  aa  dlagover,  problem  structure,  and  error  aay 
preserve  one's  theoretical  virtue  but  at  the  expense  of  reaohlng,  and 
keeping,  one's  audience. 

The  virtue  some  construotlvlats  need  most  Is  that  of  humility.    It  Is 
unbecoming,  If  not  ludlorous,  for  the  adherents  of  a  relatlvlstlo  theory  to 
treat  It  as  though  It  were  absolute  and  final.    A  theory  that  claims  to  be- 
only  one  of  many  possible  viable  theories  ought  to  be  more  tolerant  toward 
competing  theories.    People  who  claim  there  are  many  possible  ways  to 
construct  knowledge  ought  to  be  more  friendly  and  understanding  toward  people 
who  have  failed  to  construct  their  theory. 

There  Is  a  moment  In  the  film  "Let  Us  Teaoh  Guessing"  In  which  George 
Polya  Is  asking  a  student  whether,  now  that  another  case  has  been  conflraed, 
she  believes  the  hypothesis  they  have  been  exploring.    She  replies,  "Sort 
of,"  and  Polya  seizes  on  that  wording  to  convey  the  stance  one  ought  to  take 
toward  all  knowledge.    We  "sort  of"  believe — much  more  when  we  think  we  have 
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a  proof1,  much  less  when  all  we  have  veriried  are  a  Tew  specific  oases.  The 
researcher  and  the  teacher  need  to  take  a  "sort  or"  stance  toward  what  they 
are  doing— having  enough  ralth  In  and  commitment  to  their  knowledge  to  keep 
going  Torward,  but  keeping  an  open  mind  and  being  willing  to  reject  a 
position  when  dlsconrirmatlon  Is  round.    True  believers  make  neither  good 
researchers  nor  good  teaohers.    Mathenatlcs  educators  who  are  not  ready  to 
becoae  born-agaln  constructlvlsts  »ay  well  rind  they  can  live  viable  lives 
sort  or  oonstructlvlsts. 
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CONSTRUCTIVISM  AND  THE  PSYCHOLOGY  OF  MATHEMATICS 
Hermine  Sinclair,  University  of  Geneva 


I  am  neither  a  mathematician  nor  an  educator  of  children, 
and  accordingly  not  well  versed  in  the  literature  on  epis- 
tatological  questions  and  teaching,  even  in  the  field 
of  elementary  mathematics.  My  references  to  this  volumin- 
ous literature  will  be  to  authors  with  whom  I  happen  to 
have  had  personal  contact,  knowing  full  well  that  there 
are  others  who  have  had  equally  important  things  to  say. 
My  remarks  on  constructivism  will  be  almost  uniquely 
based  on  Piaget 's  writings,  and  my  examples  of  children's 
mathematical  reasonings  mainly  from  authors  who  have  sons 
link  with  Piagetian  constructivists  thinking.  My  talk 
concerns  the  beginnings  of  mathematical  reasoning,  i.e. 
until  the  age  of  seven  or  so  :  not  because  I  think  this 
is  the  most  crucial  period,  but  because  I  have  some  experi- 
ence of  working  with  children  in  the  pre-school  age. 
The  latter  part  of  my  talk  will  be  devoted  to  what  are 
called  "story-problems",  first  because  such  problems  are 
often  treated  as  presenting  a  link  between  "real-life" 
situations  and  mathematical  reasoning,  and,  secondly, 
because  I  am  particularly  interested  in  language.  Finally 
I  feel  that  the  main  purpose  of  my  paper  is  to  raise  some 
questions  which  grew  out  of  my  study  of  constructivism 
and  my,  admittedly  limited,  knowledge  of  present  day  teach- 
ing of  mathematics  in  kindergarten  and  first  and  second 
grade. 


CONSTRUCTIVISM 

Constructivism,  as  a'  theory  of  knowledge,  is  not  easy  to  define 
or  even  to  describe.  Piaget  hiraelf  gave  several  descriptions  at 
different  times,  no  doubt  because  certain  aspects  of  the  theory  were 
important  within  particular  contexts.  Thus  I  will  not  try  to  give 
a  full  account  of  what  Piaget  meant  by  "interactive"  or  "dialectical" 
constructivism,  but  shall  only  touch  on  some  points  that  seem  to  have 
particular  relevance  to  mathematical  thinking. 

According  to  Piaget,  the  essential  way  of  knowing  the  real  world 
is  not  directly  through  our  senses,  but  first  and  foremost  through 
our  actions.  In  this  context,  action  has  to  be  understood  in  the 
following  way  :  all  behavior  by  which  we  bring  about  a  change  in  the 

world  around  us  or  by  which  we  change  our  own  situation  in  relation  to 
the  world.    In  other  words,  it  is  behavior  that  changes  tht-:  knower-known 
relationship.    From  the  baby  who  laboriously  pushes  two  objects  together 
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or  who  attracts  his  mother's  attention  by  crying,  to  the  scientist 
who  invents  new  ways  of  making  elementary  particles  react  and  the 
child  or  adult  who  tries  to  convince  his  friends  of  his  opinions, 
new  knowledge  is  constructed  from  tha  changes  or  transformations  the 
subject  introduces  in  the  knower-known  relationship. 

The  quality  of  the  knowledge  gathered  in  this  way  is  partly  deter- 
mined by  the  ways  in  which  reality  reacts  to  our  interventions  and 
by  its  correspondence  to  the  knowledge  other  people  have  constructed. 
As  von  Glasersfeld  (1983,  pp.  50-51),  who  may  be  an  even  more  radical 
construct ivist  than  Piaget,  puts  it  :  "From  an  explorer  who  is  condemned 
to  seek  'structural  properties'  of  an  inaccessible  reality,  the  experi- 
encing organism  now  turns  into  a  builder  of  cognitive  structures  intend- 
ed to  solve  such  problems  as  the  organism  perceives  or  conceives... 
What  determines  the  value  of  the  conceptual  structures  is  their  experi- 
mental adequacy,    their  goodness  of   fit  with  experience,  their  via^ 
bility  as  a  neans  for  the  solving  of  problems 

In  other  words,  at  all  levels  the  subject  constructs  "theories" 
(ir  action  or  thought)  to  make  sense  of  his  experience;  as  long  as 
these  theories  work  the  subject  will  abide  by  them.  Since  human  beings 
tend  to  push  their  ideas  as  far  as  they  will  go  and  actively  seek 
novel  experiences,  they  will  partly  conserve  and  partly  transform 
their  ideas  when  this  experience  widens,  and  new  questions  arise  for 
which  the  theory  is  not  adequate. 

As  Piaget,  who  saw  himself  as  a  realist  of  a  rather  special  kind, 
expresses  it  (1980,  pp.  221-222)  :  "With  every  step  forward  in  know- 
ledge that  brings  the  subject  nearer  to  his  object,  the  latter  retreats 
so  that  the  successive  models  elaborated  by  the  subject  are  no 
more  than  approximations  that  despite  improvements  can  never  reach 
...  the  object  itself,  which  continues  to  possess  unknown  properties..." 
This  does  not  mean  that  the  knowing  subjects  are  forever  living  in 
a  world  of  their  own  making;  but  it  does  mean  that  they  can  never 
get  absolute  knowledge  of  reality  as  it  is.  According  to  Piaget, 
this  is  applicable  to  children  as  well  as  to  adult  scientists  and 
to  science  as  a  social  enterprise. 

Not  only  is  science  a  social  enterprise,   but  all  humans  are 
social  beings;  and  it  is  the  sharing  of  approximate  models  of  theories 
that  assures  the  objectivity  of  the  knowledge  gained  (vs.  "subjective" 
belief). 
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The  fundamental  constructivist  view  thus  postulates  changes  in 
the  relation  between  subject  and  object!  and  the  movement  towards 
better  -  though  never  perfect  -  knowledge  of  the  object  has  as  its 
concomitant  another  movement  whereby  the  subject  obtains  better  know- 
ledge of  his  own  actions  or  thought  processes.  There  may  not  be  perfect 
synchronicity,  but  sooner  or  later  every  new  conquest  of  the  world 
of  objects  will  lead  the  subject  to  restructure  his  action-  or  thought 
operations  system,  just  as  new  deductions  and  inferences  derived  from 
the  internal  system  will  lead  to  new  interrogations  of  reality. 

These  movements  towards  ever  more  viable  knowledge  lead  to  differ- 
ent kinds  of  knowledge  :  on  the  one  hand,  the  subjects'  reflection 
on  their  own  action-coordinations  leads  to  logico -mathematical  know- 
ledge, ana  on  the  other  hand  reflection  on  the  properties  of  objects 
and  the  changes  actions  produce  leads  to  the  natural  sciences,  such 
as  physics  and  chemistry.  However,  these  different  types  of  knowledge 
are  not  symttrical.  Knowledge  of   the  world  of  objects  cannot  be 

constructed  in  the  absence  of  some  kind  of  logico-roathematical  frame- 
work, whereas  logic  and  mathematics  can  become  pure,  in  the  sense 
of  being  free  from  particular  contents.  Clearly,  this  confers  a  special 
status  on  logic  and  mathematics  inside  the  edifice  of  human  knowledge 
in  general.  All  activities  imply  general  coordinations  from  the  lowest 
to  the  highest  level;  they  can  all  be  seen  as  leading  to  mathematiza- 
tion.  However,  on  this  particular  point  I  have  encountered  a  difficulty 
which  I  have  not  been  able  to  solve,  and  which  I  think  important  for 
psychologists  and  educators. 

In  certain  passages  (cf.  Beth  and  Piaget,  1961,  p.  251),  Piaget 
refers  to  "actions  that  are  destined  to  become  interiorized  as  opera- 
tions". Actions  such  as  combining  and  ordering  can  he  performed  on 
many  different  objects,  but  more  importantly,  they  are,  so  to  say, 
realization  of  the  most  general  coordinations  of  schemes.  In  any 
activity,  from  the  simple  reflex  pattern  to  karred  actions  such  as 
picking  flowers  or  solving  an  equation  or  lighting  a  firt,  actions 
have  to  be  combined  and  carried  out  in  a  certain  order.  A  one-year 
old  who  collects  se**«al  objects  and  puts  them  into  a  container  one 
by  one  materializes  in  actions  on  objects  coordinations  that  are  needed 
for  almost  any  action  -  picking  up  a  spoon,  plunging  it  into  a  carton 
of  yoghurt  and  stirring,  or  pushing  a  block  with  a  stick  along  the 
edge  of  the  carpet,  etc.  etc. 

The  complexity  of  even  the  simplest  intentional  actions  is  enor- 
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irous.  As  Minsky  (1985,  p.  21)  puts  it  :  for  all  of  us  "it  once  seemed 
strange  and  wonderful  to  be  able  to  build  a  tower  or  a  house  of  blocks. 
Vet,  though  all  grown-up  persons  know  how  to  do  such  things,  no 
one  understands  how  we  leam  to  do  them!"  Minsky 's  analysis  of  the 
act  of  building  a  tower  shows  the  intricate  organization  of  ordered 
actions  necessary  for  this  purpose.  The  builder  has  to  choose  an 
adequate  spot  to  start  the  tower,  add  new  blocks,  decide  whether  it 
is  high  enough.  But  to  add  a  block,  a  new  block  has  to  be  found, 
the  hand  must  get  it  and  put  it  on  the  tower  top.  To  find  a  new  block, 
it  has  to  be  seen,  to  get  it,  the  hand  has  to  move  and  grasp;  to  put 
it  on  top  the  hand  has  to  move  and  release. 

But  what  kinds  of  actions  are  particularly  "destined  to  become 
interiorized"  as  mathematical  operations?  What  are  pre-mathematical 
activities,  i.e.  activities  that  prepare  what  Bergeron  and  Herscovics 
call  intuitive  mathematics?  There  is,  of  course,  one  activity  that 
has  a  "mathematizing"  role,  and  that  is  counting,  in  itself  a  highly 
complex  activity  (cf.  Steffe  &  al,  1983).  Greco  (1962)  showed  the 
ijrportance  of  counting  for  numerical  invar iance  :  counting,  and  the 
one-to-one  correspondences  it  implies  transform  the  spatio-physical 
reality  of  a  collection  of  objects  into  a  numerical  mathematical  reali- 
ty. But  surely  there  must  be  other  activites  as  well,  that  lead  to 
mathematical  concepts  and  operations? 

I  have  yet  another  problem  concerning  constructivism  and  the 
psychology  of  mathematics,  and  that  is  the  difference  between  mathe- 
matics and  logic.  Piaget  always  joins  the  two,  and  discusses  logico- 
mathematical  operations  as  one  entity.  I  have  found  several  passages 
(Beth  and  Piaget,  1961,  p.  233-236)  where  intuitive  geometrical,  and 
more  generally,  spatial  concepts  are  contrasted  with  classes  and  num- 
bers, and  more  generally  logico-arithmetical  entities  ("etres"),  but 
none  where  logic  and  nathnatics  are  distinguish^  -  Somehow  or  other 
this  question  also  seems  to  be  inportant  for  psychologists;  maybe 
I  will  find  some  answers  in  this  meeting. 

A  last  question  which  has  often  been  raised  about  constructivism 
is  worth  mentioning,  though  in  contrast  with  my  other  questions  it 
has  been  extensively  studied  :  i.e.  the  place  of  social  interaction 
in  this  theory.  It  is  true  that  Piaget  only  rarely  studied  social 
interaction  and  that  he  did  not  carry  out  any  "*u3*s  on  social  Enac- 
tion as  a  factor  of  cognitive  progress.     But  since  "successive  models 
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or  reality  constructed  by  the  subject  retrain  approximations"  (Piaget, 
1980),  one  needs  some  way  of  distinguishing  between  subjective  beliefs 
and  objective  knowledge.  This  is  where  Piaget  adds  :  "Objective  know- 
ledge is  only  attained  when  it  has  been  d'  ussed  and  checked  by  others" 
(Piaget,  1965).  Thus  it  is  only  when  our  i...  -els  or  systems  correspond 
to  those  of  others  that  they  become  an  objectively  valid  base  for 
further  progress.  Sharing  ideas,  discussion  and  argumentation,  or 
more  simply  collaboration  in  constructive  or  pretend  play,  are  essenti- 
al ingredients  for  the  growth  of  knowledge,  at  all  developmental  levels. 
Moreover,  the  mastery  of  all  conventional  symbolization  systems,  from 
spoken  language  to  spoken  numerals,  arithmetic  and  algebraic  notation, 
depends  to  a  great  extent  on  interaction  of  young  children  with  other 
people  :  educators,  parents  and  older  children. 

After  this  brief  sketch  of  constructivism  and  the  questions  this 
theory  raises  for  me  as  a  psychologist,  1  shall  discuss  some  more 
specifically  psychological  concepts  that  belong  to  the  theory  and 
that,  in  my  opinion,  are  fairly  directly  applicable  to  education. 

1/  Normative  facts 

The  elaboration  of  gradually  more  "viable"  models  leads  to  the 
construction  of  at  first  very  limited  systems  of  reasoning  which  in 
turn  lead  to  what  Piaget  calls  "normative  facts"  or  "norms".  Normative 
facts  are  ideas,  concepts  or  modes  of  reasoning  that  are  jjirediately 
available  for  the  construction  of  new  inferences  or  hypotheses.  The 
subject  feels  such  ideas  to  be  both  evident  and  necessary,  and  often 
can  no  longer  imagine  that  at  some  earlier  time  they  were  not  present 
in  his  mind.  For  example,  the  commutativity  of  addition  is  a  normative 
fact  from  the  age  of  about  seven  i  3  added  to  5  gives  the  same  result 
as  5  added  to  3,  and  the  same  goes  for  15  and  3  and  1,000,005  end  3, 
though  if  one  has  3  dollars  and  gets  5  more  that  certainly  makes  a 
difference,  whereas  if  one  already  has  a  million  dollars  the  increase 
is  imperceptible.  Though  seven-year  olds  may  not  be  able  to  reason 
as  far  as  millions,  cotmiitativity  of  addition  is  a  normative  fact 
for  them,  it  is  felt  as  something  that  is  "necessary"  and  it  can  inmedi- 
ately  serve  as  a  base  for  further  reasoning. 

In  another  field,  the  link   between  volume  and  the  amount  of  water 
displaced  by  an  object  that  does  not  float  is  a  normative  fact  from 
about  the  age  of  ten.    According  to  Piaget  it  is  the  task  of  the  psycho- 
logist to  study  the  gradual  construction  of  such  norms  by  the  subject, 
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i.e.  what  is  necessary  and  evident  in  the  subject's  eyes,  but  not 
whether  the  subject's  "norms"  are  true  in  the  scientific  sense.  Neith- 
er of  the  above  facts  is  normative  for  four-  or  five-year  olds,  but 
what  is  nore  surprising  is  that  a  concept  such  as  the  comnutativity 
of  addition  may  first  be  limited  in  scope;  e.g.  that  the  child  may 
use  it  as  an  immediate  base  for  problem  solving  as  long  as  the  num- 
bers do  not  go  beyond  10,  or  as  long  as  one  of  the  numbers  is  either 
1  or  2.  It  is  also  important  to  note  that  in  the  constructivist  view 
the  commutativity  of  addition  and  the  relation  between  volume  and 
water-displacement  have  a  common  source,  i.e.  in  the  organization 
of  the  interactions  between  the  subject  and  the  world  of  objects. 
To  many  adults,  scientist  as  well  as  laymen,  mathematical  "truths" 
appear  to  be  a  priori,  Platonic  ideas,  that  emerge  at  soma  point  in 
development,  whereas  physical  "truths"  a„e  rooted  in  learning  through 
experience,  and  thus  fit  into  empiricist  theories  of  Knowledge.  This 
is  contrary  to  the  constructivist  view. 

2/  Instruments  of  knowledge 

In  "Psychogenese  et  histoire  des  sciences"  (19B3),  Piaget  discusses 
another  task  for  psychologists  :  to  find  out  "which  kinds  of  instruments 
the  subject  uses  for  problem-solving,  what  their  origin  is,  and  how 
they  are  elaborated"  (p.22).  These  instruments  or  processes  constitute 
the  link  between  the  knowing  subject  and  the  objects  of  his  knowledge, 
logico-mathematical  objects  as  well  as  physical  objects,  and  their 
study  belongs  to  epistemology  and  to  psychology.  Piaget  proposes 
that  these  instruments  fall  into  two  categories  :  correspondences 
which  imply  comparison  on  the  one  hand,  and  transformations  on  the 
other.  These  processes  are  totally  general  and  operate  at  all  levels 
of  development.  Every  action  scheme  is  a  source  of  "correspondences", 
since  it  can  be  applied  to  new  ob>cls  or  situations  that  are  thus 
compared  without  further  transformation,  and  every  coordination  between 
schemes  is  a  source  of  transformations,  since  the  coordination  can 
result  in  a  new  type  of  action  with  its  particular  result.  There 
is  thus  right  from  the  beginning  a  duality  but  also  a  linkage  between 
the  two  types  of  processes.  But  since  children  (and  adults,  and  scien- 
tists) first  become  aware  of  their  transforming  actions  and  their 
results  and  only  later  of  their  comparisons  between  the  objects  as 
such,  in  a  static  state,  corespondences  and  comparisons  remain  indepen- 
dent of  transformations,  often  for  a  long  time.     At  different  levels 
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of  development,  the  cycle  repeats  itself  i  subjects  compare,  choose 
objects  to  transform,  transform,  take  note  of  the  results  of  their 
transformations,  and  only  later  become  aware  of  links  between  the 
transformations  and  the  correspc  yiences  they  establish  when  making 
comparisons . 

Interestingly  enough,  immediately  after  having  discussed  comparison 
and  transformation  (Pi.iget  et  Garcia,  1983,  p.  23- J4),  Piaget  speaks 
about  mathematical  "beings"  ("etres")  -  what  are  they  and  where  do 
they  come  from?  (p. 25).  This  is,  of  course,  the  64-dollar  question. 
Though  Piaget's  answer  has  not  changed  since  his  earlier  works  on 
number,  (i.e.  they  derive  from  the  subject's  actions  and  his  reflections 
on  these  actions),  the  two  points  I  have  just  discussed  seem  to  clarify 
the  problem  to  a  certain  extent.  Comparing  and  transforming  in  soma 
kind  of  quantitative  sense,  as  much  in  measuring  as  in  counting,  appear 
to  be  activities  that  lead  to  reasoning  systems  (even  if  of  small 
scope)  which  imply  normative  facts.  Measuring  certainly  deserves 
to  be  mentioned  as  much  as  counting  (cf.  Vergnaud,  1979,  p.  263-274, 
and  the  discussion  in  Steffe  &  al. ,  p.  19-20).  Studies  on  very  young 
children  (Sinclair  &  al. ,  1982)  certainly  seem  to  show  that  the  roots 
of  actions  that  will  lead  to  measuring  and  counting  go  back  to  a  very 
early  age. 

Around  the  age  of  twelve  months,  we  observed  many  spontaneous 
activities  as  in  the  two  following  examples  (Sinclair  &  al.,  1982, 
p.  63-80).  Hie  children  pull  little  bits  of  cottonwool  from  a  big 
ball,  until  it  is  reduced  to  many  tiny  flecks.  They  carefully  observe 
the  way  the  cottonwool  stretches  and  then  breaks.  Then  they  make 
them  stick  together  again;  and  then  they  start  all  over.  At  a  slightly 
later  age  (around  one-and-a-half),  we  observed  long  sequences  of  activi- 
ties with  a  string  i  they  take  the  ends  into  their  bands,  stretch 
them  apart  as  wide  as  possible,  touch  the  string  with  their  nose  in 
the  middle,  let  it  go  slack  and  start  again.  They  also  put  the  string 
around  their  neck,  pull  on  one  side,  the  other  hand  goes  up,  they 
pull  the  other  side  down  again,  observe,  etc.  etc.  It  does  not  seem 
too  audacious  to  see  in  these  activities  the  very  beginnings  of  count- 
ing and  measuring,  i.e.  the  very  beginnings  of  what  Piaget  calls  the 
slow  construction  of  mathematical  objects.  Certainly  such  behaviors 
are  a  good  example  of  the  processes  of  comparison  and  transformation 
with  a  different  focus  of  attention  :  either  on  separate  bits  (which 
will  become  countable)  or  on  continuous   lengths    (which  will  become 
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measurable ) . 

In  short,  I  tnink  that  indeed  cons true tivist  psychology  and  its 
related  hypotheses  lead  ua  to  see  the  construction  of  mai  aratical 
objects  and  operations  as  a  slow  construction,  deeply  root-'.l  in  all 
human  endeavors  to  make  sense  of  their  world.  As  I  have  aU  :  .dy  said, 
however,  psychologists  do  not  yet  seem  to  have  taken  ad,  ntige  of 
constructivist  theory  to  show  how  this  construction  proco  Is  in  t'.le 
specific  domain  of  natherratics  between  the  ages  of  two  to  si  or  saren, 
with  the  sole  exception  of  counting  behaviors.  But.  much  reseciich 
and  many  observations  of  classroom  behavior  show  that  soma  lmpjrt.f.Jit 
mathematical  constructions  have  already  taken  place. 

Apart  from  numerical  conservation,  Genevan  research  brought  to 
light  many  mathematical  solutions  in  specific  tasks  that,  do  lot  involve 
counting  (Greco  &  torf,  1962;  Gr6co,  Inhelder,  Matalon  4  Piiget,  19f3) 
and  that  may  precede,  accompany  or  follow  success  on  tlx  numerical 
conservation  task.  Five-year  olds  already  know  that  if  one  pars  in 
always  takes  one  object  when  another  takes  two,  the  former  will  it 
any  stage  of  the  proceeding  have  half  as  many  objects  as  the  lattci'; 
somewhat  laler  children  begin  to  understand  the  connoxivity  of  number, 
etc.  etc. 

In  educational  settings  one  can  also  observe  typical  oxairples 
of  mathematical  reasoning,  already  in  first  grade.  Kamii  and  DeClark 
(1985,  p.  233)  report  behaviors  such  as  the  following.  Ann,  dsked 
about  9  plus  9  inquires:  "What  is  the  8  plus  8  one?"  When  told  it 
was  16,  she  says  "18.  If  you  know  that  8  and  8  is  16,  you  know  how 
to  skip  another  one  and  it  has  to  be  18". 

During  a  discussion  about  what  should  bo  brought  to  a  party  for 
the  26  children  in  the  class,  Mary  announces  :  "If  five  people  bring 
five  apples  and  sotreone  else  brings  one,  there  will  be  enough  for 
everyone".  These  first-graders  had  the  benefit  of  a  special  program 
devised  by  Kamii  and  DeClark,  but  they  were  otherwise  an  ordinary 
class  -  not  a  selected  group.  They  certainly  were  reasoning  mathemati- 
cally; their  remarks  show  moreover  the  depth  and  spontaneity  of  their 
reasoning,  and  Mary  demonstrates  an  excellent  formulation  of  what 
could  be  a  story  problem. 

Evidently,  during  the  years  that  precede  formal  instruction  in 
arithmetic,  ordinary,  everyday  experiences  lead  to  ijtportant  mathemati- 
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cal  achievements  by  the  age  of  six  or  seven,  though  the  children  may 
not  be  able  to  apply  them  to  classical  pen-and-paper  school  arithmetic. 
What  are  these  experiences,  and  how  could  their  stimulation  help  child- 
ren that  do  not  seem  to  nave  mathematized  them? 

Krutetskii  (1976,  p.  217)  reports  parents'  and  caretakers'  remarks 
about  children  that  turned  out  to  be  brilliant  in  mathematics  :  they 
were  observed  to  be  fascinated  by  counting  from  the  age  of  three  onwards 
Somehow  or  other  I  suppose  that  this  was  the  behavior  that  struck 
the  adult  observers,  but  that  there  must  have  been  others.  Kamii 
and  DeClark,  and  many  other  researchers  in  mathematics  education  think 
so,  too,  and  they  often  consider  the  early  introduction  of  story- 
problems  as  a  way  of  capitalizing  on  the  children's  comprehension 
of  daily  events  that  occur  without  any  explicit  mathematical  context. 

However,  the  examples  given  always  concern  counting,  addition  or 
subtraction.  It  seems  as  if  it  is  tacitly  assumed  that  the  only  spon- 
taneously occuring  activities  during  the  pre -school  years  that  are 
"irathematizable"  are  those  that  imply  counting.  In  other  school  pro- 
grams the  introduction  to  mathematics  is,  by  contrast,  limited  to 
logic  (set-theory,  class-inclusion,  etc.),  but  the  problems  in  this 
framework  do  not  seem  to  have  any  link  at  all  with  the  ordinary  activi- 
ties of  four-  or  five-year  olds.  For  the  moment,  and  as  far  as  I 
know,  the  only  way  education  tries  to  build  onto  such  activities  is 
the  presentation  of  addition  and  subtraction  story-problems. 

In  the  last  part  of  my  paper  I  will  make  a  number  of  critical 
remarks  about  story-problems  as  a  psycholinguist,  knowing  full  well 
that  many  researchers  in  mathematics  education  have  made  similar  re- 
marks and  that  my  knowledge  of  the  literature  is  limited. 

First,  in  a  trivial  sense,  story-problems  are  not  stories,  because 
stories  tell  you  something,  they  don't  ask  you  something  :  the  solution 
to  a  problem  is  more  like  a  story  than  the  problem  itself.  But  in 
a  less  trivial  sense,  I  feel  that  one  has  to  find  a  solution  (apart 
from  some  calculations )  before  one  can  construct  the  problem,  or  maybe 
at  the  same  time,  but  certainly  not  after.  Formulating  a  problem 
clearly  and  mathematically  is  not  a  step  towards  its  solution  but 
port  of  the  solution  itself.  Hie  already  mentioned  example  of  Mary 
(p.  11)  can  maybe  illustrate  this  point,  which  I  am  afraid  remains 
rather  intuitive.  When  ftary  announces  :  "If  5  people  bring  5  applras 
and  someone  else  brings  one,  there  will  be  enough  for  everyone",  she 
is  asked  how  she  figured  that  out  so  quickly.     And  she  answers  :  "I 
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counted  by  fives.  9**i  5  -  JO  -  IS  -20  -  ft       and  then  one  more  is  26". 
Though  I  cannot  explain  how  she  came  to  this  computation,   I  do  think 
that   it  was   the  computation  that  allowed  her  to  formulate  a  sto.y- 
soiution.    Mareover,  by  saying  "3  people...  and  someone  else..."  in- 
stead of  "5  persons   (as  an  adult  might  do)...  and  one..."  she  made 
perfectly  clear  what   is  in  fact  a  problem  of  quantifying  in  natural 
language  :  someone  else,  not  one  of  the  five  already  mentioned.  Pre- 
cisely  because    story-problems   only  pretend   to  be  stories,   mast  of 
them  continually   transgress    the    rules   of   natural  language  usage. 
Natural  language  quantification,  for  example,  does  not  directly  corres- 
pond to  quantification  in  logic. 

In  an  interesting  article  Freeman  and  Stedmoil  (1986)  start  from 
the  observation  that  English,  a  natural  language,  has  at  least  three 
words   that  can  be  seen  as   universal  quantifiers    :  each,  every,  and 
all,    and   can   be  used   in  affirmative  quantification  with  reference 
^an  radrwr      reality  of  couitabV    objects,     mis  gives  rise  to  sen- 
tences such  as  "All  the  dogs  are  aggressive",  "Bach  dog  is  aggressive" 
5nd  "Every  dog  is  aggressive"  when  talkinq  about  a  particular  collec- 
tion of  dogs.      If  one  adds  universal  statements  such  as  "All  dogs 
are  manuals".   "Dogs  are  mammals"  or  "The  dog  is  man's  best  friend", 
and  quantifiers  such  as  spire,  as  in  "Some  dogs  are  aggressive",  "Some 
of   the  dogs  are  agressive",    "There  are  some  agressive  dogs  in  your 
garden",   etc.   etc.,   the  variety  of  natural  language  quantifiers  may 
Easily  bewilder  the  subject  who  has  to  evaluate  the  truth  of  any  such 
expression,  and,  we  may  add,  any  subject  who  has  to  take  such  an  or 
pression  as  the  basis  for  a  calculation. 

The  authors  of  the  article  I  Ivave  quoted  examine  the  case  of 
all  the,  each  and  every,  and  argue  that  these  words  have  both  a  deter- 
minative and  a  quantifying  function  :  Before  one  can  decide  whether 
"All  the  dogs  are  aggressive"  is  a  true  statement  or  not  one  has  to 
know  which  dogs  are  being  talked  about.  Moreover,  though  as  far  as 
quantification  goes  all  and  each  are  equivalent,  as  far  as  meaning 
in  ordinary  language  yoes  they  are  not  :  all  is  collective,  each  is 
distributive,  and  eyerv  is  somewhere  in  between.  After  discussing 
several  studies  carried  out  with  young  children,  Freeman  and  Stedmon 
conclude  that  children  clearly  nave  trouble  coordinating  the  determina- 
tive and  ratifying  functions  of  expressions  such  as  all,  alj^tm^ 
every  t,lc.,  and  that  it  is  unjustified  to  consider  tests  using  these 
expressions'  at  tests  of  logical  reasoning.    A  similar  conclusion  should, 
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in  my  opinion,   be  drawn  about  story-problems   :  when  such  tsmssicns 
(as  well  as   some)  are  used  in  story-problems,   the  problems  are  not 
necessarily  tests  of  mathematical  reasoning.     Not  only  quantifiers, 
but  also  verb- tenses  and  pronominalization  are  used  in  story-problems. 

In  ordinary  narrative  discourse,  a  succession  of  the  same  tenses 
(he  thought...  he  said...  he  went...  he  bought...)  indicates  a  success- 
ion of  reported  events  identical  to  the  order  of  utterance;  whenever 
the  speaker  intends  a  different  order  he  indicates  this  by  other  mark- 
ers :  conjunctions  such  as  before  or  after,  or  adverbial  expressions 
such  as  already,  or  contrasting  tenses,  or  combinations  thereof. 
Simultaneity  is  expressed  by  special  markers  such  as  meanwhile,  while, 
etc.  Often,  however,  the  addressee's  knowledge  of  normally  occurring 
events  allows  torn  to  interpret  temporal  order  or  simultaneity  as  intend- 
ed by  the  speaker,  without  precise  indications  :  Mary  and  Anne  came 
to  visit  us  (i.e.  together  at  the  same  time);  Mary  put  on  her  socks 
a"*3  shoes  (i-e-  seeks  first,  shoes  afterwards).  The  linguistic  and 
pragmatic  rules  for  the  use  of  tenses,  pronouns  and  other  coherence- 
providing  devices  in  story-telling  and  understanding  are  not  easy, 
and  as  many  researchers  have  shown,  they  are  still  being  worked  out 
by  children  between  the  ages  of  6  and  9  or  10,  but  many  of  the  rules 
they  have  already  constructed  are  to  a  greater  or  lesser  degree  trans- 
gressed in  story-problems.  In  other  words,  there  is  not  only  a  logico- 
mathernatical  graduation  of  story-problems  according  to  whether  they 
concern  change  of  state,  reunion,  comparison,  part-whole  relationships 
etc.  which  make  sane  problems  harder  than  others  even  though  they 
demand  the  same  operation  with  the  same  numbers,  but  also  a  graduation 
in  the  degree  these  problems  violate  in  their  wording  discourse  rules 
that  children  have  already  mastered. 

De  Corte  and  \*-irschar&>l      (  )  in  a  detailed  analysis  of  the 

strategies  children  use  in  solving  elementary  addition  and  subtraction 
story-problems  clearly  d-iicnstrete  "that  for  large  number  of  children 
the  main  difficulty  does  not  lie  in  selecting  the  proper  arithmetic 
operation  but  in  a  prior  stage,  namely  the  construction  of  an  appropri- 
ate problem  representation".  I  wtoih-srUdly  agree>  ^  would  sim?ly 
add  that  the  trouble  with  certain  story-problems  is  not  so  much  that 
they  are  "very  condensed  and,  in  a  sense,  even  ambiguous"  (p.  13) 
as  that  they  treat  quantifiers  as  logicians  treat  them,  neglecting 
their   natural   Language   functions  and   that    they  transgress  ordinary 
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discourse  rules  especially  story-telling  rules.    De  Corte  and  Verschaff- 
el  give  several  examples  of  "vong",  but  as  they  say,  quite  coherent 
representations  of  a  problem;  let  me  just  quote  one  as  an  illustration. 
The  problem  is  : 


The  children  were  given  two  puppets  and  a  stock  of  "apples"  (blocks). 
They  were  asked  to  act  the  problems  and  their  answers.  One  child  pro- 
ceeds :  He  gives  Pete  3  apples;  then  he  gives  Anne  3  apples  ("also 
some")  and  he  places  nine  blocks  in  the  space  between  Pete  and  Anne. 
His  answer  to  the  question  "How  many  apples  does  Anne  have?"  is  to 
count  the  apples  he  had  put  in  front  of  Anne  and  to  say  :  "Three" . 
This  child  clearly  follows  the  rules  of  ordinary  discourse  :  in  the 
second  sentence,  following  the  first  description,  the  quantifier  some 
is  interpreted  in  its  usual  meaning  of  two,  three  or  four;  and  because 
of  the  word  "also"  three  is  the  obvious  choice;  the  third  sentence 
then  describes  the  next  event  :  somebody  gives  the  two  children  9 
apples  which  are  intended  for  both  of  them. 

Clearly,  as  De  Corte  and  urahaffel  argue,  the  child  in  the 
example  had  not  constructed  a  correct  tepresentation  of  the  problem, 
and  the  acting-out  modality  demonstrates  where  the  problem-representa- 
tion went  awry.  A±iitcnally,  it  seems  to  me  that  the  acting-out 
method  reinforced  the  idea  of  the  problem  being  a  story,  which  it  is 
not;  in  fact,  most  story-problems,  except  those  that  concern  a  change  of 
state  problem  such  as 


violate  discursive  story-telling  rules  (cf .  also  Escarabajal  and  Verg- 
naud,  Congres  de  Rome,  juin  1986).    To  be  ablo  to  solve  arithmetical 
"story-problems"   children  have  to    Learn  a  now  set  of   rules  Ivfixv 
they  can  even  think  about  wti.it    nuiirricul  oppration  to  perform.  It 
seems  highly  jjiprofcaMr!      tluit  buch  pioulems  are  "less  abstract",  "cluttir 
to   real-life   experience"    than   siirple  mental   arithnetic  without 
apples,  marbles,  children,  cars  aid  what-not.    Of  course,  solving  simi- 
lar   problems    when    they  are   presented    in  horizontal   notation  with 
+  ,  -,  =  and  missing  addends  etc.  may  be  even  more  difficult,  since 
it   implies  another  set  of    s\ntnli:;iiij     rules  to  be  learned,  but  once 
again,    this  would  not   show  that  story-problems  are  closer  to  icul- 


Pete  has  3  apples;  Anne  also  has  some  apples; 
Pete  and  Anne  have  9  apples  altogether; 
how  many  apples  does  Anne  have? 


Peter  had  3  apples;  his  uncle  gave  him  2  more  apples. 
How  many  has  Peter  now? 
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life  situations. 

CONCLUDING  REMARKS 

Mathematics  and  logic  occupy  a  special  place  in  the  edifice 
of  human  knowledge,  and,  in  my  opinion,  constructivism  theory  clari- 
fies their  particularity.  Concepts  related  to  the  theory,  such  as 
abstraction,  comparison,  transformation,  and  the  gradual  elaboration 
of  normative  facts  give  us  at  least  some  idea  of  what  is  implied 
by  the  capacity  to  conceptualize  mathematical  aspects  of  actions 
and  events  -  a  capacity  which  provides  the  very  foundation  tar  mathe- 
natics  taming. 

It  is  certainly  possible  to  assume  that  this  capacity  develops 
spontaneously,  without  direct  intervention  of  parents  or  teachers. 
At  all  times,  soma  children  have  d*tJcpad  mathematical  thinking 
in  essentially  similar  and  creative  ways  despite  inadequate  education 
programs.  Unfortunately,  not  all  children  -  not  even  the  majority 
-  do  so.  Constructivism,  as  a  psychological  theory  of  knowledge, 
has  already  contributed  to  the  elaboration  of  methods  that  can  guide 
the  majority  of  children  through  the  complex  landscape  of  mathematics. 
It  has  led  psychologists  and  educators  to  question  some  of  their 
own  "norms"  and  refccused  their  thinking  about  mathematics  teaching. 
I  hope  that  the  constructivist  point  of  view  can  still  do  far  more, 
and  that  this  conference  will  be  a  step  in  that  direction. 
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llermine  Sinclair's  paper  and  Jeremy  Kllpatrick's  paper  are  quite 
different  both  in  the  tune  they  adopt  and  In  the  questions  they  address. 
Herralne  Sinclair  gives  a  summary  of  the  piagetian  views  on  construc- 
tivism and  shifts  to  an  analysis  and  a  critique  of  story-problems. 
Jeremy  Kllpatrick's  paper  is  rather  organised  as  a  reaction  to  contem- 
pary  aniorlcan  researchers  like  Von  Glasersfeid,  Steffe,  Cobb,  Confrey 
and  others  ;  I  have  to  react  to  a  reaction. 

I  find  both'papers  roost  interesting  J  although  they  might  be  more 
specific  of  mathematics  education  and  research  on  mathematics  education. 
As  a  matter  of  fact,  our  job,  as  researchers,  is  to  understand  better 
the  processes  by  which  students  learn,  construct    or  discover  mathematics 
so  as  to  help  teachers,  curriculum  and  test  devisers,  and  other  actors 
In  mathematics  education,  to  make  better  decisions.  This  Is  our  practical 
burden.  Theory  is  essential,  as  it  is  also  our  burden  to  organize  our 
knowledge  on  mathematics  education  in  coherent  systems  of  description 
and  in  powerful  concepts. 

It  Is  essential  to  understand   how  individuals   develop  or  fail  to  deve- 
lop mathematical  knowledge,  therefore  to  dlscus3  alternative  Interpreta- 
tions of  constructivism  and  other  theoretical  frameworks. 

The  reference  to  Plaget  is  unavoidable  as  he  was,  In  his  days, the  most 
systematic  theorist  of  constructivism.  To  understand  his  views,  one 
needs  to  relate  them  to  the  questions  he  was  addressing,  in  a  fashion 
that  parallels  the  Idea  that  we  have  to  relate  the  acquisition  of  mathe- 
matical Ideas  by  children  to  the  problems  they  are  faced  with. The  term 
••epistemology"  covers  a  large  range  of  meanings  ;  one  of  these  meanings 
concerns  the  relationship  of  knowledge  to  the  practical  and  theoretical 
problems  to  which  is  tries  to  provide  on  answer. 

This  aspect  of  epistemology  enlightens  the  way  we  may  approach  the 
development  of  new  mathematical  concepts,  procedures  and  representations 
in  the  child's  mind.  It  may  also  enlighten  Piaget's  views  about  construc- 
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tivlsm,  as  Plaget  developed  his  framework  as  an  answer  to  the  General 
question  "How  does  knowledge  develop"  :  t,c  tried  to  make  this  philoso- 
phical question  a  scientific  one  by  studying  the  development  of  children's 
Intelligence  and  knowledge.  For  him,  constructivism  contradicts  both 
empiricism  and  a  priori  rationalism.  Ills  critique  of  empiricism  Is  pro- 
bably better  known  than  his  critique  of  rationalism,  but  one  must  never 
forget  that  his  work  on  the  representation  of  space  and  time  (and  speed) 
U  a  direct  response  to  Kant's  theory  that  space  and  time  would  be  a-prlorl 
categories  of  the  pure  ralson. 

Tlaget  wa9  most  .Influenced  by  the  neo-kantlan  french  philosopher  Leon 
Drunschwig  :  his  concept  of  scheme  was  originally  borrowed  from  Kant, 
but  his  framework  Is  aimed  to  be  different  from  Kant's  views  as  much  as 
from  Hume's  views.  The  reason  for  this  must  probably  be  traced  In  his 
background  as  a  biologist  and  an  evolutionist. 

In  the  field  of  psychology,  thlo  framework  led  him  both  to  the  empirical 
study  of  development,  and  to  the  critique  of  both  assoclatlonlsm  and 
gcstalt  theory. 

As  llerralnc  Sinclair  reports,  Pleaget's  "Interactive  constructivism"  or 
"dialectical  constructivism",  stresses  the  fact  that,  on  the  one  hand, 
children  do  not  simply  "read"  experience  but  have  schemes  and  categories 
to  interpret  experience,  and  that  these  schemes  and  categories  are  not  a 
priori  schemes  and  categories  but  derive  from  inborn  schemes  and  experience. 
Action  Is  essential  as  children  accommodate  their  schemes  through  action 
upon  the  physical  (and  social)  world,  In  order  to  assimilate  new  situa- 
tions :  nearly  In  the  same  way  as  scientists  develop  new  procedures  and 
concepts  from  former  knowledge  to  understand  and  master  new  phenomena.  Hie 
relationship  between  Plaget's  "genetic  eplstemology"  and  the  historical 
eplstemology  of  science  19  obvious,  although  Plaget  rejected  the  theory 
of  parallelism  between  ontogenesis  and  phylogenesis. 

Ilermlne  Sinclair  shows  very  clearly  that,  for  Plaget,  "new  knowledge  Is 
constructed  from  the  changes  or  transformations  the  subject  Introduces 
In  the  knower-known  relationship",  but  that  "the  quality  of  knowledge  Is 
partly  determined  by  its  correspondence  to  the  knowledge  other  people 
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have  constructed,  and  partly  l>y  the  ways  in  which  reality  reacts  to 
our  Interventions".  If  the  subject's  knowledge  of  reality  develops  by 
successive  approximations,  this  does  not  mean  that  reality  does  not 
exist  :  Plaget  was  not  interested  In  this  metaphysical  question  and 
was  not  a  "radical"  constructlvlst  In  Von  Glasersf eld' s  meaning  of  the 
word  "radical".  He  did  .lot  either  pretend  that  the  undlvldual  could 
develop  his  knowledge  through  his  lonely  experience  ;  on  the  contrary  ■ 
confrontation  and  decentratlon  are  Important  processes  that  take  place 
In  social  sltuatlonsand  help  children  develop  new  and  better  schemes 
and  Ideas.  Sinclair's  quotation  "Objective  knowledge  is  only  attained 
when  It  has  been  discussed  and  checked  by  others"  (Plaget,  1965)  shows 
clearly  that  Plaget  did  not  deny  objectivity  and  social  Interaction. 

Ilermlne  Sinclair  also  shows  that,  Tor  Plaget,  action  Is  not  only  a  way 
to  transform  the  outside  world  but  also  a  way  to  question  It.  I  agree 
with  her. 

I  am  not  sohappy  when  she  takes  for  granted  Placet's  distinction  between 
lofUco-mathemnticnl  knowledge,  abstracted  from  action  (reflective  abstrac- 
tion), and  physical  knowledge,  abstracted  from  the  properties  of  objects 
(empirical  abstraction).  As  physical  properties  of  objects  ore  also 
abstracted  though  action  and  experience,  It  Is  not  so  easy  to  follow 
Plaget' s  views  on  this  point.  And  they  may  have  wrong  consequences  upon 
the  theoretical  frameworks  of  research  on  mathematics  education  ,  for 
Instance  on  the  concrete-formal  debate.  Thin  debate  does  not  concern  only 
early  school  mathematics,  but  all  lev.la  of  mathematics  learning  and 
teaching,   Including  University.  But  before  I  go  into  a  deeper  analysis 
of  this  question,  I  would  like  to  mention  that,  In  Kllpatrlck' s  paper, 
some  comments  refer  to  the  very  same  problem,  although  with  different 
words . 

One  of  the  arguments  used  for  Kllpatrlck  against  radical  constructivism 
is  that  one  may  adopt  such  language  as  "Eddie  has  constructed  rational 
number"  but  not  "Eddie  has  co  nstructed  osmosis". 
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"The  claim     that  there  Is  an  lndependantly  existing  world  'out  there' 
that  can  be     known     by  the  cognizing  subject  Is  explicitly  avoided  by 
const  rue  tlvlstn",  Kllpatrlck  says, and  he  purposedly    uses  examples  outaldi 
mathematics,  developing  this  Idea  with  historical  examples  :  one  might 
say  that  the  four-colour  theorem  has  been  "constructed",  whereas  one 
would  not  any  that  "Priestley   constructed  oxygen"  or  "  Cartler  cons- 
tructed the  Saint  Lawrence  River".  The  language  of  discovery  Is  opposed 
to  the  language  of  construction.     "The  mutual  attraction  between  cons- 
tructivism and  mathematics  Is  an  Intriguing  theme"  says  Kllpatrlck  ; 
It    parallels    the  plagetlan  distinction  between  two  kinds  of  abstraction 
leading  one  .to  mathematics  and  the  other  to  physics. 

Kllpatrlck  mentions  two  principles  ia  the  basis  of  constructivism. 

1  -  knowledge  la  actively  constructed  by  the  cognizing  subject,  not 
passively  received. 

2  -  coming  to  know  Is  an  adaptation  process  that  organizes  one's  expe- 
riential world.  It  does  not  discover  an  ndcpendant,  pre-existing  world. 

As  far  as  I  can  see,  there  arc  two  Independent  Ideas  In  the  second  one, 
as  the  adaptatlve  process  Is  one  thing, and  the  radical  cons  true t lv Lsl ' s 
denial  of  an  independent  pre-exiatlng  world  another  thing.  This  Inst 
Idea  might  Just  as  well  be  considered  as  trivial  solipsism,  rattier  than 
radical  constructivism.  One  may  accept  the  first  principle  and  the  first 
part  of  the  second  one,  and  not  the  last  part  of  the  second  one  ;  and 
this  is  Just  as  radical  as  radical  constructivism,  which  fails  to  provid 
a  theory  of  objective  knowledge.  Adaptation  does  cope  with  the  actual 
world,  and  not  with  a  purely  Imaginary  fantasy.  There  Is  no  random  rein- 
forcement that  can  give  us  the  confidence  and  the  feeling  of  necessity 
that  we  tiave  in  using  our  knowledge  of  spatial  relationships  and  trans- 
formations, or  our  knowledge  of  numbers   :  within  the  social  and  scien- 
tific knowledge  that  we  call  mathematics.  Students  are  Invited  to  share 
that  knowledge,  and  eventually  contribute  to  produce  it  if  they  become 
mathematicians.  What  la  their  problem  as  students  ? 
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Kllpatrick  reports  on  five  different  questions,  that  have  been  raised 
by  Ven  Glasersfeld  himself. 

-  teaching  versus  training 

-  Inside  processes  versus  overt  behavior 

-  linguistic  communication  and  transfer  of  knowledge  versus  construction 

-  Interpretation  of  errors 

-  teaching  interviews  as  a  powerful  method. 

I  will  not  repeat  here  what  is  very  well  reported  in  Kilpatrick's  paper. 
I  agree  with  him  that  some  consequences  of  radical  constructivism  are  not 
specific  of-  radical  constructivism.  But  I  also  would  like  to  say,  in 
defence  of  constructivism,  that  some  of  them  do  contradict  empiricism 
and  other  widely  accepted  information-processing  models  of  cognition, 
especially  those  which  see  knowledge  as  an  additive  combination  of  rules, 
or  as  a  purely  symbolic  calculus,  or  as  a  net  of  static  structures. 

At  tills  point  I  feel  the  need  to  change  ray  way  of  discussing  Sinclair's 
and  Kilpatrick's  papers.  I  need  to  start  from  examples  and  from  my  own 
point  of  view. 

Let  us  start  from  the  analysis  of  the  competence  to  count  a  set  of 
objects.  This  requires  a  one-to-one  correspondence  between  objects, 
finger  movements,  eye  movements  and  number  words  ;  it  also  requires 
the  cardinalization  of  the  whole  set,  u»lng  tho  last  word  twlci;  or 
with  two  meanings,  one  for  the  last  object  (ordinal),  the  other  for 
the  cardinal  of  the  whole  set. 

Counting  a  set  is  a  scheme,  a  functional  and  organized  sequence  of  rule- 
governed  actions,  a  dynamic  totality  whose  efficiency  requires  both 
sensor i-motor  skills  and  cognitive  competences  :  cardinal,  exhaustion, 
no  repetition...  There  are  important  "normative  facts"  implicit  in  it, 
(to  follow  Sinclnir's  vocabulary),  or  "invariants",  or  "theorems-in- 
action" as  I  usually  call  them. 
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Many  different  schemes  are  involved  ln  the  solving  of  the  different 
subclasses  of  additive  and  subtractlve  problems  :   they  consist  cither 
of  finding  the  adequate  operation  and  the  adequate  data,  or  using  a 
counting  procedure  that  sl.ulates  the  structure  of  the  problem.or  trans- 
forming adequately  the  structure  of  a  problem  into  another  one... 

Children  also  develop  Important  and  complex  schemes  to  coordinate  dif- 
ferent motor-skills  and  different  rotations  and  translations  ln  space, 
and  still  recognize  the  lnvarlance  of  the  objects  and  relationships  under 
control.  Some  of  these  skills  appear  quite  early  ln  the  child's  develop- 
ment, others  appear  later  and  only  through  u  mathematical  or  quasi- 
mathematical  analysis  :  think  of  technical  design  for  Instance. 

Some  of  these  schemes  are  rather  spontaneously  shaped  by  children,  in 
the  sense  that  they  are  not  really  taught  by  adults, and  depend  heavily 
on  the  recognition  by  children  of  their  function  and  organization.  Yet 
we  must  never  forget  that  these  activities  ore  not  purely  invented  by 
children  as  most  of  them  exist  In  their  social  and  physical  environment, 
and  require  practice  !  children  spontaneously  train  themselves  and  repeat 
the  same  scheme  under  the  same  circumstances  or  under  diverse  circums- 
tances, to  master  It  and  delineate  its  scope  of  validity. 

Whatever  the  Influence  of  the  social  and  physical  environment  may  be, 
I  consider  that  the  development  of  such  schemes  relies  essentially  on 
tlie  construction,  by  the  child,  of  adequate  cognitive  invariants  and 
skills. 

Neo-bohavlorists  might  say  that  the  concept  of  scheme  Is  not  necessary 
and  that  the  concept  of  skill  (as  overt  behavior  produced  by  rules)  la 
sufficient.  For  me  the  recognition  and  representation  of  cognitive  inva- 
riants such  as  objects,  properties  and  relationships  are  essential  com- 
ponents of  schemes,  as  the  hierarchical  development  of  schemes  la  tightly 
associated  with  the  recognition  of  more  and  more  complex  invariants. 
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Tlila  Is  true  for  scnsorl-rootor  schemes  and  for  intellectual  schemes  like 
those  Involved  in  mathematics. 

The  truo  cognitive  tank  of  the  child  Is  to  "conceptualize"  the  wortd,  so 
as  to  act  upon  it  efficiently.  This  process  Is  not  easy,  and  It  usually 
goes  with  all  sorts  of  fancy  "concept Ions" .  Rut  the  feed  back  of  the  phy- 
sical and  social  world  truely  helps  the  child  to  shape  his  schemes  :  for 
instance,  the  conceptions  of  addition  and  subtraction  are  shaped  by  the 
first  situations  mastered  by  children  (addition  as  increase  and  subtraction 
as  decrease),  but  these  conceptions  have  to  change  when  children  deal  with 
other  cases  of  addition  and  subtraction,  although  there  are  always  sequels 
of  their  primitive  conceptions. 

Tii  this  process  of  recognizing  Invariants  In  the  world  and  developing 
schemes,   there  is  no  difference,  at  the  beginning,  between  mnthemnt led  and 
physics.  The  differentiation  cornea  later.  Mathematics  deals  csnentlally 
with  number  and  space.  There  would  be  no  meaning  for  the  concept  of  number 
if  there  were  no  physical  quantities,  discrete  or  continuous.  There  would 
not  even  he  any  primitive  conception  of  addition  and  subtraction  If  trans- 
formations, that  occur  in  time,  did  not  take  place.  Time  is  not  usually 
viewed  as  a  mathematical  concept  but  rather  aa  a  physical  one.  But  all 
we  know  about  children's  mathematical  schemes  shows  that  we  must  make 
room  for  the  representation  of  time  In  children's  mathematics.  Space  is 
iilso  both  mathematical  and  physical,  as  there  would  be  no  representation 
of  space  If  It  was  not  full  of  physical  objects.  The  concept  of  uumhev  Is 
tightly  associated  with  the  concept  of  measure  (cardinals  ace  measures) 
and  it  is  only  when  the  concept  of  number  Is  already  well  developed  that 
children  are  able  to  think  about  properties  of  pure  numbers. 

It  is  not  the  distinction  between  abstraction  from  action  and  abstraction 
from  objects  that  enables  us  to  understand  the  distinction  between  mathe- 
matics and  physics,  but  rnther  the  level  and  the  kind  of  objects  we  are 
dealing  with.  The  concept  of  whole  number  Is  8  good  example  :   for  young 
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children  It  is  tightly  associated  with  the  measure  of  discrete  quantities 
and  the  ranking  of  physical  objects  ;  but  as  it  Is  used  for  many  diffe- 
rent kinds  of  quantities  (even  continuoua  magnitudes),  and  for  different 
rankings,  it  can  be  abstracted  fro.  the  apecific  physical  pioperties  and 
give  birth  to  the  concept  of  pure  number,  .any  properties  being  invariant 
upon  all  different  kinds  of  physical  properties  :  the  truth  of  3  +  3  -  6 
does  not  depend  on  marbles ,  sweeta  or  steps. 

Fractions  and  ratios  ara  tightly  connected  with  physical  objects  and 
could  be  vlewed^as  wayo  of  conceptualizing  the  physical  uid  social  world 
(think  of  sharing)  Juat  as  well  aa  mathematical  concepts.  It  Is  through 
high-level  abstraction  that  the  concept  of  rational  number  develops,  also 
through  the  syntheais  of  different  properties  of  fractions  and  ratios 
(Vcrgnoud,   1983,  Kieren,  1987),  namely  operators,  quantities  or  magnitudes, 
scalar  relationships ,  mappings  and  rates. 

At  nearly  all  levels,  there  are  specific  mathematical  activities, aa  many 
activities  concerning  number  are  independent  of  the  physical  context, 
but  mathematics  1b  rooted  in  physics.  This  la  true  even  for  high-level 
mathematical  concepts,  who  would  have  never  come  to  birth  if  physics  had 
not  raised  new  problems  :  think  of  vector-spaces,  of  differential  equa- 
tions and  calculus.  There  is  some  research  work  in  France,  at  the  Univer- 
sity level,  exemplifying  the  collaboration  of  physicists  and  mathema- 
ticians, that  show  the  profit  students  can  draw  from  a  better  connection 
between  mathematics  and  physics. 

Of  course  there  are  also  some  strong  specificities  of  mathematics .  The  ir- 
rational character  of  the  measure  of  the  diagonal  of  squares  of  side  l 
or  n,  is  a  purely  mathematical  discovery,  although  its  meaning  Is  rooted 
in  the  study  of  space  and  measure.  Also  the  fact  that  the  sum  of  two 
successive  uneven  numbers  is  a  multiple  of  4  : 

(2n  +  1)  +  (2n  +  1  +  2)  »  4n  +  4  -  4  (n  +  1) 
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Abstraction  from  action  is  as  assential  in  physics  as  In  mathematics  : 
think  of  movement,  speed,  mass,  density. 

But  1  would  like  to  point  at  three  different  aspects  of  abstraction  : 

-  lnvariance  of  schemes 

-  tool-object  dialectics 

-  role  of  symbols. 

lnvariance  of  schemes  :  The  fact  that  the  same  scheme,  or  sub-scheme, 
operates  on  different  situations,  Is  an  es?ential  way  of  recognizing 
invariant  properties  and  relationships,  and  relies  upon  this  recognition. 

Tool-object  dialectics  :   (see  Douady,  1985)  a  new  concept  Is  at  first 
a  tool  to  Identify  Invariants  and  work  out  operational  schemes.  Working 
with  objects  of  any  level  children  discover  (or  construct)  some  of  their 
properties  and  relationships  :   these  are  tools.  But  such  properties  and 
relationships  can  In  their  turn  be  considered  as  objects,  having  their 
own  properties  and  own  relationships  with  other  objects.    Our  represen- 
tation of  the  world  is  made  of  different-level  objects.  This  Is  true  tor 
all  sciences,  but  especially  in  mathematics  ;  number  Is  first  a  tool  to 
compare,  add  and  substract,  It  becomes  an  object  quite  rapidly,  although 
not  with  all  Its  properties.  Operations  are  first  tools,  they  become 
objects.  The  same  Is  true  for  functions  and  variables,  for  geometrical 
transformations.  Transforming  tools  Into  objects  is  an  essential  way 
of  conceptualizing  the  world. 

Rol^oJ^mbols  :  natural  language,  schema*  and  other  mathematical  symbols 
play    a  crucial  part  In  this  process  of  transforming  cognitive  tools  into 
objects,  as  symbolizing  is  a  way  of  cutting  invariants  out  of  their  con- 
texts. It  is  also  a  way  to  point  at  them  and  discuss  about  them  with 
other  persons. 
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Actually  a  concept  is  not  a  concept  until  it  has  a  name  and  one  or 
several  symbolic  representations  :  lingistic  symbols  are  a  necessary 
means  for  communicating  and  debating  about  a  concept  with  other  people  : 
about  what  it  is  (definition)  and  what  its  properties  are  (theorems). 
Communication  and  debate  with  others  are  crucial  in  the  development  of 
concepts.  This  is  why  it  is  important  that  students  work  together,  also 
why  teaching  interviews  are  a  powerful  method. 


But  one  nuist  never  forget  that  concepts  are  rooted  in  the  experience  of 
students  with  different  kinds  of  situations,  and  in  the  schemes  they 
use  to  deal  with  these  situations.  Before  being  objects,  concepts  are 
cognitive  tool's  ;  and  many  theorems  had  better  be  theoveras-en-act ion 
before  being  explicit  theorems,  especially  at  the  primary  and  early 
secondary  level  :   if  not  before,  at  least  immediately  after. 

The  soclsl  character  of  learning,  discovering  and  constructing  docs  not 
concern  the  symbolic  aspects  of  communication  only,  it  also  concerns  the 
cooperation  of  different  students  on  the  same  task,  problem  or  situation. 
A  natural  language  problem  is  not  a  story  and  does  not  have  to  be  ana- 
lysed as  a  story,   it  is  a  way  of  referlng  to  a  situation  :  natural  lan- 
guage io  a  way  to  convey  referents  :  objects,  properties,  numbers.  Hie 
analysis  of  natural  language  problems  is,  first  of  all,  a  mathematical 
one.  The  cognitive  task  for  students  facing  natural  language  problems, 
includes  understanding  words  (relationships,  quantifiers...),  but  their 
understanding  depends  heavily  on  the  mathematical  tools  by  which  they 
can  make  sense  of  this  sequence  of  words  and  represent  It  to  themselves 
as  a  situation  and  a  problem  to  be  solved. 

Teachers  must  explain  s  lot,  and  show  a  lot.  Dut  it  is  also  their  burden 
to  choose  good  situations,  a  large  variety  of  them,  and  to  understand 
clearly  which  properties  of  the  concepts  involved  are  necessary  for 
students  to  make  sense  of  each  of  these  situations. 
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Didactic  situations  play  many  different  parts  In  teaching  :  help  students 
develop  new  Invariants  and  schemes,  train  and  confort  their  existing 
skills,  contradict  wrong  or  narrow  conceptions.  Concrete  and  abstract 
are  all  relative  concepts,  as  what  Is  abstract  at  one  age,  may  be 
very  concrete  and  as  real  as  a  wood  table  a  few  years  later.  "Concrete" 
conveys  mainly  the  Idea  that  teaching  situations  should  make  meaningful 
a  new  concept.  This  is  true  at  all   levels,  and  In  many  different  ways. 
As  the  choice  of  these  situations  cannot  be  made  without  reference  to 
mathematics  as  a  science,       and    to  the  developmental  process    of  ma- 
thematical schemes  and  concepts  in  students'  minds,  I  see  constructivism 
as  the  best  way  to  consider  the  process  of  approprlat ion  by  which  o 
student  makes  mathematics  his  own  knowledge.  Rather  than  a  pure  and 
lonely  construction,  the  learning  of  mathematics  is  for  me  the  difficult 
appropriation  of  a  social  knowledge. 

An  individual's  knowledge  Is  necessarily  his  own  business  and  his  own 
part  Is  crucial.  But  there  are  so  many  social  and  physical  Incentives 
and  feed-backs  in  the  learning  process      that  individuals  never  think, 
except  when  they  are  radical  const ruetivlsts ,  that  their  knowledge  Is 
totally  different  from  ether  individuals'  knowledge. 

This  Is  nut  pure  Illusion,  or  science  does  not  exist. 
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THE  WORLD  OF  MATHEMATICS:    DREAM,  MYTH  OR  REALITY? 
David  Wheeler,  Concordia  University,  Montreal 

At  the  PME-NA  meeting  at  Michigan  State  University  last  October,  Gaea 
Leinhardt  remarked  that  it  seemed  to  her  that  people  who  began  state- 
ments with  the  phrase,  "Speaking  as  a  constructivism1,  felt  able  to 
complete  their  sentences  in  arbitrary  ways.    The  suspicion  that 
constructivism  is  too  opaque  to  serve  as  a  framework  for  enquiry  was 
strongly  voiced  by  Jill  Larkin  at  the  meeting  of  the  NCTM  Research 
Agenda  Project  at  the  University  of  Georgia  in  March.    Plenty  of 
mathematics  educators  have  similar  reservations.    Yet  constructivism  is 
in  fashion  in  mathematics  education  research  circles.    It  is  so  fashion- 
able, indeed,  that  it  has  laid  claim  to  several  precious  plenary  hours 
at  this  crowded  conference.    I  hope  the  outcome  of  this  extensive 
attention  will  not  be  seen  as  an  endorsement  of  fashion  but  as  a 
recommendation  to  subject  all  references  to  constructivism  to  critical 
scrutiny  and  to  refrain  from  adding  to  the  loose  talk.    Our  efforts  may 
be  useful  to  the  extent  that  they  help  (in  Yeats'  phrase)  to  purify  the 
language  of  the  tribe. 

Before  looking  very  specifically  at  the  papers  by  Sinclair  and  Kilpatrick*, 
I  want  first  to  set  up  some  divisions  in  the  reference  field,  in  the 
contexts  within  which  constructivism  appears.    They  occurred  to  me 
during  my  first  conscious  attempts  to  think  about  my  views  on  construct- 
ivism when  1  wondered  what, if  any,  was  the  connection  between  construct- 
ivism in  mathematics  and  constructivism  in  mathematics  education.  This 
also  leads  into  a  subsidiary  question  about  whether  mathematics  and 
mathematics  education  have  some  special  feature  that  favours  consider- 
ation of  the  constructivism  option.    A  second  clutch  of  questions  came 
to  me  because  I  found  myself  agreeing  with  some  of  the  propositions  some 
constructivists  were  making  while  disagreeing  strongly  with  other 
propositions  from  the  same  people.    Arrogant  enough  to  suppose  that  I 
already  knew  what  I  know  about  mathematical  activity  and  learning,  1 
thought  there  was  a  possibility  that  some  constructivists  had  managed 
to  mix  some  independent  systems  of  propositions  together. 


♦Which  I  have  read  in  first  draft  only. 
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The  divisions  1  will  make  are  between  constructivism  as  a  philosophy  of 

-  mathematics 

-  psychology,  particularly  the  psychology  of  learning 

-  philosophy,  particularly  ontological  questions 

-  education 

Constructivism  in  mathematics  education  is  likely  to  feed  on  some  or  all 
of  the  above. 

Although  I  include  philosophy  as  one  of  the  contexts,  constructivism  in 
any  of  the  contexts  is  itself  a  philosophy.    It  is  not  a  theory  because 
it  is  not  formulated  in  terms  that  could  lead  to  refutation.    At  the 
heart  of  discussions  about  constructivism  is  the  difficulty  that  its 
espousal  and  its  rejection  are  more  products  of  taste  than  of  evidence. 

Having  laid  out  this  challenging  conspectus,  1  find  myself  incompetent 
here  and  now  to  make  sensible  observations  about  each  part  of  the  whole 
picture.    I  make  some  brief  remarks  under  each  heading:    at  least  this 
will  indicate  how  much  still  remains  to  be  understood. 

Constructivism  and  mathematics 

There  are  two  strands  he*e,  one  fairly  general  and  the  other  special  and 
technical.    The  general  strand  is  characterized  by  the  classic  question; 
is  mathematics  invented  or  discovered?    This  is  often  interpreted  as  a 
straight  choice  between  the  platonist  and  constructivist  positions,  but 
there  are  other  options  available  that  may  answer  the  question:  how 
does  mathematics  come  into  being?    The  empiricist  position  that  treats 
mathematics  as  much  like  any  other  science,  argued  by  Locke  and  recently 
reviewed  by  Kitcher,  probably  does  not  have  many  adherents,  but  there 
seems  to  be  growing  acknowledgement  of  the  influence  of  social  forces, 
as  in  the  anthropological  views  of  L.A.  White  and  their  elaboration  by 
R.L.  Wilder.    There  are  other  positions,  and  in  any  case  enough 
alternatives  to  make  it  possible  to  answer  "Neither"  to  our  classic 
question. 

A  better  answer  may  be  "Both".    The  platonist-constructivist  dichotomy 
puts  us  in  the  position  either  of  denying  that  we  ">ave  any  choice  in  the 
directions  in  which  mathematics  develops  or  of  denying  that  the  inner 
coherence  of  mathematics  ever  takes  us  in  directions  different  from 
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those  we  intended  to  follow.  Both  denials  are  contrary  to  we  1 1 - doarented 
aspects  of  the  mathematical  experience. 

Constructivism  in  its  more  specialized  sense  begins  at  the  end  of  the 
19th  century  with  Kronecker's  objections  to  the  analytic  methods  of 
Weierstrass  and  Cantor.    In  the  1920' s  Brouwer  tried  to  recreate 
analysis  on  non-set  theoretic  foundations,  and  more  recently  Bishop  has 
begun  the  hard  task  of  "constructing"  constructive  proofs  of  the 
important  theorems  of  the  calculus. 

The  int.uitionist  programme,  as  Brouwer  called  it,  is  based  on  attractive 
assumptions,  but  it  makes  doing  mathematics  extremely  difficult  since 
it  denies  mathematicians  some  of  their  most  powerful  tools.  The 
programme  is  strong  on  internal  coherence  but  very  weak  on  external 
referents.    Goodman  remarks  that  Brouwer's  mathematics  is  dream-like. 
"In  a  dream  ...  there  are  no  errors.    Everything  is  arbitrary,  and  so 
everything  is  correct.    (Goodman,  1983) 

Constructivism  and  psychology 

The  psychology  of  perception  has  always  been  dominated  by  constructivist 
philosophy.    Most  psychologists  would  agree  that  "our  seemingly  unified 
view  of  the  world  around  us  is  really  only  a  plausible  hypothesis  on 
the  basis  of  fragmentary  evidence."    (Blakemore,  1973)    The  recent 
adoption  by  psychology  of  computational  metaphors,  in  information 
processing  and  cognitive  science,  which  might  be  expected  to  favour 
mechanistic  explanations  of  other  kinds  of  psychological  phenomena  in 
fact  do  not.    "These  psychologists  agree  that  thought  and  behaviour 
must  be  conceptualized  as  meaningful  action  on  the  part  of  a  subjective 
agent  rather  than  a  causal  process  in  a  natural  world."    (Boden,  1979) 
In  psychology,  it  seems,  we  are  all  constructivists  now.    And  hence  the 
exalted  place  that  theories  of  representation  are  beginning  to  occupy. 

Theories  of  representation  often  seem  unable  to  tell  whether  the  thing 
represented  is  present  to  the  senses  or  not,  yet  most  of  the  time  we 
have  no  difficulty  in  knowing  whether  what  is  in  our  mind  corresponds 
to  something  that  is  present  or  is  an  image  evoked  in  the  thing's 
absence.    Theories  of  representation  also  postulate  certain  a  priori 
powers  of  the  mind  or  the  brain  that  enable  us  to  select  invariants  from 
the  flux  of  sensory  data  -  as  the  baby,  for  example,  recognizes  his 
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mother  although  the  constellation  of  energy  impacts  on  his  sensory 
receptors  from  the  photons  reflected  by  her  face  and  body  is  different 
at  each  moment.    (There  are,  of  course,  other  means  for  him  to  know  her, 
but  similar  observations  apply  to  these  as  well.)    The  latter  assumption 
seems  potentially  much  better  adapted  to  dealing  with  our  movement 
through  an  ever-changing  world. 

Constructivism  and  philosophy 

Rather  than  outline  here  the  standard  philosophical  positions  on 
constructivism  versus  the  other  isms,  I  want  to  say  that  philosophers  of 
mathematics  should  take  more  note  of  Piaget's  work.    This  also  puts 
Piaget  in  the  right  place.    "Genetic  epistemology  is  essentially  an 
experimental  philosophy  which  seeks  to  answer  epi stemological  questions 
through  the  developmental  study  of  the  child."    (Elkind,  1968) 

Piaget's  contribution  to  the  philosophy  of  mathematics  lies  in  his 
explanation  of  the  phenomenon  of  m&thematical  evidence,  i.e.  the 
evidence  on  which  mathematical  theories  and  knowledge  can  be  based 
(the  "fundamental  criterion  of  demonstrative  force",  in  Beth's  phrase). 

"Piaget  takes  a  decisive  step  ...  by  observing  (not  positing)  that 
evidence  develops  in  parallel  with  the  emergence  of  mathematical 
"structures",  that  is,  with  the  recognition  of  abstract  relations 
independently  of  the  particular  "objects"  between  wnich  the  relations 
hold.    Evidence  matures  with  the  progressive  acquisition  of  structures, 
with  the  increasing  objectif ication  of  the  components  of  these  structures, 
with  the  growing  awareness  of  the  automony  of  the  operations  performed 
on  these  components  relative  to  the  particular  "objects"  which  at  first 
are  considered  to  constitute  them,  these  "objects"  themselves  being 
structures  already  previously  elaborated  at  a  lower  level  of  conceptual 
organization.    Definite  acquisition  of  evidence  ...  is  associated  with 
completion,  or  "closure",  of  the  corresponding  structure."  (Castonguay, 
1972) 

It  is  particularly  interesting  to  notice  how  Piaget  avoids  the  naive 
platonism  of  Thorn  ("mathematical  structures  exist  independently  of  the 
human  mind  that  thinks  them"  (Thorn,  1971))  and  yet  can  agree  with  Thorn 
that  "the  important  mathematical  structures  (algebraic,  topological) 
appear  as  data  fundamentally  imposed  by  the  external  world."  (Piaget ,  1970) 
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In  Piaget's  constructivism,  meaning  is  cumulative  and  the  evolution  of 
mathematical  structures  is  towards  increasing  comprehensiveness  and 
>Mgor.    Logico-mathematical  structures  build  on  those  that  came  before, 
.ntegratina  then  while  overcoming  their  inadequacies.  Mathematics 
therefore  moves  towards  increasing  objectivity  -  which  Piaget  understands 
as  a  process  and  not  as  a  state. 

Constructivism  and  education 

The  institutionalization  of  education  leads  to  a  necessary  abstraction 
and  formalization  of  knowledge.    Whereas  in  an  apprenticeship  the 
knowledge  that  is  dealt  with  is  normally  immediately  useable  and  closely 
related  to  the  specific  intentions  of  the  learner,  knowledge  in  the 
context  of  schooling  has  to  be  organized  and  generalized  so  that  it  can 
serve  the  needs  of  students  with  widely  different  origins  and  widely 
different  goals.    This  objective  knowledge,  while  powerful  and  so 
potentially  liberating,  is  also  regrettably  depersonalised  and  deperson- 
alising.   The  individual  student  is  offered  the  chance  to  appropriate 
this  knowledge  but  is  not  given  the  chance  to  shape  it. 

In  this  situation  it  is  particularly  important  to  recognize  that  the 
students  also  need  to  see  themselves  as  originators  and  modifiers  of 
knowledge.    Only  this  awareness  can  save  them  from  alienation  and  only 
this  experience  can  give  them  a  basis  for  shifting  their  attention  in 
all  their  school  subjects  from  what  is  correct  to  what  is  true. 
Independently,  then,  of  the  above  arguments,  one  can  argue  on  educatiixial 
and  moral  grounds  that  schooling  should  include  some  component  designed 
to  involve  the  students  in  the  generation  -  the  construction  -  of  their 
personal  knowledge. 

Comments  on  Hermine  Sinclair's  paper 

The  most  stimulating  section  of  the  paper  for  me  is  the  centre  portion 
where  the  writer  presents  Piaget's  concept  of  normative  facts  and  his 
hypothesis  concerning  the  instruments  of  knowledge.    I'm  stimulated 
because  the  two  ideas  are  new  to  me,  both  are  expressed  briefly  so  that 
I  am  not  sure  I  have  grasped  their  meaning,  and  both  make  my  intuition 
sit  up  and  say,  "Something  is  wrong  here!"    Without  reading  the  original 
sources  and  reflecting  at  length  on  them  I  cannot  have  anything  very 
cogent  to  say,  so  I  will  just  ask  a  question  concerning  the  —cond  of 
these  ideas.    How  is  it  possible  to  make  a  comparison  of  two  objects  or 


ERIC 


-  60  - 


two  situations  without  employing  an  action  scheme  (turning  the  head 
from  one  to  the  other,  moving  one  thing  next  to  the  other,  placing  one 
on  top  of  the  other,  crouching  so  as  to  view  them  in  line,  or  whatever) 
which  brings  about  a  transformation  the  instant  it  is  applied?    Are  not 
the  comparison  and  transformation  processes  necessarily  coordinated  and 
simultaneous  since  neither  can  (logically)  happen  without  the  other? 
In  the  special  case  of  objects  or  situations  judged  to  be  equivalent  the 
coordination  of  the  happenings  seems  clear.    Since  no  two  distinct 
objects  or  situations  are  identical  (i.e.  have  completely  identical 
properties),  a  judgement  of  equivalence  must  involve  the  awareness  that 
there  is  some  transformation  which  will  carry  one  into  the  other.  The 
judgement  of  difference,  while  a  little  more  difficult  to  analyze,  must, 
1  think,  work  in  essentially  the  same  way.    Perhaps  the  c!elay  to  which 
Piaget  refers  is  not  a  delay  in  the  events  but  a  lag  time  between  the 
subject's  knowing  what  to  do  and  knowing  what  it  was  that  he  did. 

1  am  glad  that  Mme  Sinclair,  following  Piaget,  takes  care  not  to  fall 
into  the  sollpsist  position  of  supposing  that  because  the  world  cannot 
be  completely  and  absolutely  known  it  cannot  be  kr---wn  at  all  (and  so 
may  not  even  be  there).    Indeed,  as  I  have  indicated  earlier,  Piaget  has 
given  us  one  of  the  most  convincing  accounts  to  date  of  how  the 
subjective  intelligence  comes  to  know  the  objective  world.    It  is  true 
that  one  "can  never  reach  the  object  itself",  that  we  are  in  a  state  of 
ignorance  that  can  be  modified  but  not  essentially  reduced  (for  the 
more  we  come  to  know,  the  more  we  find  there  is  to  know  ...).  Knowledge 
and  ignorance  are  complementary  not  incompatible.    Human  beings  strive 
to  know,  they  thrive  on  knowing,  yet  remain  in  a  condition  of 
irreducible  ignorance. 

To  say,  as  some  radical  constructivists  seem  to,  that  we  cannot  know 
anything  that  goes  on  outside  our  own  heads  is  solipsism  -  a  position 
that  may  be  fair  enough  In  church,  great  fun  in  academia,  but  intoler- 
ably irresponsible  in  connection  with,  let  us  say,  medicine,  politics, 
or  education. 

A  few  words  about  the  three  questions. 

I)    What  are  the  actions  "destined  to  become  interiorized  as  operations"? 
Counting,  of  course,  is  anything  but  a  primitive  action  scheme  in  spite 
of  its  being  mastered  at  the  beginning  of  formal  schooling.    It  already 
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contains  in  coordinated  form  several  action  schemes  that  will  later 
become  independent  operations  that  will  have  nothing  to  do  with 
counting.    The  linear  permutation  of  a  set  of  objects  will  become  a 
mathematical  operation  long  after  its  emergence  within  the  counting 
process  where  one  of  the  most  important  discoveries  that  children  make 
is  that  the  cardinal  of  a  set  is  invariant  for  different  orderings  of 
the  set. 

When  permutations  become  the  subject  of  attention,  the  mathematical 
operation  of  interchanging  becomes  important  (since  certain  permutations 
can  be  composed  of  a  succession  of  interchanges).    The  origin  of  this 
quite  iimple  operation  may  be  found  in  the  earliest  years  of  childhood, 
in  action  schemes  in  which  two  objects  are  picked  up,  one  to  each  hand, 
put  down,  picked  up  again,  but  each  now  in  the  other  hand,  and  so  on. 
The  temporal  gap  here  between  the  action  scheme  and  the  operation  -  or 
at  least  the  operation  in  conscious  use  -  is  very  great:    a  slow 
construction  indeed! 

It  may  be  worth  considering  the  possibility  that  in  this  case,  as  in  a 
number  of  others,  the  time  lag  is  not  only  a  function  of  the  difficulties 
that  have  to  be  overcome  before  the  operation  can  become  operational. 
Counting  and  adding  are  brought  to  children's  attention  very  early 
mainly  because  certain  social  criteria  say  that  this  knowledge  is 
important  and  fundamental  enough  to  be  mastered  as  soon  as  possible. 
Society  cares  a  great  deal  less  about  the  mastery  of  permutation,  so 
some  mathematical  operations  which  are  at  least  as  easy  to  master  as 
those  involved  in  learning  to  count  and  to  add  are  not  detached  from 
their  originating  action  schemes  and  objectified  into  autonomous 
operations  until  much  later.    It  is  my  suggestion,  which  1  admit  is  not 
very  Piagetian  in  spirit,  that  children  do  not  interionze  operations 
until  they  need  to,  for  whatever  reason,  and  that  sometimes  this  reason 
will  be  that  the  operations  are  required  for  the  mathematical  curriculum 
and  for  nothing  more. 

2)    Piaget's  compounding  of  logic  and  mathematics  reflects,  I  think,  the 
relatively  narrow  range  of  his  mathematical  interest.    He  is  really  not 
at  all  interested  in  what  people  use  mathematics  for,  or  why  they  have 
daveloped  this  extensive  repertoire  of  skilis  and  concepts  and  theorems. 
He  doesn't  show  much  awareness  of  mathematics  as  an  activity,  as 
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something  to  do  as  well  as  something  to  know.    He  has  decided  to  try  to 
identify  in  the  actions  of  children  the  steps  they  take  in  getting  to 
the  point  where  they  know,  say,  number  c  area  as  well  as  a  mathematician 
does.    So  he  focuses  on  the  epistemo logical  foundations  of  these 
sophisticated  ideas,  and  in  order  to  know  what  mathematicians  say  about 
them   he  talks  to  the  only  mathematicians  who  have  given  the  matters 
any  thought,  and  these  turn  out  to  be  philosophers  or  logicians,  and 
sometimes  both,  e.g.  Beth. 

There  may  be  another  reason  why  "mathematics"  carries  the  "logico" 
prefix.    Taking  the  example  of  simple  whole  number  addition  and 
subtraction,  for  instance,  we  see  that  the  mathematician  will  be  more 
interested  in  the  properties  that  distinguish  the  operations  from  each 
other  -  that  addition  is  associative,  say,  while  subtraction  is  not  - 
while  the  logician  will  be  more  interested  in  their  interdependence. 
For  the  logician,  addition  and  subtraction  entail  each  other  and  are 
therefore  logically  equivalent.   An  addition  which  cannot  be  "undone" 
-  e.g.  the  addition  of  two  raindrops  -  is  not  a  mathematical  addition. 
It  is  an  essential  ingredient  of  the  meaning  of  mathematical  addition 
that  subtraction  should  be  possible.    And  vice-versa.    In  such  ways  the 
logician's  insights  contribute  to  the  epistemology  of  mathematical 
concepts. 

3)    The  educational  importance  of  discussion,  argumentation  and 
collaboration  is  undeniable  but  does  not,  I  think,  have  more  than  a 
marginal  influence  on  the  development  of  objectivity.    The  definition 
that  Piaget  gives  here  seems  to  me  to  give  only  a  weak  meaning  to 
objectivity,  viz.  approval  by  others.    I  cannot  help  thinking  of 
Copernicus  battling  it  out  with  a  roomful  of  priests.    There  is,  1  am 
sure,  a  stronger  sense  of  objective  that  doesn't  depend  on  anyone's 
good  fortune  in  finding  someone  else  who  agrees. 

The  final  section  of  Hermine  Sinclair's  paper  takes  me  out  of  my  depth, 
although  I  like  what  she  says.    Story  problems  really  are  such  extra- 
ordinary things!    They  are  pedagogical  devices,  that  is  clear  (since 
they  are  not  a  part  of  mathematics  nor  a  part  of  experience  outside 
school),  but  devices  for  doing  what?    If  their  goal  is  to  link 
mathematics  to  everyday  experience,  then  they  go  about  it  in  the 
clumsiest  way  imaginable.    They  interpose  between  the  two  things  they 
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are  intended  to  1  ink,  something  else,  the  "story",  which  rather  than 
facilitating  the  application  ot  some  simple  mathematics  to  some  simple 
problems,  introduces  considerable  additional  interpretative  difficulty. 
The  problem  of  a  story  problem  is  not  the  mathematical  problem  but  the 
problem  of  deciding  what  the  mathematical  problem  actually  is  -  a 
difficulty  that  never  arises  in  a  genuine  problem  situation.    What  is 
more,  these  stories  bear  superficial  resemblances  to  evenf.  in  everyone's 
experience,  yet  the  solution  of  the  problem  is  not  a  matter  of  moment 
to  anyone  involved,  not  even  the  characters  in  the  story.    It  seeri.s 
worth  considering  what  children  learn  from  exposure  to  things  called 
problems  which  no  one  needs  to  solve,  from  stories  which  (as  Mme  Sinclair 
remarks)  don't  tell  anything,  and  from  tasks  which  seem  designed  to 
corneal  rather  than  reveal  what  ens  is  supposed  to  do.    Over  the  school- 
room door  we  might  as  well  write,  "Alienation  begins  here!" 


Comments  on  Jeremy  Kilpatrick's  paper 

There  are  some  observations  that  1  hardly  need  to  make.    The  most 
obvious  is  thct  I  share  Jeremy  Kilpatrick's  wary  and  cautious  approach 
to  constructivism,  especially  the  radical  variety.    What  will  become 
obvious  is  that  I  have  not  studied  all  the  sources  to  which  he  refers 
and  1  will  be  responding  to  his  use  of  the  sources,  not  to  the  sources 
themselves  (some  of  them  not  yet  in  the  public  domain). 

ine  opening  of  the  paper  makes  me  ask  what  it  is  about  constructivism 
that  Mas  made  some  mathematics  educators  into  such  passionate  converts 
and  many  more  into  fellow-travellers.    There  is  an  undoubted  appeal 
about  the  approach  in  spite  of  what  seems  (to  me)  to  be  basic  incoher- 
ences in  its  belief  system  and  in  spite  of  the  fact  that  there  is  no 
evidence  (to  my  eyes)  that  the  theory  has  necessary  consequences  for 
educational  practice.    I  hazard  that  the  attraction  resides  in  such 
features  as: 

i)  the  tneory  is  generous  in  its  estimate  of  students'  powers, 
making  it  seem  humane  and  potentially  humanizing;    students  are 
seen  as  in  active  control  of  their  own  learning,  not  pictured 
as  greedy  pigeons  nor  as  attentive  but  passive  listeners; 

ii)  the  theory  is  realistic  about  the  (generally)  out-of-:ynch 
process  of  lecturing  and  of  schoolroom  "presentations";  it 
makes  it  clear  that  teaching  in  the  "telling  mode"  is  not  only 
undesirable  because  it  is  authoritarian  but  also  ineffective 
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because  it  cannot  possibly  produce  any  consensus  in  the  students' 
responses  to  it; 

iii)  the  theory  seems  to  hold  out  the  possibility  of  realizing  the 
classic  instructional  maxims:    "start  from  where  the  student  is", 
and  "do  not  try  to  do  the  student's  learning  for  him"; 

iv)  the  theory  resonates  with  personal  experiences  that  frequently 
show  us  to  ourselves  as  engaged  in  the  activity  of  making  sense  of 
the  things  we  encounter,  making  "an  effort  after  meaning"  in 
Bartlett's  words,  demystifying  some  of  the  random  and  arbitrary- 
seeming  significations  that  surround  us. 

Readers  will  be  able  to  note  other  factors  that  contribute  to  the 
appeal  of  constructivism.    If  it  is  this  and  more,  how  can  it  possibly 
be  resisted? 

Constructivism,  however,  as  Jeremy  Kilpatrick  says,  needs  to  improve  its 
connection  to  educational  reality.    Formal  education  includes  elements 
of  prescription  if  society  is  to  have  a  say  in  what  is  learned  in 
schools.    It  was  a  weakness  of  the  progressive  movement  of  the  1930' s 
that  it  was  never  quite  courageous  enough  to  face  down  the  dilemma 
posed  by  a  curriculum,  any  curriculum.    Being  an  educator  or  being  a 
teacher  may  be,  in  part,  to  have  accepted  the  responsibility  of  seeing 
that  students  learn  what  society  wants  them  to  learn.    Some  of  the 
progressives  hoped  that  students  would  eventually  realize  for  themselves 
that  it  would  be  in  their  own  interest  to  learn  to  read,  to  quality  for 
a  certificate,  to  graduate  -  i.e.  to  do  what  society  wanted:  to 
volunteer,  as  it  were,  to  follow  the  curriculum  that  for  ideological 
reasons  could  not  be  imposed.    Some  progressives  were  not  above  trying 
to  achieve  these  ends  by  manipulation,  consciously  or  unconsciously. 

Straightforward  instruction  stripped  of  rewards  and  punishments  is  at 
least  not  manipulative,  and  1  would  rather  give  students  direct 
instruction  than  to  try  to  "guide  their  learning"  or  "attempt  to  modify 
their  cognitive  structures"  (to  quote  from  von  Glaserfeld's  "five 
consequences"),  both  of  which  smack  to  me  of  manipulation.    How  difficult 
it  is  to  discuss  this  matter  without  a  very  much  clearer  idea  of  exactly 
what  pedagogical  techniques  are  used  to  pursue  these  ends! 

Finally,  a  remark  about  the  Bavelas  experiment.    This  kind  of  phenomenon, 
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which  might  be  called  the  exclusion  of  the  random  or  the  rejection  of 
the  arbitrary,  is  quite  well  known  (some  experiments  in  the  early 
1960' s  brought  it  to  my  attention).    1  suggest  the  example  bears  to  a 
theory  of  constructivism  about  the  same  relation  as  examples  of  visual 
illusions  bear  to  a  theory  of  visual  perception  -  that  is,  there  is  a 
connection,  but  only  "at  the  edges".    I  don't  think  the  fact  that,  say, 
some  punters  make  their  living  at  the  track  is  clinching  evidence  for 
the  radical  constructivist  case. 

Conclusion 

Mathematics  invites  the  attention  of  constructivists  because  it  has  no 
external  referents.    There  is  nothing  we  can  point  to,  even  in  a 
figurative  sense,  and  say  that  mathematics  is  about  "that",  or  is  the 
study  of  "those".    People  at  all  times,  from  the  Pythagoreans  onwards 
if  not  before,  have  spun  stories  to  establish  what  mathematics  is 
about.    Whereas  it  is  possible  to  revise  and  improve,  say,  the  stories 
that  comprise  Aristotelean  physics  by  undertaking  some  critical 
experiments  to  refute  one  or  more  of  its  tenets,  no  one  can  subject  the 
stories  that  make  up  mathematical  platonism  or  mathematical  empiricism 
or  mathematical  constructivism  to  the  test  of  critical  experiments. 
The  propositions  within  each  framework  are  testable  but  not  the  frame- 
works themselves.    Perhaps,  then,  we  should  choose  whichever  stories, 
which  of  the  available  myths,  happen  to  suit  us  best. 

1  dislike  leaving  my  story  at  that  point,  though  1  am  unable  to  see 
what  else  I  can  usefully  say.    Perhaps  just  this.    Myths  are  OK  when 
we  know  that  is  what  they  are,  but  myths  that  get  taken  for  reality, 
not  as  stories  about  reality,  are  potentially  dangerous.    The  perverse 
and  impoverished  platonism  which  is  the  traditional  school-based  myth 
about  mathematics  has  poisoned  minds  and  destroyed  confidence  on  a 
large  scale.    Are  we  quite  sure  that  our  more  sophisticated  myths  are 
really  less  harmful?    In  the  last  resort  I  dislike  and  distrust  radical 
constructivism  applied  to  mathematics  education  because  it  denies 
students  access  to  any  independent  path  to  knowledge  and  to  truth  and 
so  gives  teachers  power  over  what  students  learn  that  I  know  some  will 
abuse. 
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SUBJECTS!  MATHEMATICS,  SCIENCE,  HISTORY  AND  RELIBIQN 
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ABSTRACT 

Pupils  ideas  about  whether  what  they  learn  in 
mathematics,  science,  history  and  religion  is  really  true 
were  investigated  in  two  urban  secondary  schools  Pupils 
Here  given  a  questionnaire  and  asked  to  make  a  judgment 
about  the  truth  of  a  sublect  and  to  justify  it.  Analysis 
showed  that  mathematics  and  science  have  a  similar 
profile  in  the  two  schools,  both  subjects  beinq 
considered  by  the  majority  as  "true"  in  all  years. 
Judgments  about  history  changed  in  one  school  with  aqe 
and  remained  stable  in  the  other,  whereat  religion  dot's 
not  give  an  easily  recognisable  pattern.  Qualitative 
analysts  provided  categories!  nature  of  subject,  relation 
between  theory/practice,  evidence  throuqh  proof, 
constuctivism,  pragmatism  and  authority  of  teacher. 
Evidence  through  empirical  proof  was  the  most  popular 
category  of  explanation  in  both  schools. 


INTRODUCTION 

In  the  last  few  years  great  interest  has  been  shown  in  the 
relationship  between  the  teaching  of  a  subject  and  the  philosophical 
ideas  which  are  held  by  teachers  about  that  subject.  This  arose  from 
the  recognition  that  teachers'  beliefs  about  their  discipline  and  hnw 
pupils  perceive  it  are  somehow  linled. 

Teachers  develop  strategies  to  cope  with  a  Hide  ranne  of  classroom 
situations  and  these  strategies  are  a  result  ol  conscious  or 
unconscious  notions,  preferences,  attitudes,  beliefs,  and  what  remains 
of  their  "education".  Brown  and  Cuoney  (19B2)  suqqest  that  these 
strategies  shape  a  teacher's  behaviour  and  constitute  a  sort  of 
"theoretical  state"  Hhich  more  or  less  defines  the  way  in  nhich  they 
teach.      Thus     it     is  reasonable  to  expect  that    teachers'  views  of  the 
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jubject  and  their  i  nst  rue  t 1  ami  practice  could  be  significant  in 
influencing  pupils'  attitudes  towards  the  subject. 

There  is  not  the  space  to  develop  the  various  philosophical  views  of 
mathematics,  science  or  history.  Suffice  to  say  that  many 
mathematicians  Hill  have  heard  of  ideas  such  as  PI  atom  sm  and 
"pre-existing  structures",  Logicism  and  the  reduction  of  mathematics 
to  a  number  of  logical  concepts,  to  Empiricism  where  knowledge  comes 
Iroi  experience,  or  Construct i vi 5«  where  mathematics  Is  seen  as  a 
construction  of  can.  Similar  analyses  can  be  wade  for  Science  and 
History  but  this  Is  for  a  longer  paper.  So,  the  goal  of  this  study 
Has  to  see  how  pupils  perceived  the  various  school  subjects,  and 
whether  or  not  they  actually  believed  the*  to  be  true. 

METHOD 

A  questionnaire  was  qivtn  out  in  two  schools.  School  A  was  an  inner 
city  single  sex  independent  school,  School  B  was  an  Inner  city  nixed 
comprehensive  school.  Pupils  in  the  sample  were  taken  in  ScLool  A 
From  the  first,  second,  third  and  four  year  (covering  ages  11  -15)  and 
in  School  D ,  from  the  first,  third  and  fifth  year  (  11-14).  The 
questionnaire  read  as  follows:      MHAT  DO  YOU  THINK? 

ie  would  all  like  to  know  what  is  really  true  (well,  most  of  us)  What 
io  you  think  about  whether  these  subjects  tell  you  things  that  are 
•eally  true7  -what  you  learn  about  science,  what  your  learn  about 
religion,  what  you  learn  about  history,  what  you  learn  about 
lathet ma t l cs .     Say    what     you    think    herei   (choose  one  for  each  of  the 

following    subjects)     SCIENCE      TRUE  because   

HOT  REALLY  TRUE  because   

CAN'T      DECIDE    because   Similarly 

lor  Mathematics,  Religion  and  History. 

RESULTS 

the  least  comple::  model     worth     testing     is  that  of  independence  of  age 

ind  judgment  in  GLIM  or  (equi val ent 1 y)  In  alpha  =  B  uniformly  across  the 

table  (Ogoorn  1983).     This  model  was  fitted,     in    turn    to  the  data  for 
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each  subject  Areas,  and  {or  tne  schools  A  and  6  as  shown  in  tables  1 
and  2  iqiven  beloHi.  When  the  model  o<  no  interaction  Has  rejected, 
best  fitting  values  for  uniform  In  alpha  Mere  found  and  fitted.  The 
results  Here  as  follows: 

MATHEMATICS!     School     A  G*  «  6.2         d.f,  6      p.*  8.40 

School  B  Gx  -  8.5         d.f.   4      p.  a  0.96 

For  school   A  it  is  a    qood     fit,     and     for     school     B  it  is  a  more  than 
CKCellent  fit  so  in  both  cases  the  model  cannot  be  rejected,  thus  there 
is  no  association  between  age  and  judgment. 
SCIENCE!  School  A  G*  =     6.2  d.f.     6        p. X  8.49 

School  B  G*  *  Z.I         d.f.   4        p.  xB.6B 

Ihe  fit  in  both  cases    is    good    so    the    aodtl  cannot  be  rejected  thus 
again  there  is  no  association  between  age  and  judgment. 
HISTORY  School  A  G*    =  1 B  d.f. 6  p.sB.lB 

School  B  G*    =    5.5       d.f. 4  p.«.B.25 

The  fit  for  school  B  is  a  fairly  good  fit  and  so  the  model 
cannot  be  rejected,  thus  no  association  between  judgment  and  age.  In 
the  case  of  school  A  while  the  fit  is  far  from  good,  it  is  close  to 
being  acceptable.  In  this  case  the  best  (itting  uniform  In  alpha, 
value  0. 6,  Has  fitted  and  this  qave  a  G^=  5.4  d.f  5,  ps0.4  which  is  a 
good  fit,  although  the  strength  of  association  is  not  very  strong,  thus 
in  school  A  there  would  see*  to  be  some  develop«ent  of  children's 
judgments. 

RELIGION  School  A  Gl  =  16.6         d.f.  6  p.*  8.01 

School  B  Q*"  «  38.1  d.f.  4  p.  (.8.881 

In  the  case  of  school  A  the  fit  wat    not    good,     for  school  B  it  was 
extremely  poor,  so  in  both  cases  the  model  of  no  Interaction  can  be 
rejected.  The    best     fitting  uniform    In  alpha,  value  8.4  was  fitted 
to  data  <or  school  A,  uivinq  G*  =  13.7  d.f. 5    p.<B.B2,  this  Is  still 
not  a  qood  fit.  There  is    a  neqative  development  for  school  B. 

Summarisinq,  aathenatics  and  science  show  similar  trends  with  the 
majority  of  children  judqing  them  both  to  be  "true"  throuqhout  all  the 
ears  of  school.  For  history  in  school  A,  there  is  a  change  in 
judgments  over  the  years  but  with  school  B  the  judqments  stay  the  same. 
Religion  for  ichool  A  would  have  a  similar  picture  to  mathematics  and 
science  if  there  were  no  an  unexpected  increase  in  frequency  of  truth 
judqments  for  third  year*.   In  school   B ,     "not     really     true"  judgments 
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increase  and    "true"  judqaents    decrease  with  aqe. 


TABLE  1.  SCHOOL  A,  JUDGEMENTS  ABOUT  TRUTH  OF  SUBJECT 

SCIENCE 


1st  N  =49 
2nd  N  =  44 
3rd  N  «33 
4th  H  =  25 
Total 


HATHEMAT ICS 
NRT  CD 
7%     (1)  147. 
i3)  9X 
(1)  9X 
2BX 


T 


(7)  842  (41) 

(4)  842  (37) 

(3)  88X  (291 

(7)  72V.  (10) 


77. 

3X 

a 

3X     (S)   14X  (21)  83X1125) 
HISTORY 

NRT         CD  T 
1st  H  =49  28X  (14)  331  (16)  39X  (  19) 

2nd  M  =44  1BX  (  B)  4BX  (21)  34X  (15) 

3rd  N  *33  12X  (  4)  42X  (14)  46X  (15) 

4th  N  =25  I6X  (  4)  2IX  (  5)  64X  (16) 

Total         291  (36*)  37X  (56)  43X  (65) 


NRT  CD  T 

6X  (3)  237.  (  1  1)  /IX  (35) 

77.  (3)  187.  (  8)  757.  (33) 

8  9X  (  3)  91X  (39! 

9  247.  (  6)  767.  (19) 
47.   (6)  19X  (28)  77X  1  1  1  7) 

RELIGION 

NRT  CD  T 
57X  (28)  41X  (28)     2X  (  1 

417.  (IB)  59X  (2?)  9X  (  4) 

38X  (19)  437.  (141  277.  (  9) 

527.  (  13)  447.  (1  1)  4X  (  1) 

467.   (69)  44X  (67)  18X  (15) 


TABLE  3.  SCHOOL  >,  JUDBHENTS  ABOUT  TRUTH  OF  SUBJECT 


1st  M  -26 
3rd  N  =2J 
5th  N  =20 
Total t 


1st  N  =26 
3rd  N  =23 
5th  N  =29 
Total s 


MATHEMATICS 

NRT          CD  T 

4X  (   1)   237.  (  6)  73X  (191 

4X  !  II  1  7X  1  4)  797.  (IB) 

57.  (  1)  257.  (  5)  79X  (14) 

4X  (  3)  227.  (15)  74X  (51  ) 
HISTORY 


NRT  CD 

9  277. 

17X  (  4)  22X 

57.  (  1  )  157. 

7X   (  5)  22X 


T 

(  7)  737.  (  19) 

(  5)  617.  (14) 

<  3)  897.  (16) 

(15)  71 X  (49) 


SCIENCE 
NRT  CD  T 

9  12X  (  3)  8B7.  (23) 

8  227.  (  5)  78X  (IS) 

5  (  1)  257.  (  5)  797.  (  14) 
17.  (1)   197.  (13)  SIX  (55) 

RELIGION 
NRT  CD  T 

157.  (  4)  27X  (  7)  587.  (I5i 
567.  (1  3)  497.  (  9)     47.  (  1) 
797.  114)   397.  (  6)  9 
45X  (31)   327.  (22)   237.  (  16) 


COMPARISONS  BETWEEN  SUBJECTS 

In  order  to  understand  better  the  relationship!  between  subject! 
six  comparisons  were  aade  between:  itatheaatics  and  sciences 
■athe«atics  and  history;  aatheaatics  and  religions  science  and 
history)  scianci?  and  religioni  history  and  rel  i  gi  on  .  The  scoring  Has 
as  <o11ohsi  X  truer  than  Y  (or  equali     gives  three  possible  scores: 


o 
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X    truer  than  Y;  "ore  °<  1  ,or  1 

Both  subject,  equally  true!     »core  o<  1     <cr  equality 

X  less  true  than  Yi  "ore  o«  1  <or  Y 

Tables  o<  co.pansons  „.r.  constituted  and  a  >od.l  of  no 
.nteraction  fitted  to  each  but  the  co..entary  m  1 I  b.  restricted 
to  co.pariions  invoU.ng  .athe.aUc*  (total,  and  .Uti.t.«  «. 
„«.nb.l.H>  ^  ..ght  b.  .*p.ct.d,  apart  <ro.  th.  fir.t  y.ar,  th. 
proxies  of  the  co.paruan.  between  judg.ent.  .bout  .athe.afc, 
,nd  science  do  not  change  over  the  years  o<  ..eond.ry  school.  Th. 
sa.e  ,s  true  <or  ..th.Mt.c.  and  h. Story  but  <or  all  <our  year,  o< 
secondary  schooling  Th.  Ut  i .  1 .«  5«od  but  ,t i  U  adequate  <or 
co.par.sons  o<  judg.enU  about  .athe.at.cs  and  religion,  because  o< 
an  increased  nu.ber  o(  "true"  iudg..nt«  <or  religion  in  the  th.nl 
year . 

TftlLE  3l  COMPARISONS  OF  JUDBHENT8  OF  BUBJECTB 
d.i.6       Haths-equal-Scnc.    Haths-equal  "Hi  at .  Hath*-  .qu.l-  r.l.g. 

■•mi    -ins  «'n»  "ins 

2fa      ,„       21         7b       02        13         IW       2»  4 

G*  „  4.8  rxB.be  G  «9.b    p.*  B.15 

Scianc.-equal-Relig.Hist.-equal-relig. 

Hin*  "ins       Hin*  «»0* 


Totals 


Tot  al  5 


6  =7.8  ptti.oB 
Science-  equal  Hist 
Kins  "lns 
7b       S3  22 
G*  »  16.1  p.«-B.«l 


IS*  IB  9 
G  =4.0  p/aB.bB 


01 


48 


22 


G*«  12.8  p.*B.«3 


Hathe.atlcs  is  no*  co.par.d  «.t„  the  other  subjects  in  ten,* 
0<  ,ts  overall  chances  o<  H.nn.nq.  F.r.t,  when  .athe.at.cs  an 
science  are  co.pared.  a  .arqe  .ajor.ty  o<  children  (.«!  t*nd 
tose.th.se  sublets  as  "equaily  true".  Hathe.at.cs  Hins  very 
substantially  over  religion  (047.  o<  the  co.par , sons. .  for 
.athe.at.es  and  history  the  picture  is  not  quite  so  clear 
Mathematics  *ins  5K  «nd  history  *ins  «  o«  th.  case,  but  for  *U 
„,  the  co.pansons  ch.ldrun  perceive  .athe.at.es  and  history  to  be 
equally  true. 

BUALITRT1VE  ANALYSIS  OF  EXPLANATIONS  AND  CONCLUSIONS 
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The  ■ajority  „»  children  atteeptud  so«e  explanation  for  any 
(liven  judqeent  and  quitt;  a  nunber  qave  two.  This  section  hi  11 
describe  the  categories  for  children's  responses,  indicate 
frequencies  of  responses  per  category.  The  categories  described 
beloH  refer  solely  to  the  explanations  for  eatheaatics  and  science, 
an  analysis  of  history  and  religion  is  in  the  process  of  being 
carried  out. 

1.  Natur*  of  the  subject  Children  perceive  the  subject  to  be 
logical  or  coherent,  and  by  definition  true.  (Soae  children  argued 
that  because  the  subject  Mas  logical  it  mas  not  necessarily  true) 

2.  Relation  batwatn  theory  and  proof.  Children  perceive  the 
subject  to  be  "true"  because  it  is  constantly  trying  to  find,  or 
work  on    proof  for  its  theories. 

3.  Evidence  through  proof.  There  >n-e  three  sub-categories  in 
this  categoryi  a.  Children  argue  that  "it  can  be  proved",  that  Is, 
there  is  soae  very  general  nay  of  prooving  the  truth  of  the 
subject,  b. Children  specify  that  there  are  foraulaes  or  special 
■ethods  of  provinq  the  subject  true.  c.  Children  arque  that 
experieents  can  be  done,  or  that  when  usmq  the  suhject  it  can  be 
shown  that  "it  works",  an  "eapincal"  tvpe    of  proof. 

«.  ConstructlvlM.  Children  perceive  the  subject  to  be  true 
because  it  is  constructed,  aade-up,  invented  by  aan,  they  often  add 
"intelligent"  een,  this  reason  is  soaetiaes  used  for  lack  of 
voraci ty. 

3.  Crtgattlm.  Children  perceive  the  subject  to  true  either 
because  it  is  coaaontense  and  can  be  found  out  from  one's  own 
experience  or    it  used  in  the  real  world. 

o.  authority  of  the  teacher  the  explanations  in  this  category 
simply  state  the  subject  is  true  because  "the  teacher  told  us/ae*. 

(Is  shown  in  table  4  evidence  through  eapincal  proof,  that  is,  by 
experieents  or  "because  it  works"  is  the  aost  popular  category  o! 
explanation  in  both  schools.  Also  the  outside  category  of  authority 
of  the  teacher  is  not  all  frequent  in  either  school.  For  school  A, 
the  nature  of  the  subject,  that  is,  its  logical  nature,  and  evidence 
through  general  proof,  are  the  two  next  most  popular  categories. 
The    regaining  four    categories    are    all     in    a    simlar    range  of 
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frequency  of  rosoonse  between  77.  .nd  IB''..  In  ochool  D  the  t.eond 
•o*t  popular  cateqory  is  that  of  praq.at...,  none  of  Ut 
r.umtng  calories  «c..d  a  frequency  of  12X  of  th.  response  and 
Constructive,  is  the  low.t  h»  th  only  5X  of  the  repdnses. 


TABLE  *i  FREQUENCY  OF  CATEGORIES  OF  EXPLANATIONS 

School  A 


1 .  Nature  of  subject 

I.  Relation  between  theory  and  proof 

i.  Evidenca  through  proof 

a.  general 

b.  through  for.ul.e,  etc 

c.  eapirical 

4.  Conitructlvi*. 

5.  Prag.aUs. 

6.  Authority  of  teacher 


16  X 
B  X 

II  X 

17  I 
29  X 

9  X 

a  x 
j  x 


School  B 

e  x 

12  X 

k  X 

o  X 
39  X 
5  X 

29  X 
4X 


Concluding,  children  on  the  Nholi-  tend  to  ,e.  .athe.at.c.  a* 
•true"  and  mlUMy  for  .c.ence,  their  judg.ents  not  changing  fro. 
„rst  to  fifth  year  of  secondary  achool.  The.r  reason,  fur  their 
beliefs  are  .ainly  to  do  «itn  o.pincal  proud  for  .athe.atics,  "it 
Horks"  and  for  science,  - e.p.r . e«nt s  Hork".  the  second  «ott 
popular  ut  of  explanation,  -as  either  the  nature    of     the  object, 

lt,    "logicality",  or,  its  praq.at. c  nature.     Constructive  reason, 

appear  but  very  infrequently. 
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VARIABLES  INfLUENCING  BEHAVIORAL  SUCCESS  AVOIDANCE 
IN  MATHEMATICS 

Joanne  Coutt*  and  Lorraine  Jackson 
The  University  of  Windsor 


This  study  permitted  measurement  of  high  *nd  low 
success  avoidant  9th  grade  females  based  on  post 
tested  observed  mathematics  performance  data. 
Analysis  of  Variance  was  conducted  using  trained 
observer  ratings  and  personality  scale  scores. 
Based  on  observed  and  Measured  scores,  this 
investigation  Identified  significant  personality- 
trait  differences  on  Defendence  and  Autonosy 
between  high  and  low  success  avoidant  feaales. 
High  success  avoidant  females  scored  low  on 
Defendence  and  Autonomy. In  contrast  to  the  high 
success  avoidant  females,  low  success  avoidant 
feaales  are  self-protective,  self-reliant  and 
Independent . 


Introduction 

Morgan  and  Mauaner  (1973)  and  Mauaner  and  Cubit 
(1979)  have  developed  a  paradigm  for  studying  the 
degree  to  which  females  (and  males)  might  hold  back 
their  performance  in  dyadic  settings  even  under  condi- 
tions when  the  subject  was  clearly  superior  in  ability. 
Related  to  this  paradigm  is  the  question  of  what  back- 
ground factors  and  personality  variables  Influence 
females'      behavioral    success    avoidance  in  mathematics. 


Personal ity  Factors 

Horner  (1968,  1969)  and  similar  studies  by  Alper 
(1971),  Lavach  and  Lanier  (1975).  and  Roaer  (1975) 
have  hypothesised  a  process  involving  motivation  to 
avoid  or  to  be  fearful  of  success.  Although  Horner  re- 
ports   a    variety    of  her  own  studies  In  support  of  female 
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behavioral  success  avoidance,  a  number  of  questions 
remain  In  terns  of  differential  socialization  and  In 
terms  of  personality  characteristics  of  females  who 
manifest  avoidance 

This  research  attempts  to  Identify  significant 
underlying  processes  Influencing  success  avoidance  In 
mathematics.  When  we  began  this  research,  we  did 
what  many  researchers  do  In  the  beginning  steps  of 
exploring  a  research  problem.  W*  observed  behavior 
and  asked  questions.  This  study  reflects  our  Interest 
in    the    basic    psychology    underlying    the  observations. 

Method 

Sample 

One    hundred  and  twenty  students,.    60    males  and  60 
females,    were    drawn      from  district  secondary  schools. 
These    secondary  school    students    wer«    In  grade  9  math- 
ematics classes. 

Data  Collection  Instruments 

The  Personality  Research  Eorjn  Ea  This  personality  Invent- 
ory is  designed  to  provide  a  set  of  scores  for  personality 
traits  widely  relevant  to  the  functioning  of  individuals 
tr.  a  large  number  of  situations.  Form  E  consisted  of 
twenty-two  16-ltem  scales  (Jackson.  1984).  These  scales 
may  be  defined  as  personality  variables.  They  are 
listed  here  alphabetically:  Abasement.  Achievement.  Affil- 
iation. Aggression.  Autonomy.  Change.  Cognitive  Structure. 
Defendence. Desirability. Dominance.  Endurance.  Exhibition. 
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Harmavoi dance.  Infrequency .Impulslvlty ,  Nurturance , Order . 
Play,  Sentience.  Soci*l  Recognition,  Succorance.  and 
Understanding. 

2M  Canadian  Achievement  TwU  This  achievement 
test  (Mathematics  sect  ion, 1981)  consisted  of  45  questions 
which  tested  the  subject 's  ability  In  problem-solving. 
In  addition,  a  revised  fore  of  this  test  also  was 
developed  for  use  in  the  present  study. 
Procedure 

Subjects  were  tested  In  groups  of  30  during 
regularly  scheduled  classes.  Subjects  completed  the 
Canadian  Achievement  lest  (CAT)  and  the  Personality 
Research  Form  E. 

Prior  to  the  second  session,  the  Canadian  Achieve- 
ment Teat  (1961)  was  scored.  Mixed  sex  dyads  of  unequal 
ability  were  formed  on  the  basis  of  the  group's  median 
score.  When  the  subjects  arrived  at  the  second  session, 
they  were  given  their  score  as  well  as  their 
partner's    score     on     the  CAT. 

In  the  second  session,  which  took  almost  one  hour, 
students  were  asked  to  work  cooperatively  with 
their  partner  on  the  revised  form  of  the  Canadian  Math- 
ematics   Achievement  Teat. 

While  the  subjects  were  working,  a  trained 
observer  was  present  and  evaluated  each  individual  and 
the  dyad  on  a  number  of  dimensions.  Due  to  space 
limitations,  all  dimensions  will  not  be  reported  In 
this  paper. 
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When  the  subjects'    work    was    finished,     they  were 
thanked     for    their    participation    and  then  debriefed. 

Results 

This  study  uses  data  from  females  who  were 
paired  with  males  according  to  mathematical  ability  from 
two  experimental  groups.  The  first  group  consisted  of  28 
dyads  each  containing  a  high  ability  female  and  a  low 
ability  male.  The  second  group  consisted  of  32  dyads 
each  containing  a  high  ability  male  and  a  low  ability 
female.  The  median  score  based  on  these  subjects' 
mathematical  performance  data  from  the  Canadian 
Achievement  Teat,  taken  during  the  first  part  of  the 
study,      determined      each      aibject 's  group  membership . 

Observer  Rat lnqs 

Analysis  of  Variance  was  conducted  using  observers' 
ratings  as  the  independent  variable  and  selected  Person- 
ivllty  Research  Form  scale  scores  as  the  dependent  vari- 
able. In  particular,  scores  from  observers'  ratings, 
taken  during  the  second  part  of  the  study  were  analysed. 
Data  from  females  were  used  for  this  analysis.  Obser- 
vers' ratings  of  females'  behavioral  success  avoidance 
were  split  at  the  median.  Two  groups  were  formed:  Group 
l  was  defined  as  high  success  avoidant  females  and 
Group  2  was  defined  as    low    success    avoidant  females. 

Personal lty  Scales 

Analysis    of  the    personality    data    revealed  that 
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on  two  of  ttift  Personal  ity  Research  Form  scales 
(Defendence  and  Autonoay)  there  were  significant  differ- 
ences between  feaalea  who  were  rated  low  aucceaa 
avoidant  and  thoae  who  were  rated  high  success 
avoidant    by  the  trained  observers. 

Defendence  Scale.  The  description  of  a  high  scorer 
on  the  Defendence  Scale  la  as  follows:  Ready  to  defend 
self  against  real  or  laaglned  hara  from  other  people. 
Does  not  accept  crltlclsa  readily.  Females  who  were 
rated  as  low  success  avoidant  scored  high  on  Defendence. 
Low  aucceaa  avoidant  females  are  self -protective. 
Females  rated  high  success  avoidant  scored  low  on 
Defendence.  High  success  avoidant  feaales  are  not  self- 
protective.  F  (1 .  26)  *  4.10.  p>  .05.  Thus,  significant 
differences  at  the  .05  level  were  found  between  high 
and  low  success  avoidant  feaales  on  Defendence. 

Autonoay  Scale.  The  description  of  a  high  scorer 
on  the  Autonomy  Scale  Is  as  follows:  Tries  to  break  away 
from  restrictions!  self-reliant .Independent ,  autonomous. 
Feaales  who  were  rated  as  low  success  avoidant  scored 
hlgn  on  Autonomy.  Low  success  avoidant  females  are  self- 
reliant.  Females  who  were  rated  as  high  success 
avoidant  scored  low  on  Autonomy.  They  are  not  self- 
reliant,  F  (1,  26)  »  4.37,  p>  .04 .  Thus,  significant 
differences  at  the  .04  level  were  found  between  high  and 
low  success  avoidant  feaales  on  Autonomy. 
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Cone luslori 

This      study      permitted        Initial      evaluation  of 
personality    variables     In    high    and  low  success  avoidant 
females.    There    were    significant  differences  in  the  per- 
sonality   traits  of  high  and  low  success  avoidant  females. 
Difference,    are    also    anticipated  for  certain  background 
variables    reflecting    differential    socialization  In  con- 
formity   with    the    above    findings  regarding  personality. 
Further    analyses    will     be    conducted  and  presented.  Dis- 
cussion     of    additional    analyses      in    relation    to  the 
results    given    here    will  follow  the  PME-XI  presentation. 
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MEASURING  BEHAVIORAL  SUCCESS  AVOIDAIJCE  IN  MATHEMATICS 
IH  DYADIC  SETTIHCS 


This  study  pairs  one  hundred  and  twenty  9th  grade 
males  and  females  in  combinations  of  high  and  low 
pretested  mathematics  performance.  Analysis  of 
Variance  was  conducted  using  mathematics  and 
other  performance  data.    This  investigation  per- 


results  of  behavioral  success  avoidance  in  high 
ability  females  would  occur.  Reduced  scores  of 
high  ability  females  working  with  a  lower  mathe- 
matics ability  partner  suggested  deference  to  the 
male  and  behavioral  success  avoidance  in  the  high 
ability  female. 

1  ntroduct  ion 

Women's  achievement  behavior  has  become  a  topic  of 
interest  to  many  researchers.  In  the  last  decade, 
there  has  been  particular  interest  in  women's  math- 
ematical achievement  and  In  women's  avoidance  of 
mathematical  achievement.  Reference  can  be  made  to 
excellent  research  in  such  areas  as  sex  differences  in 
mathematics  and  ability  and  in  the  mediating  effect  of 
sex    role  orientation  on  mathematical  performance. 

Hatheaat lcs  and  Ach levement  Hot  1  vat  ion 

It  has  been  generally  assumed,  according  to  Maccoby 
and  Jacklin  (1984).  that  male  students  are  more  achieve- 
ment oriented  than  female  students.  However,  girls 
generally  achieve  better  grades  than  boys  throughout 
their  school  years.  Girls  are  also  reported  at  an 
earlier  age  a3  being  more  interested     in    school  related 
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skills.  According  tc  deWolf  (1981).  male  students  have 
been  found  to  do  better  on  mathematical  aptitude  and 
achievement  teats  because  males  have  chosen  to  take  more 
mathematics  related  courses  than  fenale  students.  When 
differential  course  taking  has  been  taker,  into  account 
the  sex  differences  disappeared  (deWolf.  1981s  Becker, 
I982t  Fenneraa.  1980s  Pallas  and  Alexander.  1983). 

According  to  Maccoby  and  Jacklin  (1974),  although 
males  may  be  more  achievement  notlvated  under  directly 
competitive  conditions  than  females,  they  do  not  appear 
to  have  generally  greater  achievement  motivation  than 
females . 

Interestingly.    Spender     (1982)  reported  that  young 
girls  in  elementary  school  indicated  that  they  liked  and 
enjoyed  mathematics.  The  boys,  on  the  other  hand.  Indica- 
ted that  they  did  not  believe  that  girls  could  do  math- 
ematics   competently.        Somewhere    In    adolescence  the 
attitudes    of    many    females  change  and  girls    begin  to 
state  that  they  are  not     capable    of    doing  mathematics. 
This      occurs      when    girls    reach  an  age  at  which  boys' 
opinions    are     important  to  them.    No  doubt    many  soclo- 
cultural  variables  Impact  or.  females  lowered  self-regard 
for  the  study  of  mathematics.    Variables  such  as  lack  of 
cultural  reinforcements    and     few    female  mathematically 
oriented  role  models  appear     to    be    highly  Influential 
factors. 

The    negative    attitudes    that     females  have  toward 
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mathematics  is  further  revealed  by  high  attrition  rates 
of  females  in  senior  level  mathematics  courses.  Accord- 
ing to  Leder  (1982).  wore  females  In  grades  10  and  11 
than  males  In  the  same  grades  Intended  to  discontinue 
taking  mathematics  altogether.  It  was  further  revealed 
that  girls  high  in  mathematics  performance  who  continued 
taking  mathematics  seemed  to  experience  an  increase  in 
amount  of  anxiety  as  they  went  through  school.  According 
to  Becker  (1982).  sex  typing  of  mathematics  as  a  male 
domain  may  inhibit  female  achievement  and  Interest  1  r. 
mathematics.  It  has  been  found  by  Swanson  and  Tjosvold 
(1979)  and  Morgan  and  Mauser  (1973)  that  high  ability 
females  cooperating  with  low  ability  males  on  a  task, 
when  influenced  by  self  presentation  and  compliance 
concerns,  subsequently  lowered  their    performance  level. 

It  was  with  many  of  these  research  studies  in  mind 
that  we  began  a  research  project  which  could  examine 
the  mathematics  performance  or  decrements  in  performance 
in  high  ability  females  working  cooperatively  with  low 
ability  males.  In  addition,  incorporated  into  this 
investigation  was  mathematics  performance  or  decrements 
in  performance  in  high  ability  males  working  coop- 
eratively   with     low    ability  females. 

Method 

Sarnie  1  e 


One    hundred  and  twenty  students,    60    males  and  60 
females,     were    drawn      from  district  secondary  schools. 
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These    secondary  school     students    wer*>     in  grade  9  math- 
ematics classes. 

Data  Col lect ion  Instruments 

The  Canadian  Achievement  Test  ..  This  achievement 
teat  (mathematics  section. 1961)  consisted  of  45  questions 
which  tested  the  subject 'a  abil ity  in  problem-solving  . 
In  addition,  a  revised  form  of  this  test  also  was 
developed  for  use  in  the  present  study.  Attitudinal. 
attributional  and  developmental  instruments  were  also 
administered  in  this  study  but  these  instruments  will 
not  be  reported  in  this  paper. 

Procedure 

Subjects  were  tested  in  groups  of  30  during 
regularly  scheduled  classes.  Subjects  completed  the 
Canadian  Achievement  Test (CAT)  and  the  other  instruments. 

Prior  to  the  second  session,  the  Canadian  Achieve- 
ment Test  (1981)  was  scored.  Mixed  sex  dyads  of  unequal 
ability  were  formed  on  the  basis  of  the  group's  medlar, 
score.  When  the  subjects  arrived  at  the  second  session 
they  were  given  their  score  as  well  as  their 
partner's    score      on      the  CAT. 

In  the  second  session,  which  took    almost  one  hour, 
students    were      asked       to      work      cooperatively  with 
their  partner  or.  the    revised  form  of  the  Canadian  Math- 
ematics   Achievement  Test. 

While    the    subjects    were    working,     they  also  were 
responsible  for  determining  the    following!     (a)  who  had 
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started  th*  problem  (b)  who  had  contributed  what 
percentage  to  the  problem-solving:  and  (c)  who  had 
actually  completed  the  problem.  The  procedure  followed 
by  subjects  was  that  of  writing  their  names  next  to  each 
of  the  appropriate  categories  for  each  of  the  problems. 
When  the  work  was  finished.  subjects  completed  an 
at tr lbut lonal  questionnaire. 

At  the  conclusion  of  the  study,  subjects  were 
thanked  for  their  participation  and  then  debriefed  as 
to  the  nature    of     the  investigation. 

Resu Its 

This  study  pairs  males  and  females  in  two 
dyadic  experimental     groups:  Group         This  group 

consisted  of  28  dyads  each  containing  a  high  ability 
female  and  a    low    ability    male.  Grout,    g .  This 

group  consisted  of  32  dyads  each  containing  a  high 
ability  male  and  a  low  ability  female.  The  groupings 
were  determined  on  the  use  of  the  median  score  as  a 
cutting  score  based  on  these  subjects'  performance  data 
from  the  Canadian  Achievement  Test  (mathematics  section) 
taken  during  the  first  part  of  the  study.  The  Canadian 
Achievement  Test     is  also  considered  as  an  ability  test. 

Hathemat leal  Performance 

Analysis  of  Variance  was  carried  out  on  the  mathe- 
matical performance  data  from  the  second  part  of  the 
study.  There  was  no  overall  difference  between  the  two 
experimental  groups  it,    terms  of     the    actual     number  of 
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questions  answered  correctly.  Doth  groups  (Croup  1 
and  2)  were  equally  effective  in  th&lr  mathematical 
per  forma nee . 

Closer  inspection  of  the  data  within  each  group 
revealed  differences  associated  within  each  of  the 
three    categories    related     to  problem-sol ving  behavior . 

Grout    Ls.  Ir'     terms  of  th*  nuniber  of  tlnic9  *  3Ufc36ct 

initiated  problem-solving  in  Group  1.  It  waa  found 
that  high  ability  females  appeared  to  Indicate  that 
they  had  initiated  more  problem  solving  than  their  low 
ability  male  partners.  F  (1.  54)  =  3.34.  p>.07.  The 
result  was  not  significant  at  the  .05  level. 

High  ability  females  also  indicated  that  they  had  offer- 
d-d  a  higher  precentage    of  help  towards  problem-solving 
than  their  low  ability  male  partners,  F  (1.  54)  -  XI  .07. 
p>.001.      This  result  was  highly    signf leant  at  the  .001 
level  . 

High  ability  females  also  appeared  to  indicate  that  they 
had  more  frequently  solved  the  problems  than  their  low 
ability  male  partners.  F  (1.  54)  -  3.38.  P>-07. 
The    result    was    not  significant  at  the  .05  level. 

Grout  In  terros  of  th*  nuniber  of  timea  a  aub^ect 

initiated  problem-solving  in  Group  2,  it  was  found  that 
high  ability  males  appeared  tc  indicate  that  they  had 
initiated  more     problem    solving     than  their   low  ability 

,,     ,  _     of.      c,)  ,3E .        The  result 

female  partners,  F  « 1 .    t,~>  -  • 
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not  mgiiif  leant  at  the  .OS  level. 

In  regard  to  who  had  offered  a  higher  percentage  of  help 
toward  the  problew-sol ving ,  the  high  ability  males 
indicated  that  they  hod  offered  a  greater  percentage.-  of 
help  than  their  low  ability  female  partners,  F  (1.  62! 
-  10.96.  p).001.  This  result  was  highly  significant  at 
the  .CC1  level  . 

Higher  ability  males  also  indicated  that  the/  had  solved 
the  problems  more  frequently  than  their  low  ability 
female  partners.  F  (1.  62)  «  11.90,  p>  .0001.  This 
result  was  highly  significant  at  the  .0001  level. 


This  study  pairf.1  a  high  ability  female  with  a  low 
ability  male  on  the  basis  of  pro-tested  mathematics 
performance.  Thia  •  study  permitted  an  evaluation  of 
whether  previous  results  of  behavioral  success 
avoidance  in  high  ability  females  paired  with  low 
ability  males  Is  a  function  of  deference  to  the  per- 
ceived "dominant  role"  of  the  male.  The  reduced  scores 
obtained  by  high  ability  females  working  with  a  lower 
mathematics  ability  partner  suggests  deference  to  the 
"dominant  role"  of  the  male  and  also  suggests 
behavioral    success    avoidance     in  high  ability  females. 

;Di3cus3ion  of  this  paper  will  follow  after  the  PME-XI 
presentat  ion: . 


Conclusion 
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ANXIETY  AND  PERFORMANCE  IN  PRACTICAL  MATHS  AT  TERTIARY  LEVEL 
:  A  REPORT  OF  RESEARCH  IN  PROGRESS 

Jeffrey  T.  Evans 
Middlesex  Polytechnic,  Enfield,  U.K. 


This  is  the  chronicle  of  a  study  which  aims  to 
study  adults*  use  of  maths  in  various  contexts, 
and  such  barriers  to  this  as  'maths  anxiety*.  One 
particular  interest  was  how  maths  anxiety  is  used 
to  explain  women's  allegedly  poorer  performance. 
Beginning  with  the  standard  literature  and 
self-report  questionnaires,  I  produced  some 
results,  e.g.  some  'truths'  about  gender 
differences  in  maths  anxiety.  Not  entirely 
convinced,  however,  I  also  produced  interview 
data,  thus  aiming  to  specify  more  fully  the 
contexts  of  using  numbers.  This  raised  questions 
about  the  usual  concepts  and  methods  for  studying 
maths  anxiety. 


OBJECTIVES  OF  THE  STUDY 


(i)  to  discuss  the  usefulness  of  various  notions  of  'maths 
anxiety',   as  a  block  to  numerate  activities,   among  adult6; 

(ii)  to  study  expressed  maths  anxiety(MA),  both  from 
questionnaires  and  interview  situations,  to  contrast  this 
with  MA  exhibited  in  interviews,  and  to  consider  the 
relationship  of  these  with  performance; 

(iii)  to  produce  accounts  of  the  origins  and  nature  of  MA 
experienced  by  a  group  of  1st  year  college  students; 

(iv)  to  consider  gender  differences  in  (ii)  and  (iii). 
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THEORETICAL  FRAMEWORK ( 1 > 


A  contemporary  psychological  definition  of  anxiety  is  "  a 
palpable  but  transitory  emotional  state  or  condition 
characterised    by     feelings     of  tension  and  apprehension  and 


(Spielberger, 1972, p. 24) .  Since  the  1950s,  types  of  anxiety 
have  been  distinguished,   according  to: 

(i)  the  context  of  the  anxiety : general  vs.  specific  ;  test 
anxiety    and  maths  anxiety    are  examples  of  the  latter. 

(ii)  how  measured:  by  physiologioal/overt  behavioural  means, 
or  by  self-reports; 

(iii)  when  measured:  a  transitory  'state'  -  immediately 
after  being  experienced  vs.  a  chronic  'trait'. 
Occasionally,  some  interesting  relationships  between  levels 
of  anxiety  and  performance  were  found  such  as  the  "inverted 
U",  but,  for  the  most  part,  reviews  of  results  are 
contradictory  (e.g.   Biggs, 1962). 

The  notion  of  "mathematics  anxiety"  has  been  highlighted, 
since  1970's  researchers  were  seeking  to  explain  women's 
apparently  lower  performance,  and  'participation',  levels  in 
maths  courses,  other  than  by  innate  differences.  Prominent 
among  the  measures  of  MA  proposed  were  the  Maths  Anxiety 
Rating  Scale  ( MARS )( Rounds  and  Hendel , 1980) ,  and  the  Maths 
Anxiety  Scale  (Fennema  and  Sherman). 


A  suitable  setting  was  a  Polytechnic  with  a  relatively  high 
proportion  of  'mature'  students  (over  21  years  of  age, 
returning  to  study  after  some  years  of  work  or  child-care), 
soDie      of      whom      are      admitted    without     'standard'  H.E. 


heightened 
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METHODOLOGY  ( 1 ) 
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qualifications  (2  A-levels). 

Over  1983-85,  entrants  to  two  degree  courses  were  asked  to 
complete  a  questionnaire.  This  included  items  about  their 
previous  maths  experiences,  and  a  maths  'performance  scale*, 
followed  immediately  by  a  version  of  the  MARS  . 
Our  adaptation  selected  26  items,  brief  descript  ons  of 
situations  such  as  "adding  two  three  digit  numbers  while 
someone  looks  over  your  shoulder",  seeking  responses  on  a 
7-point  scale  from  "very  relaxed"  to  "very  anxious".  Half  of 
these  items  were  related  to  each  of  two  factors  proposed  by 
Rounds  and  Hendel  (1980);  namely,  maths  £sfi£  anxiety(TA), 
about  maths  courses  or  tests,  and  numerical  anxiety(NA), 
relating  to  everyday  concrete  contexts. 


RESULTS(l) 


(The  following  relate  only  to  the  1984  Social  Science 
entrants;  n=84  Females  +  52  Males.) 

1.  In     the    questionnaire  ,   the  level  of  anxiety  expressed 
by  women    was  substantially  higher  than  men's. 

NUMERICAL  ANXIETY        MATHS  TEST  ANXIETY 
F  M  F  M 

MEANS  3.07  2.76  4.43  3.80 

S.   D.  0.89  1.01  1.22  1.14 

2.  Correlations  between  results  on  the  maths  performance 
scale  and  scores  on  the  two  MA  subscales  were  negative  and 
low  (approx.  -.2),  with  a  tlini  of  an  inverted-U  scatterplot 
(or  at  least  the  right-hand  half  of  one).  The  pattern  was 
essentially  the  same  for  males  and  females. 


PROVISIONAL  C0NCLUSI0NS( 1) 
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1.  Women  express  a  higher  level  of  MA  than  men,  on  this 
self-report  measure,  in  the  particular  conditions  vat  the 
end  of  the  first  Psychology  lecture  of  the  year). 

2.  A  simple  linear  correlation  between  MA  and  performance  is 
not  very  informative. (  Non-linear  modelling  is  underway.) 

3.  So  far,  MA  is  still  seen  as  a  personal  characteristic,  on 
which  one  can  be  assigned  a  quantitative  score.  But  are 
there  any  n..»1 i tiative  differences  in  experiences  of  maths 
anxiety  across  social  groups,  e.g.  between  women  and  men  ? 

4.  Does  not  the  context  in  which  a  person  experiences  and 
reports  maths  anxiety  need  fuller  description:  is  it  the 
mathematical  features,  the  social  interaction,  and/or  past 
experiences  which  are  meaningful? 


THEORETICAL  CONSIDERATIONS* 2 ) 

To  address  these  points,  I  drew  on  studies  that  emphasise 
'context'  by  seeing  the  use  of  numerate  "skills"  as  an 
integral  part  of  some  "activity"  or  "practice",  as  follows 
(e.g. Lave  et  al.,1984;  Walkerdine,  forthcoming): 

1.  Context  and  activity  mutually  influence;  for  example,  the 
consumption  of  food  etc,  and  the  regulation  of  children  in 
so  doing  produces  meanings  (e.g.  of  'more');  these  meanings 
will  also  be  conditioned  by  the  family's  material  situation. 

2.  Most,  if  not  all,  activities/contexts  support 
quantification;  thus,  "sharing"  as  a  child  gives  meaning  to 
size  and  distance  relations. 

3.  Practices     and     their    meanings  are  emotionally  charged 
Thus,   buying  things  may  be  related  either  to  pleasure  or  to 
anxiety,   or  sometimes  to  both. 

4.  Practices  are  often  specific  to  particular  social  groups 
-  or  cultures.  Thus,  "going  out  for  dinner"  may  have  a 
different  meaning  for  men  arid  for  women. 

5.  A  particular  task  may  call  up  one  -  or  several  - 
practices  as  relevant    at    one    time.       Thus     looking     at  a 
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pie-chart  may  remind  someone  both  of  a  school  maths  topic, 
or  of  sharing  food  "fairly"  with  siblings  -  or  both. 


Towards  the  end  of  their  1st  year  a  small  subsample  of  the 
Social  Science  students  were  interviewed  (1984:n=9,  chosen 
by  a  mix  of  random  and  "volunteer"  methods;  1985:n=16, 
chosen  randomly),   and  asked  to  describe: 

(a)  the  way  they  were  thinking  about  solving  a  set  of 
'practical'  problems;  e.g.  reading  graphs,  deciding  how  muoh 
(if  at  all)  thay  would  tip  after  a  meal,  deciding  which 
bottle  of  tomato  sauce  they  would  buy;  plus 

(b)  the  sorts  of  practices  "called  up"  by  the  interview;  and 

(c)  past  situations  in  which  they  had  experienced  MA. 


(These  results  refer  only  to  the  1984  cohort,  and  are 
currently  being  tested  and  developed  with  the  1985  sample. ) 

1.  As  expected,  more  women  (3  of  4)  than  men  (2  of  5) 
expressed  anxiety  clearly  during  the  interview,  often  about 
the  interview  itself,  sometimes  about  outside  situations; 
e.g. 85/8  (Working  Class  M),  thinking  about  having  to  do 
mental  sums,  if  he  were  to  take  a  pub  job:  "I  think  'panic' 
because  of  people  in  front  ot  me  waiting  to  be  served". 

2.  As  for  exhibiting  anxiety,  I  began  by  using  rough 
indicators  for  anxiety,  such  as:  (a)  speaking  unusually 
fast,  or  slowly,  or  quietly,  (b)  "mind  going  blank"  or 
nervous  laughter,  (c)  wanting  to  discuss  the  answers  (to  the 
problems  posed).  Initial  analysis  shows  all  (5  oi  5)  men 
exhibited     anxiety,     including     3  of  3  who  had  riot  expressed 
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it.  For  example,  apparently  confident  about  using  numbers, 
85/4  (Middle  Class  M)  feels  his  mind  go  blank  for  a  moment 
while  calculating  a  9%  pay  rise  exactly,  explained  as  "a 
sudden  block,  I  guess  through  not  doing  tables. .. through  not 
using  it". 

3.   Interview  problems  called  up  a  wide  variety  of  practices, 
sometimes    requiring  numeracy,  sometimes  related  to  maths  in 
a  surprising  way.  An  illustration:  for  85/5  (MC  F) ,  a  graph 
showing    changes    in    gold    prices    over    a    day's  trading, 
recalled  for  her  growing  up  in  a  stockbroker's  family: 
"...as  a  stockbroker,  your  home  and  your  material  valuables 
are    on    the    line  all  the  time...     most  of  the  time,   it  was 
like  living  under  a  time  bomb  ...   especially    if    you  don't 
quite  know  how  the  time  bomb's  made  up  or  when  it's  going  to 

explode  "    When    I    asked    how    she  saw  his  work,  to  pick 

words,  adjeotives  to  describe  his  work,  she  replied: 
"capitalist,  corrupt,  business-like, .. urn,  mathematical, 
calculating,  devious,  unemotional..." 


PROVISIONAL  C0NCLUSI0NS(2) 


1.  In  the  questionnaire  ,  the  level  of  anxiety  expressed  by 
women  was  substantially  higher  than  that  expressed  by  men. 
This  difference  is  observed  in  interviews,  too,  but  there 
men  seem  to  exhibit  more  unacknowledged  anxiety. 

2.  Interviewees'  accounts  indicate  that  experiences 
formative  of  maths  anxiety  include  those  with  teaching  at 
school,  but  also  those  to  do  with  relationships  with  parents 
and  siblings.  This  suggests  new  ways  to  produce  a  fuller 
account  of  maths  anxiety. 


IMPORTANCE  OF  THIS  STUDY 
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1.  This  study  explores  the  concept  of  'maths  anxiety',  and 
also  particular  'truths'  about  it,  e.g.,  'females  have  more 
of  it  than  males'  -  by  drawing  on  two  theoretical 
frameworks,  and  by  using  questionnaire  and,  interview  data. 

2.  This  work  is  possibly  the  first(?)  to  use  the  Mathematics 
Anxiety  Rating  Scale  outside  North  America.  Because  of  the 
high  proportion  of  'mature  students',  this  sample  is  closer 
than  most  to  being  representative  of  the  population  of 
adults  at  large. 

3.  This  study  uses  the  idea  of  a  'practice'  to  describe  the 
contexts  of  doing  maths.  It  attempts  this  by  interviewing 
{rather  than  by  more  time-consuming  observation),  and 
thereby  elicits  indications  of  a  relatively  large  number  of 
such  practices  (though  not  described  in  detail). 

4.  This  study  aims  to  understand  the  fluency  and  ease  with 
which  adults  use  numbers  within  particular  contexts,  not 
only  in  terms  of  cognitive,  ffflmi  liarityfas  is  largely  so,  say 
in  Lave  et  al.,  1984)  -  but  also  in  terms  of  the  emotional 
associations  of  the  practices  concerned. 
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A  COMPARISON  OF  TWO  PALLIATIVE  METHODS  OF 
INTERVENTION  FOR  THE  TREATMENT  OF 
MATHEMATICS  ANXIETY  AMONG  FEMALE  COLLEGE  STUDENTS 


W.   MICHAEL  GENTRY  and  ROBERT  UNDERHILL 
Mary  Baldwin  College/Virginia  Tech 


Self-ef f icacy  theory  (Bandura,  1978) 
provided  the  theoretical  underpinnings  for 
two  mathematics  anxiety  interventions, 
cognitive  restructuring  (CR)  and  modified 
progressive  relaxation  (MPR) .  When 
mathematics  anxiety  was  measured  with  a 
paper-and-pencil  inventory,  the  difference 
between  the  mean  levels  of  self -reported 
anxiety  for  CR  and  MPR  subjects  was  not 
statistically  discernible.     When  anxiety 
was  operationally  defined  as  skeletal 
muscle  tension  and  measured  with  an 
electromyograph,  CR  subjects  as  a  group 
experienced  significantly  lower  levels  of 
anxiety  than  MPR  subjects  as  a  group 
(F  =  2.81,  p  =  .036).     Physiological  and 
paper-and-pencil  measures  of  anxiety  were 
minimally  correlated. 


Since  mathematics  anxiety  is  one  of  the-  factors 
contributing  to  the  problem  of  underrepresentation  of 
females  in  scientific  and  technical  fields  (Betz,  1978), 
there  is  a  need  to  pursue  at  least  three  levels  of 
investigation:    (1)  to  understand  the  etiology  of 
mathematics  anxiety,   (2)  to  develop  intervention 
strategies  which  help  individuals  who  exhibit  thi-i 
affective  problem,  and  (3)  to  jompare  the  relative 
effectiveness  of  these  interventions.  This 
investigation  focuses  on  the  latter  need,  and  is 
important  for  at  least  two  reasons:   (1)  the  problem  of 
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mathematics  anxiety  amcr.g  female  college  students  is  of 
national  concern,  but  appears  to  be  endemic  among 
students  enrolled  in  southern  liberal  arts  colleges 
(Thompson  and  Levin,  1977),  and  (2)  the  majority  of 
previous  math-anxiety  research  relied  only  on  paper-and- 
pencil  assessment  data  (Tobias  and  Weissbrod,  1980). 
This  study  was  conducted  at  Mary  Baldwin  College,  a 
private  liberal  arts  school  for  women,  and  it  utilized  a 
two-dimensional  response,  i.e.,  a  paper-and-pencil 
instrument  and  a  physiological  measure  of  anxiety. 

The  math-anxious  individual  must  struggle  with  a 
combination  of  at  least  three  negative  elements: 
(1)  undesirable  physiological  responses,   (2)  certain 
pernicious  features  of  the  math-environment,  and 
(3)  maladaptive  thoughts  (Heller  and  Kogelman,  1982). 
Bandura's  (1978)  social  learning  theory  seeks  to 
incorporate  these  three  components  into  an  integrated 
framework.     Expectations  of  personal  efficacy  play  an 
important  role  in  Bandura's  theory.  Efficacy 
expectations  are  perceptions  of  personal  mastery,  i.e., 
subjective  estimates  regarding  one's  ability  to  cope 
successfully.     The  relationship  between  self-efficacy 
and  attitudes  toward  mathematics  was  studied  by  Collins 
(1982)  who  reported  that  they  are  positively  correlated, 
i.e.,  those  who  regard  themselves  as  highly  efficacious 
approach  potentially  threatening  tasks  nonanxiously . 
Further,  Hackett  (1981)  reported  a  significant 
relationship  between  perceived  self -inef f icacy  in 
dealing  with  numbers  and  mathematics  anxiety,  i.e., 
those  who  regard  themselves  as  inefficacious  experience 
varying  degrees  of  anxiety  and  stress,     since  Bandura 
(1978)  argues  that  anxiety  is  the  product  of  perceived 
inefficacy,  social  learning  theory  provides  a  useful 
framework  for  the  study  of  mathematics  anxiety. 

Operating  from  different  theoretical  viewpoints, 
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behavioral  therapists  have  developed  a  variety  of 
interventions  for  the  treatment  of  anxiety  disorders. 
Corresponding  to  the  environmental  component  of 
Bandura's  model  are  direct  action  methods  of 
intervention  designed  to  alter  anxiety-eliciting 
environments.     Corresponding  to  the  cognitive  and 
behavioral  components  of  Bandura's  model  are 
intrapsychic  and  symptom-directed  modes  of  intervention, 
respectively,  which  are  aimed  at  reducing  the  level  of 
anxiety  once  it  has  been  aroused.    Palliative  methods 
such  as  these  are  used  to  soften  or  moderate  anxiety, 
thus  helping  individuals  function  adequately  within 
anxiety-eliciting  environments. 

Interventions  aimed  at  modifying  the  mathematics 
learning  environment  are  plentiful  and  achieve  positive 
results.    However  the  impact  of  direct  action 
interventions  is  limited,  i.e.,  treatment-produced 
improvement  is  not  sustained,  because  the  math-anxious 
individual  is  not  provided  with  a  set  of  coping  skills. 
Intrapsychic  and  symptom-directed  modes  of  intervention 
equip  math-anxious  individuals  with  coping  skills,  and 
unlike  direct  action  techniques,  focus  primarily  on 
efficacy-based  anxiety.    To  the  extent  that  math-anxious 
individuals  continue  to  use  these  coping  skills,  long- 
term  or  durable  improvements  are  achieved.  Modified 
progressive  relaxation  (MPR)  is  a  symptom- 
directed  mode  of  reducing  anxiety,  whereas  cognitive 
restructuring  (CR)  is  an  intrapsychic  mode  of 
alleviating  anxiety.    These  two  palliative  techr^ques 
were  chosen  for  comparison  since  considerable  evidence 
exists  which  indicates  that  both  MPR  and  CR  are 
effective  as  therapeutic  interventions  for  a  wide  range 
of  stress-related  problems. 

Subjects  for  this  investigation  were  sixty-two  Mary 
Baldwin  College  students  enrolled  in  three  mathematics 
courses  of  differing  levels  of  mathematical  rigor  during 
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Fall  semester,  1985.  Participation  was  a  course 
requirement.    A  review  oZ  twenty-three  mathematics 
anxiety  intervention  studies  revealed  that  only  seven 
dealt  exclusively  with  female  subjects.  Consideration 
of  this  statistic,  together  with  the  issue  of 
differential  treatment  of  female  and  male  students  by 
mathematics  teachers  (Becker,  1980),  and  the  belief  that 
mathematics  anxiety  is  more  common  and  severe  among 
females  (Beta,  1978),  contributed  to  the  decision  to 
limit  this  study  to  female  subjects. 

Subjects  assigned  to  CR  were  taught  to  replace 
maladaptive  thoughts  with  more  positive  rational 
thoughts.    During  these  sixty-minute  sessions  the 
underlying  assumptions  of  CR  were  explained.  Subjects 
learned  to  identify  distorted  cognitive  styles  (e.g., 
emotional  reasoning,  overgeneralization, 
personalization,  and  all-or-nothing  thinking).  During 
these  sessions  the  counselor  played  the  role  of  devil's 
advocate.     The  subjects  were  to  assume  that  the 
counselor  actually  held  certain  maladaptive  beliefs  and 
then  generate  as  many  reasons  as  possible  why  it  may  be 
irrational  or  unreasonable  to  hold  onto  such  beliefs. 
During  the  last  few  minutes  of  each  session,  while 
working  a  series  of  math-related  problems,  participants 
were  instructed  to  use  this  list  of  positive  coping 
self -statements  to  practice  changing  their  own 
maladaptive  cognitions. 

Subjects  assigned  to  MPR  met  individually  with  a 
counselor  once  each  week  for  six  weeks.    Subjects  were 
informed  that  the  purpose  of  each  thirty-minute  session 
was  to  help  them  learn  to  inhibit  dysponetic  activity, 
thereby  increasing  their  performance  in  mathematics. 
MPR  was  presented  as  a  coping  skill  for  dealing  with 
unwanted  physiological  arousal.     At  the  beginning  of 
each  session,  the  counselor  assisted  each  subject  in 
identifying  and  locating  twelve  major  muscle  groups 


-  103  - 


(e.g.,  frontalis,  trapezius,  rectus  abdominis,  and 
gastrocnemius).    When  a  subject  was  comfortably  seated, 
she  was  instructed  to  breathe  easily  and  smoothly, 
tightening  only  the  muscles  that  she  is  directed  to 
tighten,  letting  the  rest  of  her  body  remain  relaxed. 
The  counselor  then  guided  the  subject  through  a  fifteen- 
minute  tape  recorded  script.    During  the  last  few 
minutes  of  each  session,  the  subject  was  given  a  series 
of  math-related  problems  to  work  and  instructed  to  use 
progressive  relaxation  to  cope  with  unwanted 
physiological  arousal. 

In  addition  to  the  treatment  variable,  there  were 
two  other  independent  variables:  level  of  achievement  in 
mathematics  (SAT),  and  level  of  participation  in 
mathematics  (remedial,  intermediate,  or  advanced).  Four 
research  questions  were  investigated:   (1)  When 
administered  over  a  six-week  treatment  period,  are  CR 
and  MPR  equally  effective  in  reducing  mathematics 
anxiety  among  female  college  students?  (2)  Are  any 
combinations  of  treatment  and  level  of  achievement  in 
mathematics  characterized  by  lower  levels  of  anxiety 
than  other  combinations?  (3)  Are  any  combinations  of 
treatment  and  level  of  participation  in  mathematics 
characterized  by  lower  levels  of  anxiety  than  other 
combinations?  (4)  To  what  extent  do  physiological 
indicators  of  mathematics  anxiety  and  paper-and-pencil 
assessments  measure  the  same  construct? 

Data  were  collected  in  two  stages.  The  first  stage 
occurred  at  the  end  of  a  six-week  treatment  period,  at 
which  time  Sandman's  (1973)  Mathematics  Attitude 
Inventory  (MAI)  and  an  electromyograph  (EMG)  were  used 
to  obtain  self-report  and  physiological  measures  of 
mathematics  anxiety.    The  second  stage  occurred  eight 
weeks  later,  at  which  time  the  MAI  was  readministered. 
Initial  descriptive  statistics  suggested  that:  (1) 
subjects  at  remedial  levels  of  participation  in 
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mathematics  tend  to  expeiience  lughoi  levels  ol  sell- 
reported  mathematics  nnxioty,   (2)  subjects  at  more- 
advanced  levels  of  participation  experience  a  greater 
degree  of  skeletal  muscle  tension  than  subjects  at 
intermediate  and  remedial  levels  of  participation,  (3) 
paper-and-penci 1  and  physiological  measures  of 
mathematics  anxiety  arc  minimally  correlated,  (4)  CR 
subjects  as  a  group  experience  lower  levels  of  self- 
reported  mathematics  anxiety  than  MPR  subjects  as  a 
group,   (5)  MPR  is  least  effective  with  students  at 
advanced  levels  of  participation  in  mathematics. 
Inferential  methods  revealed  that:   (1)  when  mathematics 
anxiety  was  measured  with  Sandman's  MAI,  for  both  the 
immediate  and  delayed  posttests,  the  difference  between 
the  mean  levels  of  self -reported  anxiety  for  CR  and  MPR 
subjects  was  not  statistically  discernible,   (2)  when 
anxiety  was  operationally  defined  as  skeletal  muscle 
tension  and  measured  with  an  clectromyograph,  CR  led  to 
significantly  greater  reductions  in  anxiety  than  MPR 
(F=2.81,  p=.036)   ,   (3)  there  was  no  interaction  between 
type  of  intervention  and  level  of  achievement  in 
mathematics,  (4)  when  anxiety  was  operationally  defined 
as  skeletal  muscle  tension  and  measured  with  an 
clectromyograph,  a  statistically  discernible  (F=3.925, 
p=.027)  synergistic  effect  was  detected  between  type  of 
intervention  and  level  of  participation  in  mathematics, 
indicating  that  CR  is  superior  to  MPR  for  subjects  at 
intermediate  and  advanced  levels  of  participation  in 
mathematics,  whereas  MPR  is  superior  to  CR  for  subjects 
at  remedial  levels  of  participation,  and  (5)  there  was 
insufficient  evidence  to  indicate  that  a  linear 
relationship  exists  between  paper-and-pencil  (MAI)  and 
physiological  (EMG)  measures  of  mathematics  anxiety, 
implying  that  the  two  instruments  may  be  tapping 
different  dimensions  of  the  mathematics  anxiety 
construct. 
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STULiLhTS'  PERCEPTIONS  OF  MATHEM1ICS  AS  A  DOMAIN 


Vicky  L .  Kouba  and  Janet  L .  McDonald 
The  University  at  Albany, 
State  University  of  He*  York 


ABSTRACT 


This  research  iaentifleo  junior  high  students'  (N  =  451) 
perceptions  of  what  is  and  isn't  mathematics"  Per- 
ceptions were  documented  by  five  11 -Item  questionnaires 
reflecting  six  major  strands  of  K-6  content.  Students 
were  asked  to  indicate  whether  Kathematics  was  used  or 
involved  and  supply  their  rationale  for  each  choice.  The 
results  were  compared  to  K-6  children's  answers  from  a 
previous  study  (H  *  1202).  The  results  showed  that 
junior  high  school  students'  percentages  of  YtS/SC 
responses  paralleled  the  K-6  sample  in  both  order  and 
magnitude.  Differences  in  rationales  between  samples 
occurred  in  use  of  counting,  emphasis  on  the  format  of 
problems,  and  need  for  an  identifiable  operation  and 
explicit  number  pairs.  Common  elements  from  both  samples 
included  that  mathematics  is  a  fluid  domain,  isolated 
from  other  subject  areas,  active  and  school  related. 


This  is  the  second  in  a  series  of  studies  investigating 
students'  perceptions  of  the  domain  of  mathematics.  The  underlying 
assumption  of  this  line  of  research  is  that  the  perceptions  that 
students  and  teachers  have  of  what  nathematics  is  (and  isn't)  may 
affect  their  concepts  of  specific  topics  within  mathematics,  their 
attitudes  toward  mathematics,  their  performance  in  mathematics  and 
other  related  aspects  such  as  confidence,  choice  of  courses/careers 
and  perceived  usefulness,  however,  before  looking  at  how  perceptions 
of  mathematics  affect  other  aspects  of  learning  and  teaching 
mathematics,  we  need  to  develop  a  reliable  system  for  identifying, 
describing,  classifying  and,  ultimately,  "measuring"  these 
perceptions.  This  is  the  intent  of  the  current  series  of  studies. 
The  data  from  these  studies  will  provide  the  necessary  foundation  for 
further  research   investigating   the   effects   of  perceptions   of  the 
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domain  of  mathematics  on  those  other  possible  aspects.  Of  equal 
importance  are  the  data  this  research  may  provide  toward  the 
identification  and  documentation  of  misconceptions  that  students  have 
about  certain  specific  aspects  of  mathematics  such  as  subtraction, 
division,  and  the  materials  or  actions  that  are  involved  in  doing 
mathematics. 

The  data  from  the  previous  study  of  1*0?  children  in  grades  K.-6 
showed  that  children's  perceptions  of  mathematics,  are  not  quite  what 
might  be  expected.     While  adults  may  consider  mathematics  to  be  a 
well-defined   subject  matter   (Ginsburg.   19B3),   kindergarten  through 
sixth  grace  children  do  not  see  it  as  so  (McDonald  &  Kcuba,  l&86a, 
lSbbb).    For  them,  the  domain  of  mathematics,  while  being  narrow,  is 
also  not  constant.    Rather,  it  is  upwardly  shifting.    To  many  children 
when    something    becomes    easy,     it     is     no     longer  mathematics. 
Kindergarten   through   sixth   grade  children  also  see  mathematics  as 
being  isolated  from  other  subject  areas,  active,  and  school-related. 
For    these   children,    whether   a    situation    involves   mathematics  is 
influenced  by  developmental  factors,  the  presense  of  explicit  numbers 
ano  operations   in  the   situation,   and  idiosyncratic  a*iects  of  the 
particular  situation. 

Tht  major  purpose  of  the  current  study  in  this  line  of  research 
was  to  identify  whether  seventh  and  eighth  grade  students'  perceptions 
of  the  domain  of  mathematics  were  parallel  to  those  of  kindergarten 
through  sixth  grade  children.    Do  developmental  trends  identified  with 
elementary  school  children  continue  through  junior  high?    Do  explicit 
cues    to    numbers    and    operations    continue  'to    affect  students' 
identification  of  the  kind  and  the  extent  of  mathematics  involved  in  a 
situation?    Does  counting  continue  to  play,  a  major  role  in  students' 
justification    for    the    presence    or    absence    of    mathematics    in  a 
situation?     will   mathematical    operations   and  concepts   continue  to 
"orop  out"  of  the  students'  perceived  domains  as  a  result  of  their 
becoming  more  automatic  and  "easy?"    Are  there  gender  differences  in 
students'    perceptions   which   were   not   identified   in    the  previous 
research? 
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hEThOD 


Subjects.  Hie  subjects  were  219  7th  graders  and  232  6tli  graders 
from  five  public  or  private  schools,  representing  small,  medium  and 
large  districts  in  rural,  suburban  or  urban  settings. 

Procedure.  During  their  mathematics  class,  the  students  were  given  a 
questionnaire  consisting  of  eleven  situations.  They  were  instructed 
by  their  classroom  teachers  to  quietly  read  each  situation  and 
indicate  by  circling  YES  or  HO  whether  mathematics  was  being  done  or 
was  Involved  1n  the  situation.  They  then  were  to  Indicate  in  writing 
why  they  chose  YES  or  NO.  Five  different  questionnaires  were 
constructed  in  a  stratified  random  manner  from  a  pool  of  55  items  (see 
Figure  1  for  saiaple  items).  *The  forms  were  distributed  randomly 
within  each  class.    The  questionnaire  items  included  the  majority  of 

D10.  Melanie  had  to  tell  the  teacher  which  was  greater,  5 
or  3. 

C3.    helanie  had  to  tell  the  teacher  which  number  was 
greater. 

C4.    Dave  played  soccer  yesterday  afternoon. 

b4.    Billy  looked  at  the  clock  to  see  how  long  a  nap  he 

could  take  before  the  soccer  game. 
A3,    betsy  made  Valentine  cards  by  cutting  out  hearts 

using  folded  paper. 
lb.    betsy  made  paper  dolls  by  using  symmetry. 
Ab.    Julie  kept  track  each  day  of  how  many  miles  she  rode 

on  her  bike. 

bl.    Alan  took  out  his  ruler  and  measured  liis  desk. 
El.    Julie  arranged  three  different  colored  chips  in  a 

line  in  as  many  ways  as  possible. 
b3    George  cleaned  up  room  number  7  which  was  really 


niessy. 


Figure  1.  Sample  questionnaire  items 
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the  items  used  in  the  k-6  study,  as  well  as  some  new  and  some  revised 
items.     Hie   items  were  designed  to  reflect  the  six  major  content 
strands  of  the  New  York  State  K-6  syllabus:  number  and  numeration, 
operations  with  whole  numbers  and  fractions,  probability,  statistics, 
geometry  ana  measurement.    Several  items  included  paired  explicit  and 
illicit  use  of  cardinal  and  ordinal  numbers  as  both  facilitating  and 
distracting  elements  (e.g.  D10,   C3  and  B3).    The  situations  varied 
from  ones  where  the  operational  process  was  clear  to  those  where  it 
was  necessary  to  infer  the  mathematical  process  involved  (e.g.  U10  and 
b4).     Situations  in  which  the  protagonist  was   not  using  or  doing 
mathematics  were  also  included  (C4  and  B3). 


RE.SULTS  AND  DISCUSSION 


For  each  item,  students'  YLS  or  NO  choices  were  tabulated  and 
matched  with  the  syllabus-specified  designation  of  whether  the  item 
involved  mathematics.     The  percent  of  students  agreeing  with  that 
designation  was  recorded  by  grade  level  and  sex.    Significant  gender 
differences  appeared  on  only  eight  of  the  55  items.    On  five  of  the 
items   boys  were   in  greater  agreement  with  the   syllabus   than  the 
girls.      On    the    remaining    three    items,    girls    were    in  greater 
agreement.     The  items  were  then  ranked  by  percentage  of  agreement. 
The  percent  agreeing  from  grades  7  and  8  combined  was  correlated  with 
the  percent  agreeing  from  grades  K-6  for  43  of  the  items  which  were 
identical    across  samples.     A  Spearman's  rank-order  correlation  was 
determined  comparing  the  relative  ranks  of  the  items  based  on  the 
percentages  of  students'  agreement  with  the  syllabus.    The  resulting 
rho  of  .83%  (41,  N  =  451).  p_  ^  .001,  indicated  that  in  general, 
Ttems  which  were  easily  identified  by  K-6  children  as  mathematical 
were  equally  easy  for  junior  high  students  to  identify.    The  same  was 
true  for  difficult  items.    A  Pearson  correlation  was  also  calculated 
on  the  two  sets  of  percents  of  agreement  with  the  syllabus.    An  r  of 
.887    (41,   N   =  451).   £  ^    -001,   indicated  that  in  addition   to  a 
relatively  stable  order  of   items,   that  the  individual   percents  of 
agreement  on  each  item  were  also  very  similar.    Agreement  with  the 
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syllabus  t,as  calculated  for  the  entire  set  of  questions  for  each  grade 
level.  In  comparing  these  means  with  the  means  of  each  of  the  grade 
levels  of  K-b,  1t  was  determined  that  the  generally  increasing  trend 
of  agreement  1n  the  K-6  data,  did  not  continue  through  the  7-8  data 
(see  Table  1 ) . 

Table  1 

Percent  of  Agreement  with  Syllabus  Designation  of  Whether 
Mathematics  was  Involved 

Grade  Level  Kl  2345678 
Percent  54      61       61       71       76      60      80       73  77 

The  cownents  explaining  the  students'  YES/KG  choices  were  sorted 
into  rationales  for  responding  Y£S,  and  rationales  for  responding  NO. 
These  two  types  were  classified  and  tallied  in  order  to  identify 
relative  frequency  of  response  categories.  An  examination  of  Table  1 
might  suggest  that  students  are  reasonably  adept  at  classifying 
mathematical  Items,  however,  this  table  shows  only  the  students' 
ability  to  see  math  in  a  given  item,  not  identify  the  appropriate  area 
of  skill  involved.  The  analysis  of  student  rationales  revealed  that, 
in  many  cases,  the  students  either  designated  a  skill  or  concept  at  a 
much  lower  level  than  the  syllabus,  or  identified  an  inappropriate  or 
tangential  skill  or  concept.  For  example,  for  item  El,  students  who 
identified  it  as  being  math  Included  those  who  gave  reasons  such  as, 
"it  has  to  do  with  colinear  stuff,  etc.,"  "you  can  count  the  colors," 
"to  arrange  them  in  as  many  orders  you  would  divide,"  or  "you  have  to 
use  numbers...  3  chips  X  1  row."  As  with  the  K-6  sample,  students 
often  misapplied  the  operations  of  division  and  subtraction. 

As  might  be  expected,  junior  high  students  gave  "counting"  as  a 
reason  for  a  situation  being  mathematical  much  less  often  than  k-6 
children.  For  the  K-6  children,  counting  appeared  in  the  top  three 
reasons  for  a  YES  response  on  15  of  the  items.    For  the  junior  high 
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students  counting  appeared  in  the  top  reasons  on  only  eight  of  those 
same  items. 

Junior  high  students  seemea  to  view  mathematics  as  a  broader 
domain  than  did  k-6  children,  for  they  included  probability,  geometry, 
ana  measurement  in  their  rationales.    However,  they  did  so  mostly  for 
obvious  situations  where  an  explicit  term,  symbol  or  format  was  used. 
When  the  format  was  not  easily  recognizable  as  one  which  they  might 
have    seen    in   mathematics    class,    students    often    indicated  that 
mathematics  was  not  Involved  and  gave  reasons  such  a   "there's  no 
problem  part"  and  "there's  no  way  to  make  it  into  a  problem,"  or 
"there's  no  question."     The  basic  operations  were  still  the  major 
component  of  mathematics  for  the  junior  high  students.    This  appeared 
in  YES  and  M  rationales  alike.    Students  often  identified  situations 
as   being  mathematical    because   they    "saw"   one   of   the   four  basic 
operations  present,  although  not  always  correctly.    Students  also  made 
statements    like    "It's    not    math    because    there's    no  addition, 
subtraction,  multiplication  or  division. "    At  a  more  subtle  level, 
several  students  made  the  comment  "It  isn't  math  because  there's  no 
other  number,"  when  only  one  explicit  number  appeared  in  a  problem, 
thereby  seemingly  making  an  operation  impossible. 

Junior  high  students  were  similar  to  K-6  children  1n  that  they 
appeared  to  Identify  mathematics  by  what  they  had  seen  in  mathematics 
class  rather  than  by  recognizing  the  underlying  structure  of  situation 
as  mathematical.  For  example,  while  junior  high  students  were  able  to 
identify  the  mathematics  1n  an  item  where  the  word  "symmetry"  was 
used,  they  could  not  identify  the  mathematics  In  similar  situations 
where  the  concept  of  symmetry  was  described  but  the  actual  term  was 
not  used. 

The  following  additional  conclusions  were  drawn  based  on  the 
analysis  of  the  junior  high  students'  rationales.  Kathematics 
continues  to  be  an  upwardly  shifting  domain.  For  example,  some  of  the 
students  gave  reasons  such  as,  "That's  not  math  because  it's  just 
cowiion  sense"  or  "just  logical"  or  "you  just  know."  Other  students 
echoed  what  the  K-6  children  indicated  in  that  mathematics  is  "work," 
and  also  that  mathematics  requires  activity,  through  statements  such 
as  "there's  nothing  to  do"  for  situations  describing  a  protagonist  who 
was  "looking"  or  "thinking"  rather  than  calculating. 
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ScHne  junior  high  students  see  mathematics  as  school  related  in 
that  they  identify  situations  as  mathematics  because  they  are  what 
they  have  done  in  class.  Other  perceptions  demonstrated  by  other 
junior  high  students  included  that  mathematics  is  exact  and  therefore 
does  not  involve  approximating  or  estimating,  that  mathematics  is 
correct,  requires  calculation,  and  that  it  1s  not  done  in  art,  social 
studies,  English  or  science  class. 
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LIS  IttraOPHOBES:  tJHZ  EttERIQCI  DE  RIIMSTBTIOJl 
AD  NIVEAU  COLLEGIA!* 


Raymld  LacaiR*.  UnlTeraite  d' Ottawa 
Linla  Gattuao,  Cogsp  du  Vieui-Hontreal 


Le  problene  de  la  aathophoble  fait  pertle  du 
quotidian  de*  profeeteura  da  aathtaati^wa  at.  da 
taeon  plua  genante,  d®  la  Tie  da  certaina  atudlanta. 
En  noua  beaent  aur  dlveraoe  experlencoe  tantaaa 
partlcullerenent  aux  Etata-Unia  at  auz  notra  propra 
yecu  noua  aYona  all  aur  piad  un  anriromamant  ayant 
pour  but  da  raconciliar  un  carUin  noabre  d'etudienta 
ayent  un  vacu  nagatif  face  auz  ■atheaatiquea.  Dana 
notra  recherche,  noua  vouliona  voir  a'il  T  avait 
chengenent  d'attituda  ches  lea  etudianta  qui 
participaiant  aux  ataliera  at  noua  Toulioaa 
identifier  lea  raiaona  qui  proroqueient  ce 
cheap  ement.  Moua  eaperlone  trourar  une  approche  de 
renaeignenent  dea  nathtaatiquaa  qui  nininieerelt  lea 
aituationa  propicaa  a  l'ecloeion  da  la  aethophoble. 


Notre  pratique  coma  enaeignente  an  aatheaatlquoa,  4  laquelle 
a'ajoutant  laa  tenoignegee.  coaaentalree  at  riaarquea  foraulea  par 
d'autree  interrenenta  noua  peraettent  da  conetater  que  de  tree 
noahreux  atudlanta  rafuaent  da  a'inacrire  a  certaina  progreanea 
d' etude  parce  que  ceux-ci  coaportent  quelquae  coura  de 
aatbeaatlquea. 


A  ceux-la,  il  faut  ajouter  tous  Us  eutrea  qui  a'inacriTant  a 

chacune  d  alone  aala  qui.  ayeteaatiquesent,  abandomient;  ou 

encore,  ceux  qui  reUrdent,  d'une  aeaalon  a  l'autrc.  le  sonant 
fatldlque  ou  ila  drrront  flnalenant  ee  reeigner  a  milrre  laura 
feaeux  coura  de  aatheaatiquee.  Coaae  11  a'aglt  aourant  d'etudla&ta 
qui.  par  ellleure.  reuaaleeent  blan  dana  d'autrae  aatlerea.  11  aet 
difficile   d'attribuar    cat    ineuccee   *      un  problaae  d'ordre 
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Intellectual. 

Lt  probltae  fi'ut  pea  cioutmu  tt  plualeure  ttudea  on  out  deje 
it*  taltea:  Ilaler  (1976).TbBnh  Hinb(1981).  Aiken  (1970),  etc.  II 
riMort  di  cm  ttudea  que  le  cot*  efiectli  de  l'etre  t  un  effet 
aolt  atlaulant  aolt  perturbateur  dans  l'apprentlaaage  dea 
Mtbeantlquea. 

Le  mtbopboble,  mIoo  Tofclai  (1980)  eat  l'etet  de  panlqua.  dt 
paralyele,  de  deaorganieatlon  aautale  qu'  eprourent  certalnaa 
peraoaM*  drmit  un  probltae  de  MtbJeatiquea.  lotra  recherche 
a'artlcule  tt  developpe  tux  le  poatulat  Youlant  que  la 
coapoeante  atiectlTt  da  l'apprentlaaage  axpllque  an  grande  partla 
lea  ecbeca  nultlplea  at  irretlomele  vacua  par  lea  aujeta 
identltlea  coaae  aethopbobea. 

Moue  avona  ala  aux  pled,  au  Cegep  du  Yleux  Montreal,  an 
collaboration  a»ac  la  aervlce  d'alda  It  l'apprentlaaage,  dee 
atellera  "phobia  dea  netha*.  Caa  atallera  tonctlonnent  depula  la 
aeaalon  d'Mw  1984.  A  l'autoano  1986,  nous  avion*  un  neural 
objectif  :  celul  d'y  felre  dea  obaeratlone  afin  da  fomiler  dea 
hypotbeaea  aur  lea  lacteura  attectifa  pouvant  lntervenir  dana 
l'appra&tlaaaga  dea  aatheaatlquea. 

L'aanooce  dea  atellera  ae  fait  au  debut  da  aeaalon  par  le 
eenlce  d'alda  It  l'apprantlaaage.  Au  nonent  da  1' lnacrlptlon,  lea 
tftudlanta  pr  accent  rendei-voua  avec  un  percbologuo.  Lea  atellera 
aa  deroulent  aur  una  perloda  da  cinq  aenalnee  a  ralaon  d'un  aolr 
par  teaalne, 

Lea  etudianta  auacaptlblea  da  partlclper  aux  atallera  aont 
ceux  qui  out  identlfl*  laur  lmscuiltl  face  aux  netbeaetlquea  at 
qui  aa  recoanalaaent  a  la  lecture  du  profll  propoai  par  la 
publlclte.  Ce  profll  dacrlt  aoaaelreaent  lea  caracterlatlquaa  d'un 
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nethopbobe  tel  qu'on  peut  la  rancontrar  au  Cegep.  Pour  cette 
recherche,  nous  arena  trawllM  aTec  un  groupe  de  quatorte 
itudients  dont  l'age  rariait  antra  17  at  24  ana.  pour  la  plupart. 
Soulignon*  que  laur  participation  a  ceo  ataliere  eat  entlerenent 
volontalre. 

Lee  ateliers  sent  anises  par  trola  personnes  :  las  deux 
cherchaurs  qui  sont  profeaseure  de  nethemetiquee,  et  un  psrchologua 
engage  4  1' occasion  da  cette  recherche.  Le  premier  contact  ee  fait 
lore  una  rencontre  indiTiduelle  antra  l'itudiant  et  le  psychologue 
dans  la  but  de  diagnoetlquer  et  de  priclser  le  problem*. 

La  preparation  du  contenu  das  ateliere  se  fait  par  las  deux 
profeseeurs  de  methemetiquae.  Las  ateliere  sont  animfta  salon  lea 
aodalltia  suivantee:  4  tout  sonant.  l'4tudiant  dolt  aa  santlr  libra 
de  partager  see  sentiments  arec  le  groupe,  de  prendre  une  pause,  de 
deaander  de  l'aide  IndlTldualle.  de  se  Joindre  4  d'autres  pour 
travailler  eur  un  problem*.  Lea  enimeteure  doiYent  atabllr  un 
cllnat  de  non-co»petiticn  dans  un  enrironaament  aoutanant  at  se 
montrer  pertlculi4remant  dieponiblea  pendant  lea  ateliers.  Lea 
enimeteure  icoutent  l'4tudiant  quart  11  rtusslt  4  rerbellser  sea 
problemee  et  see  dlfflcultss:  lis  1' observant  et  lul  font  renarquer 
eee  progr4a.  see  chenlnaaente. 

Le  premier  atelier  a  une  forme  un  peu  particull4re  car  son 
principal  object  if  eet  la  prise  de  contact.  Le  schema  das  autrea 
rancontree  eet  le  advent  : 

-Detour  sur  les  actiYitee  de  la  semaine  precedents. 
-Problemee    sugg4r«s   sur   un  theme   precis  actlYites 
ma  theme tlques. 
-Pause. 

-Detour  eur  le  processus  aux  deux  niveeux  uathAaatique  et 
affectlf  (attitudes  et  comportaments  face  4  un  probleme). 
-Fin  de  1' atelier.  .  „  „ 

-Tout  de  suits  apria  la  rencontre,  les  animateurs  font  un 
i change  d'obeervatione  et  une  breve  evaluation  de  1' atelier. 
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A  partlr  de  la  deuileaa  rencontre.  1m  tntaee  p?esentee  tont 
lis  tuiwnta  :Jeui  loglquee.  actlrttea  geoaetriques.  algebra, 
formulae,  probebillteo. 

Ed  plui  d'  ecbanger  avec  lee  autres  participante  et  lei 
aniaateure.  1' stud  lent  a  a  se  disposition  un  "journal  de  bord"  dans 
lequel  11  Mt  invite  a  act lrt.  sous  un  peeudonfae.  toutaa  aaa 
iapreaslona  at  aaa  idses  peraotmallaa.  Laa  anianteure  tlennent 
paralleleaant  un  canler  ou  lla  notant  laura  lmpreeelons. 


Moua  a  von*  structure  laa  ataliara  evec.  a  l'aaprlt.  un 
carta  In  noabre  da  postulate  da  twee  qu'll  nous  eeable  Important 
d'expllclter.  Nous  supposons  que  Is  aatnopnobe  ne  a' ignore  paa  at 
qu'  11  eet  capable  d' articular  son  probltea  an  autant  qu'il  ee  eant 
dispose  *  la  fair a.  II  faut  done  Itre  perticulierenent  attantlf  a 
ca  qua  l'etudlant  dlt.  Da  plus,  nous  eoamae  coavalncus  que  le 
problems  da  la  aathopbobla  so  regis  au  coeur  de  l'ectivits 
aathametlque.  Lee  problem**,  lea  activitee  et  le  aaterlel  aont 
cnolsle  a  causa  de  leur  rlcbeese  et  de  leur  varlete.  lis  dolvent 
peraettre  aussl  blen  r  emergence  des  reactions  aathopboblque*  que 
1' occasion  de  vivre  dee  auccea  en  aatheaatlques.  Mous  presuaona  que 
le  aathophobe  revile  eee  difficult**  a.  travera  eon  activlte. 

Le  aatbopnobe  peut  arrlver  effectlvaaent  a  aaltrlser  la 
situation,  du  aoaent  qu'on  arrive  a  clarifier  avac  lul  las 
dimensions  qui  aont  en  jeu.  Pour  cela.  lea  questions  ou  los 
affirmations  lanceee  par  las  enlmateura  se  regroupent  en  cinq 
volet*  prlnclpaux:  reflexion  sur  les  activlte*,  confrontation  des 
nythea  vaaiculee  par  lee  matnophobes.  partage  du  vecu  matnematlque 
antra  lee  aniaateure  et  lee  etudiante.  partage  de  l'hietolre  de  la 
genes*  des  id***  en  aatnematlquee.  point  de  vue  du  profaesmmr  dans 
eon  rOle  babltual  ou  etertotype. 
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Lea  donnees  tout  puisees  a  pertlr  des  sources  suivantes: 

Le  resume  des  entrevues;  Its  reponses  eux  quastloomires  (pre 
et  post);  le  journal  da  boid  da  cheque  participant;  las  notes  des 
animateurs;  las  enregistrements  des  ateliers;  les  entrevues. 
rencontres  et  lectures  teltes  dens  le  cadre  des  ateliers  et  portent 
sur  le  name  sujet.  Ces  donnees  out  «te  analysees  an  detail. 

Les  mathophobea  an  eveient  long  k  nous  apprandre.  Leur 
experience  de  l'apprentissage  aettalt  en  evidence  des  conditions 
fondamentales  de  la  d  tat  ten*  meth*»*tlque  et  s'appllqueit  en  fait  a 
quelque  chose  de  beauceup  plus  large  qua  le  problem*  de  la 
mathophoble.  Xous  avons  pu  observer  de  tree  pras  ca  que  l'studiant 
ressent  en  feisent  des  aaUviaatlquas.  et  cette  conneiaaence  nous 
appare.it  aussl  salable  dans  le  contexte  reguller  d'une  classe  que 
dans  la  contexte  specif lque  des  ateliers  pour  nethophobes. 

Hoe  rssultate  et  leur  analyse  nous  ont  perils  d" explorer 
diffirents  facteurs  sur  lesquals  les  professeurs  pourralent 
lntervenir  dens  uoe  demarche  pidegoglque  regullere .  Void  done  les 
treise  hypotheses  genirees  par  notre  recherche. 

Hi:  II  est  admis  que  l'apprentissage  des  natbematlques 
suppose  et  net  en  jeu  de  fortes  dimensions  affectires.  De  ce  fait. 
1" epprentiesage  est  souvent  fscllit*  par  la  presence  de  cemux  de 
communication  efflcaces.  Les  etudlants  prefer ent  se  sentir  a  l'else 
des  le  deout  des  cours;  lis  ont  besoln  qu'on  etabllsse  ces  canaux 
de  coaanmlcatlon  au  plus  t6t. 

H2:  II  faut.  de  la  part  du  professeur,  s'adresser  a  la 
dimension  affective  de  l'apprentissage  des  ntthematiques  qui.  que 
le  professeur  le  reuille  ou  nan.  est  toujours  en  action;  slnon. 
l'apprentissage  est.  a  it  Unite,  voue  a  l'echec. 
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H3:  II  faut  s' assurer  que  Its  etudiants  pulsaant  a'  expriner 
sur  lturs  perceptions  do  la  satiere,  du  profeseeur.  dt  lsur  proprs 
yicu  en  nathtaatlquee.  De  la  sorts,  on  paut  eviter  ds  porpetuer  ds 
fausaee  impressions,  ds  teutss*  implications  st  ds  faussst 
dichotomies  qui  seablent  actuallaMat  circular  an  grand  noabre.  au 
detriment  ds  1' apprantlaaege  dss  concspts  st  ds*  aethodee  proprss 
aux  Mtnetatiquss. 

H4:  Lee  rslatlons  etudlent-etudlant  sont  trea  lmportantes  st 
lnfluencent  trts  potltlvaaent  1' epprantlesege  dss  aetneaatlques:  Is 
protsssaur  dolt  prlvllegier  lss  e changes  a  cs  niveau. 

HS:  L' exploration  libra,  en  Groups,  stable  un  facttur 
important  dans  l'apprentlssags  :  Its  etudiants  dolvent  avoir  la 
possibiliti  ds  cbtrcher.  d'eaettre  des  hypotheses  et  de  tenter  de 
lee  verifier  ou  d'en  tlrer  des  conclusions. 

86:  La  vsrballMtlon  ds  la  demarche  pourauivie  lore  d'une 
actlvlte  matbeaatlque  sst  trop  eouvant  negligee,  race  a  un  pair, 
l'etudiant  forci  de  verbellssr  ea  demarche  lul  donna  una  reallte. 
peut  e'en  detacher,  l'evaluer  et  la  poureulvre. 

B7:  Le  profeeeeur  dolt  transntttrs  son  vicu  en  aatheaatlque*. 
C eat-e-dire  talre  en  eorte  que  l'etudiant  pulsee  a*  identifier  I  1* 
demarche  d' Interrogation,  de  recherche  tt  de  reflexion  qua 
1'ensslgnant  eftectue  lorsqu'll  aborde  una  problenatlque 
aatbeaatlque. 

H8:  II  faut  que  le  profeseeur  alt  des  occasions  de  rjparrlssr 
l'apprentlesage  Individual.  De  noabreuses  sequences  ont  nontre  que 
lea  eniaateurs  pauvant  ef fectlveaant  guider  l'etudiant  4  assure 
qu'il  progresae  en  lul  poeant  dee  questions  judlcieusea.  an  lul 
falsant  reaarquer  las  results ts  acquis,  en  foraulant  expllclteaent 
les  hypotheses  laplicltee  de  l'etudiant.  etc... 
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H9:  En  relation  mt  It  suparviilofi  de  rapprentieaege.  11 
•Mbit  Important  da  multiplier  lee  moments  de  prise  de  conscience 
das  resultats  ("Eureka").  On  reaarque  dans  quelquea  sequences  que 
ces  moments  peuvent  nener  *  lit  comprehension  Milt  que  l'studlant  a 
aussl  tendance  a  "*cbapper"  tee  nouvellee  coanelaeences.  II  lee 
conserve  du  moment  qu'on  le  rolanco  aur  la  plate. 

mo:  Le  profeaeeur  dolt  fevorleer  lea  apporta  hietoriques  at 
situer  la  demarche  de  1' humanity  dene  la  construction  dea 
matbematlquas.  Cecl  peraettra  a  l'etudlant  de  constater  ccmbien  de 
temps  at  da  travail  11  pout  y  avoir  autre  la  question  et  la 
rtponse. 

Hll:  L'etudlant  dolt  pouvoir  roller  certalnes  demarches  da 
resolution  de  problem*,  de  recherche,  de  verification  a  son  vicu 

quotidian. 

H12  La  valeur  dea  matheaatiques  dolt  Hre  tranamlsa  mala 
sans  mystification  et  de  (aeon  a  ce  que  l'etudlant  puiaso  las 
reconmltre  comw  a  taut  accesslblee. 

H13:  L1  onrironoenent  aathaaatlque  dolt  lire  concret.  reel, 
buealn.  at  in  d' Inter eeeer  l'etudlant.  Autant  la  forma  das  activity 
que  les  contextea  cholsis  dolvent  Itre  souples.  attraramte  at 
taclles  d'ecces  pour  plquer  la  curiositd  et  stlauler  la  recherche. 

Lea  resultats  de  nos  observations  nous  permettent  de  pense; 
qu'll  est  possible  de  readier  a  la  mathophobla  et  ce  par  des 
aorena  qua  nous  pouvone  qualifier  da  pedmogiques  :  1' enaalQnant 
en  eeralt  done  la  principal  facteur.  bisons,  pour  terminer,  que 
cette  exploration  nous  permet  d'entr avoir  la  creation  d'un  models 
d'  intervention  en  classe  et  d'  en  envieagsr  1' experimentation.  II 
sera  ensulte  possible  d'en  evaluer  les  stfsts. 
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INVESTIGATION  DES  FACTEURS  COGNITIFS  ET  AFFECTIFS 
DANS  LES  BLOCAGES  EN  MATHEHATIQUES 


Lise  Legault 
oepartement  des  Sciences  de  1 'education 
University  du  Quebec  a  Trois-Rivifires 


ta  revue  de  la  littSrature  fait  apparaTtre  de  multiples  pis- 
tes dans  1 'expl ication  des  difficultfis  en  mathematiques. 
Nous  avons  tente  d'y  voir  plus  clair  en  effectuant  une  de- 
marche exploratoire  aupr6s  de  deux  groupes  de  filles  de  6e 
ann6e  primaire  (3g6es  d'environ  12  ans),  les  unes  fortes, 
les  autres  faibles  en  mathematiques.    Les  instruments  uti- 
lises ont  ete  des  Spreuves  piagetiennes ,  des  entretiens  et 
deux  tests  projectifs  (Rorschach  et  T.A.T.).    On  a  trouve, 
sur  le  plan  cognitif,  une  correlation  tr&s  eievfie  entre 
1 'acquisition  de  1 '"operativi te"  et  le  succes  en  mathema- 
tiques.   Sur  le  plan  affectif,  on  a  observe  une  tendance 
3  ce  que  les  mathematiques  soient  investies  d'une  valeur 
phallique  et  ce,  en  relation  avec  le  p5re,  ainsi  qu'une 
legfire  tendance  &  ce  que  l'echec  en  mathematiques  soit 
1 'expression  d'un  refus  de  plaire  3  la  mere  ou  de  se  sou- 
mettre  a  ses  exigences.    Mais  l'analyse  individuelle  du 
vecu  conscient  et  inconscient  de  chacun  des  sujets  a  per- 
mis  de  constater  que  le  succSs  ou  l'echec  en  mathematiques 
s'inscrivent  dans  une  dynamique  propre  a  chaaue  eifive  et 
qu'on  ne  saurait  en  consequence  relier  de  facon  genCrale 
le  rendement  en  mathematiques  a  tel  ou  tel  facteur  affec- 
tif, de  manifire  priviiegiee. 


En  cherchant  dans  la  litterature,  nous  avons  dficouvert  de  multiples 
pistes  roncernant  l'etiologie  des  difficultes  en  mathematiques,  a?lant 
des  troubles  neurologiques  (Henschen,  1919;  Gertsmann,  1964;  Hasaerts 
Van  Geertruyden  E. ,  1970;  etc.)  jusqu'aux  fantasmes  inconscients  et 
aux  problSmes  d'ordre  psycho-sexuel  (Klein,  1923;  Baudouin,  1951;  Salzi, 
1959;  Male,  1964;  Mauco,  1968;  Diatkine,  1973;  Nimier,  1976;  etc.),  en 
passant  par  les  facteurs  psycho-pedagogiques  (Mialaret,  1957,  1959; 
Dienes,  1964;  Baruk,  1973,  1977,  1985;  Tobias,  1980;  Weyl-Kailey,  1985, 
etc.).    Certains  auteurs  priviiegient  la  composante  affective  Ulein, 
1923;  Baudouir,  1951 ;  Salzi,  1959;  Nimier,  1976;  etc.),  d'autres  la  di- 
mension cognitive  (Dodwell,  1961;  Hood,  1962;  Freyberg,  1967;  etc.), 
d'autres  les  methodes  pSdagogiques  (Hug  Colette,  1968;  etc.),  etc. 
Quelques-uns  font  reference  3  une  variete  de  facteurs  (Male,  1964; 
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Jaulln-Hannonl.  1965;  Beauvais,  1970;  etc.).    Plusieurs  ne  forwent 
que  des  hypotheses,  certains  se  sent  aventures  dans  des  recherche, 
assez  mal  definies,  superf icielles  ou  boTteuses  sur  le  plan  methodolo- 
gique,  si  bien  que  les  experimentations  3  caractere  scientifique  sont 
eu  nombreuses  dans  ce  define.    Et  dans  cette  diversity  on  trouve  des 
contradictions  et  des  juxtapositions  qu'on  ne  sait  comment  conclier. 
Nous  avons  alors  voulu  voir  un  peu  plus  clair  dans  tout  ce  dedale  de 
variables  et  de  facteurs  evoques  et,  en  1 -occurrence,  nous  avons  tente 
d'effectuer  nous-mSrae  une  recherche. 

Notre  cheminement  personnel  ayant  oriente  davantage  notre  interSt  vers 
les  facteurs  psychologies  lies  aux  difficult  en  mathematiques  nous 
avons  envisage  de  ne  considerer  que  les  dimensions  cognitive  et  affec- 
tive qui,  d'ailleurs,  regroupent  3  elles  seules  une  multitude  de  facet- 
tes'et  ont  ete  trop  souvent  etudiees  separement.    Ne  voulant  priv,lfi- 
gier  aucune  d'entre  elles  a  priori  dans  notre  recherche,  nous  avons 
decide  de  ne  pas  nous  fixer  d'hypothese  de  base  en  particular  Notre  de- 
marche a  voulu  etre  essenti el lement  exploratoire  et  permettre,  3  tra- 
vers  Tampleur  de  1  •  investigation,  1'emergence  par  elles-nft.es  des  com- 
posantes  majeures,  peut-5tre  insoupconnees ,  qui  peuvent  jouer  un  r  le 
dans  la  reussite  ou  Techec  en  mathematiques.    Nous  avons  voulu,  plus 
precise^,  recueillir,  dans  une  optique  la  plus  objective  possible, 
un  tres  grand  nombre  de  donnees  sur  le  vecu  conscient  et  incoherent  de 
chacun  des  sujets,  .fin  de  voir,  3  travers  tout  ce  materiel,  s'll  se 
dSgage  une  dynamique  qui  a  un  lien  specifique  avec  le  rendement  en  ma- 
thematiques.   Cette  etude  a  done  ete  realisee  dans  une  perspective  psy- 
chanalytique. 

Nous  avons  cependant  ete  contrainte,  devant  l'ampleur  de  la  tSche,  de 
nous  fixer  certaines  11ml tes  quant  au  nombre  d 'instruments  3  uti  iser. 
Des  epreuves  piagetiennes  nous  ont  semble  etre  un  excellent  outil  pour 
deceler  le  niveau  de  developpement  des  structures  logiques  de  nos  su- 
jets   et,  par  ailleurs,  les  entretiens  et  tout  particul ierement  deux 
tests    projects  (le  Rorschach  et  le  Thematic  Apperception  Test)  nous 
ont  paru  etre  les  meilleurs  moyens  pour  acceder  aux  niveaux  conscient 
Ot  insconscient,  apportant  ainsi  une  vue  globale  de  la  dimension  af fee- 
tlve     En  outre,  11  est  apparu  fonda,„ental  d'augmenter  la  valid, :  des 
donnees  en  procSdant  3  des  comparisons  syste.natiques  entre  des  eiftves 
fortes  et  des  Sieves  faibles  en  mathematiques.    Mais,  af,n  d  eviter  la 
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proliferation  des  variables  susceptibles  d'influer  sur  les  comparisons, 
nous  avons  choisi  des  sujets  de  mfime  sexe,  de  ni&ne  niveau  scolaire  et 
approximativement  de  mSme  5ge  et  de  meme  niveau  socio-cul turel .    Ici  en- 
core, pour  des  raisons  d'ordre  pratique,  il  a  fallu  nous  en  tenir  a  un 
nombro  assez  restreint  de  sujets.    Nous  avons  done  constitug  deux  grou- 
pes  de  dix  sujets  chacun:    il  s'agit  plus  preciseraent  de  filles,  sgees 
de  douze  ans  environ,  de  classes  reguliSres  de  6e  annee  primaire,  de  la 
region  de  Montreal.    Les  eleves  du  premier  groupe  devaient  6tre,  depuis 
aj  moms  trois  ans,  les  meilleures  des  classes  en  mathematiques  et  rfius- 
sir  mieux  en  mathematiques  qu'en  francais.    Celles  du  second  groupe  de- 
vaient avoir,  depuis  au  moins  trois  ans,  des  difficultfis  spgeifiques  im- 
portantes  en  mathematiques  et  avoir  nettement  plus  de  facilite  en  fran- 
cais.   Le  clivage  a  ete  effectue  I  partir  de  l'opinion  des  enseignants 
et  des  resultats  scolaires  des  trois  dernifires  annees. 

Cette  approche  differe,  semble-t-il ,  de  toutes  les  recherches  effec- 
tuees  jusqu'ici  dans  le  domaine  des  echecs  en  mathematiques  du  fait 
qu'elle  s'est  donne  a  la  fois  non  seulement  un  groupe-temoin  (on  note 
en  Gffet  l'absence  frequente  d'un  tel  groupe  dans  maintes  etudes  con- 
cernant  les  Sieves  ayant  des  difficultes  en  mathematiques),  mais  aussi 
deux  mesures,  l'aspect  cognitif  et  l'aspect  affectif,  en  privilfigiant 
l'emploi  de  techniques  projectives  tr8s  rarement  utilisees  pour  ce 
genre  d  'etudes. 

En  ce  qui  concerne  les  resultats  obtenus,  il  se  dfigage  de  cette  inves- 
tigation une  dichotomie  tres  nette  entre  les  deux  groupes  de  sujets,  • 
sur  le  plan  cognitif.    On  observe  en  effet  que,  chez  les  eleves  fortes 
en  mathematiques,  neuf  sur  dix  sont  de  niveau  nettement  operatoire, 
alors  qu'une  eleve  paraTt  osciller  entre  les  niveaux  preoperatoire  et 
operatoire.    Chez  les  eleves  faibles  en  mathematiques  par  ailleurs,  au- 
cune  d'entre  elles  n'est  franchement  operatoire:    huit  semblent  nette- 
ment preopSratoires,  alors  que  le  niveau  des  deux  autres  eleves  est 
encore  fluctuant  entre  le  preoperatoire  et  1 'operatoire.    On  a  constate, 
chez  toutes  les  eifives  faibles  en  mathematiques,  les  nombreuses  hesita- 
tions et  la  faible  mobilite  de  la  pensee,  caracteristiques  des  sujets 
qui  ne  sont  pas  franchement  operatoires.    Bref,  on  trouve  une  correla- 
tion tr&s  eievee  entre  1 'acquisition  de  la  reversibi 1 i te  ou  "operati- 
vite"  et  le  succCs  en  mathematiques. 
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Sur  le  plan  situationnel ,  on  note,  dans  les  deux  groupes  de  sujets,  une 
sensibilite  3  l'aspect  assimilation  des  connaissances  (regies  3  rete- 
nir).    De  plus,  les  mathematiques  sont  percues  comme  un  ensemble  de  lois 
ayant  d' irrfiductibles  exigences,  ce  qui  suscite  de  la  peur,  alors  que 
le  francais  est  vu  comme  laissant  plus  de  place  3  1 ' imagination  et  3  la 
creativitfi.    Les  Sieves  faibles  en  mathematiques  rficlauent  un  enseigne- 
ment  plus  individualise,  moins  compliqufi,  et  plus  de  continuitfi  dans 
les  m€thodes  d'enseignement.    Elles  se  trouvent  beaucoup  plus  laissfies 
3  el  1 es-mSmes . 

Sur  le  plan  affectif,  nous  avons  observe  une  tendance  3  ce  que  les  ma- 
th&natiques soient  investies  d'une  valeur  phallique  et  ce,  en  relation 
avec  le  pere:    plusieurs  Sieves  fortes  en  math&natiques  semblent  re- 
chercher  dans  cette  matiere  une  compensation  5  leur  sentiment  de  cas- 
tration ou  de  manque  face  3  leur  pere,  tandis  que  quelques  Sieves  fai- 
bles en  math&natiques  expriment  par  leur  fichec  leur  depression  sur  le 
plan  phallique  et  leur  demission  dans  leur  qu6te  d'un  soutien  valable 
de  la  part  de  leur  pere.    En  d'autres  ternies,  il  semble  exister  un  rap- 
port entre  recherche  active  du  pere  et  succes  en  math&natiques,  de  meme 
qu'entre  relation  dScevante  au  pere  et  fichec  en  math&natiques.  Chez 
les  Sieves  faibles  dans  cette  matiere,  nous  avons  remarqu6  en  outre  une 
tendance  3  ce  que  l'Schec  soit  Texpression  d'un  refus  de  plaire  3  Id 
mere  ou  de  se  soumettre  3  ses  exigences.    Notons  cependant  que,  chez 
la  ma^oritfi  des  sujets  concerned,  ces  facteurs  affectifs  ne  sont  pas 
uniques    et  primordiaux.    L'analyse  individuelle  du  vficu  conscient  et 
inconscient  de  chacun  des  sujets  a  permis  de  constater  que  le  succSs 
ou  l'fichec  en  math&natiques  s'inscrivent  dans  toute  une  dynamique  pro- 
pre  3  chaque  Sieve  et  qu'on  ne  saurait  en  consequence  relier  de  facon 
gfinerale  la  rfiussite  ou  l'fichec  en  mathematiques  3  tel  ou  tel  facteur 
affectif,  de  maniere  privilfigiee.    Seul  le  facteur  "niveau  de  develop- 
pement  des  structures  logiques"  a  op6r6  une  difference  tres  marquge  en- 
tre les  deux  groupes  de  sujets. 

En  conclusion,  cette  recherche  pose  le  probleme  des  rapports  entre  le 
cognitif  et  l'affectif.    Au  point  de  vue  diagnostique,  elle  montre 
Timportance  devalue-  le  dSveloppement  cognitif  et  le  c5t6  affectif  de 
1 'enfant.  Elle  souligne  que  le  travail  rSfiducatif  doit  5tre  axfi  a  la 
fois  sur  la  dimension  cognitive  et  sur  la  dimension  affective:  liberer 
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I 'enfant  des  Amotions  liees  3  l'fichec,  reconcilier  1 'enfant  avec  l'ac- 
tivite  mathematique  par  un  minimum  de  rfiussites  pour  renverser  l'en- 
grenage  de  l'fichec  et  du  d6sinte>et,  susciter  chez  lui  une  participa- 
tion active  en  l'amenant  a  decouvrir  par  lui-meme.    El  1 e  invite  l'en- 
seignant  de  classe  reguliere  a  dfidramatiser  1  'enseignement  et  1  'appren- 
tissage  des  mathematiques,  tout  particul iSrement  en  donnant  a  1 'enfant 
beaucoup  de  possibility  de  manipulations  et  cela  durant  tout  le  cours 
primaire.    Sur  le  plan  de  la  prevention,  elle  incite  les  enseignants  a 
repSrer  tres  t5t  les  eleves  "pr«-ope>atoi res"  pour  leur  offrir  une  p6- 
dagogie  correspondant  a  leur  "Sge  cognitif",  c'est-3-dire  un  enseigne- 
ment qui  stimule  de  plus  pr&s  Tactivite  des  structures  logiques  et  des 
methodes  qui  les  rejoignent  plus  personnel leotent. 
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CHILDREN'S   ATTITJCliS   TO  MATHEMATICS :    A   PERSONAL  CONSTRUCT  APPROACH 

Ricky  Lucock 
Department  of  Educational  Studies 
University  of  Surrey 
GUILDFORD  GU2  5XH 
England 


Abstract 

Much  of  the  work  on  how  children  learn  mathematics  has  been 
based  on  theories  of  mental  development,  particularly 
Piaget's.     While  mental  development   is  unquestionably  one 
factor  which   influences  the  way  in  which  children  learn 
mathematics,  another,   it  may  be  hypothesised,  consists  of 
the  attitudes  which  they  bring  to  their  task.  This 
hypothesis  has  been  investigated  on  the  basis  of  Kelly's 
theory  of  personal  constructs.     Preliminary  results  of  the 
study  indicate  that  there  are  indeed  relationships  between 
certain  mental  constructs  and  mathematics  performance,  but 
that  the  concept  of   'doing  mathematics'   itself  needs  refining, 
in  that  the  relationships  appear  to  be  different  for  routine 
mathematics  and  for  problem  solving.     Possible  explanations 
for  this  finding  are  discussed. 

A  group  of  pupils  from  an  English  comprehensive  school  is  taking  part 
in  the  study.    The  school  was  chosen  because  its  catchment  area  includes 
a  wide  range  of  social  backgrounds  and  because  it  is  the  policy  of  the 
school  to  attempt  to  bring  together,   in  tutor  groups,  pupils  of  a  wide 
range  of  ability.     The  pupils  taking  part  in  the  study  are  members  of 
one  such  tutor  group.     They  were  in  their  first  year,   ie  aged  eleven 
when  the  study  began.     They  are  now  in  their  third  year.     They  have 
worked  in  six  ability  sets  (or  tracks  in  North  American  English)  since 
the  second  term  of  the  first  year. 

The  adoption  of  a  personal  construct  approach  reflects  the  belief  that 
pupilsdiffer  from  each  other  in  the  ways  in  which  they  make  sense  of 
mathematics  lessons,   the  roles  which  they,  and  others,  play  in  those 
lessons,  and  even  what  it  means  to  be   'doing  mathematics'.  However, 
a  personal  construct  perspective  also  embraces  the  demonstrably  obvious 
view  that  two  or  more  persons  frequently  employ  similar  constructions 
of  events  and  my  study  as  a  whole  is  concerned  with  both  similar  and 
different  constructs  to  the  extent  that  they  affect  mathematical 
performance.     For  this  paper  I  shall  concentrate  on  the  similarities. 


157 


127 


tor  approximately  one  hour  to  P—de  a  background  p.ctur.  ol  their 
attitude,  to.  and   ideas  about  school  and  learning.     To  avoid  the 

f  factors  which  I.   rather  than  the  pupils,  might  f>"d 
discussion  of  factors  union  <■  ■ 

important.  persona!  constructs  were  elicited  using,  as  events,  nine 
of  the  fourteen  school  sublets  which  the  pupils  were  studyin,  at  t  e 
time.  Bach  pupil  selected  a  combination  of  elements  which  would  reflect 
thol,  OWn  liKes  and  disUKes.  The  constructs,  as  they  were  produced, 
were  used  as  a  basis  for  wider  ranging  discussion.  The  interviews  were 
audio-taped,  transcribed  and  analysed.  The  constructs  were  analysed 
using  the  Focus  grid  analysis  computer  program. 

The  most  interesting  finding  from  this  very  general  enquiry  was  that 
those  in  the  higher  mathematics  sets  tended  to  generate  constructs  which 
rolated  more  to  external  factors   <E>.  while  those  in  the  lower  sets 
.ended  to  generate  constructs  which  related  more  to  personal  factors 
(P)  • 

F-P  E<P  TOTAL 

SETS  E  >  P  K   '   V  r"  r 

1-2  9  1  2  12 

3-6  2 

For  the  second  stage.   I  dealt  solely  with  mathematics.     I  chose  a 
somewhat  different  approach,  because  a  trial  study  with  another  group 
ai   pupils  pointed  up  the  difficulties  of  eliciting  constructs  when 
mathematical  topics  were  the  chosen  elements.     i.  consequently.  myse>f 
provided  three  constructs  on  which  pupils  then  rated  eighteen 
mathematical  topics  on  a  scale  of  0  to  7 . 

The  constructs  were  easy /di  f  f  icul  t ,   liKe/disUKe  and  useful  or  not 
in  everyday  life  and  worK.     Pupils  were  not  expected  to  have  elective 
Knowledge  about  use.     It  was  their   ideas  that  were  ol    interest  because. 
ln  general,   pupils  so  frequently,  and  3ust.t1.bly.  complau,  that  they 
can  see  no  end  use  in  the  topic  being  studied. 

Pot   each  topic  there  was  a  card  with  one  or  more  examples  ol   the  topic, 
mc.ud.ng  the  answers,  drawn  or  written  on  it  and  this  was  shown  to 
the  pupils-     This  method  was  used  parUy  because  it  is  weU  Known  that 
p,opl,  are  far  better  at  recognition  than  at  reconstruction  and  partly 
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because  years  of  oxper.ence  m  teaching  mathematics  has  taught  me  that 
pupils  tend  not  to  remember  the  labels  given  to  many  of   the  topics. 
As  a  further  precaut.on  each  topic  was  discussed  before  the  first  rating 
to  ensure  that  the  pupil  had  some  idea  of  what  was  being  discussed. 

Once  the  topic*  had  been  rated  the  reasons  for  the  placing  of  each 
one  were  discussed  and  this  provided  a  means  for  a  deeper  insight  into 
the  pupil's  ideas  about  mathematics. 

The  aim  of  the  study  was  to  discover  pupil's  attitude,  and  belief, 
about  learning  mathematics.     Since  most  formal  mathematical  learning 
takes  place  in  school,  it  seemed  expedient  to  use  the  topics  taught 
in  school  a.  element,.     However  this  meant  th.t  the  school',  or, 
arguably,     the  .xtmlnation  bo,rd.,  concept  q{  ^^^l, 

than  that  of  the  pupil's  was  being  used  a,  a  basis  for  the  enquiry. 

Overall,  the  pupil's  ratings  correlated  quit,  well  with  the  setting 
of  the  pupil..     The  higher  the  set,  the  more  likely  wa.  the  pupil  to 
find  the  topic  ...y,  enjoy  doing  it  and  think  u  us>ful  ^  ^ 
This   is  hardly  a  surpri.ing  finding  given  the  previous  argument  ar.d 
It  does  no  more  than  give  confidence  in  the  validity  of  the  method. 

As  before,   the  audio-tapes  were  transcribed  and  analysed.     The  method 
was  the  same  for  each  set  of   interviews.     First  the  tapes  were 
transcribed  verbatim.     Next  they  were  reduced  to  notes  referring  to 
relevant  comments.     At  present  these  are  being  used  to  create  a  vignette 
of  each   individual  pupil  and  they  have  also  been  used  to  find  shared 
attuudes  or  beliefs   in  an  effort  to  locate  factors  which  may  be  of 
general   rather  than  individual  concern.     Progress  is  being  made  but 
this  in  not  the  subject  matter  of  this  paper. 

With  the  aim  of  obtaining  a  view  of  the  pupils  which  was  both  deeper 
and  more  personal   the  third  stage  of  the  study  involved  the  pupils 
in  problem  solving  sessions   in  groups  of   three.     The  groups  wore  self 
selected  because  this  seemed  to  be  the  most  satisfactory  way  of  ensuring 
that  pupi.s  trusted  and  felt  at  ease  with  those  with  whom  they  were 
work.n.,.     An  unlooked  for  bonus  was  that  the  groups  were  all  composed 
of  people  from  different  set*  although  the  two  extremes  did  not  come 
together.     Unfortunately,   self  selection  meant  that   in  only  one  group 
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was  there  o  mixture  of  boys  and  guls. 

I  made  clear  to  the  pupils  that  it  was  not  their  success  -.hat  -a:,  of 
interest  but  the  ways  .n  which  they  tackled  the  problems  and  how  they 
worked  together.     The  sess.ons  were  clearly  different  from  the  classroom 
situation  but  I   felt  that  once  the  pupils  had  relaxed,  become  .nvolved 
and  learned  to  ignore  the  camera  there  would  be  useful  information 
to  be  gained  from  the  approach.    The  fact  that  the  sessions  were 
videorecorded  meant  that  not  only  could  everything  the  pupils  sa.d 
be  carefully  analysed  but  also  that  silent  signs  of  interest, 
involvement  or  enjoyment  or  alternatively  boredom,  frustration, 
disinterest  or  even  anger  would  be  on  record. 

There  were  nine  problems  in  all.  The  pupils  were  asked  to  try  to 
consider  as  many  of  them  as  possible,  to  reach  a  conclusion  through 
discussion  and  to  move  on  the  the  next  question  only  when  all  were 
agreed  that  they  either  had  a  solution  or  wanted  to  give  up  trying. 
A  notepad  and  pen  were  provided  to  facilitate  the  work  but  only  one 
of  each.  The  intention  was  to  steer  the  group  away  from  Individual 
work.    The  problems  covered  several  types,  as  follows. 

Number  of  problem  Type 

j  2  Fairly  easy,  to  overcome  nervousness 

A  ,  Likely  to  lead  to  frustration  or  boredom 

Open  ended,  misleading  without  careful  analys.s 
Requiring  generalisation 

Related  to  probability  (not  taught  as  yet  I 
Requiring  physical  manipulation  of  material 


6 
3 

7,8 
5 


The  problemson  probability  were  .ncluded  because  it  is  .  topic  about 
which  people  learn  in  everyday  life  and  that  on  physical  manipulation 
because  it  could  lead  to  either  very  close  cooperation  or  totally 
individual  work. 

At  the  end  of  each  sess.on.  before  the  camera  was  turned  oi f .   1  had 
a  discussion  with  the  group  about  what  they  had  felt  about  taking  part 
,n  the  .ct.v.ty  and  whether  or  not  it  had  fe.t  like  doing  mathemat.cs. 
M05,   r^.rKed  on  how  quickly  they  had  forgotten  about   the  camera,  how 
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much  they  enjoyed  working  in  groups  and  that  they  did  think  that  the 
exercise  was  mathematical.     Also,  the  majority  asked  to  go  through 
the  questions  to  see  i£  they  had  been  successful  or  to  have  them 
explained  if  they  had  not  underst^vl.     This   invariably  meant  them  giving 
up  their  free  time  to  do  so. 

As  mentioned  earlier  the  aim  of  these  sessions  was  to  gain  deeper  and 
more  porsonai  insights  into  the  pupils  ideas  and  attitudes.  There 
was  no  intention  of  measuring  success  at  either  an  individual  or  a 
comparative  level.     However .  1  soon  realised  that  although  I  was  testing 
affective  factors  I  was  in  fact  in  possession  of  data  that  tested 
problem  solving  abilities.     An  analysis  of  the  videotapes  indicated 
discrepancies  between  problem  solving  performance  and  setting. 

To  test  this,  marks  were  allotted  to  each  problem  and  each  group  as 
a  whole  was  rated  according  to  their  results.    Next  the  protocols  of 
■Jach  group  were  analysed  for  indications  of  each  pupil's  contribution 
to  the  success  of  the  solution  and  the  individual  results  weighted 
accordingly.     Inevitably  there  is  an  element  of  subjectivity  involved 
here  but  havinq  videotapes  to  view  makes  it  possible  to  gain  a  fairly 
clear  idea  of  ,/ho  is  contributing  what. 

The  pupils  are  divided  between  six  ability  sets,  the  numbers  of  the 
lowest  three  sets  are  unlikely  to  gain  any  mathematical  qualifications 
before  leaving  school.     And  yet,  in  this  group,  several  performed  as 
well  as  their  so-called  betters. 

SET  NO  IN  SET  HIGH  MEDIUM  LOW 

19  6  3  0 

2  5  2  1  2 

3  6  3  1  2 
4-6          9  2  3  4 

As  a  result  of  the  second  and  third  stages  of  my  enquiry,  I  now  had 
two  types  of  data  about  attitudes  to  mathematics,   ie  one  explicit  and 
one  implicit.     It  was  not.  however,  possible  to  bring  them  together 
because  they  were  clearly  based  on  different  concepts  of  mathematics. 
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The  first,  tiled  an  arithmetic  and  reproductive  approach  which  inevitably 
involves  a  large  amount  of  algorithmic  learning.     The  second  used  the 
concept  of  mathematics  as  problem  solving.     The  first,  predictably, 
correlated  quite  well,  at  a  general  level,  with  the  overall  setting 
of  the  pupils .     The  second  did  not. 

These  results  suggest,  that  the  term  "Attitudes  towards  mathematics- 
is  too  general.     It  may  be  necessary  to  separate  attitudes  towards 
routine  work  and  attitudes  towards  problem  solving.     These  attitudes 
might  affect  pupils'  work  and  there  may  be  lessons  to  be  learned  from 
this.     At  this  stage  it  is  possible  only  to  offer  two  hypotheses. 

The  first  is  that  those  with  a  favourable  attitude  to  problem  solving 
who  are  forced  into  doing  routine  work,  particularly  where  th.s  involves 
learning  without  understanding,  become  disillusioned  with  mathematics 
and  give  up  trying.    The  second  hypothesis  is  that  abilities  at  problem 
solving  and  abilities  at  routine  work  are  not  highly  correlated.  It 
1S  quite  possible  that  both  are  valid  simultaneously,  but  for  differen'. 
pupi Is . 

Both  hypotheses  are  relevant  to  the  ongoing  debate  about  how  pupils 
learn  and,  givon  either  hypothesis,  the  present  attempts  in  Britain 
at  curriculum  reform  which  are  seeking  to  give  a  more  important  place 
to  problem  solving  may  lead  to  a  diff Brent  ranking  of  pupils. 

To  sum  up.     In  the  three  stages  of  this  work  I  have  shown  firstly  that 
the  children  who,  according  to  the  school,  are  more  able  at  mathematics 
tend  to  view  school  as  a  whole  more  on  the  basis  of  external  than 
personal  constructs,  while  the  opposite  Is  true  for  the  less  able. 
Secondly,  the  mathematically  more  able  children  also  tended  to  find 
mathematics  easier  and  more  useful,  and  they  liked  it  better.  But. 
it  was  the  third  stage  which  cast  doubts  on  these  simple 
interpretations,  for  it  showed  that  the  concept  of   'doing  mathematics- 
used  in  the  first  two  stages  related  essentially  to  routine.     If  the 
concept  referred  to  problem  solving,   then  no  simple  correlation  with 
the  school's  perception  of  the  mathematical  ability  of  the  children 
could  be  established  and  I  suggested  two  hypotheses  to  account  fm 
this  fact. 
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One  final  comwut .     In  the  problem  solving  sessions  those  in  the  higher 
seta  tended  to  show  greater  confidence  than  those  m  the  lower  sets 
and  boys  tended  to  shew  more  confidence  than  girls.     It  was  particularly 
interesting  to  watch  ho>   top  set  boys  failed  confidently  whilst  lower 
set  girls  succeeded  with  great  diffidence. 
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A  CONSTRUCT  1  VI  ST  APPROACH  TO  RFISEARC 
ON  AT"  "TI113E  TOWARD  MATIIfiHAT  1  CK 


Douglas  B.  McLcod 
Washington  State  Univej*Uy 


Abstract 


Current  research  on  attitude  generally  follous  b  behaviorint 
or  empirical  tradition.    Recently,  however,  noise  fsyciolo- 
gists  have  suggested  new  approaches  that  reflect  .1  roistruct- 
lvlst  position  on  attitude.    The  purpose  of  this  p.iper  Is  to 
discuss  how  a  constructivlBt  approach  could  |  roviilt-  a 
stronger  theoretical  foundation  for  research  on  aptitude 
toward  mathematics.    The  theories  of  Handler  and  Skeun  form 
the  basis  of  the  discussion. 

in  a  recent  review  Leder  (In  press)  presents  a  f tate-of-rhe-art 
report  on  research  related  to  attitude  Loward  mathematics,     ler  review 
presents  the  complexities  of  research  on  attitude,  including  the 
attempts  that  have  been  made  to  provide  an  adequate  theoretical  bast'  for 
thlt)  research.    Most  of  the  theoretical  bane  has  come  from  behavlori.st 
psychology  or  social  psychology  (Ajren  6  Flshbeln,  1980).    Very  little 
of  the  reaearch  reflects  the  constructlvlst  approach  that  has  become 
prominent  in  reaearch  on  mathematics  learning.    The  purpose  of  this 
paper  Is  to  suggest  how  a  constructlvlst  approach  to  attitude  could  bp 
of  substantial  help  In  analyzing  how  attitudes  develop  and  In  ttukinR 
connections  between  research  on  attitude  and  contemporary  theories:  -f 
learning. 

RESEARCH  ON  ATTITUDE  TOWARD  MATHEMATICS:  CURRENT  APPROACHES 

Research  on  attitude  generally  has  a  foundation  In  behaviorism,  but 
it  often  seems  to  proceed  in  rather  an  atheoretical .  empirical  fashion. 
A  typical  approach  would  be  to  specify  certain  factors  (e.g.,  liking, 
utility,  confidence)  that  are  hypothesised  to  be  Important  In  the 
affective  domain,  and  then  devise  a  questionnaire  that  measures  those 
factors.    The  researcher  then  gathers  some  data,  examines  the  character- 
istics of  the  instrument,  and  applies  the  appropriate  statistical  anal- 
ysis package.    The  resultB  are  then  Interpreted  and  implications  drawn 
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for  practice,  but  little  thought  Is  ever  given  to  the  development  of  a 
sound  theoretical  framework.     The  driving  force  in  Mich  of  this  research 
seems  to  be  the  statistical  .nethodology  rather  than  the  theory.  In 
following  this  statistical  model ,  the  researcher  seems  to  assume  that 
the  domain  of  interest  (attitudes,  in  this  case)  can  be  modeled  by  a 
vector  space,  and  that  the  items  on  the  attitude  questionnaire  will  span 
the  space  and  produce  factors  that  describe  the  space  adequately. 

Although  the  theoretical  foundation  for  research  on  attitude  has  not 
been  strong,  a  great  deal  of  useful  data  has  been  gathered  using  these 
empirical  methods.     Research  on  attitudes  related  to  the  area  of  gender 
differences    has  been  particularly  successful.    For  example,  a  substan- 
tial amount  of  data  indicates  that  females  tend  to  be  less  confident 
than  males  in  mathematics  (Reyes,  1984).    Since  confidence  Is  an  impor- 
tant predictor  of  continuing  enrollment  in  secondary  mathematics 
courses,  this  finding  has  implications  for  the  underrepresentatlon  of 
females  in  more  advanced  mathematics  courses  and  in  mathematical 
careers.    The  data  on  confidence  and  course  selection  is  quite  consist- 
ent across    different  countries  and  across  different  measurement  tech- 
niques {Leder,  1986). 

Research  on  attitude  has  made  progress  not  only  in  the  consistency  of 
the  results,  but  also  In  the  development  of  more  sophisticated  models  to 
guide  the  research.    This  line  of  research  has  expanded  to  include 
Investigations  of  gender  differences  in  attributions  of  success  and 
failure  in  mathematics  (Reyes,  198A).    The  connection  between  researqh 
on  attitude  and  on  attributions  (Uelner,  1979)  has  been  particularly 
useful  in  mathematics  education,  and  promises  to  make  further  contri- 
butions to  our  understanding  of  the  relationships  among  attitudes, 
achievement,  and  gender  (Fennema  &  Peterson,  198S). 

RESEARCH  ON  ATTITUDE:  THE  NEED  FOR  NEW  APPROACHES 

Although  research  on  attitude  has  produced  useful  data  in  at  least 
some  situations,  a  new  approach  to  the  affective  domain  could  yield 
substantially  more  progress,  especially  in  developing  better  theories 
about  attitude  and  in  making  connections  between  research  on  attitude 
and  contemporary  theories  of  learning.    This  new  approach  needs  to  take 
into  account  the  view  that  learners  are  actively  engaged  In  construct- 
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ing  their  knowledge  of  mathematics,  rather  than  Just  absorbing  it.  Thia 
new  view  of  the  learner  ia  already  having  a  substantial  Impact  on  para- 
digms for  research  on  cognitive  issues  in  mathematics  learning  and 
teaching  (Romberg  &  Carpenter,  1986).    Now  it  is  time  for  this  new  view 
to  influence  how  we  approach  research  on  attitude  toward  mathematics. 

The  need  for  a  new  view  of  research  on  attitude  is  widely  acknowl- 
edged among  both  cognitive  psychologists  and  researchers  in  mathematics 
education.    Abelson  (1976)  notes  that  research  on  attitude  is  confusing 
and  contradictory,  and  suggests  that  "the  present  state  of  attitude 
theory  is  frankly  a  mesa"  (p.  AO).    Handler  (1984)  observes  that  re- 
search in  this  area  is  generally  not  cumulative,  and  that  researchers 
have  been  preoccupied  with  measurement  issues,  and  neglected  the  devel- 
opment of  theory.     In  mathematics  education,  Kulm  (1980)  has  asked  for 
more  emphasis  on  theory  development  to  guide  research  on  attitude 
toward    mathematics,  and  numerous  authors  have  noted  the  relatively  weak 
relationship  between  attitudes  and  achievement  in  mathematics  (Begle, 


THE  DEVELOPMENT  OF  ATTITUDE:  A  CONSTRUCTIVIST  POSITION 

Constructivist  views  of  learning  often  pay  little  attention  to  the 
affective  domain.  Recently,  however,  two  leading  theorists  (Mandler, 
1984;  Skemp,  1979)  have  made  affect  a  major  part  of  their  constructi- 
vist positions. 

Mandler  (1984),  in  his  analysis  of  mind  and  emotion,  extends 
theory  and  methods  of  cognitive  psychology  to  the  affective  doaain.  His 
view  is  that  affective  responses  result  mainly  from  interruptions  of 
plans  or  planned  actions.     In  the  terminology  of  cognitive  psychology, 
the  plans  come  from  the  activation  of  schemas,  and  the  schemas  induce 
actions.     If  these  actions  are  interrupted,  the  individual's  autonomic 
nervous  system  responds  with  some  sign  of  arousal,  such  as  an  increase 
in  heartbeat  or  a  tensing  of  the  muscles.    The  individual  then  inter- 
prets this  reaction  of  the  autonomic  nervoua  system  as  frustration, 
surprise,  or  some  other  emotion. 

Handler's  emphasis  on  interruptions  seems  particularly  appropriate 
to  student  performance  in  mathematical  problem  solving.    When  a  student 
is  working  on  a  non-routine  problem,  interruptions  and  blockages  are 
inevitable.    The  student's  interpretation  of  that  interruption  will 
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iepend  on  the  student's  knowledge,  beliefs,  and  previous  experience 


Skemp  (1979),   In  his  presentation  of  a  theory  of  learning,  pays 
special  attention  to  the  development  of  emotion.     Skemp's  framework  dis- 
cusses the  Importance  of  goal  states  (and  anti-goal  states),  and  Identi- 
fies eight  major  categories  of  emotion.    These  Include  pleasure,  which 
comes  from  movement  toward  a  goal  state,  as  well  as  fear  (or  movement 
toward  an  anti-goal  state).     Skemp  also  describes  emotions  that  result 
from  the  ability  (or  Inability)  to  control  one's  movement  toward  a  goal 
state  (or  an  anti-goal  state).     For  example,  he  describes  confidence  as 
being  able  to  control  movement  toward  a  goal  state,  and  anxiety  as  the 
Inability  to  direct  movement  away  from  an  anti-goal  state. 

Buxton  (1981)  has  carried  out  a  major  study  that  Investigates  the 
usefulness  of  Skemp' 9  Ideas  on  affect.    In  this  study  Buxton  presents  a 
careful  analysis  of  adults'  affective  responses  to  mathematics,  and  uses 
the  term  panic  to  describe  what  occurs  In  the  minds  of  many.    This  panic 
is  manifested  both  In  chaotic  reactions  to  mathematical  tasks,  and  In 
the  tendency  of  some  people  to  freeze  — to  be  immobilized  when  asked  to 
solve  a  mathematical  problem.     In  Skeap's  terms,  the  affective  reaction 
results  from  the  inability  to  move  away  from  the  anti-goal  state  of 
failure  on  a  mathematical  task  (Skemp,  1979). 

Both  Handler  and  Skemp  provide  useful  frameworks  for  analyzing 
affective  responses  of  mathematics  learners.     Researchers  who  conduct 
detailed  studies  of  Individual  learners  should  find  these  franeworks 
useful.     For  example,  Cobb  (1985)  discusses  the  role  that  affect  can 
play  in  the  development  of  early  number  concepts.    He  compares  the 
learning  of  tuo  students  who  differ  in  their  level  of  confidence  and 
their  expressions  of  anxiety.    Confrey  (1984)  comments  on  the  confusion 
and  frustration  that  la  reported  by  young  women  In  a  special  summer 
program  on  problem  aolvlng.    Cinsburg  and  Allardlce  (1984)  document  the 
Intense  feelings  of  sadness  and  futility  that  low  achievers  express  in 
relation  to  mathematics  learning,  and  call  for  a  renewed  emphasis  on 
affective  Issues     In  research.     Wagner,  Rachlln,  and  Jensen  (1984)  re- 
port how  algebra  students  can  get  upset  and  lose  control  of  their  solu- 
tion processes  when  they  are  stymied  in  their  attempts  to  solve 
problems.     Each  of  these  studies  provides  useful  Information  on  how 
Interruptions  and  blockages  can  produce  negative  feelings  about 
mathematics. 
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It  is  important  to  remember  that  students  have  positive  as  well  as 
negative  experiences  with  matheKJticH,  and  the  theories  of  both  Handler 
and  Skemp  account  for  the  development  of  these  positive  feelings  about 
mathematics.     Although  research  has  tended  to  concentrate  more  on  the 
negative  emotions  (such  as  frustration  and  anxiety)  rather  than  the 
positive,  a  number  of  people  have  noted  the  role  of  positive  affective 
factors  in  learning.     For  example,  von  Glasersfeld  '1987)  notes  the 
powerful  sense  of  satisfaction  that  children  report  when  they  reach  a 
satisfactory  reorganization  of  their  ideas.    Lawler  (1981)  documents  the 
surprise  and  positive  emotions  that  accompany  the  moment  of  Insight 
when  a  child  sees  the  connection  between  two  previously  unconnected 
schemas.     Similarly,  Mason,  Burton,  and  Stacey  (1982)  discuss  the 
Importance  of  savoring  the  "Anal"  experience  when  solving  problems,  and 
Brown  and  Walter  (1983)  dincuss  the  Joy  of  making  conjectures. 

A  FRAMEWORK  FOR  STUDYING  THE  DEVELOPMENT  OF  ATTITUDE 

The  first  task  for  researchers  is  to  analyze  the  barriers  that 
children  face  as  they  learn  mathematics,  for  It  is  these  barriers  that 
prevent  a  schema  from  reaching  completion  (Handler,  1984)  or  that  keep 
a  student  from  reaching  a  B°al  (Skemp,  1979).     The  affective  component 
of  the  children's  reactions  to  these  barriers  constitutes  the  raw 
material  from  which  attitudes  are  formed. 

The  next  task  for  researchers  Is  to  describe  the  affective  reactions 
of  students  to  these  barriers.    These  reactions  can  be  characterized  In 
terms  of  their  direction  (positive  or  negative),  Intensity,  duration, 
rise  time,  and  consistency  (Kagan,  1978;  HcLeod,  in  press).  When 
students  respond  positively  (or  negatively)  on  repeated  occasions  to  a 
series  of  mathematical  tasks,  their  responses  become  more  and  more  auto- 
matic.   The  role  of  automatlclty  is  the  same  in  the  affective  domain  as 
in  the  cognitive;  human  information  processing  allows  certain  responses 
to  become  more  and  more  automatic,  thus  freeing  the  individual's  limit- 
ed processing  capacity  for  action  on  unfamiliar  problem,  or  situations 
(Resnick  &  Ford,  1981).    As  these  responses  become  more  automatic,  the 
theory  predicts  that  the  affective  reactions  will  be  characterized  by 
reduced  Intensity,  Increased  duration,  shorter  rise  time,  and  greater 
consistency  from  task  to  task.    Once  the  reactions  become  consistently 
positive  (or  negative),  then  the  student  is  exhibiting  the  stable  re- 
sponse that  Is  characteristic  of  the  construction  of  an  attitude. 
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If  researchers  are  to  understand  the  development  of  attitude  toward 
mathematics,  they  will  need  tn  use  the  sane  kinds  of  methods  that  are 
now  used  to  understand  cognitive  development.     For  example,  research 
on  affect  should  Include  the  use  of  individual  observations,  clinical 
Interviews,  and  teaching  experiments.    Since  these  techniques  are 
standard  for  construct lvlst  researchers,  they  should  be  willing  to 
expand  the  domain  of  their  interests  to  include  affective  as  well  as 
cognitive  constructions. 
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ATTITUDES  OF  TWELFTH  GRADERS  TOWARD  MATHEMATICS 
L.  Diane  Miller,  Louisiana  State  University 


Three  self-report  techniques,  the  Revised  Math  Attitude 
Scale,  a  researcher  developed  questionnaire,  and  an 
Interview  schedule,  were  utilized  in  gathering  data  about 
twelfth  grade  students'  attitudes  toward  mathematics.  In 
agreement  with  other  studies,  the  results  of  this 
Investigation  Include:    as  students  ascend  the  academic 
ladder  their  attitudes  toward  mathematics  deteriorates; 
grades  7-8-9  were  identified  as  the  period  of  time  most 
Influential  in  the  development  of  students'  attitudes 
toward  mathematics;  students  perceive  mathematics  as 
useful  but  are  hesitant  in  specifically  describing  how  it 
is  useful;  a  significantly  positive  correlation  exists 
between  grade  point  averages  and  attitudes;  and  when 
considering  success  as  a  construct  of  attitude, 
gender-related  differences  seem  to  emerge. 


BACKGROUND 

The  amount  of  research  conducted  in  the  area  of  students'  attitudes 
toward  mathematics  has  increased  appreciably  in  the  last  ten  years. 
The  Increase  1n  research  on  attitudes  toward  mathematics  may  reflec 
the  recognition  on  the  part  of  mathematics  educators  that  poor 
attitudes  may  be  behind  a  decreased  enrollment  in  advanced 
mathematics  classes  in  high  school.    Another  factor  contributing  to 
the  increased  interest  in  attitudes  is  the  recognition  that  certain 
groups  of  students  have  been  identified  as  not  achieving  to  their 
potential  1n  mathematics.    Females,  minorities,  and  students  from 
low-SES  families  have  not  particpated  1n  mathematics  and 
mathematics-related  activities  to  the  degree  that  their  abilities 
predict  (Reyes,  1984).    Affective  variables  have  been  found  to  be 
related  to  the  underrepresentatlon  of  these  groups  in  mathematics 
classrooms  and  careers  requiring  mathematics  knowledge. 

PURPOSE  OF  THE  STUDY 

The  primary  purpose  of  this  study  was  twofold:  (1)  to  assess  the 
attitudes  of  twelfth  grade  students  toward  mathematics;  and,  (2)  to 
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Identify  factors  which  contributed  to  the  development  of  their 
attitudes.    Other  research  efforts  have  documented  that  as  students 
ascend  the  academic  ladder  their  attitudes  toward  mathematics 
deteriorates  (Aiken,  1970,  1976;  Begle,  1979;  Carpenter,  et  al., 
1981;  Neale,  1969;  Reys  &  Delon,  1968).    The  intent  of  this 
investigation  was  to  initiate  work  on  explaining  why  attitudes  towai 
mathematics  seem  to  decline  as  students  progress  through  grades  1-1; 
Once  an  explanation  1s  found,  research  may  begin  on  preventing  this 
decline  and,  possibly,  on  reversing  the  trend. 


DESIGN  AND  METHODOLOGY 


Three  primary  data  collection  techniques  were  utilized  in  addressing 
the  purposes  of  the  study.    A  self-report  attitude  scale,  the  Revised 
Math  Attitude  Scale  (RHAS)  designed  by  Lewis  R.  Aiken,  Jr.,  was  used 
to  measure  the  attitudes  of  329  twelfth  grade  students.    The  RMAS 
score  allowed  the  Investigator  to  divide  the  population  into  three 
subgroups:    Those  with  a  dislike  for  mathematics  (RMAS  score  range 
0-29);  those  with  a  neutral  attitude  towards  mathematics  (RHAS  score 
range  40-49);  and  those  students  who  Hked  mathematics  (RMAS  score 
range  60-80).    A  second  self-report  instrument,  a  4-item 
questionnaire  designed  by  the  researcher,  was  used  to  ascertain  if 
the  student  liked  mathematics  1n  elementary  school  (grades  1-6), 
junior  high  (grades  7-8-9),  and  high  school  (grades  10-11-12).  The 
fourth  item  asked  students  to  check  the  one  period  of  time  which  they 
felt  contributed  most  to  the  development  of  their  attitude  towards 
mathematics:    Grades  1-6,  Grades  7-8-9,  Grades  10-11-12.  The 
students  who  checked  Grades  7-8-9  became  candidates  for  interview. 
One  hundred  twenty-six  students  (38%)  identified  grades  7-8-9  as  the 
period  of  time  most  influential  in  the  development  of  their  attitude 
towards  mathematics.    Five  males  and  five  females  were  selected  at 
random  from  each  attitude  group.    The  Interview  was  the  third 
self-report  technique  utilized  to  collect  data  for  this  study.  The 
same  questions  were  asked  of  each  respondent,  but  the  questionnaire 
also  contained  a  set  of  open-ended  questions  that  allowed  for  probes 
of  the  individual's  responses.    Other  Information  collected  on  each 
Interview  subject  Included  the  number  and  types  of  mathematics 
classes  they  had  taken  in  grades  9-12  and  the  grades  made  in  these 
classes. 
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ANALYSIS  OF  DATA 


The  analysis  of  the  data  collected  with  the  RMAS  and  the  research 
questionnaire  included  means,  standard  deviations,  and  tests  for 
significant  differences  between  subgroups.    A  Pearson  Correlation 
between  the  RMAS  score  and  the  mathematics  GPA  resulted  in  a 
significantly  positive  correlation  (r  =  .38,  p  <  .05).    The  four 
items  from  the  research  questionnaire  and  the  demographic  data 
obtained  were  analyzed  through  regression  analysis.    The  reliability 
coefficient  of  the  RMAS  (r  =  .97)  was  estimated  by  the  coefficient 
alpha  method.    Analysis  of  the  interview  data  consisted  of 
transcribing  the  Interview  tapes  and  studying  the  responses  to  search 
for  trends. 


RESULTS  AND  DISCUSSION 


Attitudes  as  measured  by  the  RMAS        According  to  the  RMAS  mean 
score  (39.6)  for  the  original  population,  the  overall  attitude  of 
this  particular  group  of  seniors  was  bordering  between  neutral  and 
having  a  tendency  to  dislike  mathematics.    The  RMAS  scores  of  159 
students  (48%)  indicated  either  a  strong  dislike  (n  =  50),  a  dislike 
(n  =  47),  or  a  tendency  to  dislike  (n  =  62)  mathematics.     The  RMAS 
scores  of  sixty-six  students  (20%)  Indicated  that  their  feelings 
toward  mathematics  were  neutral.    One  hundred  four  studers  (32%)  had 
an  RMAS  score  indicating  either  a  strong  liking  (n  =  16),  a  liking 
(n  =  32),  or  a  tendency  to  like  (n  =  56)  mathematics.    An  item 
analysis  of  the  RMAS  resulted  in  the  identification  of  several  items 
in  which  large  percentages  of  the  population  were  responding 
negatively  (Miller,  1986).    Mathematics  educators  might  consider 
focusing  on  some  of  these  items  as  change  agents  1n  an  attempt  to 
alter  students  general  dttltudes  toward  mathematics. 

The  distribution  of  the  RMAS  scores  by  sex  is  interesting  because 
almost  twice  as  many  females  have  a  strong  dislike  for  mathematics  as 
males  (n  =  32  vs  n  =  17).    However,  three  times  as  many  females  have 
a  strong  liking  for  mathematics  as  males  (n  =  12  vs  n  =  4).  The 
numerical  differences  between  the  sexes  for  dislike  vs  like  and 
tendency  to  dislike  vs  tendency  to  like  are  not  as  great.    More  males 
than  femalfs  scored  within  the  neutral  range  (n  =  39  vs  n  -  24, 
respectively).    Are  these  data  supportive  of  the  contingency 
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suggesting  gender-rel ited  differences  in  the  learning  of  and 
attitudes  toward  mathematics?    Possibly;  however,  one  might  also 
surmise  that  females  are  not  as  inhibited  as  males  at  expressing  the 
strength  of  their  emotions.    The  RHAS  mean  scores  for  males  (40.7) 
and  females  (38.5)  are  not  significantly  different  at  the  0.0001 
level;  thus,  refuting  any  gender-related  differences  in  attitudes  for 
this  particular  population. 

Attitudes  as  measured  by  interview       Various  attributes  of  attitude 
were  discussed  during  the  interview  (Miller,  1986).    Of  particular 
interest  were  the  responses  when  students  were  asked,  "In  general,  do 
you  think  mathematics  is  useful?"    Twenty-nine  of  them  answered  with 
a  strong  "yes."    However,  when  asked  why  they  said  mathematics  was 
useful,  their  answers  were  not  as  Immediately  forthcoming.    The  most 
popular  first  response  to  the  "why"  probe  was  "Oh  well,  you  know, 
everybody  uses  math."    Their  hesitation  in  naming  a  specific  reason 
why  mathematics  is  useful  did  not  coincide  with  the  strength  of  their 
initial  response.    With  continued  encouragement  to  specifically 
explain  why  they  said  mathematics  was  useful,  seventeen  students 
expressed  some  type  of  involvement  with  money;  balancing  a  checkbook, 
making  change,  and  comparative  shopping  were  three  specific  examples 
named.    Other  reasons  named  included  aviation  (one  student  was 
learning  how  to  fly),  construction  (three  students  worked  part-time 
on  construction  crews),  keeping  statistics  on  athletes,  using 
mathematics  in  other  classes  like  chemistry  and  computer  science,  and 
a  few  students  said  that  mathematics  1s  useful  in  some  jobs  but  were 
not  specific.    The  nature  of  the  students'  responses  to  this  question 
and  the  follow-up  probe  suggest  that  students  sense  from  society,  in 
general,  and  parents  and  teachers,  more  specifically,  that 
mathematics  1s  useful,  but  they  are  not  exactly  sure  why  or  how  it  is 
useful . 

The  interviewer  also  asked  students  to  describe  themselves  as  being 
successful  or  unsuccessful  in  the  mathematics  courses  they  had  taken. 
Ten  of  the  fifteen  males  interviewed  (67X)  felt  they  had  been 
successful  in  mathematics.    Of  the  fifteen  females  interviewed,  six 
(402)  described  themselves  as  being  successful  in  mathematics.  The 
responses  to  this  inquiry  support  the  arguments  of  researchers  who 
contend  that  sex-related  differences  in  mathematics  do  exist. 
Another  factor  supporting  the  existence  of  gender-related  differences 
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in  mathematics  was  the  comparison  of  the  mean  grade  point  averages 
(CPA)  between  the  two  sexes.    The  females  interviewed  seemed  to  under 
estimate  their  success  in  matnematics  when  compared  to  their  male 
counterparts.    The  mean  GPA  (based  on  a  4  point  scale;  with  F  =  0  and 
A  =  4)  for  the  15  female  subjects  was  2.47;  the  mean  GPA  for  the  15 
males  subjects  was  2.03.    The  ten  males  who  considered  themselves 
successful  in  mathematics  had  a  mean  GPA  of  2.42.    The  six  females 
describing  themselves  as  successful  In  mathematics  had  a  GPA  of  2.68. 
These  data  lend  support  to  the  "fear  of  success"  construct  discussed 
by  Leder  (1985)  and  others. 

Factors  contributing  to  the  development  of  attitudes        Grades  7-8-9 
were  Identified  by  one  hundred  twenty-six  (38%)  of  these  seniors  as 
the  period  of  time  most  influential  In  the  development  of  their 
attitudes  toward  mathematics.    The  data  collected  In  this  study, 
consistent  with  the  results  reported  in  other  studies,  Indicate  that 
as  students  ascend  the  academic  ladder,  their  attitudes  toward 
mathematics  deteriorate  (Miller,  1986).    The  seventh  grade  was 
singled  out  by  the  majority  of  the  30  interview  subjects  as  the  one 
year  in  which  their  attitude  towards  mathematics  changed  the  most. 
Some  students  said  they  started  liking  mathematics  In  the  seventh 
grade  and  others  said  they  started  disliking  mathematics  in  the 
seventh  grade.    Reasons  given  for  naming  the  seventh  grade  as  a 
critical  year  focused  on  the  changes  between  the  elementary 
curriculum  and  junior  high  school.    For  example,  some  students  were 
bored  by  reviewing  in  the  seventh  grade  what  had  been  taught  in 
grades  4-5-6.    Some  students  who  started  algebra  In  the  seventh  grade 
were  excited  by  the  challenge  of  new  content.    Other  students  were 
discouraged  by  the  amount  of  work  required  in  the  seventh  grade, 
unlike  grades  4-5-6  when  "math  was  a  breeze."    Students  claiming  to 
have  mathematics  anxiety,  Indicated  that  the  seventh  grade  teachers 
were  not  smpathetic.    They  only  spent  an  hour  a  day  with  their 
seventh  grade  teacher  and  that  was  not  enough  time  for  the  teacher  to 
get  to  know  them.    Other  comments  included  the  lack  of  practical  use 
for  the  mathematics  studied  In  grade  seven  and  beyond. 

Attitude  vs  GPA       Permission  was  secured  to  obtain  the  mathematics 
grades  of  the  thirty  Interview  subjects.    The  ten  students  In  the 
"dislike  mathematics"  category  (RMAS  score  range  0-29)  had  a  mean 
grade  point  average  (GPA)  of  1.92  (on  a  4-po1nt  scale;  F  -  0  and 
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A  =  4).    The  ten  students  in  the  "neutral  attitude"  category  (RMAS 
score  range  40-49)  had  a  mean  GPA  of  2.18.    The  subgroup  in  the  "like 
mathematics"  category  (RMAS  score  range  60-80)  had  a  mean  GPA  of 
2.67.    The  Pearson  Correlation  coefficient  indicated  a  significantly 
positive  correlation  for  these  two  variables  (r  =  .38,  p  <  .05).  The 
number  of  students  in  this  sample  prohibits  the  formulation  of  any 
strong  conclusions  from  the  differences  between  the  means  or  the 
correlation  coefficient.    However,  the  results  clearly  indicate  that 
students  with  a  more  positive  attitude  towards  mathematics  have  a 
higher  grade  point  average. 

Predicting  attitudes       Can  a  twelfth  grade  student's  attitude 
towards  mathematics  be  predicted?    Using  the  student's  sex  and  the 
responses  to  the  four  items  on  the  research  questionnaire  as 
independent  variables,  a  regression  analysis  was  run  with  attitude  as 
the  dependent  variable.    The  best  one  variable  model  found  that  a 
student's  response  to  "Have.. you  liked  math  in  high  school?"  was  the 
best  predictor  of  the  student's  attitude  towards  mathematics  as 
measured  by  the  RMAS.    This  result  is  not  surprising  because  a 
person's  most  recent  experiences  with  an  object  would  probably 
greatly  influence  the  attitude  held  towards  that  object. 

Consistency  of  responses       One  aspect  of  the  study  that  was 
particularly  interesting  to  the  investigator  was  the  consistency  of 
the  data  collected  through  two  different  self-report  techniques: 
written  questionnaire  vs  oral  report.    The  research  questionnaire 
asked  students  to  answer  the  following  question:    "When  would  you  say 
that  you  developed  your  present  attitude  towards  mathematics?  Grades 
1-6,  Grades  7-8-9,  or  Grades  10-11-12."    Respondents  were  instructed 
to  check  one.    All  thirty  students  selected  for  interview  had  checked 
Grades  7-8-9.    During  the  interview,  4756  of  the  students  gave  a 
different  answer  to  that  question.    This  result  is  somewhat 
disappointing  since  it  questions  the  validity  of  the  students' 
responses  not  only  on  the  research  questionnaire  but  during  the 
interview,  too. 


This  research  has  documented  that  students'  attitudes  toward 
mathematics  can  be  measured  and  analyzed  through  a  variety  of  data 
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collection  techniques.    Attitude  is  a  multif'aceted  construct  which 
develops  over  a  period  of  time  and  under  the  Influence  of  many 
variables.    Conversations  with  students  1n  this  study  as  well  as 
teachers  and  other  colleagues  make  this  researcher  believe  that  there 
is  much  room  for  improvement  in  the  attitudes  people  have  toward 
mathematics.    Before  progress  can  be  made  toward  reversing  the  trend 
of  development  as  students  ascend  the  academic  ladder,  many 
investigations  must  be  conducted  to  ascertain  what  strategies  would 
be  most  successful  in  Improving  students'  attitudes  toward 
mathematics. 
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A  CRITICAL  SURVEt   OF  STUDIES,   DONE  _IN_  KENYA, 
ON  THE  DEPENDENCE  OF  ATTITUDES  TOWARD  MATHEMATICS 
AND  PERFORMANCE   IN   MATHEMATICS  ON   SEX  DIFFERENCES 
OF  THE  SCHOOL  PUPILS 
By 

E.   MUTHENGI   MUKUNI,    KEN YATTA  UNIVERSITY 


ABSTRACT 

Investigations  that   have  been  carried  out   in  Kenya 
since  1970's  upto  the  present  on  the  dependence  of  attitudes 
toward  mathematics  and  performance   in  mathematics  on  sex 
differences  have  sought  to  find  out  whether  there  are 
statistically  significant  differences  between  school  boys 
and  girls  in  their  attitudes  toward  mathematics  and  in 
their  performance  in  mathematics.     Investigators  have,  as 
well,  tried  to  find  out   whether  positive  attitudes  toward 
mathematics  are  significantly     correlated   -o  better  per- 
foraance  in  mathematics, 

Results  indicate  that,  during  secondary  school  years, 
boys  have  more  favourable  attitudes  towards  mathematics 
than  girls.     Performance  in  mathematics  during 
primary  school  year3  does  not  depend  on  the  sex  ot  the 
pupil.     Performance,   however,  depend  on  the  sex  of  the 
pupil  during  middle  secondary  school  years  i.e.  at  '0' 
level  stage.     At  the   later  stage  in  secondary  school,  i.e. 
'A'   level  stage,  girls  perform  better  in  mathematics  than 
boy  s . 

In  Kenya  positive  attitudes  toward  mathematics  are 
significantly  correlated  with  better  performance  in 
mathematics . 

A  proposal  to  deal  with  this  situation  is  suggested. 


INTRODUCTION 

Studies  on  the  dependence  of  attitudes  toward  mathe- 
matics and  achievement   in  mathematics  on  sex  differences 
are  numerous.     In  some  of  the  studies  significant  corre- 
lations between  attributes  have  been  found.  Explanations 
as  to  the  causes  of  the  differences  have  varied  from  socio- 
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cultural  theories  to  theories  that  attribute  them  to  bio- 
logical differences  b«tfs«n  the  sexes. 

The  view  taken  by  this  author  is  that  differences 
in  attitudes  toward  mathematics  and  achievement   in  mathe- 
Hticij  uhtrt  attributable  to  sex  differences, cannot  be 
explained  purely  in  either  environmental  or  biolcgical 
terms.     They  spring  from  a  very  complex  interaction  of 
these  variables  and  this  causes  extremely    varied-  beha- 
viour patterns  in  school  pupils.     Mathematics  educators  are 
thus  called  upon     to    search  for  such  instructional  strate- 
gies and  practices  for  teaching  mathematics  as  are  likely 
to  enhance  the  creation  of  positive  attitudes  toward  mathe- 
matics and  raise  the   level  of  performance  in  mathematics.. 

In  thie  paper  research,  done  in  Kenya  during  the 
decades  of  the    '70s  and  and   "80s*,  on  the  dependence  of 
mathematice  performance  and  attitudes  toward  mathematics 
on  sex  differences   is  reviewed  and  critiqued.  Research 
questions,  methodologies,   findings,  and  further  recomme- 
ndations are  examined.     The  paper  concludes  with  a  proposal 
for  the  kind  of  research  that  could  be  fruitfully  carried 
out  in  Kenya_,and  perhaps  elsewhere^in  light  of  the  Kenyan 
experience  so  far.      In   1987,   through  this  paper,  Kenyans 
have  had  to  pause  and  take  stock  of  investigations  on  this 
issue  and  then  map  out  areas  of  further  research  where  work 
could  be  rewarding  if,  not  more  fruitful. 


Investigations  -  all  done  in  Kenya  by  Kenyan  doctoral 
and  masters'  candidates  -  sought  answers  to  three  basic 
quaetions . 


•Empirical  investigations  on  the  dependence  of  certain 
educational  attributes  on  sex  differences  in  school  lear- 
ning situations  started  in   197M  with  Eshinani( 197M)  study. 


THE  QUESTIONS 
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(a)  Who  performed  better  in  mathematics,    if  that 
was  the  case         hool  boys  or  girls  ? 

(b)  Did  all  school  pupils  have  positive  or 
negative  attitudes  toward  mathematics  ? 

If  that  was  not  the  case,  did  the  sex  of  the 
pupil  influence  their  attitudes  toward  mathe- 
matics ? 

(c)  Were  attitudes  toward  mathematics  and 
performance   in  mathematics  significantly 
correlated  ? 


ON   SEX  DIFFERENCES   AND  PERFORMANCE   IH  MATHEMATICS 

Kenyan  investigators  used  some  measure  of  perfor- 
mance in  mathematics  (scores  from  self-made  achievement 
test,  results  from  school-constructed  examinat ion s .result s 
from  Kenya  National  Examinations  Council  (KNEC)  records 
and  tested  statistically  if  there  were  significant  diffe- 
nces  between  school  boys  and  girls  in  their  performance 
in  mathematics. 

Wamani   (1980)  tested  mathematical  abilities  of  B 
to  12  year  olds   using  self -constructed  mathematical 
ability  tests.     He  found  no  significant  differences  in 
the  performance  of  the  pupils  of  both  sexes. 

Samumkut   (1986)   -  used  scores  from  school -const rue  - 
ted  examinations,   Haritin.  (1985)   -used  KNEC  records,  and 
Kapiyo  (1982)   -  used  self -constructed  achievement  and 
ability  tests.     The  three  investigators  used  the  t-test 
to  seek  for  significant  differences  in  performance  between 
school  boys  and  girls  in  the  age  group  13  to  17  year 
olds.     They  found  out  that   in  this  age  group  significant 
difference   in  favour  of  boys  existed.     School  boys  per- 
formed better  than  school  girls. 

Haritim  (1985)   using  KNEC  results  found  that   for  the 
age  group  18  to  19  year  olds,   i.e.  at   (A'   level  stage, 
girls  Performed  significantly  better  than  boys  in  mathe- 
ma  t  i  c  s  . 
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In  Kenya  there,  then, exists  a  si t uat i on . where  young 
pupils   (6  to  12  years  old)  of  all  sexes  perform  equally 
well  in  mathematics.     Pupils  in  the  early  adolescence  (13 
to  17  year  olds)  perform  differently     in  mathematics  with 
the  boys  performing  better  than  the  girls.     Pupils  in 
their  late  addescence  (6  to  19  year  olds)  reverse  the 
earlier  situation  and  the  girls  perform  better  in  mathe- 
matics than  the  boys  in  the  «A'   level  examinations. 

These  findings  are  explained  in  several  ways  by  the 
investigators.     The  most  persuasive  would  seem  to  be  the 
role  played  by  the  teacher  of  mathematics  and  the  availa- 
bility of  adequate  resources  in  the  schools.     In  elemen- 
tary grades  the  teacher  Is  seen  as  friendly  to  all  the  chi- 
ldren and  thus  treats  them  equally  irrespective  of  the  sex 
of  the  child.     In  the  secondary  school  grades  teachers  are 
seen  likely  to  be  more  role  preseriptive  in  pupils'  task 
assignment.     This     could  bring  out   readily  different  sex 
role  perceptions.     These  sex  role  perceptions  would  include 
such  precepts  as  "nice  girls  don't  do  math".     At    ' A '  level 
stage  learning  facilities  are  uniformly  distributed.  Girls 
at  this  level  are  motivated  to  achieve  since  they  have 
opted  to  undertake  further  studies  in  mathematics.  The 
role  of  the  teacher  ceases  to  be  all  that  predominant. 


OH   SEX   DIFFERENCES  AMD  ATTITUDES  TOWARD  MATHEMATICS 

Investigations  centred  on  the  question  of  whether 
boys  and  girls  in  secondary  schools  i.e.   13  to  17  year 
olds  differed  significantly  in  their  attitudes  toward 
mathematics.  Investigators  used  pupils  and  teachers  que- 
tionmaires  and  the  Likert  scale  to  assess  attitudes  toward 
mathematics.     The  chi-square,  percentages  and  the  t-test 
were  used. 

Mbuthia  (1986),   in  a  well  documented  study,  found 
that  overall  boys  (97%  of  the  sample)   have  positive  atti- 
tudes toward  mathematics  as  opposed  to  girls  (67*  of  the 
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sample).      In  further  tests  he  found  the  difference  to  be 
statistically  significant  at  the  0.05  level  of  signifi- 
cance.    The  sua  findings  occured  in  investigations 
carried  out   by  0pondo( 198H)  ,  Otieno  (1985  ),   Samumkut ( 1986 ) , 
and  Hbugua  (1986). 

Mbuthia  (1986)   as  veil  as  Hbugua   (1986)   found  out 
that  all  pupils  under  investigation  perceived  mathematics 
as  being  of  value  to  society.     The  boys,  however,  declared 
that  they  enjoyed  mathematics  more  (  9H%  of  the  boys)  than 
the  girls   (52%  of  the  girls). 

Samumkut   (1986)  found  out  that  girls  tended  to  have 
positive  attitudes  toward  mathematics  and  at  the   same  tine 
they  performed  poorly  in  mathematics. 

Mbugua  (1986)   found  that   57%  of  the  girls  surveyed 
attributed  part  of  the  reason  for  their  liking  maths  to 
parental  encouragement.     Otieno  (1985)   found  that  54% 
of  the  girls  survejujblamed  their  teach.rs  for  their  hatred 
of  mathematics. 

It  has  been  suggested  in  these  studies  that  further 
studies,   on  how  teachers  and  parents  go  about  encouraging 
girls  to  learn  and  study  mathematics  so  that  positive 
attitudes  toward  mathematics  are  created,   be  done.  The 
practices  identified  to  be  conducive  to  this  enterprise 
be  further  reinforced. 


ON  CORRELAT IOH   BETWEEN   ATTITUDES  TOWARD  HATHEHAT ICS 
AND  ftCH IE VEHEHT   IN  MAT HEHAT ICS 

Kenyan  investigators  have  sought  to  find  out  if 
positive  attitudes  toward  mathematics  by  pupils  correlates 
with  better  performance  in  mathematics. 

Parkar  (1974)  using  13  -  15  year  olds  assigned  them 
to  control  and  experimental  groups  and  these  were  taught 
using  different  instructional  strategies  (programmed  work 
cards  versus  traditional  methods).     He  found  that  there 
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was  no  significant  difference   in  attitudes  towards  mathe- 
matics between  treatment  groups  but  that  there  was  positiv 
correlation  between  achievement   in  mathematics  and  attitu- 
des toward  mathematics. 

Studies  by  Kibanza  (1980),   Samumkut   (1986),  and 
Patel  (1985)  use  the  sane  age-group  and  arrived  at  the 
same  findings.     Patel  (1985)  established  that   for  girls 
poor  attitudes  toward  mathematics  resulted  in  poor  achie- 
vement  in  mathematics . 

Discussions  under  this  question   seem  to  arrive  at 
a  concensus  that  there  seems  a  need  to  develop  instruc- 
tional strategies  and  practices  in  the  teaching  of  mathe- 
matics in  Kenya  that  will  encourage  the  creation  of  posi- 
tive attitudes  toward  me'hematico  for  all  pupils  and  es- 
pecially for  girl*  in  secondary  schools. 


DISCUSSION 

Results  of  investigations  done  in   Kenya  in  the  '70s' 
and    '80s'   on  performance   in  mathematics  attitudes  toward 
mathematics  show  that  these  two  important  espects  of 
mathematics  education  partly  depend  on  mex  differences. 

Findings  indicate  that   for  the  very  young  in  primary 
grades  performance   does  not   depend  on   the   sex  of  the  pupil. 
In  early  adolescence   i.e.   during  secondary  school  years 
performance  seen  to  depend  on  the   sex  of  the  pupil  such 
that   boys  perform  better  than  girls   in  mathematics.  At 
'A'    level  stage,   however,  girls  have  been   found  to  perform 
better  in  mathematics  than  boys. 

Except   in  certain  specific  areas,  investigations 
indicate  that  the  majority  of  boys,   during  secondary  sch- 
ool years,   have  favourable  attitudes  toward  mathematics 
and  that  it  is  not  so  in  the  case   of  girls  in  the  same 
age  group. 
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In   Kenya  investigations  further  show  that  positive 
attitudes  toward  mathematics  significantly  correlate 
with  better  performance   in  mathematics. 

The  question  facing  mathematics  educators  is  what 
can  be  done  about  a  situation  such  as  this  so  that  half 
of  the  school  population   is  not   forever  disadvantaged. 
That   is  assuming  that  knowledge  of  mathematics  is  a  wor 
whila  acquistion  for  all  citizens. 


PROPOSAL 

It   is  proposed  that  Universities  in   Kenya  undertake 
research,  along  the  following  lines,  to  identify  and 
encourage  the  use,  by  teachers  of  mathematics,  of  those 
instructional  strategies  and  practices  that  have  been 
found  successful  in  the  teaching  of  mathematics  for  the 
majority  of  children  in  Kenya. 

Step  One:     Mathematics  educators,   in  groups  or 
individually,  to  identify  instructional  strategies  that 
have  proved,  through  usage,  to  be   successful  in  motiva- 
ting both  girls  and  boys  to  like  mathematics  as  well 
as  pass  mathematics  examinations  at  national  level.  Hike 
a  list  of  these  strategies. 

Step  Twol    Researchers  will  use  the  list  prepared 
abo*e  to  observe  actual  strategies  and  practices  of 
successful  teachers  of  mathematics  teaching  the  subject 
in  their  classrooms.     Researchers  wil  1  validate-  -their 
list  and  improve  on  it. 

Step  Three:     Researchers  will  proceed  to  use  Semi- 
Delphi  Technique  with  a  group  of  teachers  in  a  well 
selected  sample  until  there   is  an  acceptable  decree  of 
agreement  about  the  strategies.      It   is  likely  that  at 
the  conclusion  of  this  stage   some  improvement   in  awareness 
and  use  of  strategies  and  practices  used  by  the  better 
teachers  of  mathematics  will  be  acquired  by  most  of  the 
other  teachers  of  mathematics  in  the  sample. 
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Step  Four;       The  government   or  its  agencies  could 
then  take  over  and  continue  the  work  initiated  by  the 
Universit  its . 

The  important   thing  is  to  take  the  first   step.  This 
author  plus  two  of   his  graduate  students,   has  done  just 
that.     It   is  hoped  to  report   some  results  of  this  experi- 
ment  in  1988. 
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MATHEMATICS  TEACHERS'  BELIEF  SYSTEMS  AND  TEACHING  STYLES : 
INFLUENCES  OH  CURRICULUM  REFORM 


Janeal  Mika  Oprea  and  Jerry  Stonewater 
Miaul  University 


The  Allen  Paragraph  Completion  Instrument  and  the 
Schoenfeld  Belief  Survey  vere  administered  to  thirteen 
secondary  and  middle  achool  teachers  to  assess  their  cog- 
nitive development  level  (based  on  the  Perry  Scheme)  and 
mathematical  belief  system*.    Results  and  Implications  of 
thla  study  will  be  dlacuaaed. 

Research  haa  recently  begun  to  emerge  Indicating  that  mathemat- 
ics teachers'  views  sbout  the  subject  matter,  teaching,  and  learning 
Influence  their  classroom  behavior  (e.g.  Madlson-Nason  anil  Lanier, 
1986;  Carpenter,  Fenneoa,  and  Peterson,  1986;  Thompson,  1V84).  How- 
ever, as  Thompson  noted,  the  relationship  between  teacheru'  belief 
systems  snd  their  Instructional  prsctlces  Is  fsr  from  simple. 
Thompson  (1984),  for  lnatsnce,  observed  Inconsistencies  between  some 
teachers'  expressed  beliefs  snd  their  actions  In  the  claaaroom.  A 
model  that  haa  the  potential  of  clarifying  these  Incongruities  and 
providing  a  theoretical  framework  for  the  study  of  mathematics 
teachers'  belief  systems  Is  Perry's  (1970)  cognitive  development 
scheme. 

The  Perry  scheme,  which  is  an  outgrowth  of  Plaget'a  theory  of 
cognitive  development,  is  a  hlerarchlal  classification  of  "how  people 
understand  or  make  meaning  of  their  world"  (Stonewater,  Stonewater, 
and  Perry,  1987).    The  nine  stagea  of  the  Perry  Scheme  are  qualita- 
tively different  from  one  another  with  each  representing  a  more  com- 
plex order  of  thinking  than  the  stage  previous  to  It  (For  further 
details,  see  Conceptual  Framework).     From  a  theoretical  point  of  view, 
It  is  also  possible  thst  one's  beliefs  about  mathematics  might  alao 
vary  as  a  function  of  cognitive  developmental  level.  Thompson's 
(1984)  study,  for  Instance,  appears  to  support  thla  hypothesis.  Al- 
though her  study  did  not  focus  on  cognitive  development,  Thompson's 
reported  dsts  supplied  us  with  sufficient  information  to  make  a  "best 
guess"  interpretation  of  her  subjects'  Perry  levels.    From  this,  we 
found  indications  of  a  positive  relationship  between  teachers'  cogni- 
tive development  level  and  the  degree  of  consistency  between  their 
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beliefs  and  Instructional  behavior.    With  this  In  mind,  this  present 
study  was  designed  to  explore  the  relationship  between  secondary 
mathematics  teachers'  cognitive  development  and  their  belief  systems 
as  a  first  step  to  discover  the  extent  tc  which  cognitive  development 
level  Is  an  Intervening  variable  between  b'illefs  and  behavior. 

The  first  phase  of  this  study  was  the  Identification  and  assess- 
ment of  appropriate  paper  and  pencil  Instruments  to  measure  mathemat- 
ics teachers'  cognitive  development  and  their  beliefs  about  mathemat- 
ics and  mathematics  teaching.    These  Instruments  were  piloted  with 
thirteen  secondary  and  middle  si'.hool  mathematics  teachers.    The  re- 
sults and  Implications  of  this  first  phase  are  the  focus  of  this 
paper. 

The  second  phase  will  begin  In  May  1987  with  the  administration 
of  these  instruments  to  a  control  group  and  participants  of  the  Dis- 
crete Mathematics  Program  (DMP),  a  project  designed  to  prepare  high 
school  mathematics  teachers  to  Incorporate  discrete  mathematics  and 
applications  Into  their  existing  curriculum  (see  Note  1).     DMP  will 
thus  serve  as  a  vehicle  to  address  the  following  research  questions: 

1.  What  Is  the  relationship  between  secondary  mathematics 
teachers'  attitudes,  beliefs,  cognitive  development,  and 
their  classroom  behavior? 

2.  What  characteristics  of  the  participating  teachers  are  asso- 
ciated with  their  adoption  of  the  proposed  currlcular  and 
Instructional  reform? 

In  addition  to  the  administration  of  paper  and  pencil  tests,  6  teach- 
ers (3  DMP  participants  and  3  control  teachers)  with  different  Perry 
pretest  ratings,  will  be  Interviewed  and  observed  during  th<!  1987- 
1988  school  year.     Pretest  results  of  phase  two  will  be  presented  at 
the  PME-XI  conference. 

CONCEPTUAL  FRAMEWORK 

Perry  (1970;  1981)  describes  a  sequence  of  stages  that  one  moves 
through  when  seeking  to  "make  meaning"  out  of  experiences.     In  gener- 
al, movement  Is  from  a  "right  vs.  wrong"  duallstlc  conceptualization 
of  reality  to  an  understanding  that  all  knowledge  Is  embedded  In  a 
contextual  and  relatlvlstlc  framework.    The  three  major  positions  of 
the  theory  that  are  relevant  here  are  dualism,  multiplicity,  and  re- 
lativism.    For  a  more  thorough  and  complete  description  of  the  theory 
as  It  relates  to  mathematics  see  Copes  (1982),  Stonewater,  Stonewater, 
and  Perry  (1987),  or  Buerk  (1982). 
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Dualism 


In  thi«  first  stage  of  development,  students  see  the  world  in 
right-wrong,  black-white  dichotomies.    Further,  the  assumption  of  the 
dualist  is  that  all  knowledge  is  known,  that  an  authority  (usually 
the  teacher)  knows  it  all,  and  that  it  la  up  to  this  authority  to 
give  the  student  the  right  answer. 
Multiplicity 

Movement  from  dualism  into  multiplicity  represents  a  significant 
broadening  of  the  student's  understanding.    The  student  begins  to 
realize  that  there  might  be  more  than  one  "right"  answer,  procedure, 
or  perspective,  but  tends  to  get  lost  in  the  muddle  of  multiple 
rights  since  there  is  no  understanding  yet  of  the  contextual  nature 
of  deciding  which  right  is  best.    In  late  multiplicity,  this  "multi- 
ple rights"  perspective  la  seen  as  license  for  an  anything  goes 
approach.    Often  multlpllatlc  students  will  be  heard  to  say,  "Every- 
one is  entitled  to  his  or  her  own  opinion  on  that  problem.     I  don't 
know  why  the  teacher  thinks  her  anawer  is  right,  mine  is  Just  as 
good . " 
Relativism 

Aa  students  move  into  relativism,  another  major  shift  in  think- 
ing takes  place.    They  finally  realize  that  right  answers  depend  upon 
context  and  are  now  capable  of  thinking  in  relativiatic  or  contextual 
terms.    They  understand  not  only  that  there  are  multiple  perspectives 
on  a  given  problem  or  topic  in  mathematics  but  that  they  can  reason 
relatlvlstlcally  about  those  perspectives.     "Truth,"  as  it  were,  de- 
pends upon  the  mathematical  system  in  which  one  is  working ,  the 
aaaumptlona  one  makes,  or  the  axioms  one  accepta  aa  true. 


Thirteen  teachera  from  rural  and  suburban  mldwestern  school  dis- 
tricts who  are  currently  involved  in  two  other  research  projects 
participated  in  the  pilot  study  (see  Note  1).    The  U  females  and  2 
males  had  an  average  of  10.85  yeara  of  teaching  experience  (s.d.  » 
8.96).    Twelve  subjects  had  completed  at  least  some  graduate  work. 
Instruments 

Each  teacher  was  asked  to  complete  the  Schoenfeld  Belief  Survey 
(1985)  and  the  Allen  Paragraph  Completion  Instrument  (1983).  The 
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Allen  Paragraph  Completion  Instrument  Is  an  assessment  of  a  person's 
cognitive  development  level  as  -seasured  by  the  Perry  scheme.     It  con- 
sists of  two  essay  questions  In  which  subject  are  asked  to  evaluate 
their  educational  experience  and  to  respond  to  a  situation  In  which  a 
classmate  Is  disagreeing  with  a  professor  about  a  point  In  a  biology 
book.     For  this  study,  the  second  Item  was  modified  by  replacing  the 
work  "professor"  with  "teacher"  and  the  word  "biology"  with  "mathema- 
tics."   Responses  were  scored  by  trained  raters  who  categorized  each 
response  as  consistent  with  a  position  between  2  (dualistic)  and  5 
(relativistic)  on  the  Perry  scheme. 

The  Schoenfeld  Belief  Survey  consists  of  70  closed  Likert-type 
and  10  open  questions  which  assess  a  person's  beliefs  about  mathema- 
tics as  well  as  about  teaching  and  learning  mathematics.    For  this 
study,  the  instrument  was  modified  to  include  only  57  of  the  closed 
Items  and  none  of  the  open  ones.     Furthermore,  four  items,  based  on 
Thompson's  (1984)  finding,  were  added. 

Many  of  the  Schoenfeld  Items  were  designed  to  dlstlnquish  be- 
tween two    possible  categories  of  mathematical  belief  systems.  The 
first,  Mathematics  is  Closed,  asserts  that  "mathematics  is  a  rigid 
and  closed  discipline,  inaccessible  to  discovery  by  students  and 
beat  learned  by  memorizing"  while  the  second,  Mathematics  is  Useful, 
asserts  that  "mathematics  is  useful,  enjoyable,  and  helps  me  to 
understand  things"  (Schoenfeld,  1985,  p.  16).     It  was  hypothesized 
that  there  would  be  a  positive  correlation  between  the  teachers' 
Perry  position  and  the  Mathematics  is  Useful  subtest.  Furthermore, 
there  would  be  a  negative  correlation  between  the  teachers'  Perry 
position  and  the  Mathematics  Is  Closed  subtest. 

RESULTS 

According  to  the  analysis  of  the  Allen  Instrument  data,  5  teach- 
ers were  rated  as  relativistic  (5),  5  as  late  raultlplistic  (4),  and 
3  as  early  multlplistlc  (3).    Table  1  is  the  distribution  of  Perry 
position  scoves  by  gender  and  teaching  experience. 
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Table  1 

Distribution  of  Perry  Position  Scores 
By  Geader  and  Teaching  Experience 

Teaching  Experience 


0- 

10 

11 

-20 

> 

20 

Perry  level 

M 

r 

M 

P 

M 

F 

3 

0 

3 

0 

0 

0 

0 

3 

4 

0 

1 

0 

4 

0 

0 

5 

5 

0 

3 

0 

0 

2 

0 

3 

Means  and  atandard  deviations  of  each  Item  on  the  Schoenfeld 
Belief  Survey  vaa  found  for  the  three  subgroups  (I.e.  relattvlstlc  Is 
Group  K,  lcte  aultlpllstlc  lk  Group  LM,  and  early  multlpllatlc  Is 
Group  EH).    Saall  sample  sixes  prevent  s  discussion  of  significant 
dlffsrsaces  betvssn  the  subgroups;  however,  several  significant 
•noanllaa  wars  obasrved.    Contrary  to  the  hypotheses,  subgroup  R  did 
not  necessarily  rate  the  Mathematics  Is  Closed  It cms  lovsr  (or  Mathe- 
matics Is  Useful  lteu  higher)  than  the  tvo  aultlpllstlc  subgroups. 
In  fact,  severs!  lteas  vers  rsted  exactly  opposite  from  what  had  been 
hypothesized.    For  exsaple,  for  the  Mathematics  Is  Closed  Item  "math 
problems  csn  be  done  correctly  In  only  one  way",  the  means  and  stan- 
dard deviations  for  this  Item  were  ss  follows:    Group  R,  mean  »  2.8, 
a.d.  «  .75;  Group  LM,  mean  -  3.4,  a.d.  »  .45;  and  Group  EM,  mean  - 
3.7,  a.d.  .47. 

Furthermore,  the  relatlvlatlc  group  tended  to  have  greater  vari- 
snce  on  Items  than  either  aultlpllstlc  subgroup.    For  Instance,  while 
the  mesn  wss  2  for  esch  group  for  the  Item  "The  validity  of  mathe- 
matical propositions  and  conclusions  Is  established  by  the  axiomatic 
methods, "  the  atandard  deviations  were  ss  follows:    Group  R,  s.d.  -  . 
1;  Group  LM,  s.d.  -  0;  snd  Group  EM,  s.d.  -  0. 

DISCUSSIOli 

As  the  first  step  In  the  exploration  of  the  relationship  between 
secondary  mathematics  teachers'  cognitive  development  and  their  be- 
lief systems,  psper  and  pencil  Instruments  measuring  these  two  vari- 
ables were  piloted  and  snslyzed.    We  found  Inconsistencies  between 
our  dats  snd  the  wsy  we  expected  the  two  constructs  to  be  related. 
Closer  examination  of  the  Allen  Instrument  leads  us  to  hypothesize 
that  Perry  levels  might  be  different  with  regard  to  how  teachers 
think  about  teaching  mathematics  and  how  they  think  about  the  content 
of  mathematics.    Specifically,  the  second  Item  asked  the  teachers  to 
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react  to  the  following  statement:     "A  classmate  disagrees  with  your 
mathematics  teacher  about  a  point  In  the  text  concerning  an  answer  to 
a  problem.     They  debated  off  and  on  for  parts  of  several  class  per- 
iods.    Each  side  of  the  argument  has  Its  supporters  In  the  class." 
Several  teachers  responded  to  this  statement  from  a  pedagogical  per- 
spective by  discussing  such  Issues  as  power  struggle  between  teacher 
and  students,  efficient  use  of  class  time,  and  the  need  to  bring  clo- 
sure to  class  discussions.     However,  other  teachers  responded  from  a 
mathematical  perspective  by  discussing  the  Importance  of  seeing  dif- 
ferent approaches  to  a  problem.     A  few  teachers  addressed  the  ques- 
tion from  both  perspectives  and  the  two  parrs  of  their  ansuer  Indi- 
cated different  Perry  levels.    Through  Interviews,  Buerk  (1982) 
found  similar  discrepencies  with  matnemat lcsUy  anxious  women.  These 
observations  suggest  that  the  Perry  assessment  Instrument  needs  to  be 
revised  to  separate  out  th«  potentially  confounding  mix  of  pedagogy 
and  content. 

The  fict  that  the  relativists'  means  on  most  of  the  Schoenfeld 
Belief  Survey  Items  had  a  higher  standard  deviation  than  did  the 
means  of  the  two  multipllstlc  groups  was  also  unexpected.     For  exam- 
ple. In  responding  to  Items  about  "right  answers"  In  mathematics,  we 
expected  the  relativists  to  converge  on  an  understanding  that  such 
answers  are  contextual,  not  necessarily  right  and  wrong.    Vet  some 
relativists  agreed  with  Lhis  view  while  other  strongly  disagreed. 
One  explanation  for  this  variance  Is  that  cognitive  development  and 
beliefs  (as  measured  by  the  Schoenfeld  Instrument)  are  in  fact  not 
related,  resulting  In  a  potentially  high  variance  In  responses  by 
Perry  level.     On  the  other  hand.  If  the  two  constructs  are  related, 
then  this  high  variance  for  the  relativists  can  be  explained  from  a 
cognitive  development  perspective.     Theoretically,  a  person  can  use 
reasoning  patterns  consistent  with  his  or  her  current  level  of  think- 
ing or  below,  but  one  cannot  use  reasoning  patterns  above  his  or  her 
level-     Based  on  this  argument,   It  is  thus  entirely  consistent  with 
cognitive  development  theory  that  the  relativists  had  more  levels 
at  which  to  think  (5)  than  did  the  pre-relstlvlst  teachers  O  and  A) 
and  could  fluctuate  between  these  levels.     This  could  account  for  the 
higher  degree  of  variance  for  the  relatlvlstlc  group. 

The  second  phase  of  this  study  wllx  be  to  lnvestfgate  the  rela- 
tionship between  secondary  mathematics  teafahera*  cognitive  develop- 
ment, beliefs,  attitudes,  and  clasroom  behavior.     This  Investigation 
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could  have  profound  Implications  in  the  area  of  currlcular  develop- 
ment and  teacher  education  If  they  support  Carpenter  (1986)  assertion 
that  "teachers'  beliefs  ...  affect  how  [they]  perceive  ...  [the  la- 
service]  training  and  new  curricula  Chat  they  receive  and  the  extent 
to  which  they  implement  the  training  and  curricula  as  intended  by  the 
Itvelopers"  (p.  226). 


NOTES 


1.    The  two  projects,  The  Discrete  Msthemstics  Program  snd  the  Miami 
University  Teletralning  Institute,  are  supported  by  a  grant  from 
Title  II  of  the  Education  for  Economic  Security  Act  and  administered 
by  the  Ohio  Board  of  Regents. 
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PERSONAL  CONSTRUCTS  OF  MATHEMATICS  AMD  MATHEMATICS  TEACHIHG 


John 


E.  Owens,  The  University  of  Alabama 


Repertory  grid  technique  and  extensive  interviews  were  used 
to  investigate  four  preservice  secondary  mathematics 
teachers'  personal  constructs  of  mathematics  and  mathematics 
teaching.    Kelly's  Personal  Construct  Theory  and  Perry's 
developmental  scheme  provided  a  frameworK  ior  the  analysis  of 
the  experiential,  mathematical,  and  pedagogical  perspectives 
through  which  the  preservice  teachers  interpreted  their 
undergraduate  teacher  preparation  programs  and  anticipated 
their  roles  as  teachers.    Constructs  related  to  teaching 
roles  tended  to  focus  on  personal,  non-intellectual 
qualities.    Constructs  relating  to  mathematics  were  affected 
by  prior  success  with  pre-col lege  mathematics  and  anticipated 
uses  of  mathematics  in  teaching  roles  and  were  often 
discordant  with  the  participants'  perception  of  subject- 
matter  preparation  at  the  college  level. 


Kelly's  (1955)  Personal  Construct  Theory  and  Perry's  (1970) 
developmental  scheme  provided  a  frameworK  for  investigating  the  sources 
and  nature  of  the  construction  systems  employed  by  four  preservice 
secondary  mathematics  teachers  as  they  interpreted  their  prior  school 
experiences  and  anticipated  their  future  teaching  roles. 

Kelly's  theory  represents  a  constructive  viewpoint,  recognizing 
the  learner  as  an  active  processor  of  knowledge-assimilating  and 
organizing  experience  through  an  evolving  system  of  bi-polar  images, 
termed  constructs,  that  control  the  way  in  which  events  are  perceived. 
This  constantly  evolving  system  is  both  modified  by  experience  and 
determines  how  experiences  are  perceived  by  the  individual. 

An  individuals'  actions  represent  choices  from  alternatives  along 
a  flexible  and  frequently  modified  networK  of  pathways  as  the 
individual  seeks  to  predict,  and  thus  anticipate,  future  events. 
However,    it  is  not  the  pathways  themselves,  but  the  constructs  that 
facilitate,   or  restrict,  the  choices  of  paths  that  constitute  the 
individual's  construct  system.    Kelly  developed    "repertory  grid 
technique,"  used  in  this  study,  as  a  m.thod  of  eliciting  and 
investigating  the  nature  of,  and  relationships  hetween,  various 
constructs  comprising  the  individuals'  conceptual  system. 
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Perry* i  scheme  is  used  a*  a  complement  to  Personal  Construct 
Theory,  providing  a  more  global  framework  for  describing  the 
participants'  developing  "woridvlew-  as  It  relates  to  teaching  and  to 
mathematics.    The  scheme  was  designed  to  describe  the  intellectual  and 
ethical  development  of  undergraduate  college  students  and  is  primarily 
concerned  with  the  relationship  of  the  individual  with  perceived 
authority. 

Four  major  stages  of  growth  are  posited:  Dualism  (a  dlchotomus 
good/had,  right/wrong,  we/others  structuring),  mitlpllsm  (a  plurality 
of  answers  is  perceived  but  without  internal  structure),  Relativism 
(multiple  perspectives  emerge,  allowing  for  contextual  analysis  of 
events),  and  Commitment  (acceptance  of  personal  responsibil lty  f or 
choices  in  Relativism).    Alternatives  to  growth  (Escape,  Temporization, 
and  Retreat)  are  available  to  the  individual  at  various  stages. 

DESIGN  OF  THE  STUDY 

The  study  was  conducted  over  a  nine-week  period  during  the  spring 
of  1986.    Data  »ere  collected  from  each  of  the  seven  secondary 
mathematics  education  majors  enrolled  in  a  post-student-teachlng 
seminar  at  the  University  of  Georgia.    Each  completed  a  series  of  seven 
one-hour  interviews  and  a  written  task  In  addition  to  ellcltation  and 
ranking  instruments  characteristic  of  repertory  grid  technique.  From 
the  six  students  who  had  Jointly  progressed  through  the  mathematics 
education  curriculum  four  students,  representing  a  range  of  achievement 
on  college  coursework,  were  chosen  for  case  studies. 

Interviews  were  of  three  types:  open-ended  discussions  aimed  at 
developing  an  understanding  of  the  participants'  conceptions  of 
mathematics  and  its  teaching,  focussed  interviews  for  eliciting 
participants'  reaction  to  scenarios  of  hypothetical  secondary 
mathematics  classroom  situations  dealing  with  student  misconceptions, 
and  problem-solving  sessions  des limed  to  Investigate  the  participants' 
understanding  of  major  ideas  In  the  secondary  mathematics  curriculum 
and  the  "socially  effective  symbols"  (Kelly,  1955)  with  which  they 
comaunlcate  these  understandings.    Interview  data  formed  the  primary 
basis  for  ascertaining  the  participants'  development  relative  to 
Perry's  scheme  and  served  as  a  medium  for  exploration  of  meanings 
ascribed  to  grid  items  by  the  participants. 

Repertory  grids  were  administered  in  two  stages  utilizing 
construct  ellcltation  and  final  grid  instruments.    Two  sets  of  initial 
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Tables  S-l  and  S-5  Illustrate  one  participant's  topic  and  role 
rankings  on  the  final  t'.nds  and  Tables  S-3  and  S-T  the  corresponding 
correlation  matricies.    Tables  8-13  and  8-H  relate  the  siranary 
relationship  scores,  by  participant,  for  role  and  topic  constructs. 
The  complete  descriptions  of  the  Clements,    abbreviated  above  in  Table 
S-l  and  S-5,   are:  for  the  topic  grid  -  Constructing  a  proof,  Graphing 
an  equation.  Solving  a  word  problem,  Solving  an  equation,  Working  with 
fractions,  and  Probability  and  statistics;  for  the  role  grid  -  A 
typical  secondary  mathematics  education  major.  A  typical  mathematics 
professor,  Your  best  mathemat  ics  teacher,  Yourself,  Atypical  high 
school  mathematics  student,  and  Your  worst  mathematics  teacher. 
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ellcltatlon  instruments,  one  eliciting  role  constructs  and  the  other 
topic  constructs,  were  completed  by  the  participants  prior  to  the  first 
interview.    Each  set  involved  the  presentation  of  triads  of  teaching 
roles  or  mathematical  topics  which  the  participants  were  instructed  to 
sroup  in  the  following  manner:  "Consider  the  three  topics  (roles) 
presented.    Describe  some  way  in  which  you  view  two  of  the  topics 
(roles)  as  similar,  yet  different  from  the  third. »    For  example,  asked 
to  group  a  favorite  high  school  mathematics  teacher,  a  favorite  college 
mathematics  instructor,  and  a  disliked  high  school  mathematics  teacher 
the  participant  might  group  the  two  favorites  by  describing  them  as 
"encouraging"  in  contrast  to  the  disliked  instructor  who  was  perceived 
as  "intimidating". 

Descriptor*  used  by  the  participants  to  character ue  the 
similarities  and  differences  supplied  a  range  of  bi-polar  constructs 
for  the  resulting  final  grids.    Participant*  were  asked  to  use  these 
constructs  to  ranlc,  along  a  LiKert-type  scale,  a  selection  of  roles 
(topics)  representing  teaching  (mathematical)  elements  (TABLE  S-l  and 

5-  3).  Role  and  topic  elements  were  chosen  from  comnon  themes  voiced  by 
the  participants  during  the  interviews. 

Grids  were  analyzed  using  procedures  suggested  by  Fransella  and 
Bannister  (197T).    Correlation  matrlcles  (Tables  s-l  and  s-5), 
relationship  (variance)  score*,  and  cluster  graphs  (Figures  S-l  and  S- 
Z)  were  constructed  for  each  participant1*  role  and  topic  grid. 
Summary  chains  of  relationship  scores  (Tables  o-i3  and  e-11)  and 
cluster  graph.  (Figure  fl-i ,  comparing  participants  across  element*  and 
topic*  were  constructed  for  cross-case  comparison. 

Relationship  (variance)  scores  play  a  pivotal  role  in  personal 
construct  theory.    These  represent  the  explained  variance  from  each  of 
the  constructs  on  the  final  grids  and  reflect  the  relative  "intensity" 
with  which  constructs  impact  on  the  participants'  interpretation  of 
experience  (Fransella  and  Bannister,  197T).    A  construct  with  a  higher 
relationship  score  is  thus  posited  to  represent  a  more  global 
influence,  or  control,  on  how  the  individual  interprets  events.  Table 

6-  13  and  e-U  provide  the  relationship  scores  and  ramcing  by 
participant  for  the  role  and  topic  grids. 

RESULTS 

While  constructs  in  Personal  Construct  Theory  are  bi-polar  (e.g., 
"encouraging/intimidating"),  only  the  "likeness"  pole  (e.g., 
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"encouraging" )  of  the  construct  is  given  here  for  breviety.  Comments 
relating  to  a  participants'  positive  or  negative  connotation  of  a 
construct  refer  to  the  stated  pole.    For  example,    if  Laura  is  described 
as  viewing  "easy"  in  a  positive  sense,  this  refers  to  the  connotation 
she  attributes  to  the  likeness  end  ("easy")  of  the  construct 
"Easy/dif f icult."    Judgments  of  positive  or  negative  views  were  based 
on  interview  data  and  correlations  with  other  constructs. 

The  findings  reported  here  focus  on  similarities  and  differences 
in  constructs  and  worldviews  held  by  two  of  the  participants:  Susan  and 
Laura.    Each  Is  a  twenty-two  year  old  white  female  with  a  high  (3.37 
and  3.80,  respectively,  on  a  1  point  scale)  grade  point  average,  from  a 
middle-class  background,   and  actively  involved  in  religious  and 
athletic  endeavors. 

Constructs  of  Mathematics .    On  her  topic  grid,  Susan's  most 
"intense'  constructs,   based  on  relationship  scores,  were  "varied," 
"advanced,"  "most  useful,"  "most  liked,"  and  "abstract."    Susan  viewed 
each  of  these  constructs  in  a  positive  sense.    Laura's  mo5t  intense 
constructs  consisted  of  "easy,"  "creative,"  "advanced"  and  "easiest  to 
learn"  (tie),   and  "best  at."    Laura  viewed  "creative"  and  "advanced"  as 
negative  aspects  and  the  remaining  three  constructs  as  positive. 


FIGURE  6-1 
SUMMARY  CLUSTER  GRAPHS  -  TOPICS 
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Cluster  graphs  can  be  used  to  graphically  portray  relationships 
between  constructs  for  an  individuals'  system.  Coordinates 
represent  the  signed  variance  (x  100)  between  the  constructs  chosen 
for  the  axes  and  the  remaining  constructs.    A  comparison  of  Susan's 
and  Laura's  graphs  (Figure  8-1),  with  "easy/difficult"  forming  the 
primary  (y)  axis  and  "most  useful/least  useful"  the  secondary  (x) 
axis,  shows  a  strikingly  different  trend  for  the  two  participants. 
To  Susan,  constructs  related  to  secondary  mathematics  topics  that 
are  viewed  as  "most  useful"  also  tend  to  encompass  those  that  arc 
viewed  as  "difficult."    For  Laura,  the  opposite  tendency  exists.  
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Susan's  constructs  suggest  a  view  of  mathematics  that  values 
complexity,  academic  achievement,  uid  ai  plication,  and  one  in  which  she 
considers  her  own  preferences  to  play  a  role.    Interview  data  supported 


relativistlc  view  of  mathematics— characterized  by  reflection  and  the 
use  of  alternative  viewpoints. 

These  characteristics  were  evident  in  her  approach  to  student 
scenarios  and  problem-solving  situations  (she  would  typically  question 
the  context  and  meanings  of  the  situation/  problem  before  expressing  a 
view)  and  in  her  response  to  the  study  itself  (each  week  she  would  want 
to  discuss  ideas  that  she  had  developed  based  on  the  previous  session). 
Susan  easily  alternated  between  expressing  her  perception  of  a  "teacher 
view"  of  a  situation  and  a  "student  view." 

Laura's  more  "intense"  topic-grid  constructs  suggest  a  view  of 
mathematics  that  focuses  on  simple,  straight-forward  procedures  which 
she  can  easily  accomplish  through  easily  learned  routines.  Interview 
data  suggested  that  Laura  conceived  of  mathematics  as  a  vehicle  for 
"performance,"  an  area  in  which  she  had  received  constant  praise  but 
held  UttU  meaning  outside  the  classroom  context. 

Laura's  reactions  to  student  scenarios  typically  involved  an 
attempt  to  repeat  strategies  "her  (cooperating)  teacher"  had  used.  Her 
approach  to  problem-sotving  situations  was  marked  by  attempts  to  apply 
learned  techniques,  often  replying  "I  should  remember  how  to  do  this,  " 
and  a  lack  of  alternatives  when  she  did  not  readily  recognize  a 
solution  strategy. 

Laura's  position  on  Perry's  scale  was  deemed  to  be  that  of  "Escape 
in  MUltlplism"  where  she  finds  her  "identity  in  carrying  out 
assignments  of  external  authority  by  perfornunce,"  From  this 
perspective  "creative"  and  "advanced"  mathematics  can  be  threatening  to 
her  self -perceived  mathematical  abilities.  "Easy,"  "easiest  to  learn," 
and  "best  at"  suggest  constructs  supportive  of  success  in  accomplishing 
assigned  tasks. 

Constructs  of  Mathematics  Teaching.    Susan's  five  highest  rated 
constructs  from  the  role  grid  were  "encouraging"  and  "motivating"  and 
"inquisitive"  (tie),  and  "respected"  and  "reliable"  (tie).  Laura's 
were  "respected,"  "encouraging"  and  "interesting"  (tie),  "motivating," 
and  "flexible."    All  were  viewed  as  positive  aspects  by  each 
participant.    Each  evidenced  an  "idealized"  view  of  a  favorite  former 
mathematics  teacher,  with  Susan  rating  her  "best"  mathematics  teacher 
first  on  12  of  17  constructs  wd  Laura  rating  this  person  highest  on  to 


these  findings,  suggesting  Susan  was  in  the  process  of  developing  a 
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of  17.    Each  demonstrated  self  rankings  that  suggested  a  close 
idenUf  nation  with  their  "best"  teacher.    Both  participants  described 
themselves  as  having  a  strong  social  orientation  to  teaching;  scores 
reflective  of  more  intellectual  concerns  (e.g.,  "intelligent," 
"abstract,"  "complex")  ranked  low  on  both  part w .Fants '  role  grids. 

Susan's  highest  rating  on  "inquisitive"  provides  a  contrast 
between  the  two  participants'  perceptions  of  teaching;  "inquisitive" 
was  the  lowest-ranked  construct  on  Laura's  role  grid.    Susan's  approach 
to  teaching  is  an  active  one  in  which  she  sees  herself  as  a  decision 
maker,  capable  of  making  judgments  on  content  and  methodology.  Laura, 
however,    Is  passive  In  her  approach,  deferring  to  others  for  decisions 
on  content  and  methodology.    "Flexible,  "  which  ranked  fourth  on  her 
role  grid,  was  interpreted  by  Laura  as  an  ability  to  readily  follow 
instructions  from  those  she  perceived  to  be  in  authority. 

CONCLUSIONS 

The  cases  of  Susan  and  Laura,  only  partially  discussed  here, 
mchlieht  the  broad  differences  in  perceptions  of  teaching  and  of 
mathematics  that  can  exist  between  two  ostensibly  similar  participants 
in  a  teacher  education  program.    Other  case  studies  (Owens,  1907) 
suggest  that  these  individuals  are  not  ends  of  a  spectra  but  represent 
part  of  a  complex  array  of  beliefs  held  by  preservlce  teachers. 

The  constructs  through  which  preservlce  teachers  view  mathematics 
and  mathematics  teaching  are  important  determinants  of  how  individuals 
interpret  their  undergraduate  experiences  and  anticipate  their  teaching 
roles.    These  constructs  are  integral  to  the  Individuals'  developing 
worldvlews  which  perform  an  Important  function  In  structuring  their 
roles  as  professionals.    Knowledge  of  preservlce  teachers  constructs 
and  worldviews  can  provide  teacher  educators  with  understandings  of  how 
individuals  perceive  their  undergraduate  experiences,  and  should  play  a 
central  role  In  the  design  and  conduct  of  these  programs. 
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BELIEFS,  ATTITUDES,  AND  EMOTIONS: 
AFFECTIVE  FACTORS  IN  MATHEMATICS  LEARNING 

Douglas  B.  McLeod 
Washington  State  University 


Abstract 

Current  research  on  the  role  of  the  affective  domain  in 
mathematics  learning  takes  a  variety  of  forms.  Some 
researchers  focus  on  the  beliofs  about  mathematics  that 
are  held  by  students  or  teachers.  Others  focus  on  the 
attitudes  of  mathematics  learners.  A  third  group  is 
beginning  to  look  at  more  visceral,  emotional  responses  to 
mathematics.  This  paper  responds  to  the  research  on 
affective  issues  that  is  reported  in  this  volume,  and 
suggests  directions  for  future  research. 


Research  on  affective  issues  is  well  represented  in  this  volume.  There 
are  13  papers  that  deal  with  affect  and  its  relationship  to  mathematics 
learning  and  teaching.  This  paper  will  deal  first  with  issues  of  terminology, 
and  then  continue  with  some  comments  on  each  of  the  papers.  Since  the 
papers  are  required  to  be  brief,  and  since  research  on  affect  is  notoriously 
difficult  to  communicate  accurately,  the  possibilities  for  misinterpretation 
are  many.  It  seems  to  me  that  short  papers  like  these  may  constitute  a 
form  of  projective  test;  readers  are  likely  to  see  in  the  papers  reflections 
of  their  own  interests.  I  hope  that  this  reader  has  not  imagined  too  much  of 
his  own  interests  in  the  papers.  I  also  hope  that  the  authors  of  the  papers 
will  not  find  too  many  errors  in  my  comments. 

DESCRIBING  THE  AFFECTIVE  DOMAIN 

The  difficulties  of  saying  what  we  mean  in  the  affective  domain  are 
well  known.  In  a  recent  paper,  Reyes  (1987)  outlines  the  misinterpretations 
that  occur  when  psychologists  and  researchers  from  mathematics  education 
try  to  discuss  affect.  Her  discussion  makes  a  number  of  suggestions 
regarding  terminology  in  the  affective  domain  that  I  will  try  to  follow  here. 

The  affective  domain  is  used  here  to  refer  to  a  wide  range  of  feelings 
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and  moods  that  aro  generally  regarded  as  something  different  from  pure 
cognition.  The  main  terms  used  to  describe  the  affective  domain  are 
beliefs,  attitudes,  and  omotions.  These  terms  vary  from  "cold"  to  "hot"  in 
the  level  of  intensity  of  the  feelings  that  they  represent.  They  also  vary  in 
their  stability;  beliefs  and  attitudes  are  generally  thought  to  be  relatively 
stable  and  resistent  to  change,  but  emotional  responses  to  matliematics  may 
change  rapidly.  For  example,  students  who  say  they  dislike  mathematics 
one  day  are  likely  to  express  the  same  attitude  the  next  day.  However,  a 
student  who  is  frustrated  and  upset  when  working  on  a  non-routine  problem 
may  express  strong  positive  emotions  just  a  few  minutes  later  when  the 
problem  is  solved.  Finally,  although  it  is  impossible  to  separate  student 
responses  into  cognitive  and  affective  categories,  some  of  these  terms  have 
a  larger  cognitive  component  than  others.  For  example,  beliefs  seem  to 
involve  mainly  cognitive  processes  that  are  typically  built  up  over  a  long 
period  of  time.  Emotional  responses,  however,  may  involve  little  cognitive 
processing,  and  their  rise  time  can  be  very  short.  So  the  terms  beliefs, 
attitudes,  and  emotions  are  listed  in  order  of  increasing  affective 
involvement,  decreasing  cognitive  involvement,  increasing  intensity,  and 
decreasing  stability. 

Sometimes  researchers  get  involved  in  arguments  about  whether 
cognitive  processing  can  be  separated  from  affective  piocessing.  A  similar 
argument  exists  about  whether  one  dominates  the  other.  In  this  paper  I  will 
assume  that  affect  and  cognition  are  inextricably  linked,  and  that  wo  cannot 
separate  the  two.  However,  the  presence  of  both  thought  and  feelings  in 
mathematics  students  at  all  times  does  not  imply  that  the  two  domains  are 
always  equally  powerful.  Sometimes  we  are  more  influenced  by  affective 
factors,  sometimes  less.  Now  that  we  have  established  some  preliminary 
groundwork,  let  us  try  to  define  the  three  terms:  beliefs,  attitudes,  and 
emotions. 

Beliefs  about  mathematics  generally  involve  very  little  affect,  and  are 
frequently  based  as  much  on  cognitive  responses  as  on  feelings  or  affective 
responses.  Beliefs  about  self  may  have  more  of  an  affective  component,  bu 
in  general  beliefs  will  be  viewed  as  primarily  cognitive  in  nature.  For 
example  students  may  have  beliefs  about  the  usefulness  of  mathematics,  o 
about  their  role  as  mathematics  learners.  For  further  discussion  of  the  role 
of  beliefs  in  mathematics  learning  and  teaching,  see  Reyes  (1987), 
Schoenfeld  (1985),  and  Silver  (1985). 

Attitude  toward  mathematics  is  used  to  refer  to  feelings  about 
mathematics  that  are  relatively  consistent.  For  example,  attitude  will  be 
used  to  refer  to  how  much  students  like  mathematics,  and  to  how  confident 
they  feel  about  doing  mathematics.  Attitudes  may  have  a  component  that  is 
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a  belief,  but  they  are  distinguished  from  beliefs  by  the  feelings  that 
accompany  the  beliefs.  For  further  discussion  of  alternate  definitions  of 
attitude,  see  Leder  (In  press)  or  Reyes  (1987). 

Emotion  is  used  to  describe  affective  reactions  that  are  more  intense 
than  beliefs  or  attitudes.  Emotions  generally  involve  some  physiological 
arousal  (tense  muscles,  rapid  heartbeat)  and  some  redirection  of  the 
individual's  attention.  Typical  emotions  would  include  joy,  anxiety, 
frustration,  and  surprise.  For  further  discussion  of  emotion,  see  Mandler 
(1984). 

The  papers  have  been  grouped  into  three  categories,  dopending  on 
whether  they  deal  primarily  with  beliefs,  attitudes,  or  emotions.  Of  course, 
many  papers  deal  with  more  than  one  of  these,  and  no  doubt  alternate 
classifications  are  prssible.  However,  I  think  that  this  means  of 
categorizing  the  papers  will  be  useful  In  finding  interesting  comparisons 
among  them.  We  bogin  with  papers  that  deal  with  beliefs. 

STUDENTS'  AND  TEACHERS'  BELIEFS  ABOUT  MAI  HEMATICS 

Research  on  students'  beliefs  about  mathematics  has  become  much 
more  prominent  in  recent  years,  especially  in  research  on  the  teaching  of 
mathematical  problem  solving  (Silver,  198S).  Student  views  c 
mathematics  can  often  have  a  major  impact  on  their  performance,  as 
Schoenfeld  (1985)  has  noted.  Most  of  this  research  has  focused  on 
secondary  school  students  (15  years  and  okJer),  but  some  investigators  have 
begun  to  look  at  younger  students.  Among  these  investigators  are  Kouba  and 
McDonald  in  this  volume. 

Kouba  and  McDonald  have  begun  a  coordinated  research  program  to 
determine  what  students  believe  is  part  of  the  domain  of  mathematics.  This 
research  started  with  elementary  school  students  and  their  beliefs  about 
what  constitutes  mathematics,  and  has  now  continued  with  Junior  high 
school  students  (ages  12  and  13).  As  one  might  expect,  students  at  this  age 
describe  mathematics  in  terms  of  their  experiences  in  mathematics 
classrooms.  These  experiences  are  often  limited  to  typical  textbook 
exercises,  so  students  frequently  fail  to  see  the  mathematics  in  a 
particular  setting  when  that  setting  is  different  from  what  is  found  In  most 
textbooks.  New  teachers  are  often  surprised  that  they  have  to  spend  so 
much  time  answering  questions  like  "Why  do  we  have  to  learn  this  stuff?" 
Given  students'  limited  conception  of  the  domain  of  mathematics,  perhaps 
their  question  is  more  legitimate  than  we  realize.  If  they  had  a  more 
mature  understanding  of  what  really  constitutes  mathematics,  they  would 
have  a  better  understanding  of  why  schools  require  mathematics. 
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Bliss  and  Sakonidis  report  related  work  on  student  beliefs  about  truth 
in  various  kinds  of  domains  from  mathematics  to  religion.  These  students 
(aged  1 1  to  16)  generally  agree  that  mathematics  and  science  have  a  lot  of 
truth  In  them,  and  are  less  certain  about  history  and  religion.  Tho  empirical 
and  logical  nature  of  mathematics  seem  to  be  the  major  sources  of  these 
judgments,  and  It  was  a  relief  to  see  that  only  a  few  students  attributed  the 
truth  of  mathematics  to  the  fact  that  the  teacher  said  it  was  true. 

Both  of  those  studies  on  student  beliefs  provide  useful  data  that  help 
explain  how  student  perceptions  of  mathematics  develop.  Both  studies 
provide  the  kind  of  broad  picture  of  student  beliefs  that  can  result  from 
statistical  studies  of  questionnaire  data  on  relatively  largo  numbers  of 
studonts.  I  hope  that  future  studies  will  continue  to  gather  data  in  this 
way,  and  also  gather  some  other  kinds  of  data  that  will  supplement  that 
which  is  reported  here.  For  example,  more  detailed  case  studies  of  a  few 
students  would  help  make  the  data  presented  here  more  real,  especially  for 
a  constructivist  audience.  Another  strategy  for  making  the  data  mote 
meaningful  would  be  to  provide  more  cross-sectional  or  longitudinal  data, 
thus  allowing  readers  to  make  the  comparisons  between  different  ages  that 
would  allow  us  to  see  these  beliefs  develop  over  time. 

Two  other  studies  (by  Owens  and  by  Oprea  and  Stonewater)  deal  with 
boliofs  about  mathomatics,  but  these  two  focus  on  the  beliefs  of  teachers. 
Both  studies  use  the  Perry  Scheme  as  a  structure  for  the  analysis  of 
teachers'  beliefs,  and  both  supplement  that  scheme  with  related  data  from  a 
second  theoretical  framework.  Also,  both  studies  use  small  sample  sizes 
where  the  emphasis  is  on  gathering  substantial  amounts  of  qualitative  data 
on  only  a  few  subjects.  Presenting  this  kind  of  qualitative  data  in  seven 
pages  Is  a  very  difficult  task,  and  both  authors  have  clearly  worked  hard  to 
do  the  best  job  possible  under  tho  circumstances. 

Owens  presents  convincing  data  on  how  the  beliefs  of  two  of  his 
subjects  can  differ  substantially,  even  when  both  appear  to  be  very  similar 
on  other  dimensions.  Some  of  the  data  were  presented  In  compact  and  very 
complex  grids  that  were  relatively  opaque  for  me;  I  suspect  that  the 
attempts  to  quantify  the  mostly  qualitative  data  require  more  space  to 
make  clear  than  was  available  here.  Oprea  and  Stonewater  have  collected 
data  that  should  be  helpful  in  revising  their  instruments  and  their 
theoretical  framework,  even  though  the  results  which  they  obtained  were  in 
conflict  with  their  expectations. 

A  major  problem  in  the  work  on  teacher  beliefs  is  the  lack  of  an 
appropriate  theoretical  framework.  Although  the  Perry  Scheme  has  some 
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appeal,  I  am  uneasy  with  its  application  to  mathematics  education.  Even  the 
recent  revision  and  expansion  of  the  scheme  (Beienky,  Clinchy,  Goldberger,  & 
Tarule,  1986),  which  tries  to  improve  the  theory's  application  to  women  as 
well  as  men,  seems  to  miss  some  of  the  relevant  aspects  of  mathematical 
beliefs.  It  seems  to  me,  for  example,  that  the  scheme  needs  to  take  into 
account  the  specific  requirements  of  the  discipline  of  mathematics, 
including  its  logical  structure  and  complex  ways  of  representing  concepts.  I 
am  also  uneasy  with  an  approach  that  does  not  take  into  consideration  the 
subjects'  specific  knowledge  of  mathematics  or  their  level  of  general 
ability,  and  how  these  kinds  of  knowledge  may  influence  their  performance 
on  measures  designed  to  classify  people  into  categories  of  dualism, 
multiplicity,  or  relativism.  The  efforts  to  supplement  the  Perry  Scheme 
with  other  frameworks  (by  Kelly  and  by  Schoenfeld)  are  certainly  helpful. 
However.  I  am  left  with  the  feeling  that  these  frameworks  also  need  more 
development  and  refining  before  they  will  provide  an  adequate  structure  for 
the  analysis  of  teacher  beliefs. 


Research  on  beliefs  has  been  troubled  by  the  lack  of  adequate  theory, 
and  the  same  may  be  said  for  the  work  on  attitudes.  But  one  area  of 
accomplishment  has  been  the  research  on  how  attitudes  toward 
mathematics  differ  when  we  compare  girls  and  boys  (Leder,  1986).  The 
work  of  Makuni  makes  a  substantial  addition  to  this  area.  In  this  paper, 
which  is  based  on  a  substantial  program  of  research  carried  out  in  Kenya, 
we  find  that  gender-related  differences  can  be  identified  in  one  more 
country,  and  that  the  pattern  of  these  differences  is  generally  quite  similar 
to  what  has  been  reported  in  Australia,  North  America,  the  United  Kingdom, 
and  other  areas.  The  development  of  effective  ways  to  address  these 
differences  deserves  high  priority  all  around  the  world. 

Further  research  along  these  lines  is  reported  by  Miller,  who  used  three 
separate  techniques  in  assessing  the  attitudes  of  twelfth  graders.  The  use 
of  multiple  measures  is  a  strength  of  this  study;  however,  the  scales 
developed  by  Fennema  and  Sherman  (1976)  would  have  been  useful  in  making 
this  study  more  comparable  to  others  in  the  field.  Also,  the 
Fennema-Sherman  scales  provide  ways  to  measure  more  of  the  varied  facets 
of  the  attitude  construct  than  does  the  Aiken  scale. 

A  major  contribution  of  the  Miller  study  is  its  investigation  of  the 
genesis  of  negative  attitudes  toward  mathematics.  The  data  from  this 
study  suggest  that  seventh  grade  is  an  important  point  in  the  development 
of  attitude,  a  finding  that  agrees  with  other  research  in  this  area.  This 
finding  should  encourage  the  support  of  current  efforts  to  focus 
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intervention  strategies  at  the  early  adolescent  age  group. 

A  related  paper  by  Lucock  deals  with  both  beliefs  and  attitudes.  This 
work  discusses  beliefs  about  the  usefulness  of  mathematics  as  well  as  the 
attitude  of  liking  mathematics.  A  strength  of  this  study  is  that  it  allows  us 
to  differentiate  student  responses  that  focus  on  routine  mathematics  from 
those  that  deal  with  mathematical  problem  solving  of  a  non-routine  sort. 
Other  aspects  of  the  study  range  widely  over  a  number  of  topics  that  are 
difficult  to  summarize  briefly  here.  Although  the  study  lacks  the  kind  of 
technical  features  that  would  provide  more  assurance  of  the  quality  of  the 
data,  the  results  conform  in  general  to  other  studies  about  the  development 
of  attitudes  toward  mathematics. 

EMOTIONAL  FACTORS  IN  MATHEMATICS  LEARNING 

The  remaining  papers  on  affect  deal  with  somewhat  more  emotional 
issues,  ranging  from  mathematics  anxiety  of  some  degree  of  intensity  to 
emotional  responses  that  have  a  physiological  aspect  to  them.  We  begin 
with  the  papers  on  mathematics  anxiety. 

The  work  by  Lacasse  and  Gattuso  provides  us  with  the  results  of  their 
experience  in  running  workshops  on  mathematics  anxiety.  Their  analysis  of 
the  problem  shows  good  practical  knowledge  of  "mathophobes".  and  makes  a 
number  of  useful  suggestions  for  providing  instruction  that  alleviates  the 
fears  of  the  anxious,  especially  those  who  are  adult  students.  This  research 
is  very  much  in  tune  with  related  work  on  mathematics  anxiety  in  that  it  is 
based  in  practice,  not  in  theory.  One  of  the  nice  features  of  this  work  is 
that  it  makes  use  of  the  expertise  of  both  psychologists  and  mathematicians 
as  they  address  a  truly  interdisciplinary  problem. 

In  a  related  study,  Evans  reports  on  adults'  anxiety  about  mathematics, 
including  their  scores  on  the  MARS  scale.  Again,  I  would  be  more 
comfortable  with  the  more  extensive  measures  that  are  a  part  of  the 
Fennema-Sherman  scales,  but  the  MARS  instrument  does  have  its  adherents, 
mainly  from  counseling  psychology.  More  important  than  my  preferences  in 
instruments  is  the  fact  that  this  study,  like  several  of  those  discussed 
above  in  the  attitude  section,  presents  consistent  data  on  gender-related 
differences  in  affective  responses  to  mathematics.  In  general,  'hese 
differences  indicate  that  women  express  more  anxiety  than  men,  and  that 
this  difference  persists  even  when  the  women  tend  to  be  more  talented  in 
mathematics  than  the  men.  Moreover,  the  unfortunate  underrepresentation 
of  women  in  mathematical  careers  seems  to  be  one  of  the  results  of  these 
differences  in  affective  responses. 
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The  interviews  that  were  a  part  of  the  Evans  study  provide  an 
important  part  of  the  data.  The  subject  who  referred  to  "panic"  in 
describing  his  affective  reaction  to  doing  sums  in  public  reflects  exactly 
the  kind  of  emotional  response  found  by  Buxton  (1981).  In  an  extensive 
study  of  these  extreme  emotional  responses,  Buxton  provide  a  model  of 
how  to  study  mathematics  anxiety.  The  wo*  has  a  strong  theoretical 
foundation,  and  yet  speaks  directly  to  the  needs  of  mathematics  education 
for  improved  practice  in  dealing  with  anxiety  in  the  mathematics  classroom. 

Coutts  and  Jackson  report  a  study  on  personality  variables  that  are 
related  to  success  avoidance  in  mathematics.  The  notion  of  success 
avoidance  is  a  useful  concept  that  grew  out  of  work  by  Horner  in  the  1960's. 
Research  on  success  avoidance  has  been  interesting,  but  not  as  successful 
as  originally  hoped.  It  seems  that  investigations  of  a  single  variable  like 
success  avoidance  are  unlikely  to  provide  as  rich  a  picture  of  student 
behavior  as  we  need.  This  study  uses  22  personality  variables  to  look  for 
relationships  between  these  characteristics  and  success  avoidance.  The 
fact  that  significant  relationships  were  found  with  two  variables  is  not 
surprising,  but  fortunately  the  data  make  sense  in  terms  of  our  practical 
experience. 

The  paper  by  Ligauit  takes  a  psychoanalytic  perspective  on 
mathematics  anxiety-quite  an  unusual  perspective  for  research  in 
mathematics  education.  Although  I  find  the  Freudian  interpretations  of  the 
students'  views  of  the  relationship  to  the  father  to  be  quite  extreme,  I  am 
favorably  impressed  by  several  aspects  of  this  paper.  For  example,  the  role 
of  the  unconscious  has  received  very  little  attention  in  research  on 
mathematics  education,  even  though  mathematicians  like  Hadamard  suggest 
that  the  unconscious  plays  a  central  role  in  mathematical  problem  solving, 
Some  cognitive  psychologists  (Mandler,  1984)  are  also  attempting  to  bring 
back  research  in  this  area,  so  perhaps  the  time  is  right  for  a  more  serious 
look  at  this  topic.  Also,  Legault  reports  the  use  of  projective  techniques  to 
assess  affective  factors;  previous  attempts  by  Fennema  and  others  to  use 
these  kinds  of  techniques  met  with  little  success,  but  perhaps  researchers 
in  mathematics  education  should  give  them  another  try.  One  final  aspect  of 
this  study  that  I  liked  is  that  it  combines  Piaget  and  Freud  in  an  interesting 
way.  This  kind  of  healthy  eclecticism  is  good  for  research  in  mathematics 
education. 

The  last  paper  that  I  will  discuss  also  deals  with  mathematics  anxiety 
and  also  uses  interesting  and  unusual  (for  mathematics  education)  theories 
and  measuring  techniques.  Gentry  and  Underhill  base  their  work  on 
Bandura's  ideas  about  anxiety,  and  include  measures  of  muscle  tension,  as 
well  as  attitude  scales,  in  their  efforts  to  assess  the  emotional  side  of 
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mathematics  learners.  Although  this  work  may  seem  a  bit  exotic  to  some,  I 
am  encouraged  by  the  results,  and  I  see  it  as  a  model  for  the  kind  of 
exploratory  research  that  is  needed  on  affective  issues  in  mathematics 
learning.  The  importance  of  the  physiological  measures  is  emphasized  by 
the  fact  that  there  was  little  correlation  between  a  traditional  attitude 
measure  and  the  measure  of  muscle  tension.  It  seems  likely  that  these  two 
measures  are  tapping  into  very  different  aspects  of  the  affective  domain. 
The  instructional  interventions  that  were  used  in  the  study  were  well 
specified,  and  directly  related  to  currently  prominent  theories.  The 
cognitive  restructuring  strategy  is  very  much  like  what  Meichenbaum  (1977) 
would  recommend,  and  Mandler's  (1984)  theory  would  be  quite  relevant  to 
the  use  of  the  modified  progressive  relaxation  intervention.  Moreover,  both 
of  these  intervention  strategies  are  directly  related  to  the  techniques  used 
in  some  of  the  current  workshop  efforts  on  the  topic  of  mathematics 
anxiety.  Further  research  along  the  lines  presented  by  Gentry  and  Underhiil 
seems  to  me  to  be  a  major  step  forward  in  research  on  the  affective  domain 
in  mathematics,  and  especially  research  on  mathematics  anxiety. 

The  thirteenth  and  final  paper  (by  McLeod)  deals  with  a  constructivist 
approach  to  the  development  of  attitudes  toward  mathematics.  It  attempts 
to  use  concepts  from  cognitive  science  to  show  how  attitudes  could  develop 
out  of  the  bask:  emotional  responses  that  are  the  foundation  of  Mandler's 
(1984)  theory  of  affect.  The  paper  fails  to  pay  sufficient  attention  to  the 
role  of  beliefs  in  the  development  of  attitudes  toward  mathematics,  but 
otherwise  I  find  myself  in  general  agreement  with  the  author. 

DIRECTIONS  FOR  FUTURE  RESEARCH 

In  the  limited  space  that  is  left  to  me,  I  would  like  to  discuss  briefly 
two  major  issues  for  future  research,  specifically  the  need  for  better 
theory  and  the  need  for  multiple  methodologies  in  the  study  of  affective 
issues  in  mathematics  education.  I  will  also  suggest  some  specific  problem 
areas  that  need  further  elaboration  and  more  attention  than  they  have 
received  so  far. 

The  major  weakness  of  current  research  on  affective  issues  in 
mathematics  education  continues  to  be  the  lack  of  a  strong  theoretical 
foundation  for  the  work.  This  observation  has  been  made  on  many  occasions 
by  many  different  people,  and  I  believe  that  we  are  now  in  a  position  to 
make  some  improvements.  Mandler  (1984)  has  made  a  significant  effort  to 
bring  research  on  affect  into  the  mainstream  of  work  in  cognitive 
psychology  and  cognitive  science.  Since  he  takes  a  constructivist  point  of 
view,  Mandler's  views  seem  particularly  appropriate  for  discussion  at  the 
PME  conference.  Meichenbaurri  (1977)  also  presents  a  theoretical  position 
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that  is  cognizant  of  and  consonant  with  the  currently  dominant  paradigm  of 
cognitive  psychology.  Skemp  (1979)  also  does  a  good  job  of  taking  affect 
into  account  in  the  development  of  his  theory  of  learning;  since  his  work  is 
closely  tied  to  both  mathematics  and  to  developmental  psychology,  his 
theory  has  special  relevance  for  the  the  psychology  of  mathematics 
education.  Finally,  Weiner  (1 986)  has  developed  a  theory  of  affect  that 
builds  on  current  research  in  social  psychology.  Werner's  work  has  been  the 
basis  for  the  most  successful  research  done  on  affective  issues  in 
mathematics  education  (Reyes,  1984;  Fennema  &  Peterson,  1985).  Most  of 
this  work  has  been  done  in  the  context  of  research  on  gender-related 
differences. 

There  are  a  number  of  other  theories  that  are  also  useful,  and  many  of 
them  are  referred  to  earlier  in  this  volume.  However,  the  four  listed  above 
are  my  first  choices.  There  are  many  other  theories  (for  an  overview,  see 
Strongman,  1978),  but  these  four  seem  to  me  to  be  the  ones  that  are  most 
relevant  to  mathematics  learning  and  teaching.  Of  course,  each  of  these 
theories  needs  to  be  tailored  and  refined  to  meet  the  needs  of  research  in 
mathematics  education. 

In  addition  to  concerns  about  theory,  we  need  to  develop  and  refine  a 
variety  of  research  methods  that  will  fit  the  needs  of  our  theories. 
Research  on  affect  is  still  dominated  by  paper-and-pencil  instruments,  even 
though  research  on  the  cognitive  processes  of  students  has  long  since  moved 
on  to  extensive  use  of  more  clinical  methods.  Many  researchers  have  chosen 
to  supplement  their  questionnaire  data  with  individual  interviews,  and  a 
few  have  even  chosen  to  use  measures  of  physiological  changes  that  are 
indicators  of  affect.  Both  of  these  choices  are  welcome  as  we  try  to 
provide  a  better  picture  of  the  affective  domain  and  its  influence  on  student 
performance.  I  would  also  suggest  that  we  use  some  of  the  techniques  of 
our  colleagues  in  psychology  and  anthropology,  including  closer 
investigation  of  facial  responses.  Some  researchers  rely  almost  entirely  on 
facial  expression  as  an  indicator  of  emotional  response  (Mandler,  1984),  a 
position  that  I  do  not  hold.  However,  good  educational  research  needs  data 
from  a  variety  of  perspectives,  and  obtaining  videotapes  of  facial 
expression  seems  much  more  suited  to  educational  research  than  some  of 
the  other  biomedical  methods  that  may  be  a  standard  part  of  the 
psychological  laboratory. 

In  the  area  of  research  on  beliefs  about  mathematics,  we  need  to  learn 
more  about  the  methods  of  anthropologists,  and  how  they  determine  the  role 
of  culture  in  student  performance  (D'Andrade,  1981).  In  the  study  of 
attitudes,  we  need  more  than  just  questionnaires  and  statistical  analyses  of 
the  data.  In  the  study  of  the  emotional  side  of  mathematics  learning,  we 
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need  more  and  better  ways  to  measure  students  physiological  responses  and 
facial  expressions,  as  well  as  strategies  for  measuring  other  indicators  of 
the  more  intense  affective  reactions  that  many  students  exhibit  in  relation 
to  mathematical  tasks. 

In  closing,  I  would  like  to  suggest  three  topics  that  deserve  special 
attention  in  research  on  affective  issues  in  mathematics  education.  First, 
current  research  on  the  teaching  of  higher-order  thinking  skills  and 
non-routine  problem  solving  needs  to  pay  more  attention  to  affective  issues. 
These  more  intense  intellectual  activities  are  often  accompanied  by  more 
intense  affective  reactions,  and  we  need  better  data  on  student  responses  in 
this  area.  Second,  we  need  to  pay  more  attention  to  the  role  of  affect  in  the 
life  of  working  mathematicians.  For  example,  recent  research  by  Silver  and 
Metzger  (1987)  points  out  that  aesthetic  considerations  play  an  important 
part  in  the  decisions  that  research  mathematicians  make  in  solving 
non-routine  problems.  Mathematicians  frequently  talk  about  "pretty" 
problems  or  "elegant"  solutions;  we  need  to  investigate  teaching  strategies 
that  will  help  students  develop  these  desirable  characteristics.  Finally,  the 
current  emphasis  on  affective  influences  and  gender-related  differences 
needs  to  be  strengthened  and  expanded.  I  suggest  that  all  studies  of  affect 
should  incorporate  gender  as  a  part  of  their  concern.  Substantial  progress 
has  already  been  made  In  building  our  understanding  in  this  area  (Fennema  & 
Peterson,  1985;  Reyes,  1984),  but  more  progress  is  needed  if  we  are  to  do 
our  best  in  dealing  with  educational  inequity  and  with  correcting  the 
underrepresentation  of  women  in  mathematical  careers. 
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RE5UME 

Nous  pensons  quMl  y  a  lieu  de  fofKler  I'apprentlssage  de 
lalqebre  sur  des  structures  cognlttves  deja  presentes  chez 
les  eleves  et  qu'une  facon  (TaUelndre  ce  but  est  de  leur 
proposer  des  probtemes  extemes  aux  mattematlques  mats  a 
"potentlel  algebrlque"  et  de  les  Inciter,  lors  de  a 
formal isatlon;  a  I'utillsatlon  de  noms  slgnlflcatlfs 
concordant  avec  la  semantlque  du  probleme. 
Dautre  part  nous  croyons  quen  general  on  passe  trop ,  vite  de 
la  situation  a  modellser  a  la  representation  al^brioue  et 
aux  manipulations  syntaxlques  nicessalres  4  lartsrtuttov 
Pour  facmter  cette  transition  et  le  development  des 
structures  cognlttves  approprlees,  nous  Prisons 
luttllsation  de  representations  algorlthmiques 
ntermedlalres  realtsables  a  I'lnterleur  dun  environment 
algebrlque"  Informatlse  base  sur  un  langage  de 
programmatlon  dedle. 

L'algebre  occupe  generalement  une  place  Importante  dans  les  programmes 
dense Ignement  des  mathemattques  au  niveau  secondalre;  par  allleurs, 
l-apprentlssage  de  l'algebre  semble  causer  beaucoup  de  difficulty  aux 
eleves  qui  l'entreprennent.  Dans  ce  court  article,  nous  essalerons 
d  ldentlf  ler  certains  problemes  rencontres  par  les  debutants,  d'en  dlscuter 
les  causes  possibles,  et  de  proposer  certains  elements  de  solution.  Dans 
ce  qui  suit,  nous  deslgnerons  par  "algebre  elementalre"  l'algebre 
enseignee  au  niveau  secondalre.  l'algebre  elementalre  comporte  done 
mlnlmalement  l'algebre  des  polyndmes  en  une  Indetermlnee.  mais  aussl  les 
ronctlons  llnealres.  quadratlques,  trlgonometrlques.  exponentlelles  et 
logarlthmlques. 

I.E5  TROIS  ASPECTS  DE  LA  DEMARCHE  ALGEBRIQUE 

II  importe  tout  dabord  de  prec.ser  le  cadre  conceptuel  que  nous  avons 
adopte.  Dans  la  pratique  de  la  demarche  algebrlque,  nous  dlstlnguons  trois 
aspects  prlnclpaux:  syntaxlque  semantlque  Interne  et  semantlque  externe. 
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Lorsqu'll  s'aglt  de  reconnaUre  le  type  d'une  formule  (exemple:  un  polynome 
de  degre  trols),  defrectuer  des  manipulations  rormelles  correctes  ou 
erronnees  (exemple:  remplacer  (a  ♦  b)2  par  a2  ♦  2ab  ♦  b2  ou  par  a2  ♦  b2  ), 
ou  de  cholslr  d'appllquer  une  regie  de  reecrlture  en  fonctlon  d'une  strategle 
heurlstique  (exemple:  pour  resoudre  I'equatlon  3x  ♦  2  -  7.  soustralre 
d'abord  2  aux  deux  membres  de  I'equatlon).  nous  nous  trouvons  en  presence 
de  I'aspect  syntaxlque.  II  est  facile  de  constater  I'hegemonie  des 
pratiques  syntaxlques  dans  I'enselgnement  actuel  de  I'algebre  elementalre: 
II  s'aglt  la  de  methodes  abstraltes  et  pulssantes  en  vertu  de  leur 
general  Ite.  mals  dont  la  ralson  d'etre  echappe  le  plus  souvent  aux  Sieves 
debutants. 

II  est  plus  difficile  de  decrlre  I'aspect  semantlque  Interne  de  I'algebre 
elementalre.  peut-etre  parce  qu'll  n'apparalt  clalrement  qu'en  algebre  non 
elementalre.  Conslderons.  par  exemple.  la  recherche  d*un  modele 
ensembllste  rendant  vrale  I'ldentlte  a*(b*c)  -  (a*b)*(a*c):  on  est  alors 
amene  a  specifier  un  domalne  oil  les  variables  a.b.c  prendront  leurs  valeurs 
possibles,  alnsl  qu'une  Interpretation  des  symboles  ♦  et  *  via  des 
fonctlons  blnalres  sir  le  domalne  deja  sped  He.  Dans  notre  cas.  on  peut 
cholslr  comme  domalne  I'ensemble  des  parties  d'un  ensemble  X.  et 
Interpreter  ♦  (respectlvement:  *)  comme  la  fonctlon  qui  assocle  a  un 
couple  de  sous-ensembles  de  x  leur  difference  symetrlque 
(respectivement:  leur  Intersection). 

En  algebre  elementalre.  le  domalne  de  variation  est  toujours  un  ensemble 
de  nombres  (intervalle  de  nombres  naturels,  entlers.  ratlonneis  ou  reels) 
qui  tres  souvent  n'est  pas  precise,  et  les  operations  orit  une  interpretation 
canonique  invariable:  en  reallte.  on  est  en  presence  dune  Interpretation 
ensembllste  unique  (et  des  diverses  sous-structures  induites  par 
certalnes  restrictions  du  domalne).  Alnsl  i'aspect  semantlque  Interne  de 
I'algebre  elementaire  se  resume-t-tl  en  des  choix  Judicleux  du  domalne  de 
variation  des  variables  (exemple:  I'identite  log(x*y)  -  log(x)  ♦  log(y)  n'a  de 
sens  que  si  x  et  y  sont  posltlfs.  merne  si  le  membre  de  gauche  est  def  ini 
quand  x  et  y  sont  tous  deux  negatlfs)  et  au  calcul  numerlque  (evaluation). 
On  peut  exprimer  ceci  en  disant  que  la  semantlque  interne  voit  les 
expressions  algebrtques  comme  des  fonctions  (toujours  algorithmiquement 
calculates)  deflnles  sur  des  ensembles  de  nombres,  eventuellement 
representees  par  des  tableaux  de  valeurs.  des  graphes  carteslens.  ou  des 
algorithmes  de  calcul. 
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Avec  laspect  semantlque  exteme,  nous  qulttons  le  domaine  strlctement 
mathematlque  pour  nous  interesser  dune  part  aux  representations 
algebrlques  (mathematlsatlons,  modellsatlons)  de  situations  non 
mathematlques  ou  de  problemes  algebrlques  narrattfs  (c.a.d.  enonces  en 
langue  naturelle),  et  dautre  part  aux  interpretations  dactlvltes 
algebrtques  (exemple:  manipulations  formelles)  en  termes  des  contextes 
representes.  Cet  aspect  rettendra  partlculierement  notre  attention  car 
c  est  a  ce  niveau  que  leleve  est  suceptlble  detabllr  des  Hens  entre  ses 
propres  structures  cognltlves  et  les  concepts  algebrlques  ouon  lul 
propose,  de  construlre  une  signification  pour  ses  actlvltes  algebrlques. 

Nous  pensons  que  rapprentlssage  des  rudiments  de  lalgebre  dolt  se  fonder 
sur  des  structures  cognltlves  deja  presentes  Chez  les  eleves  et  dont  la 
"distance"  aux  concepts  a  construlre  n'est  pas  trop  grande.  Dans  ce 
contexte,  une  approche  prometteuse  conslste  a  proposer  des 
sltuatlons-problemes  extends  aux  mathematlques  mats  a  "potentlel 
algebrique"  et  d'lnclter  a  des  generalisations  successlves,  obtenues  en 
dormant  des  noms  slgnlflcatlfs  expllcltant  la  nature  generate  des  "objets" 
en  presence,  comme  dans  I'exemple  sulvant: 
3  *   5  ->  15 

3objets  *  5  dollars  par  objet     ->        15  dollars 

nombre  d'objets    *  5  dollars  par  ob jet     ->  prlxpaye 


Remarquons  que  les  expressions  de  I'algebre  elementalre  (avec  I  ears  noms 
de  variables  'abstralts"  tels  a,  b,  c,  x,  y,  z)  resident  a  un  niveau 
d'abstractlon  plus  eleve  en  ce  queues  generalised  ur*  classe  de 
situatlons-problemes.  par  exemple,  I'equatlon  algebrique  x  *  y  -  z 
generalise  autant  la  situation  precedente  que  la  situation 
longueur  de  la  base  *  longueur  de  la  hauteur  ->  aire  du  rectangle.  - 


Comme  nous  venons  de  le  voir,  les  problemes  algebrlques  narratlfs  nous 
semblent  Jouer  un  role  tres  important  dans  la  construction  des  concepts 
fondamentaux  de  lalgebre  chez  les  eleves  debutants.  Depuls  plusleurs 
annees,  des  chercheurs  tentent  de  modeltser  les  processus  cognltlfs  mis 
en  oeuvre  pour  tradulre  en  equations  des  problemes  algebrlques  narratlfs. 
Ce  travail  a  debute  avec  Bobrow  (1968)  qui  a  developpe  sur  ordlnateur  un 


nombre  d'objets    *  cout  par  objet 


-> 


prlx  paye. 


LES  PROBLEMES  NARRATIFS 
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programme  appeie  STUDENT.  Paige  et  Simon  (1966)  ont  demcfltre  que  le 
processus  de  traduction  directe  utilise  par  STUDENT  appnwime  le 
traltement  par  certains  Indlvldus  des  problemes  narratlfs  algebriques; 
mats  lis  ont  aussl  soullgne  quune  traduction  directe  ne  peut  rendre 
compte  du  processus  humaln  de  resolution  qui  s'appule  sur  des 
connalssances  semantlques  propres  au  language  nature).  En  nos  propres 
mots,  le  traltement  effectue  par  STUDENT  est  excluslvement  syntaxlque 
alors  que  1'humaln  utilise  aussl  une  semantlque  externe.  Dautres 
recherches  dans  ce  domalne  ont  soullgne  le  rdle  des  schemas  dans  la 
representation  des  problemes  algebriques  narratlfs  (Hlnsley,  Hayes  et 
Simon  1977;  Mayer  1980;  Schank  1982).  En  depit  de  ces  progres 
theorlques,  les  enselgnants  en  mathematlques  sont  relatlvement  depourvus 
quand  II  s'aglt  tfalder  les  eleves  a  representer  les  relations  des  problemes 
algebriques  narratlfs. 

Par  allleurs,  les  chercheurs  ont  recemment  fait  de  grands  progres  d3ns  la 
modellsatlon  de  la  facon  utlllsee  par  les  Jeunes  enfants  pour  repr6senter 
et  resoudre  des  problemes  arithmetlques  narratlfs.  Ces  modeles,  tel  celul 
developoe  par  Klntsch  et  Greeno  (1985),  construlsent  une  representation 
tfun  probleme  narratlf  qui  Incorpore  I'lnformatlon  requlse  pour  le  resoudre. 
En  d'autres  mots,  la  representation  specif  le  I'operatlon  a  effectuer,  telle 
(addition,  la  soustractlon  ou  le  d*nombrement  d'objets.  Cette  theorlc  a 
ete  perfectlonnee  par  Larkln  (1986)  qui  a  distingue  trols  phases  dans  le 
processus  de  construction  d'une  representation.  Dans  la  premiere  phase, 
I'enfant  lit  les  mots  du  probleme  et  en  constrult  une  representation 
Interne  de  base,  qui  correspond  dlrectement  a  la  situation  physique 
decrlte.  Dans  la  phase  sulvante,  I!  ajoute  de  nouvelles  relations 
mathematlques  (en  se  basant  sur  ses  connalssances  anterleures).  La 
representation  mathematlque  resultante  suggirc  un  calcul  partlculler  qui 
est  effectue  lors  de  la  trolsteme  phase,  selon  Larkln,  la  phase  de 
representation  matWmatlque  peut  etre  escamotee  quand  I'enfant  tente  de 
calculer  (phase  3)  en  se  flant  dlrectement  a  la  representation  de  base 
(phase  1). 

On  peut  constater  une  dlsparltlon  semblable  de  la  phase  de  representation 
algebrlque  lorsque  des  Aleves  tentent  d'ecrlre  une  equation  (phase  3)  en  se 
flant  sur  une  representation  de  base  apauvric  d'un  probleme  algebrlque 
narratlf.  Les  approches  usuelles  d'enselgnement  ne  semblent  pas  doter  les 
Aleves  de  moyens  de  construlre  des  representations  mathematlques 
ad6quates  pour  les  problemes  algebriques  narratlfs.   Selon  une  etude 
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recente  (Clement,  Lockhead  et  Soloway  1980),  lutlllsatlon  dun 
environnement  Informatique  mettant  I'accent  sur  une  s£m  antique 
procedurale  active  des  equations  semble1  f ournlr  une  methode  pulssante  de 
construction  de  representations  mathematlques  efflcaces.  Clement  a 
montre  que  I'apprentlssaqe  de  la  programmatlon  sur  ordlnateur  aide  les 
etudlants  a  se  former  des  representations  mathematlques  de  certains 
types  de  problemes,  en  Incitant  a  une  approche  algorithmlque  dans 
I'etabMssement  crequatlons. 

UNE  INTRODUCTION  A  L'ALGEBRE 

Rappelons  que  nous  voulons  partlr  d'activltes  slgnlf Icatlves  et  motlvantes 
pour  I'eleve,  et  qu'll  est  par  consequent  hors  de  question  d'lntrodulre  le 
symbolisme  algebrlque  autrement  que  comme  un  codage  de  problemes  en 
rapport  avec  les  experiences  anterleures  de  I'eleve.  Nous  pensons  que  lore 
de  ('Introduction  des  concepts  algebrlques,  on  passe  trop  vltc  de  la 
situation  a  modellser  ou  du  probleme  narratlf  a  la  representation 
algebrlque  et  qull  y  aura  It  lieu  de  passer  par  une  suite  detapes 
Intermedials  en  vue  creclalrer  et  de  fact  liter  eventual  lefnent  ce 
processus.  Nous  avons  deja  mentlonne  une  premiere  etape,  conslstant  a 
utlllser  des  variables  dont  les  noms  sont  slgnlflcatlfs  par1  rapport  a  la 
situation-probleme  a  I'etude.  De  plus,  II  semble  mus  facile  pour  le 
debutant  crutlllser  le  mode  Imperattf  (base  sur  l'affectatlon  Informatique) 
plut&t  que  le  mode  declaratlf  (base  sir  I'egallte  mathematlque):  alnsl  au 
lieu  d'afdrmer  que  le  coCit  total  egale  le  prodult  du  nombre  d'objet  par  le 
coOt  unltalre,  11  semble  plus  simple  de  decrlre  comment  calculer  le  coCit 
total  en  multlpllant  le  nombre  dobjets  par  le  cout  unltalre.  On  est  alnsl 
amene  a  representer  le  probleme  a  resoudre  comme  un  programme 
constltu*  d'une  suite  tfaffectatlons  simples  (evltant  alnsl  au  debutant  les 
difficulty  llees  a  la  composition  ^operations  dans  une  mftme  expression 
et  a  I'appllcatlon  des  regies  de  prlorlte  des  calcul)  portant  sur  des 
variables  (ayant  des  noms  slgnlflcatlfs)  dont  les  valeurs  peuvent  etre 
specif  lees  au  depart  par  I'utHlsateur  (variables  d'entree)  ou  afflchees  a  la 
fin  de  I'executlon  (variables  de  sortie),  outre  les  possibility  d'executlon 
et  de  trace  donnant  une  retroaction  a  relive  sur  I'adequation  du  programme 
a  la  situation-probleme  etudlee,  cette  representation  Informatique  est 
suceptlble  de  faciliter  grandement  la  recherche  de  la  ou  des  solutions  du 
probleme.  ce  qui  est  un  facteur  de  motivation  non  negligeable  pour  relive. 
Dans  ce  contexte  en  effet,  la  recherche  d'une  solution  pout  presque 
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toujours  se  ramener  a  cerner  des  valeurs  a  dowser  aux  variables  dentree 
de  sorte  que  deux  ou  plusleurs  variables  de  sortie  deviennent  egales;  pour 
le  debutant,  ceci  est  neaucoup  plus  accessible  que  les  manipulations 
formclles  habltuellement  employees. 

Nous  nous  proposons  done  de  creer  un  "envlronnement  algebrlque"  base  sur 
un  langage  de  programmatlon  dedte  qui  pourralt  servlr  de  representation 
Intermediate  permettant  notamment: 

*  de  mettre  en  evidence  les  variables  pertinentes  du  probleme 

*  de  designer  ces  variables  par  des  noms  slgnlf icatlfs 
(mals  aussl  de  permettre  eventuellement  des  abbreviations) 

*  de  pouvolr  falre  appel  i  des  variables  Intermediates 
(presentes  en  Informatique  mals  Ignorees  en  mathematlques) 

*  dower  un  sens  dynamlque  aux  variables  en  fonction  das  executions 
possibles  du  programme 

(demande  de  valeur  en  entree,  affectation  suite  a  un  calcul) 

*  de  trouver  une  ou  plusleurs  solutions  sans  necessalrement  devoir 
falre  appel  a  des  methodes  de  manipulations  syntaxiques 
(methodes  de  recherche  numerlque  avec  heurlstlques) 

Par  des  observations  et  des  Interventions  aupres  tfeleves  en  Interaction 
avec  eel  envlronnement  Informatlque,  nous  nous  proposons  de  verifier  son 
impact  sur  le  developpement  des  strategies  cognltives  de  construction  des 
representations  algebrlques. 

Notons  que  cette  representation  tfun  probleme  narratlf  par  un  programme 
falsant  la  transition  avec  I'ecrlture  algebrlque  usuelie  nest  qu'une  etape 
dans  notre  vision  algorlthmlque  de  I'apprentlssage  de  falgebre.  On  peut 
aussl  voir  une  equation  (reliant  deux  expressions)  comme  I'assertlon  de 
I'equlvalence  de  deux  programmes,  et  les  manipulations  algebrlques  comme 
des  transformations  de  programmes  preservant  Inequivalence.  Mals  nous 
touchons  Id  les  aspects  semantlque  Interne  et  syntaxlque  de 
I'apprentlssage  de  I'algebre:  cecl  fera  eventuellement  I'objet  de 
communications  subsequentes. 
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Abstract 

The  computer  program  Green  globs  was  analyzed  for  effecting  a 
global  understanding  or  transformations  on  functions  resulting  rrom 
altering  the  coefficients  of  its  algebraic  representation.  Particular 
efforts  were  made  to  tie  together  the  graph  of  a  function  with  its 
algebraic  rule.  Two  groups  of  students  worked  with  the  software; 
one  group  worked  in  a  highly  structured  environment  with  the 
computer  being  used  to  illustrate  and  reinforce  specific 
transformations.  The  other  group  discovered  the  effect  or  the 
transformations  alone.  Statistically  signiricant  differences  between 
the  two  groups  were  not  obtained.  Test  results  and  interviews 
indicated  that,  overall,  transformations  in  specific  cases  were 
understood  by  both  eroups.  but  that  a  eeneral,  global 
understanding  eluded  them.  The  potential  of  using  this  sort  of 
microworld  type  environment  is  discussed. 


One  of  the  major  goals  of  school  and  college  mathematics  is  to  lead  students  to 
a  sound  understanding  of  the  major  underlying  notions  associated  with  the  graphing 
of  functions.  In  particular,  the  structured  relationships  between  the  graphs  of 
functions  arising  from  each  other  under  simple  transformations  are  important  in  this 
connection    E.g.,  students  should  be  able  handle  the  following  types  of  tasks: 

-  to  graph  functions  such  as  |r(x)|.  f(x-a),  rl{x)  and  similar  ones  from 
the  graph  of  a  given  function  f(x)  (without  algebraic  description); 

-  to  graph  simple  rational  functions  such  as  (x2-4)/(x+2)  or 
(x2-2)/(x+l)  arter  determining,  by  inspection,  their  asymptotes  and 
local  discontinuities; 

-  to  discuss  the  graphs  of  functions  such  as  r(x)=x2-5|x|+6  by  relying 
on  their  symmetry  properties. 

Important  as  these  goals  are  for  understanding  the  deep  structure  of  functions  and 
their  graphs,  they  are  usually  not  a'.hleved  through  the  curriculum.  The  purpose  of 
this  paper  Is  to  analyze,  from  a  cognitive  viewpoint,  activities  which  lead  students  to 
understand  such  functional  relationships. 


OBJECTIVE 
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THEORETICAL  FRAMEWORK 

The  theoretical  background  to  our  work  is  given  by  three  complementary 
research  strands  which  have  been  developed  over  the  past  few  years. 

(i)  The  theoretical  framework  for  analyzing  aspects  of  the  function 
concept  proposed  by  Dreyfus  and  Eisenberg  [1984]; 

(ii)  Experimental  evidence  about  student  misconceptions  on  function 
concepts  obtained  by  Vinner  [l983|, 

(iii)  The  constructivist  approach  to  facilitate  abstraction  via  microworlds 
as  developed  by  Thompson  jl985j. 

According  to  (ii).  a  function  is  typically  considered  to  be  an  expression  or  an 
equation.  Students  view  graphs  per  se  as  peripheral  to  the  function  itself,  as  an 
additional  load;  and  if  they  can  avoid  dealing  with  them,  they  will  A  group  of  pre- 
service  teachers  were  asked  to  present  a  graphical  argument  for  developing  the  usual 
formulae  for  the  coordinates  of  the  vertex  of  a  parabola  given  by  y=ax2+bx+c.  The 
expected  response  of  setting  the  first  derivative  equal  to  zero  was  obtained.  Then 
graphs  of  equations  of  the  form  y=a(x-p)2+q  were  discussed;  afterwards  the 
students  were  again  asked  for  a  graphical  method  for  finding  the  coordinates  of  the 
vertex  of  a  parabola.  Once  again,  they  returned  to  the  first  derivative.  The 
relationship  between  the  graphing  activity  and  the  coordinates  of  the  vertex 
completely  eluded  them. 

METHODOLOGY 

The  teaching  of  the  function  concept  should  be  designed  with  the  above 
considerations  in  mind.  As  teachers,  we  have  a  twofold  task: 

(a)  To  transmit  to  the  students  a  more  well-rounded  concept  of  what  a 
function  is,  namely  an  abstract  mathematical  object  having  any  of 
several  concrete  representations,  one  of  the  most  useful  of  which  is  a 
graph;  and 

(b)  To  teach  students  to  recognize  those  situations  where  graphical 
processing  of  functional  relationships  is  more  efficient  than  alfcebraic 
processing. 

Point  (in)  above  has  produced  evidence  pointing  to  the  potential  of  mathematical 
microworlds  for  promoting  abstraction  The  present  work  is  in  keeping  with  these 
results.  It  uses  the  commercially  available  software  Green  Globs  |Dugdale,  1982). 
This  software  presents  a  set  of  points  in  the  plane  and  the  student  is  supposed  to 
generate  a  graph  traversing  neighborhoods  or  these  points.  By  focussing  on  the 
effect  of  changing  particular  parameters  in  the  equations,  insights  and  generalizations 
on  the  deep  structure  of  functions  is,  theoretically,  obtained. 
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On  the  basts  of  the  theoretical  background  and  the  properties  of  the  software, 
arrived  at  the  following  hypotheses  for  this  study: 


Hypotheses 

(1)  Understanding  the  relationship  between  the  algebraic  and  graphical 
representation  of  a  function  is  facilitated  by  the  activity  of 
discovering  and  specifying  in  algebraic  form  graphs  which  traverse 
given  regions. 

(2)  The  influence  of  changing  the  parameters  of  a  function  on  its  graph 
can  be  understood  by  structured  activities  as  described  above. 


Given,  the  graph  of  y=f(x). 

The  graphs  bulow  were  obtained 

from  that  of  y=f(x).  Match  each 

graph  with  its  formula. 

(Five  different  funtions  were  given 

in  the  test;  two  of  them  are 

shown  here.) 


-r 

1 

1 

Hvj  t- 

-t- ' 

-1 — 

I 

IX. 

1 

-  — 1 

1 

1 

10. 


Given:  A  set  of  three  graphs  which  fit 
the  formula  y=a(x-d)2+e.  Write  down, 
which  of  the  parameters  a,  d,  e  are 
identical  for  the  three  graphs  in  the 
sketch. 

(Six  different  sets  of  three  graphs  were 
given  in  the  test,  only  one  of  them  is 
shown  here.) 

Write  next  to  each  formula  which  one 
of  the  four  graphs  in  the  sketch  fits 

it. 


x2-2x+l 


o  y 

O  y=iix 
O  y=xz-2x 
O  y=i+x2 


a 
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Procedure 


t„Jr  TT  er°UPS  °f  8  St"dentS  63Ch  were  chose"  from  .5  eleventh  and 

:     ;;;; academic  h,eh  scho°' The — - and  r,; 

E  o  P  of    Lh  SC°reS  °"  3  Pret<!St        te3Cher  reC°mmend^-"s.  Withm  each 

P  1st  th    ,  P3ired  3CC°rdine  *  their  "-f— nee  on  the 

Gobs    n  °nEeSt  °neS  tOEether'  3nd  S°  °"    The  "oups  «-  the  Gre 

se  s  ns  cZ  T  ^  ^      "  ^  ^  ^  ™        ^  ^ 
.     "to'rs  Z  10  Ch°°Se  fUnCti°nS  *  P'3y  "*h-  helP  W".  provided  by 

he  tu*rs  only  when  requested    The  activities  in  Group  B  were  highiy  structured 
n  each  session.  Group  B  students  were  directed  to  use  a  certain  typ   of  fun  on 
n    to  investigate  the  effect  of  chane,ne  the  parameters  of  these  functions 
effec     were  then  discussed  with  the  eroup  as  a  whole.  As  a  consequence  Group  B 
actually  used  the  software  somewhat  less  than  Group  A. 

The  actions  of  the  students  were  fol.owed  ,n  detail  and  recorded  by  an  observer 

z ?zz  ir  ,nsrrnai  per,od' a  posuest  *as 

Moreover  «  h   "  R™°™^<"  **  Questions  are  ,isted  in  Figure  i 

Moreover,  one  student  from  each  pa,r  was  interviewed  for  about  30  minutes  the 

:rr  t   — *  «*-  PWdBlermined  Mns  and  hmts  w  sbe 

used  as  8u,de  posts,  an  effort  was  made  to  keep  the  discussion  ftowing  freely 
RepresentaLve  interview  questions  are  listed  in  Figure  2. 


Given  f(x)=x3-3x2,  let  g(x)=f(x+3).  Find  g(-2) 
[This  question  was  accompanied  by  a  graph  of  fi 


3. 


■(*))■ 


In  the  accompanying  figure  the  graph  of  the 
function  y=f(x)  is  given.  Sketch 
qualitatively  the  graph  of  the  function 
g(x)=l/f  x  . 


Figure  2:  Representative  Interview  Questions 

While  the  wrtten  tests  focussed  on  achievement  w.th  respect  to  the  skills  under 
.vesication    (lhe    influence    of    parameters    on    graphs    and    the  effect 
ansformatKMs  on  graphs),  the  interviews  were  designed  to  uncover  the  reasoning 
Pro  esses  employed  by  the  students  in  order  to  answer  the  given  problems  The 
nalysis  of  the  observer's  records,  pre-  and  posttest  scores,  and  the  int  rvJw 
comprise  the  data  for  this  study  "'wmews 
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RESULTS 


xh.ir  iinparitv-boundedncss  was  very  strong, 
"near  '-.on,™  r    near  ty  bo  ^  ^  ^  ^ 

extensive  exposure  they  have  had  "     e  eravitation  to  linearity  in  junior 

Markowits.  Eylon  and  Bruckheimer  |19BB)  no^u       *  h„rue(1  wi.h  these  advanced 

»„„  M  — . «  ». — - » - 

students  was  surprising  Only  after  beine  exp      *  ooiynomials  and  absolute 

did  the  students  experiment  with  other  types  of  fu ction, and 
value  function.  And  even  then,  they  were  frequently  « & 
-  — *  functions,   ^^i^'lSl  Si  -  spend  a 
weakest  pair  in  each  croup.  In  fact.  *h'  e     '  their  needs  the  weakest  ones  tended 
«  of  ti.e  -hion.  just  tryin6 

to  proceed  on  a  purely  experiments  consequence,  the  weaker 

out  what  happens  if  they  type  in  a  certain  ^^JVJ^^  complicaled  and 
students  were  more  likely  than  the  strong  ones  to  work  w,t more^ 
more  advanced  functions;  a  typical  example  they  used  w as  f^-l  ««+  U 
lhe  order  of  the  terms).  They  would.  ^^^^  thinkin*  as 

described  by  Brown  a     Wa  U      9°  whjle       less  able 

::: ™e    any  a« . « 

bcforehund. 

r  ti»  ore   and  posttests  will  focus  on  those  questions  which 
The  discuss.n  of  the  pre  an    po  ^    and  ^ 

concern  our  mam  mterest.  the  effect  ot  ^ 
shift,ne/strctchine  transformations  f(x±a  f  ^  ±  ^  ^  queslions 
constituted  70%  of  the  test ^      %  alKebraic  computations, 

will  be  called  non-standard.  The  standara  que* 

eraph  rea,n6  and  eraph  identifications  such  as  n^ues  ion   C  (see  P,ure ^  ^ 
test  results  were  not  statistically  different  for  Groups  A 
combined  results  are  listed  in  Table  1. 

Mean  Percent  Subtest  Scores 


Table  I; 


Questions 

Pretest 

Posttest 

Standard 

71% 

75% 

Non-standard 

24% 

50% 
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very  difficult  topics  that  were  addressed.  On  the  non-standard  questions  the 
students  doubled  their  scores;  that  is,  understanding  the  effect  of  altering  the 
parameters  of  a  function  is  facilitated  throueh  the  Green  Globs  software.  But  their 
overall  50%  score  on  these  questions  indicates  that  this  link  is  still  not  very  strong. 
A  more  detailed  analysis  of  the  test  results  reveals  that  on  Question  6  they  more 
than  trebled  their  scores  with  only  relatively  slight  improvement  shown  on  Question 
5.  The  familiarity  of  the  graphs  used  In  Question  6  may  be  responsible  for  these 
differences.  In  Question  5  the  students  had  to  deal  with  a  higher  level  of  abstraction 
because  the  functions  were  given  graphically  only,  and  did  not  correspond  to  any 
equations  Known  to  them.  Hypothesis  (2)  can  not  be  accepted  on  the  basis  of  the 
test  results  alone.  Both  groups  Improved  approximately  to  the  sama  axtent.  It  thus 
appears  that  the  activities  with  Green  Globs  in  general  caused  this  improvement 
rather  than  the  structuring  of  the  activities  which  was  particular  to  Group  B. 

The  Interviews  focussed  in  particular  on  the  extent  to  which  the  students  had 
established  the  connection  between  the  graphical  and  the  algebraic  representation  of 
functions.  Almost  ail  students  did  adopt  a  visual  mode  of  operation;  this  mode, 
however,  was  often  on  a  purely  intuitive  level;  In  most  cases,  an  integration  between 
the  visual  and  the  analytic  mode  was  achieved  by  only  three  out  of  the  eight 
students  Interviewed.  The  others  did  not  fully  link  the  rule  of  a  function  (its 
algebraic  representation)  to  its  graph  (its  geometric  representation).  Although  they 
could  confidently  discuss  the  graphs  of  specific  linear  functions,  thay  found  it 
difficult  to  specify  which  among  several  graphs  satisfied  y=ax+b  with  a>l  and 
b>l.  This  lack  of  global  understanding  manifested  Itself  on  all  questions  except 
those  with  quadratic  functions:  While  not  a  single  student  missed  Question  10  (see 
Figure  l),  it  emerged  from  the  interviews  that  the  advantage  of  working  with 
quadratics  in  the  form  a(x-d)2+e  rather  than  ax2+bx+c  was  recognized  by  more 
than  half  the  students  (evenly  divided  between  Groups  A  and  B). 


One  of  the  goals  of  the  Green  Globs  software  is  to  place  the  emphasis  on  the 
geometric  representation,  subordinating  to  a  lesser  role  the  algebraic  rule,  rather 
than  vice-versa  -  which  Is  the  way  things  are  usually  handled  In  school.  The  direct 
link  between  the  two  representations  established  by  the  software,  has  helped  the 
students  in  the  study  progress  towards  establishing  an  analogous  mental  link. 
Overall,  the  understanding  of  this  link  has,  however,  remained  vague  for  more  than 
half  of  the  students. 

This  study  has  to  be  viewed  as  one  of  a  series  of  similar  studies,  which  have  all 
been  undertaken  within  the  theoretical  framework  of  mathematical  microworlds  (see 
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(iii)).  In  each  of  these  studies,  the  goal  has  been  one  of  achieving  a  process  of 
abstraction  on  the  part  of  the  stud-nt;  all  these  studies  have  met  with  only  partial 
success  [Dreyfus  A  Thompson.  1985;  Dreyfus.  1966).  The  question  naturally  arises, 
whether  the  theoretical  framework  needs  to  be  revised  in  view  of  these  limited 
successes.  At  present,  this  does  not  seem  to  be  appropriate;  in  fact,  all  three 
studies  referred  to  were  rather  short  term.  Extremely  high  level  activities  are 
required  for  the  processes  involved  in  abstraction  in  general,  and  in  particular  in  the 
conception  of  a  function  as  an  abstract  mathematical  object,  and  the  establishment 
of  the  connection  between  different  representations  of  this  object.  It  is  hoped  that 
longer  and  more  systematic  exposure  to  dual  and  triple  representations  of 
mathematical  objects  will  achieve  a  clearer  effect.  But,  at  present,  this  is  simply 
speculation. 
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BELIEVING  IS  SEEING: 
HOW  PRECO!«JCEPTIONS  INFLUENCE  THE  PERCEPTION  OF  GRAPHS 

E.  Paul  Goldenbcrg,  Ed.D. 
Education  Development  Center,  Inc. 
and  Educational  Technology  Center,  Harvard  University 


Contrary  to  a  common  assumption  that  graphs  of  function  arc  somehow  in- 
herently more  accessible  to  students  than  are  symbolic  presentations — after 
all,  students  have  spent  years  perceiving  and  drawing  visual  forms  before 
they  first  encounter  algebraic  symbols— visual  presentations  have  their  own 
conventions  and  ambiguities.  Perceptual  strategies  that  are  sufficient  for 
interpreting  scale  and  relative  position  in  real-world  scenes  are  inappropriate 
when  dealing  with  the  infinite  and  relatively  featureless  objects  in  coordinate 
graphs  of  simple  polynomial  functions.  Aided  by  software  that  dynamically 
links  graphical  and  symbolic  representations  of  function,  our  preliminary 
clinical  studies  show  that  perceptual  illusions  and  shifts  of  attention  from 
one  feature  to  another  obscure  some  of  what  the  educational  use  of  graphs  is 
supposed  to  illucidate.  The  paper  is  illustrated  with  specific  examples  of 
illusions  with  linear  and  quadratic  graphs. 

Software  that  allows  students  to  probe  the  nature  of  function  by  exploring  with  linked 
graphical  and  algebraic  representations  has  recently  been  proliferating  for  three  reasons: 
there  is  a  perceived  need  to  increase  the  emphasis  on  graphing  in  the  algebra  curriculum;  it 
is  theoretically  reasonable  to  suppose  that  appropriate  visual  representations  help  invest 
meaning  in,  and  thereby  promote  the  learning  of,  the  symbol  system  with  which  algebra 
students  must  cope;  and  computer  technology  lends  itself  well  to  this  application. 

As  is  often  the  case,  new  technological  capabilities  bring  new  questions  to  the  fore. 
While  investigating  what  had  initially  seemed  to  be  straightforward  questions  like  "Does 
this  kind  of  software  help  students  learn  to  make  fewer  of  the  canonical  errors?"  my 
colleagues  and  I  found  ourselves  faced  with  several  surprises  and  some  new  questions 
about  fundamental  issues  in  how  people  perceive  graphs. 

Common-sense  supports  the  notion  that  the  use  of  more  than  one  representation  of 
function  will  help  learners  understand  what  remains  less  clear  when  only  one  representation 
is  used.  Presented  thoughtfully,  multiple  linked  representations  increase  redundancy  and 
thus  can  reduce  ambiguities  that  might  be  inherent  in  any  single  representation.  Algebraic 
expressions  specify  the  exact  relationship,  but  give  neither  single  examples  nor  a  visual 
gcstalt.  Graphs  provide  a  gestalt  within  the  limits  of  the  graph  but  leave  precise  details 
unclear.  Tables  provide  examples  of  the  mapping  but  do  not  specify  its  nature.  Said 
another  way,  each  well-chosen  representation  views  a  function  from  a  particular 
perspective  that  captures  some  aspect  of  the  function  well,  but  leaves  another  less  clear: 
taken  together,  multiple  representations  should  improve  the  fidelity  of  the  whole  message. 

The  theoretical  arguments  presented  above  are  reasonable  enough,  but  they  may  not  be 
valid.  In  fact,  little  is  known  about  the  cognitive  impact  of  multiple  linked  representation  in 
algebra  and  until  recently  it  has  been  impractical  to  examine  these  suppositions  clinically. 

Our  early  experiments  have  shown  that  students  often  misinterpreted  what  they  saw  in 
graphic  representations  of  function.  Left  alone  to  experiment,  they  could  induce  rules  that 
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were  wrong.  We  began  to  study  how  siudcnts  develop  strategies  for  using  graphical 
information  to  give  meaning  to  symbolic  representations  of  function  and  vice  versa  To 
what,  in  fact,  do  students  attend  when  they  look  at  graphs?  What  are  the  misconceptions 
that  thsy  bring  with  them  and  how  do  these  misconceptions  distort  the  information  that  they 
glean  from  the  graphs?  And  how,  if  at  all,  do  these  distortions  affect  a  student's  ability  to 
use  graphical  representations  of  function  to  inform  the  understanding  and  manipulation  of 
the  symbolic  algebraic  representation? 
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These  questions  grew  ini- 
tially out  of  observations 
with  two  bright,  successful, 
second  year  algebra  stu- 
dents. They  were  shown  the 
computer  screen  illustrated 
in  Figure  I,  and  asked  to 
discover  the  polynomial 
(-2*2  +  30t  -  108)  that 
created  this  graph.  They 
were  encouraged  to  use 
whatever  means  they  chose, 
including  making  computer- 
supported  measurements  on 
,  .  the  graph  and  trying  out  va- 

rious expressions  and  observing  differences  between  the  graphs  they  created  and  the  target 

Although  the  students  had  not  previously  tried  to  match  a  target  graph,  they  had  had 
some  prior  experience  using  the  software  to  explore  graphs  of  this  type  and  had  built  up 
some  expectations  about  the  effect  of  the  constant  term  and  the  coefficient  of  *2  in  the 
graph  of  a  parabola.  Appropriately,  their  first  analyses  made  use  of  these  notions. 

They  believed  that  something  they  referred  to  as  "shape"  was  controlled  by  the  coef- 
ficient of  xA  and  also  knew  that  if  the  parabola  was  "upside  down,"  the  coefficient  must  be 
negative.  After  a  single  experiment  trying  to  match  the  target  parabola  they  reasoned  from 
its  pomdncss"  that  its  **  coefficient  must  be  -2.  They  also  had  a  notion  of  "height"  and 
believed  it  was  controlled  by  the  constant  term.  They  chose  the  value  of  the  constant  term 
*  estimating  where  the  parabola  crossed  the  y-axis.  Seeing  that  the  y-intercept  was 
roughly  midway  between  the  origin  and  the  bottom  of  the  graph  (at  -200),  they  tried  - 100 
Although  they  believed  that  the  ^coefficient  controlled  left-right  placement,  they  said  that 
they  had  no  idea  what  value  to  use  for  it  and  so  they  made  an  arbitrary  choice  and  picked  2. 

Figure  2  shows  the  graph  of  their  function  (solid)  superimposed  on  the  target  parabola 
(dashed).  Their  parabola  appeared  to  have  the  same  "shape"  as  the  one  they  vere  trying  to 
match,  so  they  felt  confident  in  their  choice  of  the  coefficient  of  the  *2  term.  Further  as 
well  as  one  could  see  at  this  scale,  the  two  curves  had  the  same  y-intercept,  which  fit  their 
criterion  for  the  choice  of  the  constant  term.  Only  the  x  coefficient  remained  undiscovered. 

Yet,  despite  the  confirmation  of  two  of  their  reasoned  choices  that  we  may  derive  from 
the  graph,  and,  remarkably,  despite  their  expressed  awareness  that  their  third  choice  was 
the  least  trusted  even  from  the  outset,  they  saw  the  graph  as  disconfirming  their  choice  of 
the  constant  term.  Recall  that  they  chose  the  constant  term  by  examining  the  y-intercept— a 
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measure  intended  eventually  to  insure  that  the  two  functions  had  the  same  height  for 
identical  values  of  x— but  they  coded  what  they  were  doing  as  determining  "height,"  not  >•- 
intercept.  When  we  compare  the  "height"  of  two  objects,  we  do  so  by  attending  to 
corresponding  features  of  the  two  objects— in  this  case,  the  vertex. 
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-2x2+2x-100 


The  visual  impression  so 
dismayed  them  that  they  capi- 
tulated and  "corrected"  the 
constant  term  from  -100  to  4 
to  account  for  their  "error." 
The  new  expression  was  far- 
ther from  the  target  but  was 
more  satisfying  because  its 
graph  was  just  as  "high"  as 
the  graph  that  they  were 
trying  to  match  (see  fig.  3). 

It  is  important  to  characterize 
what  happened  clearly.  To 
my  eyes,  figure  2  snowed 
that  they  were  correct;  the  pa- 
rabolas are  equally  "high"  at 
the  y-axis.  But  in  their  eyes, 
figure  2  was  disconfirming. 
What  we  believe  influences 
what  we  see  in  the  graph. 

The  way  in  which  the  illusion 
distracted  them  from  their 
originally  correct  analysis  of 
the  problem  is  reminiscent  of 
the  not-quite-conserver  in  the 
Piagetian  task  in  which  equal 
quantities  of  juice  are  poured 
into  glasses  that  differ  in 
width.  Initially  two  identical 
glasses  are  filled  with  juice 
and  the  child  verifies  that 
they  are  the  same.  When  the  juice  from  one  of  these  glasses  is  then  poured  into  a  narrower 
container,  its  level  rises  higher  than  the  level  in  the  other  original  glass.  Young  children's 
thinking  in  this  situation  seems  dominated  by  the  visual  impression:  the  new  glass  must 
have  more.  Older  children  and  adults  witnessing  this  experiment  are  guided  more  strongly 
by  their  expectation  that  quantity  remains  invariant  despite  appearances.  In  between,  there 
is  an  intriguing  stage  when  a  child  might  well  expect  that  after  pouring  from  one  container 
to  'he  other  the  amounts  would  be  the  same,  but  would  then  give  in— even  spontaneously 
expressing  surprise  as  the  algebra  students  did— to  the  perception.  Logical  thinking  has 
developed  considerably,  but  is  not  robust  enough  to  prevail  over  perception. 

The  students'  confusion  in  this  case  appeared  to  result  from  a  shift  of  attention  from 
one  feature  (the  y-interccpt)  to  another  (the  vertex).  Not  only  is  the  vertex  a  more  salient 
feature,  but  in  real-world  everyday  strategies  forjudging  height,  it  is  the  feature  we  would 
be  most  likely  to  use.  (More  will  be  said  about  real-world  strategies  later.)  In  other  cases, 
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confusion  seems  to  arise  from  the  same  mechanisms  that  give  rise  to  familiar  perceptual 
illusions.  Consider,  for  example,  what  happens  when  the  students  take  the  expression  they 
have  just  developed  and  begin  to  change  the  coefficient  of  x  to  "move  it  over."  Figure  4 
shows  how  the  graphs  appear  when  they  have  all  but  the  constant  term  correct  When  they 
looked  at  graphs  like  this,  they  knew  that  they  needed  to  adjust  the  constant,  but  it  also 

appeared  to  them  that  the 
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inner  parabola  was  more 
obtuse  than  the  outer.  Here, 
the  target  parabola  (dashes) 
appears  blunter  than  the  trial 
parabola  above  it 

As  was  true  of  the  confu- 
sion regarding  the  meaning 
of  "height,"  illusions  such 
as  the  one  illustrated  here 
were  sometimes  powerful 
enough  to  draw  their  atten- 
tion back  to  the  already  cor- 
rect coefficient  of  the  *2 
term  and  cause  them  to 
change  it. 


A  GENERALIZED  THEORY  OF  ILLUSIONS 

The  Cartesian  graph  spaces  with  which  we  are  confronted  in  books  and  on  computer 
screens  are  rectangular  segments  of  a  plane  on  which  some  shape  appears.  Most 
commonly—always  in  the  case  of  algebraic  functions  that  are  defined  over  the  entire 
domain  of  real  numbers— only  a  portion  of  the  shape  appears.  Through  our  experiences 
with  partial  views  of  real  objects  (e.g..  views  of  things  being  shifted  up  or  down  as  viewed 
through  a  window)  we  develop  working  strategies  for  interpreting  such  views.  It  makes 
sense  that  as  we  first  learn  to  read  graphs,  we  interpret  what  we  see  in  them  according  to 
those  strategies  that  have  been  successful  for  us  in  other  realms,  and  we  continue  to  use 
such  strategics  until  our  new  experiences  teach  us  to  do  otherwise. 

In  fact,  when  the  object  being  viewed  is  infinite  in  size  and  relatively  poor  in  discrete 
identifiable  features,  our  everyday  strategies  fail:  what  we  experience  is  often  a  perceptual 
or  attentions  illusion.  The  student  work  described  above  gives  examples  of  both. 

Imagine  a  person  slowly  descending  on  a  scaffold  outside  your  office  window.  As  the 
person's  feet  first  appear  at  the  top  of  your  window,  you  already  have  a  very  good  idea  of 
the  overall  shape  of  the  person.  Assuming  a  constant  rate  of  descent,  you  have  a  good  idea 
when  that  person  will  be  fully  visible.  Aided  in  part  by  the  availability  of  readily 
identifiable,  discrete  elements  in  the  scene  (e.g.,  shoelaces,  buttons),  you  have  no  difficulty 
at  all  knowing  which  direction  (down)  the  person  is  moving.  Finally,  because  people  are 
not  too  variable  in  size  (among  other  clues)  you  can  tell  that  you  are  seeing  a  6  foot  person 
descending  immediately  outside  your  window  and  not  a  240  foot  person  40  feet  away. 

By  contrast,  overall  shape,  magnitude  of  a  translation  (corresponding  to  the  rate  of 
descent  of  the  person  in  the  window),  direction  of  movement,  and  scale  (corresponding  to 
the  distance  of  the  person  viewed  in  the  window)  may  all  become  ambiguous  when  the 
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object  viewed  is  infinite  in  size  and  has  tlic  kinds  of  regularities  of  shape  and  lack  of  readily 
recognizable  sub-elements  inherent  in  ILnes  and  parabolas. 

TOWARD  THE  DEVELOPMENT  OF  A  TAXONOMY  OF  ILLUSIONS 

We  arc  currently  beginning  to  classify  the  sources  of  confusions  that  arise  in  the  perception 
and  interpretation  of  graphs.  This  paper  will  illustrate  only  two:  orientation  of  the  graph 
within  its  window,  and  interaction  between  scale  and  function. 

Consider,  for  example,  what  one  sees  when  looking  at  a  family  of  linear  functions 
Ax+B  that  differ  only  in  the  value  of  the  constant  B.  If  we  already  know  the  algebra,  we 
have  built  up  some  analytic  expectations.  What  we  cnect  to  see  is  that  the  graph  of  a  line 
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Because  an  infinite  line  piesents  us  with  no  discrete  points  to  watch,  however,  it  may 
also  appear  to  be  moving  from  left  to  right  as  the  constant  term  increases  (figures  6a.  6b)  or 
even  from  right  to  left  if  the  line  slope  is  positive.  The  way  the  line  appears  to  move 
depends  totally  on  the  angle  it  makes  with  the  window  through  which  you  view  it.  Though 
the  appearance  is  a  perceptual  phenomenon —not  one  that  any  amount  of  algebraic 
sophistication  can  change— algebraic  sophistication  can  lead  us  to  ignore  appearances.  We 
may  even  be  able  to  "see"  that  the  segment  of  line  visible  in  figure  6a  has  "moved  off  the 
top  of  figure  6b"  and  a  new  segment,  previously  unseen,  is  now  visible. 
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A  student  who  is  learning  the  algebra  for  the  first  time,  however,  has  no  such  analytic 
expectations.  This  has  important  implications  for  the  use  of  inductive  learning  experiences 
with  graphing  software.  Exploration  with  such  software  may  certainly  lead  students  to 
"correct"  conclusions,  but  it  may  also  lead  to  very  complex  rules  like: 
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Inerc  arc  five  cases  that  describe  how  the  graph  of  a  linear  function 
A*+B  changes  as  B  Incrc^cs. 


IAI«  1 
IAI »  I,  A>0 
IAI»  I,  A<0 
LAI  -  1.  A<0 
IAI- I.  A>0 


the  line  moves  up  as  B  Increases 
incline  moves  wil«  lea 
the  line  moves  io  titc  rigU 
(he  line  moves  diagonally  to  the  northeast 
ihe  line  moves  diagonally  io  the  northwest 

This  may  be  an  interesting  place  for  students  to  be  at  some  stage  in  their  mathematical 
learning,  but  is  certainly  not  where  we  want  them  to  arrive  as  a  final  destination.  Worse 
yet,  student  propensity  to  choose  integer  values  rather  than  decimals— therefore  missing  the 
cases  where  IAI  <  I— makes  it  highly  likely  that  students  will  choose  initial  examples  that 
lead  them  to  the  left-right  theory  without  even  seeing  the  up-down  or  diagonal  movements 
that  might  lead  some  to  expect  or  want  a  simplification. 

Finally,  there  is  an  added  complication.  Even 
the  complex  rule  given  above  assumes  that  x  and 
y  are  symmetric  on  the  graph.  The  (visual) 
angle  that  a  line  makes  with  its  "window" 
depends  both  on  the  line's  (mathematical)  slope 
and  on  the  relationship  of  the  scales  of  the  two 
axes.  In  figures  5  and  6,  the  xand  y  axes  are 
represented  in  the  same  scale.  Figure  7 
represents  the  same  function  that  appears  in 
figure  5b  but,  because  the  scale  has  been 
changed,  its  graph  resembles  the  family  of 
functions  represented  in  figure  6. 

Scale  affects  perception  in  other  ways  as  well.  An  infinite  line  viewed  close  up  (figure 
8a)  or  from  afar  (figure  8b)  appears  not  to  change  shape,  though  it  moves  "closer"  to  the 
center  of  the  window.  This  accords  perfectly  with  our  everyday  experience  with  normal 
objects:  as  we  veiw  an  (ordinary)  object  from  the  same  direction  but  at  varying  distances 
angles  in  the  object  are  preserved  but  distances  (in  this  case,  the  distance  from  the  center  of 
the  window)  are  not.  (Of  course,  the  line  in  figure  8b  may  equally  well  be  perceived  as 
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We  have  a  very  different  experience  with  the  parabola.  Figure  9  shows  a  closcup  view. 
The  small  box  in  figure  10  is  a  reduction  of  figure  9,  one-tenth  its  linear  dimensions.  The 
extended  view  of  that  parabola  is  how  it  would  appear  on  a  scale  symmetric  in  x  and  y  and 
running  from  -20  to  +20.  Unlike  a  straight  line,  the  parabola  docs  appear  to  change  shape. 
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Although  the  portion  of  the  plane  that  we  sec  in  figure  9  corresponds  to  a  fraction  of  that 
shown  in  all  of  figure  10,  we  automatically  compare  the  tiny  chunk  in  figure  9  with  all  of 
figure  10,  not  just  the  segment  in  the  box,  fooling  our  eyes  into  thinking  that  angle  has  not 
been  preserved. 

If  we  compare  equivalent  portions,  we  avoid  the  illusion.  The  boxed  area  of  figure  10 
alone  does  not  appear  to  be  a  different  shape  from  that  shown  in  figure  9.  Thus,  when  the 
scale  of  the  parabola  changes  in  a  window  of  fixed  size,  the  parabola  appears  to  change 
shape  Yet,  when  the  scale  of  the  window  changes  along  with  the  scale  of  the  object  in 
it— that  is,  when  we  sec  the  window  as  well  as  the  parabola  from  afar— we  have  no  such 
illusion. 


-2 
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Understanding  this  interaction  between  scale  and  "shape"  is  important  because  students 
typically  use  "shape"  of  a  parabola  (on  a  constant  scale  and  in  a  fixed-size  window)  to 
determine  the  A  coefficient  Thus,  though  they  learn  strategics  for  solving  their  problem, 
the  strategics  are  based  on  an  underlying  notion— that  parabolas  may  have  different 
shapes— that  is  erroneous.  The  shape  that  they  see  is,  in  part,  an  artifact  of  scale 

We  are  now  studying  the  implications  of  these  illusions.  As  suggested  in  the  metaphor 
of  viewing  the  window-washer  from  your  office,  the  unavailability  of  easily  trackable 
points— like  ankles  and  shoelaces— causes  some  of  the  confusion.  Perhaps  students  need 
more  experience  with  discrete  functions— or  continuous  functions  such  as  Atx-BI+C  which 
have  "special"  points— as  a  background  for  continuous  ones.  Another  problem  appears  to 
be  due  to  the  infinite  range  and  domain  of  the  functions.  What  arc  the  implications  in  this 
case?  The  interaction  between  scale  and  function  is  leading  us  to  invite  students  to  graph 
familiar  functions  on  variously  distorted  graph  papers,  to  help  us  leam  what  they  consider 
the  necessary  features  of  a  graphing  environment,  and  to  help  them  explore  the  invariants 
of  graphs  under  particular  transformations. 
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Understanding  feedback  systems. 

Clauds  Janvier  and  Maurice  Garancon. 


Thia  paper  attempts  to  define  what  ia  nmant  by 
understanding  feedback  systems.  Undarstanding  i» 
envisaged  aa  a  form  of  coordination  of  three 
external  representation  in  view  of 
characterizing  the  evolution  of  the  ey steal  and 
predicting  the  effeota  o£  changing  one  variable. 
Difficulties  are  deacribad  on  the  basis  of  thia 
analyeie.  A  computer  program  that  ia  meant  to 
study  further  tbia  undarstanding  ia  described 
together  with  the  planned  experiaentationa. 


Feedback  system  are  sets  of  variables  interconnected  in  a  special 
way  and  whose  values  evolve  with  torn.  A  simple  ecological  ays  tea 
which  involvee  a  few  populations  characterized  by  eating  habits  ia 
an  example  o£  »uch  a  feedback  ayataa.  When  the  preye  happan  to  grow 
in  number,  the  population  of  predatora  increases  and  thia  baa  a 
consequence  on  the  preya  themselves.  This  action  of  the  population 
of  preya  on  itself  ia  tha  main  feature  of  feedback  ays teas  and  ia 
called  a  faadbaok  loop.  For  eimilar  reasons,  the  "atock"  of  an 
item  with  tha  "number  of  itaaa  ordered"  at  fixed  interval  of  time 
ara  two  variablee  which  aa  a  ayataa  can  be  regarded  aa  a  feedback 
system.  In  fact,  a  change  in  the  order  inducee  a  change  in  the 
atock  which,  in  turn,  aa  a  faadbaok  effeot,  bringa  about  an 
adjuatment  of  the  next  order.  The  variablaa  of  a  feedback  system 
and  their  relations  are  baaioally  represented  by  a  cauaal  diagram 
auch  aa  the  onee  we  have  used  to  illuatre  the  two  examples  provided 
bo  far. 


ecological  system  system  formed  by  a  atock  and 

consisting  of  a  population  the  regular  order  of  the  iteaa 

of  cats  and  one  of  mice. 


Aa  the  diagrams  show  (  namely  the  "*"  sign  towarda  the  end  of  the 
arrow),  an  increase  in  the  amount  of  nioe  will  induoa  an  inoreaae 
in  the  population  of  cats,  while  an  increase  in  the  amount  of  cats 
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(predator)  will  bring  about  a  reduotion  in  the  papulation  of  mice 
(see  the  "-"  sign).  Similarly,  a  change  in  the  stock  of  ah  item 
will  involve  the  order  to  adjuct  and  consequently  will  bring  about 
a  change  in  the  stock  itself. 

Modeling  and  interpretation 

One  can  envisage  any  f aedbaok  eyitem  ae  a  eet  of  mathematically 
defined  relatione  between  the  variables.  They  can  generally  be 
expreeeed  ae  a  eet   of  differential  or  difference  equations  which 

determine      a      model ,      Such   a  etodel    determinee   a   class  oj! 

poeeible  interactions)  between  the  variables.  Mathematically 
epeaking,  we  can  eay  that  there  remain  eome  parameters  that  are 
left  to  be  fixed  and  which  will  define  a  particular  instance  of 
thei  Modal.  For  instance,  particular  values  given  to  the 
populatione'  size  at  time  t„  will  define  a  particularized  model.  In 
other  worde,  a  model  in  whioh  the  parametere  have  been  determined 
definae  a  preoiea  eyetea.  However,  a  particularized  model  will 
naver  behave  like  a  real  world  eyetem  since  it  ie  impoeeible  to 
take  into  account  all  the  factore  determining  the  evolution  of  such 
a  eyetem.  A  first  etep  into  the  understanding  of  feedback 
eye t ems  involve*  shoving  mastery  of  the  prooeee  of 
modeling  whioh  requires  manipulating  the  abetraot  conoepte  of  the 
model  while  keeping  in  mind  the  moaning  of  the  relation  provided  by 
the  oontext.  Thie  ie  a  form  of  abstraotion  quite  oomparable  to  the 
one  characterizing  the  process  of  interpretation  of  cartesian 
graphs  ae  deeoribed  in  Janvier ( 1990 ) . 

Along  this  line  of  thought,  it  muet  be  pointed  out  that  even 
though  oonorete  objeote  are  eometimee  involved  in  euoh  eysteme, 
they  remain  baeically  abetract  in  the  eenee  that  the  individuals 
are  alwaye  coneidered  ae  parts  of  a  population  and,  ae  a 
consequence,  the  relatione  between  the  populatione  ara  oeeentially 
atatiatioal  in  nature.  Moreover,  the  measures  that  ara  used  are 
often  very  oomplex  euch  birth  ratee,  fluctuations  of  the  inflation 
rate. .  . 

Understanding  feedback  systems:  a  first  approach. 

Even  though  a  set  of  equatione  definee  totally  the  relations 
between  the  variables,  they  are  meaningless  in  praotioal  terms 
becauea  the  interactione  are  more  vividly  expreeeed  in  terme  ot 
the.  eolations  of  theee  equations  which  are  explicitly  represented 
by  a  carteeian  graph.  We  feel  well-founded  to  take  the  stand  that 
sitting  up  the  equations  of  a  system  doee  not"  necewsirxly  involve 
under.tanding  it.  In  other  worde,  we  believe  that  understanding 
feedback  eyetems  goes  far  beyond    eetabliehing  the  relatione  on  the 

caueal  diagram.  ...  t 

Apart     from     the    diff  ioultiee    related     to     the     process  of 
modeling,   it  than  follows  that  nnderetanding  feedback 
involves    ueing   effioiently    the   different  reprseentatione 
of        particularized       Models       in       order        to  ««pply 
oharaotsrisatioaa  of  thai  ovolntion  of  the  eyetem. 

In  faot,  ae  it  has  juet  been  mentioned,  a  particularized 
eyetem  is  more  adequately  deecribed  by  a  set  of  curves  showing 
the  evolution  of  each  variables  on  the  eame  carteeian  graph  whioh 
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»■  call ■  mmUl-^an  diagram  (...  figur.  3).  On  th.  other  hand, 
th.  relation,  illuatratad  by  th.  cau.al  diagram  ia  in  no  way 
contained  in  a  multi-curve  diagram.  Aa  it  i.  ehown  ia  Janvi.r|l978) 
and  Preece(1983),  th.  r.lationa  between  variables  of  ecological 
eyateae  illuatratad  only  by  oart.iian  graph  are  difficult  to 
interpret  A  first  attempt  to  halp  atudenta'  interpretation  would 
consiet  oi  providing  thea  with  an  adequate  oauaal  diagram  a.  a  .ort 
of  support  for  their  reasoning.  We  ar.  th.n  led  to  d.fine  in  a 
first  approximation  aadare taadiag  fe.db.ok  ayeteaa  «.  ,  for.  of 
coordination  betwaaa  the  aaoeal  diagram  and  the 
oorraapoodiaa  (-alti-oarre)  oarteaiaa.  graph  ia  witg  of 
of   tha  mj2%£L_nnl7  *   °»Mirigttri»»tian      of   tho  ».l.Hff1 


Mice 


CArs 


Sosm  diffioaltiee. 


With  this  notion  of  understanding  in  Mind,  w.  .hall  examine  tha 
structure  of  such  systama  in  order  to  determine  the  difficulties 
which  one  neat  in  dealing  effioiently  with  thea. 

•    Tha   baaio    ooapoaeat    ia    tha    feedback    loop  and      we  ahall 

examine  its  internal  complexity . "Didactically  speaking", one  can 
diatinguieh  two  irraduaible  kinda  of  feedback  loope. 
The  first  kind  ia  a  loop  in  which  one  of  the  a  laments  is  introduced 
in  order  to  oontrol  the  level  of  a  variable.  Suoh  eyetaaa  ara 
simple  in  the  senaa  that  tha  value  of  the  controlled  variable  tends 
to  pre-determined  objeotivea  that  ara  attained  through  well  known 
patterna.  Examples  are  the  temperature  of  a  room  with  its 
thermostat,  the  epaad  of  a  ataam  maohine  together  a  Watt 
centrifugal  controller .  The  system  shown  if  figure  3  ia  another 
axaaple . 

In  the  second  type,  two  populations  interact  while  they  obey  some 
internal  growth  laws,  the  aye tea  deaoribad  by  figure  2  would  then 
be  more  adequately  represented  by  figure  2' (next  page)  which  shows 
olearly  why  the  oharaotarization  of  the  evolution  of  the  system  ia 
mora  difficult  to  achieved. 


•  Feedbaak  loopa  involve  variablaa  whose  changee  induce  an 
inireaae  or  a  decrease  in  the  other  variables.  Now,  Rene  de  Cotret 
(1995),    Jao   Ponte(1983),    Kerelake(l977)    and      Janvier ( 1978)  have 
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ehown  that  for  a  eingle  variable  student!  have  trouble  going  beyond 
a  linear  relation.  They  also  showed  how  difficult  it  is  for  them  to 
dieeociats  a  rate  of  change  from  the  actual  value  of  the  variable 
at  one  instant.  Tor  example,  the  tide  ia  said  to  riae  fast  when  it 
ie  high.  Ren*  de  Cotret  appeare  to  have  reduoed  this  eart  of 
difficulty  with  a  teaching  method  based  on  meaning fulful 
experimental  work.  However,  feedbaok  loope  are  more  exaoting  in  the 
sense  that  they  involve  two  variables  and  their  reepective  rates  of 
change.  Under at anding  feedbaok  consequently  require!  being 
able  to  coordinate  the  interaction  of  two  variable!  and 
their  rate  o£  change  within  a  certain  olaee  of 
inter-actions 


figure  2' 


•  Another  kind  of  difficulty  an  nnderatandlag  of  feedback 
eyetem*  must  take  into  account  ie  a  naw  kind  of  relation* 
betviem  raciablae  due  to  the  fact  that  feedback  loope  describe  a 
ptoceee  which  ie  baeioally  dynamic.  More  explioatly,  the  firet 
phenomena  that  are  introduced  to  students  in  their  science  courses 
are  euch  that  one  variable  determinee  another  one  and  vice  versa. 
Tor  example,  the  temperature  will  determine  the  length  of  a  rod; 
the  deneity  of  a  particular  liquid,  the  rate  of  a  oertain  chemical 
reaction...  The  analytical  scientific  method  presupposes  that 
experimente  can  be  carried  out  in  which  we  examine  the  effect  of 
ons  variable  on  another,  while  the  other  ones  are  being  kept  fixed. 
Thie  ia  not  poeeible  for  feedbaok  loope.  No  variable  can  be 
assumed  to  be  in  a  way  controllable  nor  can  they  be  considered 
independent,  in  feedback  eyeteme,  there  are  no  independent 
variable!  (exempt  tima  possibly!).  This  fact  constitutes  a 
major  obetaole. 

Towarde  the  introduction  of,  the  phaee  diagram* . 

Since  underetanding  can  be  regarded  as  am  a  form  of  coordination 
between  two  forms  of  external  representations,  it  seems 
pedagogically  eound  that  it  would  be  developed  through  a  eimulation 
that  would  facilitate  the  coordination  of  representation!  when  some 
oontrol  of  thi  lyetim  can  be  aohieved  through  iater-active 
features .  There  exist  on  the  market  to-day  several  computer 
programs  which  eimulate  a  particularized  model  direatly  from  the 
definition  of  the  relations  established  with  only  the  help  of  the 
causal  diagram.  Howevor,  we  diemiee  the  faot  that  thie  kind  of 
simulation  can  be  beneficial  because  it  does  not  allow  real 
experimentation  with  the  eyetem.  In  other  worde,  when  the  relatione 
between  the  variables  are  fixed  and  the  population  determined,  the 
eimulation  ie  carried  out  and  illustrated  by  a  multi-curve  diagram. 
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and  no  ahangan  oan  be  ■<!■  when  the  eiaulation  ie  under  way.  An 
expariaentation  ia  neadad  that  would  allow  tha  atndaate  to 
aodify  thai  ooaditioaa  or  tha  ralatioa  of  tha  eyetea  at  any 
tiaa  and  exaaiae  tha  aoaaaqnaacea  of  amok  aodif icationa  on 
tha  ayataa.  Clearly,  tha  aoordination  between  oartaaiao  grapha  and 
cauaal  diagraaa  ia  not  euxficient  bacauaa  tha  ahaogee  induced  on 
tha  ourvaa  ara  coaplex  and  vary  oonfuaing. 

Aa  we  look  for  a  mora  rafinad  rapraaantation.  a  mora  profound 
troubla  with  tha  coordination  of  caxtaaian  graph  with  tha  cauaal 
diagram  oan  ba  ainglad  out.  Tha  relation  auggaatad  by  tha  oauaal 
diagram  contradiote  what  ia  ravaalad  on  tha  aulti-curve  one.  Whan 
ona  looke  at  tha  bahavior  of  tha  populationa  (aaa  f igura  3)  around 
day  800,  an  inoraaaa  in  tha  nuabar  of  tha  alee  takee  placa  at  tha 
aaaa  tiaa  aa  a  raduotioa  in  tha  nuabar  of  cata  whioh  oontradiota 
tha  ralation  "  L&m  worm  prays,  thm  mxcm  prmdrntorx* .  In  ordar  to 
remove  ambiguity,  tha  ralation  aould  ba  reformulated  tha  following 
way:  "an  inoraaaa  in  tha  nuabar  of  praya  will  magnify  tha  anviaagad 
inoraaaa  of  tha  population  of  predator*  or  will  alow  down  a 
reduction  of  tha  population  of  pradatora  which  would  ba  underway. 
Howavar,  thia  aakaa  tha  reeultiag  oauaal  diagraa  pcatty  awkward. 


Understanding  feedback  systems:  a  more  refined  approach. 


Inepired  by  aavaral  fundamental  atudiee  in  the  field  Schaefer 
(1967)  and  Br aunachw e ig ( 19 8S ) we  think  it  ia  nacaaeaxy  to  introduce 
in  our  analyaia  pkaaa  diagraaa  that  work  well  for  2  variablee . 
It  aonaiata  of  a  curve  in  a  enrteaian  plana  (eea  figure  4)  whoas 
pointe  (two  co-ordinatea)  repreaent  reepeotivaly  tha  aize  of  two 
populationa  at  one  tiaa.  The  evolution  of  both  populations  ie  then 
rapreeantad  by  thia  continuoue  curve  in  tha  plane.  The  aain 
shortcoming  of  auch  diagraa  ia  that  time  aa  a  variable  ia  not 
repreeentad  aa  in  the  carteeian  graph.  Temporal  raferenoa  auat  ba 
added  now  and  then  according  to  the  needa  aa  wa  have  done  with  tha 
Tj,  T2  T3  ...  A  ayetea  of  three  variablea  would  require  ueing  the 
space.  The  evolution  of  tha  aye  tea  would  than  ba  a  three- 
dineneipnal  path. 


10 
|0f 


figure  5: 


Mice 


Soo  M»c.e 

figure  A:    Phaee  diagraa  correeponding 
to  tha  cartaeian  diagraa  of  figure  3. 

Phaee  diagram  ara  very  efficient  for  repreeenting  a  eeriee  of 
particularized  aodele  baoauae  their  genuine  oyolio  evolution  givee 
riee  to  oloeed  curvee  in  the  phaee  diagraa.  Thie  ie  ehown  in  figure 
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S.  Meedleee  to  eay,  we  eimplify  thinge  hara  ainca  in  certain  modele 
tha  papulations  nay  epiral  ic  or  out.  In  other  worda,  tha 
avolution  of  ayataaui  involving  any  combination  of  tvo  populationa 
would  be  aodalized  (undar  rather  ganaral  conditiona)  by  ana  of  tha 
path  ehown  in  figura  5.  Changing  ona  population  during  the 
avolution  of  a  system  vould  Man  going  froai  ona  curve  another  one. 
Figure  6  ehows  what  ie  the  oonaaquenoe  in  terse  of  evolutiona  to 
reduce  the  number  of  nice. 


{0|  PeoMCtTOC? 


figure  6 


figura  7 


Consequently,  when  naderatanding  feedback  eyetema  ie 
aaeaoiated  with  oaordieuttiag  ef f ioiemtly  oaaaal, 
molti-cnrre  and  phaee  diagram.  It  inwolvaa  thea  not  only 
baing  able  to  eapply  charaeteriaatioae  of  the  evolatioa  of 
a  eye tea  bat  alao  predicting  tba  effaot  of  a  change  of  ona 
popmlatioa  of  tha  ejajjaj  »*  any  «mt  of  if  »TBl«tlBB. 

Clearly  all  the  previoue  diffioultiee  etay  tha  eaaa .  However  more 
ie  required. Phaee  diagrame  ehow  clearly  the  contradiction  mentioned 
and  reveale  a  lot  about  the  dynamical  etruoture  of  feedback 
systama. Figure  7  ahowe  the  dramatic  consequence  of  killing  too  aany 
ineecte.Birda  dieappear  and  inaeote  ooao  baok  •»  fare*. 


Testing  understanding. 

We  plan  to  oonduot  three  experimente  all  related  in  a  "P"°i»l 
manner  to  the  notion  of  understanding  o£  feedback  eyetama  defined 
above.  The  three  are  intimately  linked  with  a  computer  program  that 
is  now  in  production.  It  ooneiete  of  a  game  in  which  the  etudent 
play  the  role  of  a  piaoioulturiet  who  axploite  a  fiehing  reeerve 
(piaciculture  entrepriee).  Two  kinde  of  fieh  axe  involved  : 
predator  (blue)  and  pray  (yellow).  They  are  symbolically  mixed  in 
a  rectangular  "lake"  in  the  center  of  tha  icreen.  They  do  not 
anpan  individually  but  only  in  a  homogeneous  aisture.  According  to 
thuir  -Ktio,  the  green  color  of  tha  "lake"  amy  be  more  bluish  or 
/note  y.i.Uowiah.  A  column  on  each  aide  of  the  rectangle  represents 
anyhow  the  size  of  each  population  permanent ly.  The  pisciculturist 
cau  allow  fishing  and  be  paid;  or  he  can  etock  the  lake  with  blue 
or  yellow  fish  ond  pay  for  it.  There  is  on  the  ecraen  a  bank 
account"  that  varies  along  with  the  transactions.  The  winner  is  the 
ana  who  makse  the  best  performance  at  controlling  the  "Y"1""  and 
makes  mora  money  with  it  while  "keeping  the  lake  in  good  shape 
The   program  will    be   ueed    in   another   varaion   m   which   a  pnaee 
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di.gr.*  «pp..ring  in  th.  oorn.r  of  the  acraan  .ill  exhibit  tha 
atate  of  tha  eyete*  at  each  inatant  th" 

/■"fyln9lho»  affaotiva  ia  th«  uaa  of  a  phase  diagram  for 
oontrall^g  th-  .yet...  It  «,y  happen  that  th.  ^1«  oW.  of 
at»£L     fw  °£  th"    V*'",  18  to  detect  thVlight 

IntreSL. ^  "k  "tW  "Potation  of  th.  piaoioultur. 
entrapriae  In  euch  a  ca..,  «.  ahall  hav.  ,ho*n  that  oertain 
und«.t.adano.    of    f.edbaok   ^.tnm   do   not    £it    ^  th.0°£^ 

liZ  T"ri£y  wk,th,r  th"  Wledg.  derive,  fro.  pl.ying  with 

th.  computer  program  .nriched  with  tha  phaaa  diagram  I  k, 
tranaf.rad  to  mora  c«pl.x  ^.tM«  a«ch  ^  th.  Srdin^..?! 
fiah.rmen  ecological  .y.tem  of  ih.  St-Lavr.no.  Gulf.  Jnfaot  "ere 

"r^le*.         •i:^^9  relation.  WaV^S... 

variable*.  Wa  wish  to  ch.ok  how  th.  computer  program  would  niistri 
th.  .tud.nt  to  battar  interpret  th.  content  of  thi  film        ^  ^ 

.„"!  *"'iC"  (.l986)  J*'  aJC"*t*d  iataraating  taaka  involving 
aoologaoal  ayetem.  that  ax.  perturbed  lod  n  back  to  thai? 
^quilihriu.  portion  ».  .nvi.aga  ta.ting  th.  influence  of  tn. 
computer  program    on  tha  .tud.nt. "  r..poaa..  to  the.,  taaka. 
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DENES  REVISITED:  MULTIPLE  EMBODIMENTS  IN  COMPUTER 
ENVIRONMENTS 


Dr.  Richard  Lesh  and  Jean  Herrc 
WICAT 


ABSTRACT 


This  paper  will  describe  significant  ways  that  computer-based  instruction 
can  encourage  teachers  and  students  to  make  greater  use  of  activities  with 
concrete  materials,  while  at  the  same  time  providing  a  useful  context  for 
implementing  some  of  the  best  instructional  strategies  associated  with 
mathematics  laboratories —  including  some  strategies,  which  before,  have 
never  worked  well  using  concrete  materials.  There  is  not  enough  space  in 
this  paper  to  present  research  results  concerning  the  success  of  the 
computer-based  activities  used  to  illustrate  Dienes'  instructional  principles; 
however,  our  presentation  will  focus  on  these  results,  paiticularly  as  they 
apply  to  higher  order  thinking. 

DENES'  MULTIPLE  EMBODIMENT  PRINCIPLE 

Past  RN,  PR,  and  AMPS  publications  (e.g.,  Lesh,  Landau,  &  Hamilton, 
1980;  and  Behr,  Lesh,  Post,  &  Silver,  1984)  have  identified  five  distinct 
representation  systems  that  occur  in  mathematics  learning  and  problem  solving. 
These  are  (a)  "scripts"  in  which  knowledge  is  organized  around  "real  world"  events 
that  serve  as  models  for  interpreting  and  solving  other  kinds  of  problem  situations; 
(b)  manipulative  models  (such  as  Cuisenairc  rods,  arithmetic  blocks,  fraction  bars, 
number  lines,  etc.)  in  which  the  "elements"  in  the  system  have  little  meaning  per  se, 
but  the  "built-in"  relationships  and  operations  fit  many  everyday  situations;  (c) 
pictures  which,  like  manipulative  models,  can  be  internalized  as  "images";  (d) 
spoken  languages,  including  specialized  sub-languages  (e.g.,  logic,  etc.);  and  (5) 
written  symbols  which,  like  spoken  languages,  can  involve  specialized  sentences 
and  phrases,  such  as;  (x  +  3  =  7,  A'  u  B'  =  (A  n  B)')  as  well  as  normal  English 
sentences  and  phrases. 
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Not  only  are  the  translation  processes  between  models  in  different 
representational  systems  important  components  of  understanding  a  given  idea, 
they  also  correspond  to  some  of  the  most  important  "modeling"  processes  needed 
to  use  this  idea  in  everyday  situations.  Essential  features  of  modeling  include  (1 ) 
simplifying  the  original  situation  by  ignoring  irrelevant  characteristics  in  order  to 
focus  on  more  relevant  factors,  (2)  establishing  a  mapping  between  the  original 
situation  and  the  "model,"  (3)  investigating  the  properties  of  the  model  in  order  to 
generate  predictions  about  the  original  situation,  (4)  translating  (or  mapping)  the 
predictions  back  into  the  original  situation,  and  (5)  checking  to  see  whether  the 
translated  prediction  is  useful. 

Here  is  an  example  where  the  preceding  steps  are  used  to  solve  a  standard 
algebra  word  problem: 

Al  has  an  after-school  job.  He  earns  $6  per  hour  if  he  works  15  hours  per 
week.  If  be  works  more  than  15  hours,  he  gets  paid  "time  and  a  hair  for 
overtime.  How  many  hours  must  Al  work  to  earn  $135  during  one  week? 

To  solve  this  problem,  students  may  begin  by  paraphrasing  the  given 
"English  sentence"  into  their  own  words,  perhaps  accompanied  by  a  diagram  or 
picture  of  the  situation.  Next,  the  description  of  the  problem  can  be  translated  into 
an  "algebraic  sentence":  (6  x  15)  +  9(x  -  15)  -  135.  Then,  a  series  of  algebraic 
transformations  can  be  used  to  convert  this  algebraic  model  into  an  arithmetic 
sentence  that  is  sufficient  with  which  to  find  the  answer.  The  final  transformed 
description  is: 

x=135-rfix  Ifl +15 
9 

Finally,  by  using  a  series  of  arithmetic  simplifications,  this  arithmetic  sentence  can 
be  reduced  to:  x  »  20. 

So,  beyond  the  paraphrasing  and  diagramming,  the  entire  solution  process 
involves  three  significant  translations:  (1)  from  an  English  sentence  to  an  algebraic 
sentence,  (2)  from  an  algebraic  sentence  to  an  arithmetic  sentence,  and  (3)  from  an 
arithmetic  sentence  back  into  the  original  problem  situation. 
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Notice  that  the  algebraic  sentence  that  most  naturally  describes  the 
preceding  problem  situation  does  not  immediately  fit  an  arithmetic  computation 
procedure.  This  possibility  of  "first  describing,  and  then  calculating"  is  one  of  the 
key  features  that  makes  algebra  different  from  arithmetic. 

As  the  preceding  problem  illustrates,  problem  solving  often  occurs  by  ( 1 ) 
translating  from  the  "given  situation"  to  a  mathematical  model,  (2)  translating  the 
model-based  result  back  into  the  original  problem  situation  to  see  if  it  is  useful. 
However,  the  modeling  process  usually  is  not  this  simple.  Instead,  in  modeling 
students  frequently  use  several  representation  systems  (or  models),  in  series  or  in 
parallel,  with  each  depicting  only  a  portion  of  the  given  problem  situation. 

We  found  that  for  realistic  textbook  word  problems,  good  problem  solvers 
arc  flexible  in  their  use  of  various  relevant  representational  systems— they 
instinctively  switch  to  the  most  efficient  representation  at  any  given  point  in  the 
solution  process. 

DENES'  CONSTRUCTIVE  PRINCIPLE  AND  PERCEPTUAL  VARIABILITY 

Helping  students  construct  a  system  of  mathematical  relationships  is 
similar  to  helping  students  coordinate  systems  of  overt  activities  like  those 
involved  in  playing  tennis  or  riding  bicycles;  that  is,  the  student  begins  in 
situations  in  which  the  complexity  of  the  system  and  the  degree  of  coordination  are 
minimal  (e.g.,  all  of  the  balls  come  waist  high  on  the  forehand  side  just  within 
arm's  reach)  and  gradually  progresses  to  situations  that  require  more  complex  and 
well-coordinated  systems  (e.g.,  where  "getting  in  position"  is  important). 

In  general,  building  more  complex  systems  involves:  (1 )  integration—  e.g., 
simple  systems  are  linked  together  to  build  more  complex  systems,  as  when  a  tennis 
serve  is  built  up  by  gradually  linking  together  the  toss,  the  hit,  the  follow-through, 
etc.;  (2)  differentiation- -e.g.,  a  single  system  is  differentiated  to  produce  two  or 
more  distinct  variations,  as  when  a  forehand  volley  is  varied  slightly  to  produce  top 
spin  or  backspin. 

Poorly  integrated  mathematical  systems  are  similar  to  poorly  coordinated 
systems  because  (1)  the  student  will  not  "read  out"  all  of  the  available 
information— e.g.,  when  first  learning  to  ride  a  bicycle  or  hit  tennis  balls,  a  great 
deal  of  relevant  information  is  not  noticed;  (2)  the  student  "reads  in"  interpretations 
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that  are  not  objectively  given— e.g.,  when  first  learning  to  ride  a  bicycle  or  hit  tennis 
balls,  the  student's  description  of  an  activity  is  often  distorted  and  biased. 

Both  of  these  factors  also  appear  when,  for  example,  an  "eye  witness"  to  an 
accident  interpreti  given  information  in  a  way  that  is  biased  (because  only  selected 
pieces  of  information  are  noticed)  and  distorted  (because  what  "made  sense"  and 
what  was  "expected"  influenced  the  interpretation  of  what  actually  happened). 
Similar  biased  and  distorted  interpretations  also  influence  students'  mathematical 
judgements  in  graphics-related  problems  like  the  examples  in  this  section. 

Next,  an  example  will  be  given  to  show  how  the  basic  approach  of  "taking 
apart"  and  "reassembling"  mathematical  ideas  can  be  extended  to  basic  algebraic 
concepts.  We  will  focus  on  "unpacking"  the  systems  of  operations,  relations,  and 
transformations  that  underly  the  basic  concepts  of  linear  equations  and  simple 
polynomials. 

The  activities  that  follow  are  based  on  a  symbol-manipulator/function- 
plotter  called  SAM  that  WICAT  developed  to  enable  students  to  write,  graph, 
transform,  and  solve  algebraic  expressions  and  equations.  In  lessons,  SAM  helps 
students  learn  tome  of  the  most  important  basic  ideas  in  algebi  j  or  calculus,  and 
the  algebra  ideas  can  make  SAM  more  useful  for  problem-solving  situations  that 
students  want  to  address.  However,  SAM  it  more  than  a  calculator;  it  has  the 
following  characteristics: 

1.  SAM  can  serve  as  an  expression  checker.  We  don't  have  to  wait  until! 
students  give  final  answers  to  know  whether  they  are  proceeding  along 
correct  solution  paths.  We  can,  for  example,  assess  whether  they  "set  up" 
the  equations  correctly. 

2.  SAM  it  LISP-based,  so  It  not  only  generates  answers,  it  can  produce 
solution  path  "traces"  that  create  many  instructional  capabilities.  For 
example,  it  allows  us  to:  (a)  generate  hints  by  gradually  revealing 
solution  steps  one  at  a  time,  (b)  monitor  individual  steps  in  students' 
solution  paths,  (c)  let  students  examine  processes  as  well  as  products 
of  solution  attempts,  and  (d)  give  students  the  capability  to  build/edit/ 
store  equation-solving  routines  (like  the  quadratic  formula)  in  a  LOGO- 
like  fashion. 
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3.  SAM's  symbol  manipulation  capabilities  interact  with  its  function  plotter 
to  produce  graphic  interpretations  of  transformations  leading  to  solutions. 
This  gives  students  ways  to  visualize  symbol  transformations,  and  (in  yet 
another  way)  to  focus  on  processes  as  well  as  "answers"  during  solution 
attempts. 

4.  SAM  can  reduce  answer-giving  phases  of  problem  solving  so  that 
attention  can  be  focused  on  "nonanswer-giving"  phases  (e.g., 
problem  formulation,  trial  solution  evaluation,  the  quantification  of 
qualitative  information,  the  examination  of  alternative  possibilities,  etc.) 
where  "second  order"  (i.e.,  thinking  about  thinking)  monitoring  and 
assessing  functions  often  are  especially  important  So,  SAM  is  not 
simply  an  answer-giver,  it  can  help  students  to  go  beyond  thinking 

to  think  about  thinking. 

For  polynomials,  it  is  easy  for  students  to  use  SAM  to  carry  out  the 
following  kinds  of  investigations: 

1 .  Pick  a  value  for  n,  between  - 10  and  10,  and  investigate  the  changes  that 
cliis  value  produces  in  the  graph  of  the  linear  expression:  nx, 

2.  Plot  the  graph  of  the  squared  term,  jc2;  then  plot  the  graph  of  the  linear 
term,  nx  (as  in  step  1  above);  and  finally,  plot  the  graph  of  the  polyno- 
mial, x2  +  nx.  Notice  that  the  polynomial  crosses  the  x-axis  at  the  points 
zero  und  -n. 

For  example,  Figure  1  shows  the  graph  of  x2  and  4x.  Figure  ?.  shows 


the  graph  of  the  polynomial  x<-  +  4x. 


Figure  1 


Figure  2 
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After  repeating  step  2  for  a  series  of  different  values  for  n,  it  is  easy  for  students 
to  notice  that  the  effect  of  adding  <2  and  nx  is  to  "slide  the  graph  of  <2  downhill 
along  the  line  nx."  Furthermore,  it  is  easy  for  students  to  notice  that  the  amount 
of  the  slide  is  just  enough  to  make  the  polynomial's  graph  pass  through  the 
points  zero  and  -*. 

3.  Polynomials  from  step  2  can  be  factored  into  the  form  x(x  +  b),  and  each 
of  the  linear  factors  can  be  graphed  as  shown  in  Figure  3.  Then  notice 
that  the  two  lines  pass  through  the  points  zero  and  -it. 


8=4 

II  -  h(hM) 

Figure  3 

Step  3  show*  why  we  can  solve  polynomials  by  factoring,  setting  each  of 
the  linear  factors  equal  to  zero,  and  then  solving  these  linear  equations. 
The  linear  terms  are  equal  to  zero  at  exactly  the  same  places  as  the  original 
polynomial. 

In  this  example,  the  two  models  involved  are  (a)  written  symbols  which  (although1 
they  arc  on  a  computer  screen)  are  like  those  mathematics  teachers  write  on 
blackboards,  and  (b)  computer  graphics,  consisting  of  graphs  of  equations  in  a 
rectangular  coordinate  system.  Nonetheless,  the  computer-based  activities  using 
direct  applications  of  Dienes'  instructional  principles  can  be  created.  For  example: 

—The  constructive  principle  is  involved  when  we  "take  apart  and  then  reassemble" 

complex  mathematical  systems  related  to  polynomials. 
—The  multiple  embodiment  principle  is  involved  when  we  focus  on  mappings 

between  two  given  models  (i.e.,  written  symbols  and  graphs  of  equations). 
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— The  dynamic  principle  can  be  used  to  show  how  transformations  performed  on 
algebraic  equations  are  reflected  in  changes  in  the  graphs  of  the  equations  at  each 
step.  For  example,  in  the  next  section,  we  will  show  how  a  slight  variation  on 
the  preceding  sequence  of  activities  can  be  used  to  show  why  the  "completing  the 
square"  process  works  in  the  derivation  of  the  quadratic  equation. 

Even  though  the  "materials"  used  in  the  example  are  computer-based 
graphics  rather  than  "concrete  materials"  in  the  usual  sense  of  this  word,  the 
activities  can  indeed  involve  overt  actions  that  students  can  apply  to  "objects"  that 
they  can  see  and  manipulate;  and  for  the  first  time  Dienes'  instructional  principles 
can  be  applied  to  content  areas  like  "polynomials"  which  did  not  seem  to  lend 
themselves  to  a  "mathematics  laboratory"  form  of  instructioa 


Models  like  coordinate  graphs  or  systems  of  linear  equations  can  be  considered 
"conceptual  amplifiers"  because  when  they  are  used,  they  help  students  use  their 
ideas  more  effectively.  They  are  not  simply  inert  systems  that  have  no  meanings; 
once  students  learn  to  meaningfully  embed  mathematical  systems  (ideas  and 
principles)  or  problem  situations  within  them,  students  are  able  to  "read  out" 
additional  meanings. 

A  dynamic  representation  system,  once  constructed,  actually  helps  students 
to  generate  significant  new  questions  and  to  generate  sophisticated  solutions  related 
to  two  of  the  most  fundamental  ideas  in  algebra;  that  is,  our  students  have  used 
informal  language  to  describe  rather  deep  principles  related  to  (1)  invariance  under 
mappings  among  isomorphic  systems,  and  (2)  invariance  under  transformations 
within  a  given  system. 

The  following  example  illustrates  how  computer  environments -are  well- 
suited  to  Dienes'  dynamic  principle.  Whether  we  are  dealing  with  linear  equations 
and  graphs,  fraction  diagrams  and  simple  proportional  reasoning  questions,  or 
with  polynomials,  computers  make  it  easy  for  the  student  to  manipulate  one  model 
and  immediately  see  corresponding  transformations  in  one  or  more  other  models. 
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This  example  has  to  do  with  the  process  of  "completing  the  square,"  which 
can  be  used  (prior  to  using  the  quadratic  formula)  to  find  the  roots  or  factors  of 
quadratic  equations  like  jc2  +  2x  -  3  =0.  Figure  4  shows  the  graph  of  x2  +  2x  -  3  = 
yandy-0.  Figure  5  shows  the  graph  of  x*  +  2z-y  and  y  =  3.  Then,  Figure  6 
shows  the  graph  of  x*  +  2x  +  1  »yandy=»4.  Notice  that  the  tip  of  the  parabola 
just  touches  the  x-axis.  (Is  this  significant?  Would  it  happen  for  other  quadratic 
equations?  Which  lands?)  Figure  7  shows  the  graphs  ofjt+l=yandy  =  ±2. 
Notice  that  the  diagonal  line  goes  through  the  x-axis  at  the  same  point  where  the 
parabola  had  touched.  (Is  this  significant?)  Figure  8  moves  the  graphs  in  Figure  7 
so  that  the  diagonal  line  goes  through  the  origin  of  the  graph.  (Is  this  significant?) 
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CONCLUSIONS 


In  general,  wc  are  in  sympathy  with  those  LEGO  BEFORE  LOGO 
proponents  who  believe  that  children's  mathematical  abstractions  should  be  built  of  a 
firm  foundation  of  experiences  with  real  manipulate  models  and  realistic  problem- 
solving  situations.  However,  we  also  know  that  even  real  concrete  objects  often  arc 
used  only  in  very  abstract  ways  and  that  very  few  teachers  successfully  use  concrete 
activities  as  a  significant  instructional  tool.  On  the  other  hand,  wc  have  seen  that 
when  students  use  the  kind  of  computer-based  activities  described  in  this  paper 
(many  of  which  are  electronic  versions  of  the  kinds  of  concrete  models  that  we  really 
hope  students  will  have  the  opportunity  to  explore),  their  teachers  actually  become 
more  likely  to  use  "mathematics  laboratory"  activities  with  real  concrete  materials. 
This  increased  use  of  real  concrete  activities  seems  to  occur  because  computer-based 
simulations  of  mathematics  laboratories  tend  to  minimize  the  reason  why  teachers 
rarely  use  concrete  mathematics  laboratory  principles. 
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USING  MICROCOMPUTER-ASSISTED  PROBLEM  SOLVING  TO 
EXPLORE  THE  CONCEPT  OF  LITERAL  SYMBOLS- 
A  FOLLOW-UP  STUDY 

Gary  T.  Nelson 
Kennesaw  College 


This  paper  reports  on  a  follow-up  to  a  1985  study 
which  used  computer-oriented  problem  solving  as  a 
vehicle  for  investigating  the  development  of  the 
concept  of  literal  symbol.  The  objectives  of  this 
study  were:   i)   to  determine  ways  in  which  the  sub- 
jects currently  perceive  and  use  literal  symbols; 
ii)   to  investigate  the  subjects'  concept  of  literal 
symbol  in  light  of  instructional  intervention  over 
the  past  two  years;   iii)   to  determine  whether 
computer-oriented  problem  solving  can  have  long- 
term  effect  on  the  concept  of  literal  symbols. 


In  1985,  the  author  conducted  a  study  using  the  microcompu- 
ter as  a  tool  in  investigating  concept  development  (Nelson, 
1985;   1986) .  The  study's  purpose  was  to  investigate  ways 
that  computer-oriented  problem-solving  activities  influenced 
the  learning  of  the  concept  of  literal  symbols  and  their  use 
in  certain  noncomputer  contexts.  A  secondary  purpose  was  to 
investigate  the  subjects'  perceptions  of  literal  symbols  in 
LOGO  procedures. 

The  four  subjects  were  average-ability  fourth-grade  students 
with  no  previous  experience  in  the  use  of  LOGO.  They  were 
taught  to  use  LOGO  to  solve  problems  involving  number  sen- 
tences,  rectangles,  and  recursion.  The  following  sample  pro- 
cedures, taken  from  the  subjects'  work  disks,  illustrate 
such  uses. 
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1.       TO  DT  ; 
IF  12  =  5  +    :BOX   [PR   : BOX  STOP] 
MAKE  "BOX   :BOX  +  1 
DT 
END 


TO  DT. 
PR  :C 

IF   :C  »  1  (STOP) 
MAKE  "C    :C  -  1 
DT. 
END 


TO  FRED 
FD  20 
LT  90 
FD  :X 
LT  90 
FD  20 
LT  90 
FD  cX 
END 


The  first  procedure  uses  a  recursive  technique  to  solve  the 
sentence  12  =  5  +  a.  The  second  one  draws  a  rectangle  whose 
width  is  assigned  by  the  user.  The  third  procedure  generates 
a  sequence  of  numbers  from  C  to  1,  where  the  value  of  £  is 
assigned  by  the  user. 


Each  subject  was  interviewed  before  and  after  the  instruct- 
ional and  problem-solving  sessions.  There  were  six  sets  of 
tasks  in  the  initial  interview.  Task  set  1,  which  included 
items  such  as  8  +  7  =  19,  was  used  to  investigate  the  con- 
cept of  equivalence.  Task  sets  2  and  3,  which  included  items 
such  as   □+9=16  and  x.  +  8  =  19,   respectively,  were  used 
to  examine  the  subjects'  perceptions  of  non-literal  and  lit- 
eral symbols  in  number  sentences,   items  in  sets  4,   5,   and  6, 
which  all  related  to  rectangles,  were  designed  to  explore 
the  subjects'  knowledge  of  rectangles  and  area.  The  tasks  in 
the  iinal  interview  included  six  sets  of  tasks  similar  to 
those  used  in  the   initial  interview,   as  well  as  tasks  which 
required  the  use  of  LOGO. 


During  the  winter  of  1987,   the  author  conducted  individual 
interviews  with  three  of  the  subjects,  Alex,  Josh,  and  Dick. 
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Beth  could  not  be  interviewed  since  she  had  moved  the  previ- 
ous year.  Each  child  was  presented  with  tasks  similar  to 
those  given  during  the  final  interview  in  1985.  The  inter- 
views were  videotaped  and  transcribed  for  use  as  data.  The 
objectives  of  the  study  were: 

1)  to  determine  ways  in  which  the  subjects  currently 
perceive  and  use  literal  symbols  as  compared  to 
1985; 

2)  to  investigate  the  subjects'  concept  of  literal 
symbols  in  light  of  instructional  intervention 
over  the  past  two  years; 

3)  to  determine  whether  computer-oriented  problem 
solving  can  have  long-term  effect  on  the  concept 
of  literal  symbols. 

THE  SUBJECTS 

Alex 

When  presented  with  the  task  14  +  i  =  20,  Alex  indicated 
that  the  i  was  "like  a  box"  and  represented  a  number.  He 
also  stated  that  replacing  i  with  a  different  letter  did  not 
affect  the  missing  value.  His  perceptit-n  and  use  of  literal 
symbols  in  equations  were  consistent  with  his  behaviors 
during  the.  final  interview  in  1985. 

Alex  could  compute  the  area  of  a  rectangle  when  given  the 
length  and  width  and  was  able  to  write  an  expression  for  the 
area  when  one  dimension  was  missing.  Given  a  7  by  i  rec- 
tangle, Alex  indicated  that  the  area  was  7  times        He  knew 
that  the  area  could  be  computed  only  when  x  was  given  a 
value.  During  the  final  interview  in  1985,  Alex  could  write 
expressions  for  area,  but  he  always  tried  to  estimate  a 
value  for  any  missing  dimension. 


ERIC 


253 

BEST  COPY  AVAILABLE 


-  22k  - 


He  remembered  the  LOGO  commands  FORWARD,  LEFT,  and  RIGHT. 
Alex  also  remembered  that,   in  the  statement  FD  :D,   the  let- 
ter U  represented  a  missing  number.  However,  he  had  forgot- 
ten how  to  use  the  MAKE  command  to  assign  a  value  to  p_. 

Alex  was  also  shown  procedures  which  found  a  missing  number, 
or  generated  sequences  of  numbers.  He  was  aware  that  the  lit- 
eral symbols  represented  numbers,  that  a  symbol  could  repre- 
sent any  of  a  set  of  numbers,  and  that  changing  the  letter 
did  not  affect  the  output. 

Alex  had  not  worked  with  LOGO  since  the  1985  study,  yet  he 
recalled  all  of  the  basic  LOGO  commands  and  could  interpret 
some  procedures.  Through  discussions  with  the  interviewer, 
he  demonstrated  the  ability  to  analyze  procedures  which  used 
literal  symbols  to  count  or  solve  simple  equations. 

In  1985,  Dick  initially  attempted  to  solve  sentences  such  as 
Z  +  9  =  24  by  using  a  one-to-one  correspondence  between  the 
positive  integers  and  the  letters  of  the  alphabet.  During 
the  final  interview,  he  correctly  solved  all  equations, 
indicating  that  the  letters  represented  a  number  and  that 
changing  the  letter  did  not  affect  the  value.   In  the  follow- 
up  study,  Dick's  concept  of  literal  symbols  appeared  un- 
changed since  he  still  solved  sentences  correctly  and  indi- 
cated the  same  understanding  of  the  symbols  and  their  use  in 
the  context  of  equations. 

Dick  could  also  write  expressions  for  area  using  letters,  al- 
though he  attempted  to  estimate  the  length  when  given  a  4  by 
a  rectangle.  He  soon  corrected  himself,  stating  that  the  ex- 
pression "4  times  a"  represented  the  area  and  that  the  a 
stood  for  a  missing  number. 

Dick  recognized  the  LOGO  commands  FORWARD,  LEFT,  and  RIGHT; 
he  stated  that  "RT  90"  told  the  TURTLE  to  turn  right  90  de- 
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grees.  He  remembered  that  letters  in  LOGO  procedures  repre- 
sented numbers  in  memory,  but  he  was  unable  to  use  MAKE  to 
assign  values.  When  prompted  by  the  researcher,  Dick  could 
analyze  LOGO  procedures  involving  recursion  or  solutions  of 
equations.  He  could  discuss  the  role  of  literal  symbols,  but 
did  not  recall  the  LOGO  commands.  This  is  not  surprising, 
since  Dick,  had  not  written  or  used  any  LOGO  procedures  in 
two  years . 

Josh 

At  the  end  of  the  1985  study,  Josh  was  able  to  solve  equa- 
tions correctly,  even  though  he  had  initially  used  an  alpha- 
betic correspondence  to  find  missing  numbers.  He  was  aware 
that  literal  symbols  could  be  "anything  you  want"  and  that 
using  different  letters  did  not  change  an  answer. 

Given  the  sentence  14  +  &  =  20,  Josh  found  the  answer  by  sub 
tracting  14  from  20.  He  still  knew  that  the  letter  was  used 
"to  put  something  in."  It  appeared  that  his  concept  of  liter 
al  symbols  in  this  context  had  not  changed. 

During  the  discussion  of  a  4  by  a  rectangle,  Josh  wrote 
"4  x  a"  for  the  area,  stating  that  the  a  stood  for  the 
width.  He  then  stated  that,  instead  of  representing  any  num- 
ber, a  was  the  number  "that  would  fit  for  the  length."  Josh 
could  interpret  and  discuss  the  use  of  literal  symbols  in 
counting  procedures  and  in  procedures  that  solved  equa- 
tions, although  he  did  not  recall  all  of  the  LOGO  commands. 
Josh,    like  the  others,  had  not  been  exposed  to  any  LOGO 
since  the  1985  study. 


The  researcher  interviewed  teachers  and  examined  textbooks 
to  determine  the  role  of  instructional  intervention  in  the 
subjects'  perceptions  of  literal  symbols.  All  subjects 
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attended  the  same  elementary  school  during  the  fifth  grade, 
where  they  were  each  placed  in  average-ability  groups.  They 
used  the  text  Heath  Mathematics-Level  5  (1979),  which  did 
not  address  literal  symbols, 

Alex  and  Dick  went  to  different  middle  schools,  where  they 
were  again  placed  in  average-ability  groups.  The  adopted 
text  for  the  sixth  grade  is  Growth  in  Mathematics,    (1978) . 
According  to  Dick's  teacher,   letters  will  be  covered  at  the 
end  of  this  school  year,  as  an  enrichment  activity.  Alex's 
class  had  studied  equations  in  the  two  weeks  immediately 
prior  to  this  study.  The  teacher  explained  that  the  letters 
represented  "missing  numbers,"  and  taught  the  students  to 
solve  simple  equations,  such  as  ^  +  35  =  45  and 
2a  +  49  «  63.  She  recalled  that  Alex,  as  well  as  most  of  the 
class,   scored  well  on  the  unit  quiz. 

Josh  is  currently  attending  a  private  middle  school  which 
uses  the  text  Arithmetic  6  (Howe,   1981) .  The  unit  on  equa- 
tions will  be  covered  in  a  few  weeks;  consequently,  Josh  had 
not  received  instruction  on  literal  symbols  before  the 
follow-up  study. 


Although  none  of  the  subjects  had  used  LOGO  since  the  1985 
study,  they  were  all  able  to  recall  and  use  the  basic  com- 
mands,  such  as  FORWARD,  LEFT,  and  RIGHT.  They  were  also  able 
to  interpret  literal  symbols  in  LOGO  procedures.  This  sug- 
gests that  the  manipulative  nature  of  LOGO,  which  allows  one 
to  model  literal  symbols  in  a  semi-concrete  manner,  contri- 
butes to  the  remembering  of  both  the  language  and  its  rela- 
tionships to  literal  symbols. 

All  subjects  behaved  similarly  when  responding  to  tasks 
which  involved  literal  symbols  in  equations.  This  is  signifi- 
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cant  since  Alex,  who  had  received  instruction  in  this  topic 
only  a  week  earlier,  did  not  appear  to  use  literal  symbols 
any  differently  than  the  other  two  subjects.  Furthermore, 
all  three  were  able  to  use  literal  symbols  to  represent 
missing  dimensions  of  rectangles  when  writing  expressions 
for  area. 

Based  on  the  above  facts,   it  is  the  conclusion  of  the  author 
that,  at  least  for  the  three  subjects  and  in  the  given  con- 
texts, microcomputer-oriented  problem  solving  has  a  long- 
term  effect  on  the  concept  of  literal  symbols.  The  results 
suggest  that  the  computer  can  be  a  powerful  tool  in  the  de- 
velopment of  mathematical  concepts  and  that  it  can  provide 
concrete  models  of  literal  symbols. 
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ACQUISITION  DUN  LANGAGE  GRAPHIQUE  DE  CODAGE  PAH  LA 
UOOEUSATtON  EN  TEMPS  REEL  DES  DO  KNEES  D'EXPERIENCES. 


RERRENONNON 
UNIVERSITE  DE  MONTREAL 


Seion  Piaget  (I979),*ta  liaison  tondamentale  constitutive  da  touts  connalssance 
n'est  pas  una  simple  association  antra  objets  car  cette  notion  neglige  de  taUt  ractlvM  due 
aux  sujets ,  mais  bten  rasslmiiaUon  das  objets  a  des  shames  da  ce  su|et".  L'acqulsltion  des 
representations  est  vue  id  comma  atant  associae  au  devetoppement  inlellectuel,  alia 
permet  a  I'eleve,  par  la  manipulation  at  rexperimentatlon  directe  da  son  envlronnement, 
de  se  construire  un  systems  de  representations  initiates.  Cette  construction,  iaissee  aux 
akias  de  la  vie  ou  a  rimaglnaire  sera  la  base  de  representations  plus  cultureltes,  plus 
scientlllques.  La  passage  antra  ces  deux  types  de  representations  initiates  et 
sclentiliques,  n'est  pas  ata*;  Cast  robstacte  epistemoiogique  (Bachelard  1967]  qui  serait 
franchl  par  rassimMation  ou  la  remptacement  des  viellles  representations  par  des 
representations  plus  sdentiftques. 

Seion  Pa  Mo  (1979)  nous  utHisorions  deux  systemes  symboliques  de  codage  de 
I'irrlormatlon  un  systems  de  representation  verbals  qui  precede  de  maniere  ahstrafte  et  un 
systeme  de  representation  imagee  qui  precede  a  partlr  cfexperiences  concretes.  SI  la 
fonction  akjobrique  du  premier  degre  a  cause  de  son  caractere  abstra*  peut  etre  associae 
au  premier  systeme  de  codage,  la  representation  graphique  de  cette  meme  fonction,  a 
cause  de  son  caractere  figuratif,  pourrait  etre  associae  au  second  systeme  de  codage  si 
Ton  est  capable  de  permettre  son  apprehension  a  partlr  d'experiences  concretes  et  non 
plus  a  partlr  cfune  representation  algebrique  absiralte.  Nous  devrions  alors  partlr  de  la 
manipulation  et  de  ("experimentation  concretes  dans  le  but  de  permettre  une  construction 
progressive  de  la  representation  graphique  (codage  visual),  avant  de  nous  servir  de  cette 
representation,  elaboree  au  contact  de  la  realKe,  comma  support  pour  comprendre  et 
asslmiler  r  interact  ion  entre  variables  en  physique. 
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OBJECTIFS 

Us  Aleves  delation  aux  sciences  ont  de  la  difficulty  a  se  representer  rkiteractlon 
entre  variables  de  maniere  economique  et  efltoace.  La  representation  oraphlque  de  cette 
interaction  est  certalnement  rootil  la  plus  adequat  pour  prendre  en  compte  Tensemble  da 
ces  Interactions  a  la  condition  que  ceW-d  soK  martrise  et  significant  pour  relev<».  Or  II 
sembleralt  que  meme  lorsque  cat  outll  est  mattrise  en  mathematlque,  II  ne  devient  pas 
automatlquement  disponible  a  I'eleve  pour  resoudre  des  problomes  de  physique  Les 
Sieves  en  mathematlque  sont  capables  do  deduire  une  valeur  de  y  en  lonctlon  de  x,  a 
partir  du  oraphlque  ou  de  la  tonctlon  algebrique.  lis  peuvent  meme  etre  capables  de 
determiner  une  tonction  aigebrlque  du  premier  dogre  a  partir  de  ce  graphique  en  Isolant 
deux  points  sur  celul-cl.  Par  contre.tres  peu  sort  capables  de  I'utllteer  eHicacement  en 
dehors  des  mathematiquos  pour  par  exempto  prodke  ou  exploiter  une  Interaction  entre 
variables. 

En  physique  la  connection  entre  le  phenomena  et  sa  representation  graphique 
n'ast  pas  meiileure  pulsqu'il  s'atlectue  a  posteriori,  lorsque  (-experimentation  est  terminee. 
La  representation  grapMquo  sert  alors  a  synthetiser  tes  resulats  experimental  en  allant 
du  tableau  des  mesures  au  graphique,  et  I'eleve  pour  comprendre  et  se  representer 
Interaction  des  variables  doit  reconstKuer  mentalemert  le  phenomena  physique  en 
mflme  temps  qu'll  vertle  son  evolution  sur  la  graphique.  Catte  tacon  de  falw  apprendre 
^Interaction  des  variables  avec  un  graphique  ou  Taction  et  la  representation  sont 
temporellement  separees  est  difllclle  a  apprehender  pour  I'eleve.  Nous  voulons  lei 
proposer  une  methode  a  caractere  technotogique  qui  permettralt  de  presenter  Taction  et 
la  representation  de  celle-cl  en  slmultaneite.  Pour  evaluer  le  benefice  de  cette  methode, 
nous  altons  la  tester  avec  das  eleves  n'ayant  pas  encore  etudle  ralgebre  et  la  tonction  du 
premier  degre. 

Cette  representation  graphique  Wtlale  seiait  alors  prealable  a  I'etude  de  la  tonction 
aigebrlque  du  premier  degre  et  devrait  permettre  a  I'eleve  de  mleux  assimiler  cette 
representation  au  phenomena  physique  qu'll  etudla.  Nous  sommes  condents  que  cette 
pedagogle  de  la  representation  graphique,  acqulse  au  seul  contact  da  la  reaWe,  semble 
utoplque  sans  le  support  aigebrlque  tradltlonnellemant  utHise.  II  n'exlste  pas  a  notre 
connaissance  de  recherche  qui  permeltrait  (fappuyer  emplriquemert  cette  Wee,  aussi 
aliens  nous  construlre  un  systeme  d'apprentiwage  de  la  representation  graphique 
originate  pour  permettre  a  I'atudiant  d'acquarir  celle-cl  au  contact  direct  et  sensible  da  la 
roalW.  par  la  moderation  en  temps  reel  de  donnees  d'exporiences  en  laboraloire. 
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F.nsuih-,  no>j$  nwitrr-na  !•  prototype  de  cm  systen»>  (fapprentissags  A  I'essai  avec 
la  doubla  obleaH: 

1)  d'kk  ntM»r  les  benefices  polentlels  (to  cette  Idee  ft  partlr  des  interpretations  des 
Aleves  en  situa  i:n'>  (fapprantiBsace 

2)  da  vt  tiller  si  cette  acquisition  (to  la  representation  graphique  au  contact  de  la 
raalite  permet  /,  I'eleve  da  pradirt  a  partlr  da  ca  graphique  las  interactions  antra  las 
variables,  vitaato.  distar at  at  tamps  en  cinemallque. 

Pour  noncksra  ikhis  prasentarons  quelques  pistas  de  recherche  sous  forma 
d  iiypothese  aliii  da  valxtor  catte  Idee. 


Cettci  rechorclie  comporte  una  granda  part  da  developpement,  la  modellsation  en 
tamps  reel  don  donrvtos  tftxpertances  start  eftectuae  par  un  ordlnateur  qui  travaillera 

imultanement  on  rruxto  conversationnel,  en  controla  da  precede  et  an  mode  graphique. 

Jous  avons  done  e  tectue  ca  developpement,  concretise  par  un  prototype  permettant 
aux  eleves  de  provoquer  et  conceptuallser  des  Interactions  de  variables  an  cinematlqua 
par  la  manipulation  fit  la  controla  via  un  micrc-ordinateur  (fun  train  electrique  (ouet.  Ces 
eleves  peuvent  alors  planltler  des  experiences,  en  commander  I'executlon  et 
simultanement  au  emplacement  du  train  ,  visualise*  la  representation  graphique  de  ce 
deplacemenl  en  fonction  du  temps,  (voir  NONNON,  1986). 
La  source  das  donneaa 

Les  donnees  de  catte  experience  provionnent  de  deux  sources  differentes,  un 
ensemble  traditlonnel  de  tests  comprenant  un  test  de  prerequls,  un  pretest  et  un  postest, 
(un  example  de  question  est  donne  en  appendice)  et  un*  analyse  du  cheminement  de 
l  oleve  etfectueo  a  partir  de  ses  diveises  manipulations  que  nous  avons  conservees  dans 
un  lichier. 

Caractarlstiquaa  daa  aujats 

Les  sujets  de  cette  experience  sort  des  eleves  de  5 term  et  6leme  annees  du 
primaire  .  Le  pretest  a  ete  adminlstra  en  classe  sur  quarante-trois  etudiants. 

De  ces  etudiants,  14  furent  select ionnes  pour  ('experimentation  selon  trois 
criteres:  1)  una  note  au  moins  agate  a  la  moyenne  au  test  de  connalssances  prealables 
(notions  de  temps,  da  longueur,  de  mesure  constants,  2)  une  note  egale  ou  Inferieure  a  la 
moyenne  au  pretest,  3)  une  dteponibilite  pour  se  rendre  3  tote  de  suite  au  laboratoire  a 
I'Unlverslte. 
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Shim*  experimental 

Chaque  6leve  recevait  la  consigns  et  une  demonstration  sur  I'opdratlon  du 
systeme  experimental  par  un  eleve  expert.  II  manipulait  ensuite  durartf  20  minutes  par 
seance  et  realisait  3  seances  a  raison  cfune  par  jour,  au  3ieme  jour,  il  etait  soumis  au 
post-test  pour  les  6  premiers  e loves,  la  manipulation  etait  laissee  a  leur  fantaisie  ators  que 
pour  tes  8  demiers,  nous  leur  demandions  avant  la  2ieme  seance  de  faire  des  predictions 
sur  les  mouvements  successes  du  train. 


Les  differences  entre  le  pretest  et  la  postest  pour  les  six  premiers  sieves  n'a 
montre  aucune  amelioration  passant  de  36.4  a  39.4  %.  En  analysant  le  cheminement  de 
chaque  eleve,  nous  avons  compte  les  manipulations  (efficaces)  qui  impiiqualent  un 
nouveau  couple  de  parametre  non  encore  experiment*.  Nous  savor*  qu'M  existe  avec  les 
parametres  vitesse,  distance  et  temps .  Trois  couples  possibles  (distance  en  fonction  du 
temps,  vitesse  en  fonction  de  la  distance  et  vitesse  en  fonction  du  temps).  Ce  qui 
correspond  a  une  sequence  de  6  manipulations  simples  pour  definir  entieremerrt 
r  Interact  ton  de  ces  trois  variables.  L'lndice  que  nous  avons  utilise  sera  done  de  nombre  (6) 
de  manipulations  optimums  dfvise  par  le  mombre  de  manipulations  totales  effectuees  par 
I'eleve. 

Si  nous  effectuons  une  correlation  entre  les  results  ts  obtenus  par  cheque  Aleve  a 
cet  indice  tfeffteacite  et  sa  performance  telle  que  mesuree  par  les  differences  post-test 
-pre  test,  nous  obterur*  una  correlation  de  +  0.814  (r-2.803,  di-4,  p<0.05). 

Pour  les  premiers  sujets,  una  correlation  significative  entre  la  performance  teUe  que 
mesuree  au  test  et  rind  ice  de  cheminement  de  releve  nous  permet  cfenvisager  rutilisation 
de  cet  indice  comma  enters  de  performance  pour  feleve. 

Pour  les  huit  demiers  sujets,  le  fait  de  les  obliger  a  pradire  to  resuNat  avant  memo 
de  commander  leur  train  s  emote  binefique  puisque  chaque  eleve  a  augmente  sa 
moyenne  entre  le  post-test  et  le  ore-test,  la  moyenne  generate  passant  da  45  %  au 
pre  test  a  84  %  au  post-test. 

Ces  mises  a  ressai  empiriques  nous  ont  permis  d'anatyser  notre  prototype  et  ses 
conditions  d'utHisation.  Avec  les  huit  demiers  sujets,  nous  avons  pu  verifier  que  tout  >"-> 
6tudiams  avaient  ameltore  leur  performance  dans  la  prediction  ou  I'interpretation  f  j 
interaction  entre  les  trois  variables  en  jeux;  les  moyennes  passant  de  45%  au  pretest  a 
84%  au  postest. 
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CONCLUSION 


Nous  avons  congu  un  systeme  d'apprentissasge  de  I'abstraction  par 
representation  graphique.  Ce  systeme  iaboratoire  qui  pr6sente  en  simultaneity  Faction  et 
sa  representation  permet  it  I'eieve  d'acqudrir  un  langage  graphique  de  codage.  Ce 
langage  a  composante  visuelle,  qui  constitue  una  abstraction  des  interactions  de  variables 
au  Iaboratoire  est  acquis  au  seul  contact  de  la  r6alit6,  sans  support  verbal.  II  s'agit  bel  et 
bien  d'un  langage.  d'un  outil  cognitil  a  la  disposition  Je  I'eieve,  puisque  c'est  a  travers  lui, 
par  une  syntaxe  implicite  (de  la  correspondance,  de  I'interpolation,  de  ('extrapolation,  da  la 
variation  de  pente)  que  l'6leve  prWira  ou  interpreter  tous  les  emplacements  de  son  train 
en  loncticn  d'une  queiconque  combinaison  des  variables.  Nos  premiers  resultats  sont 
encourage  ants,  rnais  nous  avons  encore  beaucoup  a  (aire  pour  comprendre  et  maltriser 
ce  nouvel  outil.  Nous  allons  maintenant,  pour  terminer  vous  presenter  sous  lorme 
d'hypotheses  un  ensemble  de  recnerches  que  nous  sommes  en  train  de  planiiier  pour  en 
assurer  une  validation. 

HYPOTHESE  1 

La  presentation  concomitante  de  Taction  et  de  sa  representation  graphique 
lavorise  I'acquisition  d'un  langage  graphique,  disponibte  pour  la  resolution  de  probWrnes. 

Ratlonralila  matrise  de  ce  langage  graphique  pourrait  se  verifier  de  diff6rentes 
tagons.  par  example  en  demandant  a  Idleve  de  pr6dire  une  interaction  non  encore 
experimented.  Un  resultat  po.  itit  indiquerait  icl  que  I'eieve  apprehende  to  mouvement  du 
train  a  I'aide  de  la  lonction  graphique,  incluani  implicit ement  les  concepts  ^interpolation  et 
d'e-'- •elation,  ces  concepts  n'6tant  pas  encore  formalises  verbalement  chez  tut.  Cet 
ap,  ^sage  de  I'abstraction  seraN  ancore  plus  signHicatrl,  le  langage  graphique  aurait 
plus  de  cohdrsnce,  si  Ton  pouvait  verifier  Tutilisation  spontanea  par  Thieve  de  ce  langage 
pour  apprehender  un  nouveau  champ  de  connaissances.  On  constaterait  alors  que  l'6leve 
a  bien  int£grd  cet  instrument  conceptuel  et  qu'il  lui  est  signMicatil  en  lui  facilitant  la 
production  d'hypotheses,  la  plantation  des  schemes  expOrimentaux  et  l'interpr6tation 
des  resultats. 

HYPOTHESE  2 

L'acqulsNion  d'une  lonction  (graphique)  du  premier  degrd,  telle  que  decrite  dans 
noire  modele  d'enseignement,  est  plus  ellicace  et  transferable  que  I'apprentissage  de  la 
lonction  (algebrique)  du  premier  degre  telle  qu'enseignee  traditionnellement. 

Ratlonnel:  mis  en  presence  du  phenomene  concret  et  de  son  substitut 
graphique,  tous  les  deux  en  evolution  conjuyu6e.  I'eieve  devrait  acqudrir  I'habilete  a 
opSrer  des  transformations  rdversibles  du  concret  a  I'abstrait. 


-  233  - 


En  outre,  ^acquisition  de  cette  (onction  graphique  du  premier  degre  se  faisant 
dans  un  contexte  de  laboratoire.  la  transferabilile  de  cet  outil  cognitif  dans  d'autres 
domaines  ^application  concrete,  devralt  etre  superieute  a  ce  qu'on  retrouve  pour  la 
notion  de  tonction  enselgnee  dans  une  legon  de  mathematiquee. 

HYPOTHESE  3 

Un  systems  qui  permet  de  planner  et  realtser  deux  experiences  simultanees  est 
plus  efficace  pour  apprehender  rinteraction  des  variables  qu'un  systeme  qui  impose  des 
experiences  de  mania  re  successive. 

RATIONNEL:  la  drfficulte  pour  I'eleve  de  planifier  et  tfexecuter  un  scheme  de 
controle  dos  variables  est  Hee  au  caractere  sequentiel  cto  la  demarche  qui  exige  au  moins 
deux  experiences  sucessives  pour  decrire  una  interaction.  La  perception  d.recte  et 
simultanee  des  resultats  de  ces  deux  experiences  devrait  conduire  releve  a  mieux  en 
apprehender  les  differences  essentielles.  que  s'll  avait  a  reproduire  de  memoire  les 
conditions  et  resultats  de  la  premifere  experience  pour  les  comparer  a  ceux  de  la 
deuxieme.  Les  arguments  d'encombrement  minimum  de  la  memoire  de  travail,  d'oubli 
dans  le  temps  des  conditions  et  resultats  passes.ou  de  tour  oubli  par  interference  avec 
I'activite  presertte  de  la  memoire  de  travail,  vont  dans  le  sens  de  cette  hypotheso. 
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EXEMPLE  DE  QUESTION 


Le  train  No  1  roule  a  una  vitesse  constanle  pendant  1  heure  25  minutes;  il  parcourt  123 
kilometres. 

Le  train  No:2  roule  a  une  vitesse  constante  pendant  4  heures  16  minutes;  il  parcourt  203 
kitometres. 

Quel  est  le  train  qui  roule  le  plus  vite  ? 

Distance 
en 

kilometres  zcc  <  -r» 


Encercle  la  bonne  rtSponse. 

A)  Le  train  No:1  roule  a  la  meme  vitesse  que  le  train  No:2 

B)  Le  train  No:2  roule  plus  vite  que  le  train  No:1 

C)  Le  train  No:1  roule  plus  vite  que  le  train  No  2 

D)  Le  train  No;1  route  moins  vite  que  le  train  No:2 


100 


Z  3  4 


Temps  (heures) 
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ABSTRACT 

Building  algebraic  functions  of  adjectival  quantity  pre 
aenta  the  opportunity  to  repreaent  functions  in  a  variety 
o<  way.,  at  leaat  one  of  which  ia  both  novel  and  ilUmi 
nating.    The  variety  of  function  repreaentationa  ..ployed 
by  THE  ALGEBRAIC  PROPOSER,  a  software  environ.ent  for 
algebraic  .odeling  and  analyaia,  ia  preaented  and  dis 
cuaaed. 
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If  one  constructs  algebraic  functions  using  quantities  Uat  have 
explicit  referents  in  aoee  externsl  world  thst  on*  is  nodeling,  than 
it  is  possible  to  represent  the  functions  so  generated  in  aoae  novel 
end  interesting  waya.  This  paper  will  deal  with  the  variety  of 
representatione  for  functiona  that  are  used  in  THE  ALGEBRAIC  PROPOSER, 
«  sicrocoeputer  based  environaent  for  elgebreic  eodeling  end  problee 
solving. 

Perhaps  the  easiest  way  to  exhibit  the  aevaral  representations  is 
to  work  through  a  aaeple  problee,  building  end  repreaenting  functions 
as  we  go.    Let  us  consider  the  following  problee. 


Working  by  hieself,  person  1  can  eow  the  lawn  in  2  hr. 

Person  1  and  person  2,  working  together,  can  aow  the  lawn  in 

.75  hr. 


How  long  does  it  take  person  2,  working  by  herself,  to  eow 
the  lewn? 


The  problee  refers  to  several  quantities  by  value  and  one  quantity 
by  nase.     These  are  II,  lewn),   (2,  hr.l,   (.75,  hr.)  and  (t,  hr.l, 
respectively,  where  we  have  used  the  ayebol  t  to  denote  the  eagnitude 
of  the  unknown  tiue  required  for  the  two  persone  working  together  to 
eow  the  lawn. 

Figure  1  is  a  prose  representation  of  these  quantities  (entries 
A-D)  as  wall  as  a  representation  of  four  other  quantities  (entries 
E-H)  that  are  entailed  by  the  original  quantities  and  thue  can  be 
thought  of  as  functiona  of  the  original  quantitiea.    The  reader  will 
note  that  in  order  to  solve  the  problee,  one  sust  constrain  the 
quantity  H  to  be  equal  to  the  quantity  D. 


NOTES 


ft  the. job  to  ie  done 
B  Mowing  tin*  of  person  1 
C  Houin?  tine  of  person  2 
D  tiw  for  i  i  2  to  now  lawn 
E  Honing  rate  of  person  1 
F  Mowing  rate  of  person  2 
G  coHbined  rate  of  persons  1  I  2 
H  coRtined  tine  as  function  of  t 
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This  proae  repreaentation  it,  in  .o.e  rejects,  eloMit  to  the 
way.  in  which  people  think  about  situation,  to  b.  .odelad,  i.e.  in 
language.    While  it  i.  richly  evocative  of  th.  quantities  involved,  it 
repreaent.  r.th.r  poorly,  and  in  .o.e  in.tanc...  not  at  oil.  the 
reletion.hip.  eaong  the.e  quantitie.. 

Figure  2  .howa  the  proae  repreaentation  along  with  a  ay.bolic 
repr.aent.tion  of  the  quantitie.  A  through  H.    Thia  representation  is. 
.aid.  fro.  it.  insistence  on  th.  inclusion  of  th.  referent,  of  the 
quantities  Involved  the  usual  ay.bolic  repreaentation  of  algeora. 


HCH  HANY 


HHAT 


Al 

B2 

Ct 

D  ,75 

E  .5 

Fl/t 

G  .5t[l/t3 

H  WMVm 

I 

J 

X 


lawn 
hp 
hp 
hp 

lawn/hp 
lawn/hp 
law/hp 
hp 


fi/B 
ft/C 
hi 
ft/G 


NOTES 


the  Job  to  he  done 
Howins  tin*  of  person  1 
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Tha  preservation  of  the  referents  of  the  quantities  in  the  repre 
santation  aakea  aaliant  tha  fact  that  tha  referent  of  a  function  need 
not  be  the  saee  ea  the  referanta  of  either  the  variable  or  tha  fixed 
quentitiee  froe  which  it  la  coapoaed. 

The  ayebolic  repreaentation  tanda  to  eaka  the  referent  quantities 
leaa  aaliant  while  Increasing  the  aelience  of  the  relationahipe  aaong 
thae.     Further  it  repreaenta  the  reletlonahlpa  with  a  degree  of 
preciaion  thet  ie  totally  unavailable  to  the  proae  representation. 

Figure  3  ahoua  both  the  graphical  and  the  tabular  repreaentation* 
of  the  quantity  H  that  THE  ALGEBRAIC  PROPOSER  provides.     It  is  in  no 
usy  reaerkeble  snd  is  presented  here  only  for  coepleteness. 
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Figure  4  shows  the  prose  representation  of  the  both  the  original 
and  the  entailed  quantities  .long  with  «  network  representation  of  the 
computational  dependencies  e.ong  the  quantities.    This  co.po.»t.  prose 
and  network  representation  is  generated  by  the  software  fro.  the 
user's  prose  and  eyebollc  representstions. 
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In  particular  the  representation  show*  the  fact  that  the  quanti 
tie*  A,  B,  C  and  D  are  the  original  quantities,  with  A,  B  and  D 
refarrad  to  by  valua  and  C  referred  to  by  nana.     It  further  ahoua  that 
the  quantity  E  la  coaputed  froa  the  quantltiee  A  end  B,  The  quentlty  G 
la  coaputed  froa  the  quantltiea  E  end  F,  etc. 

The r«i  are  aaveral  obaervations  to  be  aede  about  thia  repreaenta 
tion.     Firat  of  ell.  It  aakea  aelient  the  ways  In  which  each  of  the 
quantitlaa  depend  on  the  othera.     Although  it  doea  not  repreaent  the 
binary  operation*  iaplied  by  the  nodea  of  the  network  explicitly,  <it 
could  do  so  at  the  price  of  coaplicating  the  "laual  coaplexity  of  the 
network),  these  aay  be  inferred,  often  with  little  difficulty  froa  the 
sessntics  of  the  referents  in  the  essocialed  proae  repreaentation . 

Second,  the  network  ea  it  atanda  repreaenta  a  aet  of  functions. 
The  reader  will  notice  that  the  network  hea  two  "looac  ends".  These 
are  the  quantitiea  H  and  D.     Conatraining  the  network  by  requiring 
that  theae  two  quantitiea  be  equal  to  one  another  forcea  the  network 
to  have  e  aolution  set.    Thia  la  a  general  property  of  well-poaed 
probleaa  in  thla  repreaentation,  I.e.  that  the  equetion(a)  or 
inequality (a)  thet  aodal  the  problea  ere  foraed  by  conatraining  the 
looae  enda  of  the  proae-network  repreaentation. 

Third,  the  proae-network  repreaentation  contalna  no  reference  to 
eny  of  the  quantitiea,  either  original  or  coaputed,  by  value.  Thua 
thin  repreaentation  repreaenta  the  aeaentica  of  the  aodaled  aituation 
without  the  confounding  offered  by  the  perticular  valuea.     In  thia 
eenae  one  aay  aay  that  the  proae-network  repreaentetion  repreaenta  en 
enaeable  of  probleaa  that  have  the  aaae  atructure.     Thia  ia  an  attrac 
tlve  notion  bacauae  it  aakea  poaaible  a  diacuaaion  of  problea  typea 
and  aiailarity  of  probleaa  beyond  the  aurface  feeturea  noraelly  uaed 
to  cleaaify  probleaa. 
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A  STUDY  OF  THE  USE  AND  UNDERSTANDING  OF  ALGEBRA  RELATED  CONCEPTS 
WITHIN  A  LOGO  ENVIRONMENT. 

Rosamund  Sutherland 
University  of  London  Institute  of  Education 

This  paper  will  present  the  preliminary  mulls  of  a  three  yaar  l^f™'  « 
of  purine  and  undarstandlng  of  variable  in  a  Logo  proaramm  1*^J»**"! 
(aoed  11-14)  worked  In  pairs  al  the  computer  during  their  normal  mathematics 
2*  The  data  consisted  predominantly  of  vWeo  recordings  of  the  pupils ;  Log ,  wor 
and  their  spoken  language.  One  aim  of  the  research  was  to  relate  the  pupil  s 
understanding  of  verlable  In  Logo  to  their  understanding  In  j«r^and  Wr«; 
and  develop  end  test  out  meterlels  designed  to  help  pupils  make  links  wo 
contexts.  Analysis  of  the  data  Indicates  that  most  pupils* noin^rtV  c*x»  to  use 
variable  In  their  Logo  programming,  although  with  l^ln^Uoni  topos  ble  o 
find  motivating  problems  which  provoke  puplfcto  dawM JJJ £  or  not  pupUs 
can  make  the  links  between  verlable  In  Logo  and  variable  In  aHebra  appwrs  to  depend 
more  on  the  nature  and  extent  of  their  Lego  experience  than  on  any  other  factor. 

Verqnaud  has  pointed  out  that  "algebra  Is  a  detour,  students  must  give  up 
the  temptation  of  calculating  the  unknown  as  quickly  as  Possible,  they 
must  accept  operating  on  symbols  without  paying  attention  to  the  meaning 
of  these  operations  In  the  context  referred  to'  (Vergnaud  1986).  He  quite 
rtohtlv  says  that  we  must  find  problems  which  provoke  the  use  of  algebra. 
This  is  not  an  easy  task  In  'traditional1  school  mathematics.  The  computer 
programming  context  however  does  provide  problem  situations  In  which 
variable  Is  a  meaningful  problem  solving  tool.  It  seems  appropriate 
therefore  to  consider  the  ways  In  which  the  computer  can  enhance  the 
learning  of  mathematics,  and  In  particular,  as  far  as  his  stuoy  Is 
concerned  the  learning  of  algebra.  We  have  been  Investigating,  as  part  of 
EeToJ VathsToject  (Sutherland,  Hoyles  .987)  the  hypothesis  that 
certain  programming  experiences  In  Logo  will  provide  pupl Is  with  a 
conceptual  basis  of  variable  which  will  enhance  their  work  with  paper 
and  pencil"  algebra. 

Ethnographic  research  methodology  was  chosen  as  being  the  only  one 
possible  In  an  area  where  technology,  pedagogy  and  the  approach  to 
mathematical  content  were  all  Innovatory.  Longitudinal  case  studies  were 
undertaken  for  four  pairs  of  pupils  (aged  11-14)  programming  In  Logo 
during  their  'normal'  mathematics  lesson  throughout  the  three  years  of  he 
project.  As  researchers  we  acted  as  participant  observers  In  the 
classroom  Pairs  where  chosen  to  take  Into  account  the  spread  of 
mathematical  attainment  and  the  teachers'  opinions  on  constructive 
working  partnerships.  The  data  Included  recordings  of  the  pupils  Logo 
work  all  the  language  spoken  by  the  pupils  (a  video  recorder  was 
c^rlnected  between  the  computer  and  the  monitor),  the  researchers 
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Interventions  and  a  record  of  all  other  mathematical  work  undertaken  by 
the  pupils.  The  video  recordings  were  transcribed  and  these  were 
combined  with  researcher  observations  and  teacher  and  pupil  interviews 
to  provide  the  basis  for  the  research. 

At  the  beginning  of  the  research  period,  pupils  were  given  the  freedom  to 
devise  their  own  goals  In  order  to  build  up  self  confidence  and  autonomy. 
Our  aim  was  to  make  Interventions  related  to  the  tdea  of  variable  when 
appropriate.  Analysis  of  the  transcript  data  at  the  end  of  the  first  year  of 
the  research  Indicated  that  most  pupils  did  not  naturally  choose  projects 
for  which  variable  was  a  functional  problem  solving  tool.  It  was  decided 
therefore  to  develop  teacher  devised  tasks  which  provoked  the  pupils  to 
use  variable.  Throughout  the  second  and  third  year  of  the  research  pupils 
were  given  a  range  of  teacher  devised  tasks.  One  particular  task,  which 
used  the  Idea  of  changing  a  fixed  procedure  to  a  general  procedure  by 
scaling  distance  commands,  -  provided  an  Important  starting  point. 

One  aim  of  the  research  was  to  develop  materials  to  help  pupils  make  the 
links  between  variable  In  Logo  and  variable  In  'paper  and  pencil'  algebra.  It 
was  decided  to  base  these  materials  on  the  similarity  between  using 
variable  to  define  a  function  In  Logo  and  using  variable  to  define  a  function 
In  algebra  (for  a  fuller  discussion  of  this  see  Sutherland,  1987).  For 
example  the  Logo  representation: 

FUNC  :x  is  equivalent  to  the  algebra  representation  FUNC(x)  -  x*4 

OUTPUT  :x*4  or  hH 

END 

The  pupils  were  Introduced  to  these  Ideas  In  the  form  of  a  game  which 
Involved  one  pupil  defining  a  function  and  the  other  pupil  predicting  the 
function  by  trying  out  a  range  of  Inputs.  The  "guesser"  had  to  define  the 
same  function  when  she  was  convinced  that  her  prediction  was  correct. 
The  pupils  then  had  to  establish  that  both  functions  were  Identical  In 
structure  although  the  function  and  variable  names  used  might  be  different 
(pupils  were  encouraged  to  use  a  range  of  variable  names  Including  single 
letter  names).  It  has  been  reported  by  Wagner ( 1981 )  that  In  algebra  pupils 
often  have  the  misconception  that  changing  a  literal  symbol  Implies 
changing  what  the  symbol  refers  to.  In  this  Logo  task  we  were  specifically 
building  In  the  experience  that  this  Is  not  the  case. 


Categories  of  variable  use  were  derived  from  the  transcript  data  and  these 
provided  a  framework  for  analysis.  (Sutherland,  1987)  An  overview  of  the 
pupils'  use  of  variable  analysed  according  to  these  categories  throughout 
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the  three  years  of  the  project  Is  presented  In  Table  1. 


Table  I    OVERVIEW  OF  GENERAL  PROCEDURES  WRITTEN  BY  CASE  STUDY 
PUPILS. 

CATEGORY  Pupil  I  Pupil  2   Pupil  3  Pupil  4  Pupil  5  Pupil  6  Pupil  7  Pupil  8 

Of  USE  SALLY  ASIM      GEORGE  JANET    MM     RAVI      LINOA  SHAHIDUR 


(I)  Onelnput        4        2        2  4 


(S)  Input  as 
Sale  Factor 

3 

3 

3 

3 

3 

3 

6 

7 

(K)  Mora  than 
One  Input 

3 

2 

2 

3 

0 

0 

2 

0 

(0)  Input 
Operated  on 

6 

5 

5 

6 

0 

0 

0 

0 

(G)  Input  to  General 
Super  procedure 
with  Variable 
Subprocedure 

3 

3 

3 

3 

2 

0 

3 

0 

(F)  Input  to 
Mathematical 
Function 

2 

2 

2 

4 

1 

2 

3 

2 

(C)  Input  used  In 
Conditional 
Expression 

0 

2 

2 

0 

0 

0 

0 

0 

All  the  pupils  used  Input  to  a  Logo  function  (category  F)  as  part  of  the 
Loqo/algebra  linking  materials  presented  to  the  pupils  In  the  eighth  term 
of  the  project.  Apart  from  this  Ravi  and  Shahidurs  use  of  variable  was 
entirely  restricted  to  category  S  (scaling  a  distance  command).  In  this 
context  they  realised  that  the  variable  used  affected  the  size  of  the 
obiect  on  the  screen  but  they  were  not  necessarily,  aware  of  the  variable 
processes  within  their  procedure  Pupils  have  been  ranked  (pupil  I  -  pupil 
8)  according  to  attainment  on  their  school  mathematics  scheme.  Ravi  Jude 
and  Shahldur's  more  limited  use  of  variable  was  a  consequence  of  thern  a) 
being  case  study  pupils  for  a  shorter  length  of  time  than  the  other  pupils 
b)  having  a  higher  absence  rate  than  the  other  pupils  and  the  teacher  being 
consequently  more  reluctant  for  them  to  spend  time  on  Logo  work^  In 
choosing  to  carry  out  research  In  a  -normal"  classroom  over  a  period  of 
three  years  we  had  to  accept  that  for  reasons  beyond  our  control  the  pupils 
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were  not  always  available  for  a  "planned"  session.  However  the  nature  of 
the  transcript  data  Is  such  that  It  Is  possible  to  reconstruct,  for  all  the 
case  study  pupils,  the  nature  of  their  Logo  experience  In  terms  of  pupil 
collaboration,  teacher  Intervention,  and  computer  Input  and  output. 

In  order  to  probe  the  case  study  pupils'  understanding  of  variable  In  both 
Logo  and  algebra  they  were  all  given  Individual  structured  Interviews  at 
the  end  of  the  the  three  year  period  of  research.  They  were  asked  to: 

•  Make  a  generalisation  and  formalise  It  In  an  algebra  context. 
»  Make  a  generalisation  and  formalise  It  In  a  Logo  context. 

•  Answer  algebra  questions  related  to  the  meaning  of  letters  taken 
from  the  C.S.M.S1  project. 

t  Answer  Logo  questions  related  to  the  meaning  of  variable  names. 

•  Represent  a  function  In  both  Logo  and  algebra. 

In  addition  pupils  visited  the  University  laboratories  to  carry  out 
individually  tasks  devised  to  probe  their  understanding  of  variable  In  Logo. 

For  the  purposes  of  this  paper  the  pupils'  understanding  of  variable  In 
Logo  and  algebra  will  be  categorised  in  the  following  way: 

•  Acceptance  of  the  'Idea  of  variable. 

•  Understanding  that  a  variable  name  represents  a  range 
of  numbers. 

•  Understanding  that  different  variable  names  could  represent  the 
same  value. 

•  Acceptance  of  "lack  of  closure"  In  an  expression. 

•  Ability  to  establish  a  second-order  relationship 
between  variables. 

•  Ability  to  use  variable  to  formalise  a  generalised  method. 

Evidence  for  the  pupils  understanding  of  variable  In  Logo  was  derived  from 
the  structured  Interview  Items,  the  transcript  data  and  the  University  day 
tasks,  while  the  understanding  of  variable  In  algebra  was  derived  from  the 
structured  Interview  data  only. 

Acceptance  of  the  Idea  of  variable  was  deemed  present  If  the  pupils  were 
willing  to  begin  to  attempt  the  structured  Interview  questions.  All  the 
case  study  pupils  accepted  the  Idea  of  variable  In  Logo.  None  of  the  pupils 
had  had  any  experience  of  algebra  before  using  variable  In  Logo.  Throughout 
the  project  the  pupils  followed  their  "normal"  mathematics  curriculum 
and  the  type  and  amount  of  algebra  work  carried  out  by  the  pupils  was  not 
in  the  control  of  the  researchers.  However  we  know  that  four  of  the 
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pupils,  Linda,  Jude,  Shahldur  and  Ravi,  did  not  carry  out  any  formal  algebra 
work  during  the  period  of  research.  Six  out  of  the  eight  case  study  pupils 
accepted  the  Idea  of  variable  In  algebra.  The  two  pupils,  Jude  and  Ravi, 
who  did  not  respond  positively  to  any  of  the  algebra  related  categories 
have  both  had  a  very  limited  experience  of  variable  In  Logo  (Table  I ). 

All  the  pupils  accepted  the  Idea  that  a  variable  name  In  Logo  represents  a 
range  of  numbers.  Again  all  except  for  Ravi  and  Jude  have  carried  this 
understanding  to  the  algebra  context  which  contrasts  with  previous 
research  findings  that  pupils  often  regard  a  letter  In  algebra  as 
representing  an  object  or  a  specific  unknown.  (Booth  1984,  KUchemann 
1981). 

What  is  the  area  of  this  shape?  Part  of  this  f  Igure  Is 

A  «   not  drawn.  There  are 

I  1  n  sides  altogether 

„  all  of  them  length  2. 

 -  '  Whet  is  the  per  imeterof  this  shape?  p=  

FHjl  FKJ2 

Jude  attempted  to  use  his  Logo  understanding  of  variable  In  the  algebra 
context  when  answering  a  C.5.M.S  Item  (fig  I )  but  his  Idea  of  "any  number" 
soon  became  confused  with  "anything"  as  the  following  example 
Illustrates. 


Jude  "  Does  Mmean  any  number  miss?" 

Researcher    "tl  is  any  number  andN  is  any  number. " 
Jude  "So  I  can  just  put  anything  I  want. " 

Shahldur  had  some  difficulty  with  the  C.S.M.S  Item  "If  John  has  J  marbles  and 
Peter  has  P  marbles  what  could  you  write  for  the  number  of  marbles  they  have  altogether?" 
and  his  response  Indicates  the  transitional  nature  of  his  understanding. 
Writing  down  9  as  the  solution  he  gave  the  explanation: 

Shahldur        "Cos  John  begins  with  J  and  there  s  four  letters  in  John 

and  Peter  begins  with  P  and  there's  five  letters  In  Peter. " 
Researcher    "  Why  did  you  think  P  stands  for  5  ?" 
Shahldur       "Because  I  was  wondering  why  they  should  put  J  and  P. " 
Researcher     "What  If  they  were  called Q  and R?" 

With  this  suggestion  he  Immediately  wrote  down  Q  ♦  R.  Shahldur  Is  not  an 
algebra  experienced  pupil  and  his  mathematical  ttalnment  Is  very  low. 
Under  these  circumstances  his  responses  to  the  CSM5  questions  are  quite 
extraordinary.  When  presented  with  the  perimeter  question  (fig  2)  he 
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wrote  down  2  x  n's  as  a  solution.  When  asked  to  explain  his  solution  he 
said  "Cos  there's  the  size  or  them  are  2....anci  there  are  n's  of  them  ...so 
2  times  n  will  be  the  answer ". 

in  order  to  test  the  pupils'  understanding  of  whether  or  not  a  different 
variable  name  can  represent  the  same  value  they  were  given  the  following 
Logo  and  algebra  questlons(not  consecutively  )(f  ig  3). 

When  Is  the  following  true?  When  do  these  Logo  commands 

^SP  draw  the  same  length  line? 

L+M'-N=L  +  P+N  «T      TO  LINES  "LT1"N"P 

FD  L  FD  M  FD  N 

FD  :L  FD  :P   FD  :N 
END 

Always.  Never.  Sometlmes.when   Always.  Never.  Sometimes, when  

Fig  3 

Only  Sally  responded  positively  to  both  Items  but  four  out  of  the  eight 
responded  positively  to  the  Logo  item.  When  we  relate  these  pupils' 
understanding  to  their  use  of  variable  In  Logo  we  find  that  all  four  have 
used  more  than  one  Input  to  a  procedure  and  have  In  this  context  given 
different  variable  names  the  same  value.  This  contrasts  with  the  four 
pupils  who  did  not  respond  positively  to  the  Logo  Item  and  who  had  never 
used  more  than  one  Input  to  a  procedure. 

All  of  the  case  study  pupils  accepted  lack  of  closure  in  a  Logo  expression 
AH  apart  from  Jude,  Ravi  and  Linda  accepted  the  Idea  In  algebra.  Previous 
research  Indicates  that  this  Is  often  a  problem  for  pupils  learning  algebra 
(Booth  1984).  The  case  study  pupils  had  used  'unclosed'  Logo  expressions 
Involving  variable  In  their  function  machine  work. 

None  of  the  case  study  pupils  could  answer  either  the  C.S.M.S  algebra 

question  "Which  Is  the  larger  2n  or  n+2?  Explain  "  or  the  Logo  related 

question  correctly.  KUchemann  maintains  that  "An  important  feature  of 
these  relationships  Is  that  their  elements  are  themselves  relationships, 
so  they  can  be  called  'second order'  relationships"  (KUchemann  1981)  Me 
maintains  that  It  Is  only  when  pupils  have  grasped  this  notion  that  they 
have  fully  understood  the  Idea  of  variable.  Analysis  of  the  data  Indicates 
that  none  of  the  pupils  had  carried  out  any  Logo  tasks  related  to  this  Idea. 
Although  the  C.S.M.S  question  Itself  can  be  criticized  this  result  does 
suggest  that  further  Logo  tasks  related  to  this  Idea  need  to  be  devised  and 
that  more  adequate  test  Items  also  need  to  be  developed. 

Evldpnce  from  algebra  research  suggests  that  pupils  often  use  use 
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Informal  methods  which  cannot  easily  be  generalised  and  formalised. 
However  In  this  project  pupils  were  able  to  Interact  with  the  computer 
and  negotiate  with  their  peers  so  that  their  Intuitive  understanding  of 
pattern  and  structure  was  developed  to  the  point  where  they  could  make  a 
generalisation  and  formalise  this  generalisation  In  Logo.  Ail  the  case 
study  pupils  could  formalise  a  method  generalised  by  them  In  Logo. 
However  the  non-algebra  experienced  pupils  were  not  able  to  use  algebraic 
notation  to  formalise  a  method  generalised  by  them  In  the  algebra  context. 

This  paper  has  highlighted  the  extent  to  which  the  pupil's  understanding  of 
variable  In  algebra  Is  related  to  their  use  of  variable  In  Logo.  The 
evidence  suggests  that  pupils  can  use  their  Logo  derived  understanding  In 
an  algebra  context.  Possibly  one  of  the  most  Important  aspects  of  the 
function  machine  material  In  helping  the  pupils  to  make  links  was  that  It 
provoked  the  pupils  to  use  a  range  of  variable  names,  Including  single 
letter  names. 


As  part  ci  the  research  programme  Tonoapts  In  Secondary  Mathematics  and  Science"  Just  crater 
1000  secondary  pupils  aged  H*  were  tested  on  their  understanding  of  algebra  (generalised 
arithmetic)  (Kuchemann  1981). 
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COMPUTER  PRESENTATIONS  OF  STRUCTURE  IN  ALGEBRA 


Patrick  W.  Thompson 
Alba  G.  Thompson 
Illinois  State  University 


Many  errors  committed  by  students  of  algebra  appear  to  be  a  result  of  their  long-term 
inattention  to  structure  of  expressions  and  equations.  A  special  computer  program  was 
developed  that  enabled  students  to  manipulate  expressions,  but  which  constrained  them  to 
acting  on  expressions  only  through  their  structure.  Eight  leaving-seventh  graders  used  tlx 
program  for  eight  days.  An  analysis  of  their  actions  indicated  that  errors  due  to  inattention 
to  structure  occurred  largely  while  they  were  first  learning  a  field  property  or  identity,  and 
that  afterwards  such  errors  were  infrequent. 

Typical  errors  found  in  previous  studies  of  students'  errors  in  algebra  suggest  that 
students  studying  algebra  frequently  fail  to  realize  that  formulas  in  mathematical  symbol 
systems  have  an  intrinsic  structure  (Lewis,  1981;  Matz,  1982;  Sleeman,  1982,  1984, 
1985).  In  algebra,  expressions  are  structured  explicidy  by  the  use  of  parentheses,  and 
implicitly  by  assuming  conventions  for  the  order  in  which  we  perform  arithmetic  opera- 
tions. It  is  hypothesized  that  many  of  students'  errors  in  manipulating  an  algebraic  ex- 
pression arc  due  to  their  inattention  to  the  expression's  structure. 

To  test  this  hypothesis,  we  „„  . 

'r  File    Wlniiowi  Options 

built  a  program,  called  EXPRES- 
SIONS, that  presents  expressions 
and  equations  in  two  formats:  in 
usual  (sentential)  form  and  in  the 
form  of  an  expression  tree.  The  fig- 
ure to  the  right  shows  the  screen 
after  having  entered  the  equation 
4x-6=2(x-3)  and  then  multiplied 
both  sides  by  j.  The  equation's  ex- 
pressions are  shown  in  sentential 
notation  at  the  top  of  the  screen.  The  tree  representation  of  the  equation  is  shown  directly 
below  the  sentential  notation. 

To  change  an  expression  by  the  use  of  a  field  property  or  olher  transformation, 
students  put  the  mouse  pointer  on  top  of  one  of  the  buttons  along  the  right  side  of  the 
screen  and  then  click  the  mouse  to  select  that  action.  Then  they  put  the  pointer  on  top  of 
the  operation  in  the  tree  representation  of  the  expression  which  defines  the  expression  or 
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subexpression  to  be  transformed,  and  click  the  mouse  again.  The  action  is  performed  on 
the  selected  expression  or  subexpression,  and  the  sentential  notation  and  expression  tree 
are  changed  accordingly. 

To  transform  an  expression  by  the  use  of  an  identity,  students  put  the  mouse 
pointer  on  top  of  the  ID  button,  click  the  button,  and  then  click  the  operation  sign  within 
the  tree  which  defines  the  expression  to  which  the  identity  is  to  be  applied.  The  computer 
will  apply  one  of  the  identities  a-b  =  a+  ~b,  *-  =  x*  j.  ~x  =  ~l*x,  or  x  =  l"x  to  the 
chosen  expression  or  subexpression,  then  update  the  expression  tree  and  sentential  dis- 
play accordingly. 

Sample 

The  sample  consisted  of  eight  leaving-seventh  graders— six  males  and  two  fe- 
males—from the  1SU  elementary  laboratory  school  and  who  volunteered  to  participate  in 
the  study.  Their  mean  age  was  13  years  1  month;  their  mean  cumulative  mathematics 
score  on  the  Iowa  Test  of  Basic  Skills  was  74.6.  In  the  last  quarter  of  seventh  grade 
mathematics,  five  students  recei  /ed  an  A,  one  received  a  B,  and  two  received  a  C. 

Method 

The  study  took  place  over  nine  consecutive  weekdays  in  June  of  1986.  The  first 
session  was  devoted  to  administering  a  pretest;  eight  sessions  (50  minutes  each)  were 
given  to  direct  instruction  and  practice.  The  pretest  involved  assessing  students'  knowl- 
edge of  the  conventions  for  order  of  operations  (evaluating  numeric  expressions),  their 
knowledge  of  field  properties,  and  their  knowledge  of  variables. 

Instruction  took  place  in  a  classroom  at  ISU,  where  the  instructor  used  a 
Macintosh  running  EXPRESSIONS.  The  Macintosh  was  connected  to  a  projector  which 
created  a  6'  x  6'  image  of  the  screen.  All  instruction  was  videotaped. 

For  practice  sessions,  students  were  grouped  in  pairs  by  matching  their  cumula- 
tive mathematics  score  on  the  Iowa  Test  of  Basic  Skills.  Practice  sessions,  took  place  with 
students  in  two  locations:  in  a  computer  room  and  in  the  classroom,  with  two  students  per 
computer.  Students  using  the  classroom  computer  were  videotaped.  Each  pair  of  students 
was  videotaped  once.  A  set  of  booklets  containing  examples  and  practice  problems  were 
provided  to  each  student.  All  students  used  a  version  of  the  program  that  stored  their 
keystrokes  and  mouse-clicks  in  a  data  file  which  could  be  "played  back"  for  later  analy- 


sis. 


Instruction  proceeded  in  this  order:  order  of  operations  in  arithmetical  expres- 
sions; field  properties  as  transformations  of  arithmetical  expressions;  identities  and 
derivations.  An  outline  of  the  eight  days  of  instruction  is  given  in  Table  1. 
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Box  in  riaxt 

2  Order  of  operations;  Evaluating  expressions 

3  Parentheses;  Expression  trees 

4  Discuss  Worksheet  2:  Commuiativily; 
Associativity;  Example  from  Worksheet  3 

5   

6 

7 
8 
9 


Review  commutauvity;  associativity; 
introduce  distributing  and  collecting 

Review  field  properties;  introduce  identities 


In  Group* 

Worksheet  1  (Farts  1  &  2) 
Worksheet  1  (Pan  3);  Worksheet  2 


Worksheet  3  (Pan  1) 

Worksheet  3  (Part  2) 

Worksheet  3  (Pan  2);  Worksheet  -' 

Worksheet  5 


Table  1 .  Summary  of  instruction 
The  worksheets  comprised  an  integral  pan  of  instruction.  Table  2  shows  the  nu- 
meric-transformation  problems  students  worked  in  sessions  6  and  7.  Table  3  shows  the 
identity  derivation  problems  students  worked  in  session  9. 


Start  With 

Change  It  To 

SsanMih 

5*  (4+3) 

3*5+4*5 

11. 

(z-q)*u 

z*u  -  q*u 

N2. 

5*((4+3)+2) 

(5*4)+((2+3)*5) 

12. 

r*(s/t) 

(r*s)/t 

N3. 

(7+3)*(6+5) 

(7*6+7*5)+(3*6+3*5) 

13. 

-(P  +  q) 

-p  +  -q 

N4. 

(6+"5)*(6+5) 

(6*6)  +  ("5*5) 

14. 

(a  +  b)/c 

a/c  +  b/c 

N5. 

3*(8+4)  +  9*(4+8) 

(9+3)*(8+4) 

15. 

6x  +  x 

7x 

N6. 

3*(6/9)  +  (6/9)*7 

10*(6/9) 

16. 

5x  -  x 

4x 

N7. 

-5*3  +  (2+3)*5 

0+10 

17. 

X  +  X 

2x 

N8. 

(5+9)*(5+9) 

5*5+90+9*9 

Table  2.  Numeric  transformation  problems. 

Table  3.  Ident'ty  derivation  problems 

Results 


PrciSSI 

Six  of  the  eight  students  processed  numeric  expressions  from  left  to  right,  ignor- 
ing conventions  for  order  of  operations  (e.g.,  8-6  +  5*3  evaluates  to  21),  when 
grouping  was  not  given  explicitly.  All  eight  were  familiar  with  commutativity.  Seven 
•■vere  familiar  with  associativity  in  its  simplest  form.  None  was  familiar  with  distributivi- 
!y.  Six  differentiated  among  expressions  and  equations  on  the  basis  of  superficial  charac- 
teristics (e.g.  "y+2=5  is  different  from  x-2=5  and  x+2=5  because  it  uses  y  and  the  others 
use  x.") 
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Analysis  of  computer  use 

EXPRESSIONS  was  modified  to  store  all  interactions.  The  stored  files  were  then 
later  rerun  for  analysis.  Students'  actions  were  categorized  according  to  the  following 
scheme: 

A  Appropriate  transformation  applied  at  an  appropriate  place  in  the  expres- 
sion, given  the  cuiTent  and  goal  expressions. 

IA  Inappropriate  transformation,  e.g.  trying  to  use  the  distributive  property 
on  (a?b)+c. 

AWP  Appropriate  action,  but  applied  in  a  wrong  place.  This  was  inferred  if  a 
student  tried  the  same  transformation  twice  in  a  row,  first  trying  it  at  an 
inappropriate  place  in  the  expression  and  then  applying  it  appropriately. 
CD  Confused  direction.  An  action  was  placed  in  this  category  if  a  directional 
transformation  was  appropriate  (such  as  using  the  associative  property  of 
multiplication  to  change  the  grouping  from  being  on  the  left  to  being  on 
the  right)  but  the  student  chose  the  wrong  direction. 
Transforming  Numeric  Expressions 

Table  4  shews  the  pcrcents  of  students'  actions  falling  within  each  category  while 
working  the  numeric  transformation  problems  (Table  2).  Table  5  shows  the  percents  of 
students'  actions  falling  within  each  category  while  working  the  identity  derivation  prob- 
lems (Table  3). 


A 

IA 

AWP 

a> 

Problem 

Nl 

87 

0 

0 

13 

N2 

75 

25 

0 

0 

N3 

69 

9 

17 

6 

N4 

60 

31 

8 

1 

N5 

82 

0 

18 

0 

N6 

88 

0 

0 

12 

N7 

56 

39 

5 

0 

N8 

89 

11 

0 

0 

A 

IA 

AWP 

a> 

Problem 

11 

41 

48 

6 

6 

12 

* 

* 

* 

* 

13 

* 

* 

* 

* 

14 

69 

23 

0 

8 

15 

56 

38 

6 

0 

16 

81 

12 

6 

0 

17 

80 

20 

0 

0 

Table  5.  Identity  derivations:  Percent  per 
category  ol  all  actions;  "**  indicates 
incomplete  data . 


Table  4.  Numeric  transformations: 

Percent  per  category  ot  all  ac- 
tions. All  students  completed  all 
problems. 

In  many  cases,  the  majority  of  inappropriate  actions  occurred  early  in  a  problem, 
suggesting  that  students  were  exploring  the  effects  of  the  available  transformations  upon 
expressions.  To  eliminate  the  effects  of  exploratory  errors  upon  the  percents  in  Tables  4 
and  5,  the  data  were  reanalyzed  by  the  same  categorization  scheme  as  previously,  but 
with  this  exception:  All  actions  prior  to  two  consecutive  appropriate  actions  were  discard- 
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ed.  Tables  6  and  7  show  the  percents  of  "'non-exploratory"  actions  falling  within  each  of 
the  categories. 

The  differences  between  Tables  4  and  6  and  between  Tables  5  and  7  suggest  that 
students'  errors  were  due  to  initial  plav  involved  in  understanding  the  problems,  under- 
standing the  available  transformations,  and  making  connections  between  the  two.  Once 
students  internalized  the  transformations'  structural  constraints,  they  were  less  likely  to 
commit  errors  and  were  more  efficient  in  their  solution  strategies. 


A 

IA 

AWP 

o> 

Problem 

Nl 

100 

0 

0 

0 

N2 

95 

5 

0 

0 

N3 

85 

7 

4 

4 

N4 

92 

4 

0 

4 

N5 

82 

0 

18 

0 

N6 

88 

0 

0 

12 

N7 

100 

0 

0 

0 

N8 

94 

6 

0 

0 

Table  6.  Numeric  transformations:  Percent 
per  category  ot  non-exploratory  ac- 
tions. 


A 

IA 

AWP 

CD 

Problem 

U 

58 

39 

3 

0 

12 

* 

* 

* 

* 

13 

* 

* 

* 

* 

14 

86 

0 

0 

14 

15 

100 

0 

0 

0 

16 

100 

0 

0 

0 

17 

100 

0 

0 

0 

Table  7.  Identity  derivations:  Percent  per 
category  ot  non-exploratory  ac- 
tions; "*"  indicates  incomplete  data 


Exploratory  errors  were  commonly  either  irrelevant  to  the  problem  being  solved 
(e.g.,  "what  does  this  button  do?")  or  were  attempts  at  doing  something  that  might  take 
an  expression  closer  to  its  goal  state.  For  example,  one  error  was  to  try  to  use  associativ- 
ity to  change  (a+b)*c  into  a+(b*c),  to  which  the  computer  "responded"  by  doing  noth- 
ing. The  students  wanted  b  to  be  multiplied  by  c,  and  apparently  concluded  that  the  asso- 
ciative property  would  do  that  regrouping  for  them.  Also,  it  was  common  for  students  to 
repeat  an  errorful  action.  It  appeared  that  repeating  an  action  supported  students  in  their 
attempts  to  reflect  on  the  reasoning  they  used  in  first  choosing  the  action,  and  supported 
them  in  understanding  the  reason  that  the  chosen  transformation  did  not  accomplish 
whatever  they  had  in  mind. 


Discussion 


Previous  studies  of  students'  eiTorful  manipulation  of  expressions  and  equations 
proposed  that  their  errors  are  due  to  mal-formcd  rules — perturbations  of  correct  rules. 
This  study  asked  whether  or  not  such  errors  were  due  to  students'  inattention  to  structural 
features  of  expressions  and  transformations  thereupon.  The  results  suggest  thai  mal-rules 
need  not  be  a  natural  occurrence  when  students  operate  in  an  environment  thr.t  supports 
explicit  attention  to  expressions'  structures,  and  where  structure  also  imposes  constraints 
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on  students'  actions.  Wc  cannot  say  from  the  results  presented  here  that  errors  reported  in 
previous  studies  were  due  to  students*  inattention  to  structure,  but  these  results  indicate 
that  attention  to  structure  is  an  important  consideration. 

Students  could  attempt  errorful  transformations  of  expressions  while  using  the 
computer,  but  the  computer  would  not  carry  them  out.  It  appeared  that  they  interpreted 
this  context  as  one  where  experimentation  became  natural  and  beneficial.  We  would  like 
to  think  that  students  disposition  to  experimentation  was  a  result  of  the  software  and  the 
use  made  of  it.  However,  it  also  could  have  been  a  result  of  the  instructor's  style  of  in- 
struction, or  it  could  have  been  that  this  particular  group  of  students  was  predisposed  to 
experimentation  and  reflection. 

A  limitation  of  the  study  is  that  students  were  not  assessed  outside  of  the  comput- 
er environment.  It  is  quite  conceivable  that  had  these  students  been  left  to  their  own  de- 
vices, they  would  have  committed  errors  on  paper  and  pencil  that  they  learned  not  to 
make  while  using  the  computer.  The  issue  of  transfer  from  computer  to  noncomputer  en- 
vironments requires  extensive  research. 

Another  limitation  of  the  study  is  that  we  do  not  know  the  depth  of  commitment 
that  these  students  had  when  they  "proved"  that  two  expressions  were  equivalent,  or 
when  they  derived  an  identity.  Did  students  think  of  an  identity  as  a  theorem  that  could  be 
applied  in  other  contexts?  We  do  not  know. 

A  feature  of  structure  which  we  could  not  address  here  with  data,  but  which  was 
addressed  explicitly  in  the  study,  was  thai  of  variable.  Many  problems  (all  of  those  in 
Tables  2  and  3)  were  designed  so  that  students  would  have  to  treat  a  subexpression  as  a 
unit.  When  applying  field  properties  and  identities  to  expressions,  students  regularly 
needed  to  substitute  a  subexpression  in  an  expression  for  a  letter  in  the  canonical  state- 
ment of  a  property  or  identity.  They  became  quite  adept  at  this.  Also,  students  felt  no  dis- 
comfort when  letters  were  first  introduced  in  to-be-transformed  expressions.  Apparently, 
by  having  them  transform  numerical  expressions,  they  became  used  to  the  idea  that  ex- 
pressions could  be  manipulated  regardless  of  their  constituent  elements.  Thus,  when  let- 
ters were  introduced,  students  saw  no  obstacle  in  continuing  what  they  had  already 
learned  to  do  with  numerical  expressions.  The  approach  wherein  manipulating  algebraic 
expressions  is  presented  as  a  natural  extension  of  manipulating  numerical  expressions 
deserves  further  research. 

The  use  of  expression  trees  as  one  of  the  representational  systems  within  the 
computer  program  proved  to  be  a  positive  feature  of  instruction.  Students  found  expres- 
sion trees  to  be  quite  intuitive.  When  doing  Worksheet  1,  which  focused  upon  evaluating 
expressions  given  in  sentential  form,  students  used  EXPRESSIONS  only  to  check  their  an- 
swers. They  were  told  only  that  they  needed  to  click  SIMP  and  then  click  the  top  of  the 
tree  to  evaluate  an  expression.  We  found  four  students  who  constructed  expression  trees 
for  complex  expressions  as  an  aid  to  evaluating  them,  even  though  there  had  been  no  dis- 
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cussion  about  how  expression  trees  are  constructed,  and  these  students  had  never  before 
seen  an  expression  tree. 

Finally,  it  should  be  noted  that  in  eight  days  of  instruction  these  leaving-seventh 
grade  students  went  from  essentially  no  working  knowledge  of  order  of  operations  to  de- 
riving algebraic  identities,  and  did  so  with  some  depth  of  understanding.  Even  with  the 
limitations  stated  earlier  in  this  discussion,  the  fact  that  such  coverage  is  possible  makes 
us  question  assumptions  that  are  built  into  traditional  junior  high  school  pre-algebra  and 
algebra  curricula  about  what  one  can  expect  of  junior  high  school  students  in  the  United 
States. 
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THE  EFFECTS  OF  MICROCOMPUTER  SOFTWARE  ON  INTUITIVE 
UNDERSTANDING  OF  GRAPHS  OF  QUANTITATIVE  RELATIONSHIPS 
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ABSTRACT 


In  this  paper  we  describe  a  software  which  we  designed  to 
help  develop  intuitive  readiness  for  the  encounter  with  graphs 
of  linear  relations.    A  study  was  conducted  to  evaluate  the 
effects  of  the  software  on  7th  grade  pupils  (experimental 
group  n=78,  control  group  n=67).    Pupils  demonstrated  intuiti- 
ve understanding  of  graphical  solutions  of  linear  equations 
and  inequalities.    Eight  months  later  a  retention  follow-UD 
study  was  applied  to  the  same  pupils  (now  in  the  8th  grade), 
just  before  they  started  the  study  of  graphs  of  linear 
equations.    Although  the  software  seems  to  have  been  only 
moderately  effective,  retention  of  what  was  learnt  was  good. 

Whereas  most  junior  high  school  students  successfully  read  and  plot  points, 
they  have  difficulties  1n  understanding  the  relations  between  the  two  co- 
ordinates of  points.    For  example,  Hart  (1980)  found  that  the  relation 
between  straight  lines  and  their  equations  was  understood  by  only  5-30X  of 
students  (depending  on  age).    Some  of  the  difficulties  that  junior  high 
school  students  experience  1n  the  study  of  graphs  of  quantitative  relat- 
ionships, may  be  due  to  the  necessity  for  a  higher  degree  of  generalizat- 
ion and  abstraction  than  that  they  have  met  previously.    Butler  (1970) 
maintains  that  the  difficulty  may  decrease  1f  we  teach  in  such  a  way  that 
learning  activities  become  intuitive  ingredients  of  future  concepts  and 
relations. 

The  role  intuition  plays  1n  developing  a  true  understanding  of  mathematics 
1s  emphasized  by  Kline  (1971),  Fischbein  (1978)  and  many  others.  Kieran 
(1981)  investigated  how  students  intuitively  extend  their  existing  know- 
ledge In  relation  to  algebraic  notions  and  Dreyfus  &  Eisenberg  assessed 
the  intuitive  background  of  junior  high  school  students  as  they  developed 
the  concept  of  function.    They  agree  with  others  that  enlarging  the  base 
of  intuition  1s  a  primary  goal  of  education. 

The  Science  Teaching  Department  at  the  Weizmann  Institute  maintains  a 
curriculum  project  in  mathematics  for  the  junior  high  school.    In  our 
program,  as  In  others,  we  observed  students'  difficulties  with  the  concepts 
of  graphs  of  truth  sets  which  are  dealt  with  in  Grade  8.    It  seems  that 
reading  and  plotting  points  in  Grade  7  gives  some  familiarity  with  the 
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coordinate  system,  but  it  does  not  prepare  the  students  for  the  encounter 
with  the  more  abstract  concepts  in  Grade  8.    The  idea  was  to  lead  pupils 
to  intuitive  understanding  of  relations  between  the  two  coordinates  of  a 
point,  as  a  part  of  the  introduction  to  the  coordinate  system.    We  felt 
that  the  microcomputer  could  be  more  efficient  than  other  media  in  achiev- 
ing this  aim.    Green  Globs  by  Sharon  Dugdale  (1984)  is  an  exemplary  piece 
of  software.    In  a  gaming  environment  students  develop  good  sense  of  the 
relation  between  the  algebraic  and  graphical  representations  of  functions. 
In  this  paper  we  shall  describe  another  software.   Dots  and  Rules,  which 
we  designed  to  help  develop  Intuitions  on  graphs  of  linear  relations. 

DOTS  AND  RULES 

Dots  and  Rules  offers  activities  which  teach  the  two-way  transfer  skill: 
point*-  rule.    The  pupil  has  to  identify  which  points  fit  a  given  rule 
or  which  rule  fits  a  given  point.    All  rules  are  linear  and  when  the 
student  finds  among  the  given  points,  all  those  satisfying  a  particular 
rule,  the  picture  of  the  straight  line  on  which  these  points  lie  clearly 
emerges.    Visual  elements  like  shapes  and  colors  are  used  to  illustrate 
the  relation  between  the  rules  and  linearity  (see  Figure  },  without  the 
colors. ..) . 


■  in- 


DOTS  AHO  RULES 
PART  ONE 


SCOREBOARD 


•  o 

O  0 

0  0 

0  0 


RULE  1 
RULE  2 
RULE  3 


SUH  OF  COORDINATES  IS  -3.  m 
BOTH  COORDINATES  ARE  EQUAL,  w 
SUM  OF  COORDIHATES  IS  -8.  + 


CHOOSE  RULE  UHICH  FLASHING  DOT  OBEYS' 


Figurfi  1 
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The  tasks  are  imbedded  into  various  activities,  from  a  tutorial  on  the 
basic  tasks  to  a  competitive  go.ne  for  two  players  (see  Figure  2). 


S"         GAME  FOR  TWO'  FOUR  IH  A  RON  X 


»    PLAYER  1   8 

f "    CHOOSE  RULE 

II    i    II     H  H 
I 

*  •  t  «  »    PLAYER  2  « 


PRESS  6  IF  HO  DOT  FITS  AHY  RULES 
RULE  1=  j<  AHB_Y_ARE_EBUAL. 


RULE  2 
RULE  3 


.  COORDINATE  IS  3.  M 
Y  IS  LESS  THAH  X  BY  4. 


Figure  2 


If  player  2  chooses  rule  3  and  identifies  the  point  (3,  -1),  he  completes 
two  "fours"  and  scores  2  points.    While  playing,  the  pupils  realize  that 
the  point  (3,  -1),  for  example,  can  be  caught  by  other  rules  as  well  (e.g. 
y  -  coordinate  1s  -1;    the  sum  of  the  coordinates  is  2).    The  software  is 
not  Intended  to  teach  the  explicit  relation  between  straight  lines  and 
their  equations,  rather  Its  aim  1s  to  create  some  rule-based  orientation 
1n  the  coordinate  system,  which  will  provide  the  Intuitive  preparation 
for  the  introduction  of  graphs  of  linear  open  sentences. 
The  use  of  a  microcomputer  has  some  didactic  advantages;    1t  enables  the 
student  to  practice  different  rules  with  the  same  pattern,  for  which  the. 
points  appear  1n  various  parts  of  the  coordinate  system.    There  are,  of 
course,  pedagogical  advantages  like  challenge,  motivation  and  feedback  in 
the  use  of  the  microcomputer. 

In  the  following  we  describe  the  method  and  results  of  a  study  that 
Investigated  the  effects  of  Dots  and  Rules  in  terms  of  its  aims. 


o 
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METHOD 


Two  junior  high  schools  were  involved  in  the  study.    The  schools  are 
located  in  neighboring  urban  suburbs  having  similar  socio-economic  popula- 
tions.   But  schools  are  of  about  the  same  size  and  use  similar  criteria 
for  streaming  their  pupils.    Three  grade  7  classes  with  average  ability 
students,  from  each  school  participated  in  the  study.    The  classes  in  one 
school  formed  the  experimental  g/oup  and  the  others  were  the  control  group. 
A  three  part  questionnaire  was  prepared,  some  of  the  items  were  in  a 
multiple  choice  form  and  others  more  open. 

The  first  part  contained  6  items  which  test  familiarity  with  the  coordina- 
te system.    In  addition  to  items  on  reading  and  plotting  of  points,  we 
asked  for  some  generalization;  e.g.,  to  identify  a  property  of  points  on 
the  x  or  y  axes. 

The  second  part  contained  7  Items  and  tested  the  transfer  skill: 
point  -—rule,  which  was  explicitly  dealt  with  by  the  software.  For 
example  in  Item  10  we  asked  the  pupils  to  identify  rules  satisfied  by  the 
origin  (0,0),  from  the  following  list  of  rules: 

(a)  the  coordinates  are  equal 

(b)  x  is  greater  than  y  by  3 

(c)  the  sum  of  the  coordinates  1s  3 

(d)  y  -  coordinate  1s  4 

(e)  y  is  twice  *. 

The  third  part  contained  13  Items  which  go  beyond  the  scope  of  the  explicit 
activities  of  the  software  and  test  intuitive  rule-based  orientation  in 
the  coordinate  system.    For  example,  in  Item  20  we  asked  the  pupils  to 
Identify  all  grid  points  which  have  the  two  properties:  (a)  the  coordinates 
are  equal,  and  (b)  the  sum  of  the  coordinates  1s  2.    The  Kuder-Richardson 
reliability  Index  for  the  whole  questionnaire  1s  0.91,  for  subl  -  0.67, 
for  sub2  -  (1.79  and  for  sub3  -  0.87. 

In  March  1986  the  software  was  used  by  the  experimental  classes  in  paral- 
lel with  the  regular  introduction  to  the  coordinate  system.    Treatment  of 
the  transfer  skill  point  —  rule  was  given  to  the  control  group  without 
the  computer.    Then,  the  questionnaire  was  given  to  both  experimental  and 
control  groups,  and  the  results  compared.    Eight  months  later  (November 
1986)  the  questionnaire  was  applied  again  to  the  same  classes  (now  in  the 
8th  grade),  just  before  they  started  the  study  of  graphs  cf  linear 
aquations  and  Inequalities.    The  results  were  compared  for  the  experiment- 
al and  control  groups  and  also  with  the  previous  results. 
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RESULTS  AND  DISCUSSION 


The  mean  scores  (maximum  100)  for  the  whole  questionnaire  and  for  the 


three  subquestionnai res  are  given  in  Table  1. 


Experimental 
post  treatment 
(n  =  78) 

grnup 
retention 
(n  =  67) 

Control 
post  treatment 
(n  =  77) 

group 

retention 
(n  =  74) 

Total 

76 

77 

71 

63 

Subl 

82 

85 

85 

76 

Sub2 

83 

82 

67 

58 

Sub3 

71 

69 

66 

59 

Table  1. 


The  results  are  about  the  same  for  the  two  groups  on  Subl  at  the  first 
application,  indicating  that  average  ability  is  about  the  same.  Although 
a  significant  drop  in  retention  occured  for  the  control  group  we  hesitate 
to  draw  conclusions  since  there  were  only  6  items  in  Subl.    As  anticipated 
there  are  significant  differences  in  favor  of  the  experimental  group  on 
Sub2.    However,    the  most  important  finding  is  in  the  results  of  Sub3 
which  tests  the  main  goal  of  the  software.    Although  the  software  seems 
to  have  been  only  moderately  effective,  retention  of  what  was  learnt  was 
good. 

To  illustrate  difficulties  which  were  only  partly  overcome  by  the  soft- 
ware, we  bring  the  findings  for  item  10  of  Sub2  mentioned  above.  More 
than  95*  knew  that  (0,  0)  fits  the  rule  W.  ™  both  groups  and  both 
applications.    But  only  44%  of  the  experimental  group  realized  that  it 
also  fits  "y=2x"  in  the  post-treatment  test,  and  50*  in  the  retention 
test.    As  for  the  control  group,  only  8*  (I)  responded  correctly  in  the 
first  testing  and  30*  in  the  second.    The  "improvement"  can  be  due  either 
to  the  fact  that  we  used  the  same  test,  or  to  students'  experience  with 
graphical  presentation  of  practical  situations  at  the  end  of  Grade  7. 
To  illustrate  the  development  of  some  intuitive  rule-based  orientation, 
we  bring  here  the  results  for  three  items  of  Sub3. 
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Item  20  (see  above): 

A  response  was  considered  correct  if  the  point  (1,  1)  was  identified  in  the 
the  graph. 

Correct  responses  [%): 
Experimental  group  (grade  7)  -  64 
Control  group  (grade  7)         -  42 
At  the  second  application, 
Experimental  group  (grade  8)  -  75 
Control  group  (grade  8)         -  55 

The  increase  in  correct  responses  from  grade  7  to  grade  8  is  due  to  the 
use  of  some  algebra  by  the  latter.   


-r— 


Item  18:   ;  • 

State  two  properties  ; ; ; 

of  the  marked  point.  iTTTTTT 

(a)    ::::::: 

(b)     

The  results  were  about  the  same  in  the  two  applications  of  the  test,  with 
a  clear  advantage  to  the  experimental  group.    In  the  control  group  more 
than  25%  gave  only  one  rule;    the  coinnon  first  rule  was  "*=-2"and  the 
second  was  "y-1".    In  the  experimental  group  less  than  10%  gave  only  one 
rule.    The  above  responses  were  given  by  about  30%,  and  the  rest  stated 
more  "interesting"  rules.    The  most  popular  were:  "the  sum  of  the  coordi- 
nates is  -]"-,  and  "y  is  greater  than  x  by  3". 

Item  25: 

In  each  quadrant  in  which  it  is  possible,  mark  a  grid  point  for  which  the 
sum  of  the  coordinates  is  greater  than  5. 

The  given  coordinate  system  was  8x8  (with  the  origin  at  the  center)  and 

a  response  was  considered  correct  if  correct  points  were  marked  in 

quadrants    I,  II  and  IV. 

Correct  responses  (%): 

Experimental  group  (grade  7)  -  75 

Control  group  (grade  7)         -  61 

At  the  second  application, 

Experimental  group  (grade  8)  -  73 

Control  group  (grade  8)         -  57 

In  addition,  about  one  fifth  of  the  experimental  students  attempted,  with- 
out being  asked,  to  give  a  full  graphical  solution  to  the  given  inequality. 
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CONCLUSION 


The  results  indicate  that  software  of  this  kind  can  be  effective  in 
achieving  its  main  goal  -  creating  intuitive  readiness  for  future 
concepts.    Students  rtlated  a  point  to  several  rules,  they  "saw"  lines 
and  il  lustrated  graphical  solutions  of  quantitative  relationships.  More 
software  with  similar  goals  for  other  topics  in  algebra  nas  beer, 
developed.    It  is  likely  that  the  increased  use  of  this  media  will  affect 
approaches,  teaching  strategies  and  the  organization  of  the  course. 
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Algebra  in  a  Computer  Environment 


Warwick  University 


This  reaction  has  been  conimissionid  by  the  PME  XI  organising  commitee  to  consider  the 
contribution  of  each  paper  groupec.  under  this  heading,  to  seek  common  threads,  to 
formulate  major  questions  that  still  need  to  be  answered  and  to  look  for  indications  in  the 
papers  as  to  how  these  questions  might  be  tackled.  The  task  is  a  daunting  one.  It  is  rather 
like  attempting  to  put  together  a  jigsaw  puzzle  whose  pieces  were  not  created  to  fit  together 
in  a  master  plan,  each  with  a  life  of  its  own.  It  is  a  problem-solving  activity  and  I  shall 
approach  it  in  a  problem-solving  spirit.  In  doing  so  I  should  \l'.,c  to  acknowledge  the  help 
given  me  by  Michael  Thomas  in  formulating  this  reaction. 

l.The  contribution  nf  the  papers  to  the  research  nrea 

The  papers  grouped  under  "algebra  in  a  computer  environment"  range  widely  from  initial 
ideas  in  the  subject  to  the  graphical  representation  of  algebraic  functions,  and  some  expand 
the  domain  to  more  general  functions  and  analytic  relationships  between  variables  and  their 
rate  of  change  in  "feed-back  systems".  Although  these  would  not  all  be  classified 
mathematically  within  algebra,  they  cognitivtly  embrace  algebra  concepts,  beginning  with 
the  translation  from  real  world  problems  to  algebraic  notation,  with  its  surface  syntax  and 
underlying  semantic  structure,  linking  with  relationships  to  other  representational  systems. 

'Hie  papers  also  represent  very  different  stages  in  the  research  process  which  are  fruitfully 
considered  from  a  problem-solving  viewpoint,  passing  through  various  phases  after  the 
style  discussed  by  Mason  etal.  (1982).  An  initial  entry  phase  gathers  together  what  is 
known,  what  one  wants  to  know,  and  what  tools  one  might  assemble  in  preparation  for  the 
attack  phase  where  the  empirical  work  is  done.  This  may  result  in  an  impasse  or  a 
significant  gain,  when  it  becomes  appropriate  to  review  and  refine  what  has  been 
achieved  before  either  re-er'ering  the  problem  for  a  different  attack,  or  extending  the 
work  in  new  areas  'Jirough  a  new  a  spiral  of  entry,  attack  and  review. 

Some  of  the  papers  have  completed  a  full  research  cycle,  others  describe  only  part  of  a 
longer  span,  for  instance,  the  entry  phase  to  new  research,  reviewing  the  literature  from 
earlier  phases,  proposing  theories  and  setting  out  plans  of  attack. 

Boileau  etal,  are  beginning  a  new  phase  of  attack  in  "La  Pensee  Algorithmique  dans 
I'lnitiation  a  I'algebra".  They  propose  to  start  the  study  of  algebra  with  activities  that 
arc  "both  significant  and  motivating  to  the  student",  "coding  problems  ...  relating  to  the 
sludents'  prior  experience"  by  providing  a  "tailor-made  programming  language  which  will 
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serve  as  an  intermediate  representation  ...  between  the  problem  to  be  solve  and  the  final 
coding."  They  formulate  some  characteristics  of  the  environment  but  stop  short  at  giving 
information  as  to  the  state  of  the  development  of  the  system  or  any  empirical  testing.  Their 
distinction  between  thciyn/aeric,  internal  semantic  and  external  semantic  aspects  of 
algebra  is  one  which  may  prove  a  useful  link  with  other  papers. 

In  "Relieving  is  seeing:  How  preconceptions  influence  the  perception  of 
graphs",  Goldenberg  begins  an  entry  phase,  based  on  experiences  using  computer 
software  and  preliminary  observations  with  two  "bright,  successful,  second  year  algebra 
students".  He  leads  into  a  discussion  of  "how  perceptual  illusions  and  shifts  of  attention 
from  one  feature  to  another  obscure  some  of  what  educational  use  of  graphs  is  supposed  to 
illucidate",  particularly  where  the  representation  lacks  familiar  perceptual  clues,  thus 
raising  some  concern  as  to  the  efficacy  of  certain  aspects  of  multiple  linked  representions. 

Thompson  &  Thompson  introduce  some  significant  new  software  in  "computer 
representations  of  structure  in  algebra",  linking  an  algebraic  expression  ot  its  tree 
structure  allowing  free  mixing  of  numbers  and  letters.  They  have  made  an  intial  empirical 
attack  with  a  week's  instruction/exploration  of  the  software  with  eight  seventh-grada 
students.  They  report  that  the  students  "felt  no  discomfort  when  letters  were  first 
introduced  in  to-be-transformed  expressions"  and  that,  after  an  initial  period  of 
experimentation,  errors  due  to  inattention  to  structure  were  infrequent. 

Judah  Schwartz  also  has  a  reputation  for  producing  innovative  software  and  his  paper  on 
"the  representation  of  function  in  the  algebraic  proposer"  is  no  exception  in 
this  respect.  The  original  proposal  had  hoped  to  include  empirical  research  with  12  college 
freshmen,  but,  in  the  event,  the  paper  is  restricted  to  a  presentation  and  discussion  of  the 
software  only,  giving  a  tantalizing  glimpse  of  the  possibilities  of  providing  a  word  problem 
an  algebraic  description  and  interrelating  it  with  graphical  and  numerical  representations. 

Dreyfus  and  Eisenberg  present  a  complete  research  cycle  "on  the  deep  structure  of 
functions",  entering  with  a  theoretical  framework  for  analysing  aspects  of  the  function 
concept,  empirical  knowledge  of  student  misconceptions,  and  a  constmctivist  approach  to 
abstraction  using  computer  microworlds.  They  hypothesise  that  the  understanding  of  the 
relationship  between  the  algebraic  and  graphical  representation  of  a  function  is  facilitated 
by  using  a  specific  piece  of  software  and  that  this  can  be  improved  by  providing  structured 
activities  for  the  students.  One  group  of  eight  students  worked  in  a  highly  structured 
teaching  environment  whilst  a  second  group  were  allowed  to  explore  freely.  A  pre-  and 
post-test  revealed  a  significant  improvement  by  both  groups  on  "non-standard"  questions, 
relating  to  shifting  and  stretching  transformations  on  graphs,  but  the  difference  between 
groups  was  not  significant. 


In  "Dicncs  revisited:  multiple  embodiments  in  computer  environments",  Lesh 
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&  Hcrre  report  part  of  a  major  on-going  project  of  research  and  curriculum  development 
which  reveals  "significant  ways  that  computer-based  instruction  can  encourage  teachers 
and  students  to  make  greater  use  of  activities  with  concrete  materials...  at  the  same  time ... 
implementing  some  of  the  best  instructional  strategies  associated  with  mathematics 
laboratories".  They  discuss  a  symbol-manipulator/function  plotter  called  SAM  which 
provides  direct  links  between  algebraic  manipulation  on  equations  and  the  graphical 
representations  of  the  functions  on  each  side  of  the  equals  sign.  The  general  questions 
raised  are  broad  and  important  but  the  page  restriction  regrettably  leaves  no  room  to  report 
empirical  results. 

Zehavi  el  al  cover  a  complete  research  cycle  in  "the  effects  of  microcomputer 
software  on  intuitive  understanding  of  graphs  and  quantitative 
relationships".  They  describes  a  new  piece  of  software,  "Dots  and  Rules",  designed  to 
help  intuitions  on  graphs  of  linear  relationships,  tested  using  pupils  of  "average  ability",  in 
three  experimental  classes  compared  with  three  control  classes,  selected  from  similar 
schools.  Tests  were  given  immediately  after  the  treatment  and  eight  months  later  and 
showed  that  "although  the  software  seems  to  have  been  only  moderately  effective, 
retention  of  what  was  leamt  was  good".  "The  results  indicate  that  software  of  this  kind  can 
be  effective  in  achieving  its  main  goal  -  creating  intuitive  readiness  for  future  concepts." 

Two  papers  look  at  the  role  of  programming  in  Logo  and  its  relationship  to  'paper  and 
pencil'  algebra.  Sutherland  outlines  the  preliminary  results  of  a  three  year  case  study  on 
"...  the  use  and  understanding  of  algebra-related  concepts  within  a  Logo 
environment".  She  reports  that  "analysis  of  the  data  indicates  that  most  pupils  do  not 
naturally  choose  to  use  variable  in  their  Logo  programming,  although  with  teacher 
intervention  it  is  possible  to  find  motivating  problems  which  provoke  pupils  to  use 
variables".  Under  these  circumstances  there  is  evidence  that  "pupils  can  use  their  Logo 
derived  understanding  in  an  algebra  context". 

In  "using  micro-computer  assisted  problem-solving  to  explore  the  concept 
of  literal  symbols  -  a  follow-up  study".  Nelson  interviewed  three  "average  ability 
students"  a  year  after  a  study  in  which  they  had  been  "taught  to  use  Logo  to  solve 
problems  involving  number  sentences,  rectangles  and  recursion".  They  remembered  most 
of  the  Logo  commands  used  a  year  before,  though  none  recalled  the  MAKE  command  for 
variables  and  "were  able  to  use  literal  symbols  to  represent  missing  dimensions  of 
rectangles  when  writing  expressions  for  area".  The  author  concludes  that  "microcomputer- 
oriented  problem  solving  has  a  long-term  effect  on  the  concept  of  literal  symbols". 

Two  other  papers  beginning  new  entry  phases  of  research  pass  beyond  algebra  into 
concepts  linking  variables  and  their  rates  of  change.  In  "Un  systeme  d'apprentissage 
de  1'abslraction  par  representation  graphiquc",  Nonnon  describes  software 
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allowing  young  pupils  to  control  the  motion  of  an  electric  train,  and  simultaneously  to  see 
its  position  graphed  as  a  function  of  time,  to  enable  ihem  to  acquire  a  graphical  coding 
language  to  predict  the  interaction  between  the  variables  for  distance,  speed  and  time.  The 
prototype  software  has  been  trialled,  using  pre-test  and  post-test  to  show  a  significant 
improvement  in  predicting  and  interpreting  relationships  between  the  three  variables. 

Garancon  &  Janvier  report  the  entry  stage  into  new  research  in  "Ihe  understanding  of 
feedback  systems  with  micro-computer  software".  They  formulate  the  general 
notion  of  a  feed-back  system  as  "a  set  of  mathematically  defined  relations  between 
variables"  which  can  "generally  be  expressed  as  a  set  of  differential  or  difference 
equations".  They  envisage  the  understanding  of  the  system  as  a  form  of  coordination  of 
three  representations  of  the  system:  an  iconic  representation  of  the  feed-back  loop  relating 
the  variables,  the  superimposition  of  the  cartesian  graphs  of  the  variables  as  functions  of 
time,  and  the  phase  plane  diagram  representing  the  implicit  relationship  between  the 
variables.  Current  mathematical  research  into  dynamical  systems  shows  just  how  complex 
these  systems  can  be  and  one  looks  forward  with  interest  to  the  results  of  research  into 
students'  understanding  of  the  specific  systems  designed  for  the  research  program. 


%  t>mmon  Links  in  the  papers 

It  will  already  be  apparent  that  the  papers  cover  a  wide  range  of  activities.  A  closer 
inspection  also  shows  that  no  two  papers  cite  a  common  reference.  (As  a  humorous  aside, 
1  found  it  pleasant  to  see  that  I  am  not  the  only  author  who  refers  to  my  own  papers  more 
than  anyone  else...)  Despite  the  apparent  anarchy  that  this  may  imply,  there  are  certain 
underlying  trends  tfiat  can  be  seen. 

7  1  MultiDlf  l.inh"'1  Rpprpsentatiuns 

More  than  half  the  papers  use  software  that  links  algebraic  notation  to  a  graphical 
representation,  one  links  a  real-world  situation  with  a  graph,  one  links  the  algebraic 
representation  of  an  expression  to  its  binary  tree  structure. 

Kaput  (1987)  has  suggested  four  sources  of  meaning  in  mathematics: 

1.  By  transformations  within,  and  operations  on,  a  particular  representational 
system 

MaS 

4  ,ScnT a»  and  reification  of  actions 

Drocedurcs  and  concepts  into  phcnomenological  objects  which  can  then 
Ks  the  balls  of  «w  actions  procedures  and  concepts  at  a  h.gher  level. 
It  is  helpful  to  review  the  papers  within  this  framework  to  sec  their  span  over  a  range  of 
activities.  For  instance,  Nonnon  links  a  graphical  interpretation  to  the  real  world  which 
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"permet h  l'deve  d'acqudrir  un  langagc  graphique  dc  codace  acauis  au  seul 
contact  dclarfa'W,  sans  support  verbal;'  K     acqutsati  seul 

Boileau  et  ai  also  wish  to  link  the  pupils'  experience  with  mathematical  concepts,  this  time 
through  programming,  whilst  other  papers  concentrate  more  on  translation  between 
systems.  When  one  of  those  systems  is  graphical,  it  is  often  seen  as  a  more  "intuitive" 
system".  For  example,  Zehavi  el  at.  comment  that  the  main  goal  of  their  software  is 
"creating  intuitive  readiness  for  future  concepts". 

Yet  Goldenberg  warns  of  difficulties  with  multi-representational  software: 

"Common-sense  supports  the  notion  that  the  use  of  more  than  one 
representation  of  a  function  will  help  learners  understand  what  remains  less 
£ntLW£!L  V  T  rePrcscnta!ion  «  Presented  thoughtfully,  multiple 
ih£ miK?^0"?1"""*  ny,u»«l«*y  »"d  Hi"  can  reduce  ambiguities 
„nLm  8 .  .!  inherent'n  ""V  s,n8lc  representation  ...  taken  together,  multiple 
repreaentaitona  should  improve  the  fidelity  of  the  whoie*rnessage  The 
theoretical  arguments ...  are  reasonable  enough,  but  they  may  not  be  valid." 

His  case  questioning  validity  is  based  on  his  two  subjects'  misconceptions  of  the  nature  of 
graphs.  Other  research  supports  this  concern.  For  example,  Nachmias  &  Linn  (1987) 
show  that  a  computer-generated  graphical  representation  of  a  cooling  curve  of  liquid  in 
real-time  was  misinterpreted  by  30%  of  the  children  involved,  because  the  large  pixels 
on-screen  gave  the  impression  that  the  liquid  remained  at  a  constant  temperature  for  a  rime 
and  dr:n  suddenly  dropped  a  little  (to  the  next  pixel  level).  These  students  believe  in  the 
absolute  veracity  of  the  computer.  My  own  observations  using  computer  graphs  with  older 
children  students  suggest  that  it  is  possible  to  discuss  such  limitations  meaningfully,  but 
there  are  clear  indications  of  conceptual  obstacles  that  need  to  be  researched. 

Lcsh  &  Herre  suggest  that 

"Good  problem-solvers  are  flexible  in  their  use  of  various  representational 
systems  -  they  instinctively  switch  to  the  most  efficient  representation  at  any 
given  point  in  the  solution  process". 

Although  preliminary  empirical  data  shows  the  value  of  multiple  linked  representations, 
more  data  of  how  students  of  differing  ability  and  experience  cope  will  be  of  great  value. 

2J.Micraworlds  and  the  Rule  nf  th*  T^rr 

The  vision  of  Papcrt  was  that,  by  giving  children  access  to  rich  microworlds,  such  as 
programming  in  Logo,  they  would  develop  "powerful  ideas".  The  reality  of  this  vision  is 
that  they  may  not  '.svelop  the  powerful  ideas  that  may  be  deemed  desirable.  For  example, 
the  children  in  the  Sutherland  study  "did  not  naturally  choose  to  use  variables  in  their  Logo 
programming"  and  teacher  intervention  was  necessary  to  provoke  suitable  activities, 

Dreyfus  and  Eisenberg  comment  on  the  "partial  success"  of  several  experiments  using 
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microworlds  in  "achieving  a  process  of  abstraction  on  the  part  of  the  student"  and  question 
"whether  the  framework  needs  to  be  revised".  They  conclude  that  "this  docs  not  seem  to  be 
appropriate"  as  the  studies  were  "rather  short  term"  and  "extremely  high  level  activities  arc 
required  for  the  processes  involved  in  abstraction  in  general".  They  hope  that  "longer  and 
more  systematic  exposure  to  dual  and  triple  representations  of  mathematical  objects  will 
achieve  a  clearer  effect ...  but  at  present  this  is  simply  speculation". 

2,3  lilil  N""""  nf  Variable 

A  noticeable  feature  of  the  papers  is  the  variety  of  different  meanings  given  to  a  variable. 
The  pupils  in  Sutherland's  study  all  used  (local)  variables  as  inputs  to  procedures  whilst 
those  in  Nelson's  used  global  variables  with  the  command  MAKE,  (which  they 
subsequently  forgot).  Neither  paper  refers  to  the  difference  between  a  variable  in  algebra 
and  in  programming.  (For  instance,  a  Logo  variable  has  a  name  "X  and  a  value  :X.) 

Although  Boileau  et  al  consider  elementary  algebra  as  "minimalement  I'algcbre  des 
polynomes  en  une  indeterminee.  mats  aussi  les  fonctions  Hneares.  quadratiques, 
trigonomitriques,  exponemtelles  et  logarlthmiques",  they  later  speak  of 

"des  fonctions  (toujours  algorithmiquement  calculates)  defimes  sur  des 
ensembles  de  nombres.  eventunllement  representees  par  des  tableaux  de 
valeurs,  des  graphes  cartesiens.  ou  des  algorithmes  de  calcul 

which  suggests  the  possibility  of  more  general  procedures.  Interestingly,  no  paper 
mentions  procedural  functions  even  though  .  when  "Al ...  earns  $6  per  hour  if  he  works 
15  hours  ....  land]  gets  paid  time  and  a  half  for  overtime"  (in  Lesh  &  Herre),  his  actual 
wage,  for  any  number  of  hours,  can  be  calculated  in  Logo  as 

7n}oURS<i?iOpS6*:HOURSl  [OP(6*  15)  +  °  *  ( :HOURS  -  15)  I 
END 

or  in  structured  BASIC  as 

DEFFNwage(x):lFx<l5THEN:=6*x   ELSE  6*l5+9*(x-l5). 

Either  of  these  will  easily  generate  a  full  table  of  values  for  his  wage  against  tl*  number  of 
hours  worked  (normal  and  overtime),  giving  a  more  interesting  and  realistic  fu.Kt.on  than 
the  algebraic  expression  for  overtime  only. 

In  Thompson's  Expressions  Microwond.  letters  have  a  more  abstract  use.  standing  either 
for  numbers  or  other  expressions,  whilst,  in  some  other  papers,  variables  are  parts  of 
formulae  related  to  graphical  representations.  Only  Lesh  &  Herre  and  Thompson  & 
Thompson  concern  themselves  with  the  manipulation  of  expressions.  Lesh  &  Herre  make 
the  important  observation  that  "the  possibility  of  first  describing,  li.cn  clcuUt.ng  is 
one  of  the  key  features  that  distinguishes  algebra  from  arithmetic".  It  is  telling  to  note  that 

ERIC  297 


-  268  - 

Sutherland's  Logo  pupils  without  algel>ra  experience  use  variables  only  to  store  numbers. 
nowomaminttate  them. 

2.4  Research  Mcthnilolopy 

Of  the  eleven  papers  presented,  only  two  have  a  traditional  experimental  v.  control 
methodology,  two  use  pre-  and  post-tests  with  the  experimental  students  only  whilst  others 
used  observational  techniques  or  clinical  interviews.  Sutherland  chose  ethnographic 
methodology  "as  being  the  only  one  possible  iaaaarea  where  technology,  pedagogy  and 
the  approach  to  mathematical  content  were  all  innovatory".  Perhaps  different  techniques  are 
required  in  different  phases  of  research,  with  ethnographic  methods  more  suited  to  the 
entry  phase  and  a  traditional  methodology  more  suited  to  review,  though  this  division  is 
clearly  not  hard  and  fast. 

3.  Malur  OuMllnm  that  SliU  Nf<?tt  lit  hr  An«wer,rt 
3.1  Algebra  in  ■  Computer  Environment 

First  and  foremost  we  must  begin  to  address  ourselves  to  the  role  of  algebra  in  a  future 
computer-oriented  paradigm.  Most  of  the  research  presented  here  is  concerned  with  the 
manner  in  which  traditional  algebra  may  be  enhanced  by  the  computer  widi  little  emphasis 
on  a  modem  procedural  approach.  Many  interesting  functions  such  as  the  price  of  a 
postage  stamp  as  a  function  of  weight,  are  given  procedurally  rather  than  as  a  simple 
formula.  Modem  computer  programs,  such  as  the  modelling  program  Stella  (1986),  allow 
functions  to  be  typed  in  as  formulae,  as  logical  expressions,  or  even  as  pieccwise  straight 
graphs  specified  using  an  on-screen  pointer  under  the  control  of  a  mouse.  The  new 
Hewlett  Packard  HP  28C  symbolic  calculator  allowr,  variables  to  have  values  including 
complex  numbers,  vectors,  matrices  and  lists;  thus  B  list  of  information  such  as  the  details 
required  for  drawing  a  graph  (ranges.  Independent  variable,  number  of  points  etc)  can  be 
stored  as  a  variable  and  recalled  when  required. 

An  important  global  question  framing  all  our  research  should  therefore  be 

How  can  vre  direct  our  use  of  the  computer  in  mathematics 
cducntion  to  the  concentrate  on  the  algebra  of  the  future,  in 
addition  to  the  algebra  of  the  past  and  present? 

In  particular  we  should  spend  a  little  time  thinking  about  the  role  of  symbolic  manipulators. 
My  own  hunch  in  using  them  is  that  they  (at  present)  offer  a  powerful  way  of  handling  the 
syntax,  but  the  user  needs  to  have  a  coherent  understanding  of  the  semantics. 

It  is  important  also  to  address  ourselves  to  the  question  of  the  needs  of  different  user 
populations.  Several  of  the  research  papers  talk  about  pupils  of  "average  ability"  (a  term 
which  is  sometimes  a  little  difficult  to  interpret).  Twenty  years  ago  (in  Britain  at  any  rate) 
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pui'ils  af  average  ability  did  not  study  algebra.  Leitzel  &  Dcmana  (1987)  suggest  hii 
arithmetic,  approach  lo  algebra.  Mny  we  sometimes  be  wusling  our  time  looking  at  (lie 
difficulties  of  sections  of  the  population  for  which  fonnal  algebra  may  be  of  no  relevance? 
Should  all  children  study  the  same  kind  of  algebra,  or  do  we  need  different  types  of 
algebra  for  different  populations? 

3.2  Multiple  Linked  Representation'-, 

Given  the  high  profile  of  dynamically  linked  representations,  it  is  clearly  important  to 
obtain  far  more  empirical  evidence  of  ;heir  use.  In  particular  we  should  ask: 

It*  what  ways  do  students,  of  differing  apes,  abilities  and 
experience,  use  dynamically  linked  representations  in  different 
curriculum  contexts,  and  how  do  they  conceptualize  the 
relationships  between  the  representations?  What  cognitive 
obstacles  are  likely  to  occur  in  their  use? 

What  is  a  suitable  theory  (or  theories)  underlying  the  provision 
of  suitable  developmental  sequences? 

In  what  ways  con  multiple  linked  representations  be  integrated 
Into  the  curriculum  for  learning,  teaching,  problem-solving,  and 
assessment? 

1  lcrc  we  note  that  the  links  between  representations  can  take  differing  fomis,  for  example, 
Oarancon  &  Janvier  view  the  understanding  of  feed-back  systems  as  a  coordination  of 
tliree  distinct  representations,  one  of  which  is  the  xtatment  of  the  problem  (the  feed-back 
loop)  and  others  are  solutions.  Other  systems  simply  translate,^,  symbolic  information 
into  graphical  form. 

For  a  given  system,  are  there  simple  translations  between  two 
representations,  or  docs  the  relationship  involve  some  kind  of 
solution  process? 

Docs  the  "understanding"  of  the  relationship  between  two 
representations  liivol-c  a  direct  logical  relationship,  or  is  it  an 
intuitive  one,  or  perhaps  •  combination  or  the  two? 

It  would  be  useful  to  debate  the  interplay  between  syntax  and  semantics,  in  terms  of  the 
classification  proposed  by  Kaput,  the  notions  of  syntax  and  internal/external  semantics  of 
Boilcau  et  at  and  the  new  evaluation  of  Diencs'  principles  as  described  by  Lesh  &  Hcrre. 

3.3  Programming 

Two  clearly  distinct  threads  arise  in  the  papers,  one  proposing  specially  designed  software 
to  enhance  learning,  (he  other  to  encourage  constructive  acts  through  programming.  These 
may  be  seen  as  totally  separate  methods  of  approach,  or  as  being  complementary,  fulfilling 
two  different,  but  essential,  roles.  We  ask: 
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In  what  way  are  programming  and  Hie  use  of  prepared  software 
complementary,  and  what  constitutes  an  optimum  combination  of 
the  two  in  terms  of  understanding  and  efficiency  (time  on  task)? 

Boileau  et  al  speak  of  a  new  lr..-.guagc  for  learning  algebra,  whilst  oilier  papers  use  l-ogo.  li 
is  important  to  discuss  what  kind  of  computer  language  Is  appropriate,  not  just  for  doing 
algebra,  but  also  for  developing  a  growing  awareness  of  algebraic  structure  during  the 
learning  process. 

3,4  Ttlf  Bill*  "f  UiC  Teacher 

Lcsh  &  Herre  suggest  that  the  use  of  certain  software  will  encourage  teachers  to  take  a 
"mathematics  laboratory"  approach  to  learning  and  teaching,  but  Boileau  et  al  remark  that 

"En  deplt  de  ces  progres  theorlqucs,  les  enseignants  en  mathematiqnes  sont 
relativement  d<pourvus  quand  if  s'agit  d'aider  les  cMives  t  se  reprisenter  les 
iclations  del  problemes  aigdbriques  narratifs." 

I  suggest  Uiat  teachers  are  not  convinced  by  theoretical  research,  but  by  ideas  and  materials 
that  work,  far  them  in  the  classroom.  Hie  role  of  the  teacher  should  surely  be  an 
explicit  part  of  our  theories  of  mathematics  education.  With  the  complexity  of  the 
representational  systems  and  the  need  for  teachers  to  embrace  computer  technology,  we 
must  ask: 

How  can  we  encourage  teachers  io  participate  actively  in  our 
vork  ,to  thai  our  research  is  both  relevant  and  suitable  for 
implementation? 

3,5..  Artificial  JnltlHgcnts 

few  of  the  papers  mention  the  use  of  tutoring  systems,  though  the  Expressions 
Microworld  and  the  symbol  manipulator/function  plotter  SAM  are  both  written  in  Lisp, 
which  gives  them  the  possibility  of  being  used  in  a  more  diagnostic/predictive  mode.  The 
Impressions  Microworld  has  been  explicitly  written  to  do  nothing  if  it  is  given  an 
inappropriate  command  by  the  user,  thus  encouraging  users  to  think  about  the 
consequences  of  their  own  actions.  SAM  can  produce  solution  path  "traces"  to  create  many 
instructional  capabilities  and  do  other  things  that  are  intended  to  "help  students  go  beyond 
thinking  to  think  »  thinking",  One  view  is  that  it  is  the  teacher  and  the  pupil  who 
provide  the  intelligence,  in  a  way  that  cannot  be  provided  by  the  machine,  another  uses  the 
machine  to  infer  action  from  a  database  of  knowledge. 

Particularly  in  the  case  of  algebra,  which  has  both  a  syntactic  and  a  semantic  role  to  play  in 
mathematics,  we  should  ask: 

In  what  ways  can  computer  environments  be  designed  and  used 
to  provide  intelligent  support  to  the  learning  process? 
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3.6  Constructivism 

This  conference  has  constructivism  as  a  major  ihcme,  and  it  is  implicit  in  several  of  the 
articles,  if  not  always  explicit.  My  own  belief  is  that  learning  is  facilitated  by  the  intelligent 
action  of  the  pupil,  with  the  teacher  acting  as  a  guide  and  mentor,  and  I  have  been  struck 
by  the  power  of  the  computer  to  provide  a  cybernetic  environment  that  acts  in  a  reasonable 
and  predictive  way  to  enable  the  pupil  to  build  and  test  new  concepts  represented 
dynamically  by  the  software.  But  do  we  all  share  this  belief? 

Davis  (1986)  poses  the  fundamental  question: 

Every  cducationa!  use  of  computers  is  based  upon  someone's 
specific  philosophy  of  what,  exactly,  is  to  be  learned,  and  upon 
someone's  philosophy  of  effective  pedagogy.  These 
"foundations"  are,  at  present,  extremely  insecure. 

In  the  present  case,  exactly  how  do  wc  want  our  students  to 
think  about  algebra? 

To  this  one  must  add: 

How  can  we  use  computers  to  encourage  students'  active 
participation  to  develop  this  algebraic  thinking  and  to  think 
about  thinking  ? 

4.  The  Wav  Ahead 

1  am  aware  that  although  some  of  the  questions  I  have  highlighted  arc  phrased  as  research 
questions,  others  are  not.  Our  discussion  must  include  an  attempt  to  focus  on  specific 
research  hypotheses.  It  was  part  of  my  brief  to  seek  indications  from  '.he  papers  as  to  how 
to  tackle  the  highlighted  problems.  As  most  of  the  authors  concentrate  on  putting  over  their 
own  message  in  a  limited  seven  page  span,  it  would  not  be  fair  to  expect  the  papers  to  be 
addressed  explicitly  to  questions  formulated  after  the  papers  were  written,  however,  1  am 
confident  that  the  collective  wisdom  and  experience  of  the  authors  may  be  brought  to  bear 
in  the  discussion  at  P.M.E. 
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CONCEPTUAL  OBSTACLES  TO  THE  DEVELOPMENT  OF  ALGEBRAIC  THINKING 

George  Booker 
Brisbane  College  of  Advanced  Education 
Australia 


Children  who  have  'not  been  taught  any  formal  algebra 
nonetheless  bring  notions  both  well-formed  and  partly- 
formed  to  this  study  from  their  earlier  work  m 
arithmetic.  Yet  they  are  often  unaware  of  the 
conflicts  between  earlier  views  and  those  needed  to 
simplify  expressions  and  solve  equations.  The  initial 
concepts  brought  from  arithmetic  are  bound  to  number 
experiences  and  are  imprecise  because  they  are 
explicable  in  terms  of  this  experience.  Algebraic 
concepts  are  more  abstract,  not  readily  related  to 
experience.  They  involve  notions  of  the  elements  being 
operated  upon,  the  operations  that  are  performed,  the 
way  these  operations  are  indicated  and  carried  out, 
and  the  way  the  statements  symbolising  them  are 
interpreted.  Difficulties  in  making  the  transition  to 
this  abstract  view  derive  from  a  lack  of  appreciation 
of  a  need  for  algebraic  symbols  as  much  as  from 
procedural  difficulties  with  their  manipulation. 


The  teaching  of  Algebra  may  be  perceived  by  student;;  as  an 
initiation  into  rules  and  procedures  which,  though  verv  powerful 
(and  therefore  attractive  to  teachers),  are  often  seen  by  students 
as  meaningless. 

K.  Hart  (1981) 


Children's  procedural  difficulties  with  algebra  are  well  known. 
Most  relate  to  the  introduction  ot  symbolic  values  and  the 
extension  of  the  numbers  to  which  they  refer  but  there  are  also 
changes  in  the  meaning  of  the  concepts  and  operations.  In 
arithmetic  the  equals  sign  is  predominately  used  to  connect  a 
problem  with  its  numerical  result  and  used  in  a  manner  that 
signifies  equivalence  or  equality  interchangeably.  In  Algebra 
equivalence  and  equals  have  very  separate  meanings  and  uses  but 
this  may  not  be  apparent  when  an  equals  sign  is  used  to  signify 
both.      Further,     initial  work    in  simplifying    exprcss\ons  and  in 
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transforming  equations  mzy  even  lead  children  to  interpret  the 
equals  sign  as  a  means  of  sonifying  a  transformation  (Kieran, 
1981).  The  introduction  of  the  equals  symbol  as  a  substitute  for 
the  verb  "is"  or  "are"  also  leads  to  an  implicit  assumption  that 
equations  are  always  read  from  left  to  right.  Yet  many  equations 
are  more  readily  solved  if  the  unknown  term  is  grouped  on  the 
right,  leading  to  right  to  left  working.  Attempts  to  avoid  this 
often  introduce  negative  nuabera,  creating  at  least  as  many 
difficulties  as  they  solve. 

The  operations  also  undergo  changes  which  need  clarification. 
While  addition  was  initially  introduced  as  a  binary  operation,  in 
algebra  the  use  in  essentially  unary;  the  aign  is  attached  to  the 
number  or  unknown  whether  its  use  is  as  an  operation  or  to 
indicate  a  positive  value.  Subtraction  is  also  used  in  a  unary 
sense  and  these  new  conceptions  are  essential  when  numbers  and 
terms  are  collected  together  either  by  adding  and  subtracting  like 
values  or  by  using  the  inverse  operation  in  transferring  from  one 
side  of  an  equation  to  the  other.  Without  this  realisation,  many 
students  siaply  ignore  the  unknown  value  and  collect  the  numbers 
first,  using  a  left-to-right  order  of  operating  rather  than  '-, 
combining  each  addition  or  subtraction  symbol  with  the  number  or 
letter  it  precedes.  A  further  reason  for  these  difficulties  is 
that  the  teaching  of  arithmetic  has  emphasised  the  notion  that 
subtraction  is  the  inverse  of  addition  far  more  strongly  than  the 
reverse  case  that  addition  is  the  inverse  of  subtraction.  This 
underlies  some  of  the  tendency  of  children  to  successfully  "change 
the  sign"  when  transposing  values  with  an  attached  addition  symbol 
but  not  doing  so  with  values  that  have  an  associated  subtraction 
sign. 

Multiplication  or  division  in  a  number  situation  almost  always 
involve  multiplying  or  dividing  with  the  number  in  question;  in 
algebra  it  invariably  means  using  only  one  or  some  of  the  factors. 
While  it  is  also  possible  to  multiply  and  divide  numbers  by  using 
factors,  this  aspect  is  not  stressed  in  arithmetic  despite  the 
attention  given  to  writing  numbers  as  products  of  their  prime 
factors.  Multiplying  and  dividing  by  factors  composed  of  unknowns 
and    numbers  adds  further  complexities  ato  algebra.  Indeed,  what  is 
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really  happening  is  that  children  are  called  on  to  suspend  the 
operation  in  algebra  rather  than  express  the  result  as  they  did  in 
arithmetic  (Matz,  1981).  As  Collls  (1974)  has  shown,  the  ability 
to  accept  this  lack  of  closure  of  an  operation  does  not  develop 
until  the  child  is  in  a  concrete  operational  level  in  mathematics, 
a  level  which  may  not  occur  until  after  this  aspect  of  algebra  has 
been  introduced. 

However,     it  is    with  the    use  of    letters  to    represent  unknowns, 
variables    and  general    processes  that    children's  difficulties  are 
most      apparent,    particularly      as    they      attempt    to  generalise 
procedures,    conventions  and    use  of    language  from    arithmetic  to 
algebra.     In  many  instances  letters  in  algebra  behave  like  numbers; 
they    represent  a    single  value,    and  the    operations  to  determine 
them    are  Just    the  familiar    operations  of  arithmetic  operating  on 
the    other  nunbers    in  an    equation.  At    the  same  time,  the  initial 
use    of  letters    as  abbreviations    may  introduce    the  thinking  that 
they    behave  like    words  rather    than    numbers,    as    a  placeholder 
analogous    to  the    use  of  pronouns  in  ordinary  language.  It  is  this 
contradictory    use  that    while  many    different  values    are  possible 
for    a  letter    in  an    algebraic  expression,  when  the  same  letter  is 
used    more  than    once  it    must  have    the  same    value(s)  that  causes 
students    so  much  conflict  (Wagner  .  1983).  Further  conflicts  occur 
as    the  notion    of  variable    is  extended    to  include  other  unknowns 
when    a  series    of  algebraic    identities    is    created    to    help  in 
factorising  expressions. 

In  many  ways  our  knowledge  of  children's  procedural  difficulties 
in  algebra  parallels  the  understanding  we  have  of  children's 
computational  difficulties  in  arithmetic.  When  computational 
difficulties  were  largely  viewed  as  mechanical  breakdowns,  little 
progress  was  made  in  overcoming  them;  efforts  were  made  to  repair 
malfunctioning  algorithms  but  these  efforts  were  not  particularly 
productive.  In  recent  times,  the  analysis  of  computational 
difficulties  has  gone  a  lot  further  and  brought  out  the  crucial 
role  of  children's  understanding  of  number  itself  in  providing  for 
skills  and  understanding  in  calculation.  While  children  arrive  at 
school  with  a  fairly  well  developed  sense  of  number  based  on 
counting,    this  knowledge    by  itself    is  insufficient.  They  need  to 
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build  a  broader  understanding  in  terms  of  grouping  and  place  value 
by  using  concrete  materials  if  the  computational  procedures  are  to 
be  mastered. 

A  similar  transformation  is  needed  of  the  base  on  which  algebraic 
ideas  and  procedures  is  to  be  built.  Usually  the  use  of  letters  as 
pronumerals  is  introduced  with  little  01  no  context  as  "letters  to 
stand  for  unknown  numbers".  While  the  use  of  materials  to 
represent  these  values  appears  attractive  by  analogy  with  the 
number  situation,  in  reality  the  material  does  not  serve  as  a 
forerunner  to  the  use  of  letters;  rather  letters  label  the 
material  which  is  manipulated.  It  also  leaves  the  question  of  why 
these  letter*  should  themselves  be  the  object  of  mathematical 
manipulation  unanswered.  Algebra  evolved  through  a  need  for  the 
concise  representation  of  general  relationships  and  procedures. 
Such  a  representation  may  then  enable  a  wide  range  of  problems  to 
be  solved  and  allow  new  relationships  and  procedures  to  be  derived 
by  logical  manipulation  of  the  old  (Booth,  1986).  Excessive 
attention  to  this  last  aspect  has  led  children  to  view  algebra  as 
little  more  than  a  set  of  arbitrary  manipulative  techniques  with 
little,  if  any  ,  purpose.  Rather  than  focus  on  this  procedural 
side  of  algebra  from  the  outset,  it  would  be  more  appropriate  to 
build  up  an  awareness  of  the  need  for  a  concise  representation  of 
relationships  and,  indeed  ,  to  focus  on  the  determination  of  these 
general  relationships.  Arithmetic  has  taught  children  to  expect 
answers  and  that  each  problem  has  its  own  answer.  Algebra  involves 
the  extension  of  general  pattern  finding  activities  in  mathematics 
to  the  identification  of  classes  of  problems  which  have 
essentially  the  same  result. 

A  sequence  of  experiences  which  lead  from  concrete  arithmetic 
situations  to  algebraic  generalisations  must  establish  that  the 
use  of  letters  is  a  useful  means  to  express  such  results.  A  first 
use  is  simply  as  labels  to  identify  the  objects  being  examined  and 
thus  grows  naturally  out  of  words  used  to  describe  them  in  a 
manner  analogous  to  the  use  of  letters  in  measurement.  When  this 
has  been  established  and  accepted,  relationships  between  the 
objects  which  have  been  identified  and  labelled  can  also  be 
expressed    using  the  letters  that  have  provided  the  labels.  The  use 

ERIC  306 


-  279  - 


of    tables  o£    values  to    show  these  relationships  can  then  in  turn 
suggest    more  concise    ways  of    expressing  the    results  by  means  of 
the    number  which    identifies  a    particular  entry.  In  this  way.  the 
use    of  letters    to  express  relationships  occurs  somewhat  naturally 
and    lays  the    way  for    using  the    letters  themselves    to  find  and 
verify    patterns.    Only    when    the    development    of    a  generalised 
arithmetic    has  established    the  need    for  and    power  of  algebraic 
symbols    can  algebra    be  extended    to  a    topic  in  its  own  right  and 
meaningful    procedures  for    manipulating  the  symbols  be  considered. 
While    the    difficulties    that    students    experience    with  algebra 
reveal    themselves  in    the  use  of  symbols  and  the  rules  that  govern 
their    use,  it  is  a  lack  of  acceptance  of  the  symbols  as  legitimate 
mathematical    entitles  in    the  first    place  that  ia  the  fundamental 
problem.    So  much    i»  known    about  the  procedural  difficulties  that 
it    is  possible  to  provide  the  means  to  avoid  or  overcome  them;  but 
since    the  use  of  symbols  has  little  or  no  meaning  lor  the  students 
who    have  to    manipulate  them    there  is  no  basis  for  overcoming  the 
difficulties. 

The    changes  that    need  to    be  made    to  student's  earlier  knowledge 
from    arithmetic  are    usually    overlooked    in    the    development  of 
algebraic    procedures.  In    particular  it    is  the    change    from  the 
manipulation     of    numbers     to    solve     for    an     unknown    to  the 
manipulation    of  the    unknowns  themselves,    labelled    a  "didactial 
turning    point"  by  Filloy  (1985),  that  marks  the  entry  into  algebra 
proper.     To  introduce  students  to  the  fuller  algebraic  meanings  of 
the    notions  they    met  and    mastered  earlier    in  arithmetic  demands 
the     building    in    of    conceptual    conflicts    when    the  algebraic 
extensions     are    introduced.       There    is    also    a    need    for  the 
broadening    of  topics  traditionally  covered  in  school  arithmetic  so 
that    all  future    needs  are    considered  when    initial  concepts  are 
introduced    in  arithmetic,    when  computational  rules  and  procedures 
are  established  and  when  problem  situations  are  constructed. 
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But  most  of  all,  there  i„  a  need  to  establish  the  usefulness  of 
algebraic  symbolism  to  express  relationships  and  eventually  to 
find  and  verify  the  patterns  on  which  these  relationships  are 
based.  When  the  need  for  the  objects  of  algebra  is  built  up,  both 
student  and  teacher  will  work  together  to  avoid  and  overcome  the 
procedural  difficulties  that  arc  most  obviously  the  problem  in 
mastering  algebra,  for  the  need  for  such  manipulations  will  no 
longer  be  in  dispute. 
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EQUATIONS  REVISITED 
Batik,  Utlty  H. 

School  of  Education 
Janes  Cook  University  of  North  Quetnsltmi 


Abstract:  The  idea  thai  children  can  be  guided  to  construct  meaning 
for  formal  mathematical  procedures  from  suitably  structured  concrete 
experiences  underlies  much  of  mathematics  teaching.  Despite  this 
approach,  however,  many  children  do  not  acquire  the  desired  levels  of 
understanding.  Possible  reasons  for  this  were  investigated  within  the 
context  of  learning  to  solve  linear  equations,  by  interviewing  a  sample 
of  six  11-12  year  old  children  before,  during,  immediately  after  and 
three  months  after  a  concrete-based  teaching  program  aimed  at 
developing  a  formal  equation-solving  procedure  based  on  the 
application  of  equivalent  and  inverse  operations.  Findings  suggested 
that  children's  lack  of  prerequisite  concepts,  and  the  use  of  'concrete' 
situations  which  do  not  appropriately  mirror  the  formal  procedure 
taught,  together  with  the  existence  of  informal  'child-methods',  may 
all  contribute  to  the  lack  of  success  of  the  formal  teaching. 


In  many  countries,  considerable  emphasis  is  placed  upon  the  development  of 
concrete  or  experiential  approaches  to  the  learning  of  mathematics.  The  rationale 
underlying  these  approaches  is  that  by  providing  children  with  appropriately 
structured  concrete  experiences,  the  children  will  be  guided  to  develop  referential 
meaning  for  the  formal  symbolic  procedures  or  models  which  are  the  actual  goal  of 
instruction. 

However,  despite  such  approaches,  it  seems  that  many  children  do  not  acquire  the 
desired  level  of  understanding  of  the  taught  models  and  procedures.  These  children 
resort  e  ither  to  instrumentally  (Skemp,  1976)  operating  within  the  formal  symbol 
system  of  mathematics,  often  making  syntactic  errors  or  inventing  'malrules'  (cf 
Matz,  1980),  or  they  adhere  to  'child-methods'  (Booth,  1981;  Hart.  1984)  which 
they  construct  from  their  experiences  within  or  outside  the  mathematics  classroom. 

This  lack  of  success  in  helping  children  develop  referentially  meaningful  symbolic 
procedures  has  been  suggested  to  derive  from  an  inadequate  relating  of  concrete  and 
symbolic  representations  (e.g.  Hart.  1987).  This  in  tum  may  derive  from: 


310 


-  283  - 


(.)   insufficient  attention  to  the  kinds  of  methods  or  models  which  children  may  have 
available  prior  to  instruction  (Bootn,  1981); 

(b)  The  use  of  concrete  situations  which  do  not  appropriately  mirror  the  formal 
model  or  procedure  (Booth.  1976;  Hart.  1986);  and 

(c)  inattention  prior  to  or  during  teaching  to  the  prerequisite  concepts  or  skills  upon 
which  the  procedure  being  taught  depends  (c/Hart.  1986). 

The  present  study  examines  these  possibilities  within  the  context  of  solving  linear 
equations  in  one  unknown.'  The  equation-solving  procedures  which  children  used 
were  examined  prior  to.  during,  and  after  a  •concrete-based*  teaching  program 
designed  to  help  children  develop  a  formal  equation-solving  procedure  bated  on  the 
application  of  equivalent  and  inverse  operations.  The  children's  undemanding  of 
these  latter  concepts  was  therefore  also  investigated  at  the  same  time,  together  with 
other  notions  thought  Important  to  an  understanding  of  the  formal  procedure,  such  as 
the  mewing  of  letters  and  the  expression  of  numerical  and  algebraic  relationships. 


METHOD 


One  das*  of  11-12  year  olds  from  the  4th  year  of  a  middle  school  in  England  was 
Involved  In  the  study.'  The  teaching  approach  adopted  was  the  approach  normally 
used  by  the  class  teacher,  and  involved  the  use  of  a  'balance*  model  and  the 
ideographic  representation  of  equations  as  states  of  equilibrium  between 
configurations  of  'boxes  of  apples'  and  'loose  apples*,  the  unknown  being 
conceptualised  as  the  number  of  apples  contained  In  a  "box*  (see  Task  5(b).  Table  I). 
The  formal  equation-solving  procedure  to  be  developed  was  based  on  the  application 
of  equivalent  and  inverse  operations,  and  was  intended  to  be  directly  modelled  by. 
and  hence  have  its  meaning  derived  from.  Ihe  procedures  used  to  handle  the 
equations  as  represented  ideographkally. 

The  investigation  was  conducted  by  interviewing  a  total  of  six  children,  comprising 
two  each  identified  by  the  teacher  as  above  average,  average,  and  below  average  in 
mathematical  attainment.  The  interview  tasks  (Table  I)  were  selected  to  give 
information  on  the  children's  equation-solving  methods,  and  their  understanding  of 
equivalent  and  inverse  operations  and  the  conventions  for  representing  mathematical 
relationships,  including  the  use  of  letters  to  represent  unknown  values.  The  children 
were  interviewed  Immediately  before,  during,  immediately  after,  and  three  months 
after  the  teaching  program  in  question. 
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TABLE  j :    EXAMPLES  OF  INTERVIEW  TASKS 


TASK 


INTERVIEWER'S  QUESTIONS 

(CtWHflttl) 


Mathematical  Representation 
TT  I  think  of  a  number,  add  17, 
•ml  ihc  imwer  Is  31. 


2.  J  +  y-6 

3.  Equivalence 
•)  "lb  +,6  - 


Id)  Can  you  write  down  the  problem  some  way, 

help  you  work  ll  out? 
(b)   How  would  you  work  II  oul? 
2.     WhM  cm  you  My  about  jt  and  y? 


b)  E.j. 

IQT+  6-16 

If  I 
Remove 
10       -  16 

c)  10  +  6-16 


3,x  (>0  +  6)  -  16 


a) 


c) 


Sly  I  choose  thete  cards  tnd  place  them  Ilk*  this  (we 
diagram). 

WhM  cardt  could  you  cKoom  to  make  the  sentence 

true?  Why? 

Could  you  choose  my  others? 
Let  !  uk  th!i  sentence  you  have  made  (10+6- 16). 
Now  suppose  I  remove  Mm-  |T||5|  from  my  side. 
What  have  you  got  to  do  to  your"  si*  to  make  the 
sentence  true  again?  (Show  by  choosing  and  placing 
ihe  appropriate  cards.) 

Now  suppote  I  stan  with  your  sentence  again,  only 
this  time  I'm  golag  to  multiply  the  wholt  of  my  sMe 

by  3. 

What  have  you  got  to  do  to  your  side  to  make  Ihe 
sentence  true  again? 


4.  Inverse  Operations 

a)  irrWVjj- 


b)  □  «  6  ?  -  Q 


a)  Here  I've  started  with  a  mystery  number  (("]).  You 
don't  know  what  number  It  Is.  But  I'll  lei!" you  I've 
added  3  to  It.  Now  It's  your  turn.  What  have  you 
got  to  put  In  the  gap  (7)  II  we  want  to  gel  back  to  the 
umt  mystery  number  we  started  with  aa  our  answer? 
(Choose  and  place  appropriate  cards  to  show. ) 

b)  Now  I've  started  with  a  mystery  number  again,  but 
this  time  I've  multiplied  it  by  6.  What  should  you 
pui  In  the  gap  If  we  want  to  get  back  to  the 
mystery  number  we  started  with  at  our  answer? 


5  Solving  Equations  Presented: 
a)  Algebraically : 

I)  IS  +  a  -  47 

II)  ii  -  14  -  32 

III)  3p  +  5  -  14 

lv)  2jt  +  I  -  4<  +  2 
v)  7  +  5-r  -  20 


In  ideographic  form,  e.g. 


I)  Whit  are  we  trying  to  find  here?  Snow  sae  how  yon 
would  work  ll  out. 

II)  What  does  the  letter  (turning  Ihe  letter  In  Question) 
mean?  What  does  '3p'  (for  example)  mean? 


Ill)  Can  you  write  an  equation  to  match  Ihe  diagram? 
(Note:  this  Ideographic  form  was  the  form  used  In  the 
leaching  program.) 
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FINDINGS 


Solutions  of  equations:  After  Ihe  (caching  program,  only  one  of  Ihe  six  students 
had  adopted  Ihe  formal  equation-solving  procedure  tiught.  One  other  adopted  a 
procedure  which  was  part-formal  and  part-cor.jiruclive  (Hie  Inverse  operation  being 
used  lo  'undo1  addition/subtraction,  but  not  multiplication  which  was  handled 
constructively  as  7x5-20  (similarly  for  7x5  »2 1,  which  was  consequently  left 
unanswered)).  The  remaining  four  students  used  a  constructive  procedure  for 
equations  of  the  form  'l«+«M7\  but  trial-and-error  for  'harder'  equation*  such  as 
\2x+ft»*»+2'  or  '7+5x-20'.  Both  these  methods  had  been  demonstrated  by  these 
students  prior  to  the  teaching. 

When  presented  with  an  Ideographic  representation,  only  the  first  two  students 
described  above  spontaneously  saw  any  connection  oetween  the  algebraic  and 
Ideographic  forms,  and  these  were  the  only  students  able  to  supply  a  correct 
algebraic  equation  to  match  a  given  ideographic  example.  In  both  cases,  however, 
the  Ideographic  version  was  solved  using  a  'matching'  procedure  (c/Collls.  quoted  in 
Oalvin  A  Bell.  1977),  and  only  lb*  'formal  equation  solver'  was  able  to  match  the 
procedure  used  on  the  diagram  by  a  correct  sequence  of  algebraic  statements.  Of  the 
remaining  students,  one  was  unable  to  proceed  with  a  solution,  and  the  otlter  three 
used  the  'matching'  procedure.  Two  of  these  latter  students  wrote  algebraic  forms 
for  the  Ideographic  representation  which  used  'b'  to  represent  'boxes'  and  introduced 
•a'to  represent  'apples'  thereby  producing  an  equation  containing  two  letters,  which 
the  students  could  not  solve.  The  other  two  students  were  unable  to  write  any 
algebraic  representation.  All  four  of  these  students  interpreted  '36'  as  '3  boxes'  in 
this  context,  and  also  showed  confusion  In  an  'abstract  algebra'  context  between  '3f>' 
as  '3fr's'  and  '3 •♦-«>'.  Prior  to  the  leaching,  however,  three  of  these  four  had 
Interpreted  Mb'  correctly  as  '3  times  l>\  where  b  was  Interpreted  as  a  number. 

Equivalence  and  Inverse  operations:  In  the  case  of  addition  or  subtraction,  it  is 
extremely  difficult  lo  tell  whether  children  maintain  equivalence  or  apply  inverse 
operations  on  Ihe  grounds  of  logic  or  empiricism.  In  the  case  of  multiplication, 
however  Ihe  distinction  is  clearer.  Thus  in  the  equivalence  task  '3x(IO+6)=  16?'. 
only  two  of  the  six  students  recognised  from  Ihe  beginning  that  the  equivalence  could 
be  maintained  by  likewise  multiplying  the  RHS  by  3.  The  remaining  four  students 
achieved  equivalence  by  evaluating  the  LHS  of  the  expression,  and  then  adding  an 
appropriate  amount  lo  Ihe  RHS.  These  respective  behaviours  were  maintained 
throughout  and  after  the  leaching  of  equation-solving.  Similarly,  where  the  inverse 
operations  task  for  multiplication  was  concerned  (i.e.  □x6?  =  D>.  none  of  Ihe 
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students  w«i  initially  able  to  solve  this,  except  by  assuming  a  particular  value  for  the 
unknown  and  then  tubtmiing  an  appropriate  quantity  in  order  to  arrive  back  at  the 
giveti  'unknown'  value.  During  the  teaching,  the  same  two  students  who  had 
recognised  equivalence  for  the  multiplication  task,  came  to  recognise  that  division 
necessarily  undid  the  effect  achieved  by  multiplying.  The  remaining  four  students, 
however,  continued  with  their  empirical  subtractive  approach,  except  for  one  student 
who  came  to  recognise  that  subtraction  was  not  suitable,  since  the  amount  subtracted 
would  vary  according  to  the  value  of  the  'unknown',  but  was  unable  to  suggest  any 
alternative.  The  two  students  who  attained  recognition  of  both  'equivalence*  and 
'inverse  operations'  in  these  tasks  were  the  same  two  students  who  were  more 
successful  in  learning  the  equation-solving  procedures  taught. 

Mathematical  representation:  The  algebraic  representation  of  equations  presented 
in  ideographic  form  has  already  been  discussed.  Of  additional  Interest  was  students' 
written  representations  of  the  'I  think  of  a  number'  task.  On  the  initial  Interview, 
none  of  the  children  Interviewed  wrote  equations  involving  placeholders  or  letters. 
Instead,  each  student  wrote  either  a  verbal  or  numerical  expression.  All  the 
numerical  expressions  were  incorrect,  although  the  students  were  able  to  proceed  to  a 
correct  solution.  The  common  error  was  to  ignore  the  bidirectional  nature  of  the 
equals  sign,  thus  pioducing  expressions  which,  although  joined  by  an  equals  sign, 
were  not  equivalent,  but  rather  represented  a  procedural  statement  of  how  the 
problem  was  solved,  e.g.  '!7  +  3«20  +  10=30+  l«3l'  (</Vergnaud  n  al.  quoted  in 
Kieran,  1981).  By  die  third  interview  (immediately  after  the  teaching  program), 
three  of  the  six  students  wrote  an  equation  for  this  task,  but  interestingly  used 
placeholders  rather  than  letters  (the  teaching  unit  had  begun  with  placeholders,  but 
quickly  moved  to  using  letters).  In  working  tmough  the  equation  thus  produced, 
however,  only  one  student  (the  same  one  who  used  the  formal  equation-solving 
procedure)  maintained  equivalence  in  each  successive  statement. 

Other  findings:  Also  of  interest  were  the  findings,  supporting  results  obtained 
elsewhere,  that  (a)  in  the  example  a+ v=b.  a  could  not  have  the  same  value  as  y  (3 
out  of  6  children),  and  only  integers  formed  the  replacement  set  (5  out  of  6)  (e.g. 
Kiichniann.  1981;  Booth.  1984);  (b)  expressions  such  as  '2?4'  and  '4i2'  were 
regarded  as  equivalent  (3  out  of  6  students)  (Booth,  ibid;  Kerslake.  1986);  and  (c) 
students  did  not  necessarily  view  the  same  letter  as  having  the  same  value  on  two 
different  sides  of  the  same  equation  (3  out  of  6  students)  (r/ Kieran.  1986). 
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DISCUSSION 


The  picture  emerging  from  this  study  is  that  students'  formal  (in  the  sense  of 
logically  rather  than  empirically  necessary)  recognition  of  what  constitutes  equivalent 
or  inverse  operations  within  a  numerical  context  is  not  to  be  relied  upon  (see  also 
Filloy  &  Rojano,  1986).    The  students  in  this  study  who  did  not  show  a  formal 
recognition  of  equivalent  and  inverse  operations  in  a  numerical  context  did  not  show 
such  recognition  in  an  algebraic  context,  nor  did  they  learn  a  formal  equation-solving 
procedure  based  upon  these  understandings.   In  addition,  'concrete'  or  ideographic 
approaches,  though  designed  to  help  children  gain  in  understanding  of  the  formal 
procedures,  may  be  unsuccessful  in  doing  so  if  children  never  see  the  connection 
between  the  two.  In  the  present  study,  the  only  students  who  saw  and  were  able  to 
make  use  of  the  relationship  between  the  ideographic  and  algebraic  representations 
were  the  two  'above  average'  students  who  perhaps  had  least  need  of  the  ideographic 
approach  in  the  first  place.    In  choosing  a  concrete  or  other  representation  of  a 
formal  model  or  procedure,  attention  needs  to  be  given  to  the  precise  nature  of  the 
concept  or  procedure  thereby  instantiated.  Where  the  particular  representation  used 
evokes  a  concept  or  method  which  is  not  directly  analogous  to  the  formal  model  or 
procedure  at  issue,  the  use  of  that  representation  may  in  fact  hinder  development  of 
the  formal  procedure  required.   Furthermore,  unless  great  care  is  taken,  the  use  of 
the  concrete  model  may  result  in  inappropriate  'concrete'  interpretations  of  terms 
and  concepts  being  made,  perhaps  resulting  in  later  error.   This  is  not  to  say  that 
concrete  models  or  alternative  representations  should  not  be  used  in  teaching 
mathematical  procedures,  but  rather  that  careful  thought  needs  to  be  given  to  the 
kind  of  model  used,  to  the  ways  in  which  the  model  is  related  to  the  formal 
procedure,  and  to  the  limitations  and  misleading  notions  that  might  be  inherent  in 
the  particular  models  adopted.  Finally,  attention  is  drawn  yet  again  to  students'  use 
of  informal   methods  and   'alternative   conventions'   concerning  mathematical 
representation,  and  to  the  fact  that  important  relationships  in  mathematics  which 
students  are  assumed  to  know  from  arithmetic  may  either  be  not  recognised  by  them 
at  all,  or  alternatively  are  apprehended  only  on  an  empirical  (as  opposed  to  formal) 
basis,  with  consequent  implications  for  their  subsequent  mathematical  understanding 
(Booth,  in  preparation). 

noi,  I-  The  work  described  in  this  paper  was  conducted  as  part  of  the  'Children's 
Mathematical  Frameworks'  (CMF)  Project  funded  by  the  ESRC  and  conducted 
at  Chelsea  (now  KQC)  College  from  1983  to  1985. 

Nott  2:  The  other  teaching  studies  will  be  described  in  the  report  on  the  CMF  project 
(in  preparation). 
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MANIPULATING  EQUIVALENCES  IN  THE  MARKET  AND  IN  MATHS 

T.r.zinh.  Nun.s  C.rrah.r  t    An.lilci*  Di»»  Schli».ann 

M.atr.do  ••  P.tcologi. 
Univtrsid.d.  F.d.ral  di  P.rn».buco  -  R.cif.,  Brazil 


Thi.  *tudy  .nalyl..  th.  cognitiv.  .ad.1  dov.lop.d  through  th> 
uit  of  tNO-plitt  N.ighing  »c»l..  itong  ..rk.t  v.ndor..  llnrty 
.u.j.ct.  Ntrt  obitrvtd  »t  Nork  »nd  thtn  a.k.d  to  »olv. 
tNO  ».U  of  tr.n.f.r  t..k.,  one  r.g.rding  volute,  and  th. 
other  involving  eore  coeple*  prohlttt  with  .cle.,  R"ult* 
tugg.*t  that  this  Nork  t»ptritnct  proaotn  th.  tequiiition  of 
.kill.  Nhich  .urp...  tht  work  routine.  Al.o.t  ont  third  of 
.ubj.ct.  N.r.  .bl.  to  .lth.r  l..rn  vary  quick  y  or 
.pont.n.ou.ly  d.v.lop  prohi..  .olvin,  ..thod.  -hleh  . Howd 
for  tht  .olution  of  probl...  Kith  tM-unknown ,  Mhich  do  not 
...rg.  in  th.ir  daily  activity. 

Stud...  of  Norking  intelligence  h.v.  ihONn  that  .athttatical 
conc.pt.  and  abiliti..  can  b.  d.v.lop.d  at  -ork  g.n.ratin,  .ffici.nt 
probl..  .olvin,  b.h.vior.  HoN.v.r,  th.  .t.tu.  of  thi.  kno-l.dg.  i. 
uncl.ar  and  .u.t  b.  «..in.d  in  d.t.ll.  Th.  cognitlv.  .od.l  u..d  by 
th.  probl..  .olv.r  .ay  b.  b.t.d  upon  th.  acqui.ltion  of  .p.cific  Nork 
routin.i  or  on  th.  und.r.t.ndi  ng  of  e.th.e.tical  .od.l.. 

Thl.  study  an.lyc  th.  abiliti..  und.rlying  th.  u..  of  t«o-pl«te 
H.ighln,  .c.l...  Th...  traditional  .c.l..  ar.  u.ad  in  .tr..t  ..rk.t.  in 
...11  torn,  in  th.  North.a.t  of  Dra.il,  »h.r.  th.  t.chnology  of  digital 
.c.l..  ha.    not  b..n  introducd.     On.  plat,  hold.  th.  -.ightl  th.  oth.r, 

th.  ..rch.ndi...    Each    .c.l.    h  t    of    Might,    -ith  th.  v.l«« 

appropri.t.    for     th.    ..rch.ndi..    at  hand.      For  in.t.r.c,  ..rch.ndi.. 
.old  in  l.r,.r  a.ount.,  .uch  a.  flour  and  corn,  i.  N.igh.d  by  co.p.ri.on 
to  Might,  of  50,  100,    200,     500,     1,000,  2,000,  and  5,000  gra...     »  • 
cu.to..r  a.k.  for  350  ,r...,  thr..  Might.,  50,     100,  and  200  ar. 
pl.c.d  on  on.  pl.t.  and  th.  rch.ndi..  in  th.      oth.r,  thi.  con.tituta. 
.„    additiv.    .olution.      An    alt.rn.tiv.    .ubtr.ctiv.    .nlution    can  fa. 
obt.in.d  by  placing  500  gra..  on  on.  pl.t.    and    150    ,r...  on  th.  oth.r 
pl.t.    -ith    th.    ..rch.ndi...        Thi.    .ituation    afford,  pr.ctic.  -1th 
nu.b.r    op.r.tlon.  and  an  und.rlying  notion  of    .quiv.l.nc.  Different 
cognitiv.  .kill.    ..V    d.v.lop    a.    •    r..ult  of  .uch  pr.ctic.      On  on. 
hand,  .ubj.ct.  .ay  l«rn  .  .i.p»  routine  for  H.i,hin.  b.cau.e  th.r.  .r. 
...  variation,  in  pr.ctic.    Dn  th.  oth.r    hand,    .ubj.ct.    .ay    l..rn  a 
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sathematical  model  of  equivalences,  which  can  bi  tr.nsfered  to  other 
situations.  Two  types  of  .odili  could  underly  this  knowledge.  One 
would  bi  a  ii.pl.  understanding  of  .qui  valences,  which  cm  bi  transfsred 
to  othtr  HiiiirH,  such  as  litres,  and  different  basic  values.  The 
other  Mould  be  a  deeper  understanding  of  equivalences  and  cancelations, 
which  can  be  applyed  to  the  solution  of  equations,  such  as  Filloy 
1  Rojano  and  Vergnaud  have  use  in  teaching  situations.  If  this  eore 
powerful  understanding  is  gained,  market  vendors  would  be  able  to  either 
solve  problems  of  some  coeplexity  with  unknowns  on  their  own  or  learn 
how  to  solve  these  problems  through  cancelation  with  relative  ease. 


METHOD 

This  study  was  carried  out  in  Bravata,  a  town  of  approximately 
70,000  people  in  the  Northeast  of  Brazil  and  a  commercial  center  for 
the  surrounding  area.  Subjects  were  located  in  the  street  fair  or 
■arkets  during  working  hours.  Subjects  were  approached  after  the 
exaeiners  observed  that  they  worked  with  two-platt  scales.  There  were 
no  attempts    to  select  participantes  by  sex,  age,  or  level  of  schooling. 

The  study  was  carried  out  in  two  phases.  First,  subjects  were 
asked  in  the  natural  setting  to  weigh  400  or  900  grams  of  any  product 
they  sold--a  request  which  was  often  justified  by  the  experimenters 
because  the  quantities  are  unusual  for  certain  items,  flu  but  one 
vendor  (who  had  just  started  working  at  the  fair)  succeeded  in  obtaining 
the  desired  amount  by  subtraction.  After  buying  one  or  tore  items  froe 
the  prospective  subject,  the  experimenters  introduced  themselves  as 
researchers  interested  in  daily  mathematics  and  asked  for  permission  to 
present  new  problems.  Three  refusals  were  observed)  2B  subjects  (6 
feeales  and  22  males  with  levels  of  schooling  varying  between  illiterate 
and  secondary  school)  were  willing  to  participate. 

In  the  second,  more  formal  part  of  the  study,  two  transfer  tasks 
were  administered.  The  Volueet  Task  was  a  simple  transfer  task,  which 
consisted  of  changing  the  variable  in  the  problems  from  weight  to 
volume  and  maintaing  the  overall  structure  of  the  problems  unchanged. 
Subjects  were  asked  to  obtain  five  desired  total  volumes  (3,  6.5,  4,  9 
and  9.5  litres)  by  using  cups  which  allowed  them  to  measure  exactly 
1/2i  It  2,  5  and  10  litres,  Two  questions  allowed  for  additive 
solutions;  the  problees  which  required  subtraction  were  parallel  to 
those  with  subtractive  solutions  when  scales    are    used     (i.e.,  40,  400, 
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90,  900,  95  and  950  gra.s  ar.  all  obtain.d  by  subtraction).  Becaus. 
thtrt  Hit  no  rtnon  to  tuprct  dtff.r.nces  in  it.«  difficulty 
aionqtt  subtractiv.  solution!,  »  fix.d  ordtr  of  pr.s.ntation  his 
ustd  to    alloH  for  tht  analysis  of  practic.  tfftcts  on  tht  task. 

Tht  Scales  Task    consisttd  of  prtstnting  tht  subj.cts  with  picturts 
of  two  platt  ccal.S    on  Nhich  soil  Niights  and  packag.s  had  bun  placid. 
Thi    subj.cts    task  Has  to    figun    out    thi    Niiqht    of    thi  indicated 
pickaqis.  Thru  typis    of    problns    Nin    usidi     (II  two  itus  Nith  oni 
unko.n  on  oni  pl.t.  (i.q.,  2a  ♦  BOO    q    •  1,000  q),  thi  purposi  of  which 
Has  to  obtain  thi  subjicfs  adaptation  to  thi  forial  task  situationi  (21 
tNO  itus  Nith  two  unkDNns,  oni  of  which  thi  subject    did    not    havi  to 
solvi    for    and    could    cmcil  out,  obtaininq  a  siiplifiid  probln  which 
cculd  bi  worked  out  as    a    one-unkown  probln  d.q.i  «  *  V  ♦  900  9  "  V  ♦ 
1  ,000  q)|  and  (3)  thru  itus  Nith  unkoNns  on  both  sides  of  thi  equation 
(i.q.,  3«  ♦  250  q  *  2«      ♦    300  q),  thi  purposi  of  Nhich  nis  to  tist  for 
thi    divilopunt  of  a  ion  qeneral  lodil  usid    in    thi    lanipulation  of 
equivalences.        Thi    adaptation  itus  aire  always  pnsmtid  first.  Thi 
othir  iti.s  Nir.    randoily  woanUsd  into  a  list,  Nhich  Nal  presented  to 
altirnatid  subjicts  in  dinct    (A    to    E)    or    invirsi  (E  to  ft)  ordir  to 
control  for  ordir  ifficts.    When  subjicts  had  already  solvid    or  failid 
on  thi  third  and  fourth  problns,  thi  .xpiriontirs  diionstratid  thi  usi 
of    a  qeneral  nthod  (tirnd  biloN  'lanipulatinq  equivalences')  in  ordir 
to    tist      ho-    lasily    it    would    bi    llirnld    by    thosi    *ho    did  not 
spontaneously  un  it.    Figure  1  pnsmts  a  saipli  probli.. 


  1 


T 


Fiquri  1 


Ordir  of    for.al     task,    was  v.ri.d  across  subjicts.     Boil  subjicts 

an.N.r.d  both  task,  on  th   day.      Oth.r.  ..r.  t.st.d  on  diff.r.nt 

day.  at  lost  on.  wcik  apart.    Thn.  subjicts    wen    not    loc.t.d  for  th. 


o 
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Scale  Task  iftir  hiving  tolvid  thi  Voluaes  Talk)  two  othtrs  ware  not 
located  for  thi  Voluees  Task  after  hiving  lolvid  tht  Scales  Task. 


In  tht  Voluaes  Task,  ill  addition  probleas  hrti  tolvid  corrictly 
by  all  subjects.  However,  observations  indicate  that  a  singli  subjict 
hid  probably  ltarntd  froa  his  experience  with  icalit  niply  t  work 
routini  which  allowed  hi*  to  obtain  thi  dnirid  wnghti  on  thi  stall) 
this  subjict  tolvid  thi  additivi  problias  but  did  not  tolvi  any  of  thi 
tubtraction  probliat.  Bicauti  ordir  of  pritintation  of  problias  was 
fixed,  different  risults  win  obtainid  for  4,  9  and  9.5  litrit.  Of 
the  total  of  26  subjects,  thi  41 itrai  quistion  yiildid  7.8X  wrong 
answers,  46.1  iaaidiati  cornet  rttponsit  and  46.1  cornet  ntpontis 
after  thi  expenaenters  lithir  suggested  thi  analogy  with  wiighing  400  g 
or  that  thi  subjict  could  start  with  thi  5  lltns  cup.  Thi  two  othir 
questions,  9  and  9.5  litrit  thowid  diar  effects  of  practici  and 
adaptation  to  thi  task.  For  thi  9  litrit  quittion,  88. 5X  of  thi 
subjicts  gavi  iaaidiati  comet  nspontit,  7.7  X  only  producid  a 
cornet  ritponti  after  thi  suggittion  of  analogy  to  thi  pnviout  itia 
and  3. 8X  did  not  solvi  thi  problia.  Tin  9.5  litns  quistion  was 
corrictly  solvad  iaaidiatily  by  96. 4X  subjicts.  Hhili  thi  iaaidiati 
cornet  risponsis  in  this  task  could  bi  quiti  indipindint  of  practici 
with  two-plati  tcalis,  thi  fact  that  a  suggestion  to  sol vi  thi  4  litres 
problia  by  analogy  to  wiighing  400  g  was  hilpful,  can  bi  intirpritid  as 
indication  of  transfir  froa  oni  task  to  thi  other. 

Thi  Scalis  Task  showid  an  i«sy  adaptation  of  subjicts  to  thi  first 
sit  of  item  100X  tolvid  the  first  itea  correctly  and  96X  solved  both 
ittat  correctly.  This  result  can  be  taken  at  indicative  that  subjects 
recognized  the  foraal  Scales  Talk  at  tiailar  to  their  daily  occupation. 
Questions  in  which  packages  of  unkown  value  appeared  on  both  tides  of 
the  scale  varied  in  difficulty  according  to  the  need  to  solve  for  both 
unkowns  (type  S  iteas)  or  not  (type  2),  with  the  latter  type  being 
slightly  easier  (72. 9X  of  correct  answers  against  65. 3X>. 

Three  basic  approaches  to  these  questions  could  be  identified,  all 
of  which  can  be  seen  as  transfer  froa  the  working  situation  but  refer  to 
trantfering  different  sorts  of  conceptions.  A  higher  level  conception, 
which  we  will  ten  aanipulatlon  of  eoul  val  encei ,  consisted  of  treating 
the  situation  as  one  in  which  equivalences  are  being  aani^ulated,  i.e., 
subjects  were  able  to  understand  spontaneously    or  after  suggestion  that 
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th.  .quival.nc.i  Mould  b.  pr.i.rv.d  if  packag.i    with    tqual  •van  though 
unknown    waighti    war.    rttovtd    fro.    both    lidti  of  tht    icala.  Thii 
itratagy  mi  uiad  at  lint  In  on*  probl..  by  8  lubj.cti  I*  ipontan.ouily 
and  4  aft.r  lugg.ition  fro.  tht  .na.in.rl    and  ltd  to    a    quick  lolution 
of      any      probltt.      Subjtcti    who  ipontantouily  work.d  by  tanipulating 
tquivaltncti  did  10  coniiittntly  on  all  itt«»i  thoit  who  ultd  tht  tithod 
aft.r  tht  tuptrittnttri'  dttonitration  ttndtd    to    gtntralizt    it  to  all 
following  probltus.    A  itcond  typt  of  conception  coniiittd    of  triating 
tht    lituation    ai    ont    in  which  tquivaltncti  tuit  bt  taintaintd  but  no 
tanipulationi    w.r.    ptrforttd.      Thtit    lubjtcti    attttpttd    to  obtain 
lolution    by    ttiting    itvtral     hypothtiii    through  lubititution    of  tht 
unkown    by    hypothttical    valuti— a  itrattgy    that    will    bt  t.rt.d  htrt 
hvaothtiti    ttitina.      This  ttthod  ltd  to  lolution  on    itvtral  probl.ai 
but  wai    ilowtr    than    tht    prtvioui    ont  btcauit  it    involvtd  trial  and 
trror.      Eltvtn  lubjtcti  uitd  thii  ttthod  at    ltait    onct.      Tht  third 
approach    involvtd    attttpti    to  work  out  tht  total  wtightt  on  tach  »idt 
of  tht  icalt  fitting    thtit    valuti  to  uiual  purchaiti,  luch  ai  1  or  1/2 
kilo.  Thii  itrattgy  will  bt  rtftrrtd    to    ai    fitting  y aj.u» t_|.Q_a _t ot_a )., 
and  ofttn  involvtd  a  difficulty  in  acctpting  tht  talk    dttand    of  taking 
all    »■»    tqual.      Although  thii    ttthod    ii    inappropriatt    for  lolving 
probltti  in  thii    particular    talk,  it  ii  coniiittnt  with  dttandi  of  tht 
work  txptriinct,  in  which  a    cuitottr  tithtr  aiki  for  a  total  wtight  or 
find!     goodt     which     null      bt    wtightdi    whtn    tht    wtight    ii  only 
approxitattly    ttaiurablt,    vtndori    will    frtqutntly  offtr    lott  antra 
a.ount  'in  ordtr  to  cotplttt  a  kilo',  for  .xa.pl..    Thii  ttthod  wai  uitd 
at  ltut  onct  by  10    lubjtcti,      Subjtcti    rtiorting    to    tht    lait  two 
•tthodi      ihowtd    I  tu    coniiittncy    than    thou    who    rtiorttd    to  tht 
tanipulation    of    tquivaltncti)    thtir    choict    of  itrattgy  wai  itrongly 
afftcttd    by    tht    valuti  in  tht    talk.      Hypothtiii    ttiting    wai  tort 
frtqutntly  uitd  in  thoit    probl...    which  containtd  two  unknown,  but  tha 
.ubjtct  only  had  to  lolvt  for    ont    ofthtt.    Fi tti ng  val uti  to  a  total , 
on  th.  othtr  hand,  wai  a  tort  co..on    ttthod    whtn    the    valuta    in  th. 
probltt    involvtd    a    half  and  a  qu.rt.r  kilo  and  th.  total  N.l  actually 
ont  kilo. 

Tha  difftrtncti  in  afficitney  bttwatn  itrattgit.  wtra  rathtr  daar 
dtipitt  tht  ponibility  of  corrtct  lolutioni  through  ttthodi 
inappropriatt  for  th.  talk.  Hh.n  th.  tanipulation  of  .quiv.l.nc.  wa, 
ui.d,  no  .rror.  w.r.  obi.rv.d.  Oth.r  ..thod.  r.iult.d  in  25X  of 
incorr.ct  r.iponi.i. 
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Ptrforaanct  in  tht  Scaltt  Task  iaprovtd  Hith  hightr  ltvtlt  of 
schooling.  Hontvtr ,  tvtn  ulttiriti  tubjscts  Ntrt  ablt  to  Itarn  thi 
■tthad  of  aanipulating  tqui Vil tncts. 


Tht  i*i  n  significant  findings  art  tuaaanzad  btlon.  Pint,  it 
staas  unliktly  that  tubjtcts  Harking  Hith  scales  ltarn  only  a  routint 
far  Hiighing  but  appear  to  learn  at  laatt  a  tiaple  tquivaltnct  of 
natures.  Uhilt  it  it  not  possiblt  to  attri  butt  lucctn  in  tht  Valuati 
Talk  to  a  tnniftr  froa  Hark  txperitnct,  a  liaplt  rtaindtr  of  tht  nork 
routint  Hat  tufficitnt  to  iaprovt  ptrforaanct  in  thil  talk.  Stcond, 
tranif ar.tnct  froa  tht  practical  setting  to  a  hypothttical  ont  Hith 
unknowns  on  only  ont  lidt  of  tht  icalt  Hat  obstrved  in  all  cacti.  Third, 
traniftrtnct  to  lituationi  Hith  tuo  unknouni  ii  obitrvtd  ltn  f rtqutntly 
and  ii  not  aluays  obtaintd  by  atani  Hhich  art  tquivaltnt  to  tht 
lathcaatical  aodtl  usually  taught  in  school  for  lolving  algtbra 
probltai)  othtr  atthodi  Hhich  avoid  tht  difficultiti  of  tuo  unknonns 
tairgtd  in  this  sitting.  Finally,  it  autt  bt  nottd  that  uhilt  thil  nork 
txptritnee  cannot  guaranttt  tht  undtrttanding  of  tht  aanipulation  of 
■quivaltnctt  in  this  typt  of  problta,  tht  percentage  that  ltarns  to  do 
so,  tithtr  spontantoutl y  or  afttr  ont  or  tno  ttaching  trials,  aay  bt 
contidtrtd  rathar  rtaarkablt. 
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MODELLING  AND  THE  TEACHING  OF  ALGEBRA 

Eugenio  Filloy  Y. 
Centro  de  Investigacion  y  de  Estudios  Avanzadosdel  I.P.N.,  Mexico 


We  present  some  results  of  recent  Mexican  works  in  the  field  of  Algebra 
teaching.  An  analysis  is  made  within  the  theoretical  framework  of  the  expe- 
rimentation design,  which  is  essentially  that  of  the  Pragmatics  of  Algebraic 
Language  and  the  Psychology  of  Information  Processing,  combined  with  the 
acquisitions  from  Semiotics  in  the  production  of  codes.  The  resulting 
analyses  are  included  as  well  as  analyses  of  propositions  from  the  beginning  of 
tho  century. 


The  study  of  theoretical  problems  presented  by  Algebra  Teaching  has  been  gather 
ing  force  in  recent  years.  The  National  Council  of  Teachers  of  Mathematics  of  the 
U.S.A  in  recognition  of  this  organized,  last  March,  a  conference  dedicated  to  analysing 
the  foundations  on  which  theoretical  research  in  this  field  should  be  built.  The 
Mexican  works  mentioned  in  the  bibliography  are  presented  and  discussed  here 
indicating  the  continuous  work  that  has  already  covered  a  span  of  more  than  five  years. 
In  constrast  with  what  happened  then  with  studies  in  other  parts  of  the  world,  as 
much  in  the  data-processing  methodology  as  in  the  theoretical  aspects,  these  Mexican 
studies  started  out  with  the  intention  of  moving  experimental  research  closer  to 
teaching  (planned  and  executed  in  the  Mexican  school  system  in  the  medium  level 
schools).  These  experiments  start  from  the  observation  of  the  student's  difficulties  in 
learning,  given  the  strategies  present  in  the  traditional  and  innovatory  teaching  models, 
used  in  today's  secondary  schools. 

In  a  world  context,  theoretical  analysis  has  been  enriched  by  the  problems 
concentrating  on  the  use  of  knowledge  derived  from  research  on  Artificial  Intelligence. 
Also,  related  more  to  the  psychological  processes  of  the  construction  of  mathematical 
language  signs  in  general,  another  group  have  actively  participated  with  their  theore- 
tical works.  In  Mexico,  in  attempting  establishment  of  particular  mechanism  of 
algebraic  language  there  has  arisen  the  need  for  a  theorical  framework  that  lies  half 
way  between  the  Pragmatics  of  normal  language,  the  theoretical  acquisitions  of 
Semiotics  \  see  151  and  the  theory  of  information  and  codification.  Thus  concepts 
such  as  semantics  syntax,  context  and  reading  at  one  language  level  etc.  have  been 
combined  with  concepts  deriving  from  the  psychology  of  information  processing 
such  as  memory,  semantics,  short  term  memory,  inhibitory  mechanisms  process 
unravelling  mechanisms,  analysis  mechanisms,  permanency  in  a  semantic  field  etc. 
The  empirical  evidence  now  accummulated  permits  us  to  foresee  that  an  interpre 
tation  of  the  learning  processes,  practice  and  communication  with  the  alqebraic 
language  (teaching  strateqies  in  particular)  demands  all  of  these  theoretical  instru 
ments  and  that  now  is  the  most  propitious  moment  for  theoretical  reflection  on 
new  problems  that  would  put  these  (theoretical  models)  to  the  test.  This  article 
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concentrates  on  the  description  of  some  experimental  data  which  in  the  light  of  an 
analysis  of  recently-mentioned  concepts,  reflect  a  previously  unsuspected  depth  of  inter 
dependence. 


CONCRETE  MODELS  VERSUS  DRILL  AND  PRACTICE. 


At  the  beginning  of  the  twenties,  in  1 16| ,  Thorndike  ainftd  at  including  in  his  work 
all  that  seemed  pertinent  to  him  for  the  advance  of  Algebra  teaching  in  his  time. 
This  monumental  work  still  provides  an  essential  programme  for  any  theoretical  and 
experimental  approach,  setting  aside  perhaps  some  emphasis  and  preoccupations 
singular  to  this  theoretical  perspective.  What  is  still  very  relevant  is  his  central  motiva 
tion  which  had  already  appeared  in  an  earlier  article  |  17  |  ,  specifically  in  the  last 
paragraph:  -  Algebraic  computation,  as  we  recognise  it  today  is,  without  doubt, 
an  intellectual  skill.  It  is  not  such  an  indication  of  intellect  a*  problem-solving,  in 
part  because  it  demands  a  lower-grade  of  abstraction,  selection  and  original  think 
ing,  and  in  part  also  because  it  only  includes  numbers  and  non-numbers  and  words. 
It  is  nevertheless  very  much  superior  what  it  is  claimed  to  be  ■  a  mechanical  routine 
that  can  be  learnt  and  operated  without  the  use  of  thought  " 

In  the  following  sixty  something  years  the  research  emphasis  has  varied  enormously 
until  about  the  middle  of  the  century  when  priority  was  given  not  to  what  Thorndike 
called  problem  solving,  but  to  the  structural  components  of  study  material:  Algebra 
(in  fact  all  mathematics).  We  have  the  case  of  the  medium  level  French  education 
study  programmes  where  right  up  to  this  date  traditional  teaching  situations  do  not 
appear  in  the  sub|ect  called  Algebra,  since  Algebra  is  considered  a  continuation  of 
Arithmetic  |  see  2  |.  As  a  reaction  to  this  there  was  a  change  of  direction  in  the  seven 
ties  towards  the  use  of  teaching  models  based  on  situations  similar  to,  but  more  concre 
te  than,  those  proposed  by  Thorndike,  mechanizing  the  handling  of  algebraic  expres 
sions  and  achieving  a  speedy  use  of  the  syntactic  rules. 

In  |  7  I  there  can  be  found  examples  of  situations  of  concrete  modelling  which 
give  the  following  results: 


Modelling  has  two  fundamental  components:  one,  that  of  translation,  through 
which  it  applies  meanings  in  a  more  concrete  context  to  the  new  objects  and  oper 
ations  being  introduced,  the  same  as  appear  in  more  abtstract  situations.  That  is 
through  traslation  these  objects  and  operations  are  related  to  elements  of  a  "concrete" 
situation.  This  i".  a  state  of  affairs  that  represents,  at  the  same  time,  a  condition  of 
circumstances  in  the  most  abstract  situation  (in  the  case  of  a  geometric  model  for 
example,  the  equality  between  areas  or  magnitudes  corresponds  to  an  equality  between 
algebraic  expressions)  and  from  what  we  already  know  at  the  most  "concrete"  level 
about  the  solution  of  such  situations,  operations  are  introduced  that,  although  they 
are  carried  out  in  the  "concrete  ",  also  attempt  to  function  on  the  corresponding 
objects  at  the  most  abstract  level.  It  is  thus  necessary  to  have  a  translation  of  move 
ment  from  one  context  to  another  to  make  feasible  the  identification  of  each  oper- 
tion  of  the  most  abstract  level  with  the  corresponding  one  in  the  'concrete"  model. 
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A  second  component  of  modelling  is  the  separation  of  the  new  ob|ects  and  opera- 
tions with  the  most  "concrete"  meaning  from  that  which  they  were  introduced.  That 
is,  the  modelling  attempts  to  detach  itself  from  the  semantics  of  the  "concrete"  model . 
since  what  is  requirred  is  not  to  solve  a  situation  already  known  to  be  solvable,  but 
to  find  a  means  of  solving  more  abstract  situations  through  more  abtstract  operations. 
This  SHCOnd  component  is  a  motor  principle  that  orientates  the  function  of  the  model 
towards  the  construction  of  an  extra  model  syntax. 

The  study  shows  that  the  predominance  of  the  first  of  these  components  of  the 
model  (traslation)  can  weaken  or  inhibit  the  development  of  the  second.  This  is  the 
case  with  subjects  that  achieve  a  good  handling  of  the  "concrete"  model,  but  that, 
due  to  this,  also  develop  a  tendency  to  stay  and  progress  within  this  context.  This 
anchoring  to  the  model  works  against  the  other  component  that  of  abstraction  of 
the  operations  to  a  syntactic  level,  which  presupposes  a  breaking  with  the  semantics 
of  the  "  concrete"  model. 

The  aforementioned  obstructions  constitute  a  kind  of  essential  insufficiency  in 
the  sense  that  the  model  (left  to  the  spontaneous  development  on  the  child  s  part) 
on  being  strengthened  in  only  one  of  its  components,  tends  to  hide  precisely  what 
is  intended  to  be  taught,  that  they  are  new  concepts  and  operations. 

This  kind  of  dialectic  bewteen  the  processes  corresponding  to  the  two  model 
components  should  be  taken  into  account  in  teaching,  which  should  try  to  develop 
harmoniously  the  two  kinds  of  processes,  so  that  one  does  not  obstruct  the  other,  and 
viceversa.  In  fact,  from  the  case  analysis  performed  here,  it  is  clear  that  this  is  a  teach 
ing  task,  given  that  this  second  aspect  of  the  model,  that  of  breaking  with  former  ideas 
and  operations  where  the  introduction  of  new  skills  is  encourayed  is  a  process  that 
consists  of  the  negation  of  parts  of  the  model's  semantics.  These  partial  negations  take 
place  during  the  transference  of  the  use  of  the  model,  from  one  situation  of  a  problem 
to  another  but,  when  this  generalization  in  the  model's  use  remains  at  the  expense  of 
the  spontaneous  development  on  the  part  of  the  student,  the  partial  negations  can 
occur  in  essential  parts  of  this.  It  is  because  of  this  that  it  becomes  essential  to  intervene 
with  instruction  in  the  development  of  these  processes  o<  detachment  and  negation  of 
the  model,  in  order  to  direct  the  student  towards  the  instruction  of  the  new  notions. 


SYNTAC1  IC  MOD  :  LS 


The  idea  of  the  concrete  teaching  model  can  be  extended  to  the  strategies  proposed 
by  Thorndike  that  will  here  be  called  syntactic  models  in  cont.ast  with  those  of 
that  we  shall  call  semantic,  since  here  tr.°y  emphasize  working  with  a  semantic  empha 
sis  in  all  the  signs  and  operations  involved.  In  the  syntactic  model,  in  contrast,  the 
emphasis  is  placed  on  the  general  rule  used  to  construct  the  habits  leading  to  alge 
graic  operations. 

With  respect  to  these  models,  the  empirical  evidence  (see  12  )  indicates  that  apart 
from  generating  private  semantics  (of  the  sub|ect)  that  confer  meaning  on  the  terms 
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proposed  by  the  general  rule  and  to  the  algebraic  operations  involved  (they  could  be 
called  spontaneous  connections  to  use  Thorndike  terminology)  thure  also  appears 
the  phenomenon  of  reading  of  the  proposed  situations,  through  anises  that  have  Iwen 
previously  conferred  on  the  rules  that  have  to  unfold  in  order  to  perform  the  syntactic 
task.  For  example,  in  3  there  appears  the  case  of  a  subject  that,  on  first  confronting 
equations  of  the  type  Ax  B  ■  C(A,  B,  C  >  0),  always  give  B  a  positive  value  while 
giving  A  the  negative  value,  guided  by  the  sense  derived  from  the  previous  practices 
that  he  had  carried  out  with  the  equations  of  the  type  Ax  +  B  C 

In  this  respect  the  emphasis  placed  by  Thorndike.  not  only  on  drill  but  also  on  its 
preoccupation  with  practice  and  the  consequences  that  this  has  on  the  times 
ot  training  that  the  learning  experiences  impose,  has  a  new  meaning,  faced  with  the 
need  to  rectify  the  spontaneous  readings,  generated  here,  not  by  semantics  but  by 
syntax.  This  is  a  syntactic  context  that  directs  the  ('natural')  erroneous  reading, 
due  to  the  anticipatory  mechanisms  ot  the  subject,  this  theoretical  unit  is  indispensable 
also  in  the  Pragmatics  of  Normal  Language. 


In  |  9  |  and  |18|  there  is  empirical  evidence  to  show  that  the  analytical  process 
in  a  typical  problematical  situation  (expressed  in  the  normal  language)  produces 
reading  phenomena  ot  the  situation  which  inhibit  the  development  ot  equation 
solving  algorhythms  that  moments  before  were  performed  easily  and  correctly.  Thus, 
in  the  presence  of  a  written  expression  in  the  normal  algebraic  language  of  a  fi.st 
grade  equation,  the  subject  is  incapable  of  decoding  as  such  and  because  of  this, 
he  is  unable  to  use  brilliant  operating  skills  which  moments  before  he  had  exhibited 
with  the  same  equation.  In  the  works  mentioned  at  the  beginning  of  this  paragraph  it 
is  possible  to  find  more  examples  illustrating  this  phenomenon.  More  illustrative  than 
these  however,  there  occur  examples  of  problematic  situations  (in  the  parts  where 
translation  of  the  normal  language  to  algebraic  language  is  made)  that  reveal  the 
oxistance  of  a  tension  between  the  interpretation  of  the  algebraic  expression,  given  by 
a  reading  that  comes  from  the  context  of  the  algebraic  language  itself,  and  the  use  of 
drill  in  the  operations.inhibiting  the  necessary  reading  given  by  the  semantic  interpreta 
tion  which  confers  the  concrete  situation  on  the  verbal  problem.  A  syntactic  reading 
inhibits  the  reading  of  the  concrete  context  where  the  problem  is  situated.  It  does  not 
allow  the  aplication  to  this  algebraic  expression  of  an  interpretation  that  would  permit 
it  to  continue  with  the  correct  solution  strategy  that  would  provide  the  solution  and 
including  as  one  of  its  tactics  this  part  ot  the  translation. 

It  is  at  this  moment  of  the  discussion  that  some  of  Thorndike's  theoretical  pre 
occupations  and  their  implication  in  teaching  come  into  their  own  since  the  need 
to  automatize  becomes  urgent,  not  only  some  algebraic  operations  arising  from  the 
decoding  of  a  concrete  problematic  situation  (problems  of  age,  mixtures,  alloys,  money, 
work,  etc. I  neither  the  sense  of  the  necessary  algorhythm  nor  the  semantic  interpre 
tation  (in  terms  of  the  contexts  of  these  algebraic  operations  were  practised)  nor  the 
anticipatory  mechanisms  (especially  the  inhibitory  ones)  should  obstruct  the  unfol 
ding  of  a  solution  strategy.  Besides,  it  is  essential  that,  when  this  latter  is  placed  in  the 
short  term  memory,  the  time  that  it  will  feasibly  remain  there  should  not  negate 
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the  possibility  of  considering  all  the  necessary  intermediary  tactics  for  the  proposed 
solution.  This  should  be  the  case  provided  that  the  concatenation  of  all  the  tactics, 
without  making  all  the  steps  essential  for  the  obtaining  of  these  partial  goals,  can  be 
carried  out  in  this  part  of  the  memory  (the  short  term)  which  it  would  be  difficult 
to  maintain  alert  for  such  a  lenght  of  time.  One  could  say  that  the  skill  of  storing 
important  quantities  of  information,  in  order  to  be  able  to  move  out  from  this  memory 
space  to  bring  in  new  and  important  information,  is  not  easily  found  among  average 
students.  It  demands  large  intellectual  resources  not  prooortioncd  oy  normal  teaching. 
Because  of  this,  drill,  resulting  from  intense  practise,  allows  the  optimum  use  of 
algebraic  expressions  and  the  normal  operations  in  algebraic  language  and  this  breaks 
with  the  anticipatory  mechanisms  inhibiting  the  unfolding  of  necessary  solution 
strategics. 
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COMMON  DIFFICULTIES  IN  THE  LEARNING  OF  ALGEBRA  AMONG  CHILDREN 
DISPLAYING  LOW  AND  MEDIUM  PRE-ALGEBRAIC  PROFICIENCY  LEVELS 
(A  clinical  study  with  children  12-13  years  old). 

Aurora  Gallardo  and  Teresa  Rojano 
Centro  de  Investigacion  y  de  Estudios  Avanzadosdel  I.P.N..  Mexico. 


Here  we  study  the  pre-algcbraic  twhaviour  and  the  phenomenon  of  transition  from 
arithmetical  thinking  to  algebraic,  in  children  of  low  academic  achievement,  those 
belonging  to  the  low  level  and  some  from  the  middle  level.  This  student  population 
offers  an  amplified  version  of  the  difficulties  confronted  by  their  companions  and,  in 
an  essential  way,  questions  th«  process  of  educational  evaluation,  indicating  that  the 
classification  by  levels  -  high,  middle  and  low  depends  on  the  objective  of  the  study 
and  not  the  subject  itself.  Through  an  analysis  of  video-taped  interviews,  we  show 
important  skills  and  resources,  acquired  by  these  students,  that  are  not  reflected  in  the 
didactic  data.  We  also  see  areas  of  difficulty  in  algebra-laarning  that  contributes  to  ex- 
plain low  academic  achievement,  and  to  reveal  intrinsic  problems  in  the  study  matter 
an  its  teaching. 


ANTECEDENTS  AND  PRESENTATION  OF  THE  STUDY 
This  work  is  part  of  a  general  project  on  the  "Evolution  of  Symbolization  in  a  School 
Population  of  12-M  years  of  age     ".  developed  in  the  Seccibn  de  Matematica  Educativa 
del  CINVESTAV  and  the  Centro  Educativo  Hermanos  Revueltas  in  Mexico  City,  since 
1982.    The  methodology  employed  in  the  research  project  is  developed  in  two  directions: 
1  ■  That  of  the  field  of  historical  development  of  mathematical  ideas.  2-  That  of  the  field 
of  educational  research.     In  this  latter  we  look  at  the  research  topic  •Operatumoftlw  I 
known  "[/]  where  a  transversal  study  is  made  of  a  population  of  students  of  12  to  13  years 
of  age  in  a  controlled  teaching  system.    Previously  the  antecedents  of  the  student  popula 
tion  in  terms  of  various  pre  algebra  sub-themes,  were  determined.    A  resulting  stratifica 
tion'for  each  sub-theme  was  developed  and  this  resulted  in  three  levels  -high,  middle  and 
low.    It  was  discovered  that  the  subjects,  who  were  suited  for  the  study  of  the  phenomena 
of  transition  from  arithmetical  to  algebraic  thought,  were  those  belonging  to  the  high  level. 
As  a  result  the  clinical  study  described  in  the  research  consists  fundamentally  of  an  analysis 
of  interviews  of  this  level.    The  present  work,  however,  studies  the  video-taped  .nterviews 
of  children  of  low  academic  achievement.    Their  relevance  can  be  seen  from  two  points  of 
view  First  because  they  give  an  'amplified  version  of  the  difficulties  confronted  by  the 
rest  of  the 'students  (6).  and  secondly,  the  process  of  educational  evaluation  is  questioned 
through  the  illustration  that  this  classification  by  levels  depends  on  the  objective  of  the 
study  and  not  the  subject  itself.    The  clinical  method  illustrates  the  important  skills  and  re- 
sources that  these  students  posses,  not  visible  in  didactic  data.    As  a  counterpart,  it  also 
indicates  areas  of  diff.culties  in  the  learning  of  algebra  which  partially  explain  the  low 
academic  achievement  in  these  students.     The  areas,  detected  by  the  clinical  study  are  as 
follows:  1),  Operations,  2),  The  nature  of  numbers.  3),  Primitive  methods,  the  strategy 
of  trial  and  errot.  4).-  The  interaction  between  the  semantics  and  the  syntax  of  elemental 
algebra.    5).-  The  didactic  cut  in  the  study  of  linear  equations. 

The  analysis  presented  in  these  areas  is  restricted  to  an  attempt  to  explain  the  data 
observed  by  the  clinical  method.     It  does  not  attempt  to  be  a  study  in  depth,  because  of 
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the  complex  problems  which  each  one  of  these  contains  at  a  theoretical  level.  The  im 
portant  thing  to  note  is  that  the  students'  difficulties  uncover  intrinsic  problems  contained 
in  the  material  under  study  and  in  its  teaching  in  this  case  in  algebra.  Nevertheless, 
although  it  is  not  considered  in  this  work,  it  is  worth  indicating  the  importance  of  ques- 
tioning the  following:  which  factors,  apart  from  those  intrinsic  to  the  subject  matter,  have 
a  determining  influence  on  whether  a  student  has  a  low  learning  capacity  or  not.  We  can 
not  go  into  this  problem  here  because  of  the  limitations  imposed  by  the  methodology 
applied. 


The  basic  format  of  the  interviews  is  of  5  series:  The  series  E  of  Equations  -of  the 
form  x  ±  A  =  B,  Ax  -  B,  A  x  (x  t  B)  =  C  ,  and  (x  ±  A)  x  B  =C,  where  A,  B,  and  Care 
particular  whole  numbers  distinct  from  zero.  The  series  C,  Cancellation:  x  ±  A  =8±  A, 
Ax  +  B  =  x  +  B;  x±  -i-=B±-^-  and  x  +  x  =  A  +  x  .  The  series  I  (Operation  of  the 

Unknown)  that  present  items  such  as  Ax  t  B  =  Cx  and  Ax  t  B  =  Cx  t  D.  Finally  the 
series  Solution  and  Invention  of  Problems,  that  takes  a  further  look  at  the  equations  pre- 
sented in  the  previous  series. 

In  the  majority  of  high  level  cases  we  introduce  a  phase  of  instruction  in  the  Series  I 
(which  contains  equations  for  which  there  has  been  no  class  teaching),  after  having 
observed  the  spontaneous  replies  to  the  first  equations  of  this  series.  This  instruction  did 
not  occur  with  the  children  from  the  low  level  but  in  some  cases  with  the  middle  level 
child. 

AREAS  OF  DIFFICULTY  ANALYSED  (Description  and  Observations) 

Next  we  present  the  description  of  the  areas  in  question,  with  examples  of  observed 
difficulties  with  items  taken  from  clinical  interviews. 

1.  OPERATIONS 

11  The  Duality  of  the  Operation.  Letters  do  not  constitute  a  very  intuitive  nota- 
tion for  the  symbolic  values  since  they  do  not  appear  at  first  instance  to  refer  to  numbers. 
Although  the  unknowns  are  frequently  used  in  arithmetic  through  'empty  spaces',  numeri- 
cal sentences  such  as  3  +  □  =  7,  this  concept  is  not  generalized  in  a  natural  form  to  one 
with  symbolic  value.  The  'empty  spaces'  are  not  "worked"  in  the  equations  nor  "defor- 
med' by  operations  that  alter  their  structure,  but  they  have  an  inherent  connotation  of 
"being  filled".  Since  the  "empty  space"  is  not  associated  clearly  with  a  letter,  the 
students  do  not  notice,  in  principle,  that  the  variables  can  be  exemplified  with  numbers. 
Thus,  the  students  of  this  study,  when  faced  with  2x  normaly  answer .  "You  cannot  mul- 
tiply by  x  because  you  don't  know  what  x  is".  In  fact,  the  arithmetical  idea  of  'perform- 
ing an  operation"  such  as  multiplication  is  transformed  into  "how  to  write  the  result". 
On  the  other  hand,  there_  is  a  tendency  to  reject  an  algebraic  expression  as  a  result,  when 
thesigns)-,  ,  x  ,♦  V  ,(  )J  appear  in  the  equations  the  student  immediately  works  the 
equation.  Here  lies  the  duality  of  the  operation:  the  permanence  of  the  action  when 
faced  with  an  order  of  execution. 
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1.2  The  Reading  of  the  Operation,  Generally  arithmetical  operations  are  perform- 
ed vertically.  In  Algebra,  horizontal  reading  of  the  operation  on  the  equations  predomina- 
tes I  -'  I.  These  directions  in  readings,  combined  with  the  use  of  plus  and  minus  considered 
at  the  one  time  binary  and  unitary,  lead  to  problems.      For  example,  the  item 

x  +  1  568  =  392  both  readings  were  present.  To  solve  the  previous  equation,  one 
student  used  a  calculator  and  verbalized  "1  take  I  568  amy  jrom  392.    The  result  is 

1  J 76".  He  read  the  expression  horizontally.  Nevertheless,  when  the  interviewer  asked 
him  to  do  the  operation  on  paper  he  turned  to  incorrect  vertical  writing  ~i568  ■ 

824 

In  the  case  of  the  symbolic  signs  of  the  values,  he  cannot  be  sure  whether  the  sign  is 
explicit  or  if  it  is  ■■contained"  in  the  symbolic  value.  Thus  in  the  item  x  +  1  5  68  =  392 
another  interviews  states  "(/if  equation  cannot  be  solved,  since  x  is  always  positive.  So 
that  x  could  be  negative  it  should  be  written  as  -x".  On  the  other  hand,  there  is  also  some 
confusion  between  the  various  operations,  interpreting  addition  as  substraction,  substrac 
tion  as  division,  and  taking  the  square  root  as  making  to  a  power  and  divisjflnat  the  same 
time.  For  example,  in  the  item  x  +x/T3  =  \/T3  the  student  asks  if  V  13  can  be  a  de- 
cimal. He  is  answered  in  the  affirmative.  He  replies  "/n  that  case,  the  answer  is  6.5 
because  13  divided  by  2  is  6.5".  When  this  same  student  is  presented  with  the  equation 
x  ■  \/3"  =  0  the  following  occurs: 

Student:  "/(  is  3,  no  it  is  9".     Interviewer:  "W7iy?"     Student:  "Take  9  away  from 
9.  The  -/J" is  9", 

1.3  Inversion  of  Operations.  We  can  frequently  observe  that  the  idea  of  inverse 
operation  is  not  consolidated  in  the  student  in  the  transition  from  arithmetic  to  algebra 
On  occasion  this  leads  to  the  inversion  of  primitive  rules  which  takes  him  to  the  correct  so- 
lution. These  rules  function  in  extra-school  situations  as  in  the  case  of  the  "reverse"  rule. 
Thus  in  the  item  13x  =39  the  interviewee  states  that,  in  order  to  find  the  value  of  x"  one 
has  to  divide  1 3  by  39".  He  obtains  the  value  0.333  and  confirms  that  it  is  wrong.  When 
the  interviewer  asks  him  "What  can  have  happened!"  He  answers  "It  has  to  be  done  in 
reverse,  we  have  to  divide  39  by  13".  One  can  note  that  this  procedure  is  applied  to 
various  daily  situations  and  does  not  necessarily  correspond  to  the  inversion  of  operations. 

1 .4  The  Nature  of  Equality.  In  arithmetic,  the  equal  sign  is  used  fundamentally  to 
relate  a  problem  to  its  numerical  answer,  in  algebra  the  equal  sign  has  a  dual  character;  as 
an  operator  (assymetric  character  of  equality)  and  as  anequivatence  (symmetric  character  of 
equality).  When  the  idea  of  operator  and  not  of  equivalence  is  emphasized  in  the  solution 
of  equations  mistakes  are  made.  Thus  in  the  case  interviews,  the  "Quasiequality  '  1 31 
scheme  is  present.  The  student  constructs  the  rule  "it  is  not  important  u.here  the  opera 
lions  are  performed,  as  long  as  thev  are  performed  once".  Thus,  3x  +  154  =  475  is  con- 
sidered equal  to  3x  =475  +-1 54" since  it  is  the  same  if  you  add  before  or  after  the  equals 
sign'.  The  preoccupation  with  operating  immediately  leads  them  to  ignore  the  equals 
sign. 

In  the  series  of  Cancellation  there  are  present  different  interpretation  of  equality  |  /  I 
at  this  level:     1).    Arithmetic  Equality:  =  m  That  is,  the  student,  before 

giving  any  reply,  "reads"  the  terms  on  the  right  hand  side  of  the  equation,  as  one  single 
number  ('close  the  operation').  2).-  Equality  of  the  two  sides  *J£,=  Consider 
each  side  as  a  unit.  There  unfolds  a  "visual  reading"  where,  at  times,  the  operation  involv 
ed  in  the  expression  is  unknown.  Thus,  in  x  4  5  =  5-1-  2,  the  student  replies:  x  is  2 
because  they  are  equivalent. 
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2.  THE  NATURE  OF  NUMBERS. 

2.1  Positive  Whole  Numbers.  In  the  field  of  oositivc  whole  numbers,  the  zero  and 
one  stand  out  as  special  numbers  |  .5  ]  .  These  special  numbers  appears  in  the  context  of 
the  rule  of  identities,  that  is  A  -  1  =  A  and  A  f  0  =A.  Here,  we  should  point  out 
that  in  1*  x  =x  they  generally  interpret  1x  as  x  but  do  not  mention  that  x  is  equal  to  1.x. 
On  the  other  hand,  when  the  solution  of  the  equation  is  zero,  there  are  students  that  do 
not  accept  this  solution  as  valid  because  they  see  the  zero  as  ''the  absence  oj  value"  and 
continue  to  look  for  another  number  that  might  satisfy  the  equation.  Finally,  the  majori- 
ty of  cases  interviewed  show  a  preference  for  the  positive  whole  numbers  to  the  point  that 
they  force  the  value  of  the  x  so  that  the  equation  does  not  contain  fractionary  expressions. 

2.2.  Negative  Whole  Numbers.  As  far  as  their  teaching  is  concerned  there  exists 
an  assymetry  between  positive  numbers  and  negatives.  The  positive  numbers  are  more 
concrete  in  the  sense  of  their  relation  with  measuring  activities,  and  they  can  therefore  be 
operated.  The  negative  numbers  are  secondary,  introduced  as  a  result  of  the  operations 
|  7  | .  In  the  cases  analysed  in  this  work,  it  is  shown  through  the  interviews  how  difficult  it 
is  for  the  student  to  understand  and  accept  negatives.  On  the  other  hand,  we  have 
already  mentioned  the  problem  of  signs,  unitary  and  binary,  in  the  Area  of  Operations,  and 
also  the  lack  of  link  between  adding  and  substracting  as  inverse  operations.  For  example: 
(I:  Interviewer  P:  pupil).  I:  "How  do  you  solve:  x  +  1568  =392?"  P. '  By  taking 
392  from  1568,  1 1 76  (note  that  he  substracts  the  greater  from  the  lesser  number)".  I:  "Is 
the  answer  correct?".  P:  "Yes".  I:  "How  did  you  test  it?"  P:  "I  added  392  (quasi 
equality  scheme)".  I:  "How  do  you  prove  it?"  P:  "By  adding  392,  but  it  does  not  work 
out  because  this  is  greater  than  this". 

2.3  The  Polysemy  of  the  Unknown.  It  is  shown  in  the  following  way:  in  an 
equation,  different  readings  of  the  same  x  are  made.  That  is,  it  is  interpreted  as  an  un- 
known or  generalized  number  (that  it  has  more  than  one  value).  Thus,  in  the  items 
x  +  4-  =  6  I-  4-and  x  +5  =  x  +  x  of  the  Cancellation  Series,  the  typical  reply  is  "This 


8".  They  state  openly  that  the  x  in  2x  must  be  half  of  the  x  in  the  second  side  so  that  the 
value  is  the  same  on  both  sides.  What  the  student  tries  for  is  that  "the  quantity  is  conserv 
ed"  at  all  costs.  Note  that  they  still  have  not  consolidated  the  idea  of  conditioned 
equality,  that  of  equation. 

3.  PRIMITIVE  METHODS,  THE  STRATEGY  OF  TRIAL  AND  ERROR. 

The  majority  of  the  students  that,  for  various  reasons,  do  not  accept  academic  know 
ledge  immediately,  attack  the  first  algebraic  problems  with  the  same  methods  that  have 
been  successful  in  arithmetic  and  that  are  familiar  to  them  \K\. 

Here  we  present  two  case  interviews:  The  first  resorts  to  the  strategy  of  trial  and 
error.  The  second  uses  a  systematized  exploration.    They  are  asked  to  solve  the  ittm 
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6x  =  37  436.  The  first  student  resorts  to  the  calculator  for  his  computations.   He  tries  the 
numbers,  175,  365,  465,  563,  633.    The  interviewer  then  presents  him  with  the  previous 
equation  as  6  x  □  =  37  636,  At  this  moment  he  tries  630  and  620.  Note  that  the  values 
found  by  the  student  when  multiplying  by  6  lead  to:  6x175=  1 050;  6  x  365  =  21 90; 
6  x  465  =  2790;  6  x  563  =  3378;  6  x  633  =  3798;  6  x  630  =  3780;  6  x  620  =  3720. 

It  is  observed  that  these  numbers  do  not  reach  the  required  order  of  magnitude. 
Nevertheless,  his  computation  becomes  systematic  from  633  on  in  that  the  first  two  num- 
bers of  the  total  on  the  right  hand  side,  that  is  37,  tally  with  the  first  two  numbers  of  the 
total  on  the  right  hand  side  of  the  given  equation.  The  second  student  sets  about  solving 
the  item  6x  =  37  436  without  using  a  calculator  P:  "6  by  6  100  this  number  could  be  6 
right?".   l:"Let's see.  Try  it". 

The  student  begins  to  divide  on  the  paper.  The  interviewer  suggests  using  the  calcu- 
lator and  the  student  arrives  at  the  correct  result,  6  239.  Note  that,  in  this  case,  the 
student  suddenly  grasps  the  order  of  magnitudes  of  the  number  he  is  looking  for. 

4.  SEMANTICS  AND  SYNTAX  OF  ELEMENTAL  ALGEBRA 

In  the  case  studies,  the  semantic  interaction  semantics-syntax  is  analyzed  with  respect 
to  the  invention  of  a  problem  from  a  given  equation. 

Given  the  order,  "Invent  which  problem  is  solved,  for  example,  with  the  equation 
x  +  4  =  28",  the  student  first  finds  the  solution.  The  most  pressing  need  is  to  under- 
stand the  meaning  of  the  sign.  That  is,  to  find  the  unknown  before  becoming  involved 
in  the  construction  of  the  problem.  (Language  obstruction  reflex  at  a  purely  syntactic  ( 
level).  On  the  other  hand,  we  mentioned  previously,  in  the  area  of  Operations,  the  diffi- 
culty of  conceiving  the  algebraic  equation  as  a  condition  of  equality.  This  occurs  on  in 
venting  a  problem  to  solve  the  equation,  the  student  ommits  the  question,  that  is  the 
thing  that  converts  the  description  of  a  situation  to  a  problem. 

Sometimes,  the  problem  proposed  by  the  students  is  foreign  to  the  equation,  for 
example,  in  the  following  case:  I:  "Can  you  invent  a  problem  solved  by  this  equation 
4(x  +  11)  =  527?".  P:  "A  problem  or  just  an  Operation?"  1:  "A  problem  with  marbles, 
for  example...".  P:  "A  child  had  5  marbles  and  won  2  and  some  were  lost,  but  we  don  t 
know  how  many...". 

Note  that  when  the  student  asks  if  a  problem  or  only  an  operation  is  wanted,  it  can 
be  that  he  is  trying  to  solve  the  equation.  On  the  suggestion  of  the  marbles,  that  is,  a 
semantic  situation,  he  abandons  the  previous  syntax  (4(x  M1)  =  52)  and  concentrates  on 
posing  "another  problem".   Observe  that  the  new  data  is  foreing  to  the  initial  equation. 

5.  THE  DIDACTIC  CUT  IN  THE  STUDY  OF  LINEAR  EQUATIONS. 

The  work  "Operation  of  the  Unknown"!  Jl  corroborates  the  existence  and  location 
of  a  didactic  cut  in  the  evolutionary  line  from  arithmetic  to  algebra.  At  a  theoretical 
level  this  cut  arises  when  there  is  a  need  to  operate  the  unknown  in  the  solution  of  linear 
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equations,  with  an  occurrence  of  x  on  both  sides  of  the  equation.  In  the  clinical  study, 
the  didactic  cut  is  perceived  only  by  the  children  at  the  high  level.  One  way  of  notinq  this  is 
their  verbal  manifestation  when  they  are  faced  with  new  equations  that  they  cannot  solve. 
Some  students  even  imagine  the  existence  of  a  school-method  of  attack  for  these  new 
equations,  on  the  other  hand,  the  students  of  low  academic  achievement  do  not  see  any 
difference  between  arithmetical  equations  Ax  +  B  =  C  and  the  non-arithmetical 
equations  mentioned  here.  Fundamentally  this  is  because  they  do  not  realise  the  change 
of  concept  from  arithmetic  to  algebra,  remaining  still  in  a  purely  arithmetic  field  They 
even  try  to  look  for  mechanisms  that  allow  them  to  interpret  new  equations  with  two 
occurrences  of  the  unknown  as  equations  where  x  appears  only  once.  For  example,  in 
the  item  5x  =  2x  +  3  a  student  answers:  "  5x  is  equal  to  2  by  1,  2  plus  3  is  5".  Thus,  in 
performing  actions  on  one  side  only  of  the  equation  as  in  summing  2x  +  3  once  the  x  has 
a  value  assigned  to  it,  he  reduces  the  two  occurrences  of  the  unknown  to  one.  It  is  im- 
portant here  to  indicate  that  the  explicit  non-perception  of  a  didactic  cut  is  not  a  denial. 
In  this  work,  the  existence  of  the  areas  of  difficulty  here  mentioned,  indicates  that  the 
cut  will  not  flourish  at  the  low  level.  It  will  be  necessary  to  solve  these  difficulties  in  pre- 
algebra  before  studying  the  first  algebraic  equation?.  This  information  could  not  be 
obtained  from  the  high  level  children  where  they  have  automatized  the  actions  that  make 
evident  the  explanations  of  the  whys  and  wherefores  of  the  pre-algebraic  situations.  That 
is,  children  with  a  great  academic  achievement  do  not  display  the  need  to  make  explicit 
the  situation  procedures  which  are  completely  rutinary  to  them. 


The  results  of  this  study  display  important  skills  in  the  students  of  low  academic 
achievement.  Some  of  these  are  1).  Systematized  trial  and  error  exploration.  2)  The 
tendency  to  generalization  and  simplification  in  the  methods  of  equation  solution. 

3)  .-  Extra-school  resources  such  as  the  "reverse"  rule  and  the   qua  si -equality  scheme." 

4)  .-  The  use  of  various  languages  in  the  invention  and  solution  of  problems.  On  the  other 
hand,  the  difficulties  encountered  by  the  students  indicate  some  key  points  to  be  consi- 
dered in  algebra  teaching.  Thus,  we  shouid  consider  such  questions  as  i)  the  duality  of 
the  operations,  ii)  the  symmetry  or  anti-symmetry  of  equality,  iii)  the  non-indentification 
between  one  operation  and  its  inverse,  iv)  the  existence  of  special  numbers,  v)  the  extreme 
difficulty  of  the  negatives. 
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THE  MYTH  ABOUT  BINARY  REPRESENTATION  IN  ALGEBRA 


David  Kirshner 


University  of  British  Columbia 


The  parse  of  algebraic  expressions  is  often  indicated  explictly  by  the  use 
or  parentheses  (e.g.  (x  +  1)')  or  else  as  artifacts  of  the  positional  features 

2y  (2y) 

of  notation  (e.g.  x  is  interpreted  as  x  ).  In  cases  where  such  explicit 
indicators  are  absent,  syntax  defaults  tfi  a  conventional  hierarchy  of 
operations  (e.g.  3x'  is  interpreted  as  3(x')).  In  usual  treatments  of  syntax, 
expressions  axe  assigned  a  binary  parse.  For  example,  x  +  y  +  i  is 
assigned  the  parse  (x  +  y)  +  i.  Because  of  the  associativity  of  addition, 
however,  we  may  legitimately  ask  if  the  psychological  representation  is  not 
x  +  (y  +  i).  or  indeed  if  x  +  y  +  i  is  assigned  a  parse  at  all. 
This  paper  presents  and  supports  the  hypothesis  that  the  syntactic  rule 
which  underlies  the  mental  representations  for  competent  symbol  users  docs 
not  provide  for  a  binary  parse.  Since  standard  formal  mathematical  models 
treat  operations  as  binary,  this  amounts  to  an  assault  upon  an  implicit  but 
;  Drvasive  assumption  that  formal  mathematical  theories  explain  or  underlie 
the  rules  by  which  algebraic  expressions  are  manipulated. 


Before  presenting  and  evaluating  a  detailed  and  somewhat  technical  hypothesis  about 
the  psychological  representation  of  algebraic  operations  (addition,  subtraction, 
multiplication,  etc)  it  is  useful  to  consider  briefly  the  place  (or  rather  lack  of  place) 
of  such  a  hypothesir  within  the  context  of  current  research  in  the  psychology  of 
algebra.  This  report  is  atypical  in  that  it  is  primarily  about  the  fluent  or  competent 
algebraist  The  vast  majority  of  studies  which  have  been  undertaken  to  date  are 
about  the  novice  algebraist;  the  mistakes  which  he  or  she  makes  or  the  processes  by 
which  new  algebraic  knowledge  is  acquired.  Few  reports  (Carry,  Lewis  &  Bernard, 
1980,  being  a  notable  exception)  attempt  to  specify  a  detailed  account  of  algebraic 
competence  before  plunging  into  the  turbulent  waters  of  knowledge  acquisition  or 
knowledge  deviation. 
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Ai  least  pari  o)  the  inaiicnuon  10  competent  performance  can  be  atmhutet!  to  an 
implicit  belief  that  mathematical  theory  (in  some  sense)  underlies  or  generates  or 
expla.ns  knowldcge  used  to  manipulate  algebraic  expresses.  Th.s  belief  is  evidenced, 
for  example,  in  the  distinction  which  Brown.  Burton.  Miller  e,  al  (1975)  make  between 
the  "abstract  Jflgiial  structure  of  the  [algebraic]  knowledge"  and  the  "M«£i 
lMn,nr  oriented  structuring  of  how  he  is  to  jw  me  knowledge  for  solving  algebra 
problems"  p.  84.  Apparently  they  believe  that  some  abstract  structure  (presumably  a 
formal  mathemaucal  model)  underlies  the  psychology!  representations,  however,  they  do 
not  provide  a  detailed  account  of  the  presumed  connection.  Whatever  its  direct  value 
for  psychological  or  educational  theory,  the  present  paper  also  takes  aim  at  the 
presumed  mathcmaucal-theory/psychological-theory  connection. 

The  present  hypothesis  resides  within  a  linguistic  theory  of  algebraic  competence 
(Kirshncr  1987).  It  is  necessary  to  outline  that  theory  briefly  (sec  Kirshner.  1985.  for 
a  more  detailed  outline)  and  to  describe  some  parts  of  it  in  detail.  In  the  linguisuc 
theory  a  distincuon  is  made  between  the  surface  firm  (SF)  of  ordinary  algebraic 
notation  and  a  more  abstract  deep  form  (DF)  in  which  the  operations  and^parsc  or 
each  expression  arc  explicitly  displayed.  For  example  the  SF.  5(1  -  x  +  r)  would 
be  represented  in  DF  as  5M[[[)Sx) Ar]F.[2My])  where  "M".  "S".  "A",  and  T 
abbreviate  operauons.  and  brackets  display  the  parse  in  the  usual  way. 

DF-s  a*d  SFs  are  central  psychological  constructs  or  the  theory.  It  is  postulated  that 
in  manipulating  an  algebraic  expression  the  SF  is  decoded  into  its  associated  DF.  It 
is  Ute  DF*  to  which  transformational  rules  are  applied.  Finally,  the  transformed  DF  is 
encoded  back  into  SF.  As  an  example.  (3x)>  -  f  =  0*  -  >'X3*  +  If)  « 
accounted  for  as  fellows.  The  initial  expression  (3*f  -  y<  is  translated  to  ,ts  DF. 
[[3Mx)E2)S[yE2].  A  "difference  or  squares"  transformation  is  used  to  derive  a  new 
DF.  [[3M*)Sy]M[[3MxjAyj.  Finally  this  DF  is  encoded  into  its  associated  SF. 
(3x  -  yX3x  +  V)- 

Major  components  or  the  linguisuc  theory  are  a  Transformational  Component,  and  a 
Translation  exponent.  The  Transformational  Component  provtdes  a  I.St  °r  the 
transformational  rules  used  in  the  manipulation  or  algebraic  expressions.  (See  K.rshner. 
1986   for  a  discussion  or  the  problems  encountered  in  constructing  the  Transformational 
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Component)  Ii  will  be  necessary  lo  refer  later  to  associate  and  commulattve 
transformations  for  addition  and  multiplication;  to  the  expansion  transformation  used  to 
multiply  together  two  polynomials  of  the  form 

(a  +  b  +  ...  +  cX*  +  y  +  ...  +  i);  and  to  the  arithmetic  transformaUon  which 
replaces  a  binary  combination  of  two  numbers  by  the  appropriate  result 

THE  TRANSLATION  COMPONENT 

The  hypothesis  which  is  the  topic  of  the  present  paper  concerns  (most  directly)  the 
Translation  Component  Four  stages  are  postulated  in  the  translation  between  deep 
and  surface  forms.  For  the  present  purposes,  we  will  consider  translation  from  SF  to 
DF  although,  as  is  clear  from  the  above  discussion,  a  comprehensive  treatment  of 
symbol  manipulation  must  account  for  both  the  encoding  and  decoding  of  SFs.  In 
the  original  formulation  (Kirshner.  1987)  translation  is  directed  from  DF  to  SF,  so  to 
maintain  consistency  with  that  version,  the  stages  here  are  numbered  in  reverse. 


Stage  4  cleans  up  such  details  of  surface  representation  as  the  insertion  of  "'"  into 
square  root  signs,  and  the  replacement  of  parentheses  and  braces  by  brackets.  Stage  3 
inserts  brackets  where  parsing  cues  are  indicated  only  through  physical  artifacts  of  the 
representation  or  operations.  As  an  example.  x2y  becomes  x[2"  because  being  In  the 
exponent  is  a  parsing  cue.  Stage  2  expresses  operations  in  the  capitalized  abbreviated 
notation  of  DF.  Stage  1  effects  the  insertion  or  brackets  according  to  a  conventional 
hierarchy  where  surface  cues  in  Stage  3  have  not  already  dictated  the  parse.  For 
example,  3MxE2  (3x>)  is  parsed  as  3M[xE2]  because  of  the  relative  positions  of 
multiplication  and  exponentiation  in  this  hierarchy.  As  an  illustration  of  the 
Translation  Component  the  SF.  5(1  -  x  +  r)2y,  is  translated  to  its  DF. 
5M[[[lSx]Ar]E(2My]],  as  follows:  5(1  -  x  +  r)2y  -*_>  5[1  -  x  +  r]2y  3  > 
5[1  -  x  +  r][2yl  -^->  5M[lSxAr]Ef2My]  -i->  5M[[[lSx]Ar]E(2My]]. 

The  conventional  hierarachy  of  operations  which  governs  parenthesis  deletion  in  Stage  1 
is  given  by  Schwartzman  (1977): 
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Operation  Hierarchy 

Level  1  operations  are  "A"  (addition)  and  "S"  (subtraction) 
Level  2  operations  are  "M"  (multiplication)  and  "D"  (division) 
Level  3  operations  arc  "E"  (exponentiation)  and  "R"  (radical) 

(In  this  classification.  Level  3  operations  are  said  to  be  higher  than  Level  2  operations 

which  in  turn  are  higher  than  Level  1  operations.) 


The  process  of  parenthesis  insertion  (Stage  1)  entails  repealed  passes  over  the 
expression.  Al  each  step,  tests  are  required  to  choose  the  most  precedent  operation 
from  amonc  those  remaining  for  the  appropriate  insertion  of  brackets.  (Kirshner 
11987]  argues  that  the  syntactic  structure  is  assigned  from  least  precedent  to  most 
precedent  by  humans  engaged  in  symbol  manipulation,  however,  that  hypothesis  is 
irrelevant  to  the  present  concerns.)    These  tests  are  provided  for  in  the  following  rule: 

Syntactic  Rule 

(a)  Parentheses  are  inserted  around  the  subexpression  with  the  highest  level 
operation. 

(b)  If  adjacent  operations  are  of  equal  level,  then  brackets  are  inserted 
about  the  subexpression  on  the  left 

(A  technical  definition  or  adjacency  is  not  provided  here.)     In  the  above  example 

Stage   1   is  accomplished  in  two  steps:   5MflSxAr]E(2My]  >   5M[f lSxAi]E[2My]] 

because     E     is     a     higher     level     opcraUon     than     M     (part     a);  and 

5M[{lSxAr]E[2My]]   >  5M[[[lSx]Ai]E[2My]]  because  S  and  A  are  of  equal  level. 

and  S  is  to  the  left  of  A  (pan  b). 
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TW  HYPOTHESIS 


This  version  or  the  Syntactic  Rule  leads  in  a  straightforward  way  to  the  usual  binary 
parse  of  expressions.  For  example,  x +  y  +  z  is  assigned  the  DF  [xAy)Ai  Due 
to  the  associativity  of  addition.  [xAy]Az  and  xA[yAz]  represent  equivalent  values. 
Thus  it  is  legitimate  to  ask  whether  the  DF  representation  or  x  +  y  +  i  is 
[xAy]Ai  or  xA[yAz].  More  radically,  we  may  question  whether  x  +  y  +  z  receives 
a  binary  parse  at  all.    Perhaps  the  two  additions  are  treated  as  equally  precedent 

For  associative  operations,  addition  and  multiplication,  the  noo- binary  hypothesis  is 
relatively  straightforward.  The  suggestion  of  this  paper,  however,  is  more  Tar- reaching. 
It  is  proposed  that  the  syntactic  rule  which  underlies  the  parsing  operation  for  the 
competent  symbol  user  does  not  assign  a  parse  for  any  expression  whose  operations 
are  of  equal  level.  The  technical  formulation  of  this  hypothesis  is  accomplished  by 
the  simple  deletion  of  part  (b)  or  the  above  Syntactic  Rule. 

This  proposal  is  not  as  problematic  as  might  appear  at  first  glance.     Almost  all  or 

the   non-associative   operations  (division,  exponentiation  and   radical)   have   a  binary 

interpretation  imposed  at  Stage  3  of  translation.     For  example,  concerns  over  the 

intermediate  form  xDyMz  do  not  materialize  since  the  division  operation  would  have 

specified  a  pane  at  SU«e  3.  For  each  or  the  potential  SF  representations  or  xDyMz, 
x  x 

—  and  the  position  or  the  symbols  and  extension  of  the  vinculum  determines  an 
unambiguous  parse  at  Stage  3.  Thus  "xDyMz"  will  have  already  been  assigned  a 
parse  before  arriving  at  Stage  1  or  translation.  Subtraction  is  the  only  non- associative 
operation  for  which  a  binary  interpretation  is  not  imposed  in  SF.  Thus  according  to 
the  present  hypothesis.  xSyAz  would  remain  unparsed  even  though  the  binary 
alternatives.  [xSy]Az  and  xS[yAz]  are  nonequivaleni    This  leads.  Tor  example,  to  the 
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possibility  of  applying  the  commutative  transformation  lor  addition  to  xSyAf,  yielding 
the  noncquivalcnt  DF.  xSzAy. 

Despite  this  serious  drawback,  the  hypothesis  warrants  further  consideration.  A 
difficulty  encountered  in  the  Transformational  Component  of  the  lincutsuc  theory 
concerns  the  representation  of  subtraction/negation.  The  transformation  delineating 
polynomial  multiplication  could  not  be  expressed  in  terms  of  subtracted  terms.  Instead 
it    was    necessary    to    express    subtraction    as    the    sum    of    a    negative  term 

(xSy   >   xA[Ny])  prior  to  applying  the  expansion  transformation.     While  it  is 

unlikely  that  subtraction  is  always  so  represented  (for  example  it  would  be  difficult  to 
ascribe  psychological  validity  to  the  reinterpretation  of  the  "Difference-of-Squarcs" 
transformation  as  the  "Suin-of-a-Squarc-Plus-the-NcgaUon-of-a-Squarc"  transformation), 
it  appears  to  be  impossible  to  operate  upon  subtractions  directly  in  the  context  of 
some  polynomial  transformations. 

Some  data  which  seem  to  inadvertantly  bear  on  this  problem  were  collected  by  the 
author  in  investigating  a  quite  different  question  (Kirshncr,  in  press).  A  sample  of 
137  fourth  year  engineering  students  at  the  University  of  British  Columbia  were  asked 
to  evaluate  each  of  the  following  expressions  for  x=2: 

1)  5x  +  7  =  2)  5x'  =  3)  4(6  +  x)  =  4)  3  +  4x  = 

5)  x>  -  2  =  6)  2«  -  x  +  1  =  7)  3  +  2x'  = 

8)  19  -  4x  +  2  =  9)  3  +  (7x  -  2)  =  10)  5  -  x'  +  1  = 


Such  problems  are  very  simple  for  students  at  this  educational  level.  Indeed  only  14 
students  in  the  sample  did  iwi  score  perfectly  (a  total  of       incorrect  responses  and 
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one  ommiucd  response).     Clearly  t.'.cse  errors  are  a  marginal  phenomena,  however, 

they   are   nol   random.     Twelve  of  the    15   errors  (including   the   missing  response) 

occured  with  the  trinomial  expressions,  #6,  #8  and  #10  (the  lion's  share  going  to 

#8).  In  each  or  these  cases  the  response  given  (ir  any)  was  compatible  wit))  the 
incorrect  parse  of  the  expression;  e.g.  19  -  4x  +  ?  =  19  -  (4x  +  2). 

There  arc  many  explanations  possible  for  these  errors.  I'  could  be  that  unlike  ihcir 
peers  whose  syntactic  representations  are  binary  these  students  construct  a  non-binary 
representation.  (Or  course  it  would  still  remain  to  explain  that  ten  out  or  eleven  or 
these  students  got  two  or  three  similar  questions  correct)  Alternatively,  it  could  be 
thai  subtraction,  which  for  their  peers  is  represented  as  addition  of  a  negative,  for 
these  students  is  just  subtraction.  This,  however,  would  scorn  to  lead  to  the  prediction 
that  these  senior  engineering  undergraduates  would  be  unable  to  correctly  rearrange 
terms  in  simple  polynomials. 

A  third  possibility  docs  not  require  postulating  such  major  deviation  in  the  cognitive 
structures  of  the  erring  students.  QuesUons  #6,  #8.  and  #10  arc  nonstandard 
problems  in  that  usually  only  one  or  none  or  the  terms  in  a  polynomial  is  constant 
It  could  be  that  the  evaluation  or  polynomials  is  governed  by  an  ad  hoc  lcfl-io-righi 
procedure.  The  need  for  iniUal  focussing  on  a  middle  term  (for  substituu'on  purposes) 
embedded  between  two  constants  may  have  been  just  sufficiently  distracting  to  override 
this  ad  hoc  constraint  for  a  small  minority  of  students.  This  explanation  has  the 
advantage  or  leaving  the  syntacu'c  structure  or  expressions  and  the  representation  of 
subiracu'on  homogeneous  for  the  enure  sample,  entailing  only  a  slight  modification  of 
cognitive  structures  to  explain  the  errant  behaviour. 
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This  third  explanation  is  consistent  wiUi  the  hypothesis  of  non-binary  representation. 
A  polynomial  expression  such  as  3x'  -  4x'  -  2x  +  1  is  not  assigned  the  complex 
parse.  l[13(x,)l  -  (-Kx1)]]  -  (2x)l  +  1.  but  the  much  simpler  and  more  flexible 
parse.  [3{x')]  -  [-Kx')]  -  (2x)  +  1.  Ad  hoc  constraints  then  prevent  the  application 
of  transformational  rules  (e.g.  Commutative  and  Arithmetic  transformauons)  in  ways 
which  would  lead  to  errant  results. 

Clearly  this  issue  is  not  finally  resolved  by  the  sketchy  considerations  and  evidence 
presented  above,  however,  a  case  for  the  plausabilily  of  non-binary  representations  has 
been  made.  Besides  recommending  the  issue  for  further  analysis  and  research  this 
report  is  also  intended  lo  bring  into  question  the  automatic  practise  of  assuming  some 
explanatory  link  between  formal  mathematical  models  (in  which  operations  are  binary, 
for  example)  and  psychological  models,  and  to  emphasize  the  need  for  detailed  and 
rgorous  formulations  of  the  latter. 
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THE  STATU5  AND  UNDERSTANDING  OF  GENERALISED  ALGEBRAIC 
STATEMENTS  BY  HIGH  SCHOOL  STUDENTS 

Lesley  Lee,  Concordia  University 


A  brit'f  review  of  the  results  of  the  first  year  of  a  research 
project  looking  at  grade  10  students'  algebraic  concepts  is 
followed  by  a  specific  look  at  their  understanding  of  generalised 
algebraic  statements  Attention  is  focussed  on  the  work  of  one 
student  across  three  problems  The  first  problem  reveals  that 
students  are  fairly  competent  at  producing  generalised  algebraic 
statements  once  a  usable  pattern  has  been  perceived.  A  lack  of 
flexibility  in  pattern  perception  seems  to  be  the  main  stumbling 
block.  In  the  second  problem  we  see  that  once  generalised 
statements  are  produced  most  students  do  not  invest  them  with 
any  meaning  or  see  any  use  for  them  other  than  as  a  condensation 
of  the  problem  statement.  Only  a  minority  of  students  seemed  to 
see  their  use  in  substantiating  a  generalisation.  That  few 
students  use  algebra  or  appreciate  its  role  in  justifying  a  general 
statement  about  numbers,  is  the  conclusion  of  the  third  problem. 

This  paper  focuses  on  one  aspect  of  a  research  project  conducted  by  David 
Wheeler  at  Concordia  University  and  funded  by  the  Social  Sciences  and 
Humanities  Research  Council  of  Canada  in  1986.   Algebraic  Thinking  in 

High  School    Students    Their   Conceptions   of    Generalisation  and 

Justification.  A  full  report  of  the  first  year's  work  is  available. 

A  test  Instrument  of  4  questions  was  administered  to  350  grade  10 
students  in  three  Montreal  schools  at  the  end  of  February.  Each  student 
responded  to  one  question  from  each  of  four  question  groups  involving  a 
bank  of  12  questions  in  all.  Twenty-five  of  the  tested  students  were 
subsequently  interviewed  for  30  minutes  each  while  working  on  similar  or 
the  same  questions  Analysis  of  the  test  results  and  interview  protocols 
supports  the  following  general  conclusions: 

1.  A  majority  of  students  do  not  appreciate  the  implicit  generality  of 
algebraic  statements  involving  variables. 

2.  For  most  students,  numerical  instances  of  generalisation  carry 
more  conviction  than  an  algebraic  demonstration  of  the 
generalisation. 

3.  Many  students  do  not  appreciate  that  a  single  numerical  counter- 
example is  sufficient  to  disprove  a  hypothesised  generalisation 
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4  Students  who  can  competently  handle  the  forms  and  procedures  of 
algebra  rarely  turn  spontaneously  to  algebra  to  solve  a  problem 
even  when  other  methods  are  more  lengthy  and  less  sure 

The  first  two  findings  are  compatible  with  results  obtained  by  other 
researchers  (eg  Bell,  1976,  Fischbein  and  Kedem,  1982),  though  our  data 
is  generally  richer  and  covers  a  greater  variety  of  algebraic  situations 
The  last  two  findings  have  not,  to  our  knowledge,  emerged  so  clearly 
before 

In  a  paper  presented  at  PME-NA  in  Septemper  1986  we  looked  at  students- 
conception  of  justification  in  algebra  as  revealed  through  the  test  and 
interview  performance  of  one  student,  Eve  This  paper  is  in  some  sense  a 
complement  to  that  paper  m  that  we  will  examine  the  other  theme  of  our 
research,  generalisation.with  particular  attention  to  the  work  of  a  second 
student,  Yves  Yves  is  in  many  ways  the  complement  of  Eve  Whereas  Eve's 
work  was  reasonably  typical  of  that  of  the  majority  of  students  tested, 
Yves'  performance  was  quite  unusual  Judged  by  his  regular  teacher  to  be 
one  of  the  weaker  students,  Yves  nevertheless  appears  resourceful  and 
comfortable  with  the  language  of  algebra. 

Students'  ability  to  produce  a  generalised  algebraic  statement  was  tested 
using  a  series  of  problems  involving  generalisation  of  dot  and  number 
patterns  We  will  examine  h&re  the  dot  triangle  problem  which  was  given 
to  8  interview  students 


•  »      »»»  •«•» 

•  «    «  w    *  • 


Suppose  the  above  sequence  of  dot-triangles  is  continued  according  to  tht 
same  rule,  how  many  dots  will  there  he  in  (i)  the  5th  triangle  (n)  tht 
100th  triangle  (nil  the  nth  triangle? 


A  similar  problem  involving  dot-rectangles  was  given  to  176  students  cn 
the  test  and  another  8  interview  students  Although  the  rectangle  pattern 
seemed  to  be  much  easier  for  students,  their  work  there  does  contribute  to 
our  analysis  of  that  done  on  the  dot-triangle. 

Yves,  who  was  given  the  dot-triangle  sequence,  perceived  a  whole  series 
of  patterns  His  first  perception  seemed  to  be  a  diagonal  one.  He  drew  the 
fifth  triangle  from  the  fourth  by  adding  a  diagonal  realizing  that  the 
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number  of  dots  across  the  top  equaled  the  number  in  the  diagonal  as  well 
as  the  number  of  the  triangle  At  the  same  time  he  established  the  number 
pattern  for  the  total  number  of  dots  in  the  first  six  triangles  While 
thinking  about  the  hundredth  triangle  he  established  the  formula 
"x*x-1.  until  x*1"  which  dissatisfied  him  because  "it  takes  a  long  time". 
Asked  about  the  hundredth  triangle  he  wrote  100+99*98* .  1  and  said  he 
thought  there  might  be  a  Key  on  the  calculator  which  would  shorten  the 
work  At  this  point  Yves  switched  to  an  entirely  different  pattern 
perception  He  began  studying  the  dot  triangles  again  and  relating  them  to 
the  total  number  of  dots  in  each  He  began  to  see  a  pattern  in  the  ratio 
(number  of  dots  in  triangle)  -  (number  of  dots  along  side)  "it  seems  to  go 
down  by  5"  He  explained  to  the  interviewer  "I'm  just  trying  to  get  a 
constant"  Very  engrossed  in  calculations  he  suddenly  wrote 
x.((x  0,5)*0,5),  encircled  it  and  declared  "That's  it" 

Looking  more  closely  at  Yves'  shifting  perceptions  of  pattern  here,  we 
might  illustrate  them  as  follows 

1  Diagonal  pattern  each  triangle  is  obtained  from  the  previous  one 

by  adding  a  diagonal  of  n  dots  For  example  the  fifth  is  obtained 

from  the  fourth  by  adding  five  dots       ,  .  . 


2  Equality  pattern  the  number  position  of  each  triangle  in  the 
series  equals  the  number  of  dots  across  the  top  as  well  as  the 
number  of  dots  along  the  side  Yves'  expressed  it  this  way 

"dots  across-  *  of  triangle     dots  down=  *  of  triangle" 

3  Total  number  of  dot  pattern,  students  count  the  numbers  of  dots  in 
the  first  five  or  six  triangles  and  then  proceed  to  establish  the 
general  term  of  the  series  1,  3,  6,  10,  21,  ..  Most  students,  like 
Yves,  arrive  at  the  general  expression  x*(x- 1  )*(x-2) ...  2*  1 . 

4  Linking  two  number  series  here  triangles  are  ignored  and  a 
relationship  is  sought  between  the  two  number  series  (i)  I,  2,  3, 
4,  5, ...  representing  for  Yves  the  number  of  dots  along  the  side  of 
the  triangles  and  (ii)  1,  3,  6,  10,  15, ...  the  total  number  of  dots  in 
the  triangles  Dividing  the  terms  of  the  second  series  by  the  first 
Yves  gets  the  series  1,  1.5,  2,  2.5,  3, ..  which  he  realizes  is  going 
up  by  0.5  Letting  x  represent  any  number  in  the  first  series  and 
focussing  particularly  on  the  fifth  and  sixth  triangles,  Yves 
creates  the  expression  x(0.5)*0.5  which  he  then  multiplies  by  x  to 
get  his  final  response  This  can  be  seen  to  be  another  form  of  the 
formula  for  the  sum  of  the  first  n  natural  numbers. 
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Students  exhibited  many  other  perceptions  of  pattern  here  5ome  were 
more  useful  than  others  in  suggesting  a  formula  The  key  to  success 
however  seemed  to  be  flexibility  of  pattern  perception  such  as  we 
witnessed  in  Yves"  work  Many  students  who  had  a  single  perception  and 
who,  like  Yves,  arrived  at  the  sum  of  the  first  n  natural  numbers  blocked 
there  because  they  were  unable  to  find  a  formula  for  this  Interviewer 
interventions  were  particularly  confusing  to  students  in  these  questions 
because  Interviewers  were  constantly  talking  to  their  own  pattern 
perception  which  in  many  cases  was  not  that  of  the  student  Two 
pedagogical  lessons  can  be  learned  here  Firstly  the  importance  of 
teaching  students  flexibility  in  pattern  perception  and  secondly  the 
importance  as  teachers  of  being  aware  of  our  own  pattern  perceptions  and 
sensitive  to  other  possibilities 

Expressing  the  perceived  pattern  in  algebraic  language  did  not  seem  to  be  a 
major  problem  for  most  students  in  these  problems.  Asked  what  the  n  th 
element  of  the  sequence  would  be,  students  had  no  choice  but  to  produce  an 
algebraic  generalisation  The  main  stumbling  block  in  producing  a 
generalised  algebraic  statement  was  the  ability  to  perceive  a  usable 
pattern  Only  one  other  student  was  able  to  solve  the  dot-triangle  problem 
and  she,  like  Yves,  showed  great  flexibility  in  pattern  perception 

A  second  question,  given  to  116  of  the  test  students  and  9  interview 
students,  involved  both  generalisation  and  justification 

A  girl  multiplies  a  number  by  5  and  then  adds  12.  She  then  subtracts  he/ 
starting  number  and  divides  the  result  by  4  She  notices  that  the  answei 
she  gets  is  J  more  than  the  number  she  started  with  She  says,  7  think 
thai  would  happen,  whatever  number  I  started  with. " 
Is  she  right  ?  Explain  carefully  why  four  answer  is  right. 


This  question  was  dealt  with  in  considerable  detail  in  the  PME-NA  '86 
paper  but  with  the  accent  on  justification  rather  than  generalisation  In 
that  paper  we  looked  particularly  at  the  work  of  Eve  whose  work  was 
typical  of  that  of  a  third  of  the  students  given  this  question.  "As  I  read 
the  problem  I  wrote  down  the  formula  That's  what  I  always  do."  was 
Eve's  explanation  of  the  correct  algebraic  identity  written  directly 
underneath  the  test  question.  The  status  of  Eve's  generalised  algebraic 
statement  became  increasingly  clear  as  the  interview  progressed.  Eve 
used  the  identity  to  set  up  her  first  numeric  example  and  then  abandoned 
it    Successive  examples  were  created  from  the  first  example  and  her 
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conclusion  that  the  girl  wao  not  right  was  based  on  her  four  numeric 
examples  Eves  creation  of  a  generalised  algebraic  statement  seemed  to 
be  automatic  but  entirely  meaningless  for  her 

Yves  did  not  go  into  automatic  algebra  mode  as  Eve  did  and  his  progress 
through  this  problem  was  a  constant  struggle  to  understand  why  the  girl  is 
right  After  trying  the  particular  cases  of  starting  with  3  and  with  6,  he 
said  he  thought  she  was  right  Asked  how  he  knew,  he  referred  to  the  fact 
that  "you  can  always  divide  it  by  4  for  some  reason".  Asked  if  it  would 
work  starting  with  5287,  he  reexamined  his  example  starting  with  6  and 
eventually  said,  "I  guess  whenever  you  times  the  number  by  5  and  subtract 
what  you  timesed  it  by,  and  you  add  12,  it  s  divisible  by  4  ...  Yeah  You 
always  get,  whenever  you,  uh,  multiply  something  by  5  and  you  subtract  by 
what  you  multiplied  it  by,  it's  always  going  to  be  a  multiple  of  4"  Yves 
checked  another  example  "Why  do  you  think  that  is?" 

He  now  quite  spontaneously  generalised  his  observation  and  began  checking 
it  out  "I'm  trying  it  Instead  of  using  5  I'm  using  the  number  below  .  and 
it  works.  Like  if  you  multiply  by  4,  if  you  multiply  any  number  by  4  and 
you  subtract  what  you  multiplied  by,  it's  going  to  be  a  multiple  of  the 
lower  number,  the  one  below  de  3)"  Asked  why,  he  said  "Maybe  it's  just 
the  way  numbers  work",  and  invited  to  establish  the  property  without 
recourse  to  vague  statements  he  wrote  y  x  -  y  -  mult  x- 1 

On  the  evidence  of  this  protocol,  Yves  is  able  to  "see  the  general  in  the 
particular"  and  to  move  confidently  from  particular  examples  to 
generalisations  and  vice-versa  When  asked  if  5287  would  work  as  a 
starting  number,  he  goes  back  to  his  worked  example  of  6  to  find  an 
answer,  and  he  finds  without  prompting  a  generalisation  of  the  structure 
of  5x-x.  Krutetskii  talks  of  "seeing  the  general  in  the  particular"  as  a 
characteristic  marking  off  able  students  from  the  rest 

there  is  another  way,  in  which  able  pupils,  without  comparing 
the  similar'  independently  generalise  mathematical  objects, 
relations  and  operations  on  the  spot',  on  the  basis  of  the 
analysis  of  just  one  phenomenon  They  recognise  every  specific 
problem  at  once  as  the  representative  of  a  class  of  problems  of  a 
single  type.  "  (Krutetskii,  1976) 

It  seems  possible  that  this  method  of  generalisation  is  not  confined  to 
able  students  but  is  paradigmatic  of  everyone's  generalising  style.  This 
point,  however,  is  not  made  in  the  psychological  literature  on 
generalisation  and  may  be  difficult  to  establish 
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The  third  and  final  problem  we  will  examine  here  was  one  of  a  series  of 
three  problems  concerning  the  justification  of  statements  about 
consecutive  numbers. 


The  product  of  two  consecutive  whole  numbers  is  an  even  number 
/s  this  statement  true  ?  Can  you  explain  how  you  know? 


How  does  one  justify  a  general  statement  about  numbers?  Does  algebra 
have  a  role  in  this?  In  a  test  question  where  he  was  asked  to  choose  the 
best  response  to  a  similar  problem  concerning  the  sum  of  consecutive 
numbers  Yves,  like  40%  of  students  chose  an  algebraic  demonstration  over 
a  verbal  one  and  a  justif  ication  based  entirely  on  3  examples 

Given  the  above  problem  Yves  wrote  the  numbers  from  1  to  10  with  the 
product  of  each  consecutive  pair  underneath  and  decided  the  statement 
was  true  He  searched  for  an  explanation  why  and  repeated  the  problem 
statement,  suggesting  that  ".  an  odd  times  I  think  it  cancels  out,  or 
something,  and  the  even  wins"  Later,  "it's  a  law  or  something".  When 
asked  for  "something  more  mathematical"  he  produced  the  algebraic 
expression  x2*x  and  used  it  to  demonstrate  evenness  by  considering  the 
cases  x  odd  and  x  even  separately  He  worked  through  the  case  of  x  even 
and  x  odd  referring  to  x=6  and  x=7  but  in  a  very  different  way  than  most 
students  who  introduced  numeric  examples  Looking  at  his  argument  we 
see  that  the  6  and  7  are  used  more  to  illustrate  than  justify. 

'Every  time  you  square  an  ev  ..  an  odd  number  you  get  an  odd 
square  I  ...  forty-nine.  Whenever  you  add  two  odd  numbers 
together  it's  always  an  even.  (Here  interviewer  says  "That's  too 
fast  for  me")  Okay,  well  x  squared  is  these  sevens  ...  is  forty- 
nine  (Here  he  writes  49*7=56)  . .  If  you  use  an  even  number 
let  me  think.  Five,  no,  I  mean  six  ..  plus  six.  You  get  36  plus  6 
which  is  equal  to  42  5o  it's  always  even."  (Writes  62+6=42) 

When  the  interviewer  asked  "but  how  do  you  know  that's  going  to  work  for 
other  even  numbers?",  Yves  replied "  'Cause  of  the  formula,  it  should." 

Although  Yves  was  slow  to  introduce  algebra  here  he  did  not  seem  to  be 
satisfied  with  his  explanation  until  he  used  the  algebra.  He  was  the  only 
interview  student  who  used  an  algebraic  demonstration  here  On  a  similar 
test  problem  which  asked  students  to  explain  why  the  sum  of  two 
consecutive  numbers  is  always  an  odd  number  and  their  product  even,  only 
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8  of  the  118  students  used  algeDra  in  their  justification  of  the  sum  and 
only  2  of  these  were  able  to  use  it  in  the  case  of  the  product  27  students 
did  express  consecutive  numbers  as  x  and  x*  1  and  showed  they  were  able 
to  write  the  expressions  for  their  sums  and  products  but  the  majority  of 
these  used  their  algebra  either  to  create  examples  by  substituting  values 
for  x  or  to  set  up  equations  and  solve  for  x  de  2x*l=7,  x=3,  x+ 1=4  which 
are  consecutive  numbers)  The  justification  produced  in  the  consecutive 
numbers  questions  appeared  to  be  very  solidly  entrenched  in  number 
examples  and  both  the  algebra  and  to  a  lesser  degree  the  even/odd 
non-algebraic  discussions  were  more  for  the  form  or  peripheral  to  the 
main  work  Yves  was  one  of  a  very  small  number  of  students  who  seemed 
to  appreciate  the  role  of  algebra  in  justifying  a  general  statement  about 
numbers 

Our  look  at  student's  appreciation  of  generalised  algebraic  statements  is 
very  incomplete  and  will  need  to  be  the  object  of  much  more  systematic 
research  We  hope  to  continue  our  research  looking  at  the  influence  of  the 
instructional  context  on  students'  understanding  of  generalisation  in 
algebra  and  undertaking  a  teaching  experiment  to  determine  whether 
students'  understanding  of  generalisation  can  be  improved  by  special 
instruction 

To  date  the  research  literature  has  not  been  extremely  helpful 
Considerable  literature  exists  concerning  the  theme  of  generalisation. 
Some  of  this  literature  concerns  generalisation  as  a  human  activity,  some 
restricts  discussion  to  mathematical  generalisation,  and  some  touches  on 
algebraic  generalisation  All  authors  seem  to  presume  that  everyone 
knows  what  generalisation  is  although  no  two  authors  seem  to  be 
considering  the  same  activity  and  many  lend  to  jump  about  in  the  meaning 
they  give  to  generalisation  within  a  single  discussion.  The  confusion 
surrounding  generalisation  is  compounded  by  a  lack  of  clarity  on  what 
constitutes  algebra  leaving  the  definition  of  algebraic  generalisation 
totally  arbitrary.  For  example,  in  the  Open  University  text  Routes 
to/Roots  of  Algebra  (19B5)  we  read.  "Generality  is  the  lifeblood  of 
mathematics  and  algebra  is  the  language  of  generality"  (p.8)  Later 
however  in  the  same  text  we  read:  "algebraic  language  provides  both  one 
way  (there  are  others)  of  expressing  generality  because  it  is  compact  and 
succinct,  as  well  as  a  tool  for  manipulating  general  expressions  to  reveal 
new  relationships  among  them."  (p.56)  What  is  clear  from  the  literature 
as  well  as  our  own  research  is  that  much  more  work  needs  to  be  done  in 
the  area  of  generalisation  If  it  is  indeed  "the  lifeblood  of  mathematics" 
and  more  particularly  in  the  area  of  algebraic  generalisation  if  algebra  is 
to  become  "the  language  of  generality"  for  our  students. 
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This  paper  includes  a  description  of  a  psycholinguist ic 
perspective  trom  which  we  examine  relationships  among 
language,  cognition,  and  experiential  phenomena,  Language 
influences  both  thought  and  perception  -  this  thesis  is 
followed  through  in  an  explanation  ot  common  syntactical 
misconceptions  in  students'   interpretations  of  algebraic 
structure. 


There  has  been,  over  the  last  two  decades,  an  expanding  body  of  research 
dealing  with  the  learning  of  algebra.     Results  ot  several  recent  studies 
include  the  delineation  of  students'  difficulties  with  algebra  that  are 
associated  with  algebraic  symbolism.     Foe  example,  Matz  (1979)  and 
Chalouh  &  Herscovics  (1983)  have  identified  and  investigated 
misconceptions  about  concatenation  of  numerals  and  literal  variables; 
Kieran  (1984),  among  others,  has  indicated  that  students  sometimes 
perceive  variables  in  algebraic  equations  differently  than  they  do  in 
algebraic  expressions;  Wagner  (1981)  pointed  out  difficulties  some 
students  had  with  changing  the  literal  variable  in  equations  and  has 
also  described  some  of  the  semantic  differences  between  verbal  and 
numeric  variables  (1983);  Wagner,  Rachlin  (■  Jensen  (1984)  and  others' 
have  made  important  contributions  to  the  literature  concerning  students' 
interpretations  of  algebraic  language.     The  variety  of  syntactic  and 
semantic  interpretations  which  students  give  to  algebraic  language 
suggests  that  a  psycholinguistic  perspective  of  these  interpretations 
may  be  helpful  in  elucidating  students'  understanding  ot  algebra. 


Since  the  turn  of  the  century  psycholinguistics  has  developed  into  a 
complex,  eclectic  field  reflecting  a  variety  linguistic  perspectives, 
epistemologies,  and  theories  of  cognition  and  cognitive  development 
(e.g.,  Hormann,   1970).     This  is  not  the  place  for  a  retrospective  of 
the  historical  development  of  psycholinguistics;  however,  a  few  words 
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may  help  to  illuminate  the  genesis  of  the  perspective  taken  in  this 
paper.     [A  more  fully  developed  and  detailed  exposition  ot  a 
psycholinguistic  approach  to  algebra  will  be  found  in  Norman  (in 
preparation) . ] 

In  its  simplest  formulation  the  object  of  psycholinguistics  is  to 
describe  the  processes  of  language  use.     The  work  of  Vygotsky  (1462) 
and  Luria  (1982),  particularly  in  reference  to  the  ontogenesis  of 
language  and  the  role  of  language  in  the  regulation  of  thinking,  has 
significantly  influenced  my  general  approach  to  the  application  of 
psycho)  inguistics  to  algebraic  language.     Additionally,  Whorf  (l'J5h) 
proposed  complementary  hypotheses  of  linguistic  determinism  (language 
determines  the  categories  in  which  we  think)  and  linguistic  relativity 
(different  languages  constrain  the  development  of  relatively  different 
cognitive  categories)  which,  in  a  .nodified  form,  underlie  some  of  the 
assumptions  taken  here.     Although  reaction  to  Whorf s  theses  has  been 
mostly  negative,  a  recently  developed  paradigm,  cognitive  structuralism, 
has  placed  on  a  much  firmer  theoretical  base  investigations  of  the 
related  question,  "What  are  the  conditions  and  constraints  on  the 
influence  of  linguistic  constructs  in  the  shaping  of  thought?".  The 
cognitive  structuralist  perspective,  founded  in  the  work  of  Piaget  and 
Chomsky,  holds,  as  guiding  tenets,  that: 

1)  Cognitive  structures  (separate  from  behavior)  mediate  hetween 
perceived  phenomena  and  our  reactions  (behaviors)  to  those 
perceptions) 

2)  Cognitive  structures  develop  via  interaction  with  external 
phenomena;  and 

3)  Cognitive  structures  are  distinct  from,  but  influenced  and 
elaborated  by,  language  (Bloom,  1981), 

Figure  1  is  a  simplified  schematic  representation  ot  the  cognitive 
structuralist  view  of  the  association.samong  perceived  phenomena  (world), 
the  mediating  function  of  cognitive  structures  (cognition),  and 
language.     The  bidirectional  arrows  represent  cognitive  mechanisms 
(such  as  perception)  and  non-cognitive  processeo  (such  as  sociocultural 
influences)  which  interactively  affect  the  thrpe  constructs  of  world, 
cognition,  and  language. 


ERIC 


353 


-  326  - 


Cop.nit.  inn 


4- 


l.ailRUaRO 


Wo  rift 


KHUIKK  1 


The  diap.ram  does  not  adequate  1 V  retloct  the.  ttvnamical  relationships  and 
interactions  arnonp.  the  trirec  constructs.     lit  particular,  notR  that 
linp.uistic  understandinp.  (and  tlms  its  influence)  is  subject  to 
evolutionary  processes,  and  develops,  it  not  in  parallel,  at  least 
synchronousl y  with  ttie  evolution  of  cop.nition  and  the  world,  continuously 
influencing  and  beinp,  influenced  by  them. 


The  orip.ins  ot  natural  verbal  and  written  lanp.uap.o  are  different  - 
verbal  lanfiuap.e  develops  sympract ical ly ,  primarily  throup.h  social 
interactions,  wliereas  written  lanp.uap.e  cmerp.es  from  special  learninp, 
(Luria,   lyHJ).  Nevertheless,  there  is  a  direct  syntactic  isomorphism 
between  natural  verbal  and  natural  written  lanp,uap,e.     Note  that  1  do  not 
infer  a  semantic  isomorphism,  although  for  the  native  speaker  ot  a 
language  the  natural  association  of  written  lanp.uaRe  witli  its  verbal 
imape  (under  the  syntactic  isomorphism)  is  semantically  rich.     A  prime 
feature  that  distinp.uishes  symbolic  alp.ebraic  lanp.uap.e  from  symbolic 
(i.e.,  written)  natural  lanpuap.e  is  the  evident  tact  that  alp.ebraic 
lanp.uaRe  no  lonp.or  has  a  direct,  coherent  semantic  association  with 
verbal  lanp.uaRe.     Any  exporiontially-based  frames  of  reference  for 
alp.ohraic  lanp.uap.e  are  too  weak  to  supply  students  with  an  adequate 
semantic  support  for  alp.ebraic  understandinp,. 

Mathematical  latiRuapo  is  envisioned  hero  as  a  web  ot  symbolic  dialects- 
ail  arithmetic  dialect,  an  alp.ebraic  dialect,  a  set-theoretic  dialect, 
and  so  on.     Now,  keepinp,  in  mind  the  tenets  of  coRnitive  structuralism, 
wo  consider  some  linp.uistic  influences  on  learners'  construction  of  an 
alp.ebraic  p.rammar  (followinp,  Chomsky).     Two  important  influences  on  the 
construction  of  an  alp.ebraic  p.rammar  are  related  to  the  depth  of 
knowlodp.o  of  natural  lanRiiap.e  and  knowledRe  of  the  arithmetic  dialect. 
Kvidence  from  some  of  the  studios  mentioned  previously  suRp.ests  that 
sometimes  students  attempt  to  p.ain  a  syntactical  understandinp,  of 
alp.ebraic  structure  by  apply! mi    Cotton      inappropriately )  syntactic 
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ruins  from  natural  lanftiBRP  or  arithmetic,    Thus,  both  inter-  and 
lntral ingulstic  mechanisms  arc  involve  \  in  students'  constructions  of 
algebraic  grammar. 

A  simple  illustration  of  the  above  remarks  can  bo  found  in  students' 
misconceptions  involving  concatenation  of  a  numeral  with  a  literal. 
A  student,  say,  who  perceives  the  algebraic  expression  5y  as  an 
integer  in  the  50' s  has  made  an  inappropriate  application  of  legitimate 
arithmetic  rules  of  syntax  in  an  algebraic  situation  (which,  ol  course, 
lias  its  own,  quite  different,  syntactical  structure).    The  example  here 
shows  that  the  arithmetic  dialect  influences  the  perceived  structure 
of  the  algebraic  dialect  (see  diagram  below). 


The  following  example  illustrates  how  the  syntax  of  natural  language 
might  influence  students'  perceptions  oi  algebraic  structure, 
Consider  the  following  two  problems  given  to  a  class  of  elementary 
education  majors  (they  wore  not  presented  consecutively) i 

(1)  Larry  made  two  donations  to  the  World  Wildlife  1'und  totaling 
$60.     One  donation  was  for  V0.     Mow  much  was  the  other? 

(2)  Joan  drove  a  total  of  50  miles  in  one  hour.    On  one  part  of  the 
trip  she  drove  35  miles  per  hour.     How  fast  did  she  drive 
during  the  other? 

Although  the  semantic  content,  especially  the  quantity  structure,  of 
these  two  problems  is  significantly  different,  the  syntactical  structure 
is  identical.     In  each  problem  we  have  "quantity  1  combined  with 
quantity  2  results  in  total  quantity."    The  syntax  appears  to  impose 
an  additive  structure  in  the  transition  to  algebraic  language-  perhaps, 
01  +  ()2  =  T.     In  fact,  H  of  22  students  apparently  found  the  natural 
language  syntax  powerful  enough  to  dominate  botli  the  natural  language 
and  algebraic  semantics  of  the  situation,  and  arrived  at  a  comfortable 
15  miles  per  hour  for  the  second  part  of  Joan's  trip.     Thus,  we  have  a 
clear  example  of  natural  language  syntax  influencing  the  structure  of 
algebraic  syntax. 


arithmetic  syntax 


algebraic  syntax 


natural  language 


algebraic  syntax 


syntax 
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Actually,  it  is  not  too  surpr'.sinc  fiat  students  would  ignore  -  la 
semantic  content  of  the  natural  langu^,     questions  posed  in  th 
previous  example.    After  all,  students  are  encouraged  to  make  ,mch 
translations  whenever  possible  (  the  "whenever  possibl. "  is  tl  often 
overlooked  key).    Percentage  problems  come  to  mind  as  a  class  «f 
statements  which,  when  stated  as  textbooks  usually  do,  are  sy  •  icti.cally 
isomorphic  with  algebraic  language. 

The  powerful  influence  that  both  natural  language  and  arlthrec<.\c 
syntactical  structures  have  on  the  development  of  an  algebraic  syntax 
suggests  that  there  is  a  linguistic  aspect  to  the  cognitive  cbsitacleo 
that  arise  when  a  student  is  experiencing  conflict  among  two  or  more 
frames  of  reference.    Hcrsoovlcs  «.  Chalouh  (1985)  have  described  some 
of  these  obstacles  as  they  emerge  in  the  transition  from  an  artthirotin 
to  an  algebraic  frane  of  reference.     It  is  worthwhile  to  note  here  th;t 
these  researchers  attempted  to  have  their  studer.ts  circumvent  some  of 
the  obstacles  by  linking  the  arithmetic  and  algebraic  structures 
together  via  »  common  geometric  assotiation.     It  may  bo  the  case  that 
the  figural  syntax  of  geometry  is  an  effective  mediator  between 
arithmetic  and  algebraic  language. 

A  third  example  of  how  syntax  has  a  structuring  influence  on  the 
development  of  an  algebraic  grammar  illustrates  more  than  the  previous 
examples  the  evolutionary  nature  of  the  grammar.     In  fact,  this  example 
is  intradialcctical,  almost  self-referential,  because  it  illustrates  a 
syntactical  transition  within  the  algebraic  dialect  itself.  Consider' 
the  introduction  of  functional  notation  (e.g.,  y  =  f(x),  sin(x),  etc.). 
This  new  notation  is  more  subtle  (syntactically)  than  we  might  think 
(I  still  have  calculus  students  who  write  sin(x)/x  =  sin  )  because  the 
symbolism  is  not  new,  but  the  interpretation  is.    Just  when  students 
know  parenthetical  expressions  are  multiplied  (f(x)  means  f.x  and 
f(x  +  h)  =  fx  +  fh  ),  as  are  concatenated  literals  (xxyx3  =  Jx3y  and 
similarly  csc(2)  should  be  2c2s  ),  they  find  out  otherwise!  Whatever 
grammar  the  students  have  when  they  are  first  exposed  to  functional 
notation,  it  must  be  elaborated  in  order  to  accommodate  the  now 
structural  interpretations.     (Note  that  part  of  this  elaboration  will 
include  rules  which  must  take  into  account  mathematical  conventions. 
Conventions  are  essentially  a  product  of  social  interactions,  thus  we 
see  that  a  Vygotskian  perspective  is  relevant.) 
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Figure  2  summarizes  some  of  the  connections  which  have  been  discussed 
so  far.     The  dashed  arrowheads  indicate  directional  influences  that 
have  not  been  discussed  but  which  fall  within  the  constraints  of  the 
psycholinguistic  perspective  used  here. 

An  idea  that  is  reinforced  by  the  three  examples  we  discussed  is  that 
the  development  of  an  algebraic  grammar  is  an  evolutionary  process. 
Apropos  of  syntactics,  such  a  grammar  is  simply  a  theory  of  correct 
syntax  which  is  constantly  undergoing  testing  and  modification  until 
the  theory  becomes  an  adequate  formulation  of  rules  tor  the  construction 
ot  algebraically  grammatical  syntax.     What  has  been  said  so  far  does 
not  even  address  the  more  important  question  of  semantics. 
Semantic  knowledge  of  algebraic  grammar  can  not  be  rule  driven  (as 
syntax  can)  any  more  than  can  semantic  knowledge  of  natural  language. 
But,  as  there  is  no  coherent  link  between  algebra  and  natural  language, 
it  is  difficult  to  see  how  to  provide  an  enriched  semantical  structure. 
The  ideal  situation  would  be  to  find  a  semantically  rich  representation 
system  and  an  isomorphism  which  linked  such  a  system  to  algebra.     A  more 
promising  alternative  would  be  to  model  the  development  of  algebra  after 
the  development  of  verbal  language-  i.e.,  sympractically.     The  impli- 
cations of  such  an  approach  are  exciting  and  could  be  far  reaching. 

CONCLUDING  REMARKS 

This  paper  represents  a  first  response  to  Wheeler  i.  Lee  (lVHO)  who 
suggest  the  importance  of  opening  a  dialogue  concerning  the  roles  that 
various  aspects  of  psychology  might  play  in  investigations  of  algebra. 
I  have  endeavored  here  to  take  a  look,  albeit  through  a  rather  narrow 
lens,    at  a  few  linguistic  influences  on  algebraic  language.     I  suggest 
that  the  field  of  psycholinguistics  holds  great  promise  in  providing 
Us  with  tools  for  examining  and  eventually  understanding  students' 
conceptions  of  algebra. 

357 


-  330  - 


ItKKKKKNCKS 


Bloom,  A.  <  1 ') Kl ) .  The  linp.uistic  shapinp,  ot  tlioii[;lit;  A  study  on  the 
impact  ot  thinkinp,  in  China  ami  the  West.     Hillsdale,  NJ:  l.KA. 

Clialouh,  I.,  f.  Ilerscovics,  N.   (19H3).  The  problem  ot  concatenation  in 

early  alp.ebra.     In  J,C.   Berp.eron  6.  N.  Ilerscovics  (Eds.!, 

I'roocedinp.s  of  the  5th  Annual  Heetinp,  of  PMK-NA,  Vol.  I. 
(pp.   ]1J-llitt).  Montreal. 

Ilerscovics,  N.  (>  Chalouh,  1..  (lynri).  Conf  1  ict inp,  frames  of  reference  in 
the  learninp.  of  alp,ehra.   In  S.   K.   Damarin  f.  M.  Sholton  (Kds.), 
Proceedinp.s  of  the  7th  Annual  Heetinp,  of  I'MK-NA  ( pp.  123-1 31 ) . 
Columbus,  OH. 

Ilorinann,  II.  (  1970).  Psychol  inp,uis  t  ics ;  An  introduction  to  research  and 
theory.     II.  II.  Stern  (Trans.).   New  York!  Sprinp,er-Verlag. 

Kieran,  <'..   (1'JHft),  A  comparison  hetween  novice  and  more-expert  alp.ebra 
students  on  tasks  dealinp,  with  equivalence  ol  equation.  In 
Proceed inp.s  of  the  6th  Annual  Heetinp,  of  PHK-NA  (pp.  H3-H). 
Madison,  Wl. 

l.uria,  A.  K.  (19H2).  Language  and  cop.nition.  J,  V.  Wertsch  (Kri,). 
New  York:  John  Wiley. 

Matz,  H.  (1979).  Towards  a  process  model  for  hip.h  school  alp.ebra  errors. 
Unpublished  workinp,  paper  No.  1H1,  MIT,  Cambridge. 

Norman,  ¥,  A.  (in  preparation).  Implications  of  psycholinp.uistic  theory 
in  mathematics  education.     Workinp,  paper,  University  of  North 
Carolina  at  Charlotte. 

Vyp.otsky,  1..  S.   (l')62).  Thought  and  lanp.uap.o.     K.  Ilanfmatm  f>  (i.  Vakar 
(Trans. ). Cambridge,  MA:  HIT  Press. 

Wagner,  S.   (19H1).  Conservation  of  equation  and  function  under 

transformations  of  variables.  Joural  for  Research  in  Mathematics 
Education,  U,  107-llH. 

Wap.ner,  .5,  (l')Hi).  What  are  those  thinp.s  called  variables. 
Mathematics  Teacher,   76,4  74-4  79. 

Wap.ner,  s.  ,  liachlin,  S.  I,,  (■  Jensen,  It.  J.  (1'lK'i).  Alp.chva  learninp, 

project;  Final  report.  Athens,  CA:  University  of  Ccorp.ia,  Department 
of  Mathematics  Education. 

Wheeler,   I).  ■'.  I.ne,   I,.   (19H<>).   Towards  a  |>sych->lop,V  ol  alr.cbr.i. 

In        I. appan  (.  H.   Kven  (FvK.),   I'roi'erd  inns  ot   ijw  Hrli  Annual  Meet  inp, 
ot   PHK-NA  (pp. 102-1(17).   Kast  Lansinp,  MI. 

Whorf,  II.   I..   iVfih),  l,anr,u.if,f ,   thought,  and  riMluv.     I.  II.  Carroll  (l-.d.) 
Cambridge,  MAj  MIT  Presr:. 


BEST  COPY  AVAILABLE 


-  331  - 


ERROR  PATTERNS  AND  STRATEGIES  IN  ALGKBRAIC  SIMPLIFICATION 
Lionel  Terelra-Mendoza 
Faculty  of  Education 
Memorial  University  of  Newfoundland 


This  study  examines  the  underlying  strategies  utilized  In 
simplifying  algebraic  expressions  and  students'  r^lonali!3 
for  their  processes.  Written  tests  were  given  to  230  grade 
10  students  and  20  of  these  students  were  Individually 
Interviewed  and  asked  to  simplify  expressions  involving  the 
product  of  two  monomials.  An  analysis  of  audio-taped  Interviews 
Indicated  that  students  were  operating  In  two  distinct,  but 
not  disjoint  spaces,  namely  an  algebraic  and  arithmetic 
space,  incorrect  solutions  often  resulted  from  the  application 
of  inappropriate  algorithms  or  principles  within  the  algebraic 
space.  This  was  caused  by  the  Invalid  generalization  of  an 
arithmetic  algorithm  or  principle  to  the  algebraic  space. 
Other  errors  occurred  because  of  the  Incomplete  conceptualization 
of  the  algebraic  space. 

INTRODUCTION 

The  study  of  algebra  constitutes  a  major  component  of  high  school 
mathematics.  The  basis  of  algebra  Is  the  concept  of  a  variable  and  Us 
associated  notations.  Comprehending  the  solution  of  equations,  factori- 
zation, polynomials,  etc..  depends  on  students'  comprehension  of  algebraic 
symbollzation.  Without  this  comprehension,  algebra  will  be  Internalized 
as  a  set  of  disjoint  and  meaningless  rules. 

Matz  (1980)  In  Investigating  the  nature  of  algebraic  error,  indicated 
that  students  try  to  extend  and  adapt  their  arithmetic  knowledge  to 
algebraic  space  and  this  model  has  been  utilized  by  many  researchers  in 
their  attempts  to  analyze  and  discuss  algebraic  errors  (Kleran,  1984; 
Herscovlcs  (,  Chalouh,  1985).  The  question  arises  as  to  the  extent  the 
mathematical  re lationshi p  between  arithmetic  and  algebra  parallels  students' 
perceptlorio. 

Researchers  such  as  Kuchemann  (1981),  Mason  and  Pimm  (1984)  and 
Booth  (1984)  have  Investigated  students'  Interpretations  of  a  variable. 
Their  research  Indicates  that  students  develop  different  Interpretations. 
Furthermore,  many  of  these  interpretations  do  not  appear  to  derive  from 
an  extension  of  arithmetic  space  to  algebraic  space. 
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Other  researchers  such  as  Carry,  Lewis  and  Bernard  (1980),  and 
Perelra-Mendoza  (1984)  found  that  students  do  not  interpret  algebra  as 
generalized  arithmetic. 

As  Byers  and  Erlwanger  (1984)  stated: 
It  Is  well  known  that  traditional  high  school  algebra  consists 
largely  of  repetitive  symbolic  manipulation  and  that,  pe-haps 
of  necessity,  this  characteristic  of  the  subject  persists  to 
the  present  day.     It  Is  equally  well  known  that  by  and  large 
students  do  not  understand  what  they  are  doing,     (pp.  265-6) 
If   one   accepts    the    reality    that   students   do   not    understand  the 
algebraic  manipulations  they  undertake,  then  two  questions  arise:  What 
underlying  rules  do  students  utilize  to  manipulate  algebraic  expressions? 
How  do  they  do  they  Interpret  the  rules? 


Written  tests  were  given  to  approximately  230  Crade  10  students 
randomly  selected  from  various  schools  In  the  Province.  In  the  algebraic 
test  the  students  were  asked  to  simplify  the  product  of  monomials  such  as 


The  types  of  errors  were  categorized  according  to  f.he  pattern  of 
errors.  For  example,  patterns  Involving  the  Incorrect  combining  of 
exponents,  patterns  involving  the  addition  of  coefficients  and  patterns 
Involving  Incorrect  signs  when  multiplying  Integer  coefficients.  A 
subgroup  of  20  students  was  selected  for  ln-depth  interviews.  Those 
Interviewed  Included  both  students  with  Identifiable  error  patterns 
(16  students)  as  well  as  students  who  had  obtained  correct  solutions 
(.4  students).  The  students  were  Individually  Interviewed  by  the  researcher 
and  the  sessions  audio-taped.  The  purpose  of  the  interviews  was  to 
determine  the  rationales  for  the  prucesses  the  students  were  using  to 
simplify  the  expressions.  This  report  presents  part  of  the  results  from 
the  Interviews. 


1.    A  very  common  error  was  simplifying  problems  involving  y.y.  For 
exaraple,   many  students  simplified  3y.4y  as  12y.     There  were  three  main 
rationales  for  this  error: 


SAMPLE  AND  PROCEDURE 


3y3.4y 


5y*.6y^  etc. 


RKSULTS 
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a.     Students  incorrectly  generalize  the  distributive  principle, 
e.g.  Interpreting  3y.4y  as  (3.4)y. 

In  the  Interviews  students  would  make  comments  such  as  "you  take 
out  the  y".  One  particular  student  stated  that  he  was  applying  the 
distributive  principle.  When  asked  to  explain  the  distributive  principle 
most  students  would  resort  to  either  a  general  statement  such  as  It 
means  "taking  out  the  common  term",  or  select  an  arithmetic  or  algebraic 
example  involving  the  dlstributlvity  of  multiplication  over  addition. 
When  asked  to  compare  what  they  had  written  or  said  with  their  solution 

to  the  problem  (which  involved  only  ■amplication),   only  in  two  cases 

did  this  result  in  a  changed  view  (the  students  corrected  their  process). 

In  all  other  cases  they  could  see  no  'difference'  since  all  the  expressions 

have  a  common  term. 

b.     Students  interpret  y  as  meaning  just  y  and  hence  they  conclude  that 
y.y  =  y. 

When  asked  to  explain,  students  would  make  comments  such  as  y.y  Is 
just  y".  When  probed  further  it  was  clear  that  these  students  did  not 
have  any  comprehension  of  a  variable.  In  fact,  students  used  many  of 
the  interpretations  of  a  variable  found  In  the  literature.  The  following 
is  part  of  an  interview  with  Ann  (A)  and  the  Investigator  (1). 

[Ann  wrote  3y.4y  -  12y] 

I:     Can  you  explain  what  you  did? 

A:     3  times  4  is  12  and  y  times  y  is  y 

I:    What  do  you  mean  by  y  times  y  Is  y? 

A:     y  is  just  y 

I:    What  is  y? 

A:     y  is  algebra...  we  use  It  all  the  time.     Sometimes  we  use  x  or 

z...  any  letter  will  do. 

c.     Students  Interpret  .  to  mean  'multiply  everything'  so  they  conclude 

that  3y4.2y5  -  6y20 

Counts   in  the  interviews  tended  to  Include  statements  such  as  . 

means  multiply  so  you  multiply  everything. 

2.  Students  do  not  see  algebra  as  generalized  arithmetic.  Even  students 
who  have  obtained  correct  solutions  were  unable  to  clearly  articulate  the 
relationship  between  arithmetic  and  algebraic  simplification;  for  example, 


3f 
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the  relationship  between  slmpi If ying  3y.y  and  (3. 471). 471.  This  was 
clear  from  a  variety  of  responses. 

a.  Even  when  asked  how  they  might  check  their  answer,   few  students 
suggested   substituting  a   number.      Two   students   who   did   undertake  the 
substitution  concluded  that  "the  answers  were  different  because  one  Is 
algebra   and    the   other   arithmetic."      They    could    see    no  contradiction 
between  obtaining,  12y24  for  3y4.4y6  and  12(371) 10  for  3( 37 1 )4 .4 ( 37 1 )6 

b.  For  those  students  who  did  not  try  a  numerical  substitution  the 
Invest  lgat or  aade  the  suggest  Ion  that  they  check  their  answer  by  subst  1  tut  lng 
a  numerical  value  for  y.  Four  students  asked,  "What  number  should  I 
use?"  On  questioning  they  were  unsure  whether  the  number  used  would 
alter  the  relationship.  The  following  Is  part  of  an  Interview  between 
John  (J)  and  the  Investigator  (I). 

I:  Could  you  try  a  number? 

J:  What  nuaber  should  I  use? 

I:  Does  It  matter? 

J:  I'm  not  sure.     I  could  try  2  or  3... 

I:  Try  then  and  sec  what  happens 

J:  (Student  substitutes) 

It's  not  working ... [Student  checks  work] 

I:  Why  not? 

.1:  Don't  ...Must  have  done  It  wrong...  This  Isn't  algebra... 

c.  Any  substitution  was  a  whole  number.     Even  some  students  who  were 
sure  that  any  whole  number  would  do,  were  uncertain  If  a  decimal  would  work. 

3.  The  following  student  was  of  particular  Interest.  Joanne  solved  all 
the  problem  by  substituting  a  value  for  y.  She  assigned  a  numerical 
value  from  the  outset  and  proceeded  to  solve  the  arithmetic  problem, 
concluding  by  reverting  to  the  corresponding  algebraic  expression  for 
the  solution.  When  asked  to  explain  she  Indicated  that  she  "had  trouble 
with  letters",  but  using  a  number  and  "going  backwards  always  worked." 
Her  explanations  seemed  to  Indicated  that  she  comprehended  that  the 
algebraic  rules  were  the  same  as  the  arithmetic  rules,,  although  she  was 
not  sure  why. 
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DISCUSSION 


Overall,  the  analysis  seemed  to  show  that  students  operate  In  two 
distinct,  but  not  disjoint  spaces,  namely  an  algebraic  and  arithmetic 
space.  Students'  perceptions  of  the  relationships  between  these  spaces 
is  complex,  being  Influenced  by  their  comprehension  of  arithmetic  and 
algebraic  concepts,  principles  and  rules. 

The  surface  explanation  for  many  errors  was  the  misapplication  of  a 
principle,  or  the  Invention  of  an  algebraic  algorithm  for  a  given  situation. 
For  example,    the  misapplication  of  the  distributive  principle  resulted 
in  students'  concluding  that  3y.4y  -   Uy  since  y   Is  a    'com*™  term'. 
Students  invented  a  rule  that  .  meant  multiply  everything,   resulting  In 
students  multiplying  exponents.    Such  surface  explanations  do  not  explain 
the  cognitive  processes  underlying  the  development  of  Invalid  algorithms 
or   the   invalid  generalization   of   principles.      The    underlying  problem 
appears  to  be  a  combination  of  the  perceived  relationship  (or  lack  of  a 
relationship)  between  the  algebraic,  and  arithmetic  spaces,  together  with 
an  Incomplete  conceptualization  of  algebraic  space. 

Students  first  experience  with  number  Is   In  a  physical  situation. 
In  the  development  of  arithmetic  Ideas  It  Is  expected  that  students  will 
progressively  and  slowly  develop  an  abstract   notion  of  number.  Thus, 
arithmetic  algorithms  and  principles  can  be  attached  toabstract  situations, 
because  It  Is  assumed  thai,  students  have  had  the  concrete  experiential  base 
on  which  to  build.     K  parallel  experiential  base  for  learning  algebraic 
manipulation  does  not  exist.    Students  are  expected  to  make  the  connection 
between    arithmetic   space   and    Its   generalized    form    (algebraic  space) 
without  the  appropriate  foundation.     This  results  In  the  development  of 
an   algebraic   space    that    Is    faulty    In    terms    of    Its    structure   and  Is 
incompletely  conceptualized.     Consequently,  when  arithmetic  algorithms, 
principles,    etc..    are  mapped   onto    the  algebraic   space,    the  resulting 
transformed   algorithms,    principles,    etc.    are    Invalid    and    result  In 
Incorrect    solutions.      An   example   would   be    the    attempt    to   apply  the 
distributive  principle  to  the  expression  3y.Ay  obtaining  the  answer  I2y. 
This    is   caused   by   both   an    Incorrect   mapping   of    the    principle   and  a 
miscomprehension  of  the  meaning  of  a  variable.    Thus,  what  on  the  surface 
appears   to  be  a   Invalid  application  of  a  principle   Is,    In  many  cases, 
the   'correct'  application  of  a  principle  In  an  Invalid  situation.  The 
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fault  lies  In  the  application  of  the  principle  to  a  faulty  algebraic 
space,  not  in  the  principle,  per  se.  Similarly,  when  students  generate 
Invalid  algorithms,  the  basis  of  the  error  lies  In  their  view  of  algebraic 


In  conclusion,  It  Is  Important  to  note  that  even  students  who  could 
correct  simplify  the  algebraic  expressions  did  not  have  a  well  developed 
cognitive  basis  for  their  procedures.  Rather,  the  correct  solutions 
often  resulted  from  a  pragmatic  application  of  algorithms.  In  fact, 
when  pushed  to  explain  a  correct  procedure,  one  student  got  snnoyed  and 
finally  Informed  me  that  "It's  the  rule  when  you  have  letters.  Everyone 
knows  that  you  add  the  numbers"  (referring  to  the  adding  of  exponents). 
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UNDERSTAND  INC  SICN  CHANCE  TRANSFORMATIONS 

Ralph  T.  Putnam 
Michigan  State  University 

Sharon  B.  Lesgold,  Lauren  B.  Resnlck,  Susan  C.  Sterrett 
University  of  Pittsburgh 


This  study  examined  students'  understanding  of  sign- 
change  rules  in  elementary  algebra,  with  a  focus  on  their 
Informal,   Intuitive  understanding  of  quantities  In 
situations  and  their  ability  to  link  this  understanding 
to  formal  mathematical  expressions.     Students  from  grades 
5,  7,  and  9  participated  in  an  Interview  in  which  they 
judged  the  equivalence  of  formal  expressions  arid  of  scary 
situations,  matched  expressions  to  situations,  and 
modified  situations  to  fit  expressions.     Students  were 
considerably  more  successful  in  judging  the  equivalence 
of  the  situations  than  of  the  formal  expressions  and  made 
tew  spontaneous  links  between  the  two  domains.  Errors 
made  in  modifying  situations  to  match  expressions 
revealed  difficulties  in  applying  successive 
transformations  and  In  interpreting  expressions  as 
representing  quantities. 


An  important  part  of  learning  elementary  algebra  Is  learning  to 
apply  various  transformations  to  the  symbols  in  algebraic 
expressions  and  equations.     Algebra  derives  its  power  from  the 
representation  of  situations  (such  as  those  described  in  word 
problems)  in  a  formal  language  in  which  manipulations  can  be  made 
independent  of  the  initial  situation.     Much  of  the  elementary 
algebra  curriculum  focuses  on  the  learning  of  the  rules  for 
manipulation  of  this  formal  symbolic  system — rules  for  transforming 
expressions  and  equations.     But  students  often  attempt  to  learn 
these  rules  without  linking  them  to  their  informal,  Intuitive 
understanding  of  mathematics,  reflecting  the  broader  problem  of 
formal  school  mathematics  learning  often  falling  to  build  upon  more 
Informal  quantitative  knowledge  (Clnsburg,   1977;  Resnlck,  in  press). 
Similarly,  current  theories  of  algebra  learning.  (Mat?.,  1983; 
Sleeman,   1984)  account  for  errors  as  deformations  of  symbol 
manipulation  rules;  they  involve  no  representation  of  the  quantities 
or  relationships  among  quantities.     Our  research  examines  students' 
understanding  of  the  manipulations  and  transformations  of  algebra, 
with  a  focus  on  situations  to  which  algebra  expressions  might  refer. 
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In  this  study  we  examined  students'  understanding  ol  a  basic  set 
of  transformational  rules  In  elementary  algebra:     sign-changes  in 
addition  and  subtraction  expressions  with  parentheses  (e.g.,  u-(b+c)= 
a-b-c).        The  focus  was  on  (a)  children's  Informal,  Intuitive 
understanding  of  the  principles  underlying,  the  sign  change  rules, 
(b)  their  formal  knowledge  of  the  rules  applied  to  symbols,  and  (c) 
tlielr  ability  to  link  the  two. 

Because  we  were  interested  In  students'  intuitive  understanding 
of  the  principles  underlying  the  sign-change  rules  before  .is  well  as 
after  instruction  in  algebra,  we  Interviewed  students  In  grades  5,  7, 
and  9.     Our  main  sample  consisted  of  28  students  from  each  grade 
level  in  urban  and  suburban  parochial  schools.     In  addition  we 
Interviewed  8  ninth-grade  students  from  an  accelerated  algebra  class 
and  14  ninth-grade  students  from  slower  paced  algebra  classes.  Each 
student  participated  in  a  three-phase  Interview,  in  which  he  or  she 
judged  the  equivalence  of  story  situations,  judged  the  equivalence 
of  pairs  of  expressions,  and  chose  expressions  that  fit  story 
situat  ions . 


EXPRESSIONS  AND  SITUATIONS  USED 


Two  sets  of  expressions  were  used  In  the  Interviews.     The  first 
set  consisted  of  the  expression  a-(b+c),   Its  correct  transformation, 
a-b-c,  and  its  frequently  made  incorrect  transformation,  a-b+c.  We 
call  this  set  parentheses-plus  because  of  the  plus  sign  inside  the 
parentheses.     The  second  set,  parentheses-minus,  consisted  of  the 
expressions  a-(b-c),  a-b+c,  and  a-b-c.     The  expressions  seen  by 
students  used  numeric  values  In  place  of  the  letters.  Story 
situations  that  can  be  described  by  the  expressions  were  generated 
for  each  set  of  expressions.     The  story  settings  involved  adding  and 
subtracting  money  (In  a  store)  or  combining  and  changing  sets  of 
discrete  objects.     Following  are  two  of  the  story  sets: 

Parentheses-Plus  Situations  In  Discrete  Object  Setting  (Cupcakes) 

1.  David  took  18  cupcakes  to  the  bake  sale.     He  sold  7  chocolate 
ones  and  2  yellow  ones.     (This  story  Is  described  by  18-C7+2)  ) 

2.  David  took  18  cupcakes  to  the  bake  sale.     At  lunch  time  he 
sold  7  chocolate  ones.     After  school  he  sold  2  yellow  ones. 
(This  story  is  described  by  18-7-2) 
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3.  David  took  18  cupcakes  to  the  bake  sale.     He  sold  7  chocolate- 
ones,     ['hen  David's  mother  brought  him  2  more  yellow  cupcakes. 
(This  story  is  desc. ibed  by  18-7+2) 

Parentheses-Minus  Situations  in  Money  Sett  ins  (Kecord  .Store) 


1.  Sally  went  to  the  record  store  with  $14  and  bought  a  record. 
The  record  was  usually  $8  but  was  marked  $3  off.     (This  story 
is  described  by  14-(8-3)  ) 

2.  Sally  went  to  the  record  store  with  $14.     She  bought  a  record 
for  $8.     After  Sally  paid  for  the  record,  she  remembered  she 
had  a  $3  Rift  certificate.     So,  the  clerk  Rave  her  $3  in  cash 
for  it.     (This  story  is  described  by  14-8+3) 

3.  Sally  went  to  the  record  store  with  $14.     She  bought  a  record 
for  $8.     On  her  way  out  Sally  saw  another  record  she  wanted  to 
buy.     She  bought  it  for  $J.     (This  story  is  described  by 
14-8-3)  y 


Each  child  participated  in  a  three-phase  interview.     Phase  1 
assessed  the  student's  Informal,   implicit  understanding  of  the 
principles  underlying  the  sign  change  rules.     The  student  was 
presented  with  each  of  the  sets  of  three  stories,  asked  to  say  which 
stories  were  "about  the  same,"  and  to  justify  the  choice.  Students 
were  generally  quite  successful  in  judging  the  equivalence  of  the 
story  situations  and  justifying  the  equivalence  in  Informal  terms. 
An  adequate  explanation  of  the  Cupcakes  stories  1  and  2  (see  stories 
above)  would  state  that  in  both  stories  David  sold  the  same  number 
of  cupcakes;  it  does  not  matter  whether  he  sold  the  chocolate  and 
yellow  ones  at  the  same  time  or  at  different  times.     The  percentages 
of  students  choosing  the  correct  story  pairs  ranged  from  77%  correct 
for  fifth-graders  to  91%  for  the  ninth-graders.     Percentages  of 
students  who  gave  adequate  explanations  of  the  equivalence  of  the 
various  stories  are  presented  in  Table  1.     As  can  be  seen,  performance 
generally  Improved  over  the  grades.     Students  were  considerably  more 
successful  judging  and  explaining  the  parentheses-plus  situations 
than  the  parentheses-minus  sets. 

Phase  2  assessed  knowledge  of  the  sign  change  rules  applied  to 
formal  expressions  by  having  the  student  judge  the  equivalence  of  six 
pairs  of  expressions  to  which  the  sign  change  transformations  had  been 
correctly  and  Incorrectly  applied  (16-(8+3)  compared  to  16-8+3, 
16+8-3,  and  16-8-3;   ll-(5-2)  compared  to  11-5-2,   11-5+2,  and  11+5-2). 
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Table  1 


Percentages  of  Adequate  Explanations  of  Story  Equivalence 
in  Phase  1 


Parentheses 

-Plus 

Parent'.ieses 

-Minus 

(Iritdc 

Oh  iprts 
(Cupcakes) 

Mo  Yi  i*  y 
(Toys) 

Ob ] ec  t  s 
(Cookies) 

Money 
( Records ) 

Kou 
Mean 

5 

74 

86 

26 

43 

57 

7 

96 

91 

48 

64 

75 

9 

85 

83 

68 

79 

80 

Students  were  much  less  successful  with  these  formal  comparisons 
than  they  had  been  in  Judging  the  situations  in  Phase  1.     Only  2« 
of  the  students  correctly  judged  the  expressions  l6-(8+3)  and  16-8-3 
to  he  equal;  31%  of  students  made  correct  equivalence  judgments  of  the 
expressions  U-(5-2)  and  11-5+2.     Kven  the  ninth-graders,  who  were 
taking  algebra,  did  poorly  in  making  formal  equivalence  judgments. 
Thus,  students'  knowledge  of  the  sign-change  rule  applied  to 
mathematical  expressions  was  weak,  even  after  instruction  in  algebra. 
The  students  did  not  apply  their  informal  knowledge  of  the 
quantitative  relationships  involved  to  the  formal  expression*. 
Further  evidence  of  tills  failure  to  draw  upon  Informal  knowledge  is 
offered  by  the  fact  that  students  were  less  successful  in  correctly 
judging  the  parentheses-plus  expression    pairs  than  the  parentheses- 
minus  pairs— the  opposite  of  the  pattern  found  in  judging  the 
informal  situations.     In  addition,  the  Justifications  students  gave 
for  their  judgments  of  the  formal  expressions  never  involved 
reference  to  the  structurally  equivalent  situations  in  Phase  1. 
Kathor  students  relied  on  eoinputat ion-based  justifications,  surlaee- 
level  comparisons,  or  the  application  (often  incorrect)  of  rules  tor 
operating  on  the  symbols. 

Phase  3  examined  the  student's  abilitv  to  map  the  formal 
expressions  and  the  situations.     The  student  was  presented  with  the 
story  from  each  set  that  was  best  described  by  the  expression  with 
parentheses  (e.g.,  the  first  story  in  each  of  the  act s  presented 
above).     The  student  was  asked  to  choose  from  a  set  of  three 
expressions  the  one  that  best  fit   I  he  story  and  to  explain  why  that 
expression  fit.     Success  on  this  task  paralleled  performance  in 
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Phase  1,  with  approxijnately  70Z  to  90X  of  students  choosing  an 
appropriate  expression  and  502  to  80%  giving  adequate  justifications 
of  why  the  expressions  fit. 

For  the  other  expressions  in  each  set  (the  ones  not  chosen  as 
describing  the  story)  the  student  was  asked  to  modify  the  story  to 
make  it  fit  the  expression.    This  task  produced  an  interesting  array 
of  errors.    Many  of  the  errors  reflected  difficulties  in  conceiving 
of  successive  transformations  to  a  quantity.     For  example,  for  the 
expression  18-7+2,  one  ninth-grader  modified  the  Cupcake  story  as 
follows:    "David  took  18  cupcakes  to  the  bake  sale.    He  sold  7 
chocolate  ones  and,  (pause)  he  didn't  sell  the  yellow  ones."  This 
student  was  unable  to  incorporate  the  second  transformation  (+2) 
appropriately  into  the  story,  resulting  in  its  interpretation  as  a 
state  (number  of  cookies  left  over)  instead  of  a  transformation 
(number  of  cookies  sold,  or  removed,  from  the  start  set). 

The  largest  categories  of  erroneous  modifications  appeared  to  be 
a  result  of  students  treating  expressions  in  a  strictly  linear  and 
localized  fashion,  rather  than  conceiving  of  the  entire  expression 
as  representing  a  quantity.     For  example,  in  a  typical  modification 
of  the  Record  Store  situation  to  fit  the  expression  14-8+3,  one 
ninth-grade  student  said  "Sally  went  to  the  record  (store)  with  $14 
and  bought  a  record;  the  record  was  usually  $8,  but  it  was  marked 
higher;  it  was  raised,  the  price  was  raised  $3."    This  student 
correctly  interpreted  the  +3  as  an  increase  ("it  was  raised"),  but 
applied  the  increase  to  the  wrong  quantity— the  price  of  the  record 
instead  of  the  amount  of  money  Sally  had.     The  student  did  not  seem  . 
able  to  construct  an  adequate  representation  of  the  two  successive 
transformations  in  the  expression.    Errors  like  this  were  made  by 
numerous  students  on  all  of  the  stories  and  expression  types.  They 
had  considerable  difficulty  constructing  appropriate  situations  for 
expressions,  again  reflecting  difficulties  in  linking  the  fdrmal 
symbols  with  the  reference  domains  represented  in  the  situations. 

Even  after  matching  expressions  to  and  modifying  the  situations 
in  Phase  3,  few  students  were  able  to  justify  the  equivalence  of  the 
expressions  in  terms  of  the  stories.     The  potential  power  of  thinking 
of  the  expressions  in  terras  of  the  situational  referents  is,  however, 
illustrated  by  the  students  who  were  successful  in  explaining  the 
equivalence  of  the  expressions  in  terms  of  the  situations.  For 
example,  one  seventh-grader  in  Phase  2  had  declared  the  expressions 
16-(8+3)  and  16-8-3  to  be  not  equal  because  in  the  first  "you're 
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saying  16  minus  8  plus  3"  and  in  the  second  "you're  saying  16  minus 
8  minus  i."    Note  that  the  student  seemed  to  be  ignoring  the 
parentheses,  focusing  only  on  the  fact  that  there  are  different 
operations  in  the  two  expressions.     After  some  false  starts  matching 
expressions  of  the  same  type  to  the  Cupcake  story  in  Phase  I 
(Cupcake  story  1  above),  this  student  correctly  chose  and  justified 
the  expression  18-(7+2)  as  best  fitting  the  story,  and  modified  the 
story  appropriately  for    the  expressions  18-7-2  ("he  sold  7  yellow 
cupcakes  and  the  next  day  he  went  to  another  bake  sale  and  sold  2") 
and  18-7+2  ("He  sold  7  cupcakes  at  the  bake  sale,  and  then  when  he 
got  home,  his  mother  baked  him  2  more.").     When  subsequently  shown 
just  the  three  expressions  (18-(7+2),   18-7-2,  and  18-7+2)  and  asked 
if  any  of  them  "would  come  out  to  be  equal,"  the  student  correctly 
said  that  18-(7+2)  and  18-7-2  would  be  equal  "because  in  each  story 
David  sold  the  same  amount  of  cupcakes  out  of  18,  so  naturally  it's 
going  to  come  out  the  same  answer."    By  mapping  the  symbols  in  the 
expressions  to  quantities  in  the  situations,  it  had  become  obvious 
to  this  student  that  the  two  expressions  are  equivalent.     The  student 
was  thus  able  to  link  the  formal  symbols  to  this  more  intuitive 
knowledge  about  how  quantities  behave  in  situations. 

SIGNIFICANCE 

The  ultimate  goal  of  this  line  of  research  is  to  develop  ways  to 
improve  students'  understanding  of  the  symbolic  manipulations  they 
learn  in  algebra.    We  believe  that  increasing  students*  understanding 
of  the  referential  meaning  of  algebra's  formal  symbol  system 
may  facilitate  the  learning  of  formal  rules  and  the  application  of 
algebra  to  problem  solving  and  learning  more  advanced  mathematics. 
This  study  provides  important  psychological  description  needed  as  a 
base  for  the  development  of  instructional  interventions. 
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PME  XI  ALGEBRA  PAPERS:  A  REPRESENTATIONAL  FRAMEWORK 

James  J.  Kaput 

Department  of  Mathematics,  Southeastern  Massachusetts  University 

and 

Educational  Technology  Center,  Harvard  University 


This  set  of  papers  is  uniformly  excellent  in  depth  of  analysis  and  in  importance  of  issues 
addressed.  These  papers  and  other  recent  developments  in  mathematics  education  research  are 
the  basis  for  real  optimism  in  the  future  of  algebra  learning  and  teaching,  especially  for  long 
term  constructive  improvement  of  the  algebra  curriculum.  Research  is  beginning  to  identify 
specific  reasons  why  algebra  is  so  hard  to  learn  and  what  appropriate  curricular  and 
pedagogical  responses  might  be.  This  is  not  an  easy  task,  because  algebra  is  a  complex 
domain,  both  in  the  structure  and  in  the  multiplicity  of  its  representations. 

This  paper  has  two  parts.  The  first  is  an  attempt  to  draw  curricular  conclusions  from  the  work 
presented.  The  second  develops  and  applies  a  theoretical  framework  to  this  reviewed 
research.  I  will  not  explicitly  cite  other  work  published  by  the  authors  relating  to  the  papers 
under  discussion  despite  the  fact  that  some  of  that  other  work  has  frequently  influenced  what  1 
have  written  here.  Readers  can  find  such  references  in  the  bibliographies  of  the  papers  under 
review. 

A.  SHARED  PERSPECTIVES  ON  CURRICULUM. 

Too  Much  Meaningless  Symbol  Pushing  -  Algebra  Alienation. 

First  of  all,  there  is  choral  unanimity  calling  for  much  less  curricular  emphasis  on 
manipulation  of  algebraic  objects  in  the  absence  of  meanings  for  those  objects  and  the  actions 
on  them.  This  unanimity  extends  far  beyond  the  researchers  represented  here  -  virtually 
everyone  who  has  given  a  critical  look  at  the  standard  algebra  curriculum  criticizes  it  on  these 
grounds. 

This  Rtnerienced  mcaning1e?.sness  of  school  mathematics  is  at  the  heart  of  the  attendant  and 
devastating  problems  of  lack  of  motivation  and  inability  to  apply  mathematics  as  a  tool  of 
personal  insight  and  problem  solving.  Further,  this  core  problem  of  school  mathematics 
alienation  is  compounded  by  the  inherent  difficulties  in  dealing  with  a  formal  symbol  system 
isolated  from  other  knowledge  that  might  provide  informative  feedback  regarding  the 
appropriateness  of  actions  taken  or  a  cognitivcly  stabilizing  context  for  those  actions. 

The  traditional  cjjrticujax  response  to  student  difficulty  with  maneuvering  ^"^'V"'5"'^0". 
is  to  sequence  small  pieces  of  activity  carefully  organized  by  syntactical  features  of  the  symbol 
system  and  to  isolate  this  activity  from  the  messincss  of  "applications  and  wider 
interpretations.  The  standard  pedjigagkal  response  is  to  schedule  ever  more  practiccwith 
sucTsymbol  maneuvering.  Ont^deTf  educational  research  resist,  feeding  from  recent 
skill  acquisition  work  in  cognitive  science,  is  to  parse  the  structure  of  such  symbol 
manipulation  skill  learning  and  application  in  order  to  ^ JW^|^»" A 
happy  to  note  that  none  of  the  research  in  this  collection  of  papers  is  of  this  genre.)  A  recent 
tecZolQEical  response  is  to  accept  the  "isolationist"  approach,  but  to  augment  the  skill 
lcarningcnviron.nent  with  additional  features  to  enrich  the  experience  of 
manipulation,  by  providing  "history  windows,"  explic  t  represen *«™  *  ^^a«",n 
reasoning  paths,  "inspectablc  experts,"  etc.,  or  to  add  "intelligent  advice  on  how  to 
manipulate  symbols  in  isolation  of  wider  meanings. 
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llic  response  on  the  part  of  the  students  has  been  highly  adaptive  -  to  use  ever  more 
superficial  learning  strategy,  resulting  in  even  more  alicnauon.  which  in  turn  feedl  the 
responses  already  hsted.  It  s  too  early  to  know  the  effect  of  the  Ends  of  technical 

ffiSri  T hCf  My  ***  f0,T  brcaking  ,be  fecdback  cVclc  intelligent  use  of 

nfoanauon  technology  (not  necessarily  "artificial  intelligence"  based,  however)  thft  respects 

^   7f  "S^Ti  '"i*™  *s  scns«-n»Wn8  creatures  and  that  capitalizes  on  student 

,h3t  h\vc  tecn  d=vel°Ped  <>"^e  the  mathematics  classroom.  Apart  from 
the  technology,  it  appears  that  most  of  the  authors  reviewed  here  would  agree  with  this  view. 

Integrate  Arithmetic  and  Algebra  -  But  It  Won't  Be  Easy. 

Here  the  consensus  is  not  as  plain,  and  is  much  more  implicit.  Several  papers  (Booker's 
especially  and  Lee's  by  implication)  call  for  a  better  integration  of  the  ariffic  Sgebra 
nTirj6™  1^  d'm?ulu«studenls  «T in  **  of  meanings  for  operates  £d 

tS£?^ly  Sl5?,.r°r  cxamPlc>  «*       "wve  from  arithmetic  to  algebra  (sec  alsoKaput, 
1979).  After  all,  if  one  interprettuon  of  the  symbols  is  learned  for  years  before  an  abrupt 
f^l.  to»TOther  "notation,  trouble  is  the  only  possibility.  But  looking  more  closely  at 
the  key  ideas  in  algebra,  those  of  variable,  function,  and  conditional  equality,  it  is  not  clear 
"^yJlSi*     ,nte8«tion  should  be  organized.  For  example,  should  variable  frames  be 
introduced  in  say  grades  3  and  4,  followed  in  grades  5  and  6  by  variables  denoted  by  letters 
-  as  successfully  done  by  the  Japanese  (Miwa,  in  press)?  And  if  so.  how?  Should  they  be 
used  consistently  for  writing  arithmetic  sentences,  especially  in  modeling  situations?  ("Minnie 
has  some  marbles  before  losing  4  to  Zeke,  leaving  her  with  5  marbles.  How  many  did  she 
have  at  the  beginning?"  Model  this  as  -  4  -  5,  where  the  goal  is  to  put  a  number  in  the 
box  that  makes  the  equation  true.)  Gallardo  and  Rojano  show  that  the  transition  from 
trames  to  literals  is  not  trivial  -  simple  replacement  of  frames  by  literals  is  not  sufficient. 
Moreover,  Putnam  and  colleagues  show  that  using  natural  language  based  story  contexts  to 
model  the  syntax  of  sign  changes  requires  special  care  to  establish  the  mapping  model.  And 
Booth  and  Filloy  show  that  the  use  of  concrete  models,  especially  those  which  inherently 
freeze  variable :  values  (see  below),  can  hobble  student  conceptions  of  equation.  So  early 
introduction  of  algebra  is  not  easy. 

B.  A  THEORETICAL  FRAME  OF  REFERENCE. 

We  need  a  set  of  languages  -  representations  -  with  which  to  communicate  and  think  about  the 
languages  of  algebra.  Given  the  widespread  interest  developing  in  algebra  research,  and  the 
variegated  phenomena  being  uncovered,  this  need  is  more  urgent  than  ever.  Natural  language 
has  normally  been  the  primary  language  for  this  purpose,  but  for  the  same  reasons  that,  any 
substantial  research  domain  requires  specialized  representations  that  go  beyond  standard 
useage  in  everyday  discourse,  algebra  inquiry  needs  them.  The  aims  of  a  comprehensive 
language  and  theoretical  framework  arc  threefold: 

1.  to  provide  means  for  describing  the  web  of  related  languages  that  constitute  the  languages 
of  algebra  (expressions,  equations,  coordinate  graphs,  tables  of  data,  hybrid 
constructions  involving  natural  language  fragments,  etc.),  thereby,  in  support  of 
Norman's  main  point: 

2.  to  complement  with  a  linguistically/representationally  oriented  language  the  traditional 
cognitively  oriented  language  used  to  describe  student  algebra  learning  and  application 
phenomena,  and 

3.  to  provide  means  for  discussing  and  evaluating  the  characteristics  of  new  or  potential 
algebra  learning  and  algebra  application  environments,  including  environments  with 
cybernetic  support  features. 

Four  Sources  of  Meaning  in  Mathematics. 

Mathematics  learning  can  be  regarded  as  meaning-building.  Although  the  idea  of 
representation  system  will  be  illustrated  more  concretely  later,  you  may  assume  such  systems 


ERIC 


374 


-  3*t7  - 

include  the  familiar  representation  systems  of  coordinate  graphs,  algebraic  equations,  and  so 
on,  as  well  as  the  non-mathematical  representation  systems  of  natural  language  and  pictures. 
In  these  terms  we  assert  that  mathematical  meaning  can  be  established  in  at  least  four  ways: 

1.  By  transformations  within  a  particular  representation  system  without  reference  to  another 
representation,  (these  referentially  isolated  transformations  currently  dominate  tlie 
curriculum  and  lead  to  the  difficulties  described  by  Pcreira-Mendoza  ), 

2.  By  translations  across  mathematical  representation  systems,  say  A-->B  and,  most 
importantly, 

3.  By  translations  between  mathematical  and  non-mathematical  representations  (such  as 
natural  language,  visual  images,  etc.) 

Repeated  experience  with  the  above  three  sources  leads  to  a  derivative,  but  essential, 
fourth  source  of  longer  term  meaning  growth  that  occurs  all  across  mathematics: 

4.  The  consolidation  and  reification  of  actions,  procedures  and  concepts  into 
phcnomenological  objects  which  can  then  serve  as  the  basis  of  new  actions,  procedures 
and  concepts  at  a  higher  level  of  organization.  (The  process  by  which  this  is  achieved  is 
sometimes  called  "reflective  abstraction.") 

To  describe  adequately  tlte  establishing  of  mathematical  meanings,  one  must  necessarily  be  able 
to  describe  in  a  systematic  way  the  structural  features  of  the  representations  involved  and, 
especially,  how  the  features  interact  with  one  another,  since  dealing  with  their  differences  is 
what  translation  is  all  about. 

An  important  consequence  of  this  primarily  referential  theory  of  meaning  is  that  we  do  not 
assume  the  existence  of  absolute  meanings,  or  absolute  sources  of  meaning.  Rather,  meanings 
are  developed  within  or  relative  to  particular  representations.  Thus,  for  example,  there  is  no 
absolute  meaning  for  the  mathematical  word  "function"  (Platonic  or  otherwise),  but  rather  a 
whole  web  of  meanings  built  out  of  the  many  representations  of  functions  and  correspondences 
among  them  that  we  have  available.  Some  of  these  are  inherently  procedural  (function  as  a 
transformer  of  numbers)  and  some  relational  (function  as  a  relation  between  numbers).  And 
each  of  these  families  of  meanings  has  its  more  congenial  representations,  e.g.,  the  "f(x)=..." 
as  procedural  and  the  "y=..."  as  relational. 

"  Mathematical  Representation"  Unpacked. 

1  find  very  helpful  an  unpacking  strategy  that  explicitly  acknowledges  the  representational 
aspects  of  mathematics  and  hence  separates  the  representing  entity  from  the  represented  entity. 
A  starting  point  is  provided  by  the  figure  below,  intended  to  provide  a  general  and  systematic 
frame  for  describing  representational  acts.  DPI  to  provide  some  grand  formal  theory.  Later, 
such  systematic  descriptions  might  serve  to  explain  regularities  in  the  representational  acts 
observed.  To  help  understand  this  point  of  view  we  must  distinguish: 

•  the  notion  of  mental  representation  as  the  means  by  which  an  individual  organizes  and 
manages  the  flow  of  experience  -  the  upper  half  of  the  figure  -  and 

•  the  notion  of  representation  system  as  a  materially  realizable  cultural  or  linguistic  artifact 
shared  by  a  cultural  or  language  community. 

"Materially  realized"  symbols  are  physical  instantiations  produced  by  pen  on  paper,  or 
keystroke  on  computer  screen,  etc.  -  the  lower  half  of  the  figure  below.  Representation. 
fy^nff  whPn  jejunal  are  used  bv  individuals  IP  structure  the  creation  awl  elaboration  of 
rffir  own  mental  representations.  It  is  useful  to  think  of  mathematical  representation  systems 
as  functionally  corresponding  to  the  grammatical  structures  of  natural  language  -  they  are  the 
conventionally  defined  organizers  of  the  "content"  we  wish  to  express.  A  central  goa  of 
alnebra  research  is  to  determine  how  those  representational  forms  are  earned  and  applied  by 
individuals  to  produce  useful  mental  representations  -  in  the  figure  below,  how  the  vertical 
arrow  cmnes  to  be.  This  picture  is  intended  to  depict  the  major  ingredients  in  representauonal 
acts  involving  two  representations,  allowing  for  the  possibility  that  each  might  be  used  to 
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represent  the  other. 


COGNrnmXEPRESENTA  HONS 
(Hypothetical  Entities)  /\  (signified) 


(Observoble  Entitles)  \j,  (Signifier) 


EXTERNAL  REPRESENTATIONS 


1  Icrc  H  and  B  can  be  any  representations  whatever,  mathematical  or  non-mathematical,  and 
the  media  in  whi;:',i  they  are  instantiated  can  likewise  be  virtually  anything,  paper-pencil, 
physical  apparatus  (e.g.,  a  balance  scale),  a  computer  screen,  sound,  etc.  The  horizontal 
correspondence  is  not  assumed  to  have  a  particular  direction  until  a  particular  representational 
act  is  specified  -  then  we  assume  that  the  arrow  "points  to"  the  the  thing  represented.  Note 
that  some,  in  the  Piagctian  tradition,  refer  to  the  top  part  of  the  diagram  as  the  "signified"  and 
ti  c  bottom  as  the  "signifier"  (Vergnaud,  1987).  We  would  all  agree  that  the  constituents  of 
the  top  arc  purely  hypothetical.  A  very  similar  diagram  applies  when,  say  B.  is  not  a 
representation  system,  but  rather  is  a  thing  or  situation  being  represented  by  H  -  so  the 
horizontal  arrow  at  the  bottom  of  the  diagram  points  from  left  to  right,  from  H  to  B  (although 
the  cognitive  version  may  be  bidirectional).  Finally,  it  is  often  the  case  that  B  in  turn  is 
representing  yet  something  else,  in  which  case  we  introduce  C,  and  so  on. 

To  help  clarify  things,  consider  the  following  simple  example  involving  two  familiar 
mathematical  representations:  H  is  an  alphanumeric  representation  of  a  function,  B  is  its 
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coordinate  graphic  representation,  and  the  correspondence  is  the  usual  one.  It  may  be  the 
case,  as  with  sonic  software  environments  that  we  are  familiar  with,  that  one  can  perform 
transformations  of  the  algebraic  representation  of  a  function  and  such  transformations  rjc 
reflected  by  corresponding  transformations  of  its  graph.  This  fact  that  we  frequently  use 
representations  in  order  to  act  on  them  is  reflected  in  the  existence  of  the  transformational 
arrows  in  the  picture.  Others  sometimes  refer  to  the  transformed  representation  as  a  "new 
representation,"  as  when  one  rewrites  a  function  in  more  convenient  form  to  emphasize  a 
particular  feature  in  the  context  of  problem  solving.  In  this  case  we  would  refer  to  the  new 
representation  as  a  transformed  version  of  the  old  in  order  to  emphasize  that  the 
transformation  took  place  wilhin  a  particular  representation  system  and  did  not  involve  a 
translation  across  systems.  (Of  course,  one  might  then  attempt  to  interpret  -  i.e.,  translate  - 
the  newly  emphasized  feature  in  another  representation  system.) 

It  is  clear  that  while  some  features  of  representations  correspond  to  each  other,  the 
correspondence  is  generally  imperfect,  with  features  of  one  not  related  to  features  of  the  other 
and  vice-versa,  with  several  features  of  one  perhaps  collapsed  into  a  single  feature  of  another, 
etc.  Furthermore,  the  correspondence  itself  may  be  understood  (i.e.,  cognitively  represented) 
imperfectly.  (There  are  some  subtle  philosophical  points  we  choose  to  ignore  in  this  paper. 
See  Kaput,  1987,  and  in  press-b,  for  details.) 

Applying  the  Theoretical  Framework:  An  Attempt  at  Synthesis. 

We  begin  by  analyzing  Kirshner's  ideas  because  we  will  then  be  in  a  position  to  understand  a 
few  of  the  other  papers  as  well. 


Kirshner: 

Kirshner's  work,  as  only  partly  revealed  in  the  paper  under  review,  provides  a  penetrating 
analysis  of  how  the  alphanumeric  algebra  symbol  system  is  understood  and  applied, 
especially  via  the  relation  between  the  spatially  organized  features,  the  surface  structure,  and 
the  "deep  structure"  that  they  are  presumed  to  represent  In  the  framework  offered  above,  fl 
is  the  surface  structure  -  the  symbols  that  we  see  and  respond  to.  We  are  cued  by  these  to 
form  (through  the  acts  of  identification  and  parsing)  a  cognitive  representation  of  the  symbol 
strings  that  we  see.  Kirshner  posits  ths  existence  of  a  deep  structure  of  such  symbol  strings, 
which  we  put  in  the  role  of  B.  Here  B  may  or  may  not  be  representing  anything  else,  so  irmy 
or  may  not  be  serving  as  a  representation  system  itself.  Knowledge  of  the  syntax  of  algebra 
then  amounts  to  possessing  a  reliable  and  flexible  cognitive  version  of  B  that  is  well 
coordinated  with  one's  cognitive  version  of  B.  The  correspondence,  from  H  to  B,  is 
describable  in  terms  of  the  translation  rules  that  he  offers.  Much  of  what  he  says  about :  te 
psychological  reality  of  deep  structure  and  the  translation  rules  is  therefore  about  the  reality  ot 
the  cognitive  version  of  the  explicit  translation  rules  and  the 
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appropriateness  of  characterizing  such  translations  in  psychologic  al  r^^a"  fftcdly  with 
mathematical  terms  (e.g..  field  properties)  or  other  formal  terms.  I  agt^e  wholeheartedly  wun 
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their  native  language  that  wuy). 

An  important  consequence  of  accenting  Kirshner's  "parsing"  of  algebra  symbol  use  acts  is  the 
need  to  interpose  the  above  two-pan  diagram  whenever  wc  talk  of  a  person  using  the  algebra 
symbol  system  to  represent  anything:  It  is  not  R  that  is  doing  the  representing,  but  rather  its 
deep  structure  B,  which,  by  the  way,  U  not  to  be  identified  with  Kirshner's  particular 
representation  of  it.  His  is  a  fresh  and  enlightening  perspective  that  may  deserve  application 
beyond  the  symbol  system  to  which  it  has  been  applied. 

Pereira-Mentioza: 

This  paper  provides  some  nice  examples  of  student  transformation  rules  based  on  surface 
structure  which  arc  independent  of  deep  structure  -  students  operating  on  R  using  ils  cognitive 
representation  only.  After  all.  the  spatial  regularities  apparent  in  symbol-string  behavior, 
especially  if  based  on  limited  experience,  can  be  codified  in  ways  other  than  those  dictated  by 
the  conventional  rules.  And  if  we  are  to  believe  Lee's  work  that  the  status  of  algebraic 
formulas  as  generalizations  of  arithmetic  patterns  is  not  established  in  many  students'  minds, 
then  the  rules  arc  not  constrained  by  those  students'  arithmetic  knowledge.  Hence  it  is 
entirely  reasonable  that  they  will  be  assimilated  into  whatever  meager  spatially-oriented 
patterns  that  are  available  from  their  limited  experience,  in  particular,  the  fact  that  they  are 
willing  to  replace  3y4y  by  1 2y  is  an  easy  superposition  of  (a)  (3+4)-y»7y  with  (b) 

yry*y   understood  as  the  rule  that  allows  you  to  replace  two  appearances  of  jj  by  a  single 
one.  Note  that  while  the  reason  given  for  the  first  statement  is  the  "distributive  law,"  this 
"law"  has  a  perfectly  consistent  surface  structure  interpretation  as  "add  the  numbers  and  take 
out  one  y ."  Hence  a  student  who  provides  the  distributive  law  as  a  reason  for  (a)  above  is 
quite  likely  to  be  thinking  "multiply  the  numbers  and  take  out  one  y ."  Moreover,  if  y  is 
merely  a  character  (which  might  be  "modified"  by  a  numerical  coefficient-adjective)  then 
again,  spatially-based  surface  structure  rules  can  easily  account  for  replacing  y  'y  by  y. 

The  key  to  understanding  all  these  sorts  of  referentially  isolated  transformation  rule 
phenomena  is  to  regwd  them  as  surface  structure  rules  generated  out  of  the  immediate 
character-string  experience  combined  with  some  natural  language  patterns  and  perhaps  some 
arithmetic  experience  (although  not  formal  generalizations  of  arithmetic  rules).  The  students 
arc  being  perfectly  reasonable  in  the  limited  symbol  system  context  that  they  are  being  asked 
to  perform  in.  A  good  question:  How  to  engender  the  usual  deep  structure  rules  that  are  at  the 
heart  of  algebraic  syntax?  My  suggested  answer  is  first  to  put  the  student  in  the  position  of 
using  the  algebraic  statements  to  represent  something  that  already  has  an  established  cognitive 
referent  -  either  a  numerical  pattern  or  some  phenomenon  that,  in  a  well-understood  way, 
gives  rise  to  a  numerical  pattern.  Thtn  transform  the  thing  being  represented  in  such  a  way 
that  a  transformation  of  the  algebraic  representation  is  required  to  maintain  the 
correspondence.  This  brings  us  to  the  next  paper. 

Putnam,  Lesgold,  Resnick,  &  Sterrett: 

Typical  acts  of  algebraic  modeling  start  with  B  as  a  natural  language,  textual  representation  of 
some  situation  C  embodying  some  quantifiable  relationships.  The  goal  is  to  construct  some 
algebraic  representation  R  of  that  situation,  and  perhaps  to  use  that  representation  to  reason 
about  C.  This  particular  paper  illustrates  clearly  that  connecting  and  coordinating  the 
cognitions  associated  with  each  of  these  representations  is  not  an  easy  task.  The  research 
examines  linkages  between  student  understanding  of  arithmetic  sign  change  transformation 

rules  (applied  to  R)  and  their  understanding  of  situations  and  transformations  of  those 
situations  (C)  as  represented  in  text  B.  Here  we  must  distinguish  between  procedure 
representing  objects,  i.e.,  a  phrase  such  as  "16-(8+3)"  (which  represents  a  procedure 
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embodied  in  some  story  situation  -  selling  cupcakes  or  buying  records)  and  a  transformation 
of  one  such  object  into  another:  either  into  an  equivalent  object  such  as  "16-8-3"  or  into  a 
nonequivalent  object  such  as  "16-8+3."  The  difference  is  confusing  for  students  because 
equivalent  objects  can  be  linked  to  distinct  story  situations  C  -  just  as  nonequivalent  objects 
could  be  linked  to  distinct  situations.  (See  Kaput,  in  press-a,  for  more  detail  on  the 
distinctions  between  display  representations,  procedure  representing  objects,  and  action 
representations.) 

(build  cognitive 
representation) 


Formelism 


Text 


Situation 
(not  provided) 


The  researchers  found  that  students  had  considerable  difficulty  linking  transformations  across 
the  representations  in  such  a  way  that  could  apply  reasoning  about  the  equivalence  of 
situations  to  reasoning  about  the  formalisms.  An  interesting  issue  is  the  extent  that  the  natural 
language  cues  served  to  identify  differences  in  stories.  It  seemed  to  me  that  often  these  cues 
are  rathci  subtle,  hence  provide  relatively  weak  features  to  distinguish  the  formalisms  (see,  for 
example,  the  first  two  cupcake  stories  -  denoting  slightly  different  action-situations  with 
equivalent,  but  semantically  distinct  formal  representations). 

Norman: 

1  believe  the  discussion  in  Norman's  paper  relating  to  semantics  and  syntax  can  be  fruitfully 
cast  in  the  terms  of  representation  systems  as  indicated  in  our  first  Figure.  The  semantics  of 
representation  R  are  to  be  found  in  a  reference  field  for  R,  say,B  -  which  means,  for  us,  that 
referential  semantics  is  relative:  There  is  no  absolute  semantics  for  R.  The  syntax  of  R 
consists  of  the  rules  that  identify  and  define  equivalence  of  its  objects  and  its  allowable 
transformations.  (For  more  on  semantic  equivalence,  see  Kaput,  1987,  and  in  press-a.) 
Some  of  Norman's  comments  on  the  special  role  of  natural  language  in  interpreting  algebraic 
statements  find  even  stronger  illustration  in  the  "Student-Professor  Problem  phenomena 
e.g.,  (Clement,  1982;  Kaput  &  Sims-Knight,  1983).  As  noted  above,  the  whole  approach 
here  is  in  line  with  Norman's  call  for  a  psycholinguistic  approach  to  algebra  research. 

Booth  and  Filloy: 

In  Booth's  paper  R  is  the  representation  system  of  single  variable  linear  equations  and  B  is  the 
system  of  ideographs  of  balance  scales,  with  parallel  transformation  rules  defined  for  each. 
Here  B  is  assumed  to  represent  imaginary,  or  at  least  invisible,  balance  scales  C  which  are 
further  assumed  to  have  readily  available  cognitive  referents  C^g  which  are  assumed  rich 
enough  to  guide  and  constrain  actions  on  B,  which  in  turn  do  the  same  for  R. 

As  Booth  points  out,  a  critical  matter  in  the  design  of  learning  sHuto  based  o  n  linking^  o 
or  more  representations  is  how  the  features  match  up.  and  how  the  centra  rieas  -  in  this  case 
variable  and  equivalence  -  are  represented.  A  box  icon  in  the  paper-pencil  medium 
representing  2  JJtetox  containing  an  unknown  number  of  apples  docs  not  represent  a  true 
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variable,  but  rather  a  letter  standing  for  a  single,  unknown  number  (sec  below).  And  if  that 
unknown  is  represented  as  an  object  (a  box),  then  the  translation  process,  governed  by  the 
reference  patterns  of  natural  language,  yields  lettcr-as-label  rather  than  letter  as  variable.  And 
how  are  equivalence  and  transformations  (e.g.,  inverse  operations)  represented?  For 
example,  if  a  balance  scale  is  the  initial  model  for  equivalence,  then  the  process  of 
transformation  to  maintain  equivalence  is  likely  to  be  stricdy  additive,  as  was  observed,  rather 
than  multiplicative  -  because  the  underlying  metaphor  for  balancing  a  scale  is  additive. 

Filloy  and  Booth  (as  well  as  Booker)  emphatically  point  out  the  potential  weakness  in 
using  concrete  models  to  represent  algebraic  statements,  including  conditional  equality, 
because  of  the  inherent  particularity  of  such  models  -  a  particularity  which  runs  entirely 
opposite  to  the  inherent  generality  and  abstractness  of  algebraic  statements.  Here  is  a  very 
important  place  where  cybernetic  models  can  capture  the  concrcteness  that  enables  the  student 
to  use  existing  cognitive  structures  without  being  frozen  into  particular  values  of  variables. 
But  perhaps  even  more  importantly,  such  computer-based  models  can  serve  not  only  as 
display  representations,  but  also  as  action  representations  (Kaput,  in  press-a)  that  support 
easy  transformations.  A  fundamental  issue  is  the  role  of  the  medium  tn  which  models  arc 
embedded  and  the  ability  of  that  medium  to  carry  an  idea  such  as  variable.  Static  and  dynamic 
media  differ  greatly  in  their  ability  to  support  the  learning  of  this  central  notion.  Indeed,  I  feel 
that  one  of  the  reasons  that  the  idea  of  variable  has  been  so  difficult  to  lcam  is  the  static  nature 
of  the  media  in  which  we  have  historically  been  forced  to  represent  it. 

I  suggest  that  the  work  by  Filloy  and  Booth  using  concrete  models  would  have  vastly  • 
different  outcomes  ( 1)  if  their  concrete  models  had  been  instantiated  in  the  computer  medium, 
a  medium  much  more  congenial  to  variation  and  hence  conceptual  generalization,  and,  even 
more  importantly,  (2)  if  those  models  were  then  actively  linked  to  the  associated  algebraic 
formalisms,  so  that  transformations  of  a  concrete  model  would  have  salient  consequences  in 
its  formal  counterpart,  and  vice  versa.  This  then  supports  the  learning  of  the  syntax  of 
representation  fl  by  providing  it  a  semantics  in  the  model  B.  Further,  by  appropriately 
defining  the  environment,  one  can  traverse  the  "didactical  turning  point"  identified  by  Filloy 
and  emphasized  by  Booker  marking  the  true  entry  into  algebra  as  introduced  by  Vieta  - 
where  one  acts  on  variables  as  well  as  on  numbers. 

A  larger  message  in  this  episode  concerns  the  need  to  focus  research  on  the  possible  learning 
environments  of  the  future  rather  than  those  of  the  past  -  to  take  an  inherent  difficulty  such  as 
identified  by  Filloy,  and  then  build  and  test  new  teaching  and  learning  environments  that 
respond  to  that  difficulty.  (Although  I  am  not  an  economist,  my  guess  is  that  the  necessary 
information  technology  to  support  such  environments  will  be  affordable  at  least  at  the  level  of 
one  computer  per  teacher  in  most  countries  in  time  for  the  next  generation  of  students.) 
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Booker  and  Lee: 


I  have  already  mentioned  Booker's  arguments,  mainly  implicit,  for  doing  a  better  job  of 
integrating  the  arithmetic  and  algebra  curricula.  Lee's  results  regarding  the  failure  of  many 
students  to  recognize  algebraic  statements  as  general  statements  of  quantitative  relationships 
dovetail  extremely  well  with  Booker's  exhortations  to  generate  situations  that  require 
students  to  use  algebra  to  formalize  patterns  in  numerical  data  that  in  turn  arises  in  meaningful 
context's.  (These  students'  algebra  does  not  represent  anything!)  Among  the  best  materials  1 
know  of  that  deliberately  do  this  have  been  generated  by  a  team  initially  led  by  Joan  Leitzel  at 
Ohio  State  University  (Leitzel  &  Osborne,  1985  -  other  materials  are  in  preparation),  although 
materials  with  a  similar  style  have  been  developed  by  Zalman  Usiskin's  group  at  ihe 
University  of  Chicago  School  Mathematics  Project  (Usiskin,  et  al,  1985).  Both  sets  of 
materials  rely  heavilv  on  the  use  of  a  calculator  to  generate  or  elaborate  data,  and  also  involve 
students  in  plotting  the  data  on  coordinate  graphs.  Hence  the  algebraic ;  statements  are  seen  not 
only  as  formalizations  of  numerical  relationships,  but  also  as  ways  of  describing  lines  and 
curves  in  the  plane.  Surely,  others  have  done  likewise  in  other  countries,  e.g..  (Miwa, 
1987). 

Lee's  extremely  rich  paper  provides  us  with  a  good  opportunity  to  take  the  representational 
perspective  -  see  our  first  Figure  -  to  yet  another  level  of  detail,  because  much  of  her  paper 
concerns  the  translation  process  explicitly.  She  looks  closely  at  a  couple  of  students 
translating  from  the  numerosity  of  arrays  of  dots  B  to  algebraic  functions  R  and  from  natural 
language  based  procedures  B  to  algebraic  equations  B  (which  involve  putative  constraints  on 
the  procedures).  Her  close  look  at  the  correspondences  used  to  move  from  B  to  R  involves 
examining  exactly  how  the  features  of  the  respective  representations  are  used  in  such 
translations.  For  example,  the  number  of  dots  on  the  edge  of  the  ^"'^'J.^riJrt^ 
array  provided  a  feature  Bi  that  was  used  as  the  saluc  of  the  key  variable  A,  in  the  algebraic 
representation  -  so  the  edge  B2  came  to  correspond  to  the  variable  A2  itself  (and  the 
relationship  between  B ,  and  B2  as  the  "numerosity  of  B2"  gets  encoded  as  the  relationship 
between  A,  and  A2,  which  is  "value  of  A,2.")  She  then  cites  two  other  approaches  to  the 

translation  process  that  are  tesed  on  different  features  of  B  I  find  fascinating  «^  waysttat 
the  differences  in  "fit"  between  the  various  features  attended  to  affect  the  translation  process  - 
somehow  they  differ  in  the  cognitive  structures  that  they  generate,  »  *«'"? 
translation-cognitions  (where,  of  course  all  the  action  is)  are  vastly  different,  first  there  are 
ducks  and  then  there  are  rabbits. 

But  perhaps  even  more  interesting  is  the  role  of  the  natural  language  representation  system  as 
a  mediator  in  the  translation  process.  Between  fi  and  B,  a  natural  language  based  C  was 
interposed  that  seems  to  feed  the  cognitive  versions  of  both  H  and  B:  Yves  wrote  natural 
la  iXgrstatements  as  an  intermediate  step  in  the  translation  process,  which  »  a  clue  to  the 
imSant!  perhaps  primary  role  that  natural  language  plays  in  the  interpretation  of  h.s 
mathematical  experience. 

The  second  translation  process,  associated  with  understanding  the  results  of  a  numerical 
prc^edme  described  in  natural  language  terms,  involves  natural  !a"«'~cd  rec y. 
Vv>  see  a  strone  contrast  between  Eve  and  Yves.  One  of  the  main  differences  between  these 
sTudents is* §S  w wh ich  algebraic  statements  represent  genera  relat.onsh.ps  among 


381 


-  354  - 


experience.  But  these  students  also  differ  in  the  richness  of  their  arithmetic  knowledge  The 
richness  of  Yves' arithmetic  structures,  interestingly,  in  this  problem  do  not  initially  contribute 
to  the  building  of  an  algebraic  representation  in  which  to  reason  about  the  problem,  but  rather 
to  his  natural  language  based  representation  of  arithmetic  procedures.  He  manages  to 
represent  the  generality  of  the  procedure  in  natural  language  rather  than  algebra,  which  for  him 
in  this  situation  seemed  sufficient  -  until  prompted  to  represent  it  algebraically,  which  he 
apparently  did  as  well. 

CONCLUSION 

Space  limitations  prevent  as  full  an  examination  of  these  valuable  papers  from  a 
representational  perspective  as  I  would  wish.  Hopefu'ly,  time  available  at  the  conference  will 
afford  that  fuller  examination  -  and  thereby  help  strengthen  the  case  that  a  systematic 
discussion  of  the  complex  phenomena  of  learning  and  using  algebra  can  be  facilitated  by 
giving  explicit  attention  to  the  representations  involved,  especially  how  their  specific  features 
interact  in  the  cognitive  realm.  Note  also  that  a  much  fuller  discussion  of  this  framework  can 
be  found  in  (Kaput,  in  press-a). 
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UNIT  FRACTIONS  OF  A  CONTINUOUS  WHOLE 

Jacques  C.  Bergeron,  Universite  de  Montreal 
Nicolas  Herscovlcs  ,  Concordia  University 


The  first  part  of  this  paper  on  unit  fractions  of  a  conti- 
nuous whole  introduces-  the  theoretical  framework.  Fractions 
are  defined  in  terms  of  "quantification  of  the  part-whole 
relationship".  This  leads  to  a  distinction  between  three 
levels  of  the  notion  of  measure:  iterative  measure,  frac- 
tional measure,  and  sub-unitary  measure.  The  experimental 
work  reported  in  the  second  part  deals  with  various  aspects 
of  unit  fractions  as  observed  among  .5  elementary  school 
children  in  grades  3  to  6.     The  results  Indicate  t.V.t  the 
problem  of  equi-partition  still  appears  in  the  upper  grades, 
but  that  by  then,  the  problems  of  reversibility  and  Invari- 
once  have  been  resolved.  Also,  the  usual  vocabulary  appears 
to  >reate  a  cognitive  obstacle  foi  the  third  graders. 


THEORETICAL  FRAMEWORK 
The  general  concept  of  rational  number  has  been  investigated  extensively 
throughout  the  world  (Post  et  al.1905  ;  Hart,  1981;  Hunting,  1984; 
Novillis  Larson,  1986;  Southwell,  198.;  Streefland,  198.).  Most  of  these 
studies  have  been  quite  broad  and  ranged  over  various  related  topics 
such  as  the  different  representations  of  m/n,  the  notion  of  equivalence, 
and  th~  four  operations.  Hoover,  because  of  their  wide  scope,  these  i«- 
vestigatlons  dealt  with  the  primitive  notion  of  unit  fraction  almost 
incidentally,  without  going  too  deeply  into  it.     Surprising  few  papers 
focused  on  the  child's  acquisition  of  the  fundamental  concept  of  o  unit 
fraction,  that  is  1/n.    And  yet,  while  m/n  can  be  viewed  as  "1/n  of  m" 
or  ,:m  x  1/n",  both  interpretations  must  rest  on  a  prior  construe M on  ot 
the  notion  of  unit  fraction.    The  most  important  work  on  this  tapir 
dates  back  to  19.8  when  Piaget,  Inhelder  and  Szeminska  sludied  how  chil- 
dren between  the  ages  of  three  and  eight  handle  tasks  Involving  the 
part-whole  and  part-part  relationships  when  partitioning  circles,  rect- 
angles, and  squares.    More  recently,  Hiebert  S  Tonnessen  (1978)  have 
attempted  to  extend  the  above  study  to  discrete  sets,  while  Potbhr 
&  Sawada  (1983)  have  Investigated  the  development  of  the  ioning 
process . 

'    R^slarch  funded  by  the  Quebec  Ministry  of  Education  (F.C.A.R.  - 
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In  analyzing  the  concept  of  fraction,  Piaget  et  al  (1948)  have  pointed 
out  chat    "initially,  a  'part*  la  simply  a  piece  detached  from  the  whole, 
and  not  an  element  embedded  in  the  whole,  that  is,  remaining  mentally 
linked  to  it  even  after  having  been  separated".  Their  research  showed 
that  children  master  equi -partitioning  in  the  following  order:  two, 
four,  three,  then  five  and  six  pieces,  and  that  the  subdivision  of 
rectangles  seems  eaaier  than  squares,  which  in  turn  seems  easier  than 
circles.    While  the  Genevans'  work  is  the  finest  to  date,  neither  their 
conceptual  analysis  nor  the  tasks  they  have  set,  go  far  enough  to  claim 
that  they  are  dealing  with  fractions  in  the  arithmetical  sense,  that  is, 
as  numbers.    The  taska  they  have  designed  require  the  subjects  to  split 
up  the  geometric  figures  into  equal  parts,  but  does  success  in  equi- 
partitioning  imply  (.hat  the  numerical  concept  of  fraction  is  necessarily 
present  in  their  mind? 

Owens  (1935)  haa  reported  on  the  classroom  implications  of  recent  re- 
search on  rational  numbers.    He  pointed  out  that  Kieran  (1980)  also 
found  that  the.  part-whole  paradigm  is  somehow  insufficient  to  account 
for  the  fraction  concept,    Kieren  suggests  alternative  models  for  ra- 
tional number,  that  of  measure,  quotient,  ratio  and  operator.    While  all 
these  models  are  important  in  the  construction  of  the  general  concept  of 
fraction,  including  both  the  continuous  and  discrete  case,  not  all  of 
them  prove  to  be  useful  in  the  initial  construction  of  the  notion  of 
unit  fraction  of  a  continuoua  whole.    In  our  own  conceptual  analysis  we 
find  that  while  equi-partitioning  results  in  the  production  of  equal 
parts,  the  notion  of  fraction  as  a  number  csn  only  emerge  from  the 
quantification  of  the  part-whole  relationship.  It  is  not  enough  for  the 
child  to  view  a  piece  as  part  of  the  whole.    The  arithmetical  concept  of 
unit  fraction  requires  more:  that  the  learner  should  know  what  part  of 
the  whole  is  involved'     Such  quantification  requires  both  a  new  concept 
of  meaaure  and  a  prialtlve  sense  of  ratio. 

In  reporting  Kleren's  measure  subconstruct  of  rational  number,  Owens 
(1985)  indicates  that  it  appears  in  the  context  of  the  quantification 
of  the  surface  area  of  a  region  or  the  length  of  a  segment.     "A  suitable 
unit  ia  chosen  and  fractional  parts  are  derived  by  successive  partition- 
ings  to  make  the  measurement  more  precise".    This  notion  of  measure  is 
very  general  and  quite  advanced.     But  it  conceals  the  fact  that  it  is 
based  on  two  preliminary  stages  in  its  construction.    The  first  one  is 
the  well-known  concept  of  iterated  measure  which  involves  the  itersted 
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use  of  a  measuring  unit.     This  is  sufficient  if  the  quantity  measured 
is  an  exact  multiple  of  the  unit  of  measure.     However,  the  measure  of 
part  of  a  unit  requires  a  new  and  different  notion  of  measure,  that  of 
fractional  measure.     For  example,  if  asked  to  measure  a  certain  length 
which  is  not  an  exact  multiple  of  a  given  unit,  young  children  will 
provide  approximations,  stating  that  "it  measures  seven  and  a  bit"  or 
"almost  eight".     But  they  do  not  as  yet  perceive  the  left  over  part  as 
being  measurable.     And  this  is  perfectly  normal  since  they  do  not  at 
this  stage  view  the  unit  of  measure  as  being  itself  divisible. 

The  initial  concept  of  fractional  measure  does  not  require  any  standard 
unit  of  measure.     It  starts  from  the  perception  of  a  whole  as  being 
divisible.     Children  may  have  this  perception  regardless  of  whether 
they  can  perform  an  equi-partition  or  not.    When  presented  with  a  pie 
subdivided  into  six  equal  parts  they  can  recognize  the  equi-partition 
even  if  they  cannot  produce  it  themselves.     In  either  case,  the  next 
step  is  crucial  in  the  development  of  fractional  measure.     They  must 
now  quantify  the  part-whole  relationship:     "Since  the  whole  has  been 
subdivided  into  n  equal  parts,  each  part  must  he  an  n      of  the  whole". 
It  is  in  this  sense  that  fraction  is  a  measure  of  the  part-whole 
relationship ■ 

While  fractional  measure  results  from  the  equi-partition  of  the  whole, 
the  reverse  process,  the  reconstitution  of  the  whole  from  one  of  its 
parts,  requires  the  appropriate  iteration  of  the  given  part,  and  hence 
is  similar  to  the  concept  of  iterated  measure.     In  this  case,  the  given 
part  is  used  as  the  unit  of  measure  in  the  reconstruction  of  the  whole. 
The  similarity  i3  not  quite  complete  since  a  fractional  part  exists 
only  with  respect  to  a  whole  whereas  a  >;nit  of  measure  exists  indepen- 
dently and  need  not  be  part  of  a  whole. 

Of  course,  fractional  measure  of  a  whole  is  not  restricted  to  unit 
fractions  and  these  can  easily  be  generalized  to  multiples  of  unit 
fractions  of  a  whole  (m  x  1/n  =  m/n) .     But  even  then,  children  are  not 
necessarily  ready  to  handle  the  more  advanced  notion  of  measure  invol- 
ving the  use  of  both  units  and  sub-units.    For  indeed,  they  may  have 
acquired  the  concept  of  fractional  measure  without  fractions  being  as 
yet  interpreted  as  sub-units.     For  this  to  occur,  the  learner  has  to 
perceive     that  the  initial  unit  can  be  equi-partitloned  and  that  the 
resulting  parts  can  then  in  turn  be  used  to  obtain  a  more  precise 
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measure.     The  outcome  of  this  construction  is  a  higher  level  of  the 
notion  of  measure  that  can  be  called  sub-unitary  measure. 

As  mentioned  earlier,  the  quantification  of  the  part-whole  relationship 
also  involves  a  primitive  sense  of  ratio.    The  general  concept  of  ratio 
refers  to  a  numerical  comparison  of  two  sets,  as  for  example  "the 
elements  in  set  A  and  set  B  are  in  a  ratio  of  3  to  7".     However,  in  the 
case  of  a  unit  fraction  of  a  continuous  whole,  the  quantification  re- 
sults from  a  comparison  of  one  part  to  an  equi-partitioned  whole.  The 
notion  of  ratio  involved  here  is  primitive  in  the  sense  that  one  of  the 
sets  compared  is  a  singleton,  resulting  in  a  ratio  l:n. 

In  the  light  of  our  conceptual  analysis,  we  have  designed  an  experiment 
in  order  to  investigate  different  aspects  of  elementary  school  chil- 
dren's knowledge  of  unit  fractions  of  a  continuous  whole.     In  this  pa- 
per, we  will  report  on  a  part  of  this  experiment  dealing  with  the 
learners'  awareness  of  the  necessity  for  equal  parts  in  a  partition,  of 
their  ability  to  reconstruct  the  whole  from  one  of  its  parts, and  of  their 
awareness  of  the  invariance  of  a  fraction  relative  to  the  mode  of  div- 
ision and  the  size  of  the  initial  figures. 

EXPERIMENTATION 

To  investigate  these  questiors,  45  elementary  school  children, in  22 
different  French  schools  of  Greater  Montreal,  were  interviewed  (10 
from  grade  3,  13  from  grade  4,  8  from  grade  5,  14  from  grade  6).  The 
interviews  were  conducted  by  19  teams  of  prospective  elementary  school 
tearhers  who  were  in  their  third  and  final  year  of  their  B.Ed,  program, 
cind  as  such  had  enrolled  in  a  second  course  on  the  teaching  of  arith- 
metic at  the  primary  level.    The  46  future  teachers  were  grouped  into 
small  teams  (from  2  to  4) .     Their  training  consisted  of  vai ious  sim- 
ulations, thp  study  of  videotaped  interviews,  and  the  study  of  the 
semi-standardized  questionnaire  to  be  used  in  the  assesnment.  Each 
interview  wu  •  h  u.iled  by  two  team  members,  one  interviewing,  the  other 
one  observing  and  audio-recording.     Each  recording  was  then  totally 
transcribed. 

Eq'.i t-part  1 1 ton ■  The  children's  awareness  of  the  necessity  for  equal 
parts  in  a  partition  was  investigated  in  ti/o  sots  of  quer.ti'.ns.  The 
firrt  :yf':  presented  th  ■  subjects  with  two  rectangles  cut  up  into  cqti.iJ 
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and  unequal  parts  as  followb-. 
Each  child  was  asked: 
HERE  ARE  TWO  RECTANGLES,  CAN  YOU  t.lVL  Mb  A  HKTH  UK  A  KECl'ANl.Lfc .'  ... 
CAN  YOU  FIND  A  FIFTH  IN  THE  OTHER  RECTANGLE? 

In  a  second  question,  children  were  presented  with  a  row  of  circles  rut 
up  in  3,4,5,6,8  and  6  parts  as  well  as  an  uncut  one 

They  were  asked:  HERE  ARE  SOME  CARDBOARD  PIES  WHICH  HAVE  BEEN  CUT  UP. 
CAN  YOU  USE  A  PIECE  OF  ONE  OF  THESE  PIES  TO  DRAW  A  SIXTH  OF  THIS  PIE 
HERE  (indicating  the  uncut  pie)?  ...  CAN  YOU  FIND  A  SIXTH  IN  ANOTHER 
PIE? 

In  interviewing  the  children,  we  have  found  that  some  did  not  understand 
the  questions.     Among  those  who  did,  most  felt  that  the  parts  had  to  be 
equal,  but  a  non-negligible  minority  accepted  unequal  parts.     On  each 
task,  some  were  classified  as  transitional  because  of  their  mixed  res- 
ponses which  focused  alternately  either  on  the  number  of  parts  or  on 
the  necessity  of  equal  parts.    When  children  provided  similar  responses 
in  both  the  rectangle  and  the  circle  contexts,  they  were  considered  to 
be  consistent.     The  following  table  plovides  the  distribution  for  each 
grade : 


Grade 

n 

J 

10 

4 

12« 

5 

8 

6 

U 

Do  not 

undcratind 

qucitlon 


Pert! 

Ungual 

■ust  be 

parts 

equal 

accepted 

8 

] 
2 

i 

3 

11 

] 

Transi- 
tional 


Do  not 

understand 

question 


ffarta 
■uat  be 
equal 


Unequal 

parts 

accepted 

3 
2 
2 
1 


Transi- 
tional 


Consis- 
tency 


10 
II 
b 
12 


a  one  subject  was  eliminated  due  to  nofiaanslcal  anevara 

The  very  marked  change  oixuring  between  tne  third  and  fourth  grades 
simply  reflects  the  fact  that  fractions  start  being  taught  in  grade  four. 
Questioning  third  graders  has  proved  revealing, ,  especially  those  six 
who  did  not  understand  the  quest  ions , for  th.lr  answers  were  quite  logic- 
al.    When  asked  to  find  a_nj_th  °f  a  rectangle,  some  of  them  gave  the 
question  an  ordinal     Interpretation,  as  the  fifth  part  (counting  from 
the  left).     To  them,  finding  a  sixth  of  a  circle  made  no  sense  at  all 
since  there  was  no  Initial  piece.     Another  Interpretation  was  more  of  a 
cardinal    nature,  with  subjects  referring  to  the  whole  subdivided  rect- 
angle or  the  whole  subdivided  pie  rather  than  a  part  of  them.     Also  In 
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this  table,  one  finds  evidence  that  the  acceptance  of  unequal  parts  is 
not  restricted  to  the  initial  learning  period  but  persists  to  some  ex- 
tent in  grades  5  and  6.    In  all  grades  the  children  show  a  remarkable 
consistency  in  their  answers  regarding  the  rectangles  and  the  circles. 


Reversibility.  While  the  previous  tasks  dealt  with  the  selection  of 
fractions  to  be  chosen  from  appropriately  partitioned  whole  units,  the 
next  three  sets  of  questions  were  aimed  at  the  reverse  process,  that  of 
the  reconstitution  of  the  whole  from  one  of  its  parts.    The  first  task 
consisted  in  presentinfc  children  with  a  sector  of  a  circle  (1/7) 
a  pencil  and  paper,  while  asking  them: 

HEBE  IS  A  PIECE  OF  PIE.    WOULD  YOU  HAVE  A  WAY  OF  FINDING  OUT  WHAT  PART 
OF  A  PIE  THIS  IS  ? 

The  next  tack  was  slightly  different  in  that  it  investigated  if,  when 
given  specified  parts  of  a  whole,  children  would  anticipate  the  number 
of  pieces  required  and  reconstitute  the  whole. 

HERE  IS  A  FIFTH  OF  A  PIE  /  \   .     HOW  MANY  PIECES  LIKE  THIS  DO  I  NEED 
TO  HAVE  A  WHOLE  PIE  ?    WOULD  YOU  LIKE  TO  DRAW  THE  WHOLE  PIE  ? 
(If  unable  to  do  so,  the  child  was  asked  to  trace  out  the  given  sector 
and  the  question  was  repeated).  The  next  question  was  similar  except  that 
the  children  were  given  a  square  piece  of  "cardboard  chocolate"    |  ^ 
and  were  told  that  it  was  a  sixth  of  a  chocolate  bar.    Finally,  the  /y 

first  question  was  repeated  using  another  sector  of  circle  (1/6)     £_  J 

in  order  to  verify  it  for  consistency  with  the  initial  response  or  the 
possible  acquisition  of  new  skills  which  might  have  been  induced  by 
these  tasks.  The  following  table  provides  the  distribution  of  the 
students'  responses: 


Cmm 

■ 

(1/7) 

(1/5) 

a 

(l/»> 

A 

(1/6) 

CM  •*» 

tfhola  fla 

cm  tarn 

ft 

CM  lIMlCt 

na.  of  parta 

CM  *r«c 
whola  pi* 

CM  predict 
no. of  part* 

can  draw 
vhola  bar 

can  draw 
vhola  pla 

can  naaa 
part 

J 

10 

• 

> 

t 

1 

S 

» 

a 

) 

t 
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11 

11 

11 

11 

12 

12 

12 

12 

3 

1 

1 

1 

1 

1 

1 

8 

> 

« 

t 

it 

It 

It 

It 

It 

It 

It 

It 

It 

As  can  be  seen  from  the  data,  by  grade  A,  all  our  subjects  have  mastered 
the  process  of  reconstituting  the  whole  from  one  of  its  parts.    A  com- 
parison of  the  first  and  last  tasks  indicates  that  some  learning  might 
have  been  induced  in  two  third  graders  and  one  child  in  grade  four. 
Again,  it  is  the  third  Rraders'  responses  that  have  provided  us  with 
unexpected  insights.    In  all  the  above  tasks,  these  children  have  a 
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greater  success  rate  In  drawing  the  whole  pie  or  chocolate  bar  than  in 
naming  the  fraction  involved  or  predicting  the  number  of  necessary  parts. 
Tills  brings  up  the  question  of  whether  or  not  the  notion  of  fraction 
exists  prior  to  the  acquisition  of  the  relevant  vocabulary.  Evidence 
of  the  existence  of  this  notion  was  provided  to  us  by  the  two  children 
who,  on  the  first  task,  found  a  way  of  expressing  the  notion  of  fraction 
by  drawing  the  whole  pie  and  then  telling  us  that  the  original  piece 
was  "one  piece  out  of  seven"  ("un  morceau  de  sept")  and  "one  of  seven" 
("un  de  sept")  respectively. 


Invariance.  The  last  two  tasks  dealt  with  the  invariance  of  fractions. 
The  first  one  aimed  at  assessing  if  children  viewed  a  fraction  as  invari- 
ant with  respect  to  different  equi-partitions .    They  were  presented 
with  the  following  two  squares  CD  ,[TfT|  .    They  were  asked  to  verify  that 
they  were  the  same  size,  to  count  the  number  of  parts,  and  to  identify 
what  part  of  the  square  each  piece  could  be.     At  that  point  the  inter- 
viewer raised  the  question: 

IF  I  TAKE  ONE  QUARTER  OF  THIS  BISCUIT  (coloring  it  in  front  of  the  child) 
AND  YOU  TAKE  ONE  QUARTER  OF  THE  OTHER  BISCUIT  (coloring  it  in  front  of 
the  child),  DO  YOU  THINK  THAT  WE  WILL  HAVE  THE  SAME  AMOUNT  OF  BISCUIT, 
OR  THAT  ONE  OF  US  WILL  HAVE  MORE  THAN  THE  OTHER,  OR  LESS  THAN  THE  OTHER? 
The  next  task  assessed  if  children  could  perceive  the  invariance  of  a 
fraction  with  respect  to  the  size  of  the  initial  figure.    They  were 
provided  with  two  quarters  of  pies  of  radii  2"  and  A"  respectively  Q 
,  and  asked  if  each  one  of  them  could  be  a  quarter  of  a  pie.  If 
they  thought  that  the  pieces  could  not  both  be  quarters,  they  were  re- 
quested to  use  each  piece  in  turn  to  draw  a  complete  pie  and  identify 
which  part  of  the  pie  it  was.     And  then,  they  were  asked  a  second  time: 
DO  YOU  THINK  THAT  THE  SMALL  PIECE  AND  THE  BIG  PIECE  CAN  BOTH  BE  QUARTERS 
OF  A  PIE? 

The  following  table  describes  the  distribution  of  the  responses; 
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Regarding  the  invariance  with  respect  to  different  equl-partitions  of 
Che  square,  it  seems  at  first  sight  that  by  the  fourth  grade  most  of  our 
subjects  were  aware  of  it.    However,  a  closer  examination  of  their  Just- 
ifications indicates  that  this  conclusion  is  premature  for  many  of  them 
(see  numbers  in  parentheses)  explained  that  the  rectangular  quarter  could 
be  split  to  sake  up  a  square  quarter.     Thus,  their  rationale  has  little 
to  do  with  the  invariance  of  fraction  since  it  merely  reflects  visual 
compensation  of  surfaces.    The  second  task  on  invariance  also  indicates 
that  by  the  fourth  grade  our  subjects  seem  to  be  conscious  of  it.  That 
the  drawing  of  the  full  circles  had  a  certain  impact  i9  evidenced  by  the 
two  third  graders  who  then  found  out  that  both  sectors  were  quarters, 
and  on  the  two  sixth  graders  who  corrected  themselves. 


In  our  exploratory' study  of  unit  fractions  of  a  continuous  whole,  we 
have  felt  the  need  to  provide  a  clearer  definition  of  this  concept.  And 
we  have  come  up  with  a  functional  approach,  a  fraction  being  defined  as 
"a  quantification  of  the  part-whole  relationship".     This  has  led  us  to 
distinguish  between  three  distinct  levels  of  the  notion  of  measure: 
iterative  measure,  fractional  measure,  and  sub-unitary  measure.  The 
experimental  work  reported  in  this  paper  has  dealt  with  three  aspects  of 
unitary  fractions  related  to  fractional  measure.    We  were  surprised  to 
find  that  the  problem  of  equi-partition  lingered  on  among  our  subjects 
in  the  upper  grades  but  we  were  equally  surprised  to  find  that  the  prob- 
lems of  reversibility  and  invariance  had  been  so  well  resolved. 

Our  study  of  third  graders  has  revealed  that  the  language  used  to  des- 
cribe unit  fractions  created  a  cognitive  obstacle  for  the  children. 
Either  they  simply  did  not  understand  the  words  we  used  or  they  assigned 
to  them  a  meaning  other  than  the  intended  fractional  one.     For  instance, 
while  all  subjects  understood  "moitie"  or  "demie"  for  half,  they  did  not 
necessarily  understand  "tiers"  and  "quart"  for  third  and  quarter, 
often  preferring  "troisieme"  and  "quatrieme".     But  then,  as  with  fifth, 
sixth,  and  other  unit  fractions,  many  children  associated  with  these 
words  the  only  meanings  they  had  previously  acquired,  that  i3  ordinal 
and  cardinal  meanings  instead  of  a  fractional  one.     Howevrr,  we  found 
that  even  if  young  children  have  not  yet  learned  the  conventional  vocab- 
ulary for  unit  fractions,  they  can  nevertheless  find  ways  to  express 
their  quantification  of  the  part-whole  relationship  using  expressions 
such  as  "one  of  n  parts".     In  fact,  until  pupils  become  aware  of  the 
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fractional  context,  using  such  expressions  In  the  Initial  Introduction 
may  overcome  the  cognitive  obstacle  caused  by  the  use  of  words  having 
other  meanings . 
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SOME  DIFFICULTIES  WHICH  OBSCURE  THE  APPROPIATON  OF 
THE  FRACTION  CONCEPT 
O.  Figueras,  /  E.  Filhy  /  M.  Vatdcmoros 
Centro  de  Investigation  y  de  Estudios  Avanzados  del  IPN,  Mexico 

In  thi  p,e«n  t  work  wt  will  datcriba  lavaral  difflcultlM  idantlfiad  via  analyses  ol  tha 
antwrn  „l,.n  by  rtudanU  between  1M4  to  axa.clm  includad  on  a  diagnostic  qui* 
t.onnaira.  Tha  work  w.  hava  baan  earring  out  ha.  tha  purpose  to  furth.r  clarify  the 
relationship  between  th»  aeqjibitlM  ol  tha  fraction  conc.pt  and  tha  devaloprnant  of 
those  abilities  required  to  intarprat  and  uia  tha  gaomatric  l.nguag.  Includad  In  tha 
Plcturai  that  fracu.ntiy  apo,,,  |n  teaching  vahlclai  (veci.lly  taxtbooki)  for  tha 
comextualliatlon  of  tha  fraction  eoncapt 

Theoretical  framework  and  related  studies. 

Rational  numbers  appear  in  the  Mexican  curriculum  1  from  the  very  first  years  of 
elementary  school.  A  curricular  analysis  of  the  textbooks  (*]  shows  that  the  teaching  of  this 
topic  encompasses  various  meanings  of  rational  numbers.  These  meanings  are  Introduced 
concurrently  throughout  the  six  years  of  elementary  school. 

The  teaching  approaches  of  the  different  Interpretations  of  rational  numbers  emphazise 
different  aspects.  For  example.  In  the  elementary  curriculum  of  our  country  we  have  seen 
that: 

•  Fractions  of  (he  unit  are  Introduced  highlighting  the  importance  of  the  actions  that 
are  carried  out  with  a  given  whole. 

•  The  meaning  of  a  fraction  as  a  subset  of  a  collection  is  approached  either  within  the 
problem  solving  context  or  as  numerical  computations;  the  latter  tend  to  have  a  strong 
al93bn»lc  flavour. 

a  Decimals  are  introduced  through  measuring,  but  very  quickly  they  are  immersed  In 
aajwtfimic  processes,  where  the  emphasis  is  on  computational  rules. 

A  careful  Inspection  of  the  textbooks'  relfects  the  use  of  various  types  of  language  in 
the  treatment  of  the  different  meanings  of  ratlonals.  For  example, 

•  With  respect  to  the  treatment  of  fractions  of  the  unit,  pictures  of  objects  and  geome- 
tic  forms  are  used.  All  the  actions,  such  as  partitioning  in  equal  parts,  exhaustive  divi- 
sion of  the  whole  and  identification  of  the  fraction,  are  represented  in  these  pictures 
(geometric  language).  Later  on,  those  pictures  are  related  to  the  numeral  associated  to 

 the  fraction  which  expresses  the  results  of  such  actions  (arithmetic  language). 

' '  1  l^oTe'cTn^'n  "'"  S;"g"cu"if""n  *»  Vc/~o'  school, mtlmmtict  in 

the*hole  country.  Cumcular  pmtctples  and  syllabi  are  included  in  the  "Teacher,  Guide"{l7\ 
Ojldrenuse  the  "cos.-free  textbook*-^  «h,ch  have  been  prepared  in  accordance  Jh  Lltene- 
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In  order  to  understand,  via  a  particular  treatmont,  a  certain  meaning  together  with  the 
relations  between  the  different  kinds  of  language  included  in  this  treatment,  it  is  necessa- 
ry to  develop  some  specific  abilities. 

•  With  reference  to  the  treatment  of  fractions  of  the  unit,  visualization,  perception  and 
spatial  imagination  are  called  upon  the  learner;  as  well  as  his  ability  to  translate  from 
one  language  into  another. 

We  have  called  teaching  model,  the  set  formed  by  meaning,  treatment,  languages  and 
necessary  abilities;  together  with  the  inherent  relations  that  exist  among  them. 

Under  a  particular  teaching  model,  a  pupil  constructs  a  especific  conception  of  rational 
number.  Each  conception  is  related  to  a  certain  meaning.  In  the  process  of  constructing 
different  conceptions,  links  between  them  get  also  established.  By  establishing  these  links, 
the  pupil  is  building  a  new  mental  image  of  rational  number.  The  reiterative  occurrence 
of  this  process  results  in  the  pupil's  ad4uisition  of  the  construct  rational  number. 

Lately,  we  have  been  trying  to  detect  the  difficulties  that  inhibit  tho  establishing  of 
such  links  between  two  or  more  conceptions.  Wc  have  also  tried  to  determine'  the  plausi- 
ble moments  where  the  juxtaposition  of  the  teaching  model  would  favour  tho  transferring 
of  knowledge  from  one  conception  to  another,  as  well  as  to  foster  the  creation  of  those 
links  -which  are  seldom  spontaneously  established. 

The  literature  on  rational  numbers  is  vast,  because  it  englobes  studies  related  with  the 
different  interpretation  of  rationals.  Among  those  that  have  focused  on  the  teaching 
models'  ,  we  can  mention  Frcudenthal,  H.l?|  ,  Sticefland.L |f«l,  Kiercn  T.lf/] Brousscau,  G 
Ul  and  the  work  of  our  mexican  colleagues  (see  for  instance  |2]  ).  Some  projects,  like  the 
English  CSMS4  and  SESM*  and  the  American  RNP  *  were  sot  up  with  the  purpose  of  under- 
standing the  relationships  between  trie  teaching  models  and  the  acquired  conceptions 
through  the  process  of  Instruction.  Kieren  T.  et  al  \li  and  the  Pothler,  Y  &  Sawada,  D.  1/5) 
have  lately  reported  their  results  related  to  children's  uses  of  geometric  language  in  parti- 
tioning tasks. 


12  1  V,e  teaching  at  the  elementary  school  In  our  country,  due  to  Its  own  characteristics  (in  the  urban 
zones  one  group  have  ~50  students;  In  the  rural  areas,  you  can  find  l„  the  same  classroom  students 
that  belong  to  different  grades,  etc.),  fundamentally  supports  on  the  textbooks  that  the  Ministry  of 
Education  prepares  and  distributes.  Frecucntly,  children  lim  e  access  solely  to  such  books. 

1 3 1  We  are  not  trying  to  make  a  review  of  the  literature  on  rationals.  our  purpose  is  to  mention  some  of 
the  document,  of  those  researchers  that  have  been  working  In  this  area  and  whose  work  is  more 
related  with  the  one  we  arc  doing. 

1 4 1  CMSM:  "Concepts  In  Secondary1  Mathematics  and  Science",  sec  for  instance,  Hart.  K.\9\. 

[  S  ]  SESM:  "Strategies  and  Errors  of  the  Secondary  Mathematics  ".  see  for  instance.  Kcrshke.  D.[lOl 

1 6  ]  RNH:  "Rational  Number  Protect",  abricf  description  can  be  found  in  [  /), 
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Alms,  methodology  and  stages  of  our  study. 

One  of  the  main  purposes  of  the  research  activities  to  which  we  have  devoted  our 
efforts  for  the  past  four  years  is  to  try  to  clarify  the  relation  bctweon  the  acquisition  of 
the  fraction  concept,  and  the  development  of  such  abilities  as  are  necessary  to  interpret 
and  use  the  simbolic  •  geometric  language  involved  In  the  drawings  used  for  the  contextual 
lisation  of  the  aforesaid  concept. 

First  Stays,-  From  the  questionnaires  used  by  two  studies  [IS  ],[J4\  and  those  of  the 
CSMS  project  [» )  ,  we  selected  those  items  which  included  pictures.  We  then  made  a 
comparative  analysis  of  these  questions  and  of  the  results  of  the  three  studies.  Once  the 
most  significant  difficulties  were  identified,  we  designed  a  number  of  exercises  in  which 
the  role  of  drawings  was  fundamental,  In  order  to  explore  the  pupils  responses  to  these 
exercises,  w«  conduced  and  videorecorded  several  interviews  with  children  of  ages 
between  1 1  and  13.  The  analyses  of  these  Interviews  were  the  starting  point  for  the  next 
stage  of  the  study;  (the  most  interesting  results  of  these  analyses  were  ruported  in  [4  ], 
where  a  mora  detailed  description  of  this  stage  can  be  found). 

Second  Staye7  .  We  worked  out  a  diagnostic  questionnaire  structured  in  a  way  that 
it  would  permit  us  to  examine  various  aspects  of  the  concept  ot  fraction,  This  evaluation 
contains  48  questions  and  It  includes  two  different  meanings  of  rational*:  the  one  associa- 
ted with  a  fraction  as  a  subset  of  a  collection  (which  wc  denominated  discrcto  case)  and 
the  meaning  of  fraction  of  a  unit,  With  respect  to  tho  latter  Interpretation,  the  questions 
are  referred  to  geometric  plane  forms  (we  called  this  the  concrete  caso)  and  tho  piano  re- 
presentations of  tri  dimensional  figures, 

The  questionnaire  had  been  applied  during  three  consecutive  years  to  students  of  the 
first  grade  of  secondary  school',  at  the  begining  of  the  mathematics  course  (in  1984:  one 
group  •  32  students;  In  1935:  two  groups  •  43  students;  and  In  1986:  two  groups  •  36 
students). 

At  this  moment  where  elementary  school  Is  ovsr  and  pupils  are  initiating  their  second- 
ary school,  we  consider  that  the  observation  is  crucial.  For  us,  this  is  an  important  didac- 
tical cut..  During  the  elementary  school,  rational  numbers  have  been  introduced  within 
various  teaching  models.  The  syllabus  of  the  secondary  include  rational*,  but  the  approach 
to  this  topic  focuses  to  the  properties  of  the  algebraic  structure  of  these  numbers,  In 
ether  words,  the  teaching  treatment  of  rational*  turns  to  a  formal  and  abstract  approach  . 
This  teaching  model  presupposes  that  the  links  between  the  different  conceptions  acquir- 
ed in  the  elementary  school,  have  been  appropiately  established. 


I  7]  A  partial  report  of  this  stage  can  be  found  in  \5  \ 

1 8  \  Work  on  this  study  has  been  done  with  students  from  the  "Centra  Eseolar  Ucnnanos  Revuellas "  an 
experimental  school  in  Mexico  City  where  w*  can  control  the  teaching  pioccss. 
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With  the  data  obtained  In  the  application  of  the  diagnostic  questionnaire  to  the  stu 
dents  of  the  first  generation  (1984),  we  started  a  cualltative  analysos *  .  The  purpose  of 
these  analyses  was  the  characterization  of  tho  strategies  used  by  the  studonts  to  solvo  the 
items  of  the  questionnaire.  At  first,  wo  classify  such  procedures  in  two  groups:  one  of 
them  contains  the  strategies  that  lead  pupils  to  a  success  and  the  other  one  cnglobes  those 
in  which  we  observod  difficulties  and  conduced  pupils  to  a  failure. 

For  each  of  such  groups  we  endeavored  to  categorize  tho  strategies  developed  by 
children,  according  to  tho  features  thny  displayed  (I.e.  consider!™,  me  resources  to  which 
they  had  resorted,  and  the  meaning  emerging  In  each  answer). 

Tho  characterisation  of  tho  answers  to  the  items  corresponding  to  the  continuous  case 
is  completely  finished.  In  this  case,  we  found  14  classes  associated  to  failure  and  13  to 
success.  Subcategories  of  these  classes  wore  also  assigned.  Subsequently,  we  earned  out 
a  comparison  with  the  dull  obtained  with  the  preceding  generations  (1985.  1986).  The 
main  objective  of  such  comparison  was  to  distinguish  those  obstructions  which  appear 
repeatedly. 

In  what  follows  wo  will  describe  the  more  significant  categories  associated  with  failure 
We  selected  only  those  classes  that  are  directly  related  with  the  fraction  concept.  Thoia 
categories  arc  meaningful  because  Of  their  incidence  of  appearance  in  various  contexts,  as 
well  as  for  the  characterization  of  the  difficulties  thny  encompass.  Such  fondtmat* 
inhibit  the  pupil's  opprophHc,  of  the  aforesaid  concept.  And  efforts  should  be  acctn- 
tinted  in  the  teaching  process  so  that  students  are  helped  to  surmount  such  dyjjwultu-s. 

The  predominance  of  the  cardinality  of  the  part. 

In  this  class  we  have  reunited  those  strategics  where  the  fraction  given  in  thi  item  Is 
not  considered  as  such.  These  procedures  reveals  a  dissociation  of  the  numeral  and  a 
tendency  to  centralise  the  number  that  corresponds  to  the  numerator.  For  this  problem 
we  found  three  types  of  subcategories.  Wc  will  ilustrate  them  with  answers  of  the  stud- 
dents. 

»)    Tho  numerator  of  the  traction  Imposes  «nd  She  denominator  Is  dltplawd (see  Figure  1). 


PROBLEM 

ANSWEH 

m 

The  ilxth  p»rt  of 
eighteen. 

^  the  sixth  part 
of  eighteen. 

Color 


t'ROuLEM 
J-  of  th«  cubes. 


ANSWER 


Figure  1:  Examples  of  answer,  that  corresponds  to  the  subcategory  •),  (contlnous  case  at  the  left  and 
discrete  case  at  the  right). 


[9]  A  detailed  description  of  these  analyses  can  be  found  In  the  partial  report  of  our  research  I  «] 
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b)   Tht  ?aphlcel  representation  of  the  fraction  edapts  exclusively  to  the  numeretor  of  the  given  frac- 
tion; tht  denominator  It  substituted  by  another  number,  (tec  Figure  2). 


r  liUb  LcM 

ANSWER 

Uw  tht  following  figure 
(o  r«pr  tttnt  ont  third. 

A 

PROBLEM 

ANSWER 

The  .drawing  thowt  4- 
of  the  balloni.  Draw 
the  rett  of  them 

if 

Figure  2:  Examples  of  the  entwert  thet  corretpondt  to  the  subcategory  b), 
(contlnout  caw  at  the  left  end  discrete  case  et  the  right), 
c)    The  numeretor  of  the  given  fractions  is  separated  from  the  denominetor,  end  in  this  absccncc  of  the 
reletion  constitulng  tht  fraction,  the  first  number  it  treated  at  a  whole  number  (tee  Figure  3). 


PROBLEM 

ANSWERS 

We  want  to  make  this  figure  H 
■jg  are  misting.  Complete  it. 

K 

errs 

H 

a  a 

M 

Figure  3:  Examples  of  answers  of  the  tubcetegory  c) ,  for  the  continous  caw. 
The  unequalnets  of  tht  parts. 

The  strategies  that  we  have  grouped  in  this  class  are  those  in  which  we  identify  un- 
equal parts.  These  difficulties  appeared  in  partitioning  tasks  of  geometric  forms'  "(conti- 
nous case,  see  Figure  4). 


PROBLEM 


Drew  e  square  and  represent  . 


ANSWERS 


Figure  4:  Examples  of  answers  classified  as  unequalneis  of  parti 


[10]  Vie  traditional  conventions  considers  as  unequal  parts,  those  subdivisions  of  a  plane  figure  vJiere 
the  resulting  parts  are  not  congruent.  Our  interpretation  of  this  problem  is  different:  we  identify  as 
unequal  parts  those  graphic  representations  wliere  the  subdivisions  meal  variations  of  the  area  of 
the  resulting  parts.  In  (J)  there  Is  a  discussion  of  this  matter. 
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This  problem  also  emerged  in  the  discrete  case,  where  the  classification  criteria  is 
more  evident;  the  subsets  in  which  the  whole  is  divided  have  a  different  cardinality. 


Difficulties  in  the  partition 

Identified  in  this  category  are  those  problems  related  to  the  connection  between  the 
sudivision  of  the  whole  and  the  recognition  of  the  fraction. 

These  difficulties  emerged  in  some  partitioning  tasks  of  figures  that  have  a  complex 
structure  and  whose  subdivision  adapted  to  the  fraction  that  appears  in  the  item,  imposes 
the  simultaneous  use  of  more  than  one  unit  of  partition,  see  figure  5.  One  of  the  strategies 
that  lead  pupils  to  a  success  in  the  exercise  that  ilustrates  this  category,  was  the  cons.dera- 
tion  of  an  equivalent  fraction. 


PROBLEM 

ANSWERS 

Success  Strategy  • 

1  n  the  following  figure  repre- 
sent 

o 

o 

Figure  B:  Examples  of  answers  ,  the  middle  ones  represent  procedures  that  are  included  in  the  category 

difficulties  in  the  partition 


The  predominance  of  the  cardinality  of  the  denominator. 

In  this  category  we  have  included  those  readings  of  the  fraction  where  the  value  of 
the  denominator  takes  precedence.  Again  these  procedures  reveals  a  dissociation  of  the 
numeral  and  a  tendency  to  centralize  the  number  that  corresponds  to  the  denominator, 
assigning  to  it  the  meaning  of  part. 
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COMPUTER-AIDED  DIAGNOSIS  AND  REHEDATIOH  ID  FRACTIONS 

PONG  HO  KHEONG 
INSTITUTE  OF  EDUCATION 
SINGAPORE 

ABSTRACT 

Computer  has  been  introduced  for  use  as  on  artificial  Intelligence  to 
analyse  data  in  the  area  or  education.     Educationists  have  round  that 
computer  has  not  only  help  their  work  more  evidently  but  also  it  can 
generate  inrormation  which  has  not  been  encountered  berore.    The  use 
or  computer  is  not  considered  new  in  education  but  using  it  to  analyse 
the  cognitive  thinking  processes  or  students  is  quite  scarce  in 
mathematics  education. 

This  research  study  was  conducted  in  line  with  Ashlock,  Brwon ,  Burton 
and  VanLehn  on  the  analysis  or  error  patterns.    The  objectives  or  the 
present  study  are  to  develop  an  automated  computer  system  for 
diagnosis  and  remediation  and  to  construct  a  conceptual  model  or 
remediation  in  Tractions. 

The  initial  stage  of  the  project  began  with  the  construction  or  an 
instrument  to  investigate  the  subjects'  perrormances  in  Tractions.  The 
items  were  based  on  a  set.  or  13  objectives  on  the  4  operations  or 
Tractions.    The  test  was  administered  to  3000  subjects  who  were 
classified  as  below  average  in  Tractions.    The  test  was  readminiatered 
arter  a  week  later.    The  responses  of  the  subjects  were  analysed  and 
systematic  errors  were  classified. 

An  automated  computer  system  Tor  diagnosis  and  remediation  in  the  h 
operations  oT  Tractions  was  developed.     It  consisted  of  three  sub- 
systems viz.  (a)  diagnostic  system  oT  errors,  (b)  tutorial  system  for 
remediation  and  (c)  automated  generation  of  text  materials  for 
remedation . 

To  accompany  the  computer  system  Tor  diagnosis  and  remediation  a 
conceptual  model  in  remediation  or  fractions  was  developed  which  was 
based  on  the  hypothetical  remedial  activities. 


Diagnosis  and  remediation  in  the  teaching  or  mathematics'  have  been  seen 
by  many  teachers  as  essential  for  elective  teaching.    Okey  (76) 
reported  that  pupils'  achievements  tended  to  go  up  when  teachers  give 
diagnostic  tests  Trequently.     It  seems  to  indicate  that  it  is 
benericial  tu  reuearch  Turther  into  this  area  or  teachng  and  learning. 

Although  the  use  oT  diagnosis  and  remediation  in  teaching  seems  to  be 
encouraging,  the  amount  of  time  required  Tor  implementing  the  test  and 
analysing  the  data  to  Tind  out  the  actual  cause  or  pupils'  errors  will 
be  tremendous.    Unless  the  amount  oT  this  time  can  be  reduced,  teachers 
will  normally  reluctant  to  carry  out  this  strategy  to  help  their 
pupils.    Another  factor  which  cannot  be  ignored  is  to  determine  the 
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accuracy  of  diagnosing  pupils'  errors  in  mathematics.    It  would  be 
futile  to  conduct  remedial  classes  which  are  mainly  based  on  erroneous 
diagnosis.    In  view  of  the  problems  identified  above  in  teaching 
mathematics,  there  is  a  need  for  mathematics  educationist  to  look  into 
ways  which  can  help  teachers  to  reduce  their  burden  in  diagnosis  and 
analysis  of  data.    The  topic  on  fractions  is  used  as  an  example. 


"Diagnosis  and  remediation'  is  not  something  new  in  the  mathematics 
education  curriculum.    However,  research  using  computer  (especially 
microcomputer)  to  help  diagnosing  and  remediating  pupils  with 
mathematics  difficulties  is  not  nuaerous. 

Basically  the  concept  and  work  done  in  the  area  of  diagnosis  are 
pursued  in  two  direction.    The  first  group  of  mathematics  diagnosticians 
concentrated  their  work  on  categorising  the  types  of  errors  according 
to  some  major  claasif ications .    Robert  (68)  had  classified  four  error 
categories  viz.  wrong  operation,  obvious  computation  error,  defective 
algorithm  and  random  response.    The  work  of  Engelhardt  (77),  Cox  (75) 
and  Knifong  (80)  were  quite  close  to  Robert's  work  on  errors  analysis. 
This  area  of  research  was  found  to  have  two  limitations.  First, 
researchers  tended  to  emphasise  on  written  responses  and  there  had  been 
few  attempts  to  analyse  pupils  difficulties  by  talking  to  them.  Second, 
emphasis  was  placed  on  difficulties  related  to  a  type  of  mathematical 
task  rathar  than  a  whole  range  of  difficulties  which  pupil  experience. 

The  work  of  Ashlock  (76)  had  indeed  given  rise  to  another  group  of 
mathematics  diagnoaticians.    His  work  was  concerned  with  the 
identifications  of  error  patterns  in  computation.    Methods  for 
correcting  pupils'  errors  in  computation  were  suggested  in  his  book 
'Error  Patterns  in  Computation'.    Brown  and  Burton  (78)  constructed 
some  diagnostic  models  of  basic  skills  (addition,  subtraction,  etc.) 
using  a  representation  technique  called  'procedural  networks'.  Using 
these  diagnostic  models,  two  computer-based  systems,  BUGGY  and  DEBUGGY, 
were  developed  to  teach  both  students  and  student  tonchers  about  the 
strategies  of  diagnosing  bugs.    Later,  Brown  and  Van-Lehn  (81) 
introduced  the  Repair  T'leory  in  an  attempt  to  explain  how  the  bugs 
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(systematic  errors)  were  acquired  by  students  and  how  they  were  held. 
Travis  and  Carry  (83)  and  Woerner  (80)  did  similar  kind  of  work  to 
identify  students'  errors  in  multiplication  and  addition  of  fractions 
respectively.    Travis  and  Carry  concluded  in  their  study  that  the 
diagnosis-remediation  combinations  were  effective  for  remediating 
students'  errors  in  multiplication.    Woerner  concluded  that  the  use  of 
computer  for  diagnosis  was  effective  for  probing  more  information. 
Bright  (8H )  suggested  that  further  computer-based  diagnostic  system  ' 
should  Incorporate  CAI  for  remediation. 

OBJECTIVES 

In  view  of  the  previous  research  and  suggestions  discussed  on  the 
previous  paragraphs,  a  research  project  was  initiated  to  investigate 
further  into  this  area  on  fractions.    The  main  objectives  of  the 
research  study  are  to 

(1)  classify  a  near-exhaustive  set  of  error  patterns  in  fractions. 

(2)  develop  a  computer  system  for 

(a)  analysing  pupils'  erroneous  algorithms  in  fractions. 

(b)  generating  tutorial  questions  in  remediation. 

(c)  generating  text  materials  for  remedation. 

(3)  derive  a  diagnostic  model  for  remediation  in  fractions. 

(4)  test  the  accuracy  of  the  computer  system  in  diagnosing  pupils' 
errors  in  fractions. 

(5)  investigate  the  effectiveness  of  this  approach  as  compared  with 
the  'usual  method'  for  remediation  adopted  in  the  local  context. 

At  the  time  of  writing  this  paper,  objectives  CO  and  (5)  above  have 
not  been  realised. 

METHODS 

Sample 

The  sample  for  thin  study  consisted  of  about  3000  average  and  below 
average  pupils  from  30  schools  in  Singapore.    They  were  selected  from 
the  Primary  5  and  6  of  the  Normal  Stream  and  the  Primary  6,  7  and  8  of 
thp  Extended  Stream  (pupils  take  6  years  and  8  years  to  complete  the 
Primary  Education  in  the  Normal  and  Extended  Streams  respectively). 
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Instrument 

A  diagnostic  tost  on  the  addition  of  fractions  was  constructed  which 

was  based  on  thi:  pre-determincd  objectives.    The  thirteen  objectives 

identified  for  the  teat  were 

addition  of  Fraction  (Denominator  «,  12) 

yl)    Addition  of  simple  fractions  with  like  denominators. 

(2)  Addition  of  simple  fractions  with  unlike  denominators. 

(3)  Addition  of  mixed  numbers  with  like  denominators. 
Ct)    Addition  of  mixed  numbers  with  unlike  denominators. 
Subtraction  of  Fractions  (Denominator  a  12) 

(5)  Subtraction  of  simple  fractions  with  like  denominators. 

(6)  Subtraction  of  simple  fractions  with  unlike  e'enominators . 

(7)  ii  btraction  of  mixed  numbers  with  like  denominators. 
■8)    Subtraction  of  mixed  numbers  with  unlike  denominators. 
Multiplication  of  Fractions  (Denominator  a  12) 

(9)  Multiplication  of  a  simple  fraction  and  a  whole  number. 

(10)  Multiplication  of  a  simple  fraction  with  a  simple  fraction. 
Division  of  Fractions  (Denominator   a  12) 

(11)  Division  of  a  simple  fraction  by  a  whole  number. 

(12)  Division  of  a  simple  fraction  by  a  simple  fraction. 

(13)  Division  of  a  whole  number  by  a  simple  fraction. 

In  each  objective  identified  nbove,  4  parallel  items  were  used  to  test 
the  subjects'  knowledge  in  the  algorithmic  skills.    This  was  to  ensure 
that  the  different  types  of  errors  were  identified  viz.  systematic 
errors  and  non-systematic  errors  due  to  misreading  a  question  or 
guessing  a  solution. 

Procedure 

The  above  diagnostic  test  was  administered  to  the  3000  subjects  with  the 
liulp  of  60  Certificate  in  Eduction  students  of  the  Institute.  The 
subjects  were  retested  in  the  following  week.     In  both  tests,  no  time 
limit  was  imposed  on  the  subjects.    They  were  told  to  hand  in  their 
papers  as  soon  as  they  had  finished  their  work.     Pupils'  responses  to 
each  item  of  the  tests  were  marked.    Incorrect  responses  were  carefully 
analysed  to  determine  the  actual  error  pattern  of  each  mistake. 
Subjects  were  also  interviewed  when  their  errors  made  were  randomised 
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or  they  would  be  asked  to  think  aloud  on  working  a  similar  problem. 
The  results  obtained  in  the  second  teat  were  UBed  to  check  whether  the 
erroneous  BtrategieB  UBed  by  the  subjects  were  systematic. 


Owing  to  the  nature  of  the  topic  on  fraction,  it  1b  not  the  intention 
of  thiB  Btudy  to  construct  u  procedural  networks  to  show  a  general 
diagnostic  model  in  fractions.    However  It  was  found  that,  on  the 
average,  about  8  error  patterns,  were  identified  in  each  objective. 
It  would  not  be  poBBible  to  list  all  of  them  here  in  this  Bhort  paper. 

It  can  be  envisaged  that  teachers  find  difficulty  to  memorise  all  these 
error  patterns.    BeBideB  it  is  alBo  time  consuming  to  analyse 
individual's  error  in  performing  operations  in  fractions  and  other 
topicB.    Hence  an  automated  computer  Bystem  is  developed  to  reduce  the 
burden  of  teachers  who  would,  presumably,  reluctant  to  perform  the 
above  tasks  without  Buch  a  Bystem. 

The  Automated  Computer  System  developed  consists  of  three  sub-oyetemB. 
They  are  the 

(1)  Diagnostic  SyBtera  of  Errors  in  Fractions. 

(2)  Tutorial  System  for  Remediation  in  Fractions. 

(3)  Automated  Generation  of  Text  Materials  in  Fractions  for 
Remediation. 

The  Diagnostic  System  of  Errors  in  Fractions  is  a  syBtem  that  can 
generate  randomised  questions  which  were  baaed  on  the  13  pre-dcterminec 
objectives.  It  can  alBo  determine  the  BubjectB1  errorenous  strategies 
in  performing  the  t  operations  of  fractions.  The  subject  is  expected, 
if  deBired,  to  work  out  the  problem  on  a  piece  of  paper.  The  answer  i 
keyed  into  the  computer  and  it  will  logically  analyse  the  subject's 
work  and  the  probable  cause  of  error  is  printed  out. 

The  following  tables  Bhow  an  examinee's  performances  printed  out  from 
thiB  computer  ayBtem. 
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Table  1  :  Analysis  of  a  Pupil's  Performances  In  Fractlong 
Objective  (3)     :    Addition  of  mixed  numbers  with  like  denominators 
Item  1     :     (a)    Time  taken         :    y  sees 

(b)  Question  :  +  2r^  =  4— 

11       11  22 

(c)  Error  Pattern    :    Add  the  whole  numbers,  the  numerators 

and  the  denominators  correspondingly. 


Table  2  :  Summary  of  Results 


Objective  No. 

Item  No. 

Result 

Time  Taken  (sec) 

1 

1 

Wrong 

16 

2 

Wrong 

6 

3 

Wrong 

7 

4 

Wrong 

8 

2 

1 

Wrong 

10 

2 

Right 

7 

3 

Wrong 

6 

4 

Wrong 

5 

The  Tutorial  System  for  Remediation  is  a  system  that  generate 
randomised  questions  for  drill  and  practice    The  system  is  used  to 
provide  questions  for  drill  and  practice  after  the  subjects  have 
undergone  remedial  lessons  conducted  by  the  remedial  teachers.  The 
following  table  shows  an  example  of  the  printout  which  summarises  the 
examinee's  performances. 


Table  3  :  Summary  of  the  Pupil's  Performances  in  Fractions 


Objective 
No. 

No.  of 
Question 

No. 
Right 

No. 
Wrong 

% 

Right 

Time 

Taken  ( sec ) 

1 

10 

5 

5 

50 

12 

2 

10 

6 

4 

60 

23 

3 

10 

3 

7 

30 

13 

4 

10 

2 

8 

20 

43 

Total 
Average 

40 

16 

24 

40 

91 

22 

The  Automated  Generation  of  Text  Materials  in  Fractions  for  Remediation 
Is  designed  to  generate  additional  materials  for  the  subjects  to 
practice  at  home.    The  answers  are  also  provided  for  the  subjects  to 
check  the  accuracy  of  their  work. 


MODEL  FOB  REMEDIATION  IN  FRACTIONS 


An  overview  of  the  error  patterns  made  by  the  subjects  in  this  study 
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shows  that  moot  of  the  errors  mado  are  rudimentary.    It  io  possible  to 
use  Brown  and  Van-Lehn's  Repair  Theory  to  explain  the  occurences  of  the 
bugs.    The  examinees  tended  to  apply  a  simpler  strategy  to  work  out  the 
algorithmic  operation. 

An  analysis  of  each  error  pattern  was  carried  out  and  it  was  found  that 

it  has  ito  own  error  identity.    On  the  basis  of  its  uniqueness,  a  set 

of  hypothetical  remedial  activities  was  suggested  that  would  most  likely 

alleviate  the  weaknesses  of  the  subjects.    The  following  example  shows 

an  error  pattern  in  multiplication  of  2  fractions  and  the  possible 

remedial  actions  for  those  subjects  who  err  in  this  type  of  problem. 

^.                 Nl  N2 
Question  :         x  D2  =   

Nl      N2      N1D2  x  N2D2 
Error  Pattern  :  X  D2  =  D1D2 

Treating  'x'  as  '♦' 
Weaknesses  :     Recognition  of  symbols 

Remedial  Activities  :     (1)    further  diagnosis  on  the  recognition  of 

symbols  ♦  and  x 

(2)  Concept  of  Multiplication  of  2  fractions 

(3)  Algorithm  In  multiplication  of  2 
fractions 

(4)  Comparing  addition  and  multiplication 
algorithms 

To  illustrate  an  example  of  the  construction  of  a  remediation  model,  an 
analysis  of  the  remedial  activities  to  cater  for  the  subjects  who  have 
not  mastered  the  multiplication  of  a  simple  fraction  with  another 
simple  fraction/whole  number  was  carried  out.    Using  these  remedial 
activities,  a  conceptual  model  for  remediation  of  multiplication  of 
fractions  is  constructed  as  shown  in  figure  1  on  page  10. 

Each  remedial  activity  is  placed  at  one  of  the  six  levels  identified 
To  help  teachers  identify  the  exact  level  at  which  the  subject  has  not 
achieved,  the  computer  system  may  print  out  the  required  level  for 
remediation.    Based  on  the  conceptual  model  for  remediation  of 
multiplication  of  fractions,  teachers  are  able  to  select  a  set  of  those 
remedial  activities  classified  at  and  below  the  level  identified  by  the 
computer  system. 
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CONCLUSION 


Two  important  outcomes  are  seen  to  eaerge  out  of  thia  study  viz. 

development  of  an  automated  computer  system  for  diagnosis  and  conceptu il 
model  for 

Remediation  of  fractions.    This  computer  syBtem  and  the  conceptual 
framework  for  remediation  provide  an  alternative  approach  for 
individualising  instruction  In  mathematics.    It  serves  as  a  prototype 
system  to  cater  for  other  areas  of  mathematics. 

Some  features  or  this  system  are  worth  noted  for  future  implementation. 
It  does  not  only  provide  with  accurate  diagnosis  of  errors  but  also  It 
helps  to  reduce  the  investigator's  time  to  analyse  examinees'  errors. 
With  nhe  remedial . information  printed  out,  investigator  may  conduct 
remedial  activities  immediately  without  wasting  much  time  in  looking  for 
remediation  materials.     In  the  process  of  using  the  system  for 
diagnosis,  the  Investigator  may  also  be  able  to  collect  further 
Information  on  error  patterns  as  the  set  of  error  pattorns  Identified 
earlier  may  not  be  exhaustive.    This  provides  additional  information 
for  research . 

Two  assumptions  have  been  made  in  this  study.    The  hypothetical 
remedial  activities  are  assumed  to  be  effective  and  exhaustive. 
Further  research  should  concentrate  on  verifying  the  remediation  model 
and  the  accuracy  of  the  diagnostic  system. 
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CATEGORIZATION  OF  FRACTION  WORD  PROOLEMS 


Pamela  Thibodeau  Hardlman 
University  of  Massachusetts 


What  Information  1n  a  word  problem  does  a 
problem  solver  use  to  decide  that  1t  should  be 
solved  similarly  to  another  problem?  Do 
nonexperts  and  experts  use  different  types  of 
Information?   This  set  of  four  studies  showed 
nonexpert  and  expert  problem  solvers  do 
categorize  problems  differently,  nonexperts 
relying  more  on  surface  feature  similarity. 
However,  nonexperts  Improved  judgments  of 
solution  similarity  when  the  problem  type  was 
constant.   The  results  suggest:  1)  the 
distinction  of  surface  and  deep  features  may  not 
be  rich  enough  for  describing  categorization  p* 
problems,  and  2)  problem  solvers  attempt  to  use 
all  features  of  similarity  that  they  perceive. 


What  Information  in  a  word  problem  does  a  person  use  in  order  to 
decide  what  operation  to  perform  to  solve  the  problem,  and  how  is  that 
information  used?    One  way  in  which  this  question  can  be  approached  is 
to  ask  whether  a  problem  would  be  solved  similarly  to  another  problem. 
Studies  of  problem  solvers  In  physics  (Chi,  Feltovich  and  Glaser,  I'M  ; 
Larkln,  McOermott,  Simon,  and  Simon,  1980)  suggest  that  novices  and 
experts  attend  to  different  types  of  Information  when  classifying 
problems  according  to  solution  similarity:  novices  classify  problems 
mainly  with  respect  to  surface  similarity,  whereas  experts  classify 
problems  on  the  basis  of  principle  of  solution.    Similar  observations 
have  been  made  with  good  and  poor  problem  solvers  in  the  same  grade  in 
school:  poor  problem  solvers  are  often  misled  by  surface  structure  or 
"pseudo"  similarities  (Silver,  1979,  1901).    Although  the  product  of 
categorization  tasks  1s  different  for  nonexperts  than  experts,  it  is  nc 
obvious  that  nonexperts  and  experts  actually  approach  the  task  in 
different  manners.    The  Intention  of  the  following  set  of  studies  1s  tc 
determine  whether  expert  and  novice  categorization  behavior  can  be 
explained  using  a  single  set  of  principles. 
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I  will  begin  by  proposing  the  Surface  Feature  hypothesis  and 
attempt  to  show  that  it  cannot  account  for  the  data.    The  Surface 
Feature  hypothesis  is  that  in  categorizing  problems,  nonexperts  attend 
to  the  surface  structure,  or  storyline,  while  experts  consider  only  the 
deep  structure,  principle  by  which  the  problem  should  be  solved.  One 
limitation  of  this  hypothesis  is  that  it  provides  no  obvious  route  for 
the  acquisition  of  expewrtise:  how  does  the  nonexpert  progress  from 
using  surface  features  to  classifying  by  principles?   The  transition 
might  be  accomplished  if  one  assumes  that  the  nonexpert  is  capable  of 
categorizing  on  the  basis  of  principles  and  does  so  when  possible. 
However,  later  I  will  argue  that  the  correct  and  incorrect  categor- 
izations of  experts  and  nonexperts  can  be  accounted  for  by  assuming  that 
all  perceived  similarities  are  used  in  the  categorization  process. 

Two  types  of  tasks  are  employed  in  this  set  of  studies  to  infer 
how  the  Information  1n  the  problem  statement  is  used  in  solving  a 
problem:  1)  the  choice  of  operation  used  to  solve  a  problem,  and  2) 
judgments  of  the  similarity  between  problems.     Arithmetic  word  problems 
containing  fractions  were  chosen  as  the  domain  of  Investigation,  since 
the  types  of  problem  can  be  well  defined,  and  since  a  large  proportion 
of  high  school  students  (Carpenter,  et  al,  1980)  and  adults  (Watson, 
1980)  are  unable  to  use  rational  number  concepts  fluently,  even  after  a 
considerable  period  of  instruction  in  school.    A  secondary  goal  of  these 
studies  was  to  try  to  understand  why  arithmetic  word  problems  that 
contain  fractions  are  difficult  to  solve. 

One  plausible  explanation  is  that  all  word  problems  are  more 
difficult  to  solve  than  correspondingly  similar  computational  problems. 
However,  the  NAEP  data  (Carpenter  et.al.,  1980)  for  13  year  olds, 
clearly  argues  against  this  explanation,  as  the  differences  in 
performance  between  word  and  computational  problems  of  similar  types  are 
neither  constant  1n  size  nor  always  in  the  same  direction. 

A  second  explanation  1s  that  since  fractions  are  more  complex 
numbers,  being  composed  of  two  parts,  they  add  Incrementally  to  the 
difficulty  of  a  problem.  Although  such  complexity  may  adversely  affect 
the  development  of  computational  skills,  the  presence  of  fractions  1n  a 
word  problem  does  not  neccessarlly  make  it  harder  to  understand  the 
problem  situation.  This  1s  an  experimental  question,  which  will  be 
addressed  1n  Study  1, 

A  third  explanation  is  that  number  type  (whole  number  or  fraction) 
influences  the  kinds  of  units  allowed,  and  hence  the  possible  structures 
of  word  problems.    Because  of  such  differences,  it  is  not  always 
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possible  to  simply  substitute  fractions  for  whole  numbers  (and  vice 
versa)  and  retain  the  structure  of  a  word  problem.    In  cases  where  there 
is  a  lack  of  parallelism  in  problem  struture,  nonexperts  would  likely 
have  difficulty  interpreting  a  problem  statement.    For  example,  consider 
the  following  fraction  multiplication  problem: 

"Margret  had  4/5  of  a  gallon  of  ice  cream.    She  gave  1/5  of  the 
ice  cream  to  her  sister,  Anne  Marie.    How  much  ice  cream  did  Anne 
Marie  receive?" 

The  basic  solution  approach  is  unaffected  if  Margret  had  4  instead  of 
4/5  of  a  gallon  of  ice  cream.    However,  the  1/5  cannot  be  replaced  with 
a  whole  number  and  have  the  problem  remain  a  multiplication  problem. 
This  is  true  for  all  word  problems  in  which  the  multiplier,  or  operating 
number,  is  a  fraction.    In  general,  the  structure  of  addition  and 
subtraction  problems  makes  it  possible  to  substitute  fractions  and  whole 
numbers  without  altering  the  meaning.    Measurement  division  problems  are 
likewise  unaffected,  implying  for  all  three  cases  little  difference 
between  nonexperts'  understanding  of  the  whole  number  and  fraction 
operations.    However,  nonexperts  will  be  likely  to  experience 
difficulties  with  fraction  multiplication  problems  because  of  the  lack 
of  parallelism. 

The  four  studies  reported  here  concerned:  1)  assessing  relative 
difficulties  of  problem  understanding,  2)  judgment  of  solution 
similarity  by  experts  and  nonexperts,  3)  how  judgments  of  solution 
similarity  may  be  facilitated,  and  4)  replication  of  results  with  a 
younger  population.    The  subjects  were  two  groups  of  college  students 
(11=48  and  N=57)  enrolled  psychology  classes  at  UMass,  and  one  group  of 
eighth  graders  (N=52)  from  a  local  junior  high  school.  Preliminary 
analyses  for  each  study  showed  no  main  effects  or  major  interactions 
involving  sex. 

In  all  studies,  the  problems  had  two  numbers,  were  solved  with 
one-step,  and  the  result  of  the  operation  was  unknown.    Two  types  of 
word  problems  requiring  each  operation  were  used:  Active  and  Passive. 
Active  problems  involved  an  action  integral  to  the  problem  storyline, 
while  Passive  problems  described  and  asked  about  a  relationship  between 
the  two  problem  elements.    For  example: 

Hansel  began  the  trip  with  3/4  of  a  pound  of  bread.    He  used  1/4 

of  a  pound  of  the  bread  to  mark  the  trail.    How  much  bread  did 
Hansel  have  then? 

Ernest  had  1/5  of  a  box  of  typing  paper.    George  had  4/5  of  a  box 

of  typing  paper.    How  much  more  paper  did  George  have  than  Ernest? 
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STUDY  1:  ASSESSMENT  OF  PROBLEM  TYPE  DIFFICULTY 


The  purposes  of  Study  1  were  to:  1)    assess  relative  differences 
in  levels  of  understanding  among  the  set  of  fraction  problem  types, 

2)  determine  whether  the  complexity  of  fractional  numbers  could  be  ruled 
out  as  an  explanation  for  the  poor  performance  on  fraction  problems,  and 

3)  provide  an  index  of  expertise  in  solving  fraction  word  problems. 

The  subjects  were  given  eight  fraction  word  problems,  one  of  each 
of  the  eight  types,  and  were  to  indicate  which  one  of  the  four 
arithmetic  operations  should  be  performed  on  the  two  numbers  given  in 
the  problem  in  order  to  solve  it.    The  group  2  adults  were  also  given  a 
set  of  eight  problems  that  each  contained  two  whole  numbers. 

Resu1ts     The  mean  performances  (and  patterns  of  correct  answers) 
for  Groups  1  and  2  on  the  fraction  problems  were  similar:  67*  versus 
69*.    There  were  considerable  differences  among  the  four  operations  for 
both  groups,  FJ3.141)  =  45.95,  £  <  .0001,  and  £(3.168)  =  40.78.  £  < 
.0001;  the  means  were  addition:  92X,  subtraction:  86*,  division:  372, 
and  multiplication:  34*  (all  pairwise  differences  were  significant  with 
a  Bonferrroni  test  (£  <  .008),  except  between  addition  and  subtraction). 

There  were  considerable  differences  within  operations  as  well: 
subjects  did  not  understand  equally  well  all  problems  which  require  the 
same  operation,  as  indicated  by  the  significant  activeness  within 
operation  effect.  £(4,188)  =  9.62.  £  <  .0001  and  F(4,224)  =  8.87,  £  < 
.0001.    Better  performance  was  generally  associated  with  the  active 
problems,  but  the  size  of  the  effect  was  quite  variable. 

If  the  poor  results  on  this  task  with  multiplication  and  division 
problems  result  from  a  poor  understanding  of  these  operations,  this 
should  be  reflected  in  performance  on  whole  number  problsms.  However, 
Group  2's  performance  on  the  whole  number  problems  rules  out  this  expla- 
nation, since  the  mean  percent  correct  was  98*  (versus  69X),  and  ranged 
from  95*  to  100*  correct,  making  the  pattern  of  results  quite  different. 


STUDY  2:  JUDGMENT  OF  SOLUTION  SIMILARITY 

Study  2  tested  the  Surface  Feature  hypothesis:  Do  nonexperts 
consistently  categorize  problems  on  the  basis  of  surface  features,  and 
do  experts  consistently  sort  on  the  basis  of  deep  structure?    In  this 
study,  subjects  were  given  a  standard  problem  with  four  alternatives, 
and  were  to  determine  which  two  of  the  four  alternatives  would  be  solved 

ERIC  413 


-  387  - 


similarly  to  the  standard.    The  alternatives  were  structured  so  there 
was  a  match  in:  1)  both  surface  s+ructure  and  operation  ( B) ,  2)  only  the 
operation  (0),  3)  only  the  surface  structure  (S) .  and  4)  neither 
dimension  (N) .    The  Surface  Feature  hypothesis  predicts  that  all 
subjects  should  choose  the  £  alternative,  since  it  has  a  similar 
storyline  and  requires  the  Siine  operation  for  solution  as  the  standard. 
However,  for  the  second  choice,  nonexperts  should  consistently  choose 
the  S  alternative,  while  experts  would  always  choose  the  (^alternative. 

The  problems  varied  in  operation,  activeness  of  standard,  and  in 
the  difficulty  of  performing  the  computations  with  the  numbers  in  the 
problems.     Expert  subjects  were  those  who  made  zero  or  one  mistake  in 
identifying  the  operations  for  solution  in  the  study  1  task. 

Results     There  was  a  main  effect  of  error  level,  F(3,36)  =  4.42, 
£  =  0.0096;  the  more  experts  subjects  (0-1  errors)  performed  better 
overall  (84%  correct)  than  the  less  expert  subjects  (2,  3,  and  4-5 
errors,  661  correct),  t(38,  onetailed)  =  3.37,  £  <  0.001.    There  were  no 
significant  differences  among  the  three  nonexpert  groups. 

As  predicted,  both  experts  and  nonexperts  frequently  (89%)  choose 
the  £  alternative.    It  was  chosen  more  often  than  the  0^  alternative 
(53%),  F(l,36)  =  94.67,  £  <  0.0001,  indicating  that  a  match  in  surface 
structure  facilitates  the  decision  that  problems  are  solved  similarly. 
When  one  of  the  selections  was  incorrect,  62%  of  the  time  the  S 
alternative  was  chosen,  indicating  a  tendency  to  judge  solution 
similarity  on  the  basis  of  surface  features.    However,  47%  of  the  time 
the  nonexperts  did  correctly  choose  the  0  alternative.    In  contrast, 
experts  did  not  consistently  judge  similarity  on  the  basis  of  deep 
structure,  choosing  the  ^alternative  only  71%  of  the  time.  Together, 
these  results  imply  that  the  Surface  Feature  hypothesis  cannot  be  true. 

STUDY  3:  FACILITING  OF  JUDGMENTS  OF  SOLUTION  SIMILARITY 
As  study  2  has  shown,  judgments  of  solution  similarity  can  be 
facilitated  by  similarity  of  storyline.     However,  it  is  possible  that 
similarity  in  the  types  of  words,  actions,  and  situations  that  occur  are 
sufficient  to  produce  such  facilitation.    For  example,  consider  the 
following  two  active  multiplication  problems: 

Mary  cooked  a  3/4  pound  steak  for  dinner.    She  ate  1/3  of  the 
steak.    How  much  steak  did  she  eat? 

Tom  found  1/4  of  a  bottle  of  glue.    He  used  3/4  of  the  glue 
building  a  birdhouse.    How  much  glue  did  he  use? 
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Both  problems  concern  the  size  of  a  fraction  of  the  original  quantity 

that  has  been  consumed.    In  contrast,  the  following  passive  problem 

involves  no  consumption: 

7/8  of  the  sandwiches  the  waitress  delivered  were  hamburgers.  1/4 
of  the  hamburgers  were  cheeseburgers.    What  fraction  of  the 
sandwiches  served  were  cheeseburgers? 

Although  these  problem  are  similar,  in  that  they  require  the  same 

operation  for  solution,  the  similarity  seems  harder  to  recognize  than 

that  which  occurs  when  the  problem  type  is  the  same.     In  study  3,  the 

hypothesis  tested  is  that  a  natch  in  problem  type  facilitates  the 

judgment  of  solution  similarity. 

The  task  was  to  choose  which  of  four  alternatives  (requiring 

addition,  subtraction,  multiplication,  and  division  for  solution)  would 

be  solved  similarly  to  a  specified  standard.    The  sets  of  alternatives 

were  structured  so  that:  a)  all  alternatives  were  of  the  same  type, 

active  or  passive,  and  b)  they  had  story  lines  that  were  as  similar  as 

possible.    The  standard  had  a  different  story  line  and  could  either 

match  or  mismatch  the  alternatives  in  problem  type.    There  were  16  items 

on  this  task:  4  operations  x  2  types  of  standards  x  2  (matching  or 

mismatching)  sets  of  alternatives. 

Results      The  results  indicate  that  similarity  of  problem 
structure  facilitates  the  decision  that  two  problems  require  the  same 
operation  for  solution.    The  main  effect  of  match  in  problem  type  was 
highly  significant,  FJ1,  56)  =  28.00,  £  <  .0001:  subjects  chose  the 
correct  alternative  more  often  when  the  problem  types  matched.  However, 
this  size  of  this  effect  differed  with  operation,  £(3,168)  =  9.41,  £  < 
0.0001.    A  match  in  problem  type  provided  the  most  facilitPtion  for 
subtraction  (73X  vs  402)  and  division  (71S  vs  441)  items,  a  smaller 
facilitation  for  addition  items  (882  vs  801),  but  no  facilitation  for 
multiplication  items  (541  vs  541).    Thus,  facilitation  is  greater  for 
problems  that  students  have  moderate  difficulty  understanding. 

Study  3  indicates  problem  solvers  are  able  to  utilize  features  if 
similarity  due  to  problem  type  to  judge  solution  similarity.  Such 
features  might  include  common  patterns  of  actions,  such  as  "giving-to* 
or  "-from"  (see  Kintsch  and  Greeno,  1985  for  other  types  of  action 
patterns),  similar  questions,  and  the  use  of  related  words  or  phrases, 
such  as  "gave  away",  "spent",  and  "lost."    Since  there  was  little 
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overlap  of  key  word  phrases,  the  similarity  perceived  is  related  to  the 
meaning  of  the  words,  not  the  actual  words. 

STUDY  4:  REPLICABILITY  WITH  A  YOUNGER  POPULATION 
One  objection  which  could  be  raised  concerning  the  first  three 
studies  is  that  nonexpert  college  students  should  not  be  considered  true 
novices,  because  they  have  had  a  considerable  opportunity  to  practice 
and  apply  Inappropriate  problem  solving  stratgies.    To  determine  whether 
this  objection  has  any  justification,  the  studies  were  repeated  with 
eighth  grade  students,  who  were  the  youngest  students  available  who  had 
completed  all  instruction  in  fractions.    It  was  conceivable  that  overall 
levels  of  performance  would  be  higher  for  the  more  experienced  subjects, 
but  the  trends  should  correspond. 

Results        In  general,  the  performance  of  the  eighth  graders  was 
quite  similar  to  that  of  the  college  students.    In  the  study  1  task,  the 
overall  performance  of  eighth  graders  was  lower  than  that  of  the  college 
students,  F(l,  105)  =  20.98,  £  <  0.0001.    However,  there  were  no  inter- 
actions with  age,  Indicating  eighth  graders  had  difficulty  with  the  same 
types,  of  problems.    They  also  tended  to  err  1n  the  same  way  as  adults. 

For  eighth  graders,  the  study  2  task  was  modified  slightly,  so 
that  performance  on  task  1  could  be  used  to  predict  when  subjects  would 
err  on  the  similarity  judgment  task.    It  was  predicted  that  subjects 
would  consistently  confuse  operations  between  tasks.    In  fact, 
performance  on  task  1  did  correlate  with  performance  on  task  2,  r  = 
0.571,  t(51)  =  4.96,  £  <  0.001,  suggesting  subjects  tend  to  make  surface 
feature  errors  when  they  do  not  understand  the  operation  with  fractions. 

In  study  3,  the  eighth  graders  performed  nearly  as  well  the  adults 
on  the  matching  task  (581  vs  62%  adult,  N.S.).    The  one  significant 
effect  involving  age  was  an  interaction  of  age,  match,  and  operation, 
F(3,153)  =  4.38,  £  =  0.0055;  this  seemed  mainly  due  to  eighth  graders 
having  more  difficulty  distinguishing  active  subtraction  and  active 
multiplication  problems.    In  conclusion,  the  ways  in  which  adults  differ 
from  eighth  graders  are  also  ways  in  which  thay  are  better  than  eighth 
graders:  nonexpert  adults  do  not  make  different  kinds  of  errors  from 
"true  novices". 

GENERAL  DISCUSSION 
The  studies  reported  here  imply  that  the  strong  form  of  the 
Surface  Feature  hypothesis  is  false:  nonexperts  do  not  consistently  use 
similarity  of  surface  features  as  a  basis  for  a  judgment  of  solution 
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similarity.    They  do  tend  to  rely  on  surface  feature  similarity  if  they 
have  difficulty  understanding  the  concepts  of  the  operation,  but  the 
eighth  graders  performance  on  study  2  showed  this  tendency  is  not 
consistent.    Hence,  even  a  weaker  form  of  the  Surface  Feature  hypothesis 
would  not  appear  to  account  for  the  data. 

In  fact,  study  3  suggests  that  the  surface/deep  structure 
distinction  may  not  provide  a  sufficiently  rich  scheme  for  understanding 
problem  classification,  since  judgments  of  solution  similarity  were 
facilitated  by  a  match  in  problem  type.    Problem  type  must  provide  the 
basis  for  a  structural  analysis  which  is  Intermediate  between  surface 
and  deep  structure.    Actually,  since  the  deep  structure  must  be  derived 
from  the  problem  text,  it  Is  plausible  that  a  useful  level  of  structure 
might  result  without  a  complete  analysis  of  the  deep  structure.    If  this 
is  true,  it  also  provides  a  reasonable  explanation  for  why  experts 
occassionally  err;  Subjects  of  all  levels  of  expertise  categorize 
problems  on  the  basis  of  the  features  of  similarity  that  they  perceive. 
If  the  analysis  of  structure  is  halted  before  it  is  complete,  either 
because  of  a  lack  of  knowledge  or  from  falsely  perceived  similarity,  the 
subject  is  likely  to  be  incorrect. 
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COCNITIVE  EFFECTS  OF  INSTRUCTION  DESICNED  TO  PROMOTE 
MEANING  FOR  WRITTEN  MATHEMATICAL  SYMBOLS 

James  Hiebert 
Diana  Wearne 
University  of  Delaware 

Students  in  grades  four,  five,  and  six  were  taught 
a  special  two-chree  week  unit  designed  to  assist  them  in 
creating  appropriate  meanings  for  decimal  fraction 
symbols.     Based  on  theoretical  analyses,   it  was 
hypothesized  that   students  would  acquire  appropriate 
meanings  and  would  use  the  meanings  to  solve  a  variety 
of   decimal  problems.     Many  of   the  students  in  the  first 
study,  who  were  instructed  in  small  groups,  did  acquire 
and  use  semant ic-based  processes  to  solve  decimal 
problems,   including  novel    transfer  problems.  Students 
in  the  second  study,  who  were  instructed  in  a  whole 
classroom,  largely  exhibited  semantic  processes  on  the 
instructed  problems  but  they  did  not   transfer  the 
processes  to  novel  situations.     Possible  explanations 
for  the  differences  between  samples  are  discussed. 

One  of  the  most  widespread  and  persistent  complaints  about 
students'  behavior  on  mathematical  tasks  is  that   it   is  overly 
mechanical  and  inflexible.     Even  when  students  perform  wel 1 ,  further 
analyses  often  show  that  their  skills  are  applied  in  a  rigid  way  and 
are  tied  to  particular  tasks  (Carpenter,  Matthews,  Lindquist,  & 
Silver,  Hiebert  &  Wearne,  1986). 

Currently  we  are  exploring  the  nature  of  one  potentially 
fundamental  cause  for  the  rigidity  of  students'  mathematical  behavior 
and  their  coincident  low  performance  on  even  slightly  nonrout ine 
tasks.     Our  hypothesis  is  that  much  of   students'  mechanical  behavior 
In  mathematics  results  from  dr i 1 1-and-prac t i ce  of  symbol  manipulation 
rules  before  establishing  meaning  for  the  written  symbols  they 
manipulate.     In  other  words,  conventional    instruction  is  not 
sufficiently  sensitive  to  the  importance  of  creating  sound,  rich 
meanings  for  written  representations  at   the  outset.     We  are  examining 
this  hypothesis  by  studying  the  effects  of   altered  instruction  on  •  he 
cognitive  processes  students  use  to  solve  mathematical  tasks.  The 
domain  of  interest  is  the  introduction  of  decimal  fractions  to 
elementary  school  students. 

Theoretical  Context 
We  propose  that  competence  with  written  mathematical  symbols 
develops  through  the  sequential   and  cumulative  mastery  of  four 
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distinct   cognitive  processes  (Hiebett,   1487).     The  iirst  two 
•processes  develop  the  semantics  ol    the  paHirular  syinbul   system  .mil 
the  second  two  elaborate   its  syntax.      The  lour  processes  arc:  (1) 
creating  meaning  tor  individual   symbols  by  connecting  them  with 
familiar  or  meaningful   referents;   (2)  developing  symbol  manipulation 
procedures  by  reflecting  on  rhe  meanings  of   r he  symbols;   (  i) 
elaborating  and  rourinizing  the  procedures  and  rules  (or  symbols;  and 
(4)  using  the  symbols  and  rules  as  referents  tor  building  a  more 
absrract   symbol  sysrem. 

The  first   rwo  processes  are  ot  most    interest   here  because  they 
are  rhe  processes  rhar  we  hyporhesize  to  be  crucial   lor  further 
success  in  mathematics  and,  at   rhe  same  rime,  are  processes  that 
apparently  are  nor   culrivated  in  conventional   1 nst rucr lona 1  programs. 
Our  objective  was  to  provide  explicit   opportunities  tor  students  to 
acquire  processes  rhar  creare  meaning  tor  writ r en  symbols,  and 
processes  rhar  use  these  meanings  ro  guide  the  development   ot  simple 
procedures  on  symbols.     By  monitoring  students'   behavior  over  rhe 
special  inst rucr ional  sequence,  it  was  possible  ro  dorumenr  changes 
in  cognitive  processes  and  ro  r race  rhe  effects  of  these  changes  on 
performance.     In  particular,  ir  was  possible  to  examine  the  role  of 
somatic  i c -based  processes  in  developing  initial  competence  with 
wri  f  ten  symbol s . 

Me  r  hodo I ogv 

Sttmpl  05 

Two  different  samples  were  used  to  provide  different 
instructional   settings.     In  the  first   study,  the  sample  consisted  of 
nine  students  in  grade  four  and  ten  students  in  each  of  grades  five 
and  six.     All   fourth  graders  and  five  ot   the  fifth  graders  had  not 
been  instructed  previously  in  decimals.     Students  represented 
different  achievement,  racial,  and  gender  groups.     This  sample  was 
used  to  examine  the  effects  of    instruction  in  small   group  settings. 

In  the  second  study,   the  sample  consisted  of   an  entire  classroom 
of    10  fifth  graders.     Most    students   In  the  class  scored  between  the 
40t|i  and  both  percentiles  on  recent   standardized  achievement   tests  in 
mathematics;   they  represented  a  mix  of   gender  and  racial  groups. 
Most   of   the  students  had  received  brief   previous  instruction  in 
decimals.     This  sample  was  used  to  investigate  the  effects  ol 
instruction  in  whole  classroom  settings. 
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1  nst  ruct  i  on 

Instruction  in  the  two  studies  di  t  f  prt'd  slightly  so  they  will  be 
described  separately.     In  study  one,  st.udents  participated  in  a 


lessons  taught,  by  one  ot  the  authors.     The  (irsi    five  activities 
focused  or,  process  one — developing  explicit  connections  between  the 
written  notation  for  decimal   fractions  (through  hundredths)  and 
referents  that   represented  quantity  in  a  concrete  way.     Dienes  base 
ten  blocks  were  used  tor  the  referents.     The  last   tour  activities 
focused  on  process  two  in  the  context  of  addition  and  subtraction. 
Students  were  asked  to  use  the  block  referents  and  the  joining  am) 
separating  action  on  blocks  to  guide  their  decisions  about  how  to 
deal  with  the  associated  written  symbols.     They  were  not  shown 
procedural  rules  with  symbols,  such  as  lining  up  decimal  points 
before  adding  or  subtracting. 

In  the  second  study,  students  participated  in  a  sequence  ot 
eleven  35  minute  lessons  taught   by  one  of  the  authors.    The  first 
eight   lessons  were  similar  to  the  nine  lesson  sequence  employed  in 
study  one.     Lesson  nine  returned  to  process  one  using  the  number  line 
as  a  referent.     The  aim  here  was  to  enrich  the  meanings  students 
could  connect  with  written  symbols  by  providing  another  visual 
representation  of  decimal  fraction  quantities.     Lessons  ten  and 
eleven  focused  on  process  two  in  the  context  of  ordering  decimals  and 
changing  between  decimal   and  common  fraction  form.     Again,  students 
were  not   shown  rules  for  manipulating  symbols  but   were  asked  to  use 
what  they  knew  about  decimal   tractions  to  deal  with  the  symbols 
appropriatel y. 
Evaluation 

Two  kinds  of  measures  were  used  to  assess  the  effects  of 
instruction  on  students'  performance  and  on  the  processes  rcsponsib' 
for  performance.     Direct  measures  were  tasks  like  those  used  during 
instruction;  they  assessed  in  a  straightforward  way  whether  students 
had  acquired  processes  one  and  two.     Transfer  measures  were  tasks 
thai,  had  not  been  introduced  or  discussed  during  instruction  but 
could  be  solved  by  a  flexible  application  of  processes  one  and  two. 

The  evaluation  schedules  and  specific  assessment  instruments 
differed  between  studies.     All   students   in  study  one  were  interviewed 
individually  before  instruction  and  six  weeks  after  instruction. 


sequence  of  nine  activities  covered  in  seven  to  nine  25  minute 
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After  completing  each  task,  students  wen-  asked  to  explain  how  they 
decided  what   to  do  and  what   they  were  thinking  while  they  solved  the 
cask.     Verbal  explanations  were  coded  in  terms  of  whether  they 
appealed  to  quantitative  meanings  ot  the  written  symbols  (semantic 
processes),  whether  they  indicated  only  a  recall  and  application  of 
previously  learned  symbol  manipulation  rules  (syntactic  processes), 
or  whether  they  were  ambiguous  (uncodable).    lnt.errater  agreement  in 
coding  student  protocols  was  above  90  percent. 

Evaluation  in  study  two  was  structured  so  that,  the  effects  of 
particular  subsets  of  instructional  activities  could  be  traced  more 
precisely.     Before  instruction,  all  students  received  a  written  test 
containing  both  direct  and  transfer  measures.    Six  target  students 
also  received  individual  interviews  similar  to  those  conducted  with 
sample  one.    Forms  of  the  written  test  were  readmini  st.ered  after 
lessons  four,  eight,  and  eleven,  and  six  weeks  later.  Interviews 
were  conducted  again  with  the  sane  six  students  after  lessons  four 
and  nine,  and  six  weeks  after  instruction. 


Results  from  the  first  study  only  will  be  summarized  herej  some 
of  these  data  are  described  in  more  detail  in  other  manuscripts 
(Wearne  4  Hlebert,  1986).    Two  types  of  direct  measures  were  included 
in  the  interviews — tasks  assessing  connections  between  Dienes  block 
and  written  representations  of  decimal  fractions,  and  addition 
problems  presented  with  symbols  written  In  horizontal  form.    On  the 
representation  task,  performance  improved  from  3  of  the  29  students 
correct  before  instruction  to  21*  students  correct  after  instruction. 
On  the  addition  problems,  the  primary  concern  was  the  process  used  to 
complete  the  tasks.    Before  instruction,  2  of  the  29  students  used 
semantic  processes  (considered  the  meanings  of  the  symbols,  I.e.,  the 
quantitative  values  of  the  digits)  in  deciding  how  to  add  2.3  +  .62 
or  5  +  .3.     After  instruction,  19  students  did  so.     From  these 
results  it  appears  that,  given  appropriate  instruction,  most  students 
can  acquire  the  semantic  processes,  processes  one  and  two  in  the 
theoretical  description  summarized  earlier. 

A  critical  question  is  whether  students  can  use  the  processes 
flexibly.     Transfer  tasks  involved  ordering  decimal  fractions  (choose 
the  larger  of  .5  and  .1*2)  and  changing  between  common  fraction  and 
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decimal   form  (write  .7  as  a  Iraction  and  write  8/100  as  a  decimal). 
Ot   the  14  students  who  used  semantic  processes  on  the  addition 
problems,   11  students  transferred  these  processes  to  at    least    two  ol 
the  three  novel  tasks. 

Transfer  ot  fundamental  cognitive  reasoning  processes  by  nearly 
bO  percent  of  the  students  who  acquired  them  is  notable  given  the 
long-standing  difficulty  of  inducing  transfer  in  learning 
experiments.     The  result   is  especially  interesting  given  the 
relatively  brief  instructional  sequence  (not  much  longer  than  is 
ordinarily  spent  practicing  rules  for  solving  these  problems)  and  the 
lact  that,  many  students  had  never  seen  these  kinds  of   problems  and 
certainly  had  not  used  semantic  reasoning  processes  to  solve  them. 

The  hypothesis  that  overly  syntactic  behavior  results  from 
dri  1 1-and-pracr.ice  before  establishing  meaning  for  symbols  is 
tentatively  supported  by  findings  which  suggesr   that  early 
routir.i  zation  of  syntactic  rules  may  inhibl'  students  f  torn  developing 
semantic,  processes.     For  the  15  students  who  had  received  previous 
instruction,  who  had  been  taught  rules  tor  adding  decimal  numbers,  II 
percent  of  the  responses  to  the  addition  items  changed  over  our 
instruction  from  syntactic-like  or  uncodable  to  semantic-based 


students  who  had  not  yet  been  taught  decimals  changed  to  semantic- 
based  responses.     The  sample  of  students  and  tasks  is  too  small  to 
draw  definitive  conclusions,  but   it  appears  that  the  question  ol  whei 
instruction  should  focus  on  the  meaning  ot  written  symbols  is  worth 
pursuing  further. 
Study  Two 

Assessments  were  given  more  frequently  than  in  study  one,  and 
particular  measures  changed  roles  (from  transfer  measures  to  direct 
measures)  as  students  received  direct   Instruction  on  the  topic. 
Tasks  like  those  in  the  first  study  were  used  in  the  second  study, 
both  in  the  interviews  and  on  the  written  tests. 

After  students  had  received  instruction  on  a  particular  kind  ot 
task,  an  average  ot  four-five  of  the  six  interviewed  students  used 
semantic  processes  to  solve  the  task.     None  ot  the  students  had  used 
such  processes  before  our  instruction  began.     These  findings  are 
consistent  with  those  in  study  one. 

However,  most,  ot  the  target  students  did  not  use  semantic 


responses . 


In  contrast,  6't  percent   of  the  responses  by  the  IU 
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processes  on  r.he  items  unril  similar  iroms  wore  discussed  during 
instruction.    That,  is,  most  of  the  students  (five  of  the  six  on  most 
tasks)  did  not  extend  or  transfer  the  semantic  processes  that  they 
had  discussed  early  in  instruction  to  novel  tasks,  tasks  that 
appeared  later  In  the  instructional  activities.    The  lack  of  transfer 
is  at  odds  with  the  results  of  study  one. 

Assuming  the  six  target  students  are  representative  of  the 
class,  we  can  predict  that  performance  on  the  written  tests  will  be 
relatively  high  on  the  direct  measures  but.  quite  low  on  the  transfer 
measure*.    The  prediction  assumes  that  semantic  processes  yield 
correct  performance  and  nonsemantic  processes  do  not,  at  least  on 
transfer  measures.    Based  on  other  analyses,  the  assumption  is  not 
unreasonable  (Wearne  &  Hiebert,  1986).    The  percentages  from  the 
written  tests,  as  related  below,  largely  confirm  the  predictions. 

Before  our  Instruction  began,  an  average  of  9  percent  of  the 
responses  to  decimal  tasks  were  correct.    After  students  had  received 
some  instruction,  but  Just  prior  to  instruction  on  a  particular  type 
of  task,  an  average  of  18  percent  of  the  responses  were  correct. 
This  can  be  considered  a  measure  of  transfer  because  these  tasks  were 
administered  before  students  had  considered  them  during  instruction, 
but  after  students  had  been  provided  opportunities  i.o  engage  in 
process  one  (connect  symbols  with  referents).     In  contrast,  after 
students  discussed  the  use  of  semantic  processes  on  similar  tusks, 
and  had  seen  such  processes  modeled,  an  average  of  69  percent  of  the 
responses  were  correct. 


A  finding  of  particular  interest  was  the  difference  between  the  two 
samples  in  process  use  on  the  transfer  items.    There  are  three  viable 
explanations  for  the  differences,  all  of  which  we  currently  are 
investigating  further.    The  first  explanation,  and  perhaps  ,-he  most 
obvious,  is  that  acquiring  and  applying  semantic  processes  is  not  an  all 
or  none  phenomenon,  and  students  in  the  second  study  simply  did  not 
acquire  the  processes  as  completely  or  as  deeply  as  those  in  the  first, 
study.    This  certainly  is  possible  givan  the  more  difficult. 
Instructional  setting  and  the  likely  accompanying  effects— -educed 
attention,  less  engaged  time,  etc. 

The  second  potential  explanation  for  the  differences  between 
samples  is  that  most  of  the  fifth  graders  in  the  second  study  had 
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already  studied  decimals  In  gr«le  tour.     Although  it   Is  ran  clear  how 
much  (hey  had  practiced  symbol  manipulation  rules,  rt  number  ot  the 
interviewed  students  persisted  In  citing  rules  like  "you  always  have  lu 
line  up  the  decimal  points"  r  o  Justify  their  behavior.     The  special 
Inst  ruct.ional  activities  that  might   have  ptovidcd  a  meaninglul  rationale 
tor  the  rules  tailed  to  do  r.o.     I:   seems  thar   It    Is  dittlcult  lor 
students  to  penetrate  their  own  routinized  procedures  with  meaningful 
Information  (see  also  Resnick  &  Omanson,  1487). 

The  third  possible  explanation  tor  the  low  transfer  ot  semantic 
processes  by  the  students  In  study  two  overlaps  with  the  fir'f   two  but 
is  worth  considering  separately.     It  may  be  that  students  had  acquired 
the  semantic  processes  but  did  not   recognize  their  applicability  in 
novo'  situations,  or  for  some  reason  chose  not   to  use  them.  VanLcuvan- 
Leteviv  (1987)  reports  a  related  result.     Second  graders  who  had 
devetopel  relatively  rich  loiiceptual  knowledge  of   traction  symbols 
(through  p.-occss  one)  did  not  use  the  knowledge   in  novo  i  situations. 
Using  CJreeno,  kiley,  i  Celniait';  U«84)  M  rro,  students  (,iu  not  mqtlic 
ui  ill  tat  Ion  tom^'-ti'iice.     I'-  i  haps  instruction  neids  to  attend  as 
carefully  lo  the  appropriate  use  of   semantic  processes  as  to  their 
acqui  si  t Ion. 
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REGIONS,  NUMBER  LINES,  AND  RULERS  AS  MODELS  FOR  FRACTIONS 

Carol  Novillis  Larson 
University  of  Arizona 


This  study  investigated  the  measure  subconstruct  of  the 
rational  number  concept  by  contrasting  students'  knowledge 
of  two  exemplars  of  this  subconstruct,  an  eighth-inch 
ruler  and  the  number  line.     Students'  proficiency  with  an 
area  aodel  (part-whole  subconstruct)  was  also  compared  to 
their  proficiency  with  the  two  measure  models. 

The  concept  of  rational  numbers  has  been  analyzed  by  various 
researchers  into  a  number  of  various  components  that  are  usually 
referred  to  as  subconstructs  in  accordance  with  Kieren's  analysis 
(1976) .    Two  of  these  agreed  upon  subconstructs  of  the  rational 
number  concept  identified  by  Kieren  (1976)  are  part-whole  and  measure. 
The  part-whole  subconstruct  is  acknowledged  by  Behr,  Lesh,  Post  and 
Silver  (1983)  as  being  fundamental  to  all  other  interpretations  of 
rational  numbers.     The  measure  subconstruct  as  represented  by 
associating  fractions  with  points  on  number  lines  of  length  1  and 
greater  has  been  shown  to  be  difficult  for  elementary  and  junior  high 
school  students  (Novillis,  1976,-  Larson,  1980;  Behr  et  al.,  1983,- 
Behr  and  Bright,  1984;  Armstrong  and  Larson,  1985).     Identifying  the 
unit  on  a  number  line  has  been  mentioned  by  most  of  these  researchers 
as  being  one  area  of  difficulty  for  students.     Students  sometimes 
disregard  the  scaling  and  treat  the  whole  number  line  as  the  unit. 
Another  variable  that  increases  the  difficulty  of  the  number  line 
model  is  the  number  of  segments  in  each  unit  as  related  to  the 
denominator.    When  the  number  of  segments  is  a  multiple  of  the 
denominator,  students  seem  unable  to  disregard  the  extra  points  in 
order  to  associate  a  reduced  equivalent  fraction  with  the  correct 
point  on  the  number  line. 

The  principal  purpose  of  this  study  was  to  further  investigate 
intermediate  grade  students'  understanding  of  the  measure  subconstruct 
of  the  rational  number  concept.     The  major  question  addressed  in  this 
study  related  to  this  purpose  was:    Are  intermediate  grade  students 
equally  proficient  in  relating  fractions  to  the  number  line  as  they  an 
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in  relating  fractions  to  a  ruler  scaled  to  the  eighth-inch?  The 
measure  subconstruct  in  the  past  has  mostly  been  associated  with  the 
number  line  model.     The  ruler  is  another  representation  that  is  very 
similar  to  the  number  line  in  that  both  contain  a  scale  and  involve 
the  measure  of  length.     The  main  difference  is  that  the  eighth-inch 
ruler  is  a  common  measuring  instrument  that  is  found  in  and  out  of 
school.     In  terms  of  Lesh's  (1976)   five  representational  systems,  the 
number  line  would  be  classified  as  a  "picture"   (static  figural  model), 
but  using  a  ruler  would  be  classified  c.s  a  "real  world  situation". 
Another  difference  is  that  fractional  parts  on  an  eighth-inch  ruler 
are  limited  to  halves,  fourths,  and  eighths. 


this  age  have  been  most  successful  with  area  models  these  were  also 
included  in  the  study  for  purposes  of  comparison.     It  was  assumed  that 
the  students  would  be  more  successful  on  the  area  model  tasks  across 
all  types  of  fractions  than  on  the  number  line  tasks.     Of  major 
interest  was  the  difficulty  of  the  ruler  model  as  compared  to  the  area 
and  number  line  models. 


administered  an  84  item  Fraction  Test  in  two  parts  in  October,  1985. 
The  students  comprised  all  of  the  fifth-  and  sixth-qraders  in  one 
school  who  returned  parental  approval  forms.     The  school  is  in  a  lowr 
to  middle  socio-economic  area  in  Tucson,   Arizom,  and  contains  many 
minority  students. 


ended  items.     It  measured  the  students'  ability  to  associate  proper 
fractions,   improper  fractions  and  mixed  numerals  with  area  models 
I roct angular  regions),  points  on  number   lin"S,   and  line  segment s 
measured  with  an  eighth-inch  ruler.     Equivalent*'  was  also  tested  by 
part i f u.-i' Irtg  the  unit  into  twice  as  many  parts  as  the  denominator  iif 
the  related  fraction.     Each  type  of  fraction  associated  with  each  type 
of  model  was  tested  by  the  following  four  types  of  test  items: 

a)  given  a  model,    the  students  selected  the  appropriate  fraction; 

b)  given  a  fraction,   students  selected  the  appropriate  model;  e)  giV"n 
a  model,  students  wrote  the  appropriate  {taction;  and  d)  ijivcn  a 
traction,   students  indicated  that   fractional  part   ot  th,»  model. 


Since  in  all  previous  rational  number  research  students  at 


METHOD 


Seventy-three  fifth-graders  and  48  sixth-graders  were 


The  Fraction  Test  contained  40  multiple  choice  and  44  open- 
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Another  portion  of  the  test  contained  items  at  the  abstract  level  to 
measure  students'  ability  to  recognize  and  to  produce  equivalent 
fractions.,  to  reduce  fractions  to  lowest  terms,  to  produce  a  missing 
numerator  or  denominator  in  a  pair  of  equivalent  fractions,  and  to 
equate  and  to  produce  related  improper  fractions  and  mixed  numerals. 

RESULTS  AND  DISCUSSION 

The  Fraction  Test  can  be  divided  into  a  number  of  various 
subtests  by  considering  the  following  variables:     type  of  model,  type 
of  fraction,  and  type  of  test  item.    The  means  for  the  subtests  based 
on  the  three  nodels  investigated  and  the  abstract  portion  of  the  test 
are  presented  in  Table  1. 

Table  1 

Means  for  Four  Subtests;     Area  Model,  Number  Line,  Ruler,  and  j^stract 


Area  Number 

Model  Line 

Number  of 

Items             20  24 


Grade  5  24%  8%  23% 

n=73 

Grade  6         27%  9%  31% 

n=48 

Total  25%  9%  26% 


Ruler  Abstract  Total 

Test 


20  20  84 


18%  18% 
30%  23% 
23%  20% 


The  means  for  the  total  test  and  each  subtest  were  very  low. 
Front  previous  research,  it  was  expected  that  the  scores  on  the  area 
model  subtest  would  be  higher  (Novillis,  1976;  Armstrong  s  Larson, 
1985) .     As  expected  the  number  line  model  was  more  difficult  than  was 
the  area  model.     An  unexpected  result  was  that  students'  overall 
scores  on  the  area  model  and  ruler  subtests  were  approximately  the 
same.     In  past  research,   students  were  more  successful  with  area 
part-whole  models  than  with  measure  models.    Even  though  the  students 
had  similar  mean  scores  on  these  two  subtests,  there  was  a  difference 
in  their  success  in  associating  the  different  types  of  fractions  with 
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these  two  models.  The  means  for  rhe  four  types  of  fractions  for  each 
type  of  model  are  presented  in  Table  2. 


Table  2 

Means  for  Type  of  Fraction  for  Each  Type  of  Model 


Type  of  Fraction 
Proper  Fractions 

Equivalent 
Fractions 

Mixed  Numerals 


Improper 
Fractions 


Area  Model 
Gr5  Gr6 


Number  Line 
Gr5  Gr6 


Ruler 
Gr5  Gr6 


Abstract 
Gr5  Gr6 


63%  56* 

(4  items) 

5*  10* 
(8  items) 

39%  44% 

(4  items) 

7%  14% 
(4  items) 


8%  10% 

(8  items) 

4%  4% 

(8  items) 

17%  20% 

(4  items) 

9%  5% 

(4  items) 


21%  30% 

(4  items) 

21%  24% 

(3  items) 

30%  38% 

(8  itenss) 

11%  17% 

(4  items) 


N/A 

25%  43% 

(12  items) 

N/A 
N/A 


Relationship  of  Improper  Fractions 
and  Mixed  Numerals 


6%  11% 
(8  items) 


Students  were  more  successful  in  associating  proper  fractions 
with  area  models  than  they  were  with  associating  mixed  numerals  with 
area  models.     But  when  using  the  eighth-inch  ruler,  students  were  more 
successful  with  mixed  numerals  than  they  were  with  proper  fractions. 
Even  though  the  scores  were  lower  the  same  pattern  exists  for  the 
number  line  model  as  for  the  ruler.     In  order  to  be  successful  on  a 
mixed  numeral  task,  students  must  first  associate  the  whole  number 
portion  of  the  mixed  numeral  to  these  models  and  then  find  the 
fractional  part.     The  second  step  is  all  that  is  required  in  order  to 
associate  a  proper  fraction  to  the  number  line  or  ruler.     Is  it  more 
difficult  to  associate  a  proper  fraction  than  a  mixed  numeral  to  a 
measure  model  because  the  unit  is  the  interval  from  0  to  1?  Why 
would  the  interval  from  0  to  1 ,  when  partitioned  Into  fractional  parts, 
be  more  difficult  than  other  partitioned  intervals,  e.g.,  1  to  2  and 
2  to  3?    Some  errors  made  on  the  mixed  numeral  tasks  involved 
selecting  the  incorrect  fractional  part  after  correctly  selecting  the 
whole  number  part.     Such  errors  indicate  that  some  students  are 
familiar  with  the  syntax  of  mixed  numerals  but  are  having  problems 
with  the  semantics  of  the  fractional  part  of  the  mixed  numeral. 
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Another  difference  to  be  noted  between  the  area  model  and  the 
ruler  is  the  level  of  success  with  equivalent  fractions  as  compared 
to  proper  fractions.     When  associating  these  two  types  of  fractions 
with  the  ruler  students  scored  at  approximately  the  same  level. 
Whereas,  with  the  area  model  there  was  a  large  difference  in  their 
success  rate  with  both  types  of  fractions.     When  considering  these 
four  subtests,  students  were  most  successful  in  associating  proper 
fractions  with  area  models  and  least  successful  in  associating  reduced 
equivalent  fractions  with  area  models.     Students'  increased  success 
with  associating  reduced  equivalent  fractions  with  the  ruler  might  bp. 
due  to  the  fact  that  halves  and  fourths  are  the  only  equivalent 
fractions  that  appear  on  an  eighth-inch  ruler.     Also,   the  fractional 
parts  of  each  inch  in  the  ruler  are  marked  by  vertical  lines  of 
differing  lengths  that  serve  as  visual  cues  to  the  various  equivalent 
fractions  associated  with  each  mark.     Both  of  these  task  variables 
probably  contribute  to  students'  increased  success  with  equivalent 
fractions  when  using  a  ruler  compared  to  area  and  number  line  models. 

Most  of  the  students  were  unable  to  recognize  models  for 
equivalent  fractions — the  means  for  associating  equivalent  fractions 
with  the  three  models  were  7*  for  fifth-graders  and  10%  for  sixth- 
graders.     Yet  the  sixth-graders  had  their  third  highest  score  on  the 
subtest  that  tested  equivalent  fractions  at  the  abstract  level.  On 
this  12  item  subtest,  students  supplied  or  recognized  an  equivalent 
fraction,  reduced  fractions  to  lowest  terms,  and  found  a  missing 
numerator  or  denominator  in  a  pair  of  equivalent  fractions.  The 
greatest  difference  in  achievement  between  the  two  grade  levels 
occurred  on  this  subtest.    The  sixth-graders'  increase  in  competence 
in  identifying  and  generating  equivalent  fractions  at  the  abstract 
level  without  a  parallel  increase  in  their  ability  to  associate 
equivalent  fractions  with  appropriate  models  could  be  indicative  of 
mathematics  instruction  that  focuses  on  symbol  manipulation  without 
concept  development. 
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CONCLUDING  REMARKS 


In  textbooks,  rulers  and  other  measurement  tools  that  contain 
fractional  parts  of  units  are  generally  located  in  the  "Measurement 
Chapter. "     Students  are  introduced  to  a  specific  fractional  part  of 
a  unit   (e.g.,  a  half-hour,  half-cup,  half-inch,  quarter  hour,  fourth 
of  a  cup,  fourth-inch)  and  are  then  involved  in  practice  activities 
to  learn  to  identify  that  fractional  part  on  the  appropriate  scale. 
On  these  textbook  pages  there  is  little  reference  to  the  more  general 
fraction  concept.     In  the  "Fraction  Chapters"  area  and  set  models  and 
to  a  lesser  degree  number  line  models  are  used  to  develop  meaning  for 
the  various  types  of  fractions.    One  usually  thinks  of  the  use  of 
fractional  sub-units  on  measurement  scales  as  an  application  of  the 
general  fraction  concept  but  this  might  not  be  the  case  for  some 
students . 

Consideration  of  the  above  description  of  the  curriculum  and 
the  results  from  this  study  might  explain  why  some  children  are  more 
successful  with  the  ruler  than  with  the  number  line.     When  using  the 
ruler  they  might  not  be  applying  a  generalized  fraction  concept  but 
instead  learned  specific  sub-units— half-inch,  fourth-inch  and 
eighth-inch— in  the  same  way  that  they  identify  previously  learned 
units  such  as,   inch  and  foot.     This  would  explain  their  increased 
success  with  equivalent  fractions  when  using  the  ruler. 

In  order  to  help  students  recognize  and  integrate  the  common 
aspects  of  specific  measurement  scales  and  the  number  line  model  for 
rational  numbers  these  should  be  related  in  instruction.  The 
relationship  of  rulers  calibrated  in  different  sub-units  to  number 
lines  similarly  partitioned  might  be  a  key  ii.  helping  students 
understand  number  line  models.     Also,  it  could  aid  students  in 
interpreting  measurement  scales  calibrated  to  fractional  parts  other 
than  halves  and  fourths.     Additional  research  is  ucedud  to  investigate 
this  proposal. 
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FREE  PRODUCTION  OF  FRACTION  MONOGRAPHS 


L.STREEFLAND 
RESEARCHGROUP  OW  &  OC.  UTRECHT 


Unc  recherche  de  developpcmcnt  a  etc  enueprise  pendant  la  periodc  du 
seplcmbre  1983  au  fevrier  1986  en  vue  de  la  creation  d'un  cours  dc  ten- 
dance 'realistc'  sur  les  fractions  ct  de  la  formation  d'une  theoric 
d'enseigncment  et  d'apprcruissage  annexe,  suivant  le  cadre  theorique  tel 
qu'il  a  tvt  dtveloppe  par  Treffers  pour  I'ciiseignemcnt  mathematique 
'realiste'  en  general.  Notre  contribution  presentera  ce  que  nous  appellons 
•les  productions  libres'  des  eleves  qui  ont  participe  a  cetle  recherche,  cn 
particulier  par  rapport  au  dressage  de  'monographies  de  fractions'. 


1  DEVELOPMENTAL  RESEARCH 


The  research  look  place  from  September  '83  to  February  '86  and  was  guided  by  two  main  objectives: 

a.  developing  new  cause  material  for  fractions  aimed  at  children  from  9-12; 

b.  developing  a  theory  for  teaching  and  learning  fractions  within  the  broader  framework  of  a  theory 
for  realistic  mathemaucs  education. 

A  teaching  experiment  was  therefore  arranged,  interspersed  regularly  by  (clinical)  interviews,  m  order 
to  trace  long  tenn  individual  learning  processes  1 1  ]. 

A  tentative  elaboration  of  the  course  was  based  on  former  development  and  research  |2|.  It  had  to  be 
provisional  For  instance,  iSere  was  no  experience  with  children's  own  free  productions,  which  is  an 
essential  tenet  of  realistic  mathematics  education  (cf.  section  2).  With  respect  to  this  the  research  w» 
intended  to  produce  hypotheses. 

In  order  to  realize  our  objectives,  a  continual  shifting  from  the  teaching  process  to  the  individual 
learning  processes  and  vice-versa  was  necessary. 

The  rcscarchgroup  was  small  (19  pupils)  and  came  from  a  'simulation  school',  which  means  that  a., 
extra  teacher  was  present  because  of  the  socio-economic  status  of  the  parents,  i.e.  untrained  labourers 
or  members  of  ethnic  minorities. 


2  THEORETICAL  FRAMEWORK 


The  background  was  formed  by  the  theory  of  realisuc  mathemaucs  cducauon  composed  by  Treffers 
13).  He  distinguished  as  its  dimensions: 
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2./  The  Van  Welt  levels 

•Thinking  is  continued  acting.  ...  At  the  higher  level  the  acting  of  the  lower  level  becomes  an 
object  of  analysis'  |4). 

At  the  first  level,  the  objects  of  mathematical  thought  arc  embedded  in  operations  with  material  -  lor 
fracnons  for  instance,  visible  models  and  figures.  At  the  second  level,  relations  between  fractional 
numbers  and  figures  are  explored  and,  as  a  result,  those  numbers  and  figures  become  symbols  for  pro- 
perties. At  the  third  level,  the  relations  themselves,  such  as  the  equivalence  of  fractions  for  instance, 
become  objects  of  mathematical  thought;  their  nature  and  interrelated  properties  arc  ascertained,  which 
makes  it  possible  to  derive  them  from  each  other. 

'The  organisation  now  fits  into  a  logical  and  connected  system.  The  bonds  between  the  various 
levels  across  different  courses  are  fairly  complex.  So  the  third  level  of  the  arithmetic  system 
represents  the  concrete  basis  for  the  first  level  in  algebra  instruction  and  the  third  level  of 
'fractions'  is  the  basis  for  'probability'  according  to  Van  Hielc.'  |S| 

2  2  Didactical  phenomenology 

This  is  the  second  dimension.  This  type  of  analysis  considers  mathematical  concepts,  operations  and 
so  on  as  organizational  tools  for  phenomena  with  an  eye  to  their  mental  constitution  in  learning 
processes.  This  method  is  therefore  in  opposition  to  concept  attainment  by  concrete  embodiments  [6|. 
Its  consequences  for  fractions  I  have  already  explained  elsewhere.  17] 

2  3  Progressive  maihemaiisatim 

This  third  dimension  is  guided  by  the  following  instructional  principles: 

a.  the  dominating  place  occupied  by  context  problems,  serving  both  as  a  source  and  as  a  field  of 
application  of  mathematical  concepts; 

b.  the  great  amount  of  attention  payed  to  (the  development  of)  situation  models,  schemas  and  sym- 
bolising (cf.  [7|); 

c.  the  large  conlnbuuon  children  make  to  the  course  by  their  own  productions  and  constructions, 
which  lead  them  from  the  infcxmal  to  the  formal  methods; 

d   die  interactive  character  of  the  learning  process; 

e.  the  firm  intertwining  of  (related)  learning  strands  |K|. 

Tenet  (c)  is  the  heart  of  our  matter.  It  will  be  considered  with  respect  to; 


.*  /  Analysis 

A  monograph  describes  die  process  of  fair  sharing  and  its  outcome  in  situations  like  'share  3  cho- 
colate bars  among  4  children'.  (91 


3  PRODUCING  FRACTION  MONOGRAPHS 
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A  child's  observation  of  facls  like  'two  quarters  hide  in  one  half  signals  the  transition  to  the  next 
level.  In  the  research  the  children  invented  terms  like  'hidename',  'alias'  or  'pseudonym'.  The  last 
term  was  chosen  'officially'  for  this  phenomenon. 

A  monograph  like  *      ♦  ±*  7,  3  *  7.  {  ♦  ±.  ■■■)  is  purely  descriptive  at  this  stage.  As  such  u 
replaces  descriptions  from  every  day  life  like  'each  one  gels  one  quarter  and  one  qua.ncr  ...' 
By  way  of  inversion  one  can  ask  to  write  in  full  the  numbersentenccs  as  well  as  to  reconstruct  the  dis- 
tribution situation.  As  a  consequence  the  concrete  source,  every  day  language  of  repeated  halving  and 
the  budding  application  of  numbcrsymbols  for  fractions  wiU  be  connected  firmly. 

b.  Like  a.  The  different  ways  of  sharing  (cf.  fig.l  and  2)  and  their  outcomes  are  registered  in  symbols 
successively. 

E.g.  (fig.l)    After  I  bar  each  -j. 

After  2  bars:  each  7  +  -4-  =  2x-4-"-,*7- 

c.  Like  a.,  but  now  a  reconstruction  of  the  situation  with  more  divers  material. 

E.g.  Each  one  got:  J- 1  -  t  -j;  -j  ♦  7;  «  •  "J-  How  much  is  il?  Which  stot»  of  fair  shanng  fiK? 

So  the  mathematical  material  strongly  refers  to  (imaginary)  distribution  situations.  Tnc  methods  ol 

sharing  (unit  by  unit,  global)  arc  the  principles  of  production  behind  the  monographs. 

Co^le's'torics  of  fair  sharing  as  principles  of  paction  gradually  melt  into  the  background  Other 
methods  of  production  wtll  supplement  these  methods  and  later  replace  them,  e.g.  the  twos.ded  appli- 
cation  of  pseudonyms,  thai  is  replacing  a  fraction  by  a  pseudonym  and  also  cons.der.ng  a  given  frac- 
tion as  a  pseudonym  for  (an)o.her  fracuon(s).  The  commutative  la*s  for  addition  and  mulupl.cai.on 
may  also  become  methods  of  production. 

Instead  of  describing  concrete  stories  of  fair  sharing,  the  cctiviucs  change  into  the  composition  and 
decomposition  of  real  fractions  according  to  production  methods  as  mentioned  above.  However.  .1  is 
preferably  not  to  wipe  out  all  the  traces  of  the  concrete  foundation.  It  can  be  very  producl.ve  to  star, 
with  the  decomposition  in  unit  -  fractions  based  on  the  unit  by  unit  d.v.swn. 

E.g.  |.14444 


6      6     6     6     6  6^ 

T*  ! 

I  *  I 

7     ♦  i 

1  *  * 


=  lx{4xl 


and  so  on. 


Based  on  activities  like  this,  the  pupils  will  become  able  to  prepare  and  develop  their  own  methods  ol 
operating  w.U.  fractions.  The  understanding  of  equivalence  can  increase  considerably  ...  this  way. 
Another  striking  feature  is  thai  laws  such  as  that  of  the  commulalivily  do  not  put  ihc.r  seal  on  the  sys- 
tem of  fractions  afterwards  as  tools  of  formalization;  on  the  contrary,  these  laws  arc  developed  Iron, 
wiU.in  the  system  in  order  to  be  able  to  organise  it  formally  with  progressive  refinement. 

Third  level  ,    ,   _      ,    .  . 

Once  again,  a  change  of  sight  will  have  to  be  made  in  order  to  reach  this  level.  The  rules  for  the 
composition  and  decomposition  of  fractions  will  become  the  objects  of  maUicmalical  thought  wh.ch 
holds,  too,  for  their  character  and  the  way  they  arc  connected.  The  mclhods  of  production  which  lurn 
out  to  be  the  most  efficient  might  become  standard  procedures  or  algorithms. 
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E.g.  ~  +  {.  To  which  monograph  docs  this  semcncc  belong?  Explain  your  rule  to  make  »  Utasmi) 
about  it. 

1*3"*  Rule:  bolh  fr»ctions  are  probably  pseudonyms  for  other  fractions.  Produce  these  'oilier  Iruc- 
lions'  like  -i  -» -i  .  .  ~,  ...  and  -i  -*  ~  .  ...  and  aim  at  the  Tirst  name  in  common,  or  perhaps  the 
second  or  third  ...  -*4  +  4"-or  —  ♦  —       or  —  ♦  —  .-^ 

6      «      6        12      12      12        II  *  It     II  " 

3.2  Resea.cn  results 

13  hipils  followed  the  complete  course.  Only  their  results  will  be  considered.  They  applied  four 
methods  of  production  with  increasing  consciousness  and  consistency. 

a.  starling  with  the  decomposition  in  unit  fractions 
1 


tit- '  ^s 

Example  of  pupils  work. 

Four  pupils  behaved  this  way  consistently  and  the  others  incidentally. 

b.  varying  the  operation 

The  group  differentiatied  as  follows: 

prefcred  operations  number  of  pupils 
+  1 
+.  -  2 
+,  x  2 
+,  x  6 
+.  -.  x,  :  2 

c.  twosided  application  of  pseudonyms 

1 1  pupils  behaved  this  way  in  general.  The  remaining  two  confined  themselves  to  the  equivalence 
of  lhe  simplest  fractions  within  the  system  of  repeated  halving,  like  -i  -  -|  and  —  =  -. 

d.  application  of  laws  like  commutalivily 


Seven  pupils  applied  laws  like  a  +  b  =  b  +  a,  a  x  b  =  b  x  a  and  a  x  b  =  2a  x  |b  (a,  b,  e  Q 


' )  -sys- 


tematically. Moreover,  a  x  b  =  (a  -  p)  x  b  +  pb,  a  •  b  =  (a  +  p)  -  (b  +  p),  a  :  b  =  pa  :  pb  and 
other  foims  of  composed  number  sentences  were  used. 

Some  striking  aspects  of  the  learning  processes  were: 

—  the  increasing  skill  of  all  the  pupils  in  producing  equivalent  fractions; 

—  the  initial  dominance  of  addition  and  the  gradual  increase  in  the  use  of  oilier  operations;  division 
however,  remained  somewhat  of  an  exception; 

—  the  general  dominance  of  the  elementary  laws  for  operations  as  methods  of  production. 


o 
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The  results  contain  sufficient  evidence  to  assume  thai  Riving  the  opportunity  to  produce  monographs 
is  a  means  for  making  progress  in  vertical  matbcmatisation  (or  all  the  pupils.  That  is,  provided  these 
productions  will  be  alternated  with  interactive  lessons  in  which  individual  methods  of  production  are 
discussed  and  interchanged  (at  the  conlcrcnce  an  example  will  be  elaborated  upon). 


4  CONCLUSION 


It  should  be  clear  that  only  a  comer  of  the  veil  could  be  lifted. 
In  general  free  productions  possess  a  double  evaluative  function. 

a.  They  reflect  the  teaching  process  and  as  such  shed  light  on,  lor  instance,  the  subordinate  role 
played  in  it  by  division.  On  the  other  hand,  the  phenomenon  of  making  N-distraclorfailurcs 
occurred  very  rarely.  This  means  that  fighting  against  them  was  rather  successful  1 10|. 

b.  They  also  force  pupils  to  reflect  on  their  own  learning  processes  [11]. 

And  -  finally  -  producing  monographs  seems  to  be  a  promising  first  step  into  algebra. 
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LA  NOTION  DE  GROUPEMENTS  CHEZ  PIAGET:    PROLONGF.MENTS  FORHELS  ET 
APPLICATION  A  LA  GENESE  OU  CONCEPT  DE  FRACTION 

LoTc  THER1EN,  Unlverslte  de  Sherbrooke 


La  notion  de  groupement  occupe  une  place  centrale  dans 
la  theorle  striicturaHste  du  developpemen..  cognUif  chez 
Plaget.  Elle  expHquerait,  selon  ce  dernier,  Temergence 
du  concept  de  nombre  comtne  jirovenant  de  la  comblnalson 
des  groupements  lies  a  la  serlation  et  a  la  classifica- 
tion, de  m§me  que  la  formation  des  principals  conserva- 
tions physiques.  Elle  ne  decrit  cependaflt  que  l'etape 
finale  dans  la  formation  d'un  concept.  A  partlr  <te  la 
formallsation  nathematlque  de  E.Wittmann,  nous  avons  ela- 
bore  un  inodele  mthematique  qui  tente  de  cerner  cette 
notion,  c'est-a-d1re  sa  genese  et  ses  prolongements.  Par 
la  suite,  nous  avons  teste  ce  modele  a  d1 verses  formations 
de  concepts,  en  partlculler  a  celle  de  la  notion  de  frac- 
tion chez  l'enfant  de  6  a  16  ans,  en  nous  guldant  sur  une 
experimentation  tnenee  par  G.  Noeltlng. 

1.     Presentation  genera  1c 
1.1    Probl  etna  t1  que 

Peu  de  psychologues  et  de  didacUciens  savent  a  quel  point  la 
notion  de  groupement,  et  plus  generalement  celle  de  structure  mathe- 
matlque,  jouent  un  rflle  central  dans  les  theories  de  la  connalssance 
echafaudees  par  Piaget.  Cela  s'expllque  en  grande  partie  par  la 
confusion  dans  la  presentation  et  1 'exploi tation  de  ce  concept  chez 
ce  dernier.  Plusieurs,  conscients  de  son  importance,  ont  tente  de 
clarlfler  cette  notion  en  lu1  donnant  une  forme  mathematique  plus 
Intelligible:  citons,  J.B.  Grize  (1960),  G.  Granger  (1965),  K.  Witz 
(1971),  H.  Wermus  (1972)  et  enfin  E.  Wittmann  (1.973,  197b,  1982). 

Blen  que  la  formulation  de  Wittmann  dans  le  cadre  du  langage  des 
categories  donne  une  prise  excellente  sur  cette  notion,  il  n'en  reste 
pas  moins  que  cette  dernlere  ne  formalise  que  l'etape  finale  de  l'ac- 
quisitlon  d'un  concept.  Du  point  de  vue  ep1 stemologique,  si  nous 
desirons  penetrer  5  VinteMeur  du  mecanisme  de  construction  des 
connalssances,  ce  sont  les  etapes  conduisant  a  cette  structural  on 
qui  demeurent  les  plus  interessantes,  de  m6me  que  les  etapes  ulte- 
rleures  combinant  oti  perfectionnant  ces  structural ons  finales  pour 
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acceder  a  des  connaissances  plus  complexes  ou  plus  profondes.  Pia- 
get,  dans  ses  etudes  sur  la  genese  du  nombre,  fournit  -  bien  nala- 
droitement  et  de  fagon  erronee  -  des  pistes  de  ces  e tapes  preliminai- 
res  a  la  formation  de  groupements  qu'11  denomme  "groupements  de  clas- 
se  et  de  seriation"  et  dont  la  roysterieuse  combinalson  expllqueralt, 
seton  lul,  l'eclosion  du  concept  de  nombre. 

L'objectif  que  nous  avons  poursuivi  a  ete  de  retracer  ces  Sta- 
pes, anterieures  et  posterieures  au  groupement,  et  de  les  formaliser 
dans  un  modele  imthematique  general  englobant  la  definition  de  Witt- 
mann.  Chemin  faisant,  notre  problematique  s'est  elargie  a  la  criti- 
que de  la  theorie  structural iste  de  Piaget  et  de  l'utilisation  abusi- 
ve et  souvent  fausse  de  la  mathematique  dans  ses  ecrits,  concretisee, 
entre  autres,  dans  le  groupe  INRC. 

1 .2  Reponse  a  la  problematique 

Nous  avons  ete  ainsl  aroene  a  construire  et  a  definir  dans  le 
langage  des  categories  et  des  graphes  des  notions  prelirainaires  au 
groupement,  costme  eel  les  de  scheme,  de  fragment  de  groupement,  de 
sous-  groupement,  de  groupement  engendre  par  un  fragment,  etc,  et  des 
notions  posterieures  comme  celles  d'isomorphisme  et  d'union  de  grou- 
pements, de  groupement  libre,  de  groupement-quotient,  etc,  et,  fina- 
lement,  la  notion  centrale  de  produit  amalgame  de  groupements.  Cet 
outillage  nous  a  alors  servi  a  mieux  cerner  et  decrire  dans  un  modele 
unique  les  liens  impli cites  etablis  par  Piaget  entre  les  concepts  de 
scheme,  de  groupement,  de  mScanisme  cognitif  (assimilation,  accomoda- 
tion, abstraction  ref lechl ssante,  etc.)  et  de  structures  cognitives 
associees  aux  divers  stades  du  developpement  intellectuel . 

1.3  Application  du  modele 

Nous  nous  restreindrons  ici  a  une  seule  application  de  notre 
modele,  a  savolr  celle  de  la  genese  de  la  notion  de  fraction  dont  les 
e tapes  ont  ete  si  joliment  mises  en  evidence  par  G.  Noelting  (1978). 
Nous  montrerons  comment  les  notions  developpees  peuvent  servir  a 
decrire  les  groupements,  leur  genese,  leur  developpement  ou  leur 
abandon,  ainsi  que  leurs  interactions,  intervenant  dans  la  resolution 
du  probleme  consistant  a  comparer  deux  fractions  quelconques. 
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2.     Description  sommaire  de  l'experlmentation  de  G.  KoeUInq  sur  les 

fractions    (cf  [1]) 

Apres  une  demonstration  concrete,  on  presente  a  l'enfant  (ou  a 

la  classe)  25  dessins  du  type  sulvant: 

MMMtt  mnnnn 

ou  les  figures  pleines  representent  des  verres  de  jus  d'orange  et  les 
figures  vides,  des  verres  d'eau. 

On  demande  alors  si,  apres  avoir  melange  chaque  groupe  de  verres 
dans  un  seul  grand  verre,  le  groupe  de  gauche  aura  plus  ou  moins  ou 
autant  le  gout  de  jus  d'orange  que  le  groupe  de  droite;  en  d'autres 
■   mots,  on  demande  de  comparer  (3.1)  a  (1.4).    L'enfant  doit  de  plus 
justifier  sa  reponse. 

(.'analyse  des  reponses  sur  un  grand  nombre  d'enfants  fait  res- 
sortir  de-,  strategies  se  complexi  fiant  avec  l'Sge  jusqu'a  la  strate- 
gy finale.  Ainsi,  a  3  ans  et  6  mols  (Sge  moyen),  l'enfant  fonde  sa 
reponse  sur  la  seule  comparaison  des  numerateurs  (le  nombre  de  verres 
de  jus);  a  6  ans  et  4  mois,  a  numerateurs  egaux,  11  compare  les  deno- 
minateurs  (la  quantlte  d'eau);  a  7  ans,  l'idee  de  rapport  apparait 
(plus  de  jus  que  d'eau,  par  exemple);  a  8  ans  et  1  mois,  11  reconnaft 
les  fractions  equivalentes  du  type  (a, a);  a  10  ans  et  5  mois,  il 
acquiert  la  notion  generale  de  fraction  equivalente;  a  12  ans  et  2 
mois,  11  salt  comparer  certaines  fractions  apres  avoir  ramene  Tune 
d'elles  au  meme  denominateur  que  1 'autre  par  equivalence;  enfin,  a  15 
ans  et  10  mois,  il  sait  resoudre  le  probleme  general  en  modiflant, 
s'il  y  a  lieu,  les  deux  fractions  pour  comparer  ensulte  leurs  numera- 
teurs. 

3.     La  notion  de  qroupement 
3.1    Definition  de  Piaget 

Selon  Piaget,  l'enfant  construit  ses  connaissances  par  le  biais 
d'actlons,  d'abord  concretes,  ensulte  interiori sees  et  finalement 
organisees  en  une  structure,  nominee  groupement,  qui  lul  permet  de  les 
inverser  et  de  les  combiner.  Cette  capacite  d'organi satlon  apparai- 
trait  vers  7  ou  8  ans  et  donnerait  lieu  a  un  certain  nombre  de 
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groupements  fondamentaux  a  l'origine,  entre  autres,  du  nombre  et  des 
principales  conservations  physiques.  Cette  structure  obeit  globale- 
ment  aux  regies  sulvantes: 

-  deux  actions  interiorisees  ("operations")  voisines  peuvent 
§tre  comb i nee s  pour  donner  lieu  a  une  operation  plus  com- 
plexe; 

-  toute  operation  est  inversible; 

-  la  combinaison  d'une  operation  et  de  son  inverse  resulte  en 
1 'operation  nulle; 

-  la  combinaison  d'operations  est  associative,  au  sens  mathema- 
tique  du  terme. 

La  formation  de  ces  groupements  assurerait  a  l'enfant  un  equili- 
bre  cognitlf  ou  une  adaptation  cognitive  resultant  de  1 'appl ication 
sur  le  plan  intellectuel  des  mecanismes  d'assimilation  et  d'accors^- 
dation.  On  trouvera,  par  exemple,  en  [2]  une  description  elaboree  de 
ces  idees. 

Notre  but  n'est  pas  de  discuter  ici  du  bien-fonde  de  ces  hypo- 
theses ni  de  la  theorie  structuraliste  qui  en  decoule.  Nous  referons 
pour  cela  le  lecteur  a  [3].  Hais  nous  retenons  l'ldee  que  la  notion 
de  groupement,  sous  sa  forme  gSnerale,  est  un  modele  utile  pour  de- 
crire  la  fornation  d'un  concept  ou  d'une  habileti  Intel lectuelle. 

3.2   Definition  de  Wittmann  (legerement  modifee) 

Un  groupement  est  un  quadruplet  (S.T.C.o)  ou  S  est  un  ensemble 
d'etats,  T  est  un  ensemble  d'operations,  C  est  un  sous-ensemble  de  T 
dont  les  elements  sont  appeles  operations  elemental  res  et  o  est  une 
loi  de  composition  partielle  sur  T. 

Ce  quadruplet  obeit  aux  loi s  suivantes: 

1.  (S.T.o)  est  une  categorie  ou  tout  morphisme  est  inversible; 

2.  T  est  engendre  par  C  au  sens  suivant: 

pour  tout  f<T,  F=gjog20  ...  ogn  ou  gi  CUC-1 

4.     Description  sommaire  du  modele  mathematique 

Quelles  sont  les  etapes  identifiables  precedant  la  formation 
d'un  groupement?  Comment  un  concept  descriptible  en  terme  de  groupe- 
ment peut-11  resulter  de  la  combinaison  de  deux  autres  groupements? 
Comment  un  groupement  decrivant  un  concept  peut-il  donner  lieu  a  un 
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groupement  decrivant  un  concept  plus  fin?  Des  le  moment  ou  Ton 
accepte,  comme  le  fait  Piaget,  qu'un  concept  coimne  celui  de  nombre 
naturel  peut  se  decrire  en  termes  de  groupements ,  les  questions  prece- 
dentes  se  posent.  Ainsi,  peut-on  decrire  a  l'aide  d'un  modele  mathe- 
matique  coherent  la  genese  des  composantes  numerale  et  quantitative 
du  nombre,  leur  combinaison  et,  par  exemple,  la  conception  des  nom- 
bres  pairs7 

Les  definitions  qui  suivent  proviennent  du  modele  que  nous  avons 
elabore  pour  repondre  a  ces  questions.     II  s'agit,  bien  sur,  d'une 
description  tres  sommaire  et  partielle;  nous  referons  le  lecteur  a  T3J 
pour  les  Tietails  et  les  autres  parties  du  modele. 

Soient  G1=  (S1,T1,C1.o1)  et  G2z    (S^Tg.Cp^)    deux  groupements. 

4.1  Un  foncteur  de  groupements  F  entre  les  groupements       et  G2 
est  un  foncteur  entre  les  categories  (S^.T^.o^)  et  (S2>T2>o2)  tel 
qu'il  existe  ntN  avec  F(C,)dJC2- 

AC 

4.2  Un  foncteur  de  groupements  F:    G]     &?  est  dit  un  i^mpj^M_sine 
de  groupements  s'il  est  une  double  bijection  sur  les  etats  et  les 
operations  et  si  F(C^)=C2- 

4.3  Un  sous -groupement    G^  de  G1  est  un  quadruplet 

(S'r  T'r  C'r  o1,)  ou  S'1CS1.  Tf-ly  tjcC,,  Qy  o,  restreint  a 
T 1 ^ ,  et  qui  est  lui-meme  un  groupement. 

4.4  F\=  (S\,  T 1 ,  ,  CU,  o\)  est  dit  fracpent  de  groupement  de 
' .  ct  >-  c      r  >  I— r     r'r  T'cf  Pt  oi  -  o, ,  restreint  a  T, , 

G,  si  0*  5  1CV  C  LC  T  1  I  '  1  "  1  1 
ou  C-j  porte  sur  Sj  et  Cj  est  la  fermeture  reflexo-symetro-transitive 

de  C' 

4.5  L' union  de  G1  et  G2  sera  le  fragment  de  groupement: 
G^UG^^USg,  T^,  C^CZ,  o^Op) 

4.6  Si  F1  est  un  fragment  de  G1 ,  le  sou'.,-groupement_  de  G1  ejioj;j)dre 
par       sera  ie  "plus  petit"  sous-groupement  contenant  r1  comme  frag- 
ment (au  sens  de  la  relation  d'ordre:  "est  sous-groupement"). 

4.7  Soit  (S,C)  un  graphe  sans  point  isole.  Lejrouj'S'E"^!1-^ 
enqendre  par  (S^C)  note  G  (C),  sera  le  groupement  (S,T,C,o)  ou 
(S.T.o)  est  la  categorie  Tibre  engendree  par  CUC  . 
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4.8  Soient  G=(S,T,f.,o)  un  aroupement  et  R  une  fonction  qui  assigne 
a  tout  couple  d'etats  (a,b),  a,b£S,  une  relation  d"equivalence<J{a,b 
sur  1 'ensemble. des  morphismes  de  a  vers  b.    Nous  appellerons  groupement 
quotient,  note  G/R     le  groupement  (S.T'.C'.o')  ou  (S'.T'.o')  est 

la  categorie-quotient  obtenue  de  (S.T.o)  et  de  R  et  ou  C  est  1 'en- 
semble des  classes  d'equi valence  de  C. 
Nous  noterons  6/R=(S,T/R,C/R,o/R). 

Nous  noterons  R1  la  tonction  qui  assigne  a  tout  couple  (a,b)  la 
relation  d'equivalence  triviale  qui  identifie  toutes  les  fleches  de 
a  vers  b. 

4.9  La  fusion  de  61  et  G,,.  notee  6^2,  sera  le  fragment: 
G1+G2  =  (S^Sg,  T)UT2/R1,  C1UC2/R1,  o^/R^ 

4.10  Le  produit  amalgame  de  G1  et  U,,,  note  G]  *  G?,  sera  le  groupement 
libre  engendre  par  le  graphe  (S^Sj,  C^Cg)  quotients  par  R] ,  c'est.-a- 
dire, 

Gl  *  G2  :  GL(C1UC2)/R1 

4.11  G'=  (S' J' ,C  ,o' )  est  dit  sous-groupenient  large  de  G  si 
S'CS,  T'CT,  o'=o  restreint  a  T'. 

4.12  Si  G'=  (S' ,T' ,C  ,o')  est  un  sous-groupement  large  de  G,  il  sera 
dit  sous-groupement  direct  s'i  1  existe  n  S  N  tel  que  C'Cr|JJjr 

4.13  Un  scheme  sera  represents  par  un  graphe  (S,C)  ou  C  est  un  ensem- 
ble de  fleches  orientees. 


5.     Application  du  niodele  au  concept  de  fraction 
5-1    Schemes  et  groupements  intervenant  dans  la  comparaison  des  frac- 
tions. 

L'analyse,  sous  Tangle  des  groupements  de  1 'experimentation  de 
G.  Noelting  nous  a  permis  d'identifier  divers  fragments,  sous-groupe- 
ments  et  groupements  correspondent  aux  differentes  etapes  menant  a  la 
comparaison  generale  des  fractions;  el  le  nous  a  aussi  permis  de  ca- 
racteriser  l'etape  finale  a  Taide  d'un  produit  amalgame  de  deux 
groupements,  et,  finalement,  de  decrlre  1 'enchafnement  des  groupe- 
ments condulsant  a  cette  derniere  etape.  Voici  tres  scheroatiquement 
et  partlellement,  pour  chacune  de  ces  etapes,  les  schemes  et  groupe- 
ments tires  des  reponses  et  des  explications  des  enfants  (G,  desi- 
gne  un  groupement  et  Cf  le  scheme  qui  l'engendre). 
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iere  etape 

aTsocie  a  la  comparaison  du  nombre  de  verres  de  jus  (sans 

tenlr  compte  de  l'eau). 
C0  :     "ajouter  un  verre  de  jus  pour  accentuer  le  gout  en  modlflant 

ou  non  le  nombre  de  verres  d'eau". 
G0  est  isomorphe  a  un  sous-groupement  du  groupement  correspondant  a 
la  composante  numerale  du  nombre. 

G0  et  C0  se  raffinent  lors  de  cette  etape  pour  donner  lieu  a: 

Gj  :     associe  a  la  comparaison  du  nombre  de  verres  de  jus  en  lais- 

sant  l'eau  inchangee. 
ZX   :     "ajouter  un  verre  de  jus  pour  accentuer  le  gout  en  laissant 

inchange  le  nombre  de  verres  d'eau". 
Gi  est  un  sous-groupement  de  G0. 

2e  etape 

G2  :  associe  a  la  comparaison  du  nombre  de  verres  d'eau  en  lais- 
sant le  jus  inchange. 

C2  :  "enlever  un  verre  d'eau  pour  accentuer  le  gout  du  jus  en 
laissant  le  jus  constant". 

G2  est  un  groupement  isomorphe  au  groupement  dual  de  Gj. 

3e  etape 

G3   :     associe  a  la  comparaison  de  couples   (a.b)  et  (c,d)  du  type 

aib  et  c>d  (ou  a)b  et  cid) 
C3      :    "comparer   le  nombre  de  verres  de   jus  au   nombre  de  verres 

d'eau   dans    le  premier  couple;    s'il   est   inferieur,  relier 

(pour  accentuer  le  goflt)  aux  cas  ou  c'est  superieur  ou  egal; 

s'il  est  egal,  relier  aux  cas  ou  c'est  superieur". 
C3  resulte  de  la  tentative  de  combiner  Ci  et  C2. 

4e  etape 

G4    :     associe  a  la  conservation  des  rapports  pour  les  couples  du 
type  (a,a). 

C4  :     "ajouter  un  verre  de  jus  et  un  verre  d'eau  pour  ne  pas  modi- 
fier le  rapport  et  consoquemment  le  gout". 
C4    est    la    comblnaison    de  Ci   et  de  C;>. 
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5e  etape 

G5  :    associe  a  la  conservation  generale  des  rapports. 

C5  :    "multiplier  par  m  le  nombre  de  verres  de  jus  et  le  nombre  de 

verres  d'eau  pour  conserver  le  goOt". 
G4  est  isomorphe  a  un  sous-groupement  large  de  G5  qui  en  devlent 
ainsi  le  prolongement. 

6e  etape 

Ge   :     associe  a  la  comparaison  de  fractions  en  ne  modifiant  que 

l'une  d'elles  par  equivalence. 
C6  :     "rendre  equivalent  a  une  fraction  ayant  mime  njmerateur  (ou 

denominateur)  et  comparer  les  denominateurs  (numerateurs)". 
Cs  est  obtenu  de  la  combinaison  de  C5,  Cj  et  C2. 

7e  etape 

G7  :    associe  a  la  comparaison  generale  de  fraction; 

C7  :    "remplacer  les  deux  couples  par  des  couples  equivalents  ayant 

m§me  denominateur  et  comparer  les  numerateurs". 
C7  est  obtenu  de  la  combinaison  de  C5  et  de  Ci . 
G7  =  Gi  *  G5;  Gi  et  G5  sont  des  sous-groupements  de  G7. 

5.2    Enchaf nement  des  groupements 

 G2^ 

GcN  *  g3— >  g4— >  g5.  . .  .>  e6l_...^G1*G5 

(composante      0  S   - —   -  ' 

numGrale  q,  

du  nombre) 
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THE  DEVELOPMENT  OF  CONCEPTUAL  UNDERSTANDING  OF  THE  RELATIONSHIPS 
AND  PROCEDURAL  KNOWLEDGE  OF  THE  TRANISTION  BETWEEN  THE  SYSTEMS 
OF  COHHON  FRACTIONS  AND  DECIHAL  RATIONALS 

Ytzak  Tomer,  Nelly  Wolf,  and    Ron  Hoz 
Ben-Gurion  University  of  the  Negev,  Beer-Sheva,  Israel 

Forty  seven  6  to  9  graders  of  average  mathematical  ability 
were  tested  on  the  systems  of  common  fractions  and 
decimals  and  their  relationships.  Development  was  slight 
and  misconceptions  and  procedural  bugs  were  found  in 
almost  every  aspect:  the  identification  of  common  fraction 
with  their  equivalent  decimal  rationals  and  vice  versa, 
the  translation  of  common  fractions  into  their  decimal 
equivalents,  and  the  reverse  operation  when  the 
denominators  were  not  10  exponents.  The  observed 
difficulties  were  accounted  by  textbooks  that  (1)  enable 
rote  learning  of  procedures  without  prior  acquisition  of 
the  underlying  conceptual  knowledge,  and  (2)  use  the 
equivalence  between  the  two  systems  without  establishing 
the  meanings  of  common  and  decimal  notation  and  their 
relationships. 

A    widespread    way  in  which  students  are  introduced  to  the  system 
of    decimal    fractions    is    via    the    common    fraction    system.    It  is 
characterized      by      the    establishment    of    and    capitalizing    on  the 
representational    equivalence  between  the  systems  of  decimal  and  common 
fractions,    and  by  shuffling  between  them.  This  instruction  attempts  to 
form    a    conceptual    model    (Lesh,    Landau,    and  Hamilton,  1983)  of  the 
rationals,    and    it    is    simultaneously    based  on  and  aming  at  all  four 
parts    of    a  conceptual  model.  It  renders  the  learning  of  the  system  of 
decimal      rationals    greatly    contingent    on    the    mastery    of  certain 
prerequisite    conceptual    and    procedural    knowledge    of    the  system  of 
common    fractions:     At    least    relational    understanding    of  the  common 
fractions    system    and    mastery  of  the  procedures  applicable  in  it;  the 
availability    of    procedural    knowledge  for  transitions  between  the  two 
systems    whose    development    starts    with    the    Initial    acquisition  of 
procedures    and    ends    with    the  skill  of  making  these  transitions;  the 
understanding    of    the    relationship    that  is  being  established  between 
the    two    systems    that    consislts    of  the  gradual  comprehension  of  the 
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eqivalence  or  corespondence  between  the  systems;  and  the  understanding 
of  the  new  system  that  is  being  constructed,  namely,  Its  concepts, 
procedures,  relationships  between  the  two  and  the  symbols  designated 
to  them. 

A  variety  of  deficiencies  In  the  conceptual  and  procedural 
knowledge  regarding  each  of  the  systems  of  common  fractions  and 
decimal  ratlonals  was  reported  over  the  years  but  only  a  small  portion 
of  It  dealt  directly  with  the  conceptual  and  the  procedural  knowledge 
pertaining  to  the  relationship  between  the  two  systems.  The  present 
study  deals  with  the  relationship  between  the  two  systems  and  the 
procedures  employed  tor  the  shuffling  between  them.  It  has  three 
objectives: 

a.  To  identify  the  conceptual  and  procedural  knowldege  that  sixth  to 
ninth  graders  have  In  each  of  the  representation  systems  for  fractions 
and  to  specify  how  It  is  used  to  make  transitions  between  the  systems. 

b.  To  characterize  the  development  of  that  knowledge  from  the  sixth  to 
ninth  grade. 

c.  To  Identify  possible  sources  for  deficiencies  In  conceptual  or 
procedural  knowledge. 


The  subjects  were  fourty  seven  6  to  9  graders  with  average 
mathematical  ability  that  were  randomly  selected  from  two  schools  In 
Beer-Sheva.  The  first  study  Involved  6  students  in  each  grade  level 
and  the  3econd    Involved  6  students  In  grades  6-8  and  5  in  grade  9. 

The  study  comprised  two  parts,  each  using  a  different  test  that 
were  administered  individually.  In  each  test  the  student  first  solved 
Individually  all  test  Items  and  wrote  down  his  or  her  answers.  Then  a 
clinical    Interview    was  conducted  In  which  he  or  she  further  explained 
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the  answers  and  were  thoroughly  Interrogated.  The  interview  was  also 
used  to  test  certain  interpretations  and  hypotheses  regarding  the 
answers.  The  tests  related  to  each  of  the  systems  of  common  and 
decimal  fractions  and  their  relationships  and  in  some  problems  the 
student  was  required  to  make  transitions  between  these  systems. 

The  first  test  comprised  13  items  that  are  described  later  on. 
The  second  test  comprised  12  problems  that  centered  around  3  topics: 
The  understanding  of  common  fraction  and  decimal  notations  and  mutual 
transformations  between  the  two  systems,  expressing  by  decimal  a  given 
proportion  of  a  continuous  quantity  and  vice  versa,  and  locating 
common  and  decimal  numbers  on  the  number  line.  To  attain  the  major 
goal  of  this  test,  most  problems  demanded  (a)  that  the  same  task  be 
proformed  in  both  types  of  numbers,  and  (b)  to  trasnform  fractions 
from  one  representation  to  the  other  one. 

RESULTS  AND  DISCUSSION 

The  results  of  the  first  test  show  that  most  students  did  not 
acquire  mastery  in  most  of  the  topics,  only  slight  development 
occurred,  and  most  deficiencies  and  misconceptions  persisted  from 
grade  6  to  9.  Failure  rate3  were  between  50%  and  100J  in  grade  6,  and 
between  331  and  50*  in  grade  9,  pointing  at  serious  deficiencies  in 
both  declarative  and  procedural  knowledge  within  each  of  the  systems 
and  their  coordination.  Three  topics  were  not  acquired  by  most 
students  and  did  not  develop  from  grade  6  to  9:  Ordering  decimals  and 
common  fractions,  determining  a  proportion  (different  from  the  well 
known  0.25  and  0.5)  of  one  quantity  out  another  (both  continuous  and 
discrete),  and  increasing  and  decreasing  decimal  numbers  by  10 
exponents.     In    seven    topics  slight  development  was  observed,  but  they 
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were  not  acquired  by  all  students:  Marking  common  and  decimal  numbers 
on    the    number    line;    expressing  proportions  (different  from  0.25  and 

0.  5)  between  continuous  quantities  (line  .  ants)  by  common  fraction 
and  decimal  notation;  comparison  of  lengths  (in  aeters  and 
kilometers),  and  of  welhgts  (In  grams  and  kilograms);  number  of 
tenths,  hundredths,  and  thousandths  in  decimals;  comparing  common 
fraction  and  percent  operators;  continuing  common  and  decimal  series; 
and  using  distance,  time  and  speed  relationship  with  whole,  decimals, 
and  common  fractions  values.  Only  one  topic  was  fully  mastered  at  all 
grade  levels:  ordering  times  expressed  as  common  fractions  hours  and 
whole  numbers  of  minutes.  Lack  of  deveopmental  effects  were  reprted 
for  other  topics  In  that  domain  as  well  (e.g.,  Lesh  et  al . ,  1983; 
Post,  Behr,  Lesh,  and  Wachsmuth,  1985). 

The      Identified      deficiencies    in    declarative    and  procedural 
knowledge  regarding  the  two  systems  are  as  follows: 

1.  Ordering  and  comparison  of  decimals  were  performed  on  the  basis  of 
their  standard  notation  with  no  reference  to  common  fractions  or  to 
concrete  models,  and  two  opposite  well  documented  (Nesher  and  Peled, 
1985;  Hoz  and  Gorodetsky,  In  press)  Incorrect  procedures  were  used, 
(a)  "The  longer  the  part  to  the  right  of  the  decimal  period  the  larger 
the  number",  and  (b)  "the  longer  the  part  to  the  right  of  the  decimal 
period  the  smaller  the  number".  Three  incorrect  procedures  were  used 
to  order  common  fractions,  (a)  "The  larger  the  denominator  the  smaller 
the  fraction,  but  the  size  of  the  fraction  is  not  Influenced  by  the 
size  of  numerator."  (b)  "If  in  one  fraction  the  complement  to  1  is 
larger  than  that  of  a  second  fraction  then  the  first  fraction  is 
larger  than  the  second."  This  misunderstanding  of  the  concept 
"complement"  points  to  the  lack  of  the  part-whole  schema  with  regard 
to    the    1    and    the    difference  between  It  and  the  given  fraction,   (c ) 
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"One  fr.-sction  is  larger  than  another  if  its  numerator  and  denominator 
are  larger,  respectively,  from  those  of  the  other  fraction."  This  rule 
resembles  a  combination  of  two  common  fraction  comparison  rules,  each 
of  which  pertains  to  either  the  numerator  or  the  denominator.  This 
combination  works  in  some  but  not  all  cases. 

2.    Misinterpretation    of  the  decimal  and  common  fraction  notations  and 
lack    of    ability    to    judge    equivalence  between  these  representations 
were    revealed    in    the    performance    on    several    tasks,   (i)  A  decimal 
fraction    was    characterized    as    a    string    of    numbers  with  a  decimal 
period    or    as    a  common  fraction  with  a  10  exponent,  (ii)  The  zeros  on 
both    sides    of    the    period    were  ignored  and  only  nonzero  digits  were 
considered.     (Hi)    0.8    and  0.10  were  written  as  the  next  terms  in  the 
series    0.2,    0.U.—  A    whole    numbers    rule    was    employed    only  to  the 
mantissa    and    the    meaning  of  the  period  was  distorted,   (iv)  Confusion 
arose    regarding    the    direction    in    which    to  move  the  period  and  the 
number    of  places  to  increase  or  decrease  decimals  by  10  exponents.  (It 
should    be    noted    that    the  need  to  choose  the  operation  was  clearly  a 
hinderance    in    the    test    problems    since    the    students  were  not  told 
whether    to    multiply    or  divide  by  the  10  exponent.)  (v)  The  numerator 
and    denominator    of  a  common  fraction  considered  separately  when  these 
were    to    be    conceived    of  as  one  unit.  Similar  difficulties  were  also 
reported    by    Post    et  al.   (1985).  (vi )  The  decimal  and  common  fraction 
notations      could      not      be      used    to    designate    proportions.  (vii) 
Translations    were  made  between  the  decimal  and  common  fraction  systems 
employing    several  Incorrect  transformations  (e.g.,  1/12  is  H.12,  12. t, 
U.8,    or    8.'»)    apparently    without    resorting    to    any  concrete  model. 
Moreover,    the    translations  were  made  without  any  attempt  to  check  the 
obtained  fraction  (e.g.,  applying  a  known  transformation  procedure). 

Knowledge    of    the    two    systems  was  rather  poor,  but  that  of  the 
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common  fractions  was  mastered  more  fully  than  that  of  the  decimal 
system,  and  the  former  system  w»»  dearly  insufficiently  learned  to 
base  the  latter  systen  on  it. 

The  location  of  oonnon  fractions  and  decimals  on  the  number  line 
with  only  whole  numbers  indicated  on  it  was  done  satisfactory  with 
numbers  smaller  than  1  but  was  very  diffioult  with  numbers  larger  than 
1  (e.g.,  1.75). 

The  only  procedure  used  (regardless  of  its  success)  to  transform 
a  common  fraction  into  a  decimal  was  to  extend  the  fraction  so  to  moke 
its  denominator  a  10  exponent  and  then  to  place  the  period  in  its 
position  In  numerator.  The  reverse  transition  was  achieved  by  writing 
the  mantissa  as  numerator  and  a  10  exponent  as  denominator,  with  only 
few  students  reducing  the  obtained  common  fraction.  These  procedures 
were  employed  very  seldom  so  that  conclusions  regarding  the 
understanding  of  the  relationship  among  the  systems  oould  not  be 
reached.  The  second  test  was  designed  to  help  determine  additional 
deficiencies  regarding  the  relationship  between  the  systems  and 
provide  more  precise  descriptions  of  procedural  bugs  in  the  transition 
between  them. 

The  results  of  this  test  replicate  and  strengthen  those  of  the 
first  one.  (a)  Development  was  observed  in  very  few  topics  and 
deficiencies  in  conceptual  knowledge  and  bugs  in  procedural  knowledge 
persisted  from  grade  6  to  9.  (b)  About  65*  of  the  students  failed  to 
acquire  the  meaning  of  conmon  and  decimal  notations,  to  identify  the 
common  fraction  names  of  decimal  rationals  and  vice  versa,  and  to 
transform  into  decimal  rationals  common  fractions  whose  denominators 
were  not  10  exponents.  The  only  procedure  used  to  translate  a  common 
fraction  into  a  decimal  one  was  to  transform  the  denominator  into  a  10 
exponent.    Host    failures    occurred    when    this    could    not  be  achieved 
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(e.g.,  4/12).  Co)  About  80X  of  tne  atu„  -  i  failed  to  locate-  poi.ts  on 
the  number  line  and  to  create  the  decimal  and  common  fraction  ni.MJi  of 
these  points. 

These     results    emphasize    the    necessity    of    having    »' -  l^ble 
knowledge    of    each  system  in  order  to  be  able  to  more  fully  unbound 
the    other    system,  a  fact  that  may  explain  why  the  instructior   ltd  not 
achieve    its  objectives  regarding  the  four  components  of  the  conceptual 
model      of    rational    numbers.    Examination    of    the    relevant  Israeli 
textbooks    points    that    ( 1)    the    majority    of    them  devote  rolativoly 
little    time    to    the  establishment  or  the  system  of  decimal  ri.tlomls, 
(2)    on    one    hand  they  utilize  the  equivalence  between  tha  twe  systems 
but    on    the    other  hand  deemphaslze  the  .meanings  of  common  and  decimal 
notations    and    their    relationships,    and    (3)  they  enable  students  to 
rote      learn    procedures    without    first    establishing    the  underlying 

-ooneeptual  knowledge. 

These  results  may  be  Important  for  mathematics  educators  who 
attempt  to  base  the  Instruction  of  the  system  of  decimal  ratlonals  on 
that  of  the  comnon  fractions  or  to  draw  parallels  between  those 
systems. 
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LANGUAGE:  ACT  ION:  FRACTION 
Reflections  on  Fractional  Number 
Research  Papers 


Thomas  E.  Kleren 
University  of  Alberta 

To  be  useful  personal  knowledge  in  mathematics  must  serve  to 
organize  mathematically  oriented  phenomena  for  its  know*.  For 
young  persons  such  knowledge  manifests  itself  in  LANGUAGE  which 
a  person  con  validate  in  the  world  of  intuition  or  everyday  actions. 
Using  concepts  developed  by  Frye.  language  can  be  seen  to  bt  used  at 
four  levels.  The  first  two  uses  heiroglyphic  and  metephoric  ere 
immanent.  Heiroglyphic  language  use  colls  one's  attention  to  action 
1n  the  presence  of  the  action  itself,  while  metophoric  language  is 
'put  for"  action.  While  this  letter  use  can  occur  without  the 
concomnftant  oction.  It  is  driven  by  the  action.  Metonymic  language 
use  is  at  a  higher  level  reflecting  language  and  the  related  thinking 
as  analogs  of  action.  Here  thought  is  Independent  of  oction  but  con 
be  referenced  to  It.  The  language  Is  analytic  or  demotic  in  nature; 
it  is  neither  dependent  on  action  nor  does  It  even  presuppose 
existing  related  action. 

As  children  build  rational  number  knowledge  whot  kinds  of 
'things'  are  Indicated  by  the  language  which  they  use?  The 
fractional  number  research  studies  above,  although  very  diverse, 
test  for  or  show  children  (end  the  researchers)  using  language  In  a 
vorietg  of  ways.  These  reflections  attempt  to  Inter-relote  these 
reports  by  attending  to  the  role  of  the  LANGUAGE  used,  the  role  of 
MATHEMATICAL  ACTIONS,  and  the  attendant  fractional  number 
knowledge. 

Bergeron  and  Herscovlcs  study  the  quantification  of  the  part 
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whole  relationships  considering  o  set  of  related  octton/ionguoge 
pertaining  to  unit  fractions  of  o  continuous  whole.  Although  their 
research  tasks  are  not  school  tasks,  they  relate  to  school  learned 
language  in  that  children's  responses  ore  based  on  pre-given 
partitions  or  results  of  partitions  (pieces  called  fifths,  sevenths, 
and  quarters)  which  might  well  be  named  in  a  heiroglyphic  or 
metaphoric  sense  by  children.  In  general,  Bergeron  and  Herscovics 
observe  that  after  grade  four  children  can  in  this  context  identify 
parts  from  o  partitioned  whole  and  reconstitute  wholes  from  given 
parts.  In  the  latter,  it  is  interesting  that  the  researchers  give  a 
part  and  then  ask  "how  many?*  parts  make  a  whole,  thus  orienting 
the  student  to  a  learned  counting  relationship.  The  invert ance  items 
are  done  in  quarters  (seen  in  other  research  to  be  well  known  by 
children),  but  equiportltion  results  ere  different  from  those  seen 
elsewhere.  Here  again  the  researchers  use  language  "quarters"  for 
the  piece  in  each  trial  case.  Does  this  language  provoke  the  children 
to  make  a  response  which  goes  beyond  the  perceptual? 

The  above  results  on  unit  fractions  of  o  whole  ere  not  generally 
at  variance  with  other  studies  (eg.  Noelttng)  which  suggest  an  early 
control  of  even  more  general  notions  of  unit  fractions.  What  is  of 
interest  is  thot  the  researchers  attended  to  this  notion  through  a 
sot  of  related  tasks  which  can  be  seen  as  related  to  the  groupment 
notion  of  Therien.  Although  not  given  in  the  brief  paper  it  would 
appear  that  the  children's  language/action  exhibited  o  unit  fraction 
groupment  in  the  domain  of  part-whole  (as  opposed  to  a  more 
dynamic  unit  notion). 

The  Figueros  et  al  research  also  looked  at  the  relationship  of 
spatial  perception  and  fraction  knowing  but  with  older  children  and 
more  sophisticated  tosks.  Their  students  were  not  as  unlformolly 
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successful  as  those  in  the  Bergeron/Herscovlcs  study.  Some  of  the 
behaviors,  for  example  in  finding  one  third  of  a  triangle,  indicated 
that  some  students  faced  with  these  tasks  illustrated  Therien's 
Stage  1  behaviours  of  fixing  on  one  of  the  two  elements  in  the 
fractional  task.  Other  results  vividly  show  the  role  of  language  use. 
One  task  asked  students  to  show  of  5/20  of  a  starlike  figure,  if  one 
metaphorically  put  5/20  for  5  of  20  pieces  this  task  would  be 
difficult  (as  It  is  for  many).  If  one  thought  5/20  of  a  figure  as  a 
quantitative  part  (1/4)  then  the  task  was  easy. 

Several  of  the  studies  reflected  on  the  fact  that  traditional 
Instruction  makes  an  early  and  probably  unwarranted  emphasis  on 
symbolic  manipulation  and  computation  with  common  or  decimal 
fractions.  To  the  extent  that  this  is  true  children  are  probably 
forced  to  treat  these  symbols  as  concrete  objects  in  and  of 
themselves  end  hence  build  knowledge  based  inappropriately  on 
patterns  in  the  symbols  ('count  decimal  places",  "like 
denominators")  or  generate  purely  nominal  knowledge. 

The  presence  of  largely  nominal  knowledge  Is  vividly  llustroted 
in  the  paper  by  Tomer,  Wolf,  and  Hoz.  With  the  exception  of  a  half 
end  a  quarter  (language  which  controls  actions  usually  well  known 
to  children),  their  sample  of  11-14  year  olds  exhibited  many 
instances  of  a  focus  on  decimal  symbols  as  patterns  in  and  of 
themselves.  Unless  these  symbols  are  tied  to  o  personal  conceptual 
base  prior  to  instructions  on  procedural  manipulations,  it  appears 
that  there  are  serious  limitations  in  the  useful  fractional 
knowledge  of  these  children  and  young  adults. 

Even  when  pictorel  representations  are  used  in  fraction  number 
Instruction,  the  conseqences  are  not  always  positive.  From  Novillis 
Larson's  study,  it  is  evident  that  while  measurement  models  would 
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be  useful  porttculorily  in  work  with  fractions  greater  than  one  and 
equivalent  fractions,  students  could  handle  the  fractions  on  a  ruler 
much  better  than  they  could  perform  with  a  number  line 
measurement  representation.  It  would  appear  that  children  could 
use  fraction  language  somewhat  accurately  as  metaphors  for 
measures  indicated  on  a  ruler.  The  static  number  line  seemed  to 
present  a  conflict  with  whole  number  knowledge.  If  instruction  is 
to  use  the  number  line  as  an  intuitive  model  for  fractions,  attention 
must  be  paid  in  performing  fractional  actions  in  this  context  and 
tying  language  to  them. 

The  paper  by  Hiebert  and  Weome  end  that  of  Streeflend  provide 
evidence  that  programs  of  instruction  based  on  the  premise  of  tying 
language  to  significant  mathematical  object/actions  are  both 
possible  and  hove  the  desired  effect.  The  Hiebert  and  Weome  paper 
tests  a  carefully  developed  theory  of  symbolic  knowledge  building. 
In  this  model  meaning  of  individual  symbols  is  built  on  meaningful 
referents  (in  this  case  base  10  blocks  used  to  illustrate  some 
decimal  fractions)  Although  the  authors  do  not  mention  it  in  their 
theory  it  seems  critical  to  note  that  the  reference  base  end 
exercises  allow  decimal  language  to  be  used  in  a  manner  which 
illustrates  the  quotient  relationship  between  the  unit  and  a  decimal 
fraction  at  least  in  a  limited  sense.  Referring  to  the  Therien  theory 
the  referent  system  used  in  the  Hiebert/Weome  instruction  admits 
the  structure  of  a  groupment  at  least  up  to  the  level  of  common 
denominators.  In  both  studies  reported  by  Hiebert  ond  Weome 
students  used  appropriate  semantic  processes  after  instruction. 
However,  In  the  full  classroom  group,  the  level  of  transfer  to 
related  decomal  tasks  before  direct  instruction  was  low.  Hiebert 
ond  Weome  suggest  that  learning  in  the  more  complex  setting  was 


ERIC 


456 


-  430  - 


less  complete  and  hence  less  transferable.  In  terms  of  language  use 
this  might  mean  that  the  children's  use  of  language  In  the  second 
group  was  more  immanent  and  thus  tied  to  the  particular  objects  in 
the  particular  setting.  While  for  at  least  some  students  in  the 
small  group  decimal  language  reflected  their  ideas  about  actions, 
that  is  language  called  an  abstraction  to  attention,  In  the  large 
group  student  language  still  referred  directly  to  objects. 

In  the  Streefland  study  of  fraction  monograph  production,  he 
makes  explicit  reference  to  e  levelling  in  which  language,  image, 
and  action  form  a  base  for  fraction  language  development  where 
mathematical  fraction  language  first  simply  replaces  everyday 
language.  This  Is  followed  by  levels  of  language  and  rule  'play' 
where  the  language  can  be  validated  back  in  an  object-world 
familiar  to  the  child. 

The  Kheong  paper  presents  a  model  of  fractional  knowledge  based 
on  symbolic  computations  with  fractions.  The  resultant  computer 
diagnostic  system  would  appear  effective  in  dealing  with  nominal 
fractional  number  knowledge.  It  would  appear  that  the  analysts  is 
based  on  exhausting  categorization  of  symbol c  error  and  direct  error 
correction.  What  it  does  not  do  is  examine  the  meaning  of  the 
language  used.  Thus  the  remedial  system  takes  no  cognizance  of  the 
semantic  processes  underlying  operations  on  fractional  numbers. 

Finally  the  paper  by  Hardlman  presented  some  very  interesting 
results  on  simple  word  problems  with  fractions.  Two  things  stand 
out  in  the  findings.  If  fractions  can  be  interpreted  in  a  who  whole 
number  problems.  Secondly,  language  use  surrounding  the 
multiplicative  aspects  of  fractional  numbers  Is  confounding  both  to 
the  subjects  and  the  basic  thrust  of  the  surface  structure/deep 
structure  research. 


457 


-  1.31  " 


SUMMARY 

What  seems  clear  form  the  above  cited  studies  Is  that  a  fraction 
curriculum  In  which  symbols  are  not  tied  to  meaningful  object 
actions  has  Inhibiting  effects.  While  object  image  based  instruction 
can  lead  to  some  systematic  fraction  knowledge,  it  is  important  to 
examine  these  environments  to  see  if  they  actually  can  support  o 
full  dymnomic  fractional  number  knowledge  system.    It  would 
appear  that  the  richer  environments  and  systematic  attention  to 
growth  in  language  development  lead  to  robust  fractional  number 
knowledge.  Therien  reminds  that  such  knowledge  has  a  systematic 
structure  itself,  a  chain  of  groupments.  However,  because  in  some 
settings  fractional  numbers  can  refer  directly  to  quantities,  the 
kinds  of  component  groupments  needed  to  explain  actual  child 
behavior  may  well  be  very  different  than  those  posed  by  Therien. 
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SIMILARITY J 

UmUWRUNt;  A  CONCEPTUAL  KNOT  WITH  Till"  AID  OF  TECHNOLOGY 

n.inifcl  Chazan 
Education  Development  Center,  Inc. 
Educational  Technology  Center,  llurvard  Graduate  Scliool  of  Education 


previous  wurk  lias  identified  three  areas  of  Jlfflculty  tliat 
students  seem  to  have  with  the  topic  of  similarity: 
proportional  reasoning,  dimensional  growth  relationships, 
and  correspondences  in  right  triangle  similarity.    A  unit 
addressing  these  three  difficulties  was  constructed  for  use 
with  the  GEOMETRIC  SUPPOSER.     Students  were  oliserved  as  they 
learned  similarity  with  this  unit.    From  theBe  observations, 
clarification  of  the  three  part  characterization  of  student 
difficulties  will  be  sought.    The  use  of  technology, 
specifically  the  GEOMETRIC  SUPPOSER,  provides  two  benefits. 
First,  U  supports  a  pedagogy  which  seeks  to  directly  attack 
the  students  difficulties  in  understanding  similarity. 
Second,  the  lab  setting  allows  researchers  as  weLl  as 
teachers  to  directly  examine  student  thought  processes. 


INTRODUCTION 


Teachers  In  the  Educational  Technology  Center's  1985-86  geometry  study 

(reported  at  the  eighth  PME-NA)  considered  similarity  the  most  difficult 

topic  In  the  curriculum  for  their  students  to  understand.  ."om 

experiences  in  these  classrooms,  students'  initial  conceptions  about 

similarity  were  characterized,  as  well  aB  the  difficulties  they 

experienced  in  learning  about  the  topic.     Based  on  these  Insights  and  on 

a  review  of  the  pertinent  literature,  three  areas  of  difficulty  with  the 

topic  w«re  identified.     A  unit  of  problems  for  use  with  the  GEOMETRIC 

SUPPOSER  was  then  designed.    The  unit  asks  students  to  explore 

♦The  research  was  conducted  at  Education  Development  Center  under  a 
subcontract  from  the  Educational  Technology  Center  of  the  Harvard 
Graduate  School  of  Education.     It  was  supported  by  the  Office  of 
Educational  Research  and  Improvement  contract  #400-83-0041. 
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constructions  Involving  similarity  and,  where  possible,  tries  to  force  e 
confrontetlon  between  their  nelve  theories  end  contrary  evidence. 


The  first  and  foremost  difficulty  that  students  experienced  In  the? 
1985-86  etudy  Involves  e  cruclel  part  of  the  definition  of  similarity, 
ratio  end  proportion.    For  example ;,  students  sesaed  to  think  thet  by 
extending  the  eldes  of  s  trlengle  by  equel  lengths  they  would  always  get 
a  slallsr  triangle.    This  conception  wes  very  reslstsnt  to  change  end 
eppeers  to  be  releted  to  slallsr  eddltlve  strstegles  exhibited  by 
studente  on  retlo  taaka  (Hart,  1984). 

The  literature  oa  alallerlty  elso  lndlcetee  thet  en  underetandlng  of 
the  relationship  of  aree  growth  In  slallsr  plena  figures  end  the 
generalized  problaa  of  dlacnslonsl  growth  In  higher  dlaenslonal  elaller 
objects  Is  difficult  for  students  to  ecqulre  (Frledlender  et  el., 
unpublished).    Similarity  is  confounded  with  dimension;  students  ere 
suprlsed  to  see  that  aree  does  not  grow  in  the  ssae  retlo  ee  sides  do. 
The  aejorlty  of  research  on  this  difficulty  focuses  on  the  reletlonshlp 
between  llneer  end  aree  growth  end  wee  done  with  Junior  high  school 
students. 

A  third  difficulty  Is  eeeocleted  with  the  aean  proportional 
reletionehips  found  in  right  trlengles  with  en  eltitude  drewn  from  the 
right  englc  vertex.    The  students  experienced  difficulties  solving 
probleas  thet  daaended  the  use  of  theee  retios  end  the  correct 
ldentlflcetlon  of  the  correspondences  end  proportions  eaong  the  segments 
involved.    This  difficulty  seeaed  to  heve  two  aejor  components  beyond 
bookkeeping  difficulties.    First,  In  order  to  develop  the  correct 
proportions,  students  aust  be  eble  to  aetch  the  corresponding  sides  of 
the  three  trienglee  in  the  construction.    Such  s  aetchlng  Is  difficult 
since  one  of  the  trlengles  muat  be  mentally  flipped  (not  Juet  roteted) 
In  order  to  sake  the  correspondence.    It  is  not  cleer  that  studsnts 
understend  thet  flipping  two-dimensional  figures  does  not  chenge  the 
figures.    Second,  In  these  proportions,  the  seme  segment  pleys  different 
roles  in  three  trlengles.    For  exaaple,  in  the  mean  proportion  involving 
the  eltitude,  the  eltitude  Is  the  short  leg  of  one  right  trlengle  end 
the  long  leg  of  enother,  eg  well  as  the  altitude  of  a  third. 
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PURPOSE 


The  purpose  of  this  paper  Is  to  further  examine  the  typology  of  the 
three  ireas  of  difficulty  In  the  leirnlng  of  ilmllarlty.  Preliminary 
results  related  to  this  purpose  are  reported  below. 

Specifically,  there  are  three  sets  of  questions  which  will  be 
examined : 

1.  Is  student*'  preference  for  sddltlve  versus  multiplicative 
strstcglea  to  create  similarity  a  repllcable  phenomenon?    If  so, 
does  It  seen  to  be  a  difficulty  In  working  with  ratios  or  Is  It  a 
geometric  difficulty? 

2.  At  the  end  of  their  studies  about  similarity,  can  students 
recognize  llnesr,  area  and  volume  growth  relationships  in  solids? 
If  so,  how  do  they  manage  the  conflict  between  the  descriptions? 

3.  With  right  triangles,  does  the  students'  difficulty  stem  from 
the  fact  thst  the  similar  triangles  are  rotated  or  flipped? 
Alternatively,  does  the  difficulty  stem  from  tha  fact  that  the  ssme 
segment,  the  altitude,  la  both  the  snail  Leg  of  one  triangle  and  the 
larga  leg  of  another  triangle  as  well  as  the  altitude  of  a  third? 


Intervention 

The  unit  consisted  of  eight  computer  tasks  that  students  did  In  the 
computer  lab  during  class  time.    Students  also  learned  about  similarity 
In  their  ragular  classroom.    The  unit  was  used  by  four  geometry  classes, 


location  had  no  prior  experience  with  the  SUPPOSER;  the  classes  In  the 
second  location  had  used  the  SUPPOSER  from  September  until  March  prior 
to  beginning  the  unit. 
Data  Collection 

Obaarvers  visited  the  experimental  and  comparison  classes  while  the 
topic  of  similarity  was  taught.    Students'  computer  ssslgnaents  were 
collected  from  the  experimental  clauses.    Final  tests  on  similarity  were 
collected  from  all  classes. 

The  performance  of  students  In  these  four  experimental  classes  waa 
compared  with  the  performance  of  students  In  two  comparison  classes. 
The  measures  used  were  a  pretest  of  fraction  ability  and  ratio  and 


METHODS 


two  In  one  location  and  two  In  another. 


The  cl, 


In  thi  first 
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proportion  ekille,  and  a  postteet  of  ratio  and  proportion  skills  and 
understanding  of  aiailarity. 

Four  atudanta  from  aach  of  the  experimental  and  comparison  claaaea 
were  alao  Interviewed.  The  lntervlewa  focused  on  the  three  areaa  of 
difficulty  out 1 load  above. 

The  majority  of  the  reaulta  reported  balou  are  from  the  data  collected 
at  the  alt*  whara  atu4ente  did  not  have  prevloua  experience  with  the 
Suppoear.    Tna  data  fro*  the  other  alte  have  not  yet  been  completely 
analysed;  they  will  be  reported  at  the  PME  conference. 


PRELIMINARY  RESULTS 


Additive  veraua  Multiplicative  Strataglca 

Early  In  their  work  laat  year  with  the  SUPPOSER,  a  group  of  atudenta 
in  one  of  the  claaaea  developed  the  notion  of  "reacaled"  trlanglee, 
trlaaglea  that  have  the  aaae  anglea  but  are  different  elxee.    The  name 
derlvei  from  the  "Scale  Change"  option  that  la  preaent  In  the  SUPPOSER. 
The  etudente  were  convinced  thet  In  order  to  get  the  reacaled  veralon 
from  the  emaller  veralon,  one  ahould  add  a  set  amount  to  the  length  of 
each  aide.    They  etuck  to  thla  opinion  In  the  face  of  counter  evidence. 

Thla  phenomenon  waa  not  recreated  In  any  of  the  experimental  clesaea 
thla  year.    When  aeked  to  explain  how  one  could  create  a  reacaled 
veralon  of  a  triangle,  atudente  uaad  proportlona  la  their  explanation. 
However,  one  of  the  computer  taaka  in  the  unit  brought  to  light  evidence 
that  auggeata  that  the  atude.ua  preference  for  multiplicative  atrateglea 
waa  not  atrongly  rooted. 

In  thla  teak,  atudenta  were  aaked  to  create  a  triangle  almllar  to  a 
glvan  trlcngle,  by  extending  two  of  lta  aldea.    In  two  of  the  four 
experimental  claaaaa,  atudenta  were  flrat  given  the  option  of  chooalng 
additive  or  multiplicative  atrateglea.    Their  cholcea  were  very 
different  in  the  two  claaaea.    In  one  class,  where  thla  taak  waa  given 
the  same  day  that  atudenta  lnveatlgated  figures  whose  sides  were 
proportionate,  eight  out  of  eleven  working  groups  choae  a  multiplicative 
strategy.      In  the  other  claaa,  whare  a  weekend  Intervened  between  the 
Slde-Slde-Slde  activity  and  the  taak  of  extending  the  two  aldee,  eight 
out  of  eleven  groupe  tried  additive  atrateglea.    The  two  groupa  had 
scored  similarly  on  the  ratio  and  proportion  preteat.    The  "multlpllere" 
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had  5  out  of  16  students  at  Hart's  fourth  level  of  ratio  understanding; 
12  students  used  additive  strategies  on  her  test.    The  "adders"  had  3 
out  of  16  students  at  level  four;  12  students  ueed  additive  strategies 
In  the  ratio  and  proportion  pretest. 

On  the  next  day,  the  teacher  followed  up  the  two-option  task  with  a 
task  that  did  not  allow  choice.    In  this  version,  a  student  Is  asked  to 
Investigate  an  additive  strategy  and  then  a  aultipllcatlve  strategy. 
The  class  that  previously  had  used  Multiplicative  strategies  now 
expressed  surprise  that  an  additive  strstegy  would  not  work.     It  took 
the  students  half  of  the  period  to  connect  this  phenomenon  to  their 
previous  asslgnnent .    In  the  "additive"  class,  the  students  Immediately 
explained  that  the  activity  was  the  saae  as  the  activity  that  they  had 
done  earlier. 

In  the  other  two  experimental  classes,  students  had  done  such  better 
on  Hart's  teat  of  ratio  understanding.    In  one  class  14  out  of  23  scored 
at  level  4  with  6  using  additive  strategies,  while  In  the  other  class  15 
out  of  22  scored  at  that  level  with  only  2  using  additive  strategies. 
In  these  classes,  students  were  not  given  choices;  they  were  told  to 
first  construct  addltlvely  and  then  multlpllcatlvely .    In-  both  classes, 
aany  atudents  didn't  bother  measuring  to  check  their  conjectures.  They 
were  positive  that  an  additive  strategy  would  yield  similar  figures. 
Only  when  they  tried  a  aultipllcatlve  strategy  on  the  saae  figure  did 
they  feel  the  need  to  go  back  and  make  meaaurenents.    They  expressed 
itucli  consternation  when  they  found  that  extending  by  equal  lengths  did 
not  necessarily  yield  parallel  lines.    Thus,  even  those  students  who 
show  an  understanding  of  ratio,  may  not  exhibit  that  understanding  In 
certain  geometric  contexts. 

Side,  Area  and  Volume  Growth  Relationships  In  Similar  Solids 

At  the  end  of  the  similarity  unit  intervention,  we  interviewed  twelve 
studente  at  one  of  the  sites — four  from  each  of  the  two  experimental 
claaaea  and  two  from  each  coaparlson  class.    One  of  the  tasks  on  the 
Interviews  Involved  two  similar  rectangular  solids.    The  dimensions  of 
one  of  the  solids  were  twice  the  distensions  of  the  other.    Students  were 
asked  to  describe  how  much  larger  the  large  solid  was  than  the  small 
solid. 

No  student  responded  with  sn  additive  strategy.     All  twelve  students 
Interviewed  responded  with  at  least  one  multiplicative  strategy  (either 
comparison  of  sldea  or  of  volumes),  while  five  students  suggested 
exactly  two  strategies  (usually  sides  and  volume).     Four  atudents  also 


-  8  - 


noted  c  third  possibility  (comparison  of  areas). 

Ool      ..«  of  tha  atudants  wno  euggeeted  bo  re  than  ona  atrategy 
expraaaad  aurprlaa.    This  student  thought  that  tha  area  relationship 
ahould  ba  tha  iiat  aa  tha  aldas  reletlonsMp.    He  counted  and  than 
revised  hla  oplelou  to  2:1  for  sldaa  and  4:1  for  area. 

When  aakad  to  explain  tha  poaalblllty  of  dlfferant  answers  or  when 
aakad  to  chooaa  between  two  anawera  they  had  given,  eight  of  nine 
atudanta  ra a ponded  that  both  or  all  thr*a  dcacrlptlona  were  true.  Only 
one  of  the  students  waa  dlaconcerted  by  the  feet  that  two  different 
descriptions  eeeaed  to  hold.    He  aattled  on  the  voluate  relatlonahlp  as 
truer  than  the  relatlonahlp  between  eldee.    The  wore  articulate  students 
suggested  that  "the  anawer  depends  on  the  queetlon"  or  that  "the 
quantities  being  Mssured  are  different 

Only  two  of  the.  etudente  explicitly  mentioned  thet  the  eollds  were 
stellar.    Only  one  etudeat  had  an  explanation  for  why  the  volume 
relstlonshlp  Is  8:1.    She  sxplslnsd  thst  since  It  is  s  cube,  one  cubes 
the  rstlo  of  the  sldss.    No  studsnt  waa  moved  to  make  any  generalization 
about  dimensions. 

Corresponding  Ratios  In  Right  Triangles 

During  these  same  Interviews,  two  of  the  other  taake  were  structured 
to  test  two  hypothesss  sbout  students'  difficulties  with  proportions  in 
right  Lrianglea.    First,  we  tested  the  notion  thst  students  do  not 
identify  the  slmllsrlty  of  the  trlsngles  becsuse  of  the  flipping 
Involved.    This  waa  sccompllshsd  ss  part  of  a  taak  thet  aaked  etudente 
to  Identify  elmllar  shapes.    Some  of  the  figures  needed  to  be  flipped  in 
order  to  recognize  thst  they  were  Indeed  slmllsr.    Nine  out  of  the 
twelve  studsnts  had  no  difficulties  performing  the  necesssry  flips  snd 
recognising  the  slmllsr  figures.    Three  etudente  missed  one  or  two  of  s 
totel  of  five  necesssry  flips. 

On  the  second  tssk,  students  were  given  6  metsl  pieces  (two  of  equal 
size)  thet  were  cut  into  lengths  thst  could  be  joined  end  to  end  to  asks 
two  slmllsr  right  trlsngles.    These  two  trlsngles  csn  then  be  joined  to 
make  s  third  slmllsr  right  triangle.    Students  were  first  given  the  six 
pieces  snd  ssked  to  creste  two  slmllsr  right  trlsngles.    After  they  had 
done  so,  one  of  the  two  equal-sized  pieces  waa  removed  and  atudente  were 
asked  to  creete  two  or  three  elmllar  right  trlanglea  with  the  remaining 
five  plecae  by  connecting  them  end  to  end. 

The  atudente'  performance  was  very  hard  to  analyze,  but  in  general 
students  did  not  ssem  to  have  a  problem  with  the  notion  thst  one  xetsl 
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pl«ce  would  have  to  function  as  a  member  of  two  or  three  triangles. 


PRELIMINARY  DISCUSSION 


The  phenomenon  of  using  additive  itrateglca  to  construct  similar 
triangles  was  replicated.    Whether  this  Is  a  difficulty  with  ratio 
reasoning  or  with  geometric  reasoning  Is  a  difficult  question.  However, 
It  does  seen  that  the  context  of  extending  two  aides  of  a  triangle  to 
maka  a  similar  triangle  encourages  additive  uaderstandlngs  of 
proportlona  even  among  those  students  who  have  already  coma  to  a 
multiplicative  understanding  of  proportions. 

Students  In  general  ware  able  to  recognize  the  different 
relationships,  area  being  the  most  elusive.    They  a'.so  tended  not  to 
expertise  conflict  between  the  different  descriptions,  although  they 
were  not  abla  to  explicitly  coordinate  the  descriptions.    They  did  not 
generalise  the  relationships  between  sides,  areas  and  volumes. 

The  evidence  from  tha  Interviews  doea  not  strongly  support  either  of 
the  two  hypotheses.    Few  students  had  dlfflcultlea  flipping  geometric 
shapes.    The  students  did  not  see  this  as  an  Inappropriate  action. 
Students  also  did  not  have  difficulties  with  the  notion  that  one  rod 
could  be  a  part  of  two  or  three  triangles.    No  one  was  stymied  by  the 
task  of  making  similar  right  triangles  with  the  five  remaining  pieces. 
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thegreme  de  thales  et  micro-ordinateur 

Elisabeth  GALLOU-DUM1EL  -  I/utitut  Fourier 

ABSTRACT.  —  The  theorem  of  Thales  enablei  mathematicians 
to  calculate  large  lenfth»  by  means  of  computations  on  small 
lcnghts  and  realkea  in  thk  way  a  change  of  ipmce.  The  use  of  the 
theorem  of  Thales  change*  a  geometric  approach  of  a  problem  into 
a  numeric  one  where  proportionality  correspond!  to  parallelism. 
The  object  of  thk  research  k  to  investigate  the  difficulties  for 
the  pupils  when  using  the  theorem  of  Thales  in  the  solution  of  a 
problem,  ft  was  carried  out  in  two  environments  : 

-  a  computer  environment 

-  a  paper-pencil  environment. 

The  modification  of  the  pupil's  strategies  due  to  the  computer  is 
also  investigated. 

Introduction.  —  Le  theorem*  de  Thalis  est  une  notion  charniere  des  mathema- 
tiques  et  de  leur  enseignement  en  Fiance  en  fin  de  college  (14-15  ans).  II  permet 
un  passage  du  cadre  geomltrique  au  cadre  numerique  ou  le  paralleTisme  est  mis 
en  relation  avec  la  proportlonnaliU  jDOUADY  1985).  Les  dlfflcultes  4  son  sujet 
sont  de  different*  types.  Elks  sont  cependant  beaueoup  plus  important**  quand  le 
resultat  demands  set  non  pas  numerique,  cas  pour  lequel  le  changement  de  cadre 
apparaft  d'embke  necessaire,  mak  une  proprkt*  geometrique  4  demontrer. 

Problematlque  du  theorem*  de  Thales.  —  Hktoriquement  a  l'epoque  de 
Thales  (mesure  des  pyramides)  actuellement  encore  pour  des  problemes  concrete 
(par  exemple  k  cubage  d'un  sapin  sur  pied)  le  theoreme  de  Thales  (*)  permet  de 
calculer  une  longueur  que  Ton  ne  peut  pas  mesurer  directement  a  cause  de  sa  taille 
importante  et  de  difficult*  techniques  4  partir  d'autres  longueurs. 
On  peut  distinguer  trok  espaces  dans  lesquels  les  problemes  ne  se  potent  pas  de  la 
m«me  facon  parce  qu'ik  ne  mettent  pas  en  jeu  les  mimes  possibility  de  controle 
(BROUSSEAU  1M3|.  Ce  sont : 

-  le  micro-espace  :  1'espace  des  objets  qu'on  peut  deplscer  sur  une  table; 

-  le  meso-espace  :  entre  0.5  et  50  fok  la  taille  du  -ujet; 

-  le  macro-espace  qui  met  en  Jeu  des  problemes  de  reperage  et  d'orientation 
[LABORDE  1088]. 

Thales  permet,  pour  les  mesures  de  longueurs,  un  passage  de  Tun  quelconque  4 
l'autre  de  ces  trok  espaces. 

Quand  on  cherche  4  conKrer  une  structure  d'espace  vectoriel  4  JJa  ou  Ra,  on  utilise 
Thales  pour  d<finir  la  multiplication  par  un  scalaire  dans  l'ensemblc  des  classes 
d'equivalence  de  bipoinU  du  plan  ou  de  1'espace. 

Thales  aussi  bien  hktoriquement,  que  dans  sa  presentation  dana  l'enseignement 
ou  son  emploi  dans  des  problemes  apparait  done  comme  un  outil  (DOUADY  1985], 
En  particulier  Thales  permet  de  transformer  une  classe  de  problemes  ou  intervient 
le  paralkllsme  dans  un  cadre  geomftrique  en  une  classe  de  problemes  oil  intervient 
la  proportionnalite*  dans  un  cadre  numerique. 

(•)  s  pullr  d«  malnltnuit  nout  dlroni  Th»St«  pour  t«  IMorime  d«  Th«lif 
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Objectif  de  l'*tt>de.  —  Noua  avona  choiai  d'ltudier  lea  difficult**  pour  les  elives 
concernant  lea  problimea  de  la  claase  de  troiaiime  de  college  (14-15  ans)  necessitant 
1'utilisation  de  Thalia  ou  de  aa  reciproque.  Dana  un  tel  probleme  ae  produiaent 
differentee  phaaea  : 

1.  —  declaion  d'utiliaer  Thalia  ou  sa  reciproque  comme  element  de  la  solution; 

2.  —  reconnaiaaance  dea  configuration*  ou  le  theorime  a  lieu  d'etre  appliqui; 

3.  —  determination  dea  rapporta  utilises  que  j'appellerai  choix  de  la  forme 

de  Thalea  ou  de  aa  reciproque; 

4.  —  maniement  dea  rapporta ; 

5.  —  calcul  alglbrique. 

Cholx  dea  variable*  dea  probleme*  poses  aux  «evea.  —  Noua  appellerons 
variablea  lea  ilementa  du  probleme  dont  un  changement  de  valeur  entratne  un 
changement  de  strategic  dea  ilives.  L'itude  dea  differentea  phages  de  resolution 
de  probleme  et  dea  obaervationa  faitea  avant  l'expenmentation  nous  permettent 
d'ltabllr  la  liate  dea  variablea  concernant  le  texte  de  la  fagon  auivante  : 
La  premiere  variable  concerne  k  type  de  rtponse  demand*.  Soit  l'ilive  doit  rcaliser 
un  calcul  (caicul  d'une  longntur,  d'un  rapport  de  mesures  a/gc"briques)  soit  l'ilive 
doit  rlaliser  une  demonstration  de  proprie'tea  geom£triquea. 

La  aeconde  variable  eat  celle  de  configuration.  Elle  ae  decompose  en  une  aerie  de 
aoua-variablea  qui  aont  lea  auivante*  : 

«  presence  ou  non  de  figures  reconnues  et  nombre  de  ces  figures.  Celles-ci  peuvent 
etre  dea  paralleMogrammea,  dea  trapezes,  dea  triangles; 

*  utilisation  de  Thalea  ou  de  sa  reciproque  dans  fc  triangle.  II  y  a  alors  deux  cas 
particullera  qui  aont  lea  auivanta  : 

1)  le  theorime  employ*  quand  on  applique  Thalis  est  en  fait  le  theorime  du  milieu  : 
dans  un  triangle  une  parallile  a  un  c6te  passant  par  le  milieu  d'un  autre  cote  passe 
par  le  milieu  du  troiaiime  cote; 

2)  un  des  rapports  utilises  eat  le  rapport  d'un  cote  sur  la  longueur  du  segment 
decoupi  aur  une  parallile  par  lea  deux  autrea  cotes. 


On  dira  alors  que  l'on  utilise  la  deuxiime  forme  de  Thalis  dana  le  triangle. 

*  direction  des  parallelee. 

*  nombre  de  tegmenta  composant  la  figure. 

La  variable  auivante  concerne  /'utilisation  de  Thalis.  Elle  se  decompose  de  la  facon 


«  nombre  de  fois  ou  Thalis  ou  aa  reciproque  est  appliqui; 

*  nombre  de  differentea  formes  de  Thalis  ou  de  aa  reciproque  utilisies ; 

•  soua-variable  directs  ou  reciproque  auivant  que  le  theorime  appliqui'est  Thalis 
ou  aa  reciproque. 

Nous  avona  une  variable  mesure  alge"brique  et  une  variable  calcul  algibrique  prcnant 
la  valeur  vraie  si  un  calcul  autre  que  la  aimple  ecrlture  dea  rapports  doit  etre  fait. 


A 


(utluiktion  du  r»pport-=- 

    BC 
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Enfin,  nous  difiniMons  la  vambk  dunpmwt  d  *sp*c»  qui  prend  la  valeur  vraie  ti 
Thalia  psrmet  la  passage  d'un  nw:r<>«*p*c«  a  un  meso-espace  ou  d'un  meao-capace 

I  un  mkro-aapaca. 

On  pourrait  panaar  qu'il  faut  definir  une  variable  vtcteur  qui  prendrait  la  valeur 
vrak  ai  daa  vwaaure  uguraknt  daaa  Tenonce.  Nova  ne  le  ferons  pas  cat  alora  ce 
n'est  paa  Thaies  qui  art  utilise  mak  la  proprkta  de  l'eepace  qui  att  dt  posseder 
una  structure  d'aapaca  affine  aaaocia  a  un  aapaca  vectorkl. 

II  noua  eat  apparu  anauita  qua  laa  modalltee  de  la  situation  de  resolution  de 
problem*  avaisnt  un  rok  important  a  jouer. 

Hypotbe**  da  travail  at  ctaolx  d'un  dlspoeltlf.  —  Le  travail  qui  suit  eat 
fond*  aur  Phypothea*  qu'une  daa  dimculUs  lea  plua  importantea  dana  la  mise  en 
oeuvre  da  Thalia  aat  U  decomposition  de  la  figure  en  groupes  d  Elements  ou  il  peut 
etie  appllqua.  Habituelkment,  pour  reaoudre  un  problime  de  geomltrie,  lea  eleves 
aont  places  daaa  daa  conditions  ditea  papier  crayon.  Nous  rvona  chercM  a  voir  si 
Introduction  d'un  logkkl  da  trace  avec  certsines  facllites  de  modification  de  la 
figure  que  ne  preeentant  paa  laa  conditions  papier-crayon  faciliterait  la  resolution 
daa  phaaee  un,  deux  at  troie. 

Le  logkial  chowi  aat  Mac  Draw  aur  Macintosh.  Lea  actions  de  trace*  indiqudes  aux 

ettvaa  pour  modifiar  eventuelkment  la  figure  sont : 

1  -  k  trace  d'un  segment  d'un  point  4  un  autre 

%  -  la,  translation  d'un  segment 

S  -  le  changement  d'epakacur  das  tralU  d'un  segment 

4-1*  suppression  d'un  segment 

5  -  la  mke  en  place  d'un  quadrillage. 

Lea  actions  d«  trace  2  et  3  permettent  d'isoler  rapidement  des  groupes  d'eldments 
de  figure  et  de  la  rendre  alnsi  dynaxoique.  Nous  definiasons  des  variables  de 
modalitals  qui  sont  tea  auivantas  : 

*  la  variabk  de  dkpositif  qui  prendra  ks  valeurs  suivantes  : 

-  Macintosh  avec  Mac  Draw 

-  papier-crayon  avec  regie,  compas,  equerre,  rapporteur. 

•  la  variabk  da  trac*  de  la  figure. 

Experimentation.  —  Un  choix  de  neuf  enonces  presentant  un  echantillonnage 
dec  vakura  dee  variables  a  It*  fait.  Lea  enonces  ont  ett  couples  par  2.  Un  enonce"  a 
M  prk  deux  fok,  paxcequ'il  sembk  presenter  le  plus  de  difficult**  pour  les  dives. 
On  a  associe  quand  cela  etait  possibk  des  enonces  presentant  des  types  de  reponses 
differentee  et  sinon  dea  formea  differentee  de  Thalia.  Nous  donnons  ici  un  exemple 
d'lnoncl : 

Valeur  des  variables.  Le  type  de  reponse  de- 
mand* est  num&ique.  La  configuration  presente 
2  triangles.  La  figure  actuelle  compte  7  seg- 
ments. Les  paralitica  sont  obliques.  11  y  a  une 
aeuk  utilisation  du  theorime  de  Thaks  sous  sa 
deuxiime  forme  dans  k  triangle.  Lea  variables 
mesure  algebrique  et  calcul  alglbriqur  prennent  la 
vakur  vraie.  La  figure  presente  des  segments  man- 
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Lea  «livea  travaillaient  par  deux  pendant  une  heure.  La  coiuigne  etait  de  rediger 
par  ecrit  une  solution  en  utiJUant  uniquement,  pour  lea  elive.  travaillant  sur 
Macintosh  la  figure  de  l'ecran.  Celle-ci  etait  .usceptible  d'etre  modifiee  grace 
aux  actiona'de  trace  indiqueea  precedemment.  ^experimentation  a  eu  lieu  dans 
une  claase  de  troisiime  technique  d'un  college  de  la  banlieue  grenobloise  119 
eleves  de  15  a  17  ana)  et  dans  une  claase  de  troiiieme  claaique  du  meme  college 
(24  elevea  de  14-15  ana).  10  paires  d'elevea  provenant  de  different*  clae»ea  cj 
troiiieme  claasique  d'autree  colleges  de  1'agglomeration  grenobloiae  ont  egalement 
participe'  aux  experimentations.  Par  suite,  chaque  groupe  de  deux  texte.  a  ete 
donne  (dans  ce  type  de  condition)  4  6  pair-  d'elevea  differentee.  Un  ieul  texte 
a  etf  cherche  douae  foii.  Une  aeule  elive,  provenant  de  la  troiiieme  technique, 
a  travaille  individuellement.  Chaque  problime  a  ete  realiae  egalement  par  deux 
paires  d'elevea  de  3eme  claasique  travaillant  daiu  lea  conditions  papier-crayon  . 


~  ~— -ilbce  d'eleves 

Clatse  — 

tout 

aysnt  aborde 
1  p»oWeme_ 

aysnt  sbordi 
2  woblimes 

ayant  s borde 
3  Droblemes 

Stmt  Uchnlqu* 

19 

4 

12 

a 

Hmi  dtMiqu* 

24 

4 

30 

iVivm  d'kutr**  3»m« 

30 

e 

i« 

cUvm  dwu  1««  condltloni 
pMt>i*r-cj*yo*  . 

30 

a 

12 

m»miii»>«.i 


Hft1«  du  dlsDosltif  dans  le  processus  de  resolution.  — 
Role  au  Qisposuu  j^p^nce  de  traiU  d'epaisseura  different.*  apparut 

essentlelle  chei  des  eleves  ayant  reconnu  que  la  reso- 
lution du  problime  necewitait  1'utHisation  de  Thalia. 
Pour  les  elevea  travaillant  dans  le  type  de  condi- 
tion Macintoih  avec  Mac  Draw  pour  certaines  figures 
comme  PARALLELOGRAMME.B  ou  Thales  ou  sa 
reciproque  sont  employes  un  grand  nombre  de  fois, 
c'est  la  decomposition  de  la  figure  rialisee  en  changeant 
l'epaissew  de  certains  traits  qui  est  systematiquement 
utilisee.  Pour  d'autrcs  figurea  on  voit  egalement  des 
miaea  en  evidence  de  configurations  obtenues  par  la 
translation  des  segments  inutiles. 
lea  eleves  commencent  systematiquement  par  lire  le 
texte  en  reperant  lea  traces  sur  l'ecran  quand  ils  y 
sont  deja  en  ajoutant  eventuellement  les  segments  man- 
   ,  quanU.  Les  segmenU  superfius  ne  sont  jamaii  effaces. 

Cette  tache  remplace  celle  de  trace  de  la  figure  dan.  lee  condition,  papicr-crayon et 
semble  jouer  un  role  analogue.  Ensuite,  iU  recherchent  «ne  .tratigie  globale.  La 
Sb d'appliquer  Thai*,  ou  d'utiliser  dee  projection,  est  declencheepar  la  vm.on 
drpariwe..  Alor.  seulement  le.  elive.  Uolent  un  groupe  d'el  ments  de  la  figure 
ParTapporTaux  condition.  papier-crayon  le.  .live,  paasent  alor.  £ 
en  revue  le.  different*,  forme,  de  Thale.  ou  &,  ..  reciproque  pour  dec  de  laquelle 
uti Ser  et  font  en.ulte  sans  difficult*  le.  autre,  decompositions  eventuelle.  de  la 
figure  pour  le.  application.  .ucceMive.  de  Thalia  ou  de  sa  rec.proque. 


Salt  un  wiUtl>«rmM  (ASCO). 

ft  W  fM  H  (AS) 

On  mtnt  nr  M  It  tMiiMt  A  (10), 
•Hi  zvm  (AO)  to  a 
On  mint  s*e  M  It  (tftllUl  A  (AC). 
llltu>M(K)MH 
On  mtM  Mf  *  It  tvtlltlt  4  (•€). 
•Ill  cow  (K)«iP 
Out  tvn-m  «n  m  nu»*iiutn  mK 
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L'.ffet  dea  variably  eonceraant  U  nombrt  dc  fob  oi  Thalia  eat  applique  .t  l« 
nornbra  da  form-  d.  ThaWa  «t  attanu.  par  rapport  a  ce  quia*  pit *£ 
comlit.ona  W-r-cr^oa .  Comm.  Mac  Draw  facility  .„  pratique  I.  dSmSlS 
~  «-  P^«-  *>  ^lution  comportant  PL.i  emploU d  fft  u 

aventuallamant  de  ThaWa  ne  aont  pa,  mi*.  «  |  W  comme  d»M  ^  conditio^ 
PV^m  .  U  difficult*  proves  d.  IWr*ction  d«TJi  I« 
pmllftl.  mt  rrfduit.  par  la  poaaiblliW  *vec  Mac  Draw  de  trnJEI  ^L 

C^diS-iL  ^  COnCMnint  rUti,5wltk>n  d«  P-"»-  horioTtaliMuu: 
d^tlllT  "  "PPOrt       VkU™'  de  d«  »  d« 

R6k  d*«  vaxlabla.  dan*  la  proceiau.  d.  Solution.  - 

Variobh  conctrnani  to  form*  dt  Thalis.  _  Nous  conataion,  dan*  tou.  lea  c«u  un 
enfennement  dana  una  form,  da  Thai*,  qui  «at  la  auivante  : 


Solution  d*un«  p*ir«  d**U*«« 

'  KIvnUUB 


Nous  constatonB  dans  cette  production 
d'eleve  1'introduction  du  rapport  I| 
qui  correapond  a  la  forme  usuelle  d'uH- 
ll«ation  de  Thalfca  avec  une  tentative 
d'utilisation  de  aa  deuxieme  forme  dani 
k  triangle  qui  devrait  donner 
££  =  M, 


CVst  dani  la  clasae  da  troiaiOmc  technologique  que  I'utilUation  de  la  deuxieme 

tSSZi fmot  T  'e  triT8'e  ?r°dUlte  4VCC  "  tempS  de  ^erche'Z 
laibie  et  le  morns  d'erreurs  de  rapport. 
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Tkiorime  dt  Thatii  tt  thiotimt  du  milieu.  — 


Ml  m  l/IMfl*  IUKI 

nUMIMMWI 

r»Mllw*|M< 

On  tmt  u  htmiI*  4  <**)  oir  » 
llb«w<K>f»l 

«fc |H»  H  HYWUrt  t  UO IIIIMI  Hf  » 
I lb  caw  IK)  HI 

HHlrM»*l>H(m-iui|nm^ 


nlinlltwMWCL 
FWHMM  (WO 

OA  mca  U  MralltK  I  UO)  *****  »w  ' 
lllieiMWCKIIflt 

On  1/M*  tt  Mraltttt  <  UC)  HMM  #W  * 

MiiwKlal 


Lea  deux  probleme*  precedents  ne  different  que  par  le  fait  que  dam  TRIANGLE, B, 
P  toit  le  milieu  de  AAf .  Cette  propria*  qui  n'eat  pas  necessalre  dans  let  hypotheses 
pour  reaoudre  le  probleme,  permet  de  remplacer  dans  la  resolution  du  probleme  le 
theorems  de  Thalea  par  le  theorems  du  milieu.  Ce  dernier  theorem*  a  Hi  appris 
l'annee  precedents  en  clasie  de  quatrieme  de  college.  II  evlte  par  allleurs,  d'utlliser 
les  rapporta  de  meaurea  alglbriques.  Un  peu  plua  dc  la  moltle'  aeulemunt  dcs  <!evcs 
appliquent  le  theoreme  du  milieu  pour  TRIANGLE, B.  Le  reate  dea  Aleves,  ce  qui 
ne  conititue  paajine  proportion  negligeable,  applique  le  theoreme  de  Thalea  deux 
fois  en  ecrivant       =  £?»  - 


BM 


AM 


CM 


Variable  meiure  algibrique  tt  variable  eaicul  algibrique.  —  Nous  remarquons 
que  plua  de  la  moltii  dea  llevea  remplacenl  les  meaurea  alg6briquea  par  des 
longueurs.  Pour  lea  Aleves  ayant  conserves  lea  meaurea  alg6briqueo  noua  voyons 
frequeminent  dans  la  resolution  dc  TRIANGLE. C  :  Af  milieu  de  \BC]  entraine 
MB  MC.  Pour  PARALLELOGRAMME.B  2  palrea  d'clevea  ont  utilise  deo 
aommea  au  lieu  de  rapporta  et  ont  ecrit  ainai  la  solution  :  en  appliquant  Thalis 
JLQ  +  AD-  AM  +  70S  -  C~N  +  (TB  =  C~F  +  CD;  en  appliquant  la  rcciproque  de 
Thalea  on  obtient  (QP)  parallele  a  (AC). 

Variable  type  de  riponte  et  variable  dimension.  — 


MMIMIwhlwIti  **M*»l  I 

SI  « tilt M  I  Wi  «W 

tvHlltllMAW*" 

■n tO.IIOI  .(III 

Clkail  I*  MwtM  t*»M*r 

(On  MttMl  *M> '«  «fW  ** 


Mil  in  WKflt  »SC 
Unt  Omit  1  »uot  (BC).(C*)  II  U») 
rt«Mcllvlm«il  *fl  A.r  It  C" 
Ll  HMKII  *'  WWI  C 
»u#t  (At)  *ft  0. 

Hwiirw  «m 

mi  >  _sjc  >  _c*  ■  i 

AC         •*  CD 


««llanlrw4tl*OU) 
IH  «1*t«»l9t  l«l  •!  tiOl 
MtMWl  AM  I 

»m  •«  trati  tt  Mf»ll*l»  *  ■ 
||»        (AO)  M  n  «  IOC)  u  K 

Mni  w  I  <tt  tt  «*IM"  •>  Kl 
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Dans  lea  deux  typ«t  dc  condition  Macintosh  avec  Mac  Draw  et  papier-crayon  cee 
variables  paralseent  fondamentalea.  Les  <leve*  ont  une  reticence  4  r<allser  un  pas- 
sage du  cadre  g*om4trique  au  caUr«  nuiuenque  quand  le  type  de  la  reponse  conune 
1m  hypotheses  appartiennent  au  cadre  georoltrique  ce  qui  neceasite  un  double  pas- 
sage. La  pretence  de  changement  d'eapace  aemble  une  condition  hvoriaante  pour 
la  decision  d'amplol  de  Thaiea. 

Dana  I*  type  d«  condition  Macintoah  avec  Mac  Draw,  pour  PEUPLIER.A  et 
TRIANGLE. A  lea  llevea  prennent  rapidement  U  decision  d'utiliacr  Thaiea  et 
recherchent  lea  forme*  d'utiliaation.  Par  contre  TRAPEZE.A  eat  !a  figure  qui 
a  *t*  place*  deux  fola  dam  lea  enoncea  parce  qu'elle  aemble  presenter  le  plus 
dc  difficult*  pour  lea  ilevea.  Pourtant  PEUPLIER.A  et  TRIANGLE. A  lont  les 
problem**  dont  lea  resolutions  comportent  (e  plus  grand  nombre  d'utilisation  de 
Thaiea  sous  differtntea  forinea  et  dont  la  figure  comport*  le  plus  grand  nombre  de 
segments  «t  de  configurations  poaaiblea  dans  leaquellet  Thaiea  peut  etre  applique\ 
Nous  remarquerona  que  lea  eleves  piogreasent  plus  rapidement  dana  la  resolution 
de  PEUPLIER.A  qui  present*  an  cas  de  changement  d'eapace  que  dans  celle  de 
TRIANGLE.A. 

La  presence  de  paralitica  asaoclee  4  Ik  demand*  d'tine  meaure  de  longueur  aemble 
etre  un  critire  pour  la  decision  d'utillser  Thaiea.  Son  efScacitf  eat  renforcee  par  la 
presence  d'un  changement  d'eapace. 

Conclusion.  —  Le  theoreme  de  Thaiea  apparait  conune  une  notion  possldant 
un  vaste  champ  conceptuel.  A  I'eleve  en  aituation  de  reeowtion  de  problems  cela 
Impose  d'un*  part 

*  de  die  poser  de  criterec  portent  sur  la  figure  et  le  texte  permettant  de  determiner 
si  I*  thforemc  de  Thaiea  ou  aa  rfciproqu*  ont  lieu  d'etre  appliques  et  sous  quelle 
forme; 

•  d'autre  part  de  aavoir  mettre  ea  ceuvre  dea  mlthodct  de  resolution  de  problemes, 
alglbrlquea  et  geomttriques. 

L 'utilisation  du  logiciel  Mac  Draw  aur  Macintosh  pcrmet  dc  favoriser  les  procedures 
comportani  differ  «r,t«i  decomposition*  de  la  figure.  Cela  a  permit  une  plus 
grande  faciliU  de  resolution  quand  Thalee  ou  aa  reclprcque  d«vait  etre  employe* 
pluateurs  foia  ou  quand  Thaiea  n'apptraisaait  pas  sous  sa  forme  usuelle.  Les 
difficult**  reatantea  sont  celle*  concernant  la  direction  des  paralleled,  I'utllisation 
de  la  deuxlerne  forme  de  Thaiea  dans  le  triangle  et  les  difficult**  llees  au  calcul 
alglbrique. 
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SEEING  WHAT  MATTERS:  DEVELOPING  AN  UNDERSTANDING  OF  THE  CONCEPT 
OF  PARALLELOGRAM  THROUGH  A  LOGO  MICROWORLD 

Cella  Hoyles  and  Richard  Noss 
University  of  London  Institute  of  Education 


Abstract  We  report  the  results  of  a  study  In  which  pupils 
engaged  In  mathematical  activity  through  Interaction  in  a 
Logo  mlcroworld  based  on  the  concept  of  a  parallelogram. 
The  objective  was  to  Identify  ways  In  which  the  pupils 
progressively  became  aware  of  and  generalised  the 
embedded  relationships  within  parsilelograms.  The  data  was 
analysed  from  the  perspective  of  a  general  model  for 
learning  mathematics  within  functional  and  meaningful 
situations.  The  analysis  of  the  data  has  provided  insight  into 
the  ways  In  which  a  structured  Logo  environment  can 
provide  a  context  in  which  concepts  can  be  first  used  and 
later  understood,  based  on  the  Interaction  between  symbolic 
and  visual  modes  of  thinking,  the  partial  layers  of 
discrimination  which  are  constructed,  and  the  way  In  which 
the  computer  acts  as  cognitive  scaffolding  for  the  learner. 


Our  starting  point  is  that  pupils  should  learn  mathematics  by  engaging  in 
functional  mathematical  activity.  We  suggest  that  the  major  difficulties 
which  confront  school  mathematics  are : 

I.  the  separation  of  mathematics  from  any  sort  of  meaningful 
activity,  and 

II.  the  separation  of  pupils'  conceptions  from  their  formallsatlon 
(for  a  further  elaboration  of  these  points  see  Hoyles  1985;  Noss,  in  press). 

We  aim  to  construct  learning  environments  In  which  mathematical  ideas 
and  operations  are  applied  as  tools.  In  such  circumstances  the  learner's 
attention  Is  focussed  on  the  use  or  outcome,  and  It  Is  evident  that  she  may 
not  be  aware  In  any  explicit  sense  of  the  mathematical  concepts  and 
relationships  embedded  In  the  activity.  The  problem  therefore  Is  to  raise 
these  Implicit  mathematical  structures  to  conscious  awareness. 

With  this  background  In  mind,  a  model  for  learning  mathematics  has  been 
proposed  which  involves  the  dynamically  related  components  of  using, 
discriminating,  generalising  and  syntheslslno.  (abbreviated  to  UDGS).  The 
components  of  the  model  (see  Hoyles  1986)  are  as  follows: 

Using:  where  a  concept  Is  used  as  a  tool  for  functional  purposes  to 
achieve  particular  goals, 

Discriminating:  where  the  different  parts  of  the  structure  of  a 

UJH^MBsfilJJU  O  0  ^ 
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concept  used  as  a  tool  are  progressively  made  explicit; 

Generalising:  where  the  range  of  application  of  the  concept  used  as  a 
too!  is  consciously  extended  from  a  particular  to  a  more  general  case; 

Syntheslslng:  where  the  range  of  application  of  the  concept  used  as 
a  tool  Is  consciously  Integrated  with  other  contexts  of  application  ~  that 
Is,  where  multiple  representations  of  the  same  knowledge  In  different 
symbolic  forms  derived  from  different  domains,  are  reformulated  Into  an 
Integral  whole. 

A  fundamental  criterion  of  the  UDGS  model's  applicability  lies  In  the 
extent  Jo  which  exploration  and  experimentation  are  provided  for  within 
the  learning  situation.  It  therefore  fits  rather  well  in  the  context  of 
interactive  computer  environments,  at  least  those  in  which  the  learner  Is 
both  engaged  In  the  construction  of  executable  symbolic  representations 
and  Is  provided  with  Informative  feedback.  We  would  claim  that 
computer-based  environments  of  this  kind  can  provide  a  special  learning 
situation  which  can  aid  In  the  restructuring  of  the  pupil's  knowledge  from 
Its  Initial  basis  within  'theorems  In  action'  (Vergnaud  1982),  to  more 
abstract  cognitive  structures.  Our  Image  of  the  computer  Is  as  an 
Intellectual  resource  for  provoking  the  child  to  use  mathematical 
Ideas,  explore  situations,  and  to  pose  and  solve  problems.  Viewed  In 
this  light,  the  computer  may  be  seen  to  act  as  a  collaborator  which  can 
stimulate  changes  In  the  representation  of  a  problem  and  thus  make 
possible  their  solution.  This  perspective  owes  much  to  Vygotsky  who 
acknowledged  the  discrepancy  between  solitary  and  collaborative 
problem  solving.  Vygotsky  argued  that  cognitive  development  occurs  as  the 
Inter-psychologlcal  processes  found  In  social  Interactions  become 
Internalised  as  Intra-psychologlcal  functions.  Here  we  Investigate 
whether  this  process  might  occur  during  Interaction  with  the  computer 
and  how  the  ontogenesis  of  Individual  representations  might  be  a  function 
of  this  Interaction. 

OBJECTIVES 

We  set  out  to  provide  a  small  number  of  children  with  a  Logo-based 
parallelogram  mlcroworld  consisting  of  a  structured  set  of  tasks,  some  of 
which  were  to  be  attempted  off  the  computer  and  some  on  the  computer. 
Our  hope  was  that  these  actlvles  would  enable  us  to  gain  Insight  Into  the 
development  of  the  children's  understanding  of  the  'essence'  of  a 
parallelogram,  and  In  particular  how  the  computer  served  as  a  catalyst  In 
this  development  ~  by  affecting  both  the  way  the  concept  was 
represented  and  the  range  of  methods  of  task  solution  available.  In  terms 
of  the  theoretical  framework  of  the  UDGS  model,  we  planned  to  Investigate 
the  cycle  In  which  children: 
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I.  used  a  given  Logo  program  for  a  parallelogram  and  learned  to  see 
Its  outcome  as  a  totality; 

II.  progressively  discriminated  the  function  of  Its  component  parts; 

III.  separated  these  component  parts  Into  cognitive  units,  that  Is 
perceived  the  semantic  meaning  of  the  units  and  connected  these  with 
visual  outcomes; 

iv.  generalised  both  the  program  and  their  understanding  of  the 
mathematical  concepts  embedded  within  It; 

v.  syntheslsed  conceptions  developed  In  the  Logo  mlcroworld  with 
those  developed  In  other  contexts. 

In  this  paper,  we  report  findings  only  r^lng  to  the  first  three  Issues, 
(for  a  fuller  discussion  see  Hoyles  and  Noss,  In  press).  As  well  as 
describing  the  pupils'  mathematical  activity  within  each  particular  phase 
of  the  cycle,  we  also  hoped  to  gain  Insight  Into  how  transitions  came  about 
between  the  components  of  the  UOGS  model;  that  Is,  how  and  why  change 
occurred. 

METHODOLOGY 

We  have  been  working  with  a  group  of  seven  children  aged  between  13  and 
14  years  with  considerable  Logo  experience  (around  120  hours  over  four 
years)  During  the  year  1985-6,  we  collected  together  a  series  of  case 
studies  of  their  Logo  activities  within  their  mathematics  classroom, 
which  provided  the  background  for  the  formulation  of  the  set  of  tasks 
which  are  the  basis  of  this  paper.  These  tasks  were  undertaken  during  a 
two-hour  session  In  our  computing  laboratory.  Data  was  obtained  by 
reference  to  the  dribble  files  (which  record  all  pupil -computer 
Interactions  automatically)  of  the  pupils  work,  the  researchers'  notes 
(both  researchers  were  present  during  the  activity  but  no  Interventions 
were  made  by  them),  and  the  written  work  of  the  pupils.  This  background 
case  study  material  was  also  used  to  aid  In  the  interpretation  of  the  data. 

Pupils  were  given  the  following  procedure: 

TO  SHAPE  :SIDE1  :SIDE2 
FD.SIDE1  RT40 
FD:SIDE2  RT  140 
FD  .SIDEI  RT40 
FD  .SIDE2  RT  140 
END 

The  pupils  were  Initially  encouraged  to  play  with  the  procedure  by  using  It 
In  the  construction  of  a  tiling  pattern.  This  activity  was  intended  to  reveal 
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pupils'  Initial  conceptions.  By  constraints  built  Into  subsequent  tasks,  It 
was  planned  that  the  pupils'  attention  would  be  progressively  drawn  to  the 
meanings  and  Implicit  relationships  In  the  procedure's  code  which  were 
necessary  for  the  output  to  be  a  parallelogram  I.e.: 

a)  that  "the  inputs  to  the  procedure  (SIDE  I  and  SIDE2)  represented 
the  lengths  of  the  two  sides  of  the  figure. 

b)  that  SIDE  I  and  SIDE2  were  each  called  twice  and  alternately; 

c)  that  the  inputs  to  RT  represented  the  turtle  turn  between  the 
drawing  of  the  sides; 

d)  that  the  sum  of  the  two  turtle  turns  (If  both  In  the  same 
direction)  between  adjacent  sides,  was  a  constant  which  was  equal  to  180. 

We  were  Interested  In  Investigating  whether  pupils  were  able  to  Identify 
the  parts  of  the  program  that  might  be  changed  to  produce  a  given  figure 
and  the  laws  determining  'correct'  changes.  Specifically  we  wanted  to 
know  whether  by  finding  and  using  pairs  of  turns  that  'worked'  (that  Is 
produced  a  required  parallelogram)  pupils  were  able  to  abstract  the 
relationship  between  their  sizes,  and  whether  they  were  provoked  to  make 
this  relationship  explicit  In  a  Logo  program  (I.e.  articulate  It  In  symbolic 
form).  We  also  wished  to  explore  how  the  pupils  made  links  between  the 
Logo  program  and  Its  graphical  output;  that  Is  between  the  values  of  SIDE1 
and  SIDE2  and  the  inputs  to  RT  In  one  mode  of  representation,  and  the 
lengths  of  the  sides  of  the  parallelogram  and  the  angles  between  them  In 
the  other. 


Competing  frames:  Logo  versus  pencil -and-paper  mathematics 
The  results  Illustrate  the  ways  In  which  the  pupils  switched,  or  failed  to 
switch,  between  two  competing  frames  —  namely  Logo  and  pencil  &  paper 
'maths'.  This  confusion  was  Illustrated  In  the  pupils'  responses  to  the  first 
question,  where  they  were  asked  to  predict  on  paper  what  SHAPE  150  200 
would  produce,  and  label  the  sizes  of  the  sides  and  angles  of  their  figure. 
Four  of  the  seven  children  used  what  we  have  termed  logo  labels'  for 
angles  as  Illustrated  In  Figure  1. 


RESULTS 


Figure  I  Figure? 
An  example  of  a  logo  label'      Noel's  'combined  labels 
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This  type  of  labelling  Indicated  that  the  children  were  identifying  with  the 
turtle  and  thinking  about  turtle  turn.  They  were  not  however,  making  any 
attempt  to  relate  this  notion  of  turtle  turn  to  the  angles  of  their  drawing. 
Two  of  the  remaining  children  (probably  the  most  able  of  the  group) 
labelled  the  Interior  angle  of  their  drawings  as  40  and  140  respectively. 
The  remaining  pupil,  Noel,  did  both  -  that  is,  he  labelled  40  as  the 
interior  angle  of  his  parallelogram  aMused  a  Logo  label  (see  Figure  2). 

Using  procedures  to  generate  lmnllr.lt  generalisations 
Our  results  show  how  pupils  come  to  use  mathematical  relationships  quite 
spontaneously  in  order  to  fulfill  the  requirements  of  a  task;  how  these 
relationships  are  at  first  merely  routines  and  Implicit  parts  of  the 
activity,  but  subsequently  can  form  the  basis  of  more  conscious  reflection. 
For  example,  in  answer  to  a  question  which  Invited  the  construction  of  a 
variety  of  parallelograms,  Nicola  worked  in  direct  mode.  She  found,  by 
trial  and  error,  three  pairs  of  turtle  turns  that  could  be  used  to  produce 
the  shapes  ~  90  90,  45  135,  and  70  1 10  —  and  she  was  able  to  generate 
more  pairs  by  adding  or  subtracting  equal  amounts  to  each  input.  Nicola's 
direct  drive  solution  allowed  her  to  succeed,  at  least  at  a 
product-oriented  level.  It  seems  that  building  up  a  figure  In  action  In  this 
way  maintains  a  close  relationship  between  the  figure  and  the  symbolic 
code,  M  does  not  guarantee  an  awareness  of  the  relationships  at  a 
conscious  level  (In  this  case  that  RT  :A  ....  RT  180  -  :A).  It  Is  our  feeling 
that  such  an  awareness  will  not  necessarily  happen  without  intervention 
although  the  possibility  of  the  pupil  developing  fragmented  pieces  of 
knowledge  which  can  be  subsequently  used  cannot  be  ruled  out.  We  should 
recognise  that  even  this  relatively  unsophisticated  'add  and  subtract' 
strategy  does  Imply  a  feeling  for  Invarlance;  it  captures  the  idea  of  a 
theorem  if  not  the  theorem  itself  (after  all,  the  fact  that  the  sum  is 
actually  180  Is  only  a  matter  of  convention!). 

Discrimination. 1r-  Ofli  'a"  g  nothing' 

Our  analysis  of  the  pupils'  responses  within  the  parallelogram  mlcroworld 
leads  us  to  suggest  that  there  are  various  layers  In  the  discrimination 
process.  For  example,  It  had  seemed  evident  from  Mathew's  early 
responses  that  he  knew'  that  the  first  two  turns  to  form  a  parallelogram 
must  add  up  to  180;  that  is  he  had  indentlfled  the  meaning  of  parts  of  the 
procedure  and  used  a  quantitative  relationship  between  these  parts. 
However,  his  later  work  indicated  that  he  had  not  discriminated  the  limits 
of  applicability  of  this  Invariant  sum  relationship,  in  that  he  applied  his 
rule  even  when  the  first  turn  merely  served  to  orient  the  parallelogram 
correctly.  While  concentrating  solely  on  the  symbolic  representation  he 
inappropriately  applied  his  relationship  without  thinking  through  Its 
meaning  in  terms  of  Its  visual  output. 
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This  and  other  examples  lead  us  to  conclude  that  there  are  three 
Identifiable  stages  of  discrimination  In  which  the  following  are  present: 

I.  discrimination  of  the  features  of  the  figure  without  regard  to  Its 
available  symbolic  representing); 

II.  discrimination  within  the  symbolic  representation:  that  Is 
perceiving  us  structure  and  pattern  without  regard  to  the  visual  outcome. 

III.  discriminations  which  can  be  transferred  between  contexts,  and 
relationships  isolated  when  represented  in  different  forms.  This  would 
constitute  a  first  step  towards  a  more  explicit  synthesis. 

Using  the  computer  as  scaffolding 

Our  data  indicates  that  the  symbolic  representation  of  a  computer  program 
can  act  as  a  form  of  scaffolding  which  allows  the  learner  to  sketch  out  the 
whole  problem  as  she  sees  It,  and  then  attend  to  the  elements  of  the 
concept  on  which  work  still  needs  to  be  done.  Viewed  In  this  light,  the 
Issue  of  scaffolding  is  Intimately  bound  up  with  the  Idea  of  the  synthesis 
between  visual  and  symbolic  modes.  As  an  example,  Nicola  wanted  to 
make  a  more  general  procedure  to  use  for  her  tiling  than  SHAPE.  She  wrote 
the  procedure  SHAPE  1  (I.e.  TO  SHAPE  1  .SIDE  I  :SIDE2  -.MOVE),  Introducing 
one  new  Input  (MOVE)  for  all  the  turns  so  that  all  her  turns  were  RT  :M0VE. 
This  procedure  showed  discrimination  of  the  'opposite  lengths  are  eaual' 
rule.  A  casual  observer  might  assume  that  Nicola  believed  that  all  the 
turtle  turns  to  form  a  parallelogram  must  be  equal.  However  she 
Immediately  edited  her  procedure  (without  running  it)  to  add  an  extra 
Input  MOVE1,  which  was  then  used  as  a  distinct  Input  to  the  appropriate 
(second  and  fourth)  RT  commands.  Our  Interpretation  of  Nicola's  work  Is 
that  Initially  she  did  not  want  to  focus  on  the  turns  but  on  the  overall 
program  structure;  she  simply  wanted  to  put  down  a  marker  that  they 
should  vary.  The  computer  allowed  her  to  do  this  and  then  to  return  and 
'correct  the  details'. 


CONCLUSION 

Our  analysis  has  provided  a  key  for  understanding  the  processes  by  which 
children  make  their  way  around  the  UDGS  model  while  working  In  a  Logo 
environment,  that  Is  the  extent  to  which  the  pupil,  through  Interaction  In  a 
Logo  mlcroworld,  Is  able: 

I.  to  syntheslse  the  symbolic  descriptions  In  terms  of  programs  (or 
fragments  of  programs)  with  the  geometric  Image  on  paper  or  on  the 
screen,  and 

II.  to  use  the  computer  as  scaffolding  for  the  construction  of 
generalisations. 
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Synthulilng^- 


^>  Othtr  contexts 
of  application 


Figure  3  The  UOGS  mode) 


From  this  perspective,  the  model  can  be  characterised  dlagramatlcally  as 
in  Figure  3.  We  would  maintain  that  the  need  for  formallsatlon  Implied  by 
the  programming  environment  underpins  progression  from  both  U  to  D  and 
from  U  to  6.  More  specifically,  discrimination  involves  a  synthesis 
between  the  geometric  and  symbolic  representations  of  some  part  of  the 
concept  facilitated  by  the  Logo  environment,  while  generalisation  Is  aided 
by  the  scaffolding  role  of  the  computer  in  the  way  described  above. 

The  study  indicates  that  there  is  considerably  more  that  we  need  to  learn 
about  the  ways  in  which  the  presence  of  the  computer  can  both  influence 
children's  mathematical  conceptions,  and  provide  a  context  In  which 
concepts  can  be  first  usejfl  and  later  understood.  We  think  that  we  have 
begun  to  Isolate  some  of  the  components  of  these  transitions:  the 
Interaction  between  symbolic  and  visual  modes  of  thinking,  the  partial 
layers  of  discrimination  which  are  constructed,  and  way  in  which  the 
computer  acts  as  cognitive  scaffolding  for  the  learner.  Before  we  can 
syntheslse  these  Into  a  coherent  theory,  more  attention  will  need  to  be 
focussed  on  children's  existing  conceptions  and  on  their  levels  of 
understanding  within  the  UDGS  framework,  in  both  Logo  and  non-Logo 
contexts. 
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This  paper  reports  on  specific  cognitive  abll  It  lea  which  My 
be  Influenced  by  a  LOGO  Learning  Envirotaent  designed  for 
exploration  of  geoMtrlc  relationship*.   When  comparing  LOGO 
students  to  comparison  groups,  results  suggest  that  the  LOGO 
experience  say  very  well  enhance  the  abilities  assessed. 
This  lap  act  stems  to  be  dependent,  In  part,  on  the  Isproved 
training  and  skills  of  tsacners  who  are  well  versed  In  the 
philosophy  of  a  LOGO  educational  culture. 


This  research  study  Is  part  of  a  larger  project  Investigating  the 
teaching  and  understanding  of  geoMtrlc  rslatlon ships  through  LOGO. 
The  focus  of  the  larger  project  Is  the  development  of  LOGO  learning 
experiences  designed  to  glvs  ninth  grade  students  opportunities  to 
explore  various  geoMtrlc  rslatlonshlps  In  order  to  enhance  their 
study  of  foraal  geoMtry  In  tenth  grade.    This  report  examines 
specific  non-verbal  cognitive  abllltlss  believed  to  be  related  to  the 
goals  of  the  LOGO  elm  and  the  subsequent  understanding  of  geoawtrlc 
relationships.    These  non-verbal  abilities  were  assessed  using 
subtests  of  the  Cognitive  Abilities  Test  (CogAT)  published  by 
Riverside  (1986). 

Genera)  Project  Description 

During  a  two  year  period  (1964-1966)  several  MtheMtlcs  teachers 
frcsj  two  urban  high  schools  were  given  training  In  using  LOGO  to  teach 
geoMtrlc  relationships.    In  the  1965-86  school  year  two  LOGO  classes 
(one  per  school)  were  taught  each  semester  and  became  the  main  focus 
for  projsct  research.    The  sea*  teacher  at  each  school  taught  both 
stMsters.    Consistent  with  the  developmental  focus  of  the  Project, 
feedback  ft  cm  the  first  seMSter  LOGO  classes  was  used  to  Improve  both 
the  learning  experiences  and  Instructional  strategies  for  the  second 
aeewster  classes.    It  was  predicted  that  In  each  stMster  at  each 
school  the  LOGO  class  would  demonstrate  higher  gains  than  the 
comparison  group  on  project  Masures.    This  difference  was  expected  to 
be  greater  In  the  second  semester. 
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RESEARCH  METHODOLOGY 


The  ovtrcll  concern  of  the  project  wee  to  explore  geometric 
understanding  and  subsequently,  through  the  um  of  LOGO,  enhance 
atudenta'  ability  to  succeed  In  their  high  achool  geometry  courae.  An 
aapect  of  thla  Interest  focuaea  on  the  queatlon,  'What  lapact  might  a 
LOGO  Learning  Experience  have  on  cartaln  non-verbal  cognitive 
abilities  which  ara  believed  to  be  ralatad  to  auccaaa  In  foi-mal 
geometry  cajraework?' 


In  aach  aemeater  at  aach  achool ,  a  Pre/Poat-teat  Comparlaon 
Groupa  dealgn  waa  uaad  to  addraaa  tha  above  quaatlona  rtgardlng  the 
effects  of  the  LOGO  Learning  Experience.    In  order  to  form  tha  main 
sample  for  the  atudy,  an  attempt  waa  aade  to  Identify  all  ninth  grade 
etudenta  enrolled  In  Algebra  1  tor  Ite  equivalent)  at  the  two 
participating  high  achool a.    Non-random  LOGO  claaaea  and  comparlaon 
groupa  were  fonaed  froai  thla  aample.    Selection  for  tha  LOGO  claaaea 
waa  baaed  on  atudente'  achedullng  requlremente  and  wll I Ingneaa  to  take 
the  LOGO  couree.    All  other  atudenta  In  tha  sain  aaaple  were 
conaldered  part  of  the  comparlaon  groupa. 

grief  Description  at  the  1,000  Claaaea 

The  Projact  claaaaa  were  taught  at  two  city  high  achoola,  one 
with  an  all  black  population  and  the  other  with  an  equal  dlatrlbutlon 
of  black  and  white  atudenta.    The  LOGO  claaaea  conaleted  of  between  12 
and  21  ninth  grade  algebra  atudenta  who  were  on  track  for  tenth  grade 
geometry.    Tha  LOGO  courae  waa  an  elective  carrying  graduation  credit 
In  computer  aclence.    It  waa  taught  once  each  aemeeter  for 
approximately  16  weeka,  with  claaaea  meeting  every  day  for  a  50  minute 
period.    Project  equipment  for  each  claaaroom  Included  14 
ralcrocomputera,  at  leaat  one  printer,  one  graphic  plotter  and  a  modem. 
The  equipment  at  each  achool  wea  houaed  In  computer  laboratorlea. 

Studenta  generally  worked  In  palra  on  the  computera.   There  were 
opportunltlea,  however,  for  Indlvlduala  to  work  alon*.    Student  palra 
were  generally  aelf-choaen  and  of  the  aame  aex.    Studenta  were 
encouraged  to  dlacuaa  their  work  within  palra  and  to  rotate  the  role 
of  con^uter  operator.    Palra  of  students  were  also  encouraged  to  look 
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at  tht  work  of  other  pairs  and  to  •hart  Ideas.   There  v«a  frequently  a 
background  ttvtl  of  atudtnt  verbal  Interaction  within  and  acroaa 
palra. 

Tht  teacher  at  School  1  (the  all  black  school)  waa  a  black  salt 
with  16  years  tt aching  experience  at  School  1  In  gradta  9-12.  He 
had  taught  all  mathematics  courses  for  thoat  grade  levels  In  addition 
to  computer  aclanca  courata.    Tha  teacher  at  School  2  waa  a  whlta 
female  with  only  four  yaara  teaching  experience.  Sha  had  previously 
worked  aa  a  computer  progra—er  In  Industry.    She  had  taught  moat 
■a  t name  t Ice  courata  (except  geoaetry)  and  BASIC  progressing  coursee. 
The  role  of  both  LOGO  teachera  wae  at  varloua  tlsea  that  of  activator, 
Inetructor,  coach,  co-explorer,  and  evaluator. 

Curriculum  Setmence 

Although  a  general  currlculus  outline  was  developed.  It  was  not 
tht  Intention  of  the  Project  to  standardize  currlculus  but  rather  to 
offer  guidelines  and  materials  which  the  teacher  could  use  In  his  or 
her  own  way  to  best  aeet  the  neede  of  specific  etudenta.  The 
currlculus  it  both  schools  was  sors  focused  on  geoaetrle  relatlonihlps 
during  the  second  sesesttr  than  during  the  first.    It  ahould  be  notod, 
however,  that  the  sequence  of  topics  taught  In  each  classroom  waa  not 
Identical.    Claasea  at  both  schools  atteapted  to  start  fro*  students' 
Intuitive  knowledge  of  Motion,  direction,  angles,  and  geoaetrle 
shapee.    They  then  used  LOGO  to  build  on  these  Intuitive  notions  -  to 
explore  the  relationships  within  and  aaong  regular  polygons, 
rectangles,  para I letogreas,  and  circlet.    They  explored  geoaetrle 
traneforaatlone  (elides,  rotations  and  reflections).    A  sore  detailed 
description  of  the  LOGO  classes  and  activities  can  be  found  In  the 
Project  Interim  Report  (Olive,  Lankenau  I  Scally,  1986). 

nf  (fruit  I  vi  Mill  It  Iti 

Four  subtests  froa  the  Cognitive  Abilities  Teet  were  acministtred 
to  all  project  students  (N-124)  In  the  fall  of  1986  prior  to  tht  first 
LOGO  class.    The  same  four  subtests  were  adalnlstered  at  tht  end  of 
each  semtsttr  (January  and  Hay,  1966)  as  post-testa  for  tht  designated 
groups  (see  Table  1).    The  four  subtests  were  chosen  because  they 
appeared  to  be  assessing  abilities  which  were  believed  to  be  enhanced 
by  the  LOGO  experiences.    The  Figure  Classification  subtest  deals  with 
the  ability  to  Identify  the  common  eleaent  of  several  geoaetrle 
figures  and  to  select  another  figure  that  shares  the  saae  property. 
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Similarly,  the  LOGO  activities  Involved  the  classification  of 
gecostrlc  properties.    The  Figure  Analogies  subtest  assesses  the 
ability  to  determine  a  relationship  between  two  figures  and  to  then 
Identify  the  Missing  figure  of  a  second  pair  which  would  demonstrate 
the  saae  relationship.    Working  with  commonalities  between  figures  was 
an  Integral  part  of  the  LOGO  experience.    The  Figure  Analysis  subtest 
assesses  the  ability  to  make  mental  transformations  of  a  figure.  Many 
of  the  LOGO  activities  Involved  transformations  of  geometric  figures 
and  the  ability  to  anticipate  results  of  such  transformations.  The 
Equation  Building  subtest  deaie  with  the  ability  to  construct 
relationships  between  numbers  and  arithmetic  operations!  the  LOGO 
curriculum  also  emphasized  the  construction  of  relationships  (both 
arithmetic  and  geometric)  In  the  programming  taske. 

TABLE  is  „     TESTING  SCHEDULE,,  f 

Cognitive  Abilities  Test 

ls^lem.      lat°lem.      2nd°Sem.  2nd|em. 
9th  Grade     9th  Grade     9jh  Grade     IQth  Of  *  tat 


Cl  CI  —  CI 

"  L1 

C2  —  C2 


12  —  12  12 

C  -  COMPARISON  GROUP  1  ■  1ST  SWESTER  GROUP 

L  -  LOGO  CLASS  GROUP  2  -  2ND  SCHBSTES  GROUP 


ftpfllUflflsl 

Data  on  pre-treatment  characteristics  have  also  been  collected 
and  will  be  used  to  assess  comparability  of  groups.    These  Include 
standard  achievement  measures,  a  learning  styles  Inventory,  surveys  of 
attitudes  towards  mathematics  and  computers.    Post-treatment  data  have 
also  been  collected  from  a  variety  of  other  sources,  Including  algebra 
grades,  geometry  tests  and  grades.    Final  post-testing  of  all  students 
will  take  place  at  the  end  of  their  tenth  grade  year  (Hay,  1987). 
Documentation  of  the  LOGO  experiences  ttme  from  Interviews, 
observations  and  dribble  f lies  of  LOGO  students'  work. 

RESEARCH  RESULTS 

Analyses  of  covarlance  were  performed  on  the  data  on  each  of  the 
four  subtests.    The  post-test  scores  were  the  dependent  variables  with 
pre- test  scores  used  as  covarlates.    Separate  analyses  between  the 
LOGO  and  Comparison  Groups  were  computed  for  each  semester  for  each 
school.    See  Table  2  for  the  statistical  results  discussed  below. 
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School  1 

Flrat  S-atattX'  Ncause  there  were  Insufficient  numbers  of  ninth 
grade  alaebr*  students  at  School  1  to  have  a  comparison  group  for  each 
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semester,  all  non-LOGO  students  ware  assigned  to  the  second  semester 
comparison  (roup.   Consequently  b«twten  group  analyses  are  not 
available  for  tha  first  semester. 

Strnnl  Fftatir   The  LOGO  group  made  slightly  larger  gains  than 
tha  comparison  group  on  all  subtests  except  Figure  Analogies.  This 
subtest  was  the  one  Instance  where  adjusting  for  the  covarlate 
actually  reversed  the  raw  score  post-test  results,  showing  the 
ccsp*r  1  son  group  ae  having  made  a  slightly  higher  gain. 

School  2 

f|r^  Stftittr:    Analyses  Indicate  that  the  LOGO  group  at  School 
2  mads  slightly  larger  gains  between  pre  and  post-tests  than  the 
comparison  group  on  both  figure  Classification  and  Figure  Analogies. 
Although  the  LOGO  group  did  score  higher  than  the  comparison  group  on 
the  post-test  for  Figure  Analysis,  adjustment  for  the  pre-test 
difference  equalized  the  two  groups.    An  analysis  of  the  Equation 
Building  subtest  was  not  possible  at  School  2  as  only  one  comparison 
student  took  both  the  pre  and  post  for  this  subtest. 

flsrnnrl  jfrmlirj    Again,  no  analysis  was  possible  for  the 
Equation  Building  subtest  as  only  three  students  were  present  for  both 
the  pre  and  post  adsln 1st rat Ions  at  School  2.    There  were  significant 
Mln  effects  for  groups  {or  both  the  Figure  Classification  and  Figure 
Analogies  subtests.    This  effect  was  In  favor  of  the  LOGO  group. 
Although  not  statistically  significant,  the  LOGO  group  Mda  greater 
gains  on  the  Figure  Analysis,  as  well. 


SUMMARY  DISCUSSION 


Although  statistical  significance  (alpha  -  .05)  for  differences 
between  groups  was  usually  not  obtained  for  all  of  the  analyses,  the 
trend  clearly  shows  that  the  LOGO  groups  scored  higher  across  the 
non-verbal  cognitive  subtests.    The  gains  were  particularly  noteworthy 
for  the  Figure  Classification  and  Analogies  subtests  at  School  2.  The 
second  semester  LOGO  group  at  School  1  also  appears  to  have  maintained 
the  trend  of  larger  gains  on  the  quantitative  Equation  Building 
subtest. 

Implication?  and  Hew  Questions 

The  first  Implication  of  these  results  Is  that  the  LOGO 
experiences  may  well  be  enhancing  students'  non-verbal  cognitive 
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toltltlta,   Tht  atcond  lapliution  1.  that  th.  atcond  atatattr  logo 
Cltatwa  My  h,v.  h«d  BOTa  .ff,Ct  00  thOt*  abllltltt  than  tht  first 
MMtar  claaats.    Thua,  tht  laprovtd  aetlvltta  and  ttachtr  txptrtlat 
tvldtnctd  in  th.  atcond  MMntir  LOCO  cIimn  .ppttr  to  bt  Important 
factor-.    Thla  aupporta  tvldtnct  fro.  othtr  projtct  Invtat Igatlona 
that  tht  pottntlal  valut  of  LOGO  aty  (it  In  tht  tfftctlvtntaa  of 
ttachtt  dtvtlopatnt  r.l.tlvt  to  claaaroc*  clUutt,  Instructional 
txptrtlat  and  tducatlonal  philosophy,  at  wall  «.  tht  dtgrtt  to  which 
studtnt-atudtnt  inttractlon  It  tncouragwd. 

tht  coaparlson  of  flrtt  aaaaattr  and  wcond  attwattr  rtaults  for 
'  both  LOGO  and  Ccaparlaon  group.  *t  School  2  alto  auggtata  tht 
poaalblllty  of  a  'dtvtlopatntal  tffact.'    Both  atconl  atatattr 
coaparlson  and  LOGO  groups  tcoc.d  hlghtr  on  tht  pott-tttta  of  all 
thrtt  apaclal  aubttatt  than  thtlr  flrtt  atatattr  counttrparta  at 
School  2.    Thlt  dtvtloaantal  Influtnct  could  txplaln  th*  appartnt  lack 
of  dlfftrtnct  bttwttn  tht  flrat  atatattr  LOGO  group  at  School  1  and 
tht  atcond  aaawattr  coaparlaon  group  which  waa  poat-tttttd  aort  than 
fc«r  aootha  lattr.    In  addition  to  gantral  saturation,  school 
•xptt lancta  coason  to  both  LOGO  and  Coaparlaon  oroupa,  such  aa  tht 
Algtbra  court* ,  could  alto  hava  lnf lutnctd  tht  atcond  aaawattr 
poat-ttat  scort*. 

An  obvious  outatlon  arialng  fro*  thtat  rtaultt  la  whtthtr  or  not 
thla  appartnt  tf»ln  In  apaclal  abllttlta  tvldtnctd  by  tht  LOGO  oroupa 
will  htlp  with  their  aubatwant  atudlta  in  gtcnttry.    initial  data  on 
tnrollasnt  in  ctosttry  courata  indlcatta  that  a  auch  largtr  proportion 
of  tht  LOGO  atudtnta  havt  tnrolltd  in  gaosttry  thla  ytar  than  tht 
Coaparlaon  atudtnta  and  that  tht  dlfftrtnct  la  grtattr  for  tht  atcond 
stmsttr  oroupa.    Tht  final  ttatlng  of  atudtnta'  non-vtrbal  cognltlvt 
abllltlta  will  takt  plact  at  tht  tnd  of  thtlr  ttnth  gradt  ytar  (May, 
1987).   With  thla  additional  data  wt  will  .xplort  tht  rtlatlonahlpa' 
bttwttn  atudtnta'  LOGO  .xp.rl.net,  thtlr  gtoattry  txptrltncta  and 
non-vtrbal  cognltlvt  abllltlta. 
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OCTI1'  *      DANS  L'ESPAOC 

I  OSTA 

Equipe  d.  Didactic^  des  et  de  1  .Inro^tique  de 


^conference  will  be  in  ^lH^A  aider  A  surmonter  les 
L'outil  inf°^ati^Vr«DrLentation  plane  d'objeta 
problem-  /"^/"a^Vl'eJ  e  ^"t  d.  la  g-o»6trle 

rcdf  it  ju^st4-^"S^  - probltoe  de 

geo*etrle  dans  l'eapace?  ...         le8  p0ssibilites 

Sette  r.ch.rche  •■■»*•' t  »  pour  cr*"r  une  aituation 
d'actlon  qu'offre  \'irlC°™^*£  dynamique  de  dessins  est 

?.vxr^*£^^^>  ^ fa8se  4V01uer 

certaines  connaiaaance,  geooetriquea. 

w  lci  ,e  veut  comme  un  eaaai  d' exploration  et, 

13  re0hOr!0h18e ea  de  rej  di.tion  a  certain,  problem,  poses 
jusqu..  certain.* «  ^   de   la  productj.on  do 

par   la  perception,    lors   de  1.eMBiBna«ant  de  la 

representation,  grappa, -«.J-  -  J  ^ 

geometri.  d.  I'.apace.  En  e£  et,  un« de, dif       sltu,tlons  spatiale, 

-^rTrr3dUd:saitre:r^.1e^arlo:.    pl>^  Certalne, 

— n:  i  =-e:rr  r^rt:: 

ou  modifiees,  d'ou  la  necessite  a  >ufflsant  pour  sunoonter 

—  — C;::;:tT.  cons  ~       n  -Lpport,  entre 

1..  difficult*,  de  coordination  et  d.  oons  perception 

eapac.  gr.pnique  et  *^  ,  "perception  ne  consiste  pas, 

„t  indiap-naable  a  un    1. 1-    i^J       P  8en80rielle„  -1. 

..ion  PIAGET,   •»  un.  ,i»Pl.  lectur.  lnfluen0e.  par  le 

cohort,  un,  organisation  active,  d. <*™^*  perceptive»,  au 
dev.loPp.».nt  d.  l.intelligence,   cett-     activ       P  ^ 

—     "  *«^^-TU  -a- 

rrr::  i.  — .  des  ^ 

i^Us,  .t  de,  relation,  ,Patiale,  qui  le,  re,i„.nt. 

cTI^^^^T^^ 
•xpri«-  ici  ■»  »conn.i««nc. 
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Propria.  9*o.*L ^  .  e°  nb8iet°bjet8  -  l«  =onn.i„.no.  dM 
*.v.lopp.r  un.  prob7JatL.  d.  i  '  "0tre  re°h"r0he  * 
r.nd.  „.e....lr..  *  J^„tr  ,      r»P**«nt.tio„  orapniquo  ^ 

con.truction  *  "..7^,    et aT",.     7"  *  *  * 

trv.ill.nt   par  blnoo  J  "    „      (  LM  *"Ve8 

<*~rcn.a,  ,t  da  cr..r  h  '    1  ^     *   Peral"    d'«"«riori..r  leur4 

P0U?  rr.r  ~  t.  ^rr  c  4  for^r  - 

•xp4ri.no.,   on  a  .„r.sl.tr,  J        ^   ^    Au    oour»    «»•  ««t. 

-  i'*voxutio„ «.  lmn  i;::;;:;:;8' en  vue  d,un'  *n'iy"  °uni^ 
p«  x.  PU1...no.  d.j:r0„  ;a.uiar;ent  — 

problame  d.  1.  vlalon  rt.n-  r.  Prln"P«l  est  de  aurmonter  la 

■»  typ.  pmiMi.,  d.  ,wr4„„t«l0„7  "  '•It•'  »  •  •*»« 

-"r  .rir:11::0;.1:  ::r de        -Pte  to  i.s 

oe  oholxi  auppoaant  un  M(nt  7       U  "utres  r«i»°n.  ont  auaal  guida 

coniqua.    u„.    li^L    «  *"  OPP°*ltlon  *  »•  P.r.p.otlv. 

d*pl.t-.„t.  du  pTint dM    ■0d"1""—  P.r  la. 

una  .aula     ple7t.tlon  *         aire°ti0n  *  ™  ««-.  «  • 

•Prta.nt.tion  an  par.paotiv.  o.v.liar.  d-un  obj.t  donna. 
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D'autre  p»rt,  le  critere  de  notre  choix  etant  1b  degre  d'ambiguites 
perceptives  introduites,  la  perspective  cavaliere  repond  a  cette 
exigence;  en  effet,  la  perspective  cavaliere  "transparente"  est  una 
representation  polysemique:  un  deesin  peut  evoquer,  soit  plusieurs 
objets,  soit  le  aeme  objet  associe  a  plusieurs  directions  de  vue. 

En  nous  appuyant  sur  une  typologie  des  perspectives  cavalierea 
selon  les  degree  d'ambiguite  qu'elles  induisent,  nous  avons  adopte 
un  type  particulier  de  perspective,  ayant  les  caracteristiques 
suivantes:  (fig.l) 

*  perspective  cavaliere  frontale, 

*  ambigue  par  l'alignement  des  segments  AC  et  BD,  repreaentant 
deux  aretes  aituees  dans  deux  plans  frontaux  differents,  et  a  des 
niveaux  da  hauteur  differents, 

*  les  quatre  points  A,  B,  C  et  D,  qui  representent  quatre  sonmets 
aitues,  deux  a  deux,  a  deux  niveaux  differents  de  profondeur,  sont 
alignea,  «t  partagent  le  segment  DA  en  trois  segments  de  meme 
longueur.  Ceci  inplique  de#  coincidences  et  des  alignments  qui 
multipllent  l'anbiguite,  dans  les  cas  ou  on  aurait  plusieurs  cubes 
juxtaposes . 

*  le  segment  BC  joue  un  role  bivalent  :  il  fait  partie  des  deux 
aretes  AC  et  BD;  par  consequent,  il  n'est  efface  dans  aucune  des 
deux  representations  de  cube  opaque. 


d/c|  b/ 

& 


Cube  en  perspective 
cavalier*  adopte* 

en  haut : 
representation  du 
cubs  transparent 

en  bas : 
2  representations 
possibles  d*  cube 
opaque  qui  en 
resultent  


Coapareison  des  degris 
d'aabigulte  inlults  par 
la  representation  de  2 
cubes  :  en  perspective 
adoptee  eten perspective 
cavaliere  noraallsie 
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*  coarae  pour  toute  perspective  cavaliere,  la  representation  d'un 
cube  transparent  paut  evoquer,  selon  les  aretes  qu'on  conaidere 
comae  cachees,  deux  cubes  opaques.  One  des  particularity  de  la 
perspective  adoptee  reside  dans  le  fait  que  cette  non-univocite  est 
multiplies  a  partir  du  cas  ou  on  a  une  representation  de  deux  cubes, 
conae  le  aontre  la  comparaison  dans  la  fig. 2:  d'apres  une 
representation  de  deux  cubes  transparents  avec  la  perspective 
adoptee,  on  peut  deduire  quatre  configurations  de  deux  cubes  opaques 
qui,  avec  la  perspective  cavaliere  normalisee,  necessiteraient  deux 
representations  "transparentes"  differentes. 

mOT»  TM3  nn.nCM  REPKESEHTES 

De  par  sa  place  comme  une  unite  constitutive  de  l'espace 
physique,  la  configuration  "cube"  est  la  base  du  monde  d'objets 
impliques  dans  notre  situation.  Ces  objets,  qui  sont  des  assemblages 
de  cubes  (reels  ou  virtuels)  de  merae  taille,  relevent  du 
micro-espace,  et  constituent  une  premiere  mise  en  ordre  de 
micro-espace:  organisation  selon  la  structure  du  triedre  euclidien 
trirectangle.  Hotons  que,  dans  une  representation  graphique,  les 
ambiguitea  perceptives  resultant  de  la  juxtaposition  de  plusieurs 
cubea  ne  se  reduiaent  pas  a  la  somme  de  celles  impliquees  par  chacun 
des  cubea;  elles  la  depassent  pour  aettre  en  jeu  des  problemes 
provenant  de  coincidences  et  d'alignements  entre  les  representations 
dea  dlfrerents  conatituants  de  la  configuration  (voir  fig. 2)  - 

PTAfE  n«  T.'OHfTT.  TKFQPM»TTOng  n»MS  T.\  flTTDATTQH 

L'ordinat'eur  intervient  dans  cette  situation  comma  outil  d'aide  a 
l'enseignement;  1  •  inf  oraatiqua,  n'est  done  pas  notre  objet 
d'enaeignement,  pas  plua  que  1 • entralnement  4  1 'utilisation  de 
loglciela.  Notre  recherche  s'interesse,  dans  le  cadre  de  la 
resolution  des  problemes  poses,  aux  processus  d'adaptation  ou 
d' evolution  des  strategiea  des  eleves,  dans  le  contexte  de  leur 
confrontation  aux  logiciels  utilises,  ba.es  sur  d'autres  aystemes  de 
connaiaaance  et  de  traitement  de  1 • information,  qui  ne  suivent  pas 
neceasaireaent  la  aeae  logique  de  fonctionneaent  que  l'eleve. 

Deux  logiciela  de  deasin  graphique  sont  utilises:  Mac  Paint  et 
Mac  Space. 

le  premier  permet  un  traitement  de  figures  planes,  4  l'aide 
d'outila  graphiquea  assex  proches  de  ceux  qu'on  utilise  dans  une 
situation  habitualle  de  deasin:  un  crayon,  une  goome,  une  regie,- 
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le  deuxieme  permet  d-obtenir,  dans  une  fenetre  de  controle  non 
acce„ible    au    tr.it.ment,     la    perfective  cav.liere 
confirmation    .  partir  de  3es  trois  ^  „,„  ^  ^ 

troi,  .utres  fenetre,  (norme,  du  dea.in  technique) 

Dana  ce  cadre,  une  c.tegorie  des  difficult*,  liee,  au  graphite 
(trae*.  correct,  de  ligne,,  p.r.iuiisme,   ,„glea  droits,... ,  30„t 

TT     ;  la  d0nn€°         °Util3  di3P°n^lea  dans  le  contexte  de 

chacun  de,  deux  logiciels.  D-autre  part,  1«  informative  permet  u„ 
traitement  dynamique  des  informations:  on  peut  agir  ,ur  le  dessin, 
le  modifier,  le  corriger,  tout  en  sachant  qu'a  tout  moment  on  peut 
recuperer  le  dessin  Ue  depart,  ou  des  dessins  intermediates  qu'on 
aur.it  enregistres.  Le  dessin  n'est  plus,  comme  e<(4st  souvent  le 
cas,  un  support  statique  de  repr6sentation  de  i-objat.  il  est  au 
coeur  du  probleme,  et  c'est  a  travers  lui  que  ,e  manifestent  et 
evoluent  lea  conceptions  des  eleves. 

Finalement,  x-outil  informatique  intervient  dans  cett.  situation 
par  deux  ensembles  de  contr^intes,  imposees  par  deux  conceptions 
differente,  des  objets:  une  conception  des  representations  fondee, 
dan,  Mac  .Space,  sur  une  56ometrie  particuliere,  qu'on  pourrait 
appeler  -geometrie  des  f.cettes-,  et  qu-on  espere  developper  dans  un 
travail  ulterieur,  et,  dans  Mac  Paint,  sur  le  tr.itement  direct  de 
la  representation  en  perspective,  ^importance  de  cet  outil  se 
r6v.le  surtout  au  niveau  du  tr.nsfert  de  dessin,:  de  1- environnement 
du  logiciel  Mac  Space,  ou  le,  de,,in,  sont  reconnu,  comme  de, 
representations  d'objet,  spatiaux,  .  traver,  un  lien  permanent  entre 
e,pace  phy.ique  et  espace  graphique,  vers  1 « environnement  du 
logiciel  Mac  Paint,  ou  ce  lien  rompu  doit  etre  restaur*  par  les 
eleves  (fig.  3).  Cest  done  un  transfert  d-un  environnement  ou  les 
transformation,  affectent  1'objet  lui-m6me,  done,  ou  le  dessin  est 
opar.tif  (Mac  Space),  vers  un  autre,  ou  les  modifications  ne  peuvent 
se  traduire  en  transformations  spatiales,  done,  ou  le  dessin  n'est 
que  figuratif  (Mac  Paint) . 


Ffguras  planus 

Mm 
Mood 

< — 

Mm 
Spas© 

Representations ' 
d'objats 
da  I'aspace 

transfert:  de  l'univera  des  represent 
de  1  espace  physique  vers  l'espacogra 

ations 
phi que 
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En  noua  situant  (Una  ce  cadre  theorique,  noua  analyserons  una 
situation-problem*,  dana  la  cours  da  notra  sequence. 

Au  debut  da  catta  activite,  lea  sieves  dispoaent  d'un  type  de 
reperage  11*  a  l'objet,  ou  la  configuration  "cube"  est  1 'unite,  et 
ou  un  cube  da  l'aesaablage  consider*  joue  le  rOle  da  "cube-origine". 
La  tache  preaanta  a  pour  objectlf  le  pasaage  a  un  autre  type  de 
reperage,  qui  approcha  le  reparage  aous-jacent  a  Mac  Space,  qu'ils 
utillaaronc  dana  una  activite  ulterieure.  Ce  pasaage  sa  fera  a 
travara  daa  strategies  da  depassement  du  conflit  antra  perception  et 
connaieaances  geoaetriquee  (voir  la  conalgna  dana  la  fig. 4) . 


Cwirlgna:  a  partlr  d'un  dessia  d'un  asssablage 
da  cubes  trensparents,  at  an  vous  servant  da 
tfcc  Faint,  donnar  toutcs  les  representations 
possibles  de  6  cubes  opaques. 


Representation  'transpe rente'  proposee  auz 
•lavas  :  4  configurations  spatiales  de  E  cubes 
opaques  sont  possibles,  en  faisant  das 
effaceaents  d'ar»tes  adaquats  


ES3  rj 


La  tache  preaente  set  les  sieves  dans  une  situation  dei  decodage 
d'un  dessln  an  perspective  "transparent*"  polysemlque,  et 
transformation  de  ce  deeein  pour  montrer  a  autrui  le  plus  grand 
nombre  possible  d' assemblages  de  cubes  qu'il  peut  representor.  La 
tache  exige  une  atabilite  des  representations,  qui  sera  f ragilisee 
par  lea  ambiguitea  psrceptives,  resultant  d'une  part  de  la 
"transparence",  et  d'autre  part  de  coincidences,  alignements  et 
superpositions  trompeurs  lies  au  type  de  perspective.  Ce  n'est  que 
par  1 ' elaboration  de  relations  geometriques  entre  les  elements  de  la 
configuration  que  les  eleves  pourront  suraonter  cette  instability, 
lis  seront  obliges  a  mettre  en  oeuvre  des: 

*  relations  d' incidence,  d'adjacence,  d'alignement, de  coplanarite 
et  d'interaection  entre  les  dif ferents  eleoente  de  la  configuration 
representee, 

*  relations  d'ordre  spatial:  devant,  derriere,  dessus,  deseous,... 
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*  relations  d'appartenance  (de  points  a  des  aretes  ou  das  faces) 
et  de  contenanca  (de  segments  dans  des  faces) , 

*  rapports  permanent a  entre  le  dessin  et  la  configuration 
representee . 

l'analyse  des  strategies  des  eleves,  a  partir  de  leurs 
productions  (fig. 5),  le  long  de  la  resolution  de  ce  problems,  e 
■antra  qu'elles  auivent  un  coura  d'evolution  general  qui  va  de 
l'analyse  locale  vers  l'analyee  globale: 

1-  les  preaierea  strategies  consistent  a  traiter  les  aegments 
aepareaent.  Se  revelant  trea  couteuses,  et  aboutiaaant  a  des 
productions  fausses,  ces  atrategiee  seront  renplaceee  par  d'autrea: 

2-  1'aleve  eaaaie  d'  "opacifies"  localenent  un  ou  pluaiaura  cubes, 
et  d'integrar  ces  parties  par  rapport  au  dessin  global,  ca  qui  n'eat 
paa  tou jours  possible. 

3-  reconnaissance  de  portions  de  plana  comma  entites  unifiees  du 
dessin:  des  referentiele  locaux,  par  rapport  auxquela  aeront  reperea 
des  enaeables  d'eleaenta  de  U»  configuration,  et  testes,  par  suite, 
d'un  saul  coup,  das  ensembles  de  traits. 

Ces  strategiea  ont  eta  evalueee  par  rapport  a  una  stratfcgie 
optiaale  que  nous  conaidererons  comae  l'aboutieeeaent  theorique  de 
leur  evolution;  elle  est  baaee  sur  la  decouverte  de  referentiels 
globaux:  *lea  plini  equidiatants  parallelea  au  plan  horizontal.  Dane 
cetta  classe,  un  plan  particulier:  la  face  deaaua  da  l'objet, 

*les  plana  equidiatants  parallelea  au  plan  vertical  frontal. 
Dana  cette  claase,  un  plan  particulier:  la  face  devant  de  l'objet, 

*lea  plana  equidiatanta  parallelea  au  plan  vertical, 
perpendiculaire  au  plan  frontal.  Dana  cette  claase,  un  plan 
particulier:  la  face  de  droite  de  l'objat. 

Cea  troia  plans  particuliera  conatituent,  en  fait,  un  triedre 
trireotangle,  qui  eat  la  baae  de  l'eapace  euclidien;  il  aura  un  role 
fonctionnel  dana  la  atrategie  optiaale  qui  consiate,  pour  le  pave 
par  exeaple  (fig. 6),  a:  reperer  le  plen  repreaentant  la  face  devant 
d'une  configuration,  et  nettoyer  lea  carres  qui  le  constituent; 
repeter  la  aeaa  operation  pour  la  face  deaaua  et  la  face  de  droite 
de  l'objet.  Particulier  au  pave,  cat  algorithm*  de  fonctionnenent 
paut  at  re  adapt*  a  d'autrea  configurations. 

Ces  fonctions  de  controle  daveloppeea  par  lea  eleves  A  dsa 
niveaux  plua  ou  aoins  elaborea  peuvent  etre  analyaeea  du  point  d» 
vue  d'un  reperage  dana  l'eapace,  ou  l'entite  "cube"  eat  detruit,,, 
pour  laiaaer  la  place  A  das  objets  geoaetriques  plua  abatraitu,  qui 
quadrillint  l'eapace  par  dea  plana  etructurea  en  troia  claaaea.  Ce 
reperage  fonctionne  coaae  un  moyen  de  controle  et  de  depassement  de 
la  pe-ception. 
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V' 


U  \LUJ 


Strategies  d'analyse  locals,  ilonnant  des  dessins  de 
configurations  impossible*  sslon  la  perspective  cavaliere 
(deux  codes  difference  da  la  perspective  reglaaent  les 
partlaa  du  daaaln) 


/L 


Exeaplss  da  representetions  da  configurations  apatlalaa, 
corractaa  du  point  da  <fcie  du  coda  da  la  perspective,  staia 
qui  na  font  pas  partis  da  l'univsrs  dss  objata  concarnea: 
essesjblages  da  cubes  non-accrocnablaa. 


Debute  d' applications  locales 


da  Is  atrategia  optlmala 


am 


uu 


Stratigia    optlaals,    bssae    aur    la    structuration    da  l'eapace 


en  triedre  trirectangla 
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LES  HABILETES  PERCEPTIVES  DOBJETS  POLYEDRIQUES 


Richard  PALLASCIO 
Richard  ALLAIRE 
U.O.A.M. 


RESUME 


L'objectif  general  de  ia  recherche  Wait  d"6tudier  comment  un 
environnement  ordlnateur  de  type  LOGO  peut  permettre  de  developper  les  habiletes 
perceptlves  tf'observatlon".  d"  "abstraction"  et  de  "communication",  correspondent 
aux  operations  respect ives  de  "visualisation",  de  "structuration"  et  de 
"transfiguration",  dMIntes  dans  le  cadre  (Tune  typologte  globale  de  la  perception 
structure  d'objets  gtanttrlques,  que  nous  avons  llmite  aux  polyedres.  pour 
l'lnstant. 

Le  rapport  qui  suit  presente  des  elements  de  la  problematique,  la 
methodologte  suivie,  alnsl  que  quelques  rfcultets  obtenus  en  1 985-86.  L'experlence 
se  pour  suit  au  niveau  de  deux  autres  habiletes  dMinlw  dens  la  typologte. 

PROBLEMATIQUE 
L'envlronncment  ordlnateur 

Nous  avons  cherche  un  environnement  ordlnateur  de  type 
LOGO  af  In  de  retrouver  un  certain  contexte  d'apprentlssage  propre 
aux  enfants-programmeurs.  Cette  contralnte  nous  a  obliges  a 
initler  les  eleves  du  groupe  experimental  aux  rudiments  du 
langage  LOGO:  primitives  graphlques,  definition  de  procedures  et 
modularisation  de  celles-ci,  notion  de  variables,  repetition  Le 
proglclel  retenu  fut  d'abord  EXPERLOGO,  puis  MAC  LOGO,  qui 
rouient  sur  un  apparel  I  Macintosh  et  qui  contlennent  deja  les 
fonctlons  de  base  simulant  lespace  tridlmenslonnel  au  moyen 
d'une  projection  centrale  et  permettant  consequemment  les 
rotations  autour  des  axes  x,  y  et  z 

Le  systeme  LOGO  fournlt  un  langage  de  base  qui, 
augmente  de  fonctlons  pertlnentes,  fournlt  un  excellent  moyen 
pour  palller  a  des  deflclences  llngulstlques  d'abord,  mals  aussl 
manlpulatolres,  car  Intervenlr  physiquement  sur  des  objets 
tridlmenstonnels  et  leur  transformation  n'est  pas  chose  alsee. 
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La  typologle  des  hablletes  percepttves 

Depuls  plusleurs  annees,  nous  afflnons  une  typologie 
d'operatlons  et  d'hablletes  correspondantes  permettant  de  d6f Inlr 
d'un  point  de  vue  operatolre  la  perception  spatlale  It  J  La  prteente 
recherche  s'est  concentree  sur  les  trots  premieres  operations  de 
la  typologle,  a  savolr  la  visualisation,  la  structuration  et  la 
transfiguration,  correspondent  aux  hablletes  respectlves 
d'observatlon,  d'abstractlon  et  de  communication.  Ces  trols 
premieres  etapes  se  situent  au  niveau  de  la  comprehension  de 
I'objet  plut&t  que  de  sa  transformation,  au  niveau  de  l'lmagerle 
mentale  que  I'objet  suggere  plut6t  que  de  son  invention,  au  niveau 
cognitif  plutdt  que  createur  et  enfln  au  niveau  analytlque  plutGt 
que  synthetique,  par  opposition  aux  trots  demleres  operations  de 
la  typologle. 

Le  developpement  d'hablletes  percepttves  d'objets 
geometrlques  a  I'alde  d'un  envlronnement  ordlnateur 

L'arrivee  des  micro-ordlnateurs  dans  les  ecoles  permet 
d'entrevotr  la  possibility  de  se  servlr  de  cet  Instrument 
d'apprentlssage  pour  que  I'enfant  pulsse  construlre  ses  propres 
structures  cognltlves  au  moment  de  sa  vie  ou  II  est  peut-&tre  le 
plus  interroge  par  le  reel  sur  le  plan  des  relations  spatlales  et 
des  proprletes  geometrlques  afferentes.  En  se  basant  sur  la 
typologle  des  hablletes  en  cause  dans  la  perception  structural 
d'un  espace  geometrtque  ou  intervlent  entre  autres  le  prlmat 
plagetlen  du  topologlque  [2],  et  sur  l'apport  d'un  langage 
Informatlque  evolue,  Interactlf  et  modulalre,  permettant  I'ajout 
de  primitives  fonctlonnelles  et  leur  utilisation  dans  les 
programmes  de  Jeunes  eleves,  la  problemattque  se  sltue  done 
essentlellement  au  plan  de  I'etude  des  Interactions  qui  facllltent 
la  structuration  progressive  du  monde  des  Images,  au  centre  de  la 
trlade  dynamlque  de  Caleb  Gattegno:  Pensee  -  Image  -  Action. 

Blen  qu'exploratolre,  notre  recherche  vlsalt  a  etabllr  le 
crltere  de  verlte  de  I'hypothese  centrale  suivante:  I'envlronnement 
ordlnateur  de  type  LOGO,  Incluant  les  loglclels  pertinents 
permettant  d'extenslonner  les  primitives  orlglnales  du  langage, 
permet  de  developper  les  premieres  hablletes  percept  Ives  de 
I'espace. 
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m£thodologie 

Les  loglciels 

Pour  developper  les  hablletes  deja  cltees  d'observatlon, 
d'abstractlon  et  de  communication,  nous  nous  sommes  sltues  dans 
un  contexte  radical,  celul  d'un  envlronnement  ordlnateur,  excluant 
totalement  les  formes  trldlmenslonnelles  elles-memes.  Nous 
avons  done  du  elaborer  un  certain  nombre  de  loglclels  permettant 
de  slmuler  des  polyedres  a  I'ecran.  en  les  desslnant  dans  une 
projection  centrale  et  en  permettant  la  rotation  de  I'objet 
represente,  comme  s'll  toumalt  vralment  devant  nos  yeux.  Les 
loglciels  devalent  done  permettre  aux  sujets  de  modifier  la 
presentation  des  objets  desslnes,  selon  des  rotations  autour  des 
axes  x,  y  et  z,  les  trols  axes  orthogonaux  dans  R  . 

LOGI  vise  a  developper  I'habllete  ^observation  en  se 
servant  d'actlvltes  de  visualisation.  La  fenetre  centrale  du  bas 
va  done  faire  apparattre  au  hasard  une  des  trols  formes  du  haut  et 
la  representer  dans  une  projection  centrale  fixe,  qui  ne  sera 
iamals  Identlque  a  celles  que  I'eleve  peut  obtenlr  par  la  rotation 
des  formes  dont  II  peut  changer  la  perspective.  Chaque  forme  peut 
d'allleurs  etre  representee  par  46  656  positions  dlfferentes,  I  e 
363  positions  possibles  Le  probleme  conslste  done  a  trouver 
lequel  des  trols  desslns  du  haut  represente  la  rneme  forme  que 
celul  d'en  bas. 

L0G2  vise  a  developper  i'habllete  d'abstractlon  par 
I'lntermedlaire  d'actlvltes  de  structuratlon  Le  probleme  a 
resoudre  va  conslster  a  Identifier  lequel  des  desslns  du  haut 
represente  une  forme  qui  n'entre  pas  dans  la  construction  de  la 
forme  representee  par  le  dessln  du  centre  en  bas.  Avant  de  faire 
son  cholx,  I'eleve  peut  de  nouveau  slmuler  a  volonte  la  rotation 
des  trols  formes  representees  par  les  desslns  du  haut. 

LOG3  tmpllque  I'habllete  de  communication,  mlse  de 
I'avant  par  des  operations  de  transfiguration.  Deux  sortes  de 
transferts  ont  ete  retenus,  en  concordance  avec  la  nature  de 
I'outil  dldactlque  utilise:  le  dessln  topologlque  (ou  dlagramme  de 
Schlegel)  et  la  definition  lltteralre.  Dans  les  deux  cas,  II  s'agtt 
pour  I'eleve  d'ldentifler  le  dessln  representant  la  forme  decrite, 
soit  par  une  definition,  solt  par  son  graphe  topologlque. 
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Les  groupe s  d*  sujets 

Les  15  enfants  du  groupe  experimental  etalent  de 
niveau  5e  annee  (9  et  10  ans)  et  provenatent  de  deux  ecoles  de  la 
Rlve-Sud  de  Montreal,  lis  ont  d'abord  ete  Inltles  au  langage  LOGO, 
a  ralson  de  deux  heures  par  semalne,  a  partlr  d'octobre  Jusqu'a  la 
ml-decembre  1985.  A  la  fin,  les  sujets  ^talent  en  mesure  de 
reallser  de  petltes  procedures  indlcees,  de  !es  appeler  entre  elles, 
d'utlllser  la  repetition  d'un  certain  nombre  de  commandes, 
d'utlllser  les  changements  angulalres  facllement  et,  blen  sur,  de 
gerer  leurs  flchlers.  En  Janvier  1986,  lis  furent  Inltles  a 
I'aoparell  Macintosh,  alnsl  qu'au  langage  EXPERLOGO,  selon  le 
me^ne  rythme  horalre. 

Le  3  fevrler,  les  sujets  du  groupe  experimental  passerent 
le  pre-test.  Ensulte,  au  rythme  d'un  par  mols,  les  loglclels 
d'entrainement  LOG  I,  L0G2  et  L0G3  furent  presentes  aux  enfants, 
sur  lesquels  lis  purent  travalller  sufflsamment  de  temps.  En 
moyenne,  chaque  enfant  a  travallle  une  heure  par  semalne  sur  les 
loglclels  d'entrainement.  Des  grilles  d'observatlon  ont  permls 
egalement  aux  anlmateurs  de  relever  certains  falts  slgnlf  Icatlfs. 
Le  12  mal,  les  sujets  passalent  le  test  de  relance. 

Tant  qu'a  eux,  les  15  el  eves  du  groupe  contrdle,  du 
mfime  3ge  et  de  la  meme  region,  n'avalent  pas  acces  a 
I'entrainement  decrlt  precedemment.  Seuls  leurs  apprentlssages 
scolalres  normaux,  en  geometrle  par  exemple,  alnsl  que  la  perlode 
de  temps  entre  le  pre-test  (31  Janvier)  et  le  test  de  relance  (20 
mal),  Irnpllquant  une  certalne  maturation  naturelle,  pouvalent  aglr 
sur  leur  developpement  perceptlf. 

Le  test-entrevue 

Le  pre-test  et  le  test  de  relance  furent  identlques.  Les 
cent  Jours  et  plus  qui  les  separalent,  Justlflalent  cette  decision. 
La  forme  retenue  fut  celle  du  test-entrevue.  Pour  demontrer 
I'eff Icaclte  de  I'envlronnement  ordlnateur,  II  s'averalt  necessalre 
de  construlre  un  test  en  utlllsant  de  verltables  objets,  et  non 
seulement  leurs  representations  sur  papier.  Le  test  collectlf  etalt 
done  exclu.  Chaque  entrevue  duralt  de  20  a  25  minutes. 
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COMPORTEMENTS  OBSERVES 

Un  des  buts  de  cette  recherche  eta  It  de  comprendre 
comment  les  eleves  arrlvent  a  (aire  des  cholx  et  quelle  est 
revolution  de  leurs  comportements  dans  le  developpement  des 
hablletes  perceptlves  concernees.  L'analyse  qualitative  a  porte 
sur  des  observations  recuelllles  lors  de  ('appropriation  par  les 
eleves  des  trols  loglciels:  LOGI,  LOG2  et  LOG3.  Les  observations 
recuelllles  furent  consignees  dans  un  journal  de  bord.  Les  eleves 
ont  pratlquement  toujours  travallle  en  equlpe  de  deux,  ce  qui  a 
permls  des  echanges  et  des  discussions  qui  se  sont  averes 
fructueux  pour  I'acqulsltlon  des  hablletes  perceptlves  Impllquees 
dans  ces  trols  loglciels. 

Lors  des  actlvltes  d'apprentlssage,  nous  avons  observe  un 
certain  nombre  de  comportements  developpes  par  les  eleves. 
C'est  I'evolul;  .»i  de  ces  comportements  qui  leur  ont  permls  de 
faire  des  cholx  de  plus  en  plus  ratlonnnels.  Les  strategies  de 
decision  se  sont  elaborees  au  fur  et  a  mesure  des  acquis  et  des 
experiences  vecus  avec  les  loglciels.  Nous  relatons,  a  partlr  de 
chacun  des  loglciels,  revolution  de  cette  prise  de  decision  falte 
par  les  e  I  eves. 

LOGI  (habllete  d'observatlon) 

Dans  un  premier  temps  les  eleves  cholslssaient  au 
hasard  afln  de  finlr  les  premiers.  Nous  sommes  revenus  a  la 
charge  a  deux  reprises  en  Inslstant  sur  le  fait  qu'lls  devalent 
falre  un  cholx  a  partlr  de  criteres  qu'lls  devalent  se  donner. 

Le  premier  crltere  cholsl  fut  I'ar  >irence  gfentrale  du 
soltde  Etait-ll  petit  ou  grand  p?  rapport  aux  autres, 
contenait-ll  une  forme  partlcullere  telle  un  cube,  une  pyramlde 
ou  un  prlsme  trlangulalre,  etc?  Ce  cholx  porte  sur  I'une  ou  I'autre 
des  figures  permettalt  une  elimination.  Le  ralsonnement  sulvant 
prenait  p'sce:  si  ce  nest  pas  celul-cl,  done  c'est  I'un  de  ces 
deux-la.  Alnsl,  par  deductions  successlves,  lis  arrlvalent  a  falre 
un  cholx  plus  Judlcleux.  II  demeure  que  ce  crltere  etalt  tres 
prlmltlf  et  qu'll  fut  la  cause  de  plusleurs  cholx  Infructueux. 
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L002  (habtlete  ^abstraction) 

Lorsque  les  eleves  ont  commence  a  travalller  avec  )e 
deuxieme  loglclel,  lis  ont  eu  tendance  a  utlllser  le  hasard  a 
nouveau,  mais  lis  se  sont  vlte  rendus  compte  des  dlfflcultes 
encoorues,  a  cause  de  la  frequence  des  mauvals  cholx.  Suite  a  des 
discussions  entre  eux,  et  plus  Interesses  a  falre  des  cholx 
corrects,  lis  se  sont  mis  a  analyser  les  polyedres  plus  en  detail, 
lis  se  sont  fixes  de  nouveaux  crl teres.  La  forme  des  faces  des 
solldes  represents  a  pris  de  l'lmportance.  Qu'll  s'aglsse  de 
triangles,  de  carres.  d'hexagones  ou  d'autres  figures.  Le  nombre 
de  faces  fut  aussl  cholsl  comme  crltere  addltlonnel.  Les  erreurs 
dans  le  cholx  du  sollde  approprle  se  sont  averees  plus  rares  et  le 
temps  de  decision  plus  long,  lalssant  plus  de  place  a  l'etude  de  ces 
solldes. 

LOG3    (hablletede  communication) 

A  ce  niveau  le  cholx  des  eleves  a  ete,  de  facon  generate, 
beaucoup  plus  deductlf  qu'aleatolre  ou  inductlf  comme  au  debut 
des  actlvltes.  Pour  chaque  probleme,  lis  ont  dlscrlmlne  a  partlr 
des  proprletes  des  polyedres  qui  leur  etalent  connues .  Le  nombre 
de  sommets  et  le  nombre  d'arttes  furent  des  crl  teres 
Importants  dans  lew  prise  de  decision.  Certalnes  regularites  dans 
la  structure  de  I'objet  telle  que  pour  le  rhomblcuboctaedre  ont 
aussl  servl  de  crltere  Dans  ce  logic  lei,  II  y  avalt  deux  media 
utilises:  la  definition  caracterlsant  fun  des  solldes  et  la 
representation  de  I'objet  a  l  alde  du  diagramme  de  Schlegel. 

A  ce  stade,  on  a  observe  une  etude  plus  fine,  de  la  part 
des  eleves.  Les  crlteres  de  discrimination  s'addltlonnent  et 
donnent  a  la  prise  de  decision  une  mellleur  Justification.  L'analyse 
qu  i  Is  font  des  objets  en  regard  des  premieres  actlvltes  ou  le 
hasard  Joualt  un  rdle  de  premier  rang,  denote  une  plus  grande 
comprehension  de  la  structure  des  objet  etudles.  Ces  types  de 
comportement  sont  les  resultats  d'une  plus  grande  appropriation 
des  hablletes  perceptlves.  II  est  a  noter  que  cette  typologle  des 
hablletes  perceptlves  est  hiearchisee. 

Ces  crlteres  developpes  par  les  eleves  eux  memes,  sont 
pergus,  lors  d'un  cholx  a  falre,  comme  etant  cumulatlfs.  Cest  la 
conjonctlon  d'un  ensemble  de  proprletes  qui  permet  de  prendre  une 
decision  plus  juste.  Ces  observations  nous  amenent  alnsi  au  coeur 
du  triplet  pensee  -  image  -  action. 
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OUELQUES  RESULT  ATS 

Les  performances  de  I'ensemble  des  sujets  au  pre-test 
ont  conflrme  la  hlerarchle  des  hablletes  impllquees  dans  la 
perception  des  formes  geometriques,  a  savolr  I'observatlon, 
Tatstractlon  et  la  communication,  correspondent  respectlvement 
aux  actlvltes  de  visualisation,  de  structuratlon  et  de 
transfiguration. 

Alors  qu'au  pre-test,  c'est  unlquement  au  niveau  de  la 
visualisation  que  les  sujets  du  groupe  contrdle  performalent 
slgnlflcatlvement  molns  que  ceux  du  groupe  experimental,  c'est 
precisement  de  nouveau  a  ce  seul  meme  niveau  que  ceux-la  ont 
augmente  leur  performance  moyenne  entre  les  deux  tests,  de  telle 
sorte  que  sans  aucun  entrapment,  lis  se  replacent  au  meme 
niveau  de  performance  que  les  sujets  du  groupe  experimental,  lors 
du  pre-test. 

Tant  qu'au  groupe  experimental,  ses  performances  ont 
augmente  signlflcatlvement  partout  (p  <  0,02)  et  se  dlstancent 
slgnlflcatlvement  de  celles  du  groupe  contrdle  egalement  partout 
(p  <  0  06)  Une  analyse  selon  le  sexe  revele  que  ce  sont  surtout  les 
garcons  du  groupe  experimental  qui  ont  contrlbue  a  Amelioration 
des  performances  de  ce  groupe  entre  les  deux  tests. 

Enftn  Tanalyse  des  correspondances  a  revele 
Timportance  des  trots  (3)  premieres  actlvltes,  quant  a  leur 
capaclte  de  dlscrlmlner  les  sujets  entre  eux,  eu  egard  a  leur  sexe 
(axe  I-  ftlles  et  observation  tactile  versus  garcons  et  observation 
visuelle)  ou  a  leur  performance  en  structuratlon  (axe  2:  dessln  en 
perspective  et  fatble  structuratlon  et  axe  3:  dessln  topologlque  et 
forte  structuratlon). 
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TRi  tincrs  or  ivanm  logo  on  ninth  grade  stumnts' 

WDOBTMiOINO  OF  OHMITRIC  RELATIONS 


Susan  Paalz  ScaI  !y 
ry  University 


Tht  literature  suggests  that  students  do  not  havt  tht 
necessary  prerequisite  experiences  ,t  tht  third  van  Hltlt 
level  -  that  of  geometric  rtlationahlpa  -  to  succeed  in 
-heir  formal  ax  omatic  atudy  of  ttnth  grade  geometry.  In 
this  projact  a  LOGO  Itarnlng  environment  waa  proposed  ae  a 
"*!!!!!.  ?lP?""!!,nB  th,8t  •*«»r'<">cta.    Tht  environment  waa 
estab llahed  and  lta  effects  analyztd  In  a  variety  of  ways. 
In  this  study,  students'  van  Hltlt  levels  of  geometric 
thought  war*  assessed  by  analyzing  transcrlpta  of  clinical 
interviews  using  a  pre-  post-  comparison  groups  design.  The 
paper  describes  the  angle  tasks  and  van  Hltlt  level 
descriptors  which  were  developed.    Results  Indicated  that 
there  were  few  between  groups  levels  differences  on  either 
the  pre-  or  post-Interviews.    When  the  Interviews  were 

f^**!*^  WlthiH  subJ«cts  «•»•«■  differences,  though,  the 
LOGO  atudents  evidenced  sore  galne  than  their  counterparta. 


RATIONALE 

The  van  Hltlt  model  of  geometric  thought  development  suggests 
that  prior  Informal  explorations  of  relationships  between  or  among 
geometric  properties  and  relations  are  necessary  for  students  to  be 
able  to  work  with  the  formal  deductive  geometry  encountered  In  high 
school.    The  standard  elementary  and  middle  school  geometry  curricula 
in  the  United  States  do  not  provide  adequate  experiences  that  foster 
students'  thinking  at  the  third  van  Hlele  level  -  that  of 
relationships. 

The  Turtle  geometry  of  LOGO  provides  a  learning  environment  that 
encourages  students  to  explore  and  thereby  acquire  understanding  of 
certain  geometric  relationships.    The  study  reported  here  Is  part  of  a 
larger  project  whose  overall  purpose  was  to  Investigate  the  effects  of 
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a  LOGO  learning  environment  on  ninth  grade  students'  understanding  of 
geometric  relationship*. 

A  course  In  Turtle  geometry  was  taught  to  one  ninth  grade  class 
each  semester  (sixteen  weeks  per  class)  In  two  urban  high  schools 
during  the  past  academic  year.     Approximately  20  students  enrolled  In 
each  class.    <A  more  complete  description  of  teacher  and  student 
characteristics,  and  of  the  LOGO  curriculum  may  be  found  In  Olive  1 
Lankenau,  elsewhere  In  these  proceedings.)    In  this  part  of  the 
project,  the  effects  of  the  course  on  students'  van  Hlele  levels  of 
reasoning  were  assessed  using  a  clinical  Interview  technique. 


Interview  Items  were  developed  for  the  topic  of  angles,  modeled 
on  those  developed  by  Burger  and  Shaughnessy  (1996)  for  triangles  and 
quadrilaterals.    At  the  beginning  and  end  of  each  semester,  one-to-one 
Interviews  of  approximately  50  minutes  length  were  administered  to  a 
sample  of  ninth  grade  LOGO  students  and  to  a  sample  of  similar 
atudents  who  had  not  had  the  LOGO  experience.    Student  responses  were 
audlotaped.  and  the  audiotapes  were  used  to  analyze  the  effects  of  the 
LOGO  course  on  students'  van  Hlele  levels  of  geometric  reasoning, 
rol low-up  Interviews  wl 1 1  be  conducted  when  the  students  complete 
their  tenth  grade  geometry  courses. 

final c  Taakq 

On  the  first  task  students  are  asked  to  draw  an  angle,  then 
another  that  Is  different,  and  another  that  Is  still  different  In  an 
attempt  to  discover  which  properties  of  the  angle  the  student 
Identifies  as  significant  and  to  explore  whether  the  student  believes 
the  number  of  possible  angles  to  be  limitless.    In  the  next  task  they 
are  asked  to  Identify  angles  In  two  contexts  (the  first  a  'real  life" 
drawing  of  a  building,  and  the  second  a  page  of  ■textbook"  drawings  of 
angles),  to  Justify  their  Identifications,  and  to  tell  what  they  would 
have  a  friend  look  for  to  make  similar  Identifications.    This  task 
explores  definitions  and  class  Inclusions.    In  the  third  task  students 
sort  cut  out  models  of  angles  and  explain  how  they  are  alike  or 
different  to  determine  the  properties  the  students  Identify  for  the 
angles.    Next  the  students  estimate  the  number  of  degrees  and  In  which 
direction  to  turn  an  arrow  In  order  to  alii  It  at  a  target  ball,  then 


DESIGN  OF  THE  STUDY 


537 


-  i»8  - 


are  asked  to  predict  the  degree  of  turn  In  tht  opposite  direction 
well.    This  task  explores  anwle  relations.    Aesiessint  of  students' 
understanding  of  angle  relations  continues  In  the  fifth  task  which 
explores  complementary,  supplementary,  and  congruent  angles.  The 
final  task,  which  asks  students  to  Justify  the  Interior  sua  of  the 
angles  In  a  triangle,  provides  an  opportunity  for  the  students  to 
generate  an  Informal  proof. 

Angle  Ihacrlptora 

Operational  1x1 ng  the  levels  for  the  angle  topic  was  a  necessary 
step  In  analysing  the  interviews.   That  endeavor  Involved  making 
decisions  both  about  the  nature  of  the  tasks  in  which  the  students 
were  engaged  and  about  the  characteristics  of  the  levels  themselves. 
Students  In  this  sample  were  not  expected  to  perform  at  the  fourth  or 
fifth  van  Hlete  levels,  therefore  only  the  first  three  were 
considered.    The  following  descriptors  of  student  behaviors  regarding 
angles  are  a  synthesis  of  the  Oregon  State  (Burger  1962)  and  Brooklyn 
College  (Fuys  I  Geddes,  1986>  descriptors  of  level  Indicators  and  of 
observations  of  student  behaviors  on  the  angle  tasks.    Where  the 
Oregon  State  and  Brooklyn  College  dtscrlptore  differed  slightly,  the 
Investigator  chose  to  match  angle  descriptors  to  the  Brooklyn  College 
descriptors  because  they  were  referenced  so  closely  to  translations  of 
the  van  Hleles'  writings. 

first  L.v.1 

In  general,  the  student  Identifies,  characterizes,  and  operates 
on  angles  according  to  their  appearance.    Specifically  the  student! 
1>  Draws  angles  Independently. 

2)  Identifies  angles  In  a  simple  drawing  or  more  complex  figure. 

3>  Karnes  or  labels  angles  and  uses  standard  and/or  non-standard 
names  appropriately. 

4>  Includes  Irrelevant  attributes  when  describing  angles. 

S>  Excludes  relevant  attributes  when  characterizing  angles,  such 
as  stralghtness. 

6>  Compares  and  sorts  angles  on  the  basis  of  their  appearance  as 
a  whole,  specifically  not  having  the  90  degree  referent  for  the 
sortings,  making  Inconsistent  sortings,  or  sorting  by  an  Inappropriate 
attribute. 
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?)  Pairs  congruent,  coapl Imentary,  and  supplementary  angles  on  a 
looks-like  basis. 

8)  Does  not  conceive  of  an  Infinite  number  of  angles. 

9)  Does  not  think  of  properties  as  characterizing  angles. 

10)  Does  not  make  generalizations  about  angles. 

jjennnri  Level 

In  general,  the  student  establishes  properties  of  angles  and  uses 
properties  to  solve  problems.    Specifically,  the  student: 

1)  Analyzes  and  compares  angles  In  terms  of  their  properties. 

2)  Identifies  and  tests  relationships  among  angles  within 
figures. 

3)  Recalls  and  uses  appropriate  vocabulary  for  relationships, 
such  as  corresponding  angles  are  congruent. 

4)  States  a  litany  of  properties  rather  than  determining 
necessary  and  sufficient  properties  when  describing  angles. 

5)  Is  able  to  decentrate  when  trying  to  decide  whether  to  turn  a 
spinner  to  the  left  or  right  to  aim  at  a  target  ball  In  a  task  to 
estimate  turning  angle.    (Whether  a  student  can  orient  turning 
relative  to  a  spinner's  position  or  whether  the  student  orients 
turning  relative  to  his  or  her  own  body's  position  Is  called  the 
ability  to  decentrate.) 

6)  Accurately  estimates  angle  measure  by  using  known  properties 
<such  as  right  angles  measure  90  degrees)  or  by  Insightful  approaches. 

?)  Formulates  and  uses  generalizations  about  properties  of  angles 
in  problem  solving  situations  and  uses  related  language  (all,  every, 
none)  but  a)  does  not  explain  how  properties  are  Interrelated,  b)  does 
not  use  formal  textbook  definitions,  c)  does  not  explain  subclass 
relations,  d)  does  not  see  a  need  for  logical  explanations  of  such 
generalizations  and  does  not  use  language  related  to  explanations 
< If-then). 

Th|rd  Level 

In  general  the  student  formulates  and  uses  definitions,  gives 
Informal  arguments  that  order  previously  discovered  properties,  and 
follows  and  gives  deductive  arguments.    Specifically  the  student: 

1)  Identifies  necessary  and  sufficient  properties  that 
characterize  angles. 
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2)  Formulates  and  uses  complete  definitions,  a)  explicitly 
referring  to  them,  b)  accepting  equivalent  forms  of  definitions,  and 
O  Immediately  accepting  definitions  of  new  concepts. 

3)  Explicitly  describes  relationships  between  properties, 
Including  sub-class  relations. 

4)  Presents  an  Informal  argument  or  Informal  proof,  Justifying 
the  conclusion  using  logical  relationships,  a)  orders  properties,  b) 
Interrelates  several  properties,  and  discovers  new  properties  by 
deduction. 

5)  Recognizes  the  rote  of  deductive  argument  and  approaches 
problems  In  a  deductive  manner. 

6>  explicitly  uses  'If*,  'then'  statements. 

7)  Forms  correct  Informal  deductive  arguments  (implicitly  using 
such  logical  forms  as  the  chain  rule  and  modus  ponens),  but  a)  does 
not  grasp  the  meaning  of  deduction  In  an  axiomatic  sense,  b)  does  not 
formally  distinguish  between  a  statement  and  Its  converse,  and  c) 
confuses  the  roles  of  axiom  and  theorem. 


For  each  Individual's  pre-  and  post- Interview  a  matrix  was 
completed  Indicating  incidence  of  occurrence  of  each  van  Hlele  level 
descriptor  on  each  angle  task.    Student  movement,  either  within  or 
between  levels  was  then  documented  by  comparing  the  analyses  of  the 
two  Interviews.    Two  typee  of  movement  were  documented)    gain,  and 
moderate  gain. 

Movement  was  Judged  to  be  a  gain  from  pre-  to  post-Interview  when 
progress  was  documented  between  levels,  or  within  levels  when  the 
student  provided  more  correct  answers  on  several  questions  within  a 
given  task.    Gain  also  occurred  within  levels  when  a  student  employed 
a  new  strategy  successfully  In  a  problem  solving  situation,  or 
provided  several  Instances  of  Increased  accurate  use  of  vocabulary. 

Moderate  gain  was  noted  when  a  student  engaged  a  task,  perhaps 
with  limited  success,  that  s/he  was  unable  to  engage  on  the  first 
Interview,  or  when  s/he  employed  a  previously  used  strategy  more 
successfully  on  the  post-Interview.    Gain  was  also  considered  moderate 
when  the  student  provided  more  correct  answers  on  only  a  few  questions 
within  a  given  task,  or  when  answers  to  questions  were  not 
substantively  different  from  the  pre- Interview,  but  were  provided  more 
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efficiently  and  confidently  on  the  post- Interview.  Occasional 
Instance*  of  Increased  vocabulary  were  considered  moderate  gains. 

As  will  h«ppen  In  field  research.  |J1  of  the  first  semester 
comparison  students  who  were  Interviewed  enrolled  In  LOGO  during  the 
second  semester.    For  the  purposes  of  the  longitudinal  study,  then, 
there  »re  no  first  semester  comparison  students.    Results  of  the 
analyses  of  the  second  semester  students'  Interviews  are  reported 
below. 


RESULTS 


Incidence  of  gain  on  van  Hlele  assessment  of  angle  tasks  by  student. 
Notei  <  symbol  means  angle.  L  refers  to  LOGO,  and  C  to  comparison. 


I  1 

I 
I 


IStudMt  I  Tmt  1  I  Ttafc  2  I  Tnk  3    I  ft*  4  I  Te*  5  I^T**k  6^1  ToUle^ 

I  Drw<  lloHUfj  <  I  Sort  <    l<  *****  l<  fclitlca  l<   

ill!  |  I  I    Gill  I  I  *>o»f«t«  • 

112  I  Gill  I  I  Gill     I    Gill  I    G*1b  I  fceeriti  I 

113  I  Gill  I  I  Gill     I  todtrite  I  fecerite  I  fceerit*  I 

114  I  Gill  I  Rodent*  I  I    Gill  I  BodtriU  I 

115  1  1  Moderate  I  I  fcderit*  I  federttt  I  I 
I  16    I  ■oderate  I  I            I    Gill  I  I  Hodtrttt  I 


ISubtoUH  4  (1  iod)  I  2  (2  tod)  I      2  I  6  (2  iod)  I  4  (3  md)  I  4  (4  tad)  122  (12  tad) 

,  ,  1  1  1  1  1  1  

I  CI    I  Underlie  I  I  '  I  tadtrit*  I 

I  C  2    I  I  I  "  '      ,  ! 

I  C3    I  1  I  1  I    Gill     I  I 

I  C  4    I  tadtrit*  I  I  fcderit*  III] 

ICS    I    Gill  I  tomtit*  I  fcderit*  I  iidirit*  I  fcderit*  I 

I  C  6    I  HodtriU  I  I  I   j  j  

jSuMottll  3  <2  sod)  I  2  (2  tad)  I  2  (2  ted)  I  1  (1  sod)  I  3  (1  tad)  I  1  (1  tod)  112  (9  tod) 
Discussion 

The  results  of  this  study  are  descriptive.    When  the  Interviews 
were  analyzed  for  between  groups  performance  on  van  Hlele  levels, 
there  appeared  to  be  no  differences  In  level  perfortiance  on  either 
measure  for  the  LOGO  and  Comparison  students.    The  vast  uajorlty  of 
student  responses  on  both  pre-  and  post- Interviews  were  at  the  first 
and  second  van  Hlele  levels.    Only  two  students,  one  LOGO  and  one 
Comparison,  *vldenced  third  level  behaviors.    Within  subjects  changes 
in  level  performance  were  then  analyzed  for  evidence  of  treatment 


o 

ERIC 


51.1 


-  52  - 


effects  (see  table).    Across  tasks  the  LOGO  students  evidenced  22 
gains,  12  of  then  moderate.    The  Comparlwjn  students  evidenced  12 
gains,  9  of  then  moderate.    Both  qualitatively  and  quantitatively, 
then,  the  LOGO  students  evidenced  more  gains  overall.    Within  task 
differences  In  favor  of  the  LOGO  students  were  noted  for  task  4,  angle 
measure,  task  5,  angle  relations,  and  task  6,  angle  deduction.  These 
tasks  are  closely  related  to  topics  In  the  LOGO  curriculum,  which 
focused  on  geometric  relationships.    The  purpose  of  the  overall 
Project  Is  to  assess  whether  experience  In  a  LOGO  learning  environment 
enhances  students'  understanding  of  geometric  relations.    In  this 
study,  qualitative  analyses  of  van  Hlele  levels  for  this  sample  of 
students  indicates  that  It  very  well  may.    Further  analyses  are 
planned,  along  with  follow-up  Interviews  when  the  students  complete 
their  tenth  grade  geometry  studies. 

By  characterizing  the  van  Hlele  levels  for  the  topic  of  angles 
the  work  has  served  to  further  operational Ize  the  levels.    Given  that 
there  Is  a  student  need  to  understand  geometric  relationships  prior  to 
undertaking  high  school  geometry  courses,  the  van  Hlele  model  and 
Interview  instrument  developed  In  this  Project  may  assist  educators  In 
assessing  such  understanding.    The  application  of  the  model  to  assess 
the  Impact  of  a  LOGO  experience  should  not  only  enhance  understanding 
of  students'  thought  processes  In  geometry  but  also  provide  necassary 
information  about  Improving  educational  methods  of  promoting  such 
understanding. 
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EFFECTIVE  PROBLEM  POSINC  IN  AN  INQUIRY  ENVIRONMENT: 
A  CASE  STUDY  USING  THE  CEOtlETRIC  SUPPOSER 

Mlchal  Yerushalmy,  Daniel  Chazan 
Education  Development  Center v  Inc. 
Educational  Technology  Center,  Harvard  Graduate  School  of  Education 


The  paper  cloiely  examines  three  considerations  which  must 
be  taken  into  account  in  posing  problems  for  use  with  the 
CEOHETRIC  SUPPOSER  in  high  school  geometry  classrooms:  the 
kind  and  size  of  task,  the  amount  of  process  Instructions 
and  the  nature  of  the  specification  of  the  construction. 
The  discussion  is  based  on  the  work  of  three  high  school 
classes  during  1985-86  where  geometry  was  taught  in  a  guided 
Inquiry  approach  aided  by  technology.    In  the  conclusion, 
the  issue  of  atudents'  geometric  knowledge  is  also 
discussed. 


INTRODUCTION 


For  the  past  four  years,  members  of  our  group  have  taught  high  school 
geometry  courses  with  the  aid  of  the  CEOHETRIC  SUPPOSER,  a  microcomputer 
program.    Ue  characterize  our  approach  to  teaching  geometry  with  the 
SUPPOSER  as  "guided  Inquiry"  to  distinguish  it  both  from  traditional 
instruction  that  relies  on  lectures  and  from  "discovery-oriented" 
teaching. 

As  in  traditional  teaching,  our  approach  includes  class  sessions 
during  which  a  teacher  introduces  new  material.    However,  we  also  use 
lab  periods  and  class  discussion  periods  where  students  must  take  a  more 
active,  role  in  their  learning.    During  a  lab  period  students  are  given  a 
task  to  work  on,  usually  in  pairs.    Discussion  periods  are  devoted  to 
sharing  data,  conjectures,  and  supporting  arguments  that  students 
generated  in  response  to  the  lab  task.    Unlike  a  "discovery" 
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approach,  students  In  our  classes  are  not  expected  to  generate  all  of 
the  theorem  that  they  will  use  during  the  year.    They  are  given 
theorems  and  gain  understanding  by  applying  their  knowledge  of  these 
theorens  to  the  lab  tasks. 

»e  quickly  realised  that  the  tasks  posed  to  students  In  the  lab  are 
the  main  engine  of  the  learning  process  In  this  type  of  approach. 
Therefore,  „e  spent  a  lot  of  time  designing  »8ood"  problems,     m  the 
course  of  writing  these  problems.  M  developed  a  set  of  principles  which 
are  delicately  poised  between  guidance  and  student  Inquiry.  For 
example,  we  concluded  that  the  Cask  should  be  rich  and  should  yield  more 
than  a  single,  easily  defined  answer.    It  should  not  aks  a  student  to 
rephrase  or  prove  a  given  assertion.    We  also  concluded  that  the 
Instructions  should  be  explicit  without  providing  swp-by-step 
directions  and  should  auggest  mechanic,  for  org.nlxing  and  summarizing 
results. 

To  write  this  paper,  v*  stood  bsck  from  creating  problems,  analysed 
the  sctlvltles  thst  we  u.,d,  and  drew  conclusions  about  the  types  of 
problems  that  have  been  most  useful  and  effective  In  conjunction  with 
the  SUPPOSER.    Thlc  analysis  was  baaed  on  problem,  used  by  three  high 
school  geometry  teacher,  during  1985-86,  collected  student  work  and 
classrooa  obicrvatlons. 

Since  the  goal  of  analyzing  our  experience,  with  posing  problems  was 
very  large.  In  the  .plrlt  of  Induction.  ,«  first  limited  our  analyst,  to 
on.  type  of  SUPPOSER  problem- con.tructlon  problem,  or  problem,  who.e 
endproduct  1.  a  con.tructlon.    A.  a  result  of    the  analysis  of 
construction  problems.  „e  Identified  three  Important  Issue.  In  posing 
problems:    kind  and  slxe  of  task,  the  nature  of  the  process 
instructions,  and  the  way  In  which  the  construction  Is  specified.  We 
then  sharpened  our  understanding  of  these  three  Issues  in  light  of  our 
experiences  with  non-Construction  problems.    In  this  paper,  we  uae  these 
three  Issues  a.  a  framework  to  present  ob.erv.tions  about  .tudents' 
regpon.es  to  both  con.tructlon  and  non-con.truction  problems. 


OBSERVATIONS 


1.    KIND  AND  "SIZE"  OF  TASK 
There  are  different  types  of  problems  that  can  be  posed  In  a  SUPPOSER 
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environment .    One  way  to  categorize  problem  li  to  group  them  by  their 
endproducta.    There  are  problems  that  ask  for  c  specific  construction, 
others  request  a  solution  to  a  construction  prob.Vem  that  will  work.  In 
many  cases,  still  others  request  conjectures,  w.      •  a  fourth  type  of 
problem  focuses  on  the  presentation  of  sn  argument  or  a  proof. 

Some  of  these  kinds  of  tasks  are  mora  difficult  than  others.  To 
illustrate,  let  us  consider  two  types  of  construction  problems:  those 
that  require  an  example  of  a  construction  and  r.ho»e  that  demand  a 
general  method. 

A  construction  problem  that  requires  only  the  construction  of  one 
example  Is  much  easier  than  a  problem  that  requires  a  construction  that 
oust  work  on  a  whole  set  of  figures.    No  conjecture  Is  neceessry.  After 
doing  the  construction  and  checking  that  It  works,  one  can  be  sure  that 
the  problem  Is  solved.    One  doesn't  have  to  try  It  on  other  figures  or 
make  an  hypothesis.    By  contrast,  a  problem  that  calls  for  a  general 
method  requires  a  leap  of  faith  or  a  proof  In  order  to  be  convincing. 

Another  Illustration  of  the  differences  between  tasks  comes  from 
comparing  construction  problems  and  conjecture  problems.  Students 
seemed  Co  enjoy  the  construction  problems  more  than  other  types  of 
problems.    They  worked  hard  and  generated  many  good  methods  of  solution. 
In  addition,  they  used  both  Inductive  (e.g.  trial  and  error)  and 
deductive  techniques  (e.g.  making  use  of  knowledge    of  geometric 
theorems  In  deciding  what  constructions  to  try)  more  often  when  doing 
construction  problems. 

A  second  way  to  categorize  tasks  Is  to  examine  the  role  that  the 
teacher  assigns  to  the  problem  In  the  clasaroom.    There  are  at  least 
three  different  roles  that  a  problem  can  play. 

First,  a  teacher  may  want  to  have  the  students  discover  the  theorems, 
postulates  and  definitions  of  geometry.    Second,  a    problem  can  be  used 
to  allow  students  to  become  familiar  with    a  given  field  of  inquiry— a 
set  of  definitions  or  a  particular  construction— before  the  teacher 
teaches  the  material.  A  third    way  to  use  a  problem  is  to  pose  problems 
that  require  students  to  apply  concepts  they  have  already  learned  to  a 
new  construction.    These  three  approaches  differ  In  the  emphasis  that  Is 
attached  to  specific  conjectures.    In  Bone  cases,  the  conjecture  Is 
Important  in  and  of  itself,  while  in  others  It    Is  not. 

In  addition  to  type  of  task,  the  size  of  the  task  may  also  effect 
student  performance.    First,  sorae  clarification  of  "size"  Is  In  order. 
A  problem  la  a  small  one  If  It  cannot  be  explored  In  a  variety  of 
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direction,  or  approach*.,  does  not  have  many  part.,  and  doe.  not  d...nd 
a  lot  of  work  frosi  stud.nts. 

One  type  of  l.rge  problem  requires  the  full  range  of  Inquiry 
actlvltU..    Thl.  type  of  problem  calls  for  a  student  to  derive  general 
Idea,  from  empirical  experience  and  then  to  con.truct  formal  proof,  of 
those  Idea..     In  gener.l,  .tudent.  did  not  have  difficulties  with  this 
kind  of  l.rge  problaa. 

However,  there  was  another  type  of  l.rge  problem  that  did  present  an 
obstacle.    Small  problem.  may  become  large  ones  if  after  examining  the 
small  problem  one  changes  fe.ture.  of  the  problem:  replace,  an  altitude 
with  an  angle  bl.eetor  or  a  median,  generalizes  from  one  type  of 
triangle  to  other  type,  of  triangles,  gener.llzes  from  triangle,  to 
other  polygon.,  or  generalize,  from  two  dimensional  sh.pe.  to  three, 
four,  or  n  dimensional  ah.pe..    In  our  Inquiry  approach  with  the 
RUPPOSER,  It  1.  important  to  change  the  nature  of  the  problem,  to  ask 
"What  If  not?"  que.tlon..    However,  changing  .  problem  In  this  way  Is 
not  u.u.lly  con.ldered  appropriate  In  school  settings.    Not  suprl.lngly, 
student,  did  not  usually  ch.nge  the  given  problem. 
2.     PROCESS  INSTRUCTIONS 

On  occa.lon,  the  te.chera  we  worked  with  thl.  year  felt  that  the 
problem,  we  had  developed  were  both  too  large  and  too  vague.    They  used 
proce..  Induction,  to  clarify  the  ta.k.  and  to  break  the  problem  Into 
manageable  part.. 

We  dl.tlngulsh  between  two  type,  of  proce..  ln.tructlons ,  those  which 
define  the  ta.k  at  hand  and  tho.e  which  break  down  the  Inquiry  process 
into  separate  activities.    This  second  type  of  Instruction  provides 
guidance  for  students  whose  Inquiry  skills  are  not  polished. 

Different  types  of  tasks  require  different  kinds  of  clarification  and 
specification.     In  a  dlacovery  task,  where  the  teacher  wants  students  to 
discover  particular  relationships,  it  Is  Important  to  Indicate  which 
relationships  are  under  scrutiny.     In  exploration  type  tasks,  this  kind 
of  specification  of  relationships  may  be  less  necessary.    The  curriculum 
does  not  hinge  on  the  discovery  of  a  particular  relationship. 

Teachers  also  wanted  to  aid  students  whose  Inquiry  skills  were  not 
strong.    We  had  assumed  that  this  type  of  Instructions  would  be 
unnecessary  because  they  would  become  "second  nature"  to  students. 
However,  this  year's  work  with  low  ability  students  Indicates  thot  these 
kinds  of  Instructions  are  Important  throughout  the  year.  Explicit 
process  Instructions  seem  to  be  especially  Important  when  students  must 
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Isolate  one  variable  at  a  time. 

It  Is  difficult  to  know  How  much  assistance  Is  appropriate;  too  much 
aid  can  be  constricting.    One  student  commented  In  a  derogatory  tone: 

On  the  worksheets  the  problem  Is    ,11  mapped  out  for  you.  The 
problem  that  they  Just  gave  us,  y  u  have  to  find  the  solution 
and  find  the  work.    They  give  you  step  by  step,  nusiber  one, 
number  two,  number  three. 
We  tried  »any  strategies  for  giving  aid.    One  strategy  used  by  some 
teachers  this  year  that  we  would  not  recommend  Is  to  Include  tables  and 
charts  as  part  of  the  problem.    Teachers  usad  the  column  titles  as  the 
Instructions  to  guide  the  discovery  process  and  to  Indicate  the  subject 
of  the  expected  conjectures.    We  do  not  argue  that  tables  should  never 
be  used  In  the  Inquiry  process.    They  are  appropriate  tools  for  students 
to  use  after  they  have  determined  what  measurements  are  to  be  made  or 
organized  In  the  chart. 

Below  Is  an  example  of  a  set  of  Instructions  that  tries  to  strike  the 
correct  balance.    These  instructions  accompanied  a  large  problem. 

...Hake  a  brief  restatement  of  what  the  problem  asks  for. 
Make  an  outline  of  the  steps  you  think  necessary  to  explore 
and  solve  your  problem. 

You  will  collect,  examine  and  study  the  data  you  think  will 
help  you  to  make  conjectures  about  the  relationships  In  the 
problem... 

A  conjecture  sheet  will  be  due... 

The  last  segment  of  your  project  Is  Co  prove  "formally"  as 
many  of  your  conjectures  as  possible,  but  no  fewer  than 
three... 

These  Instructions  seem  general  enough  that  they  cculd  be  uaed  with  many 
problems.    They  get  students  to  step  through  a  model  of  the  kind  of 
Inquiry  desired  by  the  teacher.    Such  directions  do  not  restrict 
students  who  no  longer  need  this  type  of  organization,  yet  they  are 
helpful  to  others  who  muy  need  them. 
3.     SPECIFYING  THE  CONSTRUCTION 

In  some  problerau,  a  construction  Is  the  endproduct  of  the  Inquiry;  In 
others,  It  determines  the  situation  which  will  be  examined.     In  either 
case,  a  construction  must  be  specified. 

Analysis  of  this  year's  work  suggests  that  these  specifications  should 
be  couched  In  a  general  form.    It  Is  an  Interesting  finding  in  light  of 
the  traditional  focus  in  geometry  courses  on  conceptual,  general 
terminology  (e.g.  exterior  angles)  as  opposed  to  labels  which  are 
specific  to  a  diagram  (angle  BCD).    The  expectation  In  a  traditional 
class  Is  that  students  will  translate  from  the  conceptual  terminology 
Into  properties  of  a  given  figure  In  terms  of  Its  labels  and  back  again. 
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Using  the  SUPPOSES?,  we  have  the  same  expectations. 

Since  the  specifications,  of  the    .instruction  should  be  g*  «Ma.l  ones, 
diagrams  can  be  problematic.    In  most  cases,  a  diagram's  role  tn  a 
problem  Is  to  simplify,    minimize,  or  clarify  wrlrren  Information.  The 
figure  la  a  font    of  shorthand,  providing  Information  succ    ,c:ly.  In 
such  cases,     the  diagram  acts  as  a  model,  not  as  a  specif!  .  eitlty.  It 
has    a  reference  field  that  Is  larger  than  Itself,    llowevc   ,        Is  not 
possible  to  produce  a  'global'  or  universally  valid  plctu  !.      There  Is 
always  the  risk  that  a  certain  facet  of  the    Infinitely  in.  :.y 
characteristics  of  the  picture  will  be  Identified  by  the  solver  as  a 
special  property. 

Part  of  the  ratlonalu  behind  the  SUPPOSER  was  to  provide  a  too),  chat 
could  help  students  understand  that  a  picture  Is  a  specla'.  case  o.r.d  that 
examining  one  picture  Is  part  of  a  larger  process  that  Includes  viewing 
many  special  cases  and  not  one  static  example.    Thus,  sln«;e  the  S'^POSER 
makes  examples  easy  to  create,  work  with  the  program  should  stresu  the 
Importance  of  examples  and  at  the  same  time  should  mlnimlre  the 
importance  of  any  single  example. 

It  la  Important  to  note  that  the  diagrams  that  we  provide  with  a 
problem  are  very  different  In  character  from  those  that  students  ma.te  on 
their  papers  after  copying  from  their  screens.    Our  diagrams  are  single 
instances  of  a  set  of  possible  diagrams  which  represent  the  whole  set. 
By  contrast,  otudents'  diagrams  are  specific  cases  which  only  represent 
themselves.    A  different  word  for  each  kind  of  diagram  is  appropriate. 

In  our  classroom  observations,  we  noted  that  students  had  difficulty 
developing  un  understanding  of  the  representative  nature  of  diagrams. 
One  suggestion  for  aiding  this  understanding  Is  to  qualify  every  diagram 
that  accompunleu  a  problem  by  saying:    "Your  construction  should  look 
something  like  tills." 

A  second  observation  about  the  specification  of  the  construction  Is 
that  It  varies  In  expllctness  according  to  the  type  of  problem. 
Construction  problems  are  different,  from  conjecture  problems.  Since 
constructions  are  the  "given"  in  a  conjecture  problem  and  the  task  Is  to 
generate  assertions  about  the  construction,  the  construction  can  be 
specified  In  a  direct  manner  without  compromising  the  task. 

In  contrast,  the  construction  In  a  construction  problem  must  be 
described  In  a  general  way,  In  formal  language  that  will  appropriately 
describe  all  possible  solutions.    Giving  the  construction  in  a  step-by- 
step  manner  will  provide  the  students  with  the  solution  to  the  problem. 
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CONCLUSION 


In  addition  to  the  three  considerations  that  we  hsve  already  examined, 
there  Is  at  least  one  other  factor  that  should  be  taken  Into  account. 
The  amount  of  geometric  knowledge  students  have  Is  crucial  to 
understanding  their  response  to  a  problem.    We  have  observed  students 
growth  over  the  course  of  the  year  both  In  geometric    knowledge  and  In 
comfort  with  geometric  Inquiry  using  the  SUPPOSES.    This  comfort  has 
both  a  technical  aspect  (I.e.  how  do  I  use  the  program?)  and  a  more 
abstract  aspect  (i.e.  how  does  Inquiry  work  In  this  field?).  This  is  an 
important  issue,  but  It  is  difficult  to  Investigate  since  one  cannot 
usually  give  the  same  problems  to  beginning  students  and  to  students  who 
have  had  Instruction  In  geometry. 

This  evolution  on  the  part  of  students  can  be  illustrated  by  the 
change  In  students'  relationship  to  diagrams.    In  the  beginning  of  the 
year,  students  treat  diagrams  that  are  supposed  to  serve  as  models  as  If 
they  are  examples.    This  mistake  disappears  later  In  the  year.  Progress 
is  slso  evident  in  students'  approach  to  a  problem.    We  believe  that 
students  attack  a  problem  by  developing  an  initial  conjecture  and  by 
refining  that  conjecture  in  the  light  of  further  experience.    How  does 
one  develop  an  Initial  conjecture?    When  students  have  little  geometric 
knowledge,  conjectures  are  likely  to  be  a  hit  or  miss  affair.  As  the 
year  progreeses,  students  derive  their  first  conjectures  from  their 
geometric  knowledge  and  then  use  the  SUPPOSEK  to  elaborate  and  verify 
their  conjecture*. 
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GEOMETRY  AND  THE  COMPUTER  ENVIRONMENT 

Celia  Hoy  les 
University  of  London  Institute  of  Education 
20  Bedford  Way,  LONDON  WC IH  OAL 


In  acting  as  respondent  to  a  grouped  set  of  papers  on  Geometry  and  Computer 
Environment,  I  will  try  to  bring  the  reported  research  Into  perspective  and 
suggest  directions  for  future  work.  I  wish  however  at  the  outset  to 
acknowledge  the  difficulties  I  have  faced  In  undertaking  this  task.  Firstly, 
several  or  the  papers  are  in  French  and,  although  my  competence  In  this 
language  Is  reasonable,  I  have  had  difficulty  in  understanding  some  of  the 
more  complex  arguments.  Secondly,  some  of  the  software  forming  the  basis 
of  the  research  projects  Is  not  familiar  to  me.  I  have  therefore  been  forced 
to  rely  solely  on  the  written  descriptions  as  a  means  of  grasping  its 
structure  which  Is  not  altogether  satisfactory.  Thirdly,  I  have  had  very  little 
time  to  both  absorb  and  reflect  upon  the  findings. 

In  order  to  begin  to  think  about  the  area  of  geometry  and  computer 
environment  It  seemed  sensible  to  first  consider  what  geometry  actually  Is. 
Bishop,  1983,  proposed  the  following  definition: 

"Geometry  Is  the  mathematics  of  space,  and  mathematicians  approach  space  differently  to 
artists,  designers,  geographers,  or  architects.  They  search  for  mathematical  Interpretations  of 
space.  Mathematics  educators,  therefore,  are  concerned  with  helping  pupils  gain  knowledge  and 
skills  In  the  mathematical  Interpretations  of  space.  Depending  on  many  factors,  such  as  one's 
philosophy  of  mathematics  education,  geometry  education  can  range  from  learning 
well-established  geometries,  such  as  Euclidean  or  more  modern  transformation  geometry,  to 
developing  the  pupil's  own  geometrical  Ideas"  ( Bishop  1 983  p.  1 75). 

Bishop  goes  on  to  contrast  two  approaches  to  geometry;  one  w 
emphasises  "other  peoples  Investigations"  (for  example  learning  theorems) 
and  the  other  which  starts  from  "actual  mathematlslng  of  space  by  pupils 
involving  —  experimentation  with  materials  and  representations, 
classifying,  defining,  and  analysing  why  certain  relationships  occur"  (Bishop 
1 983  p.  1 75). 

There  would  appear  to  be  many  research  avenues  still  to  explore.  We  are  still 
relatively  Ignorant  about  the  learning  of  spatial  and  geometric  Ideas  In 
general,  as  pointed  out  by  Bishop,  and  even  more  Ignorant  as  to  the  Influence 
the  computer  might  have  on  such  learning.  There  Is  enormous  potential  here 
for  mathematics  education  research  -  the  computer,  perhaps  uniquely,  allows 
children  to  construct  graphical  representations,  see  the  result  of  their 
constructions,  manipulate  and  change  them  and  use  them  in  more 
sophisticated  designs.  The  research  described  gives  us  valuable  Insights  into 
this  potential.  I  would  like  to  distinguish  three  broad  research  themes:- 
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[.  Research  which  explores  the  development  of  children's  understandings  of 
geometrical  and  spatial  meanings  and  how  progression  (for  example,  from 
global Ity  to  Increased  differentiation)  might  be  affected  by  computer 
"treatments". 


II.  Research  which  Investigates  the  "training"  influence  of  computer 
environments  on  different  spatial  abilities  for  example,  on  the  two 
ability  constructs  distinguished  by  Bishop  (1983):- 

"1  The  ability  for  interpreting  ftgural  information  (IFI).  This  ability  involves 
understanding  the  visual  representations  and  spatial  vocabulary  used  In  geometric  work, 
graphs,  charts,  and  diagrams  of  all  types.  Mathematics  abounds  with  such  forms  and  II 
concerns  the  readtng,  understanding,  and  interpreting  of  such  information.  It  isanabillty 
of  content  and  of  context,  and  relates  particularly  to  the  form  of  the  stimulus  material. 
2.  The  ability  for  visual  processing  (VP).  This  ability  involves  visualization  and  the 
translation  of  abstract  relationships  end  nonfigural  information  into  visual  terms.  It  also 
includes  the  manipulation  and  transformation  of  visual  representations  and  visual 
imager/.  It  is  en  ability  of  process,  and  does  not  relate  to  the  form  of  the  stimulus 
material  presented. "(p!84). 

Ill  Research  which  takes  as  a  starting  point  the  design  of  geometric 
computer-based  situations  which  confront  the  students  with  specific 
•obstacles"  and  seeks  to  Identify  student/ computer  strategies,  the 
meanings  students  construct  and  how  these  meanings  relate  to  the 
representations  made  available  by  the  computer  "tools".  Such  research 
more  or  less  explicitly  uses  the  computer  to  create  didactical  tools  to 
facilitate  the  acquisition  of  specific  mathematical  conceptions  or 
understandings. 

The  papers  grouped  within  the  topic  area  Geometry  and  Computer  Environment 
appear  to  fall  within  the  research  themes  II  and  III  above  and  it  would  seem 
appropriate  therefore  to  consider  together  the  papers  within  each  of  these 
separate  themes,  in  theme  II.  I  would  suggest  there  are  three  papers:  J.  Olive 
and  c.  A.  Lankenau,  Tlr»  Fffmts  of  Lnno-Basfifl  Learnlnn  Fynftrlmces  on 
snirtpnts-  Non-vprha.1  fngnttive  Abilities:  s.  Scaiiy,  Thf»  Fffflr.ts  of  Learning 

innn  nn  Ninth   Orate    student?  llnriPrstandlng   Of  (iPOmRtrlr,  Relations; 
and  R  Pallasclo  and  r  Allaire,  LesZtMjkfci  Pprrftntlves  tfOblets 
Pniyedrtoues.  I  will  briefly  summarise  them  below: 

Olive  and  Lankenau  Investigated  the  effects  of  a  Logo  environment  on  four 
subtests  from  the  Cognitive  Abilities  Test  -  the  Figure  Classification 
Subtest  the  Figure  Analogies  Subtest,  the  Figure  Analysis  Subtest  and  the 
Equation  Building  Subtest.  They  found  after  using  analysis  of  covarlance  to 
compare  performance  between  Logo  and  Comparison  groups  that  the  Logo 
groups  tended  to  achieve  higher  scores  on  these  tests,  a  finding  which  was 
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more  marked  h  the  first  two  tests  mentioned  above.  They  also  pointed  to  a 
developmental  effect  and  the  importance  of  the  teacher's  "Suction* 

nTaiT A"?  f^T'  m°*** "   Scal1^  us,"9  a  clinical 

pre  and  post  tests  Investigated  how  the  Logo  environment  rn^ght  provide 

JZZ'T  T  th'rd  V3n  H,elC  ,CVel  •  that  of  9eometric  relatlonsh  p  n 
deductive  structure.   Her  work  involved  the  operatlonallslng  of  van  Hlele 

m  h  P'C  °f  angle  33  3  bas,s  for  the  analVsls  of  student  Interviews 

which  took  place  before  and  after  a  Logo  experience  lasting  over  a  semester 
Her  work  suggests  that  both  qualitatively  and  quantitatively  the  Logo 
students  evidenced  more  overall  gains.  Pallasclo  and  Allaire  developed 
so  ware  In  order  to  represent  and  manipulate  3-D  objects  on  the  screen.  The 
software  used  was  Logo,  the  rationale  being  the  extensibility  of  the  Loqo 
language.  The  research  aimed  to  develop  the  abilities  of  observation 
abstraction  and  communication  by  means  of  visualisation  activities' 
structuratlon  activities  and  transfiguration  activities  respectively  Pre  and 
post  tests  were  used  and  the  results  Indicated  that  there  was  an  Improvement 
in  visualisation  In  the  experimental  group  but  that  It  was  the  boys  In  this 
group  who  seemed  to  account  for  the  differences  observed. 

In  theme  III,  |  would  suggest  the  following  papers  can  be  grouped:  D  Chazan 
Similarity;  Unraveling  <\  Conceptual  Knot  with  the  am  nf  Technology' 
E.  Gallou-Dumiel,  IDioreme  de  Thales  et  Mirrn-nrn-|natnr  c  Hoyles  and 
R.  Noss  3fig]flfl_What  flatters;  Oevelonlnn  an  Understanding,  of  the  ConrPnt  nf 
EaxaJlelogram  through  a  lono  Mlcrownrlrf  c.  Janvier  and  M.  Garancon 
Understanding  Feedback.  Systems,  I.  osta,  uoutn  informant  Pt' 
i  tnselgnement,  de  al  fiffometrie  dans  I'ftspacej  and  n  Yerushaimy  and  d 
Cnaza"-  Effective  ProMem  Posing  In  an  inquiry  Fnvimnment:  a  rase  study 
.  "Sing  the  Geometric  Swnosgr.  Each  paper  Identified  specific  pupil  strategies 
which  relate  closely  to  the  software  used  and  the  mathematics  modelled  so 
cannot  be  summarised  In  any  general  way.  I  have  however  attempted  below  to' 
capture  some  significant  points  In  each  of  the  papers. 

Chazan  used  the  Geometric  Supposer  to  provoke  a  confrontation  with  some 
naive  theories  that  students  hold  of  the  mathematical  concepts  -  similarity 
proportional  reasoning,  dimensional  growth  relationships  and 
correspondences  In  right  triangular  similarity.  Gallou-Dumlel  used  the 
software  MacDraw,  to  Investigate  the  difficulties  students  might  have  In 
using  the  theorem  of  Thales.  She  compared  the  strategies  used  and  the 
problems  thrown  up  In  this  computer  environment  with  those  observed  In  a 
paper  and  pencil  environment.  Hoyles  and  Noss  used  a  Logo  based 
parallelogram  microworld  to  Investigate  how  students  came  to  understand 
the  "essence  of  a  parallelogram"  through  modifications  of  the  formalism  of 
the  given  program.  They  Identified  ways  In  which  students  progressively 
became  aware  of  and  generalised  the  relationships  embedded  within  the 
parallelogram  procedure.  Janvier  and  Garancon  presented  a  detailed  analysis 
of  difficulties  In  understanding  feedback  systems  and  how  software  could  be 
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designed  specifically  to  assist  in  overcoming  these  difficulties.  Osta  set  out 
to  Identify  ways  the  computer  might  help  In  overcoming  problems  of 
representing  3-D  objects  In  2-D.  Tiie  research  described  teaching  situations 
where  there"  was  a  dynamic  Interaction  with  the  2-D  designs  and  where  the 
aim  was  to  solve  a  range  of  problems  constructed  In  order  to  develop  specific 
geometric  knowledge.  Two  types  of  software  tools  were  used,  MacSpace, 
where  operations  can  actually  be  done  on  the  3-D  object  Itself  and  MacPaint, 
where  operations  can  only  be  undertaken  on  the  figurative  design.  Student 
strategies  In  these  two  environments  were  compared  and  in  particular  a 
development  from  local  to  global  activity  described.  Yerushalmy  and  Chazan 
examined  some  Issues  arising  from  their  work  using  the  Geometric  Supposes 
The  paper  makes  Important  points  about  the  didactical  conditions  which 
facilitate  student  learning  and  distinguishes  the  Important  Influences  of:  the 
kind  and  size  of  task,  the  amount  of  process  Instructions  and  the  nature  of  the 
specification  of  the  construction. 


DISCUSSION  QUESTIONS 

1  would  like  to  raise  a  series  of  questions  some  or  all  of  which  might  be 
useful  as  starting  points  for  discussion  of  the  research  papers  to  be 
presented: 

I.  What  type  of  software  Is  used  and  what  is  the  rationale  for  Its  choice  and 
the  design  of  the  computer  environment? 

2  What  is  the  purpose  of  the  research-  to  assess  the  Influence  of  the 
'  computer  environment  on  specific  mathematical  conceptions  or  on  more 

general  spatial  abilities?  If  the  former  how  Is  the  nature  of  the 
conceptions  or  misconceptions  Identified  and  If  the  latter  what  Is  the 
theoretical  framework  adopted? 

3.  What  is  the  geometric  knowledge  Investigated  and  how  Is  It  modelled  In 
the  computer  environment? 

A  What  Is  the  Influence  of  the  computer  on  the  learning  environment?  It  is 
'  possible  to  approach  such  a  question  In  two  ways  -  how  do  the  computer 
tools  affect  the  imesentaiM  of  the  knowledge;  and  how  does  the 
computer  environment  effect  the  pifi££sa  of  learning? 

5  What  is  the  relationship  of  the  understandings  developed  In  the  computer 
'  context  with  other  contexts?  It  Is  plausible  to  suggest  that  In  familiar 
simulated  environments  on  the  computer  embedded  relationships  are  more 
easily  discerned  but  how  does  the  recognition  of  these  relationships 
transfer  across  contexts? 
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6.  What  is  the  role  of  the  teacher  and  the  nature  of  the  teacher's  Intervention 
in  the  learning  process? 

7.  What  Is  the  student  reaction  to  the  software  -  for  example,  were  they 
motivated  to  experiment?  Could  they  cope  with  the  technical  aspect? 
Were  any  Individual  differences  or  differences  between  groups  observed? 


RESEARCH  METHODOLOGIES 

In  considering  the  papers  in  this  topic  it  Is  possible  to  discern  a  wide  range 
of  methodologies  In  terms  of  the  age  of  the  pupils,  sample  size,  time  scale  of 
experiment,  research  design  (case  study,  use  of  comparison  groups)  and 
context  (research  laboratory  or  school  based).  Data  sources  also  vary:  within 
theme  area  II,  results  tend  to  be  based  upon  the  administration  of  tests  of 
spatial  abilities  or  the  identification  of  these  from  Interview  protocols; 
within  theme  II,  the  research  data  tends  to  be  the  Identification  of  student 
strategies  whilst  attempting  the  tasks  presented. 


COMMON  THREADS  IN  THE  PAPERS 

1.  An  important  common  thread  In  the  papers  Is  that  all  the  computer 
environments  described  focus  on  the  development  of  student 
understandings  or  abilities  as  a  result  of  student/computer  Interaction. 
No  computer  environment  exhibited  characteristics  of  CAI,  that  Is  a 
concern  for  the  explicit  transmission  of  facts  and  skills.  Thus  the 
computer  is  not  viewed  as  a  teacher  but  as  a  tool  for  the  manipulation  of 
graphical  representations  which  has  the  power  to  provide  informative 
feedback.  The  software  Is  thus  seen  as  an  environment  for  mathematlslng 
space  with  instructions  are  added  by  printed  material  or  teacher 
Intervention.  The  software  is  therefore  not  content  specific  but  adaptable 
for  different  Instructional  purposes  or  different  groups  of  students.  The 
software  environments  also  embody  formalisms  allowing  the  user  to 
represent  the  effect  of  his/her  actions. 

2.  Leading  on  from  point  1,  there  seems  to  be  a  common  rationale  for  the 
computer  use;  that  Is  that  perceptual  ambiguities/conflicts  which 
Inevitably  arise  from  student  activity  In  an  interactive  computer 
environment  will  provoke  students  to  be  suspicious  of  perceptual  cues, 
rethink  their  original  Intuitions  and  try  to  make  explicit  their  geometric 
knowledge  In  relation  to  the  graphical  feedback. 

3.  Most  of  the  papers  described  students  working  In  pairs  at  the  computer. 
This  would  seem  to  Imply  a  role  for  the  computer  as  a  tool  to  provoke 
discussion. 
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4  Several  researchers  Identlf  ed  the  importance  of  the  computer  as  a  means 
of  "seeing  the  general  In  the  particular",  that  Is  provoking  a  move  away 
from  the  manipulation  of  specific  objects  on  the  screen  to  seeing  them  as 
representative  of  a  class  of  objects  or  as  generic  examples.  Thus  the 
formalism  required  In  computer  use  is  seen  as  a  way  of  assisting  the  user 
In  distinguishing  the  central  mathematics  from  the  peripheral  and 
Identifying  the  Invariants  which  define  this  mathematics. 


FURTHER  QUESTIONS 

I.  Many  papers  pointed  to  the  Importance  of  the  role  of  the  teacher.  There  Is 
a  need  for  more  explicit  research  on  the  nature  of  teacher  Intervention  and 
how  this  affects  learning  In  a  computer  environment.  How  for  example  Is 
It  possible  to  guide  students  so  they  do  not  work  randomly  (which  often  Is 
the  quickest  way  to  the  'result)  and  therefore  do  not  grapple  with  the 
mathematical  meanings  embedded  In  the  activity?  How  can  the  pupils  be 
moved  to  adopt  a  more  reriectlve/deductlve  approach  which  takes  Into 
account  both  global  and  local  features  of  the  task?  Hdw  can  and  should 
guidance  vary  In  terms  of  level  of  abstraction  and  generalisation  with 
respect  to  different  pupils? 

2  More  comparative  research  would  be  helpful;  that  Is  comparisons  of 
outcomes  on  tasks  embedding  specific  geometric  knowledge  constructed 
within  different  computer  environments  and  In  nftn-CPmiMer 
environments. 

3  Research  might  usefully  consider  how  robust  are  the  misconceptions 
Identified  In  different  contexts  and  how  far  do  they  arise  from  particular 
types  of  software  environments  or  pedagogic  practices?  A  detailed 
analysis  of  the  basis  of  misconceptions,  visual  or  symbolic,  for  example 
would  also  be  of  considerable  Interest. 

A  More  specific  attention  In  this  research  area  could  be  focussed  on 
differences  In  approach  or  outcome  which  might  reflect  group  (for  example 
gender,  ethnicity,  class)  as  opposed  to  Individual  characteristics. 

5  Since  most  of  the  research  describes  students  working  In  pairs,  It  would 
'  seem  Important  at  some  point  to  attempt  to  distinguish  the  Influence  on 
learning  outcome  of  the  student/ student  discussion  from  the  computer 
Interaction. 

There  would  seem  to  be  a  need  for  more  research  within  a  developmental 
framework  Involving  longitudinal  study  and  evaluation  of  children  working 


In  a  computer  environment 
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CONCLUSION 

There  remains  an  enormous  amount  of  research  to  be  done  on  both  the  effect 
of  Interaction  In  a  computer  environment  on  general  spatial  abilities  and  the 
Influence  on  students'  construction  of  geometrical  knowledge  of  activity  with 
software  tools  which  allow  the  manipulation  of  graphical  objects  on  the 
screen.  All  the  studies  presented  In  this  group  acknowledge  the  power  of  the 
computer  for  learning  geometry.  This  power  was  very  evident  In  my  own 
attempts  at  grappling  with  the  research  papers.  I  was  largely  working 
flUlsldfi  a  computer  environment  and  was  forced  therefore  to  visualise  the 
effects  of  the  manipulations  described  without  the  chance  to  experiment  and 
receive  feedback.  The  difficulties  I  experienced  In  doing  this  gave  me  much 
food  for  thought! 
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ranutais  my  bring  deep  changes  In  the  nature 

This  study  designed  to  yl«W  ^^""LhS 
S  nature  of  the  iasuea  that  teachers  twi  when 
St  S  to  u«  computers  In  their  classrooms. 

coverina  the  grade  lml  range  from  6th  to  12th 
Jrade^he  software  wet  used  "re  deaonatrationa 
and  practice  programs.  Teachers  tended  to  use  the 
oroarama  that  they  knew  beat  and  perceived  as  aJcin 
toihai?  own  teaching  styles.  It  is  coacl^ed  that 
th.  teech.ra  who  are  willing  to  use  the 
in  the  claaarooa  should  be  provided  with  the 
opportunity  to  rail  act  on  the  nature  of  the 
learning  activities  intended  lor  the  students. 


Coaputer  science  and  coaputer  technology  nay  hare  the  poten- 
tial to  bring  about  deep  changes  to  mathematics  education. 
Computers  can  be  used  lor  individualised  learnJjog.  as  "elec- 
tronic blackboards-,  as  aup.rcaicul.tiao  machines,  to  promote 
project  work,  to  conduct  investigations  or  problem  solving 
activities,  or  simply  as  motivational  devices,  according  to 
Taylor  (1980),  the  computer  can  be  seen  either  as  a  tutor,  a 
tutee    or  a  tool.  Host  of  the  research  concerning  the  impact 
ol  the  computer  in  mathematics  education  has  focused  on  the 
presumable  ettects  on  the  student.  However,  it  we  regard 
learning  as  a  continued  social  process,  wa  muat  also  pay 
attention  to  the  ways  teachers  regard  and  react  to  the  new 
technologies  (Phillips  at  al. ,  1984). 

In  our  country  there  is  already  soma  experience  of  using 
th«  computer  in  club  activities,  usually  with  high  involvement 
and  enjoyment  froa  pupils  and  teachera.  Interested  students. 
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vary  often  not  the  brighast  outs  on  tb«  dlseiplins  of  mUu- 
natlcs.  sometimes  develop  complex  program*  related  or  not  to 
curricular  topics,  which  means  a  significant  effort  of  inde- 
pendent study.  Hflwwr,  on*  may  ask  if  toe  fundamental  effects 
of  the  computer  In  mathematics  learning  will  come  from  this 
kind  of  activities  or  from  wbst  will  happen  within  classrooms. 

TOE  STUDY 

Objectives.  Throughout  1966.  some  asthmatics  teachers  vera 
encouraged  to  uss  computers  in  their  classrooms.  We  vers  in- 
terested in  studying  the  eventual  nev  educational  phenomena 
that  could  develop  In  such  a  situation,  namely  nev  kinds  of 
interactions  both  among  students  and  among  students  and  teach- 
er. Ve  vera  also  concerned  with  teachers'  beliefs  and  vlevs 
about  the  use  of  computers  regarding  their  classroom  activity. 

Hare  specifically,  the  main  objectives  of  this  Investigation 
concerned  the  ways  tsachsrs  react  to  the  different  problems 
they  face  whan  they  take  the  computers  into  the  classroom:  (a) 
what  are  their  purposes  In  the  use  of  computers;  (b)  that  kind 
of  software  do  they  tend  to  choose;  (c)  hov  do  they  use  it?; 
and  (d)  vbat  kind  of  new  educational  issues  have  the  teachers 
to  face  and  hov  do  they  react  to  them? 

Th*  tm fifreTf,   Fifteen  teachers  vere  involved  in  this  proj- 
ect. They  vere  teaching  in  middle  (grades  5-6)  or  secondary 
(grades  7-12)  schools.  Some  of  them  had  previously  learned 
something  about  programing  (generally  using  BASIC),  although 
attaining  very  different  levels  of  expertise.  A  small  number 
of  them  contributed  to  the  conception  or  the  construction  of 
educational  programs.  However,  most  bad,  at  least  at  the  be- 
ginning, only  a  very  short  experience  of  work  with  computers. 

During  the  first  semester  of  1986,  thess  teachers  partici- 
pated in  a  seminar  at  our  Department,  in  the  University  of 
Lisbon,  dedicated  to  the  educational  use  of  computers.  The 
seminar  was  organized  in  weekly  sessions  of  about  tvo  hours. 
The  work  Included  sometimes  solving  and  discussing  problems 
through  programing  activities,  but  it  vas  generally  dedicated 
to  discussing  the  educational  value  of  different  programs  and 
the  possibilities  of  their  use  in  the  classroom.  In  some 
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occasions,  the  experience  of  one  teacher  that  had  used  a 
particular  program  was  reported  to  the  group. 

During  the  seminar,  there  was  no  unanimity  concerning 
teachers'  involvement,  interests  or  views  about  computers  and 
their  use  in  the  classroom.  On  the  contrary,  while  some  teach- 
ers were  always  present  and  knew  all  the  available  programs, 
others  missed  a  variable  number  of  sessions  and  their  contact 
with  some  programs  was  limited  to  short  demonstrations. 

frYflU'lhlC  BSflgma,   About  twenty  programs  were  selected  to 
be  used  whenever  necessary.  Obviously,  the  possibilities  of 
using  computers  in  the  classroom  was  not  strictly  limited  to 
these  programs  or  even  to  the  existence  ot  previously  prepared 
software.  Short  progrems  written  by  the  teacher  in  the  class- 
room or  student  programing  activities  were  also  educational 
possibilities  to  be  considered  and  encouraged. 

The  suggested  programs  can  be  classified  in  different  groups 
according  to  their  prevailing  characteristics  (Hatfield,  1984): 

(1)  Demonstration  -  dedicated  to  help  teachers  to  introduce 
or  explore  new  content  topics,  generally  in  a  pre-established 
way,  although  eventually  with  some  interactive  characteristics; 

(2)  Educational  games  -  providing  challenge  to  strategy  and, 
in  most  cases,  involving  some  mathematical  idea; 

(3)  Practice  -  very  often  with  gaming  features,  but  clearly 
intending  to  help  students  to  become  proficient  In  a  given 
kind  of  operation,  rule  or  skill; 

(4)  Problem-solving  -  demanding  for  a  way  to  solve  a  problem 
or  a  situation  affected  by  random  factors; 

(6)  Simulation  -  representing  an  aspect  of  a  real  life  situ- 
ation and  allowing  students  to  change  values  for  the  variables 
or  parameters  and  study  the  effects  of  their  choices. 

(6)  Tool  -  utilitarian  programs,  for  example  for  drawing 
graphs  of  any  given  functions. 

Hone  of  the  suggested  programs  was  a  tutorial.  Obviously, 
most  of  them  presented  characteristics  belonging  to  more  than 
one  of  the  categories  mentioned  above. 

pata  recording.  Two  kinds  of  report  sheets  were  developed  to 
record  the  relevant  information  after  every  lesson  in  which 
computers  had  been  used.  One  of  those  report  sheets  focused  on 
functional  aspects  about  hardware  and  software,  objectives  of 
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the  computer  use  in  that  particular  lesson,  bow  students'  ac- 
tlvitiss  tin  organised,  ud  main  positive  and  negative  fea- 
tures of  the  program  in  relation  to  the  aentioned  objectives. 
Tne  second  report  sheet  asked  for  the  most  relevant  issues 
that  occur  ed  from  cognitive,  affective,  social,  and  global 
(educational)  points  of  view.  Specific  questions  were  included 
to  help  the  record  (for  example:  learning  difficulties  about 
the  involved  concepts,  students  initiative  in  developing 
strategies.  Interest  or  enthusiasm  of  the  students,  coopera- 
tion, participation  of  boys  and  girls,  learning  atmosphere, 
relations  among  students  and  among  students  and  teacher). 

The  report  sheets  were  completed  by  the  teacher  at  the  end 
of  the  lesson.  In  some  cases,  lessons  vere  observed  by  one  of 
the  researchers  and  short  discussions  vere  conducted  with  the 
teacher  to  talk  about  what  happened  in  the  lessor  and  discuss 
the  most  salient  occurrences. 

RESULTS 

Considering  the  report  sheets  that  vere  returned,  ve  notice 
that  only  seven  different  programs  vere  used  by  thirteen  dif- 
ferent teachers.  Table  1  describes  the  situation,  indicating 
the  names  of  those  programs  and,  for  each  of  thea,  some  condi- 
tions about  the  way  It  was  used  (grade  level,  number  of  dif- 
ferent classes,  number  of  computers  in  the  classrooa).  and  the 
classification  type  according  to  the  categories  etated  above 
—  with  (x)  ve  refer  to  the  prevailing  characteristic  end  with 
(*)  other  significant  ones,  whenever  this  is  the  case. 

Table  1  shows  that  most  classes  (17/21)  belong  to  grade 
levels  7  end  8  (the  two  firet  levels  of  secondary  schoolt). 
This  cannot  be  related  to  the  classes  of  these  particular 
teachers  —  in  general,  secondary  school  teachers  are  respon- 
sible for  classes  in  both  levels  7-9  and  10-12.  This  aspect 
■ay  partially  be  attributed  to  the  nature  of  the  existing 
software  and  perhaps  also  to  the  fact  that  teachers  appear  to 
be  more  comfortable  in  using  the  computer  with  younger  rather 
than  with  older  students.  Another  aspect,  maybe  even  more 
significant,  is  that  siaulations  vere  virtually  ignored  and 
that  demonstration  and  practice  programs  vere  preferrod. 
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TABLE  i 

pr^rrraafl  Paftfl  fry  t.h«  Taachera 


ProgrtB 

Cltsscs 

Co»jrat*r» 

Cbur*ot*ristios 

(I) 

(2) 

(3)    (4)    (3)  (6) 

IiMber  F*ttts 

3/7 

2/2 

1 

s 

* 

Srwdprlx 

7 

3 

1 

* 

X 

toUtiv*  Baiters  7 

4 

1 

x 

SistMS 

a 

1 

3 

X 

X 

Eqmtio&c 

8 

3 

1 

X 

KatiaatM 

a 

3/1  (») 

2,3,3/i  (») 

*  * 

Function  6r*pte 

u 

l/l  00 

1/1  (b) 

X 

lata:  (•)  u4  (b)  iadio*te  sittMiiAns  t.fc»t 

,  for  tteir  epeoiel  isterwrt. 

mill  bm  r*f*rea4  la  dtt«il  Ut»r  la  tlw  t«xt. 

Sovever.  a  deeper  amlyeis  needa  to  take  into  account  the 
written  reports  In  the  context  ot  our  knowledge  about  the 
particular  taachora..  their  involvement  end  their  views  about 
the  use  ot  computers  and  also  their  uauel  waya  of  organizing 
claaarooa  activities.  From  this  point  of  view,  soae  inter- 
esting observations  aeaa  to  be: 

1.  Teachers  made  generally  a  quite  positive  evaluation  ot 
the  use  of  computers,  considering  that  the  chooaen  program  had 
corresponded  to  the  stated  objectives  and  referring  as  espe- 
cially positive  the  involvement  of  the  students. 

2.  Teachers  tended  to  select,  for  their  own  use  in  the 
classroom,  prograas  with  which  they  were  very  familier.  In 
soae  cases,  a  program  waa  only  used  by  its  own  author  <or  co- 
-author)  aal.  at  most,  by  colleagues  of  the  same  school.  Hore- 
over.  some  teachers,  whose  involvement  in  the  project  waa  not 
very  strong,  limited  their  use  of  computers  to  the  few  pro- 
grams about  which  they  had  participated  in  detailed  demonstra- 
tions and  discussions  about  their  educational  possibilities. 

3.  Teachers  seemed  to  avoid  programs  that  can  disturb  their 
usual  way  of  managing  classroom  activitiee.  That  is  probably 
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why  demonstrations  and  practice  programs  wars  pref  erred  and 
•fay,  in  several  cases,  one  single  computer  was  used.  Educa- 
tional games  were  used  In  a  similar  way,  in  teacher-centered 
lessons.  Or.  alternatively,  thty  served  to  support  some  kind 
of  'extra-lessons'.  Programs  of  problem-solving  type  vere  used 
by  the  teachers  who  regularly  organize  in  their  classes  prac- 
tical team  work  as  students'  activities,  generally  associated 
to  the  simultaneous  use  of  several  computers. 

4.  Host  lessons  did  not  include  any  tasks  for  students  but 
those  provided  by  the  computer  program.  On  the  other  hand, 
activities  suggested  by  the  program  vere  not,  in  most  cases, 
retaken  in  any  subsequent  lessons.  It  appears  that  there  was 
an  identification  between  the  objectives  of  the  lesson  and  the 
specific  objectives  of  the  software. 

However,  this  way  of  using  the  computers  in  the  classroom, 
largely  dominating  at  the  beginning,  gave  partially  place  in 
the  last  period  to  some  more  original  and  creative  ways  of 
organizing  student*'  activities.  The  two  following  examples 
correspond  to  notes  (a)  and  (b)  from  Table  1: 

(a)  In  an  8th  grade  class,  the  teacher  organized  her  stu- 
dents in  five  different  groups  and  prepared  six  lessons  about 
related  eubject  matter e  involving  errors,  aproximate  values, 
and  racional  numbers.  During  each  lesson  one  of  the  groups 
worked  with  the  program  "Estimates'  which  deals  with  estima- 
tions to  a  given  decimal  place,  demanding  the  solution  of  a 
random  situation  In  the  least  number  of  trials.  It  intends  to 
promote  the  devolopment  of  estimation  ability  and  strategic 
ideas,  and  to  provide  some  practice,  at  the  seme  time,  the 
other  groups  worked  in  different  tasks,  not  involving  the  com- 
puter, on  related  subjects.  The  eixth  lesson  was  used  to  or- 
ganize a  contest  among  the  groups  using  the  program,  another 
teacher,  using  the  same  program  in  a  single  class  period  with 
several  computers,  decided  for  the  subsequent  lesson  to  choose 
some  situations  as  if  they  were  generated  by  the  computer, 
wrote  them  on  the  blackboard,  and  discussed  with  the  class 
adequate  strategies  and  methods  to  manage  thos*  situations. 

(b)  In  an  11th  grade  class,  the  teacher  prepared  a  worksheet 
suggesting  the  exploration  of  different  situations  involving 
graphs  of  trigonometric  functions  and  relations  among  thea. 
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and  aotiratod  her  students  to  study  those  situations  with  the 
help  ot  the  computer,  the  students  worked  in  smell  groups  end 
used  a  graphic  drawing  program.  He      the  computer  was  used  as 
a  tool  un  was  not.  in  any  sense,  the  locus  ot  the  lesson. 


IMPLICATIOHS 


The  introduction  o2  the  computer  in  the  classroom  is  charged 
with  pedagogical  implications.  The  computer  can  be  used  to 
reinforce  traditional  teaching  practices  or  as  an  instrument 
ol  change,  k  teacher  mho  is  milling  to  use  the  computer  in  the 
classroom  should  reflect  on  the  nature  ot  the  learning  activi- 
ties that  he  or  she  intends  to  proportionate  to  the  students. 

Computers  provide  an  opportunity  for  charge  <rey.  1984). 
However,  one  should  not  expect  that  teachers  will  modify  their 
styles  from  ona  day  to  the  other.  Therefore,  it  is  necessary 
to  have  a  diversified  set  of  programs  and  computer  related 
amtartelm.  that  can  be  used  in  a  flexible  way  allowing  teach- 
ers to  choose  according  to  their  particular  inclinations. 

The  most  important  and  urgent  changes  in  mathematics  teach- 
ing and  learning  are  not  likely  to  occur  just  by  a  spontaneous 
process.  To  foster  change,  to  stimulate  teachers  to  perceive 
the  potentialities  and  limitations  of  computers  and  of  course- 
ware packages  in  relaticn  to  students'  difficulties  end 
progresses,  it  is  necessary  a  continued  process  of  reflection 
end  exchange  of  experiences.  That  needs  to  be  taken  into  ac- 
count by  those  charged  with  the  development  of  software,  sup- 
port documentation,  and  the  organisation  of  teacher  training. 
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CHANSZS.  IN  MATHEMATICS  TEACHERS  VIA 
IN-SCHOOL  IN-SERVICE  EDUCATION 

David  Ben-Chaim^  Barbara  Fr«lco  &  Theodore  Eisenberg 
The  Wetzmann  Institute  of  Science 

A  model  for  a  teacher  in-service  program  concentrating  on 
changmg  teacher  attitudes  and  behavtorTjs  dbcS ThE 
model  was  .mplemented  In  7  socially  disadvantaged  achoob 
^LlVT^  pe-riod-  Difficulties  of  implementation 

subjective  and  objective  measures  assessing  teacher  rh*nw 
and  resultant  pupil  achievement  are  pw-sen^d.  * 


Introduction 

The  attempt  to  understand  and  solve  the  problem  of  'why  Johnny  can't 
add  has  generated  great  activity  among  mathematics  educators  both  inTh^ 
realm  of  educational  psychological  research  and  in  the  area  of  curri^ull 
development.     Oespite    the   resultant    increased    understanding   of Ta^nW 

m  r  t  imathheTics  and  ? abundance  °f  apProach"  -d  »-ss 

ThLment       ^   "*   St'"    ^   P"*UCd    *   "»  mathematics 

The  reasons  for  this  situation  are  complex:  sometimes  there  is  a 
concentration  of  'problematic*  children  in  a  school,  such  as  in  he  c  J  at 
schools  ,„  disadvantaged  areas,  which  makes  instruction  particularly  difficult 
sometimes  the  teacher,  teaching  mathematics  have  not  been  trained"  ft  *  ir 
task  havmg  been  recruited  from  other  fields;  sometimes  quaked 
mathemat.es  teachers  have  not  kept  themselves  abreast  of  changes  b  the'r 
area  and  sometimes  all,  or  some  combination,  of  these  T2>* 
simultaneously.  It  is  certainly  a  shock  to  socialists  in  maternal 
educafon  to  visit  a  classroom  and  discover  that  advance,  in  Jn£Z Thav" 
simply  not  reached  the  mathematics  teacher. 
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Usually  in-service  education  is  proposed  to  ameliorate  such  circumstances. 
While  the  short-term  effects  of  in-service  education  have  been  cited,  the  long- 
term  effects  have  not  been  so  evident.  As  pointed  out  by  Richard  Skemp 
(1085;1086),  in-service  has  tended  to  fail  as  a  long-term  remedy  essentially 
because  the  focus  has  been  on  individual  teachers  in  artificial  contexts  who 
find  it  difficult  to  apply  what  they  learn  in  schools  where  the  old  ways 
dominate.  It  has  been  suggested  that  in-service  must  deal  with  teachers  in 
their  own  environment  in  order  to  be  really  effective. 

The  purpose  of  this  paper  is  to  describe  the  operation,  and  evaluation  of 
a  comprehensive  in-school  in-service  approach  for  improving  mathematics 
teaching  which  operates  under  assumptions  similar  to  Skemp's.  At  this  point 
in  time,  the  Department  of  Science  Teaching  at  the  Weizmann  Institute  of 
Science  has  applied  this  approach  for  two  years  in  two  junior  high  schools 
and  for  one  year  in  five  more  schools.  All  mathematics  teachers  in  each 
school  have  been  involved  (n=40),  a  condition  for  participation  in  the 
project.  The  duration  of  the  total  intervention  is  currently  scheduled  for  a 
three-year  period. 

The  Problem 

All  of  the  junior  high  schools  participating  in  the  program  were* 
identified  as  low  achieving  in  mathematics.  Initial  testing  of  the  children  at 
all  grade  levels  (7  to  0)  indicated  that  knowledge  of  prerequisite  topics 
(simple  fractions,  decimal  fractions,  and  elementary  geometry)  was  very  low, 
the  average  score  by  school  being  about  57%  correct  on  minimal  competency 
teats.  Achievement  tests  measuring  knowledge  of  the  junior  high  school 
curriculum  itself  yielded  scores  ranging  by  school  from  20%  correct  to  55%. 
(Average  'advantaged'  schools  tend  to  yield  scores  of  about  85  on  the 
prerequisite  tests  and  73    on  the  curriculum-based  tests.) 

In  general,  the  schools  were  characterized  by  lack  of  a  clearly  defined 
mathematics  program  suitable  to  their  pupils.  Moreover  classroom 
instruction  was  found  to  be  in  need  of  serious  improvement  Mathematics 
lessons  tended  to  be  of  the  conventional  'chalk  and  talk  variety,  and 
reflected  little  forethought  or  planning  on  the  part  of  the  teacher C** 
exercises,  homework  assignments,  and  explanations  were  often  unre  ated,  lack 
of  prerequisite  knowledge  received  little  systematic  treatment;  lower  and 
higher  level  cognitive  skills  were  dealt  with  inadequately;  and  mathematical 
errors  occasionally  crept  into  teachers'  explacations. 
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The  In-Serviee  Program 

The  major  goal  of  the  program  undertaken  to  alter  the  above  situation 
was  to  make  mathematics  teaching  in  these  schools  more  effective  and  more 
varied.  The  main  focus  of  the  program  was  to  be  the  mathematics  teacher 
under  the  assumption  that  lasting  change  could  only  be  accomplished  in  this 
way.  Program  planners  were  definitely  of  the  opinion,  so  aptly  expressed  by 
Lee  Shulman  (1979),  that  "...any  changes  in  curriculum  and  instruction  must 
be  mediated  through  the  minds,  motives  and  activities  of  teachers.* 

In  this  belief,  teachers  were  provided  with  both  individual  and  group 
assistance.  Throughout  the  school  year  the  teachers  were  counselled 
individually  by  'master*  teachers,  who  observed  their  lessons  at  regular 
intervals,  discussed  instructional  topics  with  them  and  offerred  advice  along 
the  way.  In  addition,  group  activities  were  provided  for  the  teachers 
through  the  observation  and  analysis  of  demonstration  lessons  given  by 
colleagues  or  "master*  teachers  and,  more  importantly,  in  the  form  of 
workshops  aimed  at  enriching  the  teachers'  knowledge  of  mathematics  and 
exposing  them  to  various  strategies  and  teaching  aids. 

The  major  aim  of  this  intervention  was  to  alter  the  teachers'  behaviors 
in  the  classroom  by  encouraging  them  to  be  more  reflective  about  what  was 
occurring  during  a  lesson  and  by  offering  them  alternative  instructional 
approaches.  Teachers  were  expected  to  pass  through  a  number  of  phases  In 
becoming  better  teachers.  First,  their  consciousness  would  be  raised  as  to 
the  need  for  change  and  as  to  the  various  alternatives  available.  Next,  their 
motivation  to  change  would  increase  and  under  the  friendly  coaxing  of  a 
'master*  teacher  they  would  become  more  willing  to  try  new  ways.  Finally, 
they  would  actually  try  out  new  strategies  and  gradually  learn  to  put  them 
to  use  effectively  in  the  classroom. 

In  addition  to  the  program's  efforts  to  effect  instructional  change  on  the 
personal  level,  intervention  was  done  on  an  organizational  level.  Such 
intervention  was  carried  out  with  the  intent  of  establishing  a  unified  plan  for 
mathematics  instruction  suitable  to  the  specific  pupils  at  each  grade  level  in 
each  school.  Decisions  were  made  at  the  start  of  the  project  by  staff  from 
the  Weizmann  Institute  in  consultation  with  the  teachers  themselves,  as  to 
which  curricular  topics  would  receive  greatest  emphasis,  which  textbooks  were 
moat  appropriate,  and  how  remedial  help  would  be  given  for  lack  of  student 
prerequisite  knowledge. 
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The  operational  model  developed  for  this  in-school  in-service  program  is 
depicted  in  Figure  1.  As  indicated,  change  in  teacher  classroom  behaviors 
together  with  the  use  of  appropriate  curricular  materials  are  expected  to 
produce  an  increase  in  pupil  mathematics  achievement. 


TEACHER 
Indiv.  &  grp.  inservice 
activities  to  change 
teaching  &  strengthen 
math  skills 

CURRICULUM 
Adaptation  of 
curricular  materials 
to  pupil  needs 

PUPIL 
Increaspd  math 
achievement 


Figure  1:    Model  of  1n-school  intervention  and  effects. 


Implementation  Difficulties 

There  were  many  hitches  to  the  smooth  implementation  of  the  in-schoo! 
intervention  program  which  should  be  mentioned  before  presenting  evaluation 
findings.  Essentially,  difficulties  were  of  two  kinds:  technical  difficulties  and 
psychological  barriers.  On  the  technical  side,  problems  were  encountered  in 
the  scheduling  of  group  activities  and  in  selecting  a  suitable  and  convenient 
location  for  them.  Various  solutions  were  adopted,  ranging  from  group 
meetings  held  in  school  during  school  hours,  to  meetings  held  in  school  after 
hours,  to  meeting  held  at  the  Weizmann  Institute  on  released-time. 

A  more  serious  technical  problem  which  still  persists  today  is  that  master 
teachers  often  find  themselves  with  insufficient  time  for  serious  discussion  and 
planning  with  individual  teachers,  and  for  developing  a  close  on-going 
working  relationship  with  them. 
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Psychological  and  attitudinal  barriers  were,  and  still  are  in  part,  the 
most  critical  Impediments  to  project  implementation.  Teacher  participation 
in  the  program  was  mandatory  in  two  schools,  being  dictated  from  above. 
In  the  other  five  schools,  the  majority  of  teachers  accepted  the  project  which 
obligated  the  remaining  teachers  to  participate.  While  local  school 
authorities  and  school  principals  were  strongly  supportive  of  the  program,  the 
teachers  themselves  were  only  mildly  interested.  As  indicated  by  results  of  a 
needs  assessment  questionnaire  completed  by  the  teachers  at  the  outset  of  the 
project,  teacher  attitude  was  generally  positive  towards  the  proposed  group 
activities  and  generally  negative  towards  receiving  individual  assistance  or 
towards  any  activity  which  might  be  construed  as  personally  threatening 
(such  as  observation  of  their  classes  or  preparation  of  a  lesson  to  be  viewed 
by  fellow  teachers).  Clearly,  the  first  year  of  the  in-school  intervention 
prr  im  in  all  of  the  schools  was  greatly  devoted  to  overcoming  suspicions 
and  to  creating  a  relaxed,  cooperative  environment  in  which  teachers  and 
master  teachers  could  work  together  to  accomplish  common  goals. 

Evaluation 

Evaluation  of  the  in-school  in-service  program  focused  first  and  foremost 
upon  the  perceptions  and  behavior  of  the  teachers,  and  concentrated  only 
secondly  upon  their  pupils'  achievement  and  attitudes.  Measures  included 
classroom  observations,  interviews  with  teachers,  questionnaires  for  both 
teachers  and  pupils,  and  finally  achievement  tests  administered  to  the  pupils. 
Some  of  the  measures  were  adapted  from  already  existing  ones,  while  others 
were  constructed  specifically  for  this  project. 

After  one  year  of  the  program,  some  positive  change  in  teacher  attitudes 
and  behavior  could  be  discerned,  mainly  from  classroom  observations  and 
interviews  with  the  teachers.  For  example,  teachers  were  more  willing  to 
admit  to  both  teaching  deficiencies  and  even  to  their  lack  of  in-depth 
knowledge  of  the  mathematics  content  of  the  curriculum.  Teachers  concurred 
among  themselves  that  even  if  their  actual  teaching  had  not  undergone  great 
alteration,  their  perception  of  mathematics  teaching  had  been  transformed. 
Some  teachers  were  able  to  translate  such  cognitive  changes  into  behavioral 
changes.  Towards  the  end  of  the  first  year,  their  lessons  were  better 
planned,  learning  goals  were  more  clearly  defined,  homework  assignments 
were  more  carefully  selected,  and  math  games,  worksheets,  group  activities 
and  investigative  learning  were  gradually  entering  their  repertoire  of 
instructional  approaches.   This  is  a  start  in  the  rigfcu  direction,  however  it  is 
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not  enough.  Since  behavioral  change  is  a  slow  process,  it  can  only  be  hoped, 
that  after  several  years  of  such  a  program,  stable  and  lasting  teacher  change 
will  occur. 

Results  also  indicate  that  mathematics  learning  has  already  been 
positively  affected  as  a  consequence  of  this  program.  At  this  stage  it  would 
be  difficult  to  claim  that  change  in  pupil  learning  is  a  direct  result  of 
teacher  change,  since  teachers  are,  for  the  moat  part,  only  at  the  initial 
stages  of  altering  their  instructional  approaches.  Increased  pupil  achievement 
at  this  point,  as  measured  by  standardized  achievement  tests,  must  be 
attributed  to  the  organizational  intervention  of  the  project  staff  into  the 
currlcular  content,  pacing  of  topics  and  choice  of  basic  learning  materials. 
There  is  some  evidence,  however,  that  these  early  gains  will  help  convince 
the  teachers  that  change  is  in  order  and  indeed  possible. 
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ELEMENTARY  SCHOOL  TEACHERS'  PERCEPTION  OF  MATHEMATICS  AND  MATHEMATICS 
TEACHING  AND  LEARNING:  TWELVE  CASE  STUDIES 


Four  problems  affected  in  the  past  and  still  affect 
mathematics  teaching  and  learning.  These  are  the  insistence 
put  on  symbolism,  the  great  influence  of  formalism,  the  heavy 
presence  of  behavlorist  learning  theories  and  the  focus  that 
many  teachers  put  on  their  pupils 'answers  Instead  of  on  their 
reasoning.  Any  solution  of  these  problems  requires  a  change 
in  the  perceptions  that  many  teachers  share  about  mathematics 
and  mathematics  teaching  and  learning.  To  that  end,  a  new 
approach  for  teacher  training,  approach  based  on  concept 
analysis  within  the  framework  of  a  model  of  understanding, 
was  elaborated  and  tested.  This  paper  presents  the  part  of 
the  rechearch  which  1s  concerned  with  twelve  case  studies 
led  within  a  control  and  an  experimental  group.  The  results 
show  that  the  aforesaid  approach  led  teachers  to  a  more 
constructlvlst  perception  of  mathematics  and  of  mathematics 
teaching  and  learning  as  well. 


Four  problems,  tied  to  the  nature  of  mathematics,  to  the  philosophy  of 
mathematics,  to  epistemology  and  to  learning  theories,  plagued 
mathematics  education  for  years.  And  they  still  do.  These  problems  are: 

-  the  Insistence  put  on  symbolism  and  notation  (Ginsburg,  197'/), 

-  the  great  influence  of  formalism  (Davis  et  Hersh,  1980), 

-  the  heavy  presence  of  behaviorlst  learning  theories, 

-  the  exagerated  focus  that  many  teachers  put  on  thilr  pupil's  answers 
instead  of  on  their  reasoning. 

As  these  problems  persisted  through  both  time  and  reforms,  we  must  look 
elsewhere  than  1n  curriculum  transformations  for  their  solution.  As  we 
have  already  said,  these  problems  are  tied  to  philosophic  perceptions 
of  mathematics  and  to  conceptions  of  learning.  Thus  we  should  address 
the  latter  1f  we  want  to  remedy  the  situation  and  Improve  mathematics 
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teaching.  And  1n  this  undertaking,  teachers  are  the  targets  we  should 
favour:   firstly,  because  they  are  the  true  workers   of  mathematics 
teaching  and  thus,  they  are  the  pivoting  factor  of  any  genuine  renewal 
of  that  teaching   (Colmez,   1979).   But   also  because  tney   have  been 
neglected  in  all  past  reforms  in  the  senses  that  they  seldom  received 
the  necessary  profiency  courses  and  that  their  pre-service  training  was 
often  barely  adequate    ( (Freudenthal ,    1977;   Beltzner  et   al.,  1977; 
Colmez,  1979;  Robitaille  and  Dirks,  1982).  A  new  approach  of  teaching 
training,  whether  pre  or  in-service,   seems   to  be  a  sine  qua  non 
condition  to  any  possible  solution  of  the  problems  at  hand. 
Such  a  new  approach  was  test  1n  the  research.  «s  described  in  Bergeron 
et  al.  (1981)  and  Herscovics  et  al.  (1981),  this  approach  is  based  on 
the  initiation  of  teachers  to  the  analysis  of  mathematics  concepts 
within  the   framework   of   a  model    of  understanding   (Herscovics  and 
Bergeron,     1983).     This     approach    of    links     the  psychological, 
eplstemological  and  pedagogical  aspects  od  the  teaching  of  mathematics 
to  the  mathematical  content  itself.  Mathematical  concepts  are  examined 
in  the  context  of  the  model  of  understanding;  the  focus  thus  put  on  the 
cognitive  aspects  leads  the  teacher  to  reflect  on  the  mental  processes 
involved  in  the  elaboration  of  a  particular  notion.  This,  in  turn,  may 
also  lead  the  teacher  to  restructure  his  teaching  strategies  in  order 
to  conform  more  closely  with  what  he  has  understood  about  the  learning 
of  the  notion.  According  to  our  hypothesis,  this  approach  should  lead 
the   teachers    to    a   more    constructivist    perception   of  mathematics 
teaching  and  learning. 


We  tested  our  hypothesis  on  an  experimental  group  (fi=18)  of  teachers 
enrolled  in  an  In-service  program  at  the  "Faculte  d' Education 
Permanente"  (F.E.P.)  at  the  Universite  de  Montreal.  These  teachers  took 
a  45  hour  mathematics  education  course  in  which  our  approach  was  used. 
Simoultaneously,  we  appealed  to  a  control  group  (n=16)  of  teachers  also 
enrolled  in  the  same  F.E.P.  program  but  taking  a  course  1n  a  field 
other  than  mathematics  or  mathematics  education.  Inroediatly  before  and 
after  the  45  hour  courses  followed  by  both  groups,  the  participating 
teachers  were  subjected  to  a  test  and  a  questionnaire.  Furthermore,  six 
participants  from  each  group  accepted  to  answer  twice  the  oame  long 
interview,   once  before  and  once  after  the  course.  Thus,   it  became 
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possible  to  evaluate  the  perceptions  shown  by  the  teachers  and  to 
evaluate  as  well  the  evolution  of  these  perceptions.  Therefore,  three 
tools  were  developed,  a  test,  a  questionnaire  and  an  Interview:  these 
three  tools  are  described  in  the  following  paragraphs. 

The  first  one,  called  the  "correction  test"  (Dionne,  1985)  aimed  at 
evaluating  the  relative  importance  the  teacher  places  on  the  students' 
answer  and  on  their  reasoning.  He  or  she  was  asked  to  grade  fictive 
students'  answers  to  two  elementary  problems:  one  in  arithmetic  and  the 
other  in  geometry.  Furthermore,  he  or  she  was  asked  to  justify  his  or 
her  grading. 

The  second  tool  was  a  written  questionnaire  on  which  teachers  were 
asked  to  specify  their  perception  of  school  mathematics  (Dionne,  1984). 
These  different  porcpetions  -  traditional,  formalist  and  constructivlst 
-  were  each  caracterlzed  by  a  set  of  statements.  Teachers  were  first 
asked  to  order  these  sets  according  to  the  importance  they  assigned  to 
each  one  and  then  to  give  a  mark  to  each  of  these  sets. 
The  third  tool  was  a  long  interview  in  which  were  explored  the 
teachers'perceptlons  of  mathewatics  teaching  and  learning.  Four  themes 
were  addressed:  the  function  and  place  of  intuition,  the  role  and  the 
place  of  understanding  and  of  skills,  the  part  of  discovery  and  of 
definitions  and,  finally,  the  role  and  Importance  given  to  errors. 
Within  each  part  of  the  Interview,  teachers  were  asked  to  specify  the 
meaning  they  gave  to  key-words  used,  to  illustrate  that  meaning  with 
examples  and  to  articulate  the  role  they  attribute  to  each  of  these 
elements  in  their  class  practice. 


The  first  two  tools,  test  and  questionnaire,  were  used  with  each  group, 
experimental  and  control,  individually  taken  as  a  whole.  Results 
concerning  procedures  and  conclusions  were  presented  1n  Dionne  (1985 
and  1984).  In  this  paper,  our  intention  is  to  concentrate  on  the  twelve 
case  studies  related  to  the  Interviews.  But  in  each  of  these  cases,  the 
response  to  all  three  instruments  (test,  questionnaire  and  Interviews) 
were  considered  and  examined  as  a  whole.  The  purpose  of  this  approach 
was  to  clearly  Isolate  the  manifest  perceptions  and  their  evolution. 
Next,  the  answers  to  "pre"  and  "post"  interviews  were  analysed.  These 
analyses  were  afterwards  compared  to  those  conducted  by  two  independant 


THE  MODES  OF  ANALYSIS 


573 


-  87  - 


experts.  The  only  conclusions  retained  from  this  exercise  were  tnose  on 
which  agreement  was  unanimous.  What  should  be  added  here  1s  that  these 
analyses  were  more  qualitative  tnan  quantitative.  They  were  b£sed  on 
the  search  for  converging  indications:  this  appears  to  be  more 
interesting  since  we  do  get  a  real  description  of  the  perceptions 
instead  of  mere  reductionist  statistics.  And  the  search  for  convergent 
indications  -  in  which  we  tried  to  validate  the  answer  to  the  test,  to 
the  questionnaire  and  to  the  different  parts  of  the  interview  -  allows 
for  clearer  conclusions  on  a  topic  which  in  itself  remains  difficult  to 
define  and  delimit. 


Of  the  six  subjects  Involved  with  the  control  group,  five  showed 
constructivist  perceptions  and  tendancies  while  the  sixth  one,  Lise, 
appeared  much  more  traditional.  As  all  the  perceptions  did  not  change 
much  between  the  pre  and  post  tests,  the  descriptions  that  follow  in 
the  next  paragraphs  hold  for  the  period  that  precedes  as  well  as  for 
the  period  that  follows  the  proficiency  course  followed  by  these 
subjects. 

In  their  reactions  to  the  correction  test,  the  six  subjects  proved  to 
be  much  more  concerned  with  the  reasoning  of  the  children  than  with 
their  answers.  There  were  only  few  variations  in  the  marks  given  when, 
for  each  category  of  children's  answers,  we  compare  the  geometry 
problem  to  the  arithmetic  problem  or  the  pre  to  the  post-test. 

It  is  much  more  hazardous  to  try  to  conclude  from  the  individual 
answers  to  the  questionnaire:  there  was  often  a  contradiction  between 
the  first  classification  given  by  some  teachers  and  the  marks  they  gave 
afterwards.  Global  analysis  based  on  the  groups'  means  showed 
interresting  indications  (Dionne,  1984).  However,  1t  is  much  more 
difficult,  if  not  impossible,  to  characterize  in  a  few  generdl 
statements  the  individual  reactions  of  the  subjects. 

Intuition,  the  first  theme  of  the  interview,  was  first  described  1n 
general  terms  ("to  guess",  "to  anticipate")  but  four  of  the  six 
teachers  succeed  in  linking  this  concept  of  intuition  to  learning.  For 
example,  they  spoke  of  instinct,  trial   and  error  discovery,   use  of 
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concrete  materials.  Later,  while  addressing  the  theme  of  learning  by 
discovery,  three  teachers  stood  up  in  defense  of  very  Intuitive 
approaches  based  on  the  manipulation  of  concrete  objects,  but  they  did 
not  use  the  words  "intuition"  or  "intuitive"  to  characterize  these 
approaches. 

Most  of  the  teachers  acknowledged  the  importance  of  understanding.  They 
described  this  notion  1n  terms  of  explanations  given  by  the  child,  two 
of  them  adding  the  idea  of  transfer.  Lise  distinguished  herself  as  she 
linked  the  Idea  of  understanding  with  the  ability  to  memorize  and  to 
apply  or  to  use.  The  idea  of  skill,  also  dealt  with  in  this  second  part 
of  the  interview,  remained  vague  for  most  of  the  subjects.  Only  two  of 
them  were  able  to  define  1t  in  terms  of  "e«se  at  doing  something". 

Five  out  of  the  six  subjects  agreed  on  the  effectiveness  of  learning  by 
discovery.  They  prefered  this  approach  to  what  is  known  as  the 
traditional  magisterial  approach  1n  which  the  teacher  defines  the 
notions  to  be  learned.  Lise,  even  if  she  thought  of  discovery  us  an 
"ideal"  way  of  learning,  admitted  that  she  confined  herself  to 
traditional,  authoritative  lectures  on  mathematical  concepts  and 
operations. 

Finally,  mistakes  were  perceived  as  normal  and  even  useful  by  all  the 
six  participants.  They  did  not  all  believe  that  a  good  answer  can  stem 
out  of  bad  reasoning.  However,  if  such  an  event  were  to  occur,  they 
thought  that  the  student's  explorations  would  allow  them  to  realize 
what  had  happened.  Only  one  teacher  claimed  that  she  systematically 
asked  the  children  for  explanations... 

With  these  people  from  the  control  group,  as  we  have  already  pointed 
out,  changes  were  rare  and  Isolated  phenomena,  so  that,  as  such,  they 
never  indicated  to  any  substantial  evolution  in  these  subjects' 
perceptions.  Hence  our  conclusion  that  our  tools  did  not  initiate 
modifications  of  these  perceptions. 


In  both  the  pre-test  and  the  pre-interview,  our  six  experimental 
subjects  proved  to  be  very  much  similar  to  those  of  the  control  group: 
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five  of  them  appeared  to  be  rather  constructivists,  showing  reactions 
analoguous  to  the  ones  already  described.  Furthermore,  Jacques,  like 
Use,  proved  to  be  more  traditional.  However,  changes  observed  between 
the  pre  and  post-tests  or  between  the  pre  and  post-Interviews  were  much 
more  numerous  and  coherent.  The  next  paragraphs  give  a  description  of 
these. 

In  the  correction  post-test,  our  first  subject  pays  a  much  more  nuanced 
attention  to  the  child's  thought  processes  as  she  distinguishes  between 
a  computation  mistake  and  a  reasoning  error.  And  this  is  confirmed,  in 
the  post-interview,  by  the  clear  distinction  she  establishes  between 
poor  understanding  and  a  lack  of  skill.  Our  subject  then  describes  what 
she  considers  her  "new"  reactions  when  facing  students'  mistakes, 
explicitly  asserting  here  the  Influence  of  the  experimental  course.  She 
also  claims  this  influence  when  she  explains,  still  in  the 
post-interview,  that  sho  now  distinguishes  Tevels  of  understanding  and 
can  describe  their  manifestations. 

In  the  correction  post -test,  our  second  subject  dc-prived  her  students 
of  the  benefit  of  the  doubt  she  had  given  them  1n  the  pre-test.  This 
Increased  severity  is  explained  1n  the  post-interview  when  our  subject 
relates  how  much  surprised  she  was  when,  asking  questions  to  "good" 
students,  she  discovered  that  they  simply  could  not  explain  their 
solutions  to  particular  problems.  Still  1n  the  post-interview,  she 
presented  intuition  as  a  kind  of  spontaneous  and  primitive  knowledge 
and  described  different  levels  of  understanding.  For  instance,  she 
mentioned  that  these  levels  allowed  the  teacher  to  overcome  the 
simplistic  "you  have  1t  or  you  don't"  diagnosis.  Finally,  she  insisted 
on  the  ability  to  explain  as  an  Important  criterion  of  understanding,  a 
criterion  replacing  the  ability  of  problem-solving.  This  attltudinal 
change  is  coherent  with  the  increased  severity  mentioned  above. 

Of  all  the  interviewed  persons,  our  third  experimental  subject  was  the 
most  constructivist  from  the  outset.  Thus,  she  did  not  change  much  but 
even  then,  she  deepened  and  structured  her  beliefs.  The  course  allowed 
her,  notably,  to  clarify  her  perceptions  of  intuition,  now  sien  as  the 
first  step  in  the  understanding  process  and  to  describe  that  intuition 
in  terms  of  cognition  and  not  or.ly  in  terms  of  representation.  She  now 
could  also  establish  a  classification  of  errors  distinguishing  between 
a   technical    mistake,    a   wrong   choice    of    process    and    a    lack  of 
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Our  fourth  subject  was  also  a  very  constructivist  person  but  this  did 
not  prevent  her  from  renewing  her  vision  of  Intuition  which  she 
described,  in  the  pre-i nterview,  as  a  vague  feeling  and,  in  the 
post-interview,  as  primitive  knowledge,  an  important  step  in  the 
learning  process.  She  also  asserted,  in  the  post-interview,  that  she 
now  believed  more  than  ever  in  the  importance  of  the  process  of 
discovery.  And  she  associated  the  latter  with  the  manipulation  of 
concrete  materials,  which,  as  we  believe,  constitutes  a  rather 
Intuitive  approach. 

Our  fifth  subject  also  showed  signs  of  change  in  her  perception  .  For 
instance,  she  explained  how  the  course  helped  her  to  get  a  better 
understanding  of  basic  arithmetic  and,  thus,  a  better  understanding  of 
the  roots  of  her  students'  difficulties.  And  as  she  acknowledged  this, 
she  was  led  to  a  more  general  use  of  concrete  materials  and 
manipulations,  And  for  her,  this  was  added  proof  of  the  importance  of 
intuition  and  discovery  in  the  learning  process. 

Jacques,  our  last  subject,  was  at  the  beginning  what  he  remained 
throughout  the  experiment:  a  very  traditional  teacher.  For  instance,  in 
the  correction  test,  he  remained,  above  all,  interrested  in  answers  and 
did  not  see  any  place  for  intuition  in  the  learning  process.  He  did  not 
find  "realistics"  the  use  of  discovery  learning  nor  did  he  consider 
error  as  something  rather  difficult  to  analyse.  His  conviction  were, 
for  sure,  a  little  more  "nuancees"  than  what  this  brief  summary  makes 
then  to  be,  but  as  it  may,  they  remained  unaffected  by  the  experiment;;  1 
course. 


There  is  a  clear  convergence  of  indications:  five  out  of  the  six 
control  subjects  proved  to  be  rather  constructivist.  For  instance, 
their  reflections  on  errors  were  coherent  with  their  reactions  in  the 
correction  test;  the  attention  they  said,  in  that  test,  to  the 
student's  reasoning  process  was  confirmed  by  the  importance  they 
attached  to  understanding.  Similarly,  the  importance  they  gave  to 
intuition  was  confirmed  by  their  marked  preference  for  learning  by 
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discovery.  Use,  alone,  remained  clearly  traditional.  She  could'nt  make 
room  for  the  child's  intuition  or  for  a  discovery  process  in  her 
teaching.  Also  she  gave  a  rather  behaviorist  description  of 
understandi  ng. 

The  preceeding  conclusions  also  apply  to  the  subjects  of  the 
experimental  group:  simply  replace  Lise  by  Jacques...  For  Jacques  did 
not  change  much.  In  fact,  our  constructivist  beliefs  led  us  to  say  that 
it  will  always  be  sheer  utopianism  to  try  to  change  someone's 
convictions  againts  its  own  will.  The  initial  move  or  impetus  has  to  be 
initiated  by  the  person  himself. 

However,  if  the  changes  observed  within  the  control  group  were  small 
and  isolated,  the  presence  and  coherence  of  those  noted  in  the 
perceptions  of  five  out  of  six  of  the  experimental  subjects  reveal  a 
real  influence  of  the  experimental  course  on  these  perceptions.  For 
these  individuals,  the  course  was  an  opportunity  to  discover  something 
new  and/or  to  deepen  and  structure  beliefs  already  present:  concerning 
the  function  of  intuition  in  the  learning  process,  for  instance,  or  the 
importance  of  analyzing  children's  errors.  All  this  confirms  and 
strengthens  the  indications  obtained  from  the  global  analysis  of 
answers  to  the  correction  test  (Dionne,  1985)  and  to  the  questionnaire 
on  school  mathematics  (Dionne,  1984).  However,  the  evolution  observed 
here  are  not  radical.  And  this  is  due  to  the  fact  that  constructivist 
perceptions  were  more  operative  than  expected  at  the  beginning,  but 
especially  and  above  all  because  real  change  in  perceptions  is  more  a 
continuous  process  than  an  event. 

Finally,  what  should  be  retained  is  that  this  research  brings  novelty 
in  two  ways. 

-  First,  by  its  method.  Because  of  this  study,  new  tools  to 
evaluate  teachers'  perceptions  were  built  and  tested.  More 
importantly,  the  simultaneous  use  of  these  tools,  each  being 
very  different  from  the  other,  allowed  a  search  for  converging 
indications  which  mutually  validated  themselves. 

-  Secondly,  by  its  conclusions.  In  fact,  the  results  of  this  study 
could  lead  to  better  teachers  training  programs  where 
mathematics  concepts  would  be  considered  simultaneously  in  an 
eplstemological  and  psycho-pedagogical  perspective.  This 
particular  kind  of  integration  of  different  aspects  of  teaching 

ErJc  578 


-  92 


and  learning  could  help  to  solve  the  problems  mentioned  at  the 
beginning  of  this  paper  because  1t  would  put  the  focus  on  the 
way  concepts  are  known  and  understood. 
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Abatract 

Tha  flrat  part  of  thi«  raport  refers  to  an  inforaal  atudy  in 
which  quaatlona  ware  addraased  about  tha  affact  on  aathe- 
aatlce  taachara  of  thalr  viewing  of  claaaroom  vidao  tapa. 
Claesrcoei  axcarpta  wara  viewed  by  groupa  of  taachara,  who 
wara  than  Invited  to  reconatruct  what  they  had  e»»n,  relate 
It  to  their  own  experience,  and  dlacuaa  laauea  which  were 
raised.  The  aecond  part  concerna  continuing  work  In  which 
ballefa,  which  raaulted  froa  the  earlier  atudy  are  being 
teeted.  Leaaona  of  a  mmber  of  teachera  In  a  eecondary 
achool  have  been  fllaed  and  viewed  by  the  teachere  both 
Individually  and  In  groupa.  Audio  recordlnga  of  tha  teachera 
coaaente,  both  at  the  tlae  of  the  viewing  and  after  eub- 
aaquent  claaaroom  action  provide  data  for  analyale. 


PAST  1 


MCKGBOOW 


Tha  Centre  for  Hathematica  Education  at  the  Open  University  <0.K.)  ha* 
filmed  many  houra  of  mathemetlca  leaaona  and  hae  publlahed  coapllatlona 
of  excerpta  fro.  theaa  leaaona.  The  membera  of  the  Centre  have  sub- 
sequently been  engaged  with  Issues  concerning  the  use  of  such  video 
footage  for  teecher  inearvlce  education. 


lU  IHOMM.  STDDI 


Tha  Inforaal  Study  concerned  questlona  to  do  with  the  value  of  viewing 
video  recordlnge  of  mathematics  leaaons  In  contributing  to  th«  profea- 
alonal  development  of  aatheaatlca  teachers.  It  haa  been  puraued  through 
a  eerlee  jf  workahops  with  teachers  and  advlaory  teachere.  In  aoae 
caaea  the  workahop  haa  been  baaed  on  particular  themea  or  quaatlona. 
Two  axaaplaa  of  auch  theaea  were,  the  role  of  practical  work  in  the 
mathematics  classroom,  and  teacher  Intervention. 
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Th.  work  ha.  b..n  b...d  on  th.  b.ll.t  th.t  vl.wlng  .  vld.o  t.p.  cr..t.. 
r.ionanc.  [1J  In  th*  vi.w.r  which  en  .tl.ul.t.  h.r  to  r.fl.ct  on 
■•pacti  of  h.r  own  cl.i.rooa  .xp.rl.no  and  pr.ctic.  (Schon  1983). 
Hor.ov.r,  If  th.  vl.wlng  1.  «  group  activity.  It  r-rovld..  .  .h.r.d 
•xp.rl.nc.  of  th.  r.cord.d  cl...roo«.  Aa  ■  r..ult  of  thl.  th.  group 
h.v.  a  coaaon  b.al.  fro.  which  to  axplor.  i..u..  r.l.ad  du.  to  In- 
dividual r.aonanc. 

An  Uport.nt  ..p.ct  of  vl.wlng  vid.ot.p.  .....  to  b.  what  h.pp.n.  wh.n 

th.  t.l.vl.lon  1.  .vltch.d  off  (Ha.on  1985).  W.  h.v.  work.d  on  th. 
prlnclpl.  that  thl.  .hould  b.  th.  «o.t  v.lu.bl.  p.rt  of  th.  .ctlvity. 
Th.  vldwtap.  lt..lf  1.  no  .or.  than  an  Incopl.t.  r.cord  of  on.  cl...- 
roo«.  Th.  valu.  In  vl.wlng  thl.  Mr.ly  ..  .  cl...roo«  .xa.pl.  or 
dMon.tr.tlon  .....  n.U.d,  .Inc.  th.  vi.w.r  1.  not  .ctlv.ly  .ng.g.d 

In  It.  N.  ,ugg..t  th.t  It  1.  only  wh.n  th.  vi.w.r  r.l.t..  wh.t  ha. 
...n  to  h.r  own  .xp.rl.nc.  and  .tart,  to  work  on  th.  la.ua*  r.l.ad, 
th.t  .h.  ,t.rt.  to  profit  fro-  th.  .xp.rl.nc.  It  1.  by  con.trulng  th. 
vldao  lHgM  1„  t.r..  of  h.r  own  .xp.rl.nc.  th.t  .h.  con.truct.  h.r  own 
r.allty  (von  Claaarafaia  1984). 

Tha  langth  of  vldaotap.  vlawad  at  .ny  tl.a  ha.  u.u.lly  ba.n  quit, 
•hort,  p.rh.p.  3  to  7  alnuta*.  .o  th.t  vi.w.r.  could  b.  .xp.ct.d  to 
raumbar  Wh.t  th.y  ..w  In  .o..  d.t.il,  Vl.wlng  ha.  b..n  follow.d  by 
■c*anta  of  IndlvlJu.l  .ll.nt  r.con.tructlon  to  .llow  ..ch  p.r.on  to  fix 
th.lr  own  lug.,  bafora  .h.rlng  th.-  with  oth.r..  Th.n  vi.w.r.  h.v. 
b..n  lnvlt.d  to  t.ll  .  n.lghbour  brl.fly  what  th.y  ..w,  without 
lnt.rpr.t.tlon.  Dl.cu..lon  ha.  th.n  b..n  op.n.d  to  th.  l.rg.r  group,  to 
allow  .h.rlng  of  wh.t  wa.  ,..n,  and  of  ralatad  p.r.on.l  .xp.rl.nc.  w. 
hop.  to  Includ.  .n  .xa.pl.  0f  thl.  way  of  working  at  our  pr.-.nt.tlon. 

On.  of  th.  flr.t  thing,  th.t  w.  ob..rv.d  w..  th.t  although  av.ryon. 
watch.d  th.  .«..  pl.c.  of  vld.o,  dlff.r.nt  p.opl.  .ctu.lly  dlf- 
f.r.nt  thing..  Sc.tl...  by  n.gotl.tlon  peopl.  w.r.  ,bl.  to  agr..  on 
what  th.y  had  ...n.  At  oth.r  tl...  only  .  r..howlng  of  th.  vld.o  would 
convlnc.  A.  di.cu..lon  progrcd,  d.scrlptlon  turn.d  .ubtly  into 
lnt.rpr.t.tlon,  and  th.  f.ch.r  group  w.r.  no  'long.r  di.cu.alng  wh.t 
th.y  had  ...n,  but  w.r.  putting  th....lv..  Into  th.  .ltuutlon  «nd 
r..pondlng  to  It  with  th.lr  pro£...lonal  .xp.rl.nc. 
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Although  it  wae  never  claimed  that  excerpts  Illustrated  good  practice, 
this  was  often  aaeuaed  by  the  viewers.  In  many  caiei  It  triggered  a 
reiponie  of  overt  crltlclia  of  the  teacher  concerned.  When  thli  hap- 
pened we  felt  It  luportent  to  suggest  that  little  value  could  reault 
froa  criticising  the  teacher  fllaed,  end  that  perheps  aost  could  be 
gained  froa  relating  what  was  seen  to  one's  own  experience  end  trying 
to  learn  froa  It  by  reflecting  (Kllpatrlck  1986) . 

At  all  of  the  workshops,  Issues  to  do  with  teaching  metheaatlcs  were 
raised  which  Involved  aost  of  the  participants  in  discussion.  Often  A 
considerable  debate  resulted.  He  suggest  that  the  video  was  the  cat- 
alyst in  the  creation  of  this  debate,  and  that  as  a  result  the  teachers 
confronted  issuee  that  they  night  not  otherwise  have  articulated. 

Many  events  could  be  reported.  There  are  no  formal  records,  end  the 
teachers  were  not  foraally  interviewed  after  the  seesions.  However, 
coaaents  froa  aany  teachers  indicated  that  they  found  the  sessions 
stiaulating  and  thought  provoking.  A  valuable  further  study  could  be  to 
follow  up  sosw  of  the  teachers  and  explore  what  effect  the  experience 
had  on  their  claasrooa  practice. 

A  nuwber  of  questions  were  raised  as  a  result  of  this  workt 

1)  What  happens  to  the  teacher's  classrooa  work  as  a  result  of  engag- 
ing in  issues  provoked  by  the  video? 

2)  How  does  the  selection  of  the  excerpt  for  viewing  affect  issues 
which  are  reised? 

3)  How  doee  the  length  of  tape  viewed  affect  the  resulting  discussion? 


These  questions  and  others  are  being  considered  in  a  further  study 
which  concerns  exploration  of  the  use  of  video  tape  by  the  membere  of 
the  mathematics  departaent  in  a  secondary  school. 
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«n  cgkkwxk  msi 

Our  lntantlon  la  to  atudy  In  aora  datall,  tha  affacta  on  taachara  of 
vlawlng  claaarooa  vldao  tap*.  Tha  vldao  tap*  uaad  In  tliia  caaa  la 
fllaad  la  tha  claaarooaa  of  tha  taachara  who  ara  taking  part.  Tha 
taachara  ara  lntaraatad  In  tha  uaa  of  vldao  racordlng  to  lnfora  thalr 
own  claaarooa  practlca.  Eavaral  laaaona  hava  baan  fllaad,  and  tha 
following  u*a  hn  baan  aada  of  tha  raaultlng  vldao  tapai 

1)  Taachara  hava  Individually  vlawad  vldao  of  thalr  own  claaarooaa  and 
thalr  aubaaquant  coaaanta  hava  baan  racordad  on  audio  tapa. 


2)  Tha  taachara,  aa  «  group,  hava  vlavad  axcarpta  froa  aach  othar'a 
laaaona  and  tha  dlacuaalona  which  followad  hava  baan  racordad  on 
audlo-tapa. 

Currant  analyala  conalata  of  working  on  tranacrlpta  of  tha  audlo-tapaa, 
and  talking  with  tha  taachara  about  tha  laauaa  ralaad  and  tha  rola  of 
tha  vldao-tapa  In  ralalng  tha  laauaa. 

A  raault  which  la  alraady  notlcaabla  concarna  taachara  working  on  ldaaa 
togathar  and  aharlng  claaarooa  axparlancaa  In  a  way  that  did  not  occur 
bafora.  For  axaapla,  tha  group  vlawad  a  vldao  axcarpt  of  tha  Haad  of 
Dapartaant  (HoD),  praaantlng  an  activity  to  hla  claaa  In  a  particularly 
opan-andad  £ora.  Tha  activity  waa  ona  on  which  tha  othar  taachara  wara 
alio  working  with  thalr  own  claaaaa,  and  ao  tha  laaaon  vlawad  had 
ralavanca  for  thaa  all.  Tha  HoD  had  choaan  tha  axcarpt,  and  ha  had  aoaa 
quaatlona  which  ha  wantad  to  ahara  with  tha  group. 

Ha  had  praaantad  tha  activity  In  a  opan-andad  fora  In  which  puplla  had 
baan  lnvltad  to  poaa  and  axplora  thalr  own  quaatlona.  Ha  fait  that  tha 
raaultlng  exploration  had  producad  faw  aathaaatlcal  lnalghta  bacauaa 
puplla  had  workad  with  too  aany  varlablaa.  Ha  had  triad  hard  to  gat 
puplla  to  conatraln  tha  altuatlon  thaaaalvaa.  ao  that  It  bacaaa  poa- 
albla  to  ralata  aoaa  of  tha  varlablaa,  but  fait  that  ha  had  not 
auccaadad.  Hla  quaatlona  ».^ra  to  do  with  tha  valua  of  an  opan-andad 
approach,  tha  daalra  on  tha  part  of  tha  taachar  for  racognlaabla  aatha- 
aatlcal outcoaaa,  and  tha  training  of  puplla  In  problaa  aolvlng 
atrataglaa. 
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Th.  oth.r  —here  of  th.  department  w.r.  quickly  drawn  Into  th.  d.bate, 
and  a  nuaber  of  laeuea  emergedr 

.  The  dlffatant  -odaa  of  plantation  of  an  activity)  (wltn.aa.d  by 
tha  dlffatant  experience,  of  tha  taachata  In  praaantlng  the  activity 
theaeelvea) . 

»  Tha  valua  of  opan-andad  actlvltlea  -  loaaaa  and  galne. 

.  Th.  tl.a  ap.nt  by  a  t.ach.t  'up  front'  aa  oppoa.d  to  working  with 
lndlvlduala  or  groupa  within  the  claaa 

On.  ta.char  fait  that,  d.aplt.  th.  HoD'a  worrl.a,  hi.  pupil,  could  gain 
fro.  b.lng  glv.n  mora  freedom,  to  axplor.  for  th.ms.lv..,  and  ao  ha 
dacldad  to  try  out  a  mora  op.n-.nd.d  approach  to  hi.  next  claa.rocm 
activity. 

Th.  HoD  b.ll.v.d  that  h.  had  ap.nt  too  much  tim.  .t  th.  front  of  th. 
claaa,  and  decided  to  work  on  r.duclng  thl.  In  auba.qu.nt  la.aons. 

After  vlawlng  tap..  Individually,  on.  of  th.  ta.char.  commented  on  th. 
v.lu.  of  th.  vld.o-t.p.  in  providing  gllapaaa  of  th.  working  of  pupil 
group,  to  which  .h.  had  not  had  ace...  bac.ua.  «h.  wa.  alaawhara.  6h. 
•aid, 

I  found  it  very  ua.fuJ  to  see  what  tiw«  did,  and  hear  -hat  they 
aaid  after  I'd  laft  the..  Normally  iiou  wouldn't  know,  and  I  was 
very  pieased.  They  were  sailingr  and  seemed  confident. 

Another  ta.char  r.m.rk.d  that  ha  had  found  It  Int.r.atlng  to  oba.rv. 
hi.  lnt.rv.nt ion  with  pupil  groups  and  ha  w.nt.d  to  think  about  how 
thl.  .ffact.d  th.  work  of  th.  pupil,  and  hi.  parc.pt Ion  of  th.lr  under- 
atendlng. 

A.  a  ra.ult  of  on.  vld.o  excerpt  of  a  group  of  four  pupil,  working  on  a 
probl.m,  .  "..ting  took  pl.c.  between  th.  HoD  and  th.  pupil,  who  had 
ba.n  fU«.d.  Th.  pupil,  ware  encouraged  to  talk  about  how  they  had  fait 
whan  th.y  w.r.  working,  to  recall  dlff.r.nt  .tag..  In  th.lr  working, 
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and  to  r.l.t.  th.»  to  th.lr  ..th.matic.l  progress.  Th.  HoD  £«lt  th.t 
this  had  value  in  at  leant  two  ways! 

1)  H.  g.ln.d  insight  into  th.  stud.nt.'  p.rc.ptions  of  what  h.  had 
aak.d  th*a  to  do. 

2)  H.  fait  that  a  b.tt.r  und.rst.nding  might  result  between  th.  stu- 
dents and  hias.lf  to  the  advantage  of  future  work. 

Vid.o-t.p.  ha.  contributed  to  th.  railing  of  issue.  ln  «.th.«.tic. 
teaching  ..ong.t  th.  t.ach.r.  involv.d  in  thi.  .tudy,  for  th.  following 


•  Its  r.pl.y  facility  .nabl..  sharing  of  .v.nt.  and  conc.rn.  with 
coll.agu..  ,nd  pupil.,  and  vi.wing  of  .v.nt.  wh.r.  th.  t.ach.r  wa. 

not  prcunt. 

*  R.son.nc.  with  what  1.  vi.w.d  bring-  out  i.su..  and  conc.rn.  for 
group  dl.cu..lon  and  po«.ibly  .ub.equ.nt  cl...roo«  action. 

Qu.«tion«  .till  b.ing  pur.u.d: 

1)  What  chang.i  in  cla.sroo*  .ction  and  outcoa.  can  b.  r.lat.d 
dlr.ctly  to  vld.o  vi.wing? 

2)  C.n  and  .hould  .xc.rpt.  for  vi.wing  b.  chos.n  with  .p.cific  is.u.s 
in  How  do.,  what  i.  off.r.d  for  group  vi.wing  lnflu.nc. 
resulting  discu.slon  and  action? 

3)  I.  th.r.  any  .fflci.nt  or  .cono-ic.l  way  in  which  group  vi.wing  of 
vid.o  r.cording.  c.n  t.k.  place,  perhaps  to  m.ximis.  benefits  fro* 
this  group  activity? 

4)  What  do  th.  t.achers  regard  as  the  benefits? 
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CONCLUSION 

The  video  is  having  an  effect  on  the  teachers'  thinking.  The  methods  of 
ita  use  and  aspect*  of  classroom  action  and  out con*  need  further 
exploration. 

He  realise  that  there  are  issues  to  do  with  the  making  of  the  video  - 
e.g.  technical  limitations  and  Implicit  editing  by  the  person  holding 
the  camera  -  which  might  affect  viewing.  We  are  aware  of  these  as 
potential  issues  but  are  not  explicitly  addressing  then  here. 


1.     St  August ine  wrote  in  De  Haglster,  in  the  late  fourth  century,  the 
following  passage  which  captures  beautifully  what  we  mean  by 
resonance: 

If  anyone  hears  me  speak  of  them  (images  of  things  once  perceived) , 
provided  he  has  seen  them  himself,  he  does  not  learn  from  my  words, 
but  recognises  the  truth  of  what  I  say  by  the  images  which  he  has  in 
his  own  memory.  But  if  he  has  not  had  these  sensations,  obviously  he 
believes  my  words  rather  than  learns  from  them.  Hhen  we  have  to  do 
with  things  which  we  behold  wixh  the  mind,   ...  we  speak  of  things 
which  we  look  upon  directly  in  the  inner  light  of  truth  ...  . 
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Till;  MIDDUJ  URAUKS  MATHEMATICS  PROJECT!     COACH  1  NG 
AS  A  STRATEGY  FOR  CHANGING  TEACHER  PRACTICE 

Anno  Mudaen-Nason 
C  lends  1-appan 
Michigan  State  University 


The  Middle  Grades  Mathematics  Project  represent fi 
a  two  yeur  effort  m  Improve  the  teaching  and  leaning  t>£ 
middle  school  mathematics.    The  goal  of  the  project  Is  to 
ascertain  the  amount  of  assistance  middle  school  teachers 
need  to  Implement  effectively  an  Inst  met  lonal  model  that 
would  promote  the  development  of  mathematical  understanding 
through  conceptually  oriented  Instruction.    Twelve  middle 
school  mathematics  teachers  were  separated  into  three 
groups!     One  group,  four  "uncoached"  touchers,  received 
mathematics  materials  unln(j  the  Instructional  model  and  a 
workshop  focused  on  using  these  materials;  a  second  group, 
four  "coached"  touchers,  received  the  materials  and  work- 
shop training  and  were  aluo  coached  In  their  classrooms) ; 
the  third  group,  four  "lead"  teachers,  received  the  mater- 
ials, workshop  training,  and  coaching  and  were  also 
expected  to  conch  a  col leaRue  the  second  year.  Interim 
results  from  the  first  year  of  the  study  indicated  the 
"lead"  teachers  made  greater  changes  In  their  thinking 
about  Instruction  than  did  their  "coached"  or  "uncoached" 
counterparts,    There  Is  evidence  that  1)  coaching  does 
make  a  difference  In  changing  teacher  practice  and  2)  the 
length  of  support  time  needed  to  help  teachers  learn  a  new 
instructional  mode  la  at  least  two  years, 


Kullan  and  Poinfret  (197V)  provided  a  comprehensive  review  of  research 
on  curriculum  and  Instruction  Implementation.    They  suggested  that  there 
are  five  dimensions  of  implementation  In  practice:    changes  in  materials, 
structure,  role/behavlor ,  knowledge  and  understanding,  and  value 
Internalization.     The  goals  of  Implementation  must  also  include  changing 
teachers'  behaviors  or  roles  In  the  classroom  in  such  a  way  as  to 
encourage  the  acquisition  of  student  process  goals.    Teachers  can 
implement  new  materials  In  the  classroom,  at  a  surface  level,  ho  students 
learn  the  skills  and  "algorithms"  of  the  content  without  developing 
deeper  understanding  of  the  concepts  and  processes  inherent  In  the 
mathematics.     According  to  the  Rand  Study  (McLaughlin  fi  Marsh,  1978), 
professional  development  alined  at  changing  experienced  teachers' 
practices  may  need  a  level  of  personal  Involvement  with  the  teachers  In 
addition  to  providing  exemplary  mathematics  materials. 

Houson  (1979)  says,  "If  new  materials  are  to  be  handled  with 
understanding,  then  training  Is  Insufficient  —  one  can  train  teachers 
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to  handle  a  new  learning  Byueom,  yet  to  cope  with  diUicultioa 
which  arise  In  Us  use,  Litis  teachers  must  be  rwwluuntvd, "    .loyrc  t< 
Sliowern  (1981)  hypothesize  that  a  fully  elaborated  training  nyatcm 
Including  theory,  dumoivat  ration  and  practice,  and  feedback  generally 
will  ensure  skill  ntuiulslUnn  mi  Um  part  ol  the  lenchera.  However, 
It  transfer  1b  to  occut  they  uuggcat.  that  further  help  la  needed  which 
could  bu  provided  by  "coaching". 

Showon;  (11183)  rcporto  a  very  promising  study  In  wtiieh  the  notion 
ol  coaching  la  elaborated.    Couching  was  conceived  In  thin  study  nr.  .i 
combination  of  noverul  elemental    the  provision  of  companionship,  the 
giving  of  technical  feedback,  und  the  .'mulynlli  of  application. 

Good  &  IHophy  iWH)  demonstrated  the  power  of  Intensive  observ- 
ations und  feedback  lor  MBHilitiug  tfnche.ru  to  alter  certain  klndu  of 
buhavior.     l.anler  (1981)  uaed  Jti  Intend tve  advlaor  strategy  to  change 
Leuehur  behavloni  in  general  raathemat  lea  classrooms.    There  are  many 
almlluritlos  between  the  charaeterlat  leu  ol  an  advisor's  work  and  that 
ol  a  "coach".    Andreae  iWi)  emphasizes  tliut  the  advisor's  role  la  to 
provide  assistance  In  terms  of  umchorjs  needu.    Apelman  (1981)  uayu 
that  "stimulating  and  extending  teachera'  thinking  about  their  goals 
raluea  sidviuioi!  above  merely  technical  aid."    An  advisor's  ultimate 
task  la  to  elicit  In  the  teacher  a  problem-solving  und  reflective 
att  itude,  that  will  enable  him/her  to  overcome  success! ul  lv  future 
challenges.     Incorporating  the  strengths  of  the  advisory  role  with  the 
more  behavioral  couching  role  seems  to  be  a  very  profitable  direction 
in  teacher  lnaervtcu. 

PROJECT  GOALS 

The  Middle  Grader,  Mathematics  Project  (MGMP)  represents  a  wide- 
ranging  effort  to  Improve  the  teaching  and  learning  of  mathematics  by 
teachers  and  students  In  grades  bIx,  seven,  and  e'ght.     The  early  phase 
of  the  project  focused  on  th'i  development  of  exemplary  units  of  Import- 
ant mathematics  ideal   appropriate  for  students  in  these  grade  levels. 
The  instructional  model  (Shroyer,  1934)  around  which  the  units  are 
built  Uaunch-lixplore-Summarlze)  provides  teachers  with  exemplars  of 
conceptually  oriented  mathematics  instruction. 

Good  pointed  out  that  his  research  with  Crouws  on  mathematics 
instruction  showed  that  many  teachers  tend  to  emphasize  computation, 
memorization,  and  mechanics.     However,  the  students  of  teachers  who 
emphasize  conceptual  understanding  received  higher  achievement  scores 
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in  mathematics.     (Notes  &  News,  1984) 

The  HCMP  staff  identified  changes  in  teacher   practices  that  need 
to  occur  in  order  to  implement  effectively  the  Launch-F.xplore- 
Suramarize  (LES)  model.     Tliese  changes  In  teachers'  beliefs  and 
behaviors  included  the  following  major  areas: 

1)  Patterns  of  Communication; 

2)  Planning  for  Instruction; 

3)  Quality  of  Direct  Instruction;  and, 

4)  Instructional  Thoughts  and  Actions. 

Prtvious  work  with  the  implementation  of  these  exemplary  materials 
had  shown,  as  the  literature  predicts,  that  the  materials  alone  did  not 
produce  the  desired  changes  in  teachers'  instructional  beliefs  and 
classroom  practices.     This  study  examines  the  impact  of  classroom 
consultation  (referred  to  as  coaching)  on  producing  the  desired 
cianges.     The  major  question  is,  "How  effective  is  coaching  as  a 
strategy  in  changing  teacher's  instructional  emphasis  from  a  comput- 
ational to  a  conceptual  orientation  as    reflected  in  the  exemplary 
mathematical  materials  (MGMP  units)?" 

THE  THEORETICAL  FRAME 
The  model  of  the  nature  of  teacher  change  that  the  staff 
theorized  would  be  found  is  based  on  Lewin's  general  model  for  the 
process  of  change.     As  Blanchard  (1981)  explained,  the  >.ewin  model 
consists  of  three  phases:     The  first  phase,  unfreezing,  prepared 
or  motivated  people  for  change;  the  second,  changing  phase,  took 
place  when  people  learned  new  patterns  of  behavior;  the  third  phase, 
refreezing,  was  the  process  by  which  the  newly  acquired  behavior 
was  adapted  or  integrated  into  the  individuals  repertoire.  We 
imposed  a  series  of  change  states  on  this  model  that  we  conjectured 
the  teachers  would  move  through  in  varying  degrees  during  the  change 
process . 

Thoughts  Actions  Beliefs  Behaviors 

UNFREEZING  CHANCINCT  REFREEZING 

Eight  of  the  twelve  project  teachers  were  coached  by  the  staff. 
Of  the  eight,  four  were  Identified  as  "lead"  teachers  with  the 
expectation  from  the  beginning  that  they  would  coach  a  colleague  In 
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their  school  during  the  second  year  of  the  project.     The  four  "coached" 
teachers  were  not  expected  to  co-ch  a  colleague.    The  remaining 
fwc  teachers  were  "uncoached"  -  they  received  the  same  summer  workshop 
training  and  the  exemplary  mathematical  units  as  did  the  "lead"  and  the 
"coached"  teachers  but  did  not  have  any  coaching  follow-up  in  their 
classrooms  during  the  school  year. 

INTERIM  RESULTS  OF  THE  TEACHER  STYLE  INVENTORY 
AND  STUDENT  SURVEY  OF  THE  CLASSROOM 
In  an  effort  to  capture  the  changes  in  teacher's  thoughts,  actions, 
beliefs,  and  behaviors  surveys  were  administered  to  the  project 
teachers  and  the  students  In  the^  classes.     The  surveys  used  a  Likert- 
scale  requiring  a  response  from  1  to  5.     Students  completed  the 
Student  Survey  twice  during  the  school  year  -  once  in  the  Fall  and 
Spring.     The  teachers  completed  the  Teaching  Style  Inventory  at  the 
start^of  the  project,  after  the  first  year,  and  will  be  given  the 
inventory  at  the  end  of  the  second  year.     It  was  believed  the  results 
of  the  Teaching  Style  Inventory  would  provide  evidence  of  a  teacher's 
changed  thoughts  and  beliefs  about  instruction  and  classroom  practice  . 
In  addition,  the  results  of  the  Student  Survey  would  reflect  the 
teacher's  changed  actions  and  behaviors  in  the  classroom. 

The  Teacher  and  Student  Surveys  from  the  Spring  of  1985  (pre- 
project)  and  the  Spring  of  1986  (interim)  were  analyzed.     A  method  of 
analysis  was  employed  that  captured  the  amount  and  degree  of  change 
the  teachers  made  in  their  thinking  across  the  first  year.  This 
analysis  involved  making  a  comparison  between  an  "actual"  response 
on  an  item  with  the  "ideal"  response  for  that  item.     For  examp).', 
if  a  teacher's  or  students'  "actual"  response  to  an  item  was  1 
and  the  "ideal"  response  for  that  item  was  5,  then  a  1  was  recorded. 
This  value  of  3  signified  that  the  "actual"  response  was  3  levels 
awav  from  the  "ideal".     A  sum  of  all  the  items  distance  from  the 
"ideal"  was  calculated  for  each  pre-  and  interim  survey  for  the  teachers 
and  their  classes.     The  difference  between  the  sums  on  the  pre-  and 
interim  surveys  represented  the  Index  of  Change.  -  or  the  amount  of 
change  which  occurred  from  the  pre-  to  the  interim  survey.  (Figure  1) 
The  results  suggest  that  each  of  the  project's  teachers  had  made 
some  changes  in  their  thinking  about  instruction  and  classrocm 
practice  across  the  first  year,     interestingly ,  three  of  the  four 
"lead"  teachers  ranked  first,  third,  and  fourth  in  the  interim 
Teacher  Survey  results.     This  would  Indicate  these  teachers  had 
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changed  more  in  their  thinking  than  did  their  project  counterparts. 
The  results  fron  the  Student  Surveys  indicated  the  students  in  the 
teachers'  classes  noticed  some  change  in  the  classroom  practices 
of  their  teachers.     Although  the  "lead"  teachers  showed  more  change 
i.i  their  perceptions,  this  change  was  not  reflected  in  classroom 
practice.     The  "coached"  teachers  showed  less  change  in  their 
perceptions  (from  the  Teacher  Survey  results),  but  their  students 
noticed  nore  change  in  their  classes  (from  the  Student  Survey  results). 

PRE-  TO  INTERIM  RESULTS  ON  THE  MGMP 
TEACHER  STYLE  INVENTORY  AND  STUDENT  SURVEY  OF  THE  CLASSROOM 


TEACHING  STYLE  ] 

NVENTORY 

STUDENT  CLASSROOM  SURVEY 

lenr 
Code 

Spring 
'85  '86 

Chng 

Rank 

•85  '86 

Tchr 
Code 

Spring 
•85  '86 

Chng 

Rank 

|  Lead 

A-l 

53  36 

+17 

B-2  A-4 

A-l 

28.8  27.4 

+1.4 

•85  '86 
C-2  B-3 

A-2 

61  36 

+25 

B-3  B-2 

A-2 

30  .  2    2  7.6 

+2.6 

C-l  C-l 
A-4  C-2 
A-3  B-l 
B-3  B-2 
B-2  B-4 
B-l  A-3 
C-3  A-4 
B-4  C-3 
A-l  A-l 
A-2  A-2 

A- 3 

62  53 

+9 

A-4  A-2 
A-l  A-l 

A-3 

26.0  25.5 

+1.3 

A-4 

53  22 

+31 

A-4 

26.4  26.4 

0.0 

Coached 

B-l 

65  51 

+14 

B-4  C-2 
C-2  B-3 
A-2  B-4 
A-3  B-l 
B-l  A-3 
C-l  C-l 
C-3  C-3 

B-l 

27.7  23.1 

+4.6 

B-2 

48  32 

+16 

B-2 

27.0  23.4 

+3.6 

B-3 

51  43 

+8 

B-3 

27.0  21.4 

+5.6 

B-4 

54  46 

+8 

B-4 

28.0  24.3 

+3.7 

Un- 
Coached 

C-l 

67  43 

+14 

C-l 

26.1  22.1 

+4.0 

C-2 

55  38 

+17 

C-2 

24.1  22.5 

+1.6 

C-3 

80  71 

+9 

C-3 

27.8  26.3 

+1.0 

X     59  43 
SD  9.2  10.2 

X 
SD 

27.3  24.6 
0.51  2.13 

Figure  1 

The  summary  results  show  changes  in  how  teachers  thought  about 
instruction  and  some  small  changes  in  their  classroom  practice  as 
perceived  by  their  students.     We  believe  that  the  results  from  the 
second  year  will  likely  show  more  dramatic  changes  in  the  "lead" 
and  "coached"  teachers  and  less  change  in  the  "uncoached"  teachers. 
The  "lead"  and  "coached"  teachers  during  the  second  year  seem  to 
be  transforming  their  thoughts  and  actions  into  beliefs  and  behaviors 
about  practice  -  this  has  not  been  accomplished  by  the  "uncoached" 
teachers . 
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DISCUSSION  AND  EMERGING  CONCLUSIONS 
None  of  the  project  teachers  reached  a  state  of  changing  their 
beliefs  or  behaviors  in  a  consistant  habituated  way  by  the  end 
of  the  first  year.     Although  most  of  the  "lead"  and  "coached"  teachers 
had  moved  into  Lewin's  Change  Phase  by  the  end  of  the  first  year 
they  were  inconsistent  in  their  classroom  practices.    While  one 
lesson  would  be  very  good,  the  following  one  might  show  a  return  to 
a  previous  instructional  mode.     For  example,  a  return  to  questioning 
such  as,  "Tell  me  what  you  do  to  find  the  area  of  a  rectangle." 
(requiring  a  computational  response  rather  than  a  conceptual  one) . 
If  there  was  a  surprise  in  the  data  from  this  first  year  it  was  in 
the  length  of  time  we  found  teachers  needed  support  in  order  to 
make  substantial  changes  in  their  instruction. 

IMPLICATIONS 

At  this  point  in  the  project  there  is  clear  evidence  that  coaching 
does  make  a  difference  and  that  the  length  of  support  time  needed 
to  help  teachers  learn  a  new  instructional  strategy  -•  to  make  real 
change  -  is  at  least  two  years.    The  process  of  changing  teachers' 
instructional  modes  involves  moving  them  through  phases  of  unfreezing, 
changing  and  refreezing  by  changing  their  thinking  and  acting  in  the 
classroom  first,  followed  by  the  more  comprehensive  changes  in  their 
instructional  beliefs  and  behaviors  in  regards  to  the  teaching 
of  mathematics. 
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ANALYZING  THE  PROBLEM  SOLVING  BEHAVIOR  OF  TEACHERS  AS  LEAFNERS 
Carolyn  A.  Maher  and  Alice  Alston 
Rutgers  University 


Twenty-six  educators  (including  elenentary  teachers, 
administrators,  and  graduate  students)  working  in  small 
groups  Darticipated  in  a  mathematics  problem-solving 
activity  as  part  of  a  teacher  development  project. 
Participants  were  asked  to  use  geoboards  to  construct 
solutions  to  a  series  of  multi-step  problems  involving 
fractions.    Analysis  of  their  problem-solving  behavior 
in  an  exploratory  investigation  indicated  that 
generally  the  participants  first  constructed  a  physical 
ncdel  which  they  evaluated  and  refined  using  knowledge 
of  numbers,  rather  than  first  constructing  a  symbolic 
solution  and  then  modeling  it  physically. 
The  model  providing  the  basis  for  this  study  has  as  its  goal  the 
professional  development  of  mathematics  teachers.    Described  elsewhere 
(Maher,  1986;  Maher,  in  press) ,  the  model  proposes  a  program,  based  on 
a  constructivint  view  of  learning  and  teaching,  that  enables  teachers 
to  facilitate  mathematics  instruction  by  creating  learning  environments 
for  children.    One  corpcnent  of  the  program  is  that  the  teachers  ex- 
perience the  construction  of  the  mathematics  they  are  required  to  teach 
by  working  in  small  groups  to  solve  problems  using  particular  physical 
embodiments  to  represent  the  mathematical  concepts.    The  approach  is 
based  on  the  view  that  su=h  experience  can  better  prepare  teachers  to 
observe  and  guide  children's  mathematical  learning  and  consequently 
better  equip  them  to  design,  iirpletnent,  and  evaluate  problem-solving 
activities  for  children.   The  model  is  currently  being  implemented  in 
a  three  year  project  at  the  Harding  School  in  Kenilworth,  N.J. 
(Maher,  Alston,  S  Landis,  1986;  Maher  &  Alston,  in  press;  Maher  & 
Landis,  in  press) . 

Another  view  of  teaching  which  advocates  both  understanding  of  mathe- 
matical content  and  of  the  development  of  childrens'  knowledge  is  of- 
fered by  Carpenter,  Fennema,  and  Peterson  (1986) .    They  hold  that  the 
complexity  of  the  processes  of  both  learning  and  teaching  causes 
prescriptive  teaching  to  be  ineffective  and  propose  an  alternative 
which  would  require  that  teachers  make  instructional  decisions  based 
on  an  -understanding  of  the  general  stages  that  children  pass  through 
1  The  Project  is  sponsored  by  the  Rutgers  University  Center  for 
Ma^matics,  Science,  and  Carter  Education,  the  Kenilworth  Public 
Schools  and  the  New  Jersey  Department  of  Higher  Education. 
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in  acquiring  the  concepts  and  procedures  in  the  domain,  the  processes 
that  children  use  to  solve  different  problems  at  each  stage,  and  the 
nature  of  the  knowledge  that  underlies  these  processes"  (pp.  227-228) . 
In  order  to  respond  to  the  present  crisis  in  education,  Mary  Futrell, 
President  of  the  National  Education  Association,  also  expressed  a  need 
to  restructure  teaching  both  from  the  perspective  of  children's  learn- 
ing and  the  professional  status  of  teachers,    she  called  for  continued 
research  by  educators  on  learning  and  teaching  to  be  implemented  as  a 
basis  for  developing  programs  that  would  challenge  and  prepare  teachers 
to  create  environments  in  which  students  could  be  actively  engaged  in 
explorations  that  facilitate  learning  (Futrell,  1986). 

Components  of  the  knowledge  domain,  identified  by  researchers  as 
critical  for  mathematics  teachers  if  they  are  to  make  informed  instruc- 
tional decisions,  are  knowledge  of  the  content  as  well  as  both  know- 
ledge of  how  the  content  is  learned  and  how  problems  are  solved  by 
children  t,t  various  ages.    Shulman  (1986)  has  indicated  the  need  to 
consider  knowledge  of  content  in  research  on  teaching.    Romberg  and 
Carpenter  (1986)  have  indicated  that  research  on  teaching  and  research 
on  learning  in  mathematics  are  conducted  as  if  these  were  separate 
areas  and  call  for  an  integration  of  research  in  the  two  disciplines, 
understanding  teachers  as  learners  requires  studying  the  ways  teachers 
construct  solutions  to  mathematical  problems,  reflect  on  their  own 
strategies  as  well  as  possible  alternatives,  and  consider  how  children 
of  varying  ages  and  mathematical  experience  may  represent  their  solu- 
tions,   this  report  is  focused  on  that  part  of  the  model  that  considers 
the  teacher  as  learner.    The  approach  is  based  on  the  view  that  tea- 
chers, in  preparation  for  their  working  with  children,  profit  fran  ex- 
periences doing  mathematics  that  call  upon  their  engagement  in  con- 
structing solutions  to  problems  and  modeling  them  with  the  use  of 
physical  objects. 

OBJECTIVES 

Specific  objectives  of  this  investigation  were  to  describe  how  groups 
and  individuals  within  groups  solved  mathematical  problems.    The  par- 
ticular problem-solving  activity  involved  concepts  and  operations  with 
fractions  to  be  modeled  using  geoboards.    The  following  behaviors  were 
studied:     (1)  construction  of  solutions  based  on  the  representation  of 
the  physical  model (s)  and/or  monitored  and  revised  based  on  an  inter- 
action of  their  conceptual /procedural  knowledge  of  fractions  with  their 
physical  model (s) ;  and/or  (2)  construction  of  solutions  based  on 
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conceptual /procedural  knowledge  without  prior  reference  to  a  physical 
model  (s) . 

METHODS  AND  PROCEDURES 
The  study  took  place  in  a  K-8  elerrentary  school  with  participants  of 
the  Rutgers-Kenilworth  Project.    The  population  consisted  of  a  mixed 
group  of  26  educators:    18  elementary  teachers  (from  grades  1-8),  8 
graduate  students  (including  2  elementary  and  4  secondary  mathematics 
teachers,  and  2  teachers  with  no  prior  teaching  experience) ,  the  school 
principal  and  the  curriculum  coordinator.    Five  groups  naturally  formed 
by  self-selection,  each  including  both  teachers  and  graduate  students 
and  two  including  also  an  administrator. 

In  this  two-hour  session  participants  were  asked  to  use  a  geo-board  to 
construct  solutions  to  four  multi-step  word  problems  involving  equi- 
valency and  operations  with  fractions.    Previous  sessions,  similarly 
organized,  included  activities  that  provided  a  variety  of  physical  ob- 
jects with  which  the  participants  were  to  construct  solutions  to  pro- 
blems including  activities  with  fractions  using  geoboards.    The  third 
of  the  four  problems  given  in  this  session  was  used  for  this  report. 
On  average,  20  minutes  was  required  for  the  task.    It  was  presented  in 
a  context  of  the  school  environrrent .    Each  of  the  five  groups  was  video- 
taped and  transcripts  of  these  tapes  and  the  written  work  of  the  par- 
ticipants provide  the  data  for  this  paper. 
The  statement  of  the  problem  is  as  follows: 

The  first,  second,  and  third  grades  have  been  given  a 
garden  plot  to  develop  as  a  project.    The  third  grade 
is  to  have  1/2  of  the  plot,  the  second  grade  is  to  have 
2/3  of  the  remainder  of  the  plot  and  the  first  grade  is 
to  have  what  is  left.    Show  (1)  a  possible  model  of  the 
garden  by  grades,  (2)  how  much  of  the  garden  the  second 
grade  will  have,  (3)  how  much  the  first  grade  will  tave 
and  (4)  how  much  of  the  total  plot  Linda's  class  will 
have  if  the  three  first  grade  sections  share  their  part 
of  the  garden  equally. 

RESULTS 

In  each  of  the  five  groups,  the  initial  attempt  to  construct  a  solution 
was  based  on  the  physical  errbodiment  provided.    One  or  more  of  the 
group  meitbers  began  by  enclosing  a  rectangle  on  the  board  and  then  look- 
ing to  see  if  it  could  be  partitioned  according  to  problem  specifica- 
tions.   For  instance  in  Group  1,  composed  of  a  5th  grade  teacher,  a  7th 
grade  teacher,  2  graduate  students,  and  one  administrator,  the  adminis- 
trator began  with: 


o 
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"It's  6  -  or  12  -  or  16.    (Enclosing  each  of  these  areas 
in  turn  and  counting  squares  inside.)    You  can't  do  16 
because  half  of  16  is  8  and  you  need  2/3  of  that." 

Four  of  the  five  groups  completed  their  solutions  to  the  problem  based 
on  these  models.    For  each  of  these  groups,  individuals'  procedural 
knowledge  of  fractions  was  used  to  accept,  reject,  or  refine  a  particu- 
lar construction. 

Two  strategies  seemed  most  prevalent  in  the  construction  of  these  solu- 
tions.   In  the  first,  successive  models  were  built,  the  areas  of  which 
were  consecutive  multiples  of  6.    Members  of  each  of  the  five  groups 
began  with  a  rectangle  of  6  square  units  which  met  the  requirements  of 
the  problem  that  half  of  the  plot  could  be  divided  into  two  parts: 
one,  2/3  of  the  area  of  that  half  and  the  other,  1/3.    In  order  to  ful- 
fill the  final  requirement  that  the  smallest  part  be  shared  among  3 
classes,  the  rectangle  was  doubled  and  12  square  units  enclosed.  In 
each  case  it  was  discovered  that  this  construction  would  not  work. 

As  an  illustration,  consider  the  dialogue  between  a  3rd  grade  teacher 
(T3)  and  a  graduate  student  (G)  in  Group  2. 

T3:    "I-tere's  the  half.    (Points  to  half  of  the  12  square 
units.)    Then  3rds.    This  is  what  the  2nd  grade  gets." 
G:    "You  divide  it  into  6ths  -  so  the  2nd  grade  gets  1  - 
2,  2/6  of  the  total.    The  1st  grade  gets  1/6  -  "  T3: 
"How  just  divide  this  into  3rds  -  How?    It's  not  divid- 
ing!"   G:    "I  see  what  you're  saying." 

Members  of  three  of  the  groups  then  combined  two  geoboards  in  order  to 
enlarge  the  rectangle.    Within  Group  4,  a  1st  grade  teacher  (Tl)  and  a 
5th  grade  teacher  (T5)  provide  an  example  of  a  number  of  attempts  to 
construct  a  solution  based  on  24  square  units  before  successfully 
constructing  a  model  of  36. 

Tl:    "Let's  put  our  boards  together.    We  want  24  squares. 
(Encloses  a  6  by  4  rectangle.)  -  Any  way  you  look  at  it, 
it's  not  going  to  work  -  You  have  this  little  triangle 
left."   T5:    "You  need  36."    Tl:    "  (Constructing  a  36 
unit  square.)    That's  going  to  workl" 

A  second  strategy  was  employed  by  members  of  two  of  the  groups  based  on 
a  9  unit  square.  In  each  of  these  case3  an  individual  working  parallel 
to  the  rest  of  the  group  developed  the  solution  while  the  other  members 
were  constructing  models  based  on  the  first  strategy.  After  completing 
the  solution,  that  person  shared  it  with  the  others. 

Group  3,  including  an  administrator  (A),  a  5th  grade  teacher  (T5) ,  3 
2nd  grade  teachers,  and  a  graduate  student  (G) ,  exemplify  this  approach. 
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All  of  the  matters  of  the  group  constructed  models  of  rectangles,  first 
with  6  square  units  and  then  with  12 . 

A:    "This  is  what' s  left  -  2  square  units  -  You  have  to 

divide  it  by  3."  .»_«♦. 
T2:    "That's  2/12  (Constructing  her  model) ."    A:     I  don 

see  a  way."  .  .  .  . 

G-    H9     Here  is  half.    (Pointing  to  her  square  which  is 
divided  by  a  rubber  band  along  the  diagonal.)    Now  we 
have  3  (parts).  -  1  and  1/2,  1  and  1/2,  1  and  1/2  -  see, 
we  can  divide  it.    There  it  is!    A:    "You're  right  -  I 
'  understand."   A  then  explains  to  T5  and  other  members  of 
the  group.    All  6  construct  the  model  and  15  ^tj^es 
the  explanation  to  the  2nd  grade  tethers.    T5:  This 
is  my  6  halves.    Here  are  3  halves  for  the  1st  grade  - 
this  unit  and  1/2." 

Group  5  provided  the  only  exception  to  constructing  a  solution  from  the 
model.    This  group  began  with  a  5th  grade  teacher  (T5)  and  2  graduate 
students,  both  of  whom  teach  college  mathematics,  (Gl  and  G2) .  They 
were  joined  midway  by  a  3rd  graduate  student,  also  a  college  mathematics 
teacher  (G3) .    The  3  began,  as  the  other  groups  had  done,  by  construct- 
ing first  a  6  unit  rectangle  and  then  one  having  12  square  units.  They 
had  just  proposed  building  a  36  unit  model  when  G3  joined  the  group  and 
they  paused  to  explain  their  strategy  to  him. 

G3-    "Why  not  use  6?"    G2:    "Because  how  do  you  take  - 
You  have  1  unit  left  -  How  do  you  divide  that  into  3rds? 
-  (Reads  problem) ."    Gl:    "The  24ths  aren't  going  to  give 
us  help  -  "    T5:    "36  would  give  it." 
G3-    "18  would  do  it  better  -  It  would  be  a  perfect  fit. 
G2-    "Do  you  know  what  bothers  me  when  you  came  up  with 
18*-  Isn't  it  kind  of  underhanded?    In  other  words,  we 
knew  basically  what  we  wanted  to  find  in  this  thing. 

CONCLUSIONS  AND  IMPLICATIONS 
A  goal  of  this  model  is  that  teachers  show  certain  changes  in  perspec- 
tive and  practice  in  their  classroom  mathematics  instruction.  Specifi- 
cally for  this  investigation,  the  question  was  whether  the  activity 
that  called  for  participants  working  in  groups  to  construct  physical 
models  to  represent  their  solutions  in  mathematical  problem  solving  was 
appropriate.    Qualitative  observations  of  the  five  groups  indicated 
that  there  was  a  high  level  of  involvement  among  the  participants. 
Each  person  was  active  in  constructing  models  of  the  solution  and  all 
but  one  of  the  participants  were  involved  to  sane  degree  in  dialogue 
with  group  natters  concerning  particular  strategies.    The  roles  assumed 
by  various  matters  of  each  group  seated  to  be  important  in  considering 
the  process  of  constructing  problem  solutions,  but  space  limitations 
preclude  their  being  reported  here. 
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It  is  interesting  to  cbscrve  that  in  the  case  of  solutions  using  a  nine 
unit  square,  the  solution  seared  to  be  based  on  the  constructed  nodel 
rather  than  the  knowledge  that  18  sections  could  be  found  using  the 
least  canton  multiple  of  2,  3,  and  6,  although  the  area  had  been  divid- 
ed into  IP  pieces.    Also,  those  individuals  and  groups  who  used  the 
strategy  of  doubling  the  area  never  attempted  to  construct  a  nodel  of 
18  square  units,  which  is  the  lowest  cenren  denominator  for  1/2,  1/3, 
and  1/6. 

Implications  of  this  investigation  suggest  that  teachers  working  as 
partners  with  administrators  and  graduate  students  can  be  engaged  in 
constructing  solutions  using  physical  objtx;ts  to  represent  concepts 
that  are  a  part  of  elementary  school  mathematics.    Continued  research 
is  needed  to  observe  the  effect,  if  any,  that  participation  in  these 
activities  has  on  the  teaching  behavior  of  the  participants  and  on 
their  ability  to  construct  problem  solving  activities  appropriate  for 
the  children  whom  they  teach.    Also  to  be  explored  are  the  effects, 
both  cognitive  and  affective,  of  natural  heterogeneous  grouping  such 
as  those  formod  in  this  project. 
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PROJECT  WORK  WITH  TEACHERS  INVOLVED  IN  A  PROGRAM 
FOR  THE  USE  OF  COMPUTERS  IN  EDUCATION 
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de  Lisboa 


This  research  describes  the  evaluation 
of  a  teacher  training  program  set  up  to  imple- 
ment the  use  of  computers  as  a  support  for  pro- 
ject work.  The  teachers,  who  entered  in  the 
program  mainly  with  the  motivstion  of  learning 
how  to  use  computers,  recognized  changes  in 
their  attitudes  and  pedagogical  practices. 


The  national  Project  Minerva  was  established  in  1985 
to  promote  the  introduction  of  computers  in  Portuguese  ele- 
mentary, middle  and  secondary  schools.  This  project  pre- 
tends to  contribute  to  the  technological  updating  of  school 
curricula  and  methods,  and  has  a  concern  for  pedagogical 
transformation.  Universities  and  Superior  Schools  of  Educa- 
tion are  charged  with  the  training  of  teachers,  curriculum 
development  and  its  evaluation,  as  well  as  with  the  neces- 
sary support  to  the  work  carried  out  at  the  schools. 

Teachers  of  several  disciplines  are  involved  in  this 
project.  However,  many  of  those  who  are  most  interested  and 
become  leaders  within  the  schools  are  mathematics  teachers. 
So  far,  most  of  work  involving  students  has  been  realized 
through  extra-curricular  activities.  Some  of  the  teachers 
tried  to  U3e  the  computer  in  the  classroom,  but  this  has 
been  difficult  given  the  scarcity  of  appropriate  software 
and  insufficient  quantity  of  existing  hardware. 

To  use  the  computer  in  the  classroom  does  not  imply 
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necessarily  a  change  of  pedagogical  attitudes,  student. / tea- 
cher relationships,  and  learning  processes.  The  computer 
can  just  be  used  to  reinforce  a  tradiclonal  style  of  tea- 
ching. In  project  work,  students  have  the  possibility  to 
participate  in  the  choice  of  the  problems  that  they  want  to 
deal  with  and  to  define  the  corresponding  strategics,  me- 
thods, and  forms  of  presentation  of  the  results.  This  peda- 
gogical approach,  which  remotes  to  Dewey  and  Kilpatrick, 
intends  to  assign  the  students  a  responsible  and  indepen- 
dent role  in  their  own  learning  process.  Dewey  (1959) 
wanted  to  give  o  livelier  content  to  oducation,   in  opposi- 
tion to  teaching  Just  from  listening  and  from  books,  by 
following  the  principles  of  motivation,  dedication  and  orga 
nized  work  in  order  to  uchieve  a  learning  goal.  In  his 
views  about  the  use  of  computers  in  education,  Popert  (1980) 
also  stresses  the  importance  of  the  deep  involvement  of  the 
students  in  the  learning  process  through  their  personnel 
project . 

Many  contemporary  teachers  are  in  a  way  or  another 
sensitive  to  these  proposals.  However,  project  work  is  not 
easy  to  implement  in  a  long  term  basis,  and  moot  for  the 
actual  activities  carried  out   in  todays  schools  still  draw 
from  the  traditions  of  straightforward  transmission  of 
ready  made  knowledge,  memorization,  and  passive  learning. 
To  make  teachers  aware  of  the  puns  ibi 1 1 1  ies  ,  difficulties, 
and  conditions  of  sucess  of  project  work  and  to  invite  them 
to  start  using  this  methodology  with  their  students,  it 
seems  reasonable  to  Involve  them  in  a  set  of  activities  of 
a  sitniliar  format. 


THE  STUDY 

This  research  intended  to  evaluate  the  effects  of  a 
training  program  in  project  work  on  teachers,  attitudes 
concerning  this  kind  of  pedagogical  strategy  and  to  evalua- 
te its  effectiveness  in  developing  their  ability  to  conduct 
students  in  project  work  oriented  activities,  using  compu- 
ters. This  evaluation  was  also  intendend  to  provide  In  forma 
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tion  Co  improve  Che  design  of  Che  craining  program. 


Specific  objeccives  of  chis  program  on  projecC  work 
were  Co  make  Ceachers:   (a)  develop  skills  of  organisaCion 
and  cooperation  in  group  work,   (b)  develop  research  skills 
and  che  abilicy  Co  organize  and  presenC  informacion,   (c)  be 
awa/e  of  differenC  aspecCs  of  verbal  and  nonverbal  communi- 
cacion,   (d)  view  knowledge  in  a  inCerdiscipl inary  perspecti^ 
ve,   (e)  recognize  che  imporcance  of  incrinsic  moCivaCion, 
and  (f)  scimulace  cheir  iniciative  and  sel fconf idence. 


Involved  in  chis  scudy  were  22  Ceachers,  all  partici- 
pancs  in  che  ProjecC  Minerva.  Of  Chese,  13  were  Ceachers  of 
machemacics  and  7  ceachers  of  ocher  subjecCs. 

The  craining  program  was  developd  in  cwo  phases.  The 
firsc  phase  consisted  of  a  four  day  workshop  which  main 
objeccive  was  Co  give  an  overview  of  project  work  methodo- 
logy. The  second  phase  concerned  Che  implemencacion  and 
evaluacion  of  projecC  accivicies  in  Che  schools. 

In  che  firsc  phase,  a  general  problem  was  selecCed  in 
big  group  discussion  and  then  subdivided  in  smaller  ques- 
Cions  which  were  taken  on  by  different  subgroups.  Each 
subgroup  selected  its  own  methodological  strategies,  inclu- 
ding labor  organization,  data  collection  methods,  data  ana- 
lysis, and  forms  of  presentation  of  the  results.  After  the 
presentation  of  each  subgroup  there  was  a  discussion  period 
in  which  the  different  contribuitions  were  confronted  with 
the  general  problem  initially  defined.  Finally,  there  was  a 
general  discussion  to  evaluate  all  the  activity. 

The  second  phase,   included  the  introduction  to  the  use 
of  computer  tools  such  as  spreadsheets,  data  bases,  word 
processing,  drawing  applications,  an  initiation  to  the  LOGO 
language,  and  monthly  seminars  for  discussing  pedagogical 
themes  related  to  the  use  of  computers  and  project  work  and 
for  exchange  of  experiences  and  reflection  on  the  ongoing 
activities  in  the  schools. 
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EVALUATION 


There  were  two  main  periods  of  evaluation:  the  first 
took  place  at  the  end  of  the  initial  project  work  workschop. 
Since  this  activity  represented  for  most  of  the  teachers  a 
first  formal  contact  with  this  methodology,  it  seemed  impor 
tant  to  evaluate  it  just  after  the  end  of  the  workshop. 

There  was  some  discussion  to  decide  if  the  problem  to 
be  selected  should  concern  or  not  directly  computers.  The 
teachers  decided  that  the  computer  ought  to  be  regarded  as 
just  an  instrument  among  others  and  picked  up  as  their  ques 
tion  "what  can  be  done  to  improve  the  school?".  This  ques- 
tion was  taken  with  enthusiasm  by  the  participants,  who 
assumed  their  role  in  the  study  of  the  subquestion  in  which 
it  was  subsequently  divided.  Some  teachers  felt  inconforta- 
ble  in  doing  actual  field  work,  but  the  pressures  of  the 
needs  of  the  group  overcome  this  difficulty.  Most  of  the 
final  presentations  were  quite  creative  and  original.  In  a 
short  Likert  type  questionnaire  they  reported  to  have 
enjoyed  the  workshop  and  some  indicated  to  have  aquired  new 
pedagogical  perspectives  to  use  in  actual  practice. 

In  the  second  evaluation,  carried  out  six  months  after 
the  initial  workshop,  the  teachers  were  asked  to  respond  to 
a  more  detailed  questionnaire.  One  group  of  questions  con- 
cerned the  self-evaluation  of  change  of  attitudes  by  the 
teachers  themselves.  Another  group  concerned  the  different 
activities  undertaken.  Three  other  open  question  asked  for 
comments  on  the  difficulties  and  the  potencial  of  project 
work.  Twenty  teachers  answered  this  questionnaire. 

The  responses  to  the  first  group  of  questions  are 
summarized  in  Table  1. 

A  global  anaJysis  of  the  responses  to  the  questionnai- 
re showed  that  in  this  phase  of  the  work  most  of  the  tea- 
chers considered  that  the  activities  carried  out  contribu- 
ted to  improve,  either  highly  or  moderately,  the  qualitity 
of  their  work  in  the  mentioned  areas.  For  the  whole  set  of 
questions,  39%  of  the  responses  indicated  a  high  contribu- 
tion, 46%  a  moderate  contribution,  12%  a  low  contribution, 
and  37.  were  "don't  know"  responses.  The  item  that  had  most 
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TABLE  1 

Contribution  of  the  teaching  training  program 
 tp_ _sj>_e_ci_f_ i_c_ ALe_a_s_"Ae_a_9JleJ_sJ  responses 

Contributions  Don't 
  Know 

High    Moderate  Low 

A.  Development  of  an  attitude      95%  57. 
of  permanet  learning 

B.  Development  of  capacities        157.      607.  25% 
of  organization  and 

technics  of  group  work 

C.  Awareness  of  the  importance    257.      457.      20%  107. 
of  the  affective  aspects 
in  the  learning  process 

D.  To  view  knowledge  in  an 
interdisciplinary  way 

E.  Awareness  of  the  problems 
of  communication  in  the 
school  context 

F.  Development  of  new 
perspectives  concerning 
the  role  of  the  teacher 
in  the  school 

G.  Development  of  a  new 
relationship  with  students 

H.  Development  of  the  ability 
to  stimulate  and  to 
support  the  project  of 
the  students 

I.  Development  of  a  more 
positive  perception  of 
their  function  as  educatores 


positive  responses  concerned  the  development  of  an  attitu- 
de of  permanent  learning.  Following  were  the  itens  D,  f, 
and  G.  The  items  B  ,  E  ,  H  and  I  received  mostly  moderate  respon 
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40%  40%  20% 

3  5%  60%  5% 

40%  55%  5% 

40%  40%  20% 

3  5%  60%         -  5% 

30%  50%         10%  10% 
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ses    The  answers  ot  the  mathematics  teachers  and  of  the  tea 
chers  of  other  topics  were  similar  for  all   items,  except 
for  items  E,  G  and  I ,  in  which  mathematics  teachers  were 
eager  than  the  others  in  recognizing  a  high  contribute  of 

the  training  program. 

A  second  set  of  question  concerned  the  specific  contri 
butions  of  the  Several  moments  of  the  teacher  training  pro- 
gram. Some  of  this  moments  had  a  pedagogical  emphasis  and 
others  concerned  the  use  of  specific  computer  tools.  The 
most  valued  of  the  pedagogical  activities  was  the  initial 
workshop  (63%  high).  For  the  remaining,  the  teachers  ten- 
ded to  rate  higher  the  activities  that  were  mostly  related 
to  their  actual  experiences.  The  sessions  concerning  the 
specific  computer  tools  were  in  general  quite  highly  rated 
(all  with  more  than  42%  high). 

At  last,   in  open  questions,  we  asked  for  the  opinion 
of  the  teachers  about  the  difficulties  related  to  project 
work  as  well  as  for  suggestions  for  the  improvement  of  he 
program.  Most  of  the  teachers  indicated  several  difficul- 
ties that  they  face  in  trying    to  use  the  computer  as  a 
support  for  project  work  in  their  schools.  A  content  analy- 
sis of  the  51  answers  indicated  that  the  scarcity  of  avai- 
lable time  and  the  insuf f icience  of  material  conditions, 
namely,  computers  and  appropriate  working  spaces,  were  mos- 
tly refered  (29%).  Pressures  from  programs  and  the  negative 
attitudes  of  their  colleagues  weve  also  mentioned  several 
times  (10%and  18%  of  the  answers,  respectively). 

Concerning  the  role  that  should  be  given  to  the  refle- 
ction on  the  pedagogical  aspects  of  the  use  of  computers  in 
education,  89%  of  the  teachers  agreed  that  this  aspect 
should  continue  to  have  a  strong  emphasis  in  the  program. 
However,  they  suggested  a  shift  towards  more  practical 
issues  and  more  exchange  of  experiences. 

The  projects  developed  in  the  schools  by  these  tea- 
chers may  be  grouped  in  two  kinds:  projects  with  teachers 
and  projects  with  students.   In  the  first  case,  were  offered 
courses  related  to  the  use  of  computer  tools,   such  as 

rawing  applications,  word  processing,  and  LOGO.  There  were 
a  o  sessions  for  all  school  to  show  the  educational  Po  en- 
cial  of  computers.  In  the  second  case,  there  were  expeuen- 

ier|c  606 


-  120  - 


ces  with  LOGO  and  other  computer  tools  in  extra-curricular 
activities,  as  well  as  one  experience  on  teaching  Geometry 
in  a  5th  grade  classroom.  Projects  such  as  the  school  jour- 
nal and  other  interdisciplinary  activities  were  also  imple- 
mented in  most  of  the  schools. 

A  more  detailed  evaluation  of  all  these  projects  will 
be  performed  on  the  end  schools  year  in  order  to  improve 
the  working  methods  and  to  divulge  and  extend  this  kind  of 
activities  to  other  schools. 


CONCLUSIONS  AND  IMPLICATIONS 


Overall,  we  tend  to  believe  that  this  training  program 
was  quite  succefull.  It  seemed  to  have  a  reasonable  mix  of 
"pedagogical"  and  "technical"  components,  which  reiforced 
each  other  and  promoted  teachers  willigness  to  change  some 
of  their  attitudes  and  practices. 

The  introduction  to  the  use  of  computer  tools  and  LOGO 
constituted  for  most  of  the  teachers  the  main  motivation. 
The  discussion  of  pedagogical  themes  was  appreciated  and 
the  teachers  recognized  it  as  important  for  the  acquision 
of  skills  in  developing  work  projects  with  the  computer  in 
their  schools.  However,  we  feel  that  this  pedagogical  dis- 
cussions should  be  more  deeply  rooted  in  teachers  practical 
experiences. 

It  would  be  unreasonable  to  expect  outstanding  results 
in  a  rather  limited  period  of  time.  The  inservice  training 
of  teachers  should  be  viewed  as  a  long  term  process.  Parti- 
cularly in  this  case,  the  teachers  need  to  learn  many  new 
things  about  a  new  medium,  the  computer.  However,  these 
teachers  are  becoming  leaders  in  their  schools  by  introdu- 
cing the  computer  as  an  instrument  of  pedagogical  change. 
These  teachers  will  participate  in  the  training  of  their 
colleagues.  So.  this  involvement  may  rather  be  an  important 
part  of  the  training  program  next  year. 
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EXPERIMENTATION  OF  THE  MINI-INTERVIEW  BY  PRIMARY  SCHOOLTEACHERS 


Nicole  Nantais,     Universite  de  Sherbrooke 


The  MINI-INTERVIEW  (Nantais  et  al,  1983)  is  a  new  tool  for 
evaluation  of  understanding  of  mathematics  at  the  primary 
level  and  is  characterized  by  a  short  individual  question- 
ing sequence.     Concerning  the  experimentation  of  this  tool, 
we  raised  two  questions:     first,  a  question  of  feasability, 
in  which  we  tried  to  determine  the  conditions  under  which 
the  teacher  can  use  the  mini-interview  with  each  of  her 
pupils  in  the  classroom.    The  second  question  concerns  the 
use  of  the  mini-interview  to  determine  if  the  teacher  uses 
it  as  a  tool  for  formative  evaluation,     in  the  sense  of 
providing  her  with  some  feedback  on  her  teaching  and  assess- 
ing the  pupil's  understanding  in  the  construction  of  the 
concept.     This  paper  presents  some  results  of  the  experi- 
mentation of  the  mini-interview  by  three  first  grade  school- 
teachers with  all  their  pupils  in  their  classroom. 


The  mini-interview  has  been  devised  to  inform  the  teacher  of  the  child's 
thinking  and  reasoning;    for  the  teacher  who  wishes  to  involve  her 
students  in  the  construction  of  their  knowledge  must  be  able  to  follow 
their  cognitive  evolution.     That  kind  of  information  can  only  be  obtained 
from  individual  questioning  and  this  suggests  a  form  of  clinical  interview 
as  the  tool  to  be  used.     To  achieve  its  full  value,     this  form  of  evalua- 
tion must  be  integrated  in  the  teaching  task  and  hence  should  be  U9ed  by 
the  teacher  herself  within  the  classroom.  It  is  in  answer  to  the  needs 
of  the  teachers  and  also  to  stay  within  the  restrictions  of  the  classroom 
that  we  have  designed  a  new  tool  for  the  evaluation  of  the  child's 
understanding  of  mathematics,  a  tool  we  have  called  the  MINI-INTERVIEW. 
The  mini-interview  consists  of  an  individual  interview  of  the  pupil  and 
is  characterized  by  a  short  timcspan  (5  to  10  minutes)  and  a  sequence 
of  questions  prepared  systematically  and  rationally.     This  evaluation 
aims  at  the  student's  understanding  in  the  construction  of  conceptual 
schemas,     and  hence  deals  only  with  key  notions  in  the  mathematics 
curriculum.     This  is  why  the  use  of  the  mini-interview  by  the  teachers 
requires  a  serious  training  in  conceptual  analysis  as  well  as  a  good 
grasp  of  the  methodological  guidelines  concerning  the  steering  of  an 
interview.     This  preparation  enables  them  to  determine  criteria  by  which 
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they  can  evaluate  the  understanding  of  a  Riven  concept,    and  it  also  helps 
them  in  funning  rigorous  and  efficient  mini-interviews.  The  mini -interview 
used  in  this  experimentation  deals  with  the  strategy  of  "counting  on  from 
one  of  the  terms"  in  the  addition  of  small  numbers  (Nantais  et  al.,1983); 
the  sequence  of  questions  in  this  interview  has  been  carefully  studied 
with  many  sub  1ects. 

To  determine  the  criteria  bv  which  to  analvze  such  an  experimentation .  we 
must  realize  that  to  carry  out  mini-interviews  is  no  easy  task  for  it  does 
not  simply  consist  in  using  a  new  instrument  by  following  precise  rules. 
Indeed,  to  carry  out  each  interview,     teachers  must  take  into  account 
several  factors  simultaneously  such  as  class  organization,  the  questioning 
prepared  in  advance,  and  abiding  by  the  allotted  time  (5  to  10  minutes). 
Moreover,  they  would  need  to  interpret  the  child's  answers  in  order  to 
continue  questioning  adequately  and  handle  all  this  while  respecting  the 
child's  rythm  and  behavior.    For  it  is  important  to  spell  out  that  it  is 
not  a  test  but  an  attempt  to  ascertain  the  pupil's  reasoning  in  the 
addition  problems  set.     For  experimental  purposes,    with  each  pupil,  the 
teacher  had  to  audio-register  each  interview  and  complete  a  checklist, 
as  well  as  write  up  an  assessment  report. 


Regarding  the  question  of  feaa ability,  we  have  kept  in  mind  the  following 
elements:  the  handling  of  the  interviews,  the  class  organization,  the 
type  of  activities  suggested  to  the  students,  and  the  attention  paid  to 
the  provided  time.     Thus  our  first  question,  about  feasability,    has  been 
answered  positively,     for  the  three  teachers  involved  in  the  experimentation 
Louise,  Denise,  and  Rejeanne,  succeeded  in  using  the  mini-interview  with 
all  their  students  within  the  regular  time  frame  of  their  class, over  a 
period  of  two  to  three  weeks,  at  a  rythm  averaging  two  interviews  a  day. 

Concerning  class  organization,     it  was  our  Intention  not  to  suggest  any 
predetermined  model,  for  we  wished  to  examine  how  each  teacher  would 
handle  it  in  carrying  out  the  mini-interviews  within  the  classroom.  The 
three  teachers  did  not  make  any  radical  modification  but  simply  adjusted 
their  normal  mode  of  functioning.     Thus  one  teacher,  Rejeanne,  took 
advantage  of  the  time  allotted  to  her  students  for  individual  work,  in 
order  to  carry  out  her  mini-interview3 .     Louise  had  to  initiate  her  pupils 
in  working  on  their  own  more  often  without  asking  for  he Lp  during  the 
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the  mini-interviews  with  individual  students.     On  the  other  hand, 
Denise's  pupils    were  already  used  to  work  regularly  in  teams  or  in 
workshops  on  a  wide  variety  of  activities;    moreover,    Denise  had 
already  started  individual  assessments  right  at  the  beginning  of  the 
school  year.    In  each  classroom,    a  corner  had  been  set  up  to  facilitate 
audio-registration  of  the  interviews,  but  even  more  to  enable  both 
student  and  teacher  to  concentrate  on  the  task  at  hand. 

Class  organization  went  beyond  just  the  material  aspect,  for  it  also 
involved  planning  the  activities  for  the  rest  of  the  students,  activities 
which  were  to  be  used  not  simply  to  fill  time,    but  needed  to  be  integra- 
ted into  the  regular  learning  activies.     Activities  such  as  silent 
reading,     research  work,    and  workcards  on  social  sciences,  were 
handed  out  rather  freely  at  the  beginning.     But  quite  soon,     the  teachers 
felt  the  need  to  plan  ahead  and  spell  out, as  rigorously  as  possible,  the 
work  intended  for  the  students  so  that  all  of  them  would  understand 
clearly  the  instructions  and  the  methods  to  be  used  in  the  tasks  they 
were  set,     thereby  reducing  the  possibility  of  being  Interrupted  during 
the  interview.    Concerning  the  feasability  question  of  the  mini-interview, 
we  had  at  the  beginning  questions  about  the  possibility  of  letting  such 
young  children  work  on  their  own  or  in  teams.    The  experimentation  shows 
us  that  not  only  Is  it  possible  but  that  it  is  even  desirable;  Indeed, 
the  three  teachers  reported  that  it  proved  to  be  very  positive, for  their 
pupils  learned  to  organize  themselves,  to  manage  without  their  constant 
presence  and  support,    and  thus  became  more  autonomous.    However,  this 
required  that  the  activities  had  to  be  well  prepared  and  that  all 
students  understood  the  work  they  had  been  set.     In  a  few  instances,  the 
teachers  have  reported  that  they  were  able  to  do  two  consecutive 
interviews,     their  students  being  so  Involved  and  focused  on  their  work. 

One  of  the  characteristics  of  the  mini-interview  is  Its  short  timespan 
which  must  not  exceed  ten  minutes.     Respecting  this  time  requirement  Is 
quite  Important  for  the  brevity  of  the  mini-Interview  is  a  specific 
element  used  in  determining  the  classroom  feasability  question.  The 
time  spent  by  the  teachers  was  as  follows:    Louise  stayed  within  the 
allotted  time  in  21  of  her  25  interviews,    Denise  for  12  out  of  19,  and 
Rejeanne  for  17  out  of  24,     providing  us  with  the  following  percentages, 
0.84  ,    0.63  ,  and    0.71    respectively.    Considering  that  rhe  teachers 
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were  trying  out  the  mini-interview  for  the  first  time  and  that  they  were 
being  held  to  rigorous  experimental  constraints,    these  results  are  very 
positive  and  show  that  in  normal  conditions,    the  mini-interviews  can  be 
used  in  a  relatively  short  time  since  with  70Z  of  the  68  students 
interviewed,    the  prescribed  time  had  been  observed. 

Our  analysis  enables  us  to  bring  out  some  of  the  reasons  which  might 
explain  why  several  interviews  went  beyond  the  allocated  time.     It  seema 
evident  that  this  can  be  attributed  to  the  fact  that  the  teachers  were 
experimenting  this  new  tool  for  the  first  time  but  perhaps,    it  is  also 
because  some  of  the  experimental  instructions  had  not  been  grasped 
adequately.     In  s  few  instances,    the  teachers  tended  to  transform  the 
interview  into  a  teaching  session  or  to  strongly  suggest  some  hints  which 
might  have  brought  the  atudent  to  provide  a  desired  response;  this 
occurred  mostly  with  students  having  some  problems.    In  other  cases,  the 
pupil's  nervousneaa  made  it  necessary  to  repeat  or  reword  questions  that 
had  not  been  understood.  The  lengthening  of  some  interviews  can  also  be 
attributed  to  one  of  the  questions  which  was  aimed  at  assessing  the 
child's  memorisation  of  number  facts,    a  question  for  which  the  teacher 
should  have  provided  only  a  few  seconds  for  an  answer.    One  teacher. in 
particular,  Deniae,  did  not  understand  the  objective  of  this  question 
since  each  of  her  students    was  allowed  time  to  look  for  an  answer  and 
to  explain  the  reasoning  behind  it.  The  lack  of  adherence  to  the  prepared 
questions  also  had  an  impact  on  the  length  of  the  interviews,  especially 
when  useless  questions  were  asked  or  when  unintended  questions  were 
added.    For  one  of  our  teachers,  Rejeanne,    her  difficulty  in  interpreting 
immediately  the  student's  procedures  and  answers  led  her  to  repent  some 
questions  or  to  raise  additional  ones  even  when  the  pupil's  procedure 
was  quite  evident. 

THE  MINI-INTERVIEW  AS  A  TOOL  FOR  FORMATIVE  EVALUATION 

Relative  to  the  second  question,  we  might  add  that  having  trained  the 
teachers  to  analyze  concepts,    we  were  convinced  that  they  had  learned  to 
view  the  acquisition  of  knowledge  as  a  constructivist  process.    It  was 
thus  natural  to  expect  that  they  would  be  more  aware  of  the  value  of 
formative  evaluation.     From  our  analysis,  some  evidence  can  be  found 
to  the  effect  that  the  evaluations  performed  by  these  teachers  using  the 
mini-Interview,  have  been  carried  out  in  a  formative  perspective. 
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We  first  examined  if  they  could  identify  the  procedures  used  by  each 
pupil  in  the  addition  problems.     ue  then  compared  the  teacher's 
evaluation  with  ours.     In  each  case  of  agreement  between  our  two 
evaluations  one  point  was  attributed  for  each  of  the  four  addition 
procedures  correctly  identified,  and  of  course,  for  each  one  of  the 
pupils.  The  correspondence  between  the  two  evaluations  has  proved  to 
be  excellent  as  indicated  by  the  index  of  agreement  worked  out  for  each 

tMCher:  0.92  for  Louise,     0.91  for  Denise,     and  0.86  for  Rejeanne. 

This  shows  that  our  subjects,  the  teachers,  have  correctly  Interpreted 

the  understanding  of  their  students  regarding  the  Identification  of 

procedures  used  in  the  addition  of  small  numbers. 

The  mini-Interview  has  enabled  the  teachers  to  determine  the  level  of 
understanding  of  their  pupils  and  has  led  them  to  modify  their  perception 
of  some  of  the  students.     For  example  in  Rejeanne's  own  words,  "Most  of 
my  pupils  were  more  advanced  than  I  tought";     and  for  Louise,  speaking 
about  one  of  her  students,  "Contrary  to  what  I  thought,  she  Is  not  ready 
to  move  to  the  level  of  abstraction".  Furthermore,  to  her  great  surprise, 
she  found  a  pupil  who  did  not  understand  the  meaning  of  addition,  despite 
the  fact  that  they  were  well  into  the  school  year.    The  other  teacher, 
Denise,     identified  a  few  pupils  who  did  not  conserve  number;     this  led 
her  to  understand  why  they  were  not  succeeding  in  counting  on  while 
doing  addition. 

Since  the  mini-interview  aims  at  a  very  precise  aspect  of  the  construction 
of  a  concept,  it  can  be  used  beyond  the  assessment  of  a  student's  under- 
standing,    to  uncover  quite  accurately  at  which  point  there  might  be  a 
problem.     Thus,     the  teachers  were  able  to  identify  not  only  those 
students  who  needed  special  attention,  but  especially,  what  kind  of  help 
was  needed;    and  this  Is  one  of  the  formative  elements  of  the  mini- 
interview.     For  instance,  some  students  could  not  solve  problems  of 
addition  without  concrete  material:     8  In  Louise's  class,    6  In  Denise's 
and  5  in  the  class  of  Rejeanne.     This  Information  proved  to  be  quite 
important,  lor  indeed,  It  led  Rejeanne  and  Louise  to  perceive  the  need 
lor  more  work  at  the  intuitive  level,  the  latter  teacher  specifying  that 
she  is  now  aware  of  the  need  "for  some  pupils  to  work  more  with  manipula 
tives"  and  that  she  will  have  to  "drop  several  textbook  exercises  which 
are  dealing  solely  with  the  symbolic  aspect  of  addi t ion" . For  other  pupil 
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the  counting  on  procedure  was  almost  mastered;     this  allowed  the  teachera 
to  clarify  the  type  of  intervention  to  be  used  with  them  by  planning 
supplementary  exercises  to    conMlidate  the  concept. 

At  the  end  of  each  interview,  the  pupil  was  asked  a  question  in  order 
to  find  out    his    perception  of  this  new  type  of  individual  intervention. 
The  children  felt  that  being  alone  with  the  teacher  had  put  them  in 
a  privileged  situation.    As  Rejeanne  remarked:  "This  is  an  opportunity 
for  the  pupil  to  apeak  to  the  teacher,  especially  for  those  who  do  not 
express  themselves  very  much  in  class".    For  some  pupils,  the  mini-  inter- 
view **f  used  to- strengthen         a  newly  acquired  proceduie.     For  example, 
one  of  Louise's  pupil's  who  during  the  interview  discovered  that  counting 
on  from  one  of  the  terms  "it  always  works"  and  continued  using  the 
counting  on  procedure  for  the  remainder  of  the  interview.    In  such  a 
case,  the  mini-interview  goes  beyond  its  evaluative  objective,  but  where 
a  few  additional  seconds  are  sufficient  to  initiate  or  reinforce  a 
desired  procedure,  the  opportunity  should  not  be  missed.  Nevertheless, 
care  must  be  taken  not  to  transform  the  mini-interview  into  a  period 
devoted  to  teaching  or  to  remediation. 


As  a  last  observation,  let  us  recall  that  the  main  objective  of  the 
mini-interview  was  to  get  at  the  child's  thinking,    thus  to  de-emphasize 
the  answer  in  order  to  focus  on  how  the  pupil  solves  a  problem.  Our 
experimentation  has  shown  that  our  three  subjects  were  really  aiming  at 
finfing  indices,  either  in  the  children's  actions  or  in  their  verbal 
answers,  which  would  provide  a  better  grasp  of  their  reasoning.    And  thii 
sentence  of  Denise's  indicates  definitely  a  formative  effect  of  the 
mini-interview  when  she  writes  about  what  she  learned  from  it  is  that 
in  the  future  she  will  be  more  inclined  "to  ask  the  child  how  the 
answer  was  found". 


CONCLUSION 

These  few  results  from  our  analysis  lead  us  to  believe  that  the  mini- 
interview  is  a  tool  that  can  be  used  by  teachers  themselves  in  their 
classroom  with  each  and  every  one  of  their  pupils.    Moreover,  the  mini- 
interview  can  play  a  formative  role  in  evaluation.    As  described  in  this 
paper,  many  indications  show  that  in  addition  to  enabling  them  to 
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gather  information  on  their  students'  understanding,  the  teachers'  :use 
of  the  mini-interview  provided  them  with  feedback  on  their  teaching. 
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CHANGING  TEACHING  STYLES 
The  development  or  a  model  for  effective  in- service 
Suaan  Pirie,  University  of  Warwick 


This  paper  discusses  a  two-year  research  project  on  helping 
teachers  to  change  their  classroom  styles.  It  rocuaes 
on  two  interlocking  alms.  The  rirst  was  to  devise  a 
trodel  Tor  In-service  courseo  which  would  enable  part  icipantti 
to  genuinely  alter  their  perceptions  or  the  ways  In  which 
they  could  enable  their  pupils  to  learn  mathematics. 
The  second  aim  was  concerned  with  a  particular  medium 
through  which  this  change  could  be  ejected.  There  has 
been  growing  evidence  that  children,  and  indeed  adults, 
achieve  greater  enjoyment  and  success  lr  they  are  encouraged 
to  become  involved  in  mathematical  thinking  rather  thun 
merely  receive  mathematical  thought.  Changes  In  the 
English  public  examinations  at  16*  have  in  eTfect  rorced 
this  doctrine  into  the  classroom  by  Including  invest- 
igations, extended  projects  and  problem  solving  in  the 
syllabus  to  be  assessed.  The  research  project  selected 
investigations  as  the  basis  Trom.  which  to  work  and  aimed 
to  enable  reluctant  and  oven  hostile  teachers  to  ori'ect 
the  necessary  change  to  a  more  investigative  way  of  teaching 

rt  was  taken  Tor  granted  that  no  person  can  change  another.  Only 
the  teacher  herself  can  effect  personal  change  and  those  who  offer 
in-service  couroea  have  therefore  to  provide  her  with  the  optimum 
environment  within  which  this  can  take  place.  It  Is  relatively  easy 
Tor  attltudinal  changes  to  occur  on  a  surface  level:  the  zeal  of 
the  presenters  can  be  Infectious,  but  "it  is  not  sufficient  to  take 
the  ordinary  teachers. . .and  by  a  short  course  of  lectures  arouse 
In  them  a  temporary  enthusiasm  Tor  new  methods"  (Perry,  1902).  For 
there  to  be  a  lasting  change,  able  to  withstand  the  pressures  and 
assumptions  back  in  the  world  of  school,  there  must  be  personal 
motivation,  conviction  and  involvement  in  the  proposed  new  ways  or 
thinking  or  behaving.  A  teacher  must  take  away  within  herselr  a 
belier  in  the  new  set  of  values,  a  beller  that  they  are  relevant 
to  her,  a  belier  that  change  is  necessary  and  a  firm  belier  that 
such  personal  change  is  possible.  To  be  elective,  in-service  courses 
must  not  provide  merely  a  'bolt-on  package',  but  a  way  or  altering 
one's  philosophy  of  education  and  understanding  or  learning.  There 
ure  criteria  around  which  the  course  model  was  built,  but  equally 
rundamental  to  the  design  was  acceptance  of  the  premise  that  change 
can    be    very    threatening.       In    this    Instance    it   challenged  both  the 
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perception   which    lenchora    had   or   their  knowledge*  of   the   content  of 
the  subject  und  their  skills  of  cl»uo  management. 

Conrrey  (198H)  contends  that  " Implement tng  inotructional  approaches 
that  encourage  a  Tocub  of  process  and  more  independence,  peroiotenco 
and  flexibility  in  the  students  requires  changes  in  students' 
conceptions  of  mathematics" .  True,  hut.  it  first  requires  uuch  changes 
in  the  teachers.  Without  these,  'new'  curricula  can  rapidly  become 
moulded  to  fit  the  structure  or  the  old. 

The  major  element  or  the  course  model  was  the  creation  of  a  supportive 
environment  within  which  teachers  could  work  and  think  with  con!  <dencc-. 
The  intention  was  to  make  teachers  aware  oT  their  own  strengths, 
enable  them  to  achieve  mathematical  success  and  pleasure  themselvoo 
through  .n  new  medium,  support  them  in  their  initial  attempts  to  change 
their  classroom  pructices  and  create  a  non-tlircatcning  environment 
in  which  tt.  discuss  their  progress.  The  structure  or  the  course 
was  therefore  Luilt  around  Tour  key  elements: 

u)    each  participant's  personal  experience  or  doing  an  investigation; 

b)  small  group  reriect.ion  on  this  experience; 

c)  each      participant's   personal    experience    or    taking    the  same 
investigation  into  their  own  clnanroom; 

d)  small  group  rcHection  on  this  experience. 

The  course  was  spread  over  a  teaching  term  and  took  place  out  of 
school  hours.  The  rtrnt  Bession  ran  Trom  5-30  on  a  Friday  evening 
through  to  8.30  on  the  Saturday  evening  with  the  aim  of  welding  the 
group  together  as  a  supportive  unit.  Subsequent  cessions  took  place 
Tortnightly  and  were  of  two  to  two-and-a-hair  hours  duration.  There 
was  a  rurther  whole  day  long  meeting  in  the  middle  of  the  course. 
Time  was  provided  at  each  session  Tor  the  teachers  to  work  on  a  suitably 
riexible  mathematical  investigation  at  their  own  level  or  understanding. 
Small  groups  or  rive  or  six  teachers  who  had  been  playing  with  the 
same  problem  then  spent  time  together  discussing  their  workings  and 
trying  to  take  their  explorations  or  the  problem  rurther.  A  tutor 
joined  each  group  with  the  passive  rolo  or  listener  and  covert  task 
or  ensuring  that  more  mathematically  able  or  dogmatic  teachers  did 
not  pose  a  threat  to  the  less  secure  and  conHdent.  At  some  stage 
each   evening    the   participants   returned    to  the  whole  group  Tor  some 
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relevant  input  by  the  course  leader.  This  included  analysis  of  processes, 
elements  of  classroom  planning,  approaches  to  assessment  and  topic- 
based  work.  The  final  part  of  the  evening  was  spent  back  in  the 
small  groups  planning,  with  the  help  of  the  tutor,  how  to  take  their 
particular  investigation  into  their  own  classroom  -  this  'homework' 
to  be  done  during  the  two  weeks  before  the  next  meeting.  Careful 
attention  was  paid  to  the  composition  of  these  small  groups,  which 
were  changed  for  each  new  set  of  investigations.  It  was  there  that 
mutual  support  was  vital,  but  at  the  same  time  no  teacher  was  allowed 
to  become,  even  subconsciously,  dependent  on  any  one  other  teacher. 
Each  had  to  make  the  change  in  teaching  style  their  own.  The  start 
of  each  of  the  evening  sessions  was  a  small  group  discussion  of  "how 
the  classroom  experience  went". 

The  course  model  was  trialled  on  a  cascade  principle.  Initially 
I  ran  the  course  at  Oxford  University.  The  participants  were  aware 
of  its  experimental  nature  and  the  final  session  was  devoted  to 
evaluation.  Participants  were  asked,  through  an  anonymous  questionnaire 
and  subsequent  informal  discussion  over  refreshments,  about  their 
initial  expectations  of  the  course,  their  reasons  for  not  already 
using  an  investigative  teaching  style,  their  emotional  reactions 
during  the  course  and  their  current  assessments  of  the  effect  of 
the  course  on  their  future  teaching.  Specific  detailed  suggestions 
for  improvements  to  the  individual  sessions  were  also  sought.  The 
presentation  and  content  were  modified  and  the  series  of  sessions 
written  up  in  such  a  way  that  two  advisory  teachers  and  two  heads 
of  departments  in  local  schools  could  run  a  second  course  at  which 
I  was  present.  This  time,  teachers  were  encouraged  to  come  with 
a  colleague  from  their  own  department  if  possible,  but  were  deliberately 
prevented  from  working  together  in  the  same  small  group.  Again  the 
final  session  was  devoted  to  evaluation.  The  heads  of  department 
were  then  able  to  take  an  adapted  model  back  to  their  staff  at  school 
and  the  advisors  had  the  materials  to  run  similar  courses  within 
their  local  education  authorities.  One  of  these  latter  courses  was 
also  evaluated.  A  follow-up  study  was  then  initiated  to  look  at 
the  participants  of  the  first  two  courses.  The  purpose  was  to  assess 
the  long-term  influence  on  their  teaching  styles. 

The  method  adopted  in  the  evaluation  session  -  that  of  open-ended 
questions    such    as    "What    were    your    expectations    of    the  course?", 


617 


131  - 


"Were  there  occasions  when  you  felt  'good'?"  -  meant  that  teachers 
responded  in  their  own  words,  but  it  was  possible  to  group  the  renlies 
„nd.r  certain  headings.  The  absence  of  response,  however,  did  not 
necessarily  imply  a  negative  reaction.  Some  of  the  questions  were 
posed  to  shed  light  on  the  course  model,  and  some  to  examine  the 
area  of  content,  namely  investigations.  Only  those  affecting  the 
construction  of  the  course  model  are  presented  here.  Tables  of  results 
are  presented  in  percentages  followed  by  brief  comments.  General 
.elusions  are  suggested  after  the  follow-up  study  has  been  cornered. 


con 


RESULTS  OF  EVALUATIONS 
From  Questionnaire  Evaluation  at  end  of.  1st        2nd        3rd  course 

K.pectatlons  of  the  course? 

Encouragement  and  know-how  69         ^3  ^ 

A  collection  of  materials  >  '  6 

To  meet  and  discuss  with  other  teachers  38  1  W(23)»' 

To  learn  how  to  assess  investigations  19(6)     2B19)  ^ 

Ideas  on  classroom  management  ?Q,Al»    \  16 

To  understand  the  value  of  investigations  19(6)  i 

-The  percentages  given  In  parenthesis  indicate  those  whose  expectations 

were  not  fulfilled  by  the  course. 

•The  rising  dissatisfaction  in  the  session  on  assessment  can  be  direct* 
related  to  the  rising  panic  among  teachers,  following  the  government's 
announcement  of  the  new  national  examination.  Neither  the  course 
leaders  nor  anyone  else  at  that  time  had  'the  answers'  on  what  marking 
schemes  would  be  used  for  this  examination. 

Emotional  reactions  during  the  course? 

'Bad'    Mathematically  insecure 
Tired 

Overwhelmed 

•Know-alls'  spoiled  it 

Cold  workroom 
'Good'  Enjoyment 

'Eureka'  when  working 

Working  in  a  group 
-The    percentages    given    in    parenthesis    indicate    those   who  cemented 
that  they  had  overcome  these  feelings  during  the  course. 
•The    fall    in   complaints   of   tiredness   may   be   attributed   to   the  fact 
that  the  third  course  was  held  near  the  participants'  schools,  therefore 
involving  much  less  travelling. 

-This  comment  is  interesting  as  it  only  occurs  in  the  third  course 
questionnaire    responses.        The    original    cou-se    model    provided  for 
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monitoring   of    the    small    gro,ps    to   ppevent    ^  ^  ^ 

reature  was  not  present  in  the  third  course. 

'•Ten  weeks  later,  the  teachers  still  remember  the  one  very  cold 
evening.    Comfortable  environment  is  important. 

—The  high  number  or  spontaneous  responses  in  this  category  underlines 
the  value  or  the  philosophy  behind  the  course  raodel,  which  was  to 
allow  participants  to  work  at  their  own  mathematics  berore  considering 
their  crart  as  teachers. 


Did  more  than  the  set  homework? 
No 

Same  investigation,  dirrerent  class 
Same  class,  more  than  one  investigation 

Normal  teaching  style  arfected? 

No  (and  no  response) 
Yes 

These  were  either:  More  investigative 
and/or:  More  confident 

Intended  doing  Investigations  next  term? 

ReguUrlyg8eSted  ****  ^  mlght  ,,0t  d°  inv""8ations. 
Integrated  on  the  syllabus  11  It 

One-orr  events  ,°  ^ 

Have  involved  colleagues  back  at  school? 
No  " 
Several 
One  other 
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The  follow-up  study  was  conducted  by  Robin  Grayson  (1986),  who  inter- 
Viewed  the  participants  during  the  year  following  the  courses. 

Comments  relevant  to  the  course  model  are  discussed  here.  With 
hindsight  all  the  participants  considered  the  courses  enjoyable  and 
beneficial,  with  the  exception  of  two  teachers  who  were  already  well 
experienced  in  the  use  or  investigations  and  conressed  to  having 
come  on  the  course  merely  to  get  new  materials.  The  use  or  Saturdays 
was  found  to  be  acceptable,  giving  time  ror  greater  depth  of  study 
«Hd  the  requirement  to  "try  out  and  report  back"  „as  appreciated.' 
It    forged   a    link    between    personal   work,    course    theory   nnd  classroom 
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practice.       Attending    with    a    school    colleague    was    seen    as  valuable 
as    it   provided  continued   support   away    rrom   the   course   but  many  were 
also    pleased    that    they    had    been   separated   during   the    sessions  as 
a  consequence  or  the  philosophy  or  the  course  model,  as  this  provided 
a   wider   pool   or  experiences    to   draw  on.      The   original    intention  or 
this    policy    was    to    protect    the    more    junior    teachers    rrom   the  rear 
or   assessment    by    their    heads    or  department,   but   this   was  obviously 
never    made    explicit.       The    dirriculties    course    members  encountered 
when    trying    to    continue    investigative   work    arter    the    course  ended 
were    discussed    during    the    interview.       One    unexpected    reaction  was 
to  the   timing  or  the  course  within  the  school  year.     The  rirst  course 
was   held   during    the    last    term   or  the  year,   and,   not  knowing  their 
new    timetables,    teachers    were    unable    to   commit    themselves    to  doing 
investigations    in    the    ruture    with    any    speciric    group    or  pupils. 
By    contrast,    the    second    and    third  course   participants  were   able  to 
make  statements  such  as  "With  classes  2A  and  3B....»  with  a  certainty 
that    they   would   not    be    inhibited    rrom   carrying    this    intention  out 
by    changes    in    teaching    schedules.       The    ractor   of   pupil  resistance 
was    rrequently   raised,    but    the    teachers   hit  that  pupils  became  less 
resistant    over    a   period   or    time,    and    the    courses   had   provided  the 
conridence    to    persist    with    their   new    style    or    Leaching.  Problems 
or    seemingly    unsuitable    school    sites,    teaching    schemes    and    lack  or 
resources   were   seen   as   diminishing   obstacles  to  a  change   in  teaching 
styles,  given  the  personal  conridence  and  motivation  to  change  acquired 
on    the    course.       Conrirmation    or    the    course    model   came    through  the 
rinding   that,    as   already   to  some  extent  indicated  by  the  above  stat- 
istics,  the  major  single  benerit  reported  by  teachers  in  the  rollow-up 
study    was    increased    personal    conridence.       It    was    this    which  ga"e 
them    the    willingness    and    impetus    to   experiment    in    their  ter.Jung. 

Several  recommendations  Tor  those  with  the  immediate  problem  or 
designing  in-service  courses  can  be  culled  rrom  these  results,  but 
what  are  the  implications  which  can  be  drawn  ror  the  more  general 
psychological  aspects  or  ejecting  changes  in  teaching  style?  The 
increase  in  conridence  came,  not  rrom  instant  classroom  success  as 
they  returned  from  the  course,  but  out  or  the  personal  teller  that 
t\u:  new  style  or  working  which  they  themselves  had  experienced  and 
enjoyed  would  racilitate  the  pupils'  understanding  and  enjoyment 
or  their  mathematics.  This  personal  conviction,  through  personal 
Q     >lvement    enabled    them    to    comprehend,    and    not   merely    to  'hear', 
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the  value  of  the  change. 
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THE  LEFT  AND  RIGHT  HEMISPHERES  OF  THE  BRAIN 
AS  A  MODEL  FOR  IN-SERVICE  TEACHER  TRAINING. 

Gershon  Rosen 

The  Weiimann  Institute  of  Science,  Israel 


Abstract:        This  report  discusses  the  left  brain/right 
brain  model  as  a  method  of  evaluating  didactic  teaching 
SSd"  in  response  to  teachers  questions.    A  right  brain 
bias  is  implied  throughout. 

There  is  an  increasing  amount  of  evidence  to  show  that  two 
different  aspects  of  learning  mathematics,  i.e.  language  functions 
vs.  mainly  spatial  processing,  are  linked  to  the  activities  of 
different  halves  of  the  brain.  ' 

In  the  P.M.E.  Israel  1983  two  papers  discussing  the  influence  on 
learning  and  teaching  of  the  two  hemispheres  of  the  Brain  were  presen- 
ted    Fidelman^  in  relation  to  learning  and  higher  mathematics  and 
Yeshurun^  in  relation  to  learning  and  elementary  school  mathematics. 
However,  Yeshurun,  ibid,  remarks  that  a  right  brain  approach  with 
elementary  school  mathematics  is  possible  since  most  of  the  topics  can 
be  presented  both  sequentially  and  globally  but  that  this  mode  of 
presentation  is  not  possible  in  secondary  school  mathematics  as  each 
branch  of  mathematics  has  its  own  mode  of  presentation.    In  other 
words  the  topic  determines  the  approach. 

Many  educationalists  appear  to  dismiss  the  left/right  hemisphere 
model  because  they  feel  that  a  child's  left/right  orientation  is 
determined  at  birth  or  at  least  during  the  formative  years  and  there 
is  not  very  much  one  can  do  to  change  it.    Others  maintain  that  some 
attempt  should  be  made  to  deternine  the  degree  of  left/right  brain 
bias  for  each  individual  child  and  then  use  appropriate  teaching 
techniques.    Still  others  maintain  that  mathematics  is  a  predominantly 
left  brain  activity  and  should  therefore  be  taught  as  such  (standard 
text  book  approach) . 

All  the  above  approaches  (no  matter  what  the  terminology  used  to 
relate  to  right  or  left  brain)  appear  to  use  a  linear  scale  such  as: 
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Left  Brain         T  Right  Brain 

Orientated  Orientated 

DIAGRAM  1. 


as  a  model  of  the  child's  thought  (or  topic  requirement)  with  the 
child  (or  topic)  sited  somewhere  on  the  scale. 

It  is  my  contention  that  both  left  and  right  brain  approaches 
are  possible  with  most  topics  in  mathematics  and  it  is  important  for 
the  teacher  to  at  least  be  aware  of  this  and  to  help  me  identify 
various  teaching  approaches^    I  use,  not  a  linear  scale,  but  a  2- 
dimensional  approach,  viz: 


Left 
Brain 


for  each  topic  on 
the  curriculum. 


Right  Brain 
DIAGRAM  2. 

In  every  school  maths  curriculum  and  in  every  age  range  there  is 
at  least  one  topic  (or  concept)  which  presents  itself  as  a  barrier  to 
further  advancement  in  maths.    It  can  be  as  simple  as  multiplication 
by  10,  or  more  complicated  such  as  long-division  or  addition  of  frac- 
tions, with  the  barriers  becoming  greater  as  the  pupil  climbs  higher 
up  the  ladder.    Eisenberg  and  Dreyfus^  refer  to  this;"one  continues 
to  take  Mathematics  courses  until  one  doesn't  succeed  any  more".  In 
the  primary  to  early  secondary  school  situation  there  is  no  opportiv 
nity  to  "drop  out"  entirely,  it  is  usually  only  possible  to  "drop 
down"  a  stream,  so  these  barriers  have  to  be  either  "overcome",  "by- 
passed" or  may  be  even  just  "ignored"  or  else  they  remain  barriers. 

One  way  to  cope  is  to  "learn  the  rules"  and  "play  by  them"  or 
have  a  machine,  like  a  calculator,  that  "knows  the  rules"  and  so  all 
one  has  to  do  is  to  have  confidence  in  the  machine  and  feed  it  the 
information  and  if  the  rules  for  handling  the  machine  are  simpler  or 
in  the  eyes  of  the  user  more  consistent  than  those  of,  say,  subtrac- 
tion of  negative  numbers,  so  that  the  right  answer  can  be  achieved 
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most  of  the  time,  then  everything  is  rosy.    Thus  we  are  presented  with 
a  picture  of  the  pupil  who  succeeds  in  maths  being  the  one  who  is  able 
to  play  by  the  rules,  whether  he  understands  them  or  not  and  the 
successful  teacher  is  one  who  can  get  his  pupil  to  play  by  the  rules, 
whereas  a  pupil  who  has  grasped  the  concept  "sees"  what  to  do  and  the 
barrier  disappears. 

This  "getting  the  pupils  to  play  by  the  rules"  very  often  becomes 
an  obsession  going  in  some  cases  to  extremes,  for  example,  I've  seen 
some  teachers  spending  the  best  part  of  a  lesson  on  SETS,  with  instruc- 
ting the  pupils  on  the  correct  way  to  draw  the  curly  brackets  j   jor  de- 
fining an  order  for  removing  brackets  from  an  expression  like: 

6  {  23  -  [4.(7  -  5)  ♦  3]\ 
and  woe  betide  any  pupil  who  deigns  to  write  the  expression: 

6[23  -  (4.  (7  -  s\    *  3)] 
and  it  certainly  won't  permit  a  pupil  to  "see"  a  solution  to  a  problem 
such  as  "the  sum  of  two  numbers  is  13  and  their  product  is  36,  what 
are  the  two  numbers?". 

The  "SEE"  used  is  a  right  brain  process.    Let  us  consider  some 
specific  requests  from  middle  school  teachers  during  in-service  work- 
shops . 

Teacher  1).  The  class  has  been  occupied  with  inserting  the  inequality 
sign  between  pairs  of  directed  numbers.    As  expected  some  were  carry- 
ing out  the  task  successfully,  others  sometimes  with  the  correct 
answer  and  at  others  not  2nd,  of  course,  others  practically  always 
wrong.    The  pupils  were  using  the  following  working  definition: 

If  the  two  numbers  are  positive  then  tl.e  larger  number  is  furth- 
est from  zero,  and  if  the  two  numbers  are  negative  then  the  number 
nearest  the  zero  is  the  larger.     (Of  course  if  one  number  is  positive 
and  the  other  negative  then  the  positive  number  is  the  larger.) 

The  teacher  had  two  objectives: 

i)  to  enable  the  pupils  to  see  that  the  larger  the  number  the 
further  right  it  is  on  the  number  line,  (a  unification  and  hence  right 
brain  approach) 

ii)    to  enable  the  pupils  to  give  the  right  answer  instinctiv- 
ely (again  right  brain). 

0  U  £  4 
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Teacher  V-    The  c,ass  ^  wording  well  with  the  addition  of  directed 
ni«bers  and  is  also  beginning  to  handle  open  sentences  such  as: 

(+3)  ♦  C3=  (Rignt  brain) 

but  for  all  that, I  know  that  we  will  not  be  able  to  make  a  successful 
transfer  to  subtraction.    Eventually  I  will  have  to  make  the  statement 
that  to  subtract  we  add  the  (additive)  inverse  and  the  pupils  will 
learn  it  without  understanding  the  rule  in  the  same  way  as  they  learnt 
how  to  divide  fractions.    Working  with  this  rule  (left  brain)  interfer- 
es also  with  the  addition  that  the  class  had  mastery  of  (or  so  I 
thought) .    Is  there  no  way  to  unify_  the  two  operations?  (right  brain) 

Another  Teacher  (saae  topic)  3):    my  class  seems  to  be  handling  addi- 
tion and  subtraction  of  directed  numbers  without  too  much  difficulty 
but  we  don't  see.  to  be  convinced  that  adding  the  (additive)  inverse  is 
equivalent  to  subtraction. 

Teacher  4).     When  teaching  the  solution  of  two  simultaneous  equations 
is  it  better  to  equate  coefficients  and  subtract  or  get  to  the  situa- 
tion where  the  coefficients  are  additive  inverses  and  then  add? 

The  above  exa^les  are  with  concepts  or  topics  that  the  teachers 
feel  must  be  taught.      Let  us  now  consider  some  topics  which  the 
teachers  would  prefer  not  to  teach. 

Teacher  S) .      Is  it  in  order  if  I  do  not  teach  the  area  of  a  circle  to 
my  8th  graders?    They  are  better  off  doing  algebra  anyway. 

Teacher  6).      I  don't  want  to  teach  Pythagoras.    It  doesn't  fit  into 
the  syllabus  and  it  just  takes  up  the  class  ti«e  and  anyway  the  child- 
ren never  understand  it. 

Teacher  7),  The  book  says  that  we  have  to  teach  inequalities  of  the 
type:  |x-3|  ♦  |x-4/<n,  how  is  it  possible  to 
do  so  successfully  with  an  8th  grade  class  in  the  little  tine  that  is 
available? 

I  deliberately  chose  these  examples  of  Teachers'  requests  for  two 
reasons: 

i)  they  require  a  reply  which  appeals  to  the  right  brain 
(left  brain  solutions  didn't  satisfy  the  teachers) 
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ii)    Didactical  questions  that  could  be  dealt  .*th  using  a 
predominantly  left  brain  approach  were  practically  non  existent  and  xn 
any  case  solutions  were  usually  given  by  other  teachers  at  the  workshop. 

One  other  point,  a  paper  of  this  type,  is  by  its  very  nature 
predominantly  left  brain  orientated  so  it  will  be  very  difficult  to 
demonstrate  a  right  brain  approach  and  therefore  apart  fro.  one  attempt 
which  will  follow  shortly  a  full  discussion  of  possible  right  brain 
approaches  to  the  teachers  questions  wi.l  be  left  until  this  paper  is 
presented  when  perhaps  other  suggestions  will  be  forthcoming. 


Betty  Edwards'5-1  classifies 

Left -Mode  and  Right 

characteristics  as  follows: 

I,  -  Mode 

R  -  Mode 

Verbal 

Non  verbal 

Analytic 

Concrete 

Symbolic 

Analogic 

Rational 

Spatial 

Logical 

IntuitiVb 

Linear,  etc. 

Holistic, 

etc. 


If  we  are  to  appeal  to  the  night  brain  with  our  solutions  we  must 
be  able  to  describe  the  approach  with  more  of  the  R-ode  terms  than 
those  of  the  L-mode  and  the  approach  will  be  at  some  point  R  (see 
diagram  (2)) . 

I  now  present  the  sug£estions  accepted  by  teacher  5, 
Take  a  circle 

fold  in  two 


What  is  this  bit  (the  part  labelled  d)  called? 

Fold  in  two  again  r~ 

What  is  this  part. (the  part  labelled  r)  called?  , 

Work  with  your  neighbour  and  make  different  shapes  from  the  two  folded 

parts  of  the  circle,  give  names  where  appropriate.  (Encourage  deferent 

shapes  \  """N. 

x  butterfly 


semi  circle 


s 
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Square    -    Anything  special  about  the  square? 

Yes  it  is  the  square  whose  side  is  the  radius  of  the  circle  or 

"square  on  the  radius" 
use  the  square  as  a  template  and  draw  4  squares  thus 
Take  your  circle  back 

How  many  squares  will  your  circle  cover? 

A  left  brain  approach  using  the  formula  ptr2  results  in  many 
children  (taking        to  be  3.14  and  r  to  be  S)  using  a  calculator  and 
keying  in  3.14  x  5  » 

x 

i.e.  (3.14  x  S)2     and  not  3.14  x  52 

Whereas  using  the  right  brain  approach  with  the  emphasis  on  the  square 
of  the  radius  the  child  will  generMlly  key  in  5  x  S  « 

x 
3.14 

■ 

Judicial  use  of  a  right  brain  approach  even  simplifies  the  algebra  from 
2  dimensional  to  uni-dimcnsion^ . 

Now  see  if  you  can  think  of  right  brain  orientated  suggestions 
for  the  other  questions  listed. 

In  conclusion,  neither  the  left  brain  or  the  right  brain  can  work 
in  isolation,  there  must  be  interaction  between  the  two  and  the  teacher 
xust  be  able  to  stimulate  both  hemispheres  of  his  students'  brain  other- 
wise no  interaction  can  take  place. 

It  is  the  task  of  the  teacher  to  devise  (or  master)  activities  or 
approaches  which  will  (a)  encourage  the  pupil  to  strengthen  his  weaker 
hemisphere  and  (b)  to  use  his  stronger  hemisphere  to  maximum  effect  in 
exactly  the  sane  cay  as  a  soccer  coach  would  devise  activities  to 
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encourage  hi.  pUy.r  (a)  to  strengthen  the  weaker  leg  and  (b)  to 
increase  the  range  of  skills  on  the  stronger  leg  knowing  full  well 
that  even  though  the  player  prefers  one  leg  over  the  other,  both  need 
to  be  developed. 

In  order  to  encourage  practising  teachers  to  develop  both  hemi- 
spheres they  themselves  have  to  be  made  aware  of  the  model  and  in  many 
situations  their  own  appropriate  hemispheres  have  to  be  strengthened. 
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CHILDREN'S  AMD  TEACHERS'  MATHEMATICAL  WINKING; 
HELPING  MAKE  THE  CONNECTIONS 


Barbara  Vaxman,  Pine  Manor  College 
Susan  Zelman,  Emmanuel  College 


This  paper  reports  on  the  varying  effectiveness 
of  workshop  techniques  that  facilitate  reflective 
awareness  In  teachers  who  possess  different 
beliefs  about  learning,  teaching  oral  mathematics. 
Three  prototypes  of  belief  systems  were  developed 
to  make  sense  of  participant  responses  to  workshop 
techniques  and  were  designed  to  capture  the  range 
of  beliefs  expressed  in  the  workshop.  Techniques 
Included  the  use  of  videotaped  clinical  interviews 
of  children  solving  mathematical  problems,  auto- 
biography, triadic  problem-solving,  and  a  pro- 
jective test.  Workshop  techniques  encouraged 
different  kinds  of  teachers  to  explore  their  own 
liK.-nlng  and  beliefs  and  to  make  connections 
between  their  own  learning,  children's  learning 
and  their  teaching  practices. 
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OBJECTIVES 


The  objectives  of  the  research  reported  in  this  paper  are 
twofold:    (1)  To  aaBess  the  effectiveness  of  workshop  techniques  for 
facilitating  reflective  awareness  in  elementary  school  mathematics 
teachers  and  (2)  To  examine,  with  the  aid  of  three  prototypes  of 
teacher  belief  systems,  how  these  techniques  affected  different  kind; 
of  teachers. 


REVIEW  OF  THE  LITERATURE 


The  theories  and  research  which  inform  the  design  of  the 
workshop  and  the  research  on  the  workshop  derive  from  two  sources. 
The  first  source  is  the  literature  which  describes  and  analyzes 
children's  mathematical  thinking  and  which  tea  resulted  in  a  richer 
understanding  of  children' s  cognitive  processes  in  the  mathematical 
domain  (e.g.,  Cinsburg,  1965).    Recent  work  on  the  development  of 
mathematical  thinking  has,  in  Schoenfeld's  (1962)  phrase,  moved 
"beyond  the  purely  cognitive"  to  consider  the  affective  and 
reflective  aspects  of  mathematical  learning.    The  consensus  of  this 
research  is  that  students'  awareness  of  what  they  are  learning,  how 
they  are  learning,  and  what  they  are  feeling  as  they  learn,  ore 
crucial  components  of  the  learning  process.    Teachers  who  can 
facilitate  self-awareness  in  children  are  likely  to  improve  the 
learning  process.   The  purpotse  of  the  wornahop  was  to  facilitate  aelf- 
awareness  In  teachers  so  that  they  would  be  able  to  do  so  for  their 
students. 

The  second  literature  source  is  on  teacher  belief  systems.  Brown 
and  Cooney  (1982)  suggest  that  teacher  beliefs,  which  are  strongly 
held  and  acquired  through  enculturation  and  education  may  not  be 
debatable  or  open  for  consideration  by  teachers.    This  would  help 
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explain  the  varying  degrees  to  which  teachers  accept,  Internalize, 
and  practice  what  they  learn  In  nethods  courses  (Kundy,  teaman  & 
Confrey,  1984).   Teacher  belief  systems  are  not  only  important  In 
understanding  teachers'  behavior  in  the  classroom;  they  are  also 
crucial  when  considering  teachers  as  learners.    Furthermore,  teachers 
themselves  need  to  understand  the  relationship  of  beliefs  to 
practice. 


DESCRIPTION  OF  WORKSHOP 


Innovative  teacher  education  workshops  (e.g.,  "SumnerKath  for 
Teachers,"   Hundy,  town  &  Confrey,  1994)  have  encouraged  teachers 
to  be  constructiviat  in  their  approach  to  teaching  mathematics. 
Other  recent  workshops  have  used  videotapes  of  students  performing 
mathematical  tasks  as  springboards  for  teachers'  understanding  of 
students'  mathematical  processes  (e.g.,  Glnsburg's  video  workshops 
for  teachers,  1985) .    The  workshop  examined  here  incorporates  both  of 
these  approaches  In  an  attempt  to  provide  teachers  with  the 
knowledge,  skills  end  perceptions  needed  to  facilitate  self-awareness 
in  children.  The  objectives  of  the  present  workshop  "Understanding 
Teachers'  and  Children's  Mathematical  Thinking"  were  to  have  teachers 
examine:    (1)  The  development  of  children's  mathematical  thinking, 
(2)  Their  own  beliefs  about  mathematics,  learning  and  tov  they  learn, 
and  3)  The  connections  between  their  beliefs  about  themselves  as 
learners  and  teachers,  and  tow  children  learn  mathematics. 

Workshop  techniques  served  the  dual  purpose  of  facilitating 
teacher  self-awareness  and  data  collection  on  teachers'  perceptions 
of  self- learning,  teaching,  the  nature  of  mathematics  and  children's 
mathematical  thinking.    Techniques  included:    Videotaped  clinical 
interviews  of  children  solving  mathematical  problems  (at  different 
age  levels);  Journal  assignments;  a  mathematical  autobiography; 
triadic  problem-solving;  exploration  of  unusual  algorithms  for 
arithmetic  operations;  development  of  curriculum  materials  which 
encourage  self-reflection  in  children;  administration  and  discussion 
of  a  projective  test  (Mueller  &  Glnsburg,  1986)  to  tap  unconscious 
attitudes  with  regard  to  learning  and  teaching;  and  pre,  post  and 
follow-up  questionnaires. 
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Subjects  who  participated  in  the 
service  and  six  in-service  teachers 
grounds.    Their  ages  ranged  from  24 
and  suburban  school  systems. 


workshop  consisted  of  nine  pre- 
from  a  cross-section  of  back- 
to  50  and  they  taught  in  urban 


FORMULATION  OF  PROTOTYPES 


Examination  of  the  fifteen  workshop  participants'  responses  to 
the  above  exercises  and  techniques  allowed  us  to  formulate  three 
hypothetical  types  of  pre  and  in-service  teachers.    These  prototypes 
are  not  meant  to  be  used  as  unequivocal  categories.    They  were 
designed  to  capture  the  broad  range  of  beliefs  expressed  by  the 
workshop  participants  and  are  used  for  heuristic  purposes.   The  three 
types  are:    The  "Traditionalist,"  the  "Constructivist,"  and  the 
"Reflective  Math-Phobic."     We  characterized  these  three  types  on  the 
basis  of  their  beliefs  about  learning,  mathematics,  the  development 
of  children's  mathematical  thinking,  and  how  to  teach  mathematics.  We 
will  consider  each  type  according  to  theae  belief  dimensions. 

Beliefs  about  Learning.    The  Traditionalist  saw  learning  as  a 
function  of  rote  memory,  of  mastering  one  aspect  at  a  time,  and  of 
being  externally  rewarded.    Learning  was  also  seen  as  a  function  of 
innate  intelligence.    The  Constructivist  saw  learning  as  a  function 
of  exploration,  discovery  and  effort.    Learning  was  seen  as  being  its 
own  reward,  and  discovery  was  equated  with  ownership  of  the 
material.   The  Reflective  Math-Phobic  showed  conflict  in  her 
beliefs:   Cn  the  one  hand,  she  believed  that  learning  was  a  process, 
however,  she  also  believed  that  perhaps  success  in  learning  was  a 
function  of  intelligence. 

Beliefs  about  Mathematics.    The  Traditionalist  saw  mathematics 
as  the  mastery  of  rote  algorithms.    The  Constructivist  saw 
mathematics  as  heuristics,  problem-solving  and  part  of  everyday 
life.   The  Reflective  Math-Phobic  saw  mathematics  as  aesthetic, 
profound  and  with  important  connections  to  the  world  of  science  and 
art,  but  felt  cut-off  from  those  connections  through  her  lack  of 
understanding  of  the  structure  of  mathematics. 

Reliefs  about  Teaching.  The  Traditionalist  believes  in  teaching 
children  by  modeling  correct  algorithmic  procedures,  drill  and 
practice,  flashcards,  workbooks  and  rewards  for  success.  The 
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Constructivist  teaches  the  underlying  reasoning  behind  algorithms 
through  probing  questions  to  children  and  provides  children  the 
opportunity  to  work  with  manipulatives.    The  Reflective  Math-Phobic 
takes  a  laissez-faire  approach  by  allowing  the  children  to  go  at 
their  own  rata  and  does  not  like  to  intervene  with  questions. 


INTERACTION  Of'  TYPES  WITH  TBOMQUES 


1.  Autobiography.   Prior  to  coming  to  the  workshop  the  students  were 
asked  to  writetiteimatheaaticaautobljography.   The  Traditionalist  did 
well  at  Metering  algorithms  in  elementary  school  but  had  problems 
later  on  with  algebra  and  geometry.   The  Construct! vist  did  not  like 
arithmetic,  but  did  well  with  math  In  high  school  or  with  teachers 
who  ware  mora  flexible  in  their  approach.   The  Reflective  Math-Phobic 
did  not  like  math  at  any  level  but  enjoyed  an  intellectual  approach 
to  history  and  literature. 

2.  Analysis  of  videotaped  clinical  interviews.   The  Traditionalist 
interpreted  the  children's  errors  as  lack  of  knowledge  or  ability. 
The  Constructivist  saw  errors  as  a  clues  to  the  child's  mathematical 
thinking.   The  Reflective  Math-Phobic  saw  errors  as  a  function  of 
fear  and  anxiety. 

3-  Trladlc  Problem-Solving.    The  Traditionalist  was  anxious  about 
their  problem- solving  performance,  intruded  her  own  solutions  when 
acting  as  a  prober,  and  did  not  know  what  to  observe  when  In  the 
observer  role.    The  Constructivist  was  comfortable  in  the  problem- 
solving  role  even  when  they  could  not  get  the  answer,  did  not  impose 
their  own  thinking  as  a  prober,  and  recorded  strategies  the  problem- 
solver  used  when  in  the  role  of  observer.    The  Reflective  Math-Phobic 
was  afraid  that  her  problem-solving  performance  would  reveal  their 
mathematical  ability,  found  it  difficult  not  to  impose  their  own 
thinking  when  in  the  prober  role,  and  had  highly  detailed 
observations  on  all  aspects  of  the  task. 

4.  The  Pro.jective  Test.    Pour  pictures  of  learning  scenes,  one  with 
parents  and  three  in  a  traditional  school  setting,  were  presented  to 
each  participant  who  was  then  asked  to  write  about  each  scene.  The 
Traditionalist  perceived  parents  and  teachers  as  telling  the  child 
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what  to  do  arid  the  child  as  not  knowing  the  answer.  The  Construc- 
tivist  perceived  that  the  parents  and  teachers  were  helping  the  child 
or  merely  being  available  if  the  child  wi3hed  to  be  helped,  and 
perceived  that  the  child  as  patiently  struggling  with  the  problems  at 
hand.    The  Reflective  Math-Phobic  perceived  that  the  parents  and 
teachers  were  ignoring  the  child  and  perceived  that  the  child  was 
daydreaming  or  too  anxious  to  perform. 


SUWARY  AND  CONCLUSION 


The  "Traditionalist"  was  uncomfortable  with  many  of  the  workshop 
exercises  but  was  Jarred  into  rethinking  their  teaching  approaches. 
The  "Constructivist"  already  possessed  a  process  approach  to  learning 
mathematics,  both  in  children  and  in  herself.    For  this  participant, 
the  workshop  techniques  proved  most  valuable  as  a  chance  to 
incorporate  reflective  processes  into  teaching  practices.  The 
"Reflective  Hath-Pnoblc"  began  to  feel  better  about  her  own  learning 
history  and  to  become  more  interested  and  curious  about  the  processes 
children  use  to  learn  mathematics.    The  discrepancy  between  her  views 
and  her  behavior  as  a  teacher  came  to  the  fore. 

Data  from  this  workshop  suggest  that  it  is  crucial  to  take  into 
account  teachers'  belief  systems  about  learning,  mathematics  and 
teaching  when  formulating  teacher  education  curricula.    The  teachers' 
exploration  of  their  own  learning  and  beliefs  vivified  the 
connections  between  their  learning,  their  students  learning  and 
educational  practice. 
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Rucarck  Icporla  on  Project!  wilh  ImaerTlee  Teachwa: 
A  Reaction 

by 

J.  Michael  Shaughneaay 
Oregon  Slate  University 


For  the  purpose  of  discussing  these  papers  on  inservice  teaching.  I 
find  it  convenient  to  group  some  of  them  together.  The  papers  of  Dionne. 
Waxman&Zelaian,  and  Jaworski&Gates  deal  with  assessing  teacher  s  beliefs 
or  influencing  teacher  belief  systems-  The  papers  of  Ben-Chaim.  Fresko, 
fcEisenberg;  Pirie.  and  Nason&Lappan  propose  intervention  via  training 
and  workshop  activities  to  bring  about  desired  changes  in  teachers  styles, 
beliefs  and  teaching  methodologies. 

The  two  papers  from  Portugal.  (Monteiro&Ponte  and  Abrantes&Ponte) 
are  concerned  with  involving  teachers  in  computer  use  in  mathematics 
classrooms.  Finally,  we  have  papers  by  Nantais  on  the  feasibility  of 
teachers  conducting  mini-interviews  with  their  students,  by  Maher  and 
Alston  on  an  inservice  project  in  which  teachers  solved  problems  in  groups, 
and  by  Rosen  on  the  feasibility  of  left-right  brain  analysis  for  didactical 
questions  raised  by  teachers. 

I  will  not  attempt  the  nearly  impossible  task  of  uniting  this  wide 
spectrum  of  papers  under  any  one  roof,  but  I  will  try  to  react  to  them  in 
groups  when  it  is  feasible. 

Teacher  Belief! 

I  wish  to  start  with  this  group  of  papers,  because  it  makes  sense  to  me 
to  eiplore  the  belief  systems  of  the  teachers  you  are  interested  in  changing 
beIoxe_you  attempt  any  change  activities. 

The  the  mes  of  "reflective  activity"  and  "constructivism"  echo 
throughout  the  three  papers  on  teacher  beliefs.  These  researchers  wish  to 
induce  metacognitive  activity  among  in-service  teachers  for  the  purpose  of 
developing  a  more  constructivist  perception  of  mathematics.  Dionne 
attempted  to  lead  teachers  to  a  more  constructivist  view  in  an 
experimental  inservice  course.  Beliefs  were  assessed  by  having  teachers 
explain  how  they  graded  student's  answers  to  a  test  items,  by ^ 
questionnaire,  and  by  pre-post  interviews  with  the  teachers.  Waxman 
encouraged  reflective  awareness  of  mathematical  processes ' 
teachers  by  means  of  interviews  of  children  solving  problems,  by  teacher 
autobiographies,  and  by  group  problem  solving  by  teachers.  Jaworski 
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stimulated  rtfkcttv*  activity  by  having  groups  of  teachers  watch 
videotaped  seguents  of  actum  mathematici  claiwt.  and  subsequently 
relate  what  they  saw  to  their  own  classroom  experiences. 

In  Monoe's  paper  we  find  evidence  that  the  experimental  inservice 
course  had  effects  on  how  teachers  perceived  children's  mistakes.  After  the 
course  subjects  made  a  distinction  between  computation  and  reasoning 
errors  among  children,  and  mentioned  that  the  old  "children  have  it  or 
they  don't"  response  is  far  too  simplistic.  The  beliefs  of  these 
predominantly  constructivist  teachers  in  Dtonne's  study  appeared  to  be 
strengthened  by  the  course.  This  prompts  several  questions.  First,  what 
exactly  was  the  material  covered  in  this  experimental  course,  and  how  was 
it  covered,  that  is.  what  mathematics  was  taught,  and  how  was  it  taught? 
Information  about  the  course  seems  crucial  to  other  researchers  in  this 
area.  Second,  what  would  happen  if  the  volunteer  sample  had  not  had  a 
predominantly  coostr activist  orientation  to  begin  with?  Is  it  possible  that 
volunteers,  for  such  a  study  are  more  likely  to  be  constructivists?  Would  it 
be  likely  that  "non-construcUvlsls"  teachers  would  show  little  change  of 
perception  on  the  post  interviews?  It  seemed  that  those  teachers  who  came 
to  the  study  ready  to  explore  and  change  their  beliefs  did  so,  while  Jacques 
did  not.  More  case  studies  may  be  needed  to  see  if  the  exper  mental  course 
has  any  hope  of  moving  the  Jacques-type  teachers  away  from  thsir  fixed 
perceptions  of  mathematics  teaching  and  learning. 

One  of  the  real  strengths  of  the  Dionne  study  is  the  three  different 
methods  of  collecting  information  about  teacher  beliefs,  the  "correcting 
test",  the  questionnaire,  and  the  interview.  In  this  way  a  profile  for  each 
teacher's  beliefs  can  be  reliably  synthesized  by  analyzing  their  responses 
in  several  different  contexts.  This  same  strength  is  also  apparent  in  the 
Waxman  paper  in  which  three  prototype  belief  systems  were  distilled  from 
teacher  responses  to  four  distinct  data  collection  techniques.  The 
prototypes  "Constructivist".  Traditionalist",  and  "Math-Phobic"  may  be 
very  useful  to  other  researchers  who  are  attempting  to  identify  teacher 
beliefs.  The  paper  operationalizes  each  of  these  terms  by  describing 
specific  behaviors  and  response  patterns  for  each  prototype.  According  to 
Waxman,  Traditionalists  believe  in  rote  memory,  inate  intelligence, 
drill&praciice.  Constructionalists  believe  in  exploration&discovery, 
underlying  reasonin  processes  rather  than  mere  answers,  and  heuristics 
and  problem  solving.  Math-Phobics  seem  to  be  caught  between  the  other 
two  types,  mouthing  constructivism  while  behaving  traditionally.  The 
interaction  of  each  prototype  with  the  techniques-videotapes, 
autobiography,  problem  solving  activity,  projective  test-suggests  that 
Waxman  has  devised  an  excellent  way  to  assess  some  aspects  of  teacher's 
beliefs.  For  example,  traditionalists  interpreted  children's  errors  on  the 
videotapes  as  lack  of  knowledge,  but  Constructivists  saw  clues  to  the 
children's  thinking  processes  rather  than  errors.  The  Math-Phobic, 
predictably,  felt  that  errors  occurred  because  the  children  were  anxious. 
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There  are  several  issues  that  are  raised  by  the  Waiman  paper  that 
those  of  us  involved  in  in-service  "chantte"  projects  should  consider.  It  may 
be  well  to  first  find  out  "who"  we  have  in  our  workshops,  that  is,  what  our 
teachers'  beliefs  are,  and  then  work  on  providing  a  basis  of  change  for 
lhose  who  have  a  chip™  nf  changing.  There  are  teachers  who  are  not  going 
to  budge,  no  matter  what  kind  of  inservice  we  offer  them.  Another 
nossiblity  is  to  sprinkle  a  few  Traditionalist  type  teachers  among  a  group  of 
Construclivists  so  that  the  majority  is  already  ripe  for  change,  in  hopes  that 
some  of  the  Traditionalists  can  be  made  more  flexible.  It  would  be  possible 
to  asses  the  beliefs  ofr  teachers  ahead  of  time  using  the  techniques  in  the 
studies  of  Dionne  and  Waiman.  A  second  issue  that  comes  to  mind  is  the 
role  of  mathematical  content.  Is  it  possible  that  the  Math-Phobic  prototype 
is  on  shaky  gounds  mathematically,  and  therefore  does  not  have  the 
confidence  to  merge  voiced  beliefs  with  actual  practice?  In  a  broader  sense, 
what  is  the  role  of  mathematical  content  knowledge  in  determining 
teachers'  beliefs? 

The  Jaworski  paper  also  used  videotapes,  but  with  the  purpose  of 
stimulating  group  discussion  and  reflective  activity.  Teachers  viewed  taped 
eicerpts  both  from  their  own  classroom,  and  from  other  teachers' 
classrooms,  and  their  comments  during  and  after  the  viewing  were 
audiotaped.  The  paper  reports  that  different  teachers,  viewing  the  eiact 
same  segment  of  videotape,  reported  seeing  entirely  different  things  going 
on.  This  finding  makes  sense  in  light  of  the  three  different  belief 
prototypes  reported  by  Waiman,  and  corresponds  to  the  different  ways 
that  teachers  analyzed  errors  on  her  test  items.  While  Jaworski  did  not 
report  any  systematic  investigation  of  teacher's  beliefs,  the  videotape 
segments  show  a  great  deal  of  promise  for  ferreting  out  beliefs  and  biases. 
Thus  Jaworski  has  provided  researchers  with  yet  another  creative 
methodology  for  assessing  beliefs.  Jaworski  may  benefit  from  using  some 
of  the  other  methods  for  assessing  teacher  beliefs,  such  as  those  reported 
in  the  Dionne  and  Waiman  papers,  in  conjunction  with  her  videotape 
reporting  sessions.  In  this  way  any  claims  that  are  made  about  teacher 
beliefs  can  be  substantiated  by  a  second  or  third  information  source. 

Jaworski  poses  some  interesting  questions  for  future  research.  What  is 
the  effect,  if  any,  on  the  classroom  activity  of  teachers  who  participate  in 
these  videotape  sessions?  How  important  is  the  selected  tape  excerpt  itself 
to  the  quality  of  discussion  (one  would  think  very  important)?  Jaworski  s 
method  also  has  the  potential  to  allow  comparison  of  teacher  perspectives 
with  student  perspectives  on  a  segment  of  classroom  interaction,  since 
viewers  can  simulate  the  role  of  students,  and  examine  the  lesson  from 
their  perspective. 
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la  summary,  hert  are  some  questions  that  may  deserve  attention 
from  those  researchers  who  are  investigating  beliefs  of  inservice  teachers. 

1.  What  is  the  interaction  between  mathematical  content  knowledge 
and  bfilitfiaboul  teaching  and  learning  mathematics?  Is  there  a 
relationship  between  a  teacher's  preservice  content  and  methods 
background,  and  the  prototype  belief  system  she(he)  espouses  (i.e., 
Cooitructivist,  Traditionalist,  etc.)?  Beliefs  do  not  form  in  a  vacuum. 

2.  For  that  matter,  are  there  any  relationships  between  classroom 
management  techniques,  class  environment,  and  teacher  belief  systems? 

3.  Are  there  any  relationships  between  the  professional  activity  of 
inservice  teachers  and  their  beliefs?  That  is,  are  teachers  who  are  involved 
in  inservice  activities  such  as  workshops,  attendance  at  local  and  regional 
meetings,  memberships  in  NCTM  and  local  organizations,  more  likely  to 
pro/ess  certain  types  of  belief  systems? 

Indeed,  these  three  questions  suggest  that  studies  investigating  correlates 
of  teacher  belier  systems  are  highly  desirable.  The  papers  at  this 
conference  indicate  that  techniques  for  tlltiiw.  teacher  beliefs  are 
already  in  hand.  A  natural  next  step  is  to  ask  about  relationships  of  beliefs 
to  other  teacher  variables. 

i.  Are  the  prototypes  "Constructivist ",  Traditionalist ",  and  "Math 
Phobic"  adequate  and  useful  in  describing  most  teachers  beliefs  about 
mathematics?  Are  there  other  prototypes  that  may  be  discovered  if  one 
were  to  investigate  beliefs  of  secondary  level  or  college  level  mathematics 
teachers? 

5.  What  is  the  next  step?  That  is,  once  you  know  something  about  the 
beliefs  of  the  teachers  you  are  working  with,  what  do  you  do  about  it? 
What  types  of  inservice  experiences  do  you  plan  In  order  to  enhance,  or 
even  change,  those  beliefs? 

This  last  question  brings  us  to  the  second  group  of  papers,  research  on 
long  term  inservice  programs. 

Quailfll  A  Teachers  Stvlei  and  Practice! 

The  papers  of  Pirie,  Ben-Chaim,  and  Madsen-Nason  have  several 
common  themes.  First,  the  teachers  in  these  studies  were  actively  involved 
iajtfling.  some,  milhe antic;  in  groups.  The  intent  of  all  three  researchers 
was  to  model  both  content  and  processes  in  such  a  way  that  they  could  be 
carried  directly  into  the  classroom  by  the  participant  teachers.  Second, 
there  was  a  provision  for  reflective  activity  and  discussion  in  groups.  You 
will  recall  that  this  type  of  reflective  activity  on  the  part  of  the  teachers 
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was  also  important  in  the  set  of  papers  on  beliefs.  Third,  these  researchers 
are  attempting  to  evoke  rtj  finiliYr  changes  in  teachrn'  perceptions  of 
mathematics,  and  to  induce  corresponding  changes  in  classroom  teichmg 
behaviors.  Finally,  there  is  drrp  personal  involvement  and  commitment  to 
the  teachers  over  an  extended  period  of  time  (several  yearsl)  on  the  part  of 
the  researchers.  The  establishment  of  a  "group  identity"  among  the 
teachers  is  crucial  in  the  studies  of  Pirie  and  Madsen-Nason. 

Pirie's  paper  provides  a  nice  transition  from  our  discussion  of  teacher 
beliefs.  She  is  primarily  concerned  with  altering  teacher's  perceptions  of 
mathematics  by  involving  them  in  "investigations",  reflective  activity,  and 
group  discussion.  Pirie  states  from  the  outset  that  change  cannot  lake  place 
unless  the  teacher  hcr(him)seu"  effects  the  change.  This  is  a  crucial 
reminder  for  those  of  us  who  would  like  to  bring  about  change  through 
inservice  activities.  Teachers,  like  any  other  people,  change  from  within. 
Since  change  takes  place  inside,  no  amount  of  "lop  down"  dictating  will 
effect  permanent  change  if  a  teacher  is  not  ripe  for  it  from  within.  Thus. 
Pirie  suggests  that  it  is  the  job  of  inservice  to  provide  an  "optimum 
environment"  within  which  change  can  lake  place.  Pirie  s  environment 
involves  a  tightly  welded  group  identity,  a  comfortable  peer  group  within 
which  teachers  feel  free  to  reflect  on  mathematical  investigations,  and  to 
discuss  and  share  personal  experiences.  Many  of  the  elements  of  a 
counseling  support  group  are  evident  in  Pirie's  group  of  teachers-peer 
support,  freedom  to  express  without  judg  ment.  networking  with  others 
(teachers)  who  have  similar  concerns  (bring  a  friend  to  counseling  session). 
Each  group  session  started  off  with  "how  things  went"  this  past  week.  1  he 
strength  of  Pirie  s  methodology  is  the  establishment  of  this  very  strong 
teacher  support  group. 

Once  such  a  support  group  has  been  established,  the  potential  for 
effecting  a  change  of  perception  about  mathematics  is  heightened  because 
teachers  are  not  isolated  in  their  attempts  to  change.  This  type  of  support 
may  be  particularly  important  for  effecting  change  among  teachers  who 
are  '  reluctant  and  even  hostile",  as  Pirie  says,  to  pursue  a  more 
investigative  way  of  teaching  mathematics.  Such  group  support  also  is 
crucial  for  the  teacher  who  has  to  go  back  to  a  building  where  perhaps 
he(she)  is  the  only  one  whose  perceptions  of  mathematics  are  changing.  It 
is  very  difficult  to  "fight  the  good  fight"  all  by  yourself  when .your 
colleagues  are  criticizing  you  for  doing  something  different.  Why  do  you 
want  to  do  that,  we've  always  done  it  lbiiwjfc  and  it's  worked  just  fine. 

It  is  not.  then,  surprising  that  Pirie  reports  success  in  altering  her 
teachers'  perceptions  of  mathematics.  Several  other  issues  come  to  mind 
while  reflecting  on  this  paper.  Any  attempts  to  reliably  assess  i^LAsm 
influence  of  such  a  course  on  teaching  styles  may  involve  more  than  lust  a 
questionnaire  to  substantiate  the  changes.  Documentation  of  increased 

inservice  activity,  and  classroom  visitations  and  observations  over  a  period 
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of  several  years,  will  provide  rurther  evidence  that  the  desired  changes  are 
actually  taking  place.  It  i,  just  too  easy  for  teachers  to  slip  back  into  old 
ways  when  they  are  out  on  their  own  away  from  that  ?u-oort  group. 

A  second  issue  involves  the  actual  "investigations"  ot  me  course.  This 
is  another  case  Us  in  Dionne  above)  where  other  researchers  could  benifit 
rrom  knowing  exactly  what  mathematics  was  "done"  by  the  groups  The 
selection  of  appropriate  problems  for  "reluctant  and  hostile'  teachers  may 
be  crucial  to  the  successful  formation  of  a  mathematical  support  group  I 
believe  that  the  actual  mathematics  is  at  least  as  important  as  the  process 
of  investigation. 

The  key  word  in  Ben-Chaims  paper  may  be  "intervention."  This  three 
year  project  includes  not  only  classroom  intervention,  but  intervention  on 
an  administrative  and  organizational  level,  The  hope  is  to  establish  unified 
plans  foe  mathematics  instuction  at  each  grade  level  in  each  of  the  seven 
project  schools.  This  is  a  much  broader  and  ambitious  task  than  changing 
individual  teachers'  styles  and  practices.  Vet.  changing  the  teachers  is  at 
the  core  of  Ben-Cbaims'  efforts.  Without  the  horses,  the  cart  will  not  move. 
Ben-Chaim  utilized  "master  interveners",  teachers  who  observed  the 
lessons  of  the  participating  teachers,  offered  advice,  and  gave 
demonstration  lessons.  These  master  teachers  encouraged  reflection  on 
what  was  occurring  in  lessons,  and  offered  alternative  instructional 
approaches  to  the  teachers  they  were  working  with. 

Ben-Chaim  reports  that  while  the  administrators  and  principals  were 
very  supportive  of  the  program,  the  teachers  themselves  were  "only  mildly 
interested."  The  paper  reports  only  the  first  year's  activity,  so  perhaps 
more  teacher  enthusiasm  will  be  forthcoming.  On  the  other  hand,  the 
approach  in  the  Ben-Chaim  projectjs.  top-down.  Participation  in  the 
program  is.  or  might  as  well  be.  mandatory  in  each  school.  It  is  not 
surprising  that  administrators  like  the  program,  since  it  appears  to  be 
their  baby".  One  wonders  what  stake  the  teachers  themselves  really  have 
in  the  program  so  far,  From  their  point  of  view,  this  project  may  be 
happening  to  them."  outside  their  locus  of  control.  They  have 
administrators  telling  them  that  they  wJLparticipate.  and  master  teachers 
telling  them  how  to  do  it  right.  Perhaps  a  missing  ingredient  in  this  project 
is  the  establishment  of  a  peer  group  among  the  participating  teachers, 
similar  to  the  Pirie  project.  It  may  be  possible  to  rectify  this  situation,  since 
the  project  is  still  in  its  early  stages. 

As  in  some  of  the  other  studies  from  this  session,  it  is  not  clear  in 
Ben-Chaim  s  report  just  what  mathematics,  or  what  alternative  methods, 
were  proffered  to  the  participants  by  the  masters.  Specific  examples  would 
be  of  great  benifit  to  other  inservice  researchers.  Another  question 
concerns  the  characterization  of  the  existing  mathematics  programs  in  the 
schools.  How  was  the  information  about  the  state  of  mathematics  in  these 
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•chodi  obtained?  Math  lessons  were  found  to  reflect  little  forethought  and 
planning,  homework  assignments  and  eiplanations  were  unrelated,  lack  of 
prerequisite  mathematical  knowledge  was  overlooked.  How  did  Ben-Chaim 
assess  this  situation?  Were  these  schools  visited  by  the  researchers  prior  to 
the  project?  Or  were  the  classrooms  visited  after  the  project  had  already 
been  mandated? 

Who  were  the  master  teachers,  and  how  were  they  selected?  Did  they 
come  from  the  same  school,  or  were  they  from  the  outside?  Were  they 
classroom  teachers,  or  were  they  university  people?  Answers  to  some  of 
these  questions  may  help  eiplain  why  the  teachers  were  willing  to  admit 
to  teaching  deficiences  and  knowledge  gaps,  while  their  actual  teaching  did 
not  manifest  any  great  alterations.  If  teachers  perceive  that  change  is  being 
dictated  to  them,  rather  than  com  in?  from  them,  researchers  may  be  hard 
pressed  to  effect  change  in  their  classrooms.  Finally,  the  problem  of  "not 
enough  time"  is  a  perennial  eicuse  in  schools  for  why  change  hasn't  taken 
place.  Here  are  two  ways  to  circumvent  the  lime  eicuse.  First,  teachers 
need  to  perceive  that  they  have  a  real  stake  in  any  changes  that  take  place 

to  that  they  will  want  to  try  and  make  time  to  initiate  change,  and  second. 

administrative  support  in  the  form  of  release  time  for  planning,  reflection. 

and  peer  interaction  is  essential  for  maintaining  the  growth  of  change. 

Thus,  the  administrators  who  are  so  supportive  of  this  project  should 

perhaps  be  called  upon  to  actually  demonstrate  their  support  to  the 

teachers  by  providing  release  time.  Some  schools  accomplish  this  by 

providing  a  "roving  substitute"  for  a  day  each  week. 

The  Madsen-Nason  study  includes  the  major  foci  present  in  each  of 
the  other  two  studies.  A  support  orouo  of  teachers  is  established.  There  is 
nnEniny  p*r*Mul  involvement  of  the  researchers  with  the  teachers,  and 
rvm\™i  fncflung""*"!  to  reflect  on  what  is  happening  in  the  classroom. 
In  this  case,  the  Intervention  that  occurs  is  in  the  form  of  a  prescriptive 
teaching  model,  namely  the  Launch-Eiplore-Summariie  (LES)  model,  in 
conjunction  with  specific  mathematical  units  created  by  the  Middle  Grades 
Mathematics  Project.  The  purpose  of  the  intervention  is  to  get  teachers  to 
transfer  the  elements  of  the  LES  model  to  topics  that  they  teach  in  their  " 
own  classroom.  In  order  to  accomplish  this,  changes  in  both  beliefs  and 
behaviors  need  to  occur.  This  study  seems  to  be  a  delicate  marriage  of  the 
"bottom  up"  approach  to  change  used  by  Pirie  with  the  "top  down 
approach  to  change  used  by  Ben-Chaim. 

All  the  teachers,  "coached",  "unreached",  and  "lead",  were  exposed  to 
the  same  mathematics  units  for  the  middle  grades.  In  contrast  with  the  two 
previous  studies,  the  actual  milhejaaiiCL  that  actively  engaged  the 
teachers  has  been  clearly  defined,  the  five  MGMP  units  (Probability.  Spatial 
Visualization.  Factors&Multiples.  Similarity.  Areafc  Volume).  Subsequently, 
teachers  were  coached  (or  not)  in  the  use  of  these  materials  in  their  own 
classrooms.  The  coaching  in  this  study  is  done  by  people  who  have  been 

O  fi  A  ? 


-  156  - 


personally  involvtd  with  the  :upport  group  of  teachers  from  the  beginning, 
thus  the  marriage  of  top  down  and  bottom  op  elements  of  change.  One  get* 
the  sense  that  these  teachers  may  have  viewed  their  coaches  more  as 
friends  than  as  interveners. 

Like  the  Ben-Chaim  project,  this  project  reports  the  first  year  of 
activity.  Also,  like  the  Ben-Chaim  project,  this  project  reports  that  changes 
in  teachers'  perceptions  of  mathematics  were  not  necessarily  accompanied 
by  corresponding  changes  in  classroom  practice.  Teachers  tended  to  slip 
from  the  LES  mode  to  their  previous  leaching  habits.  The  study  concludes 
that  more  support  and  more  coaching  lime  is  needed  to  make  a  real 
difference  in  the  classroom. 

In  summary,  the  papers  on  changing  teachers'  styles  and  perceptions 
prompt  one  to  consider  the  following  issues. 

1.  It  may  be  very  useful  to  assess  teacher  beliefs  in  the  population  we  are 
trying  to  change  before  attempting  to  implement  an  inscrvice  project.  The 
studies  from  this  session  on  teacher  beliefs  provide  a  multitude  of  ways  to 
asssess  beliefs.  Perhaps,  then,  we  should  select  those  teachers  we  wish  to 
change  more  carefully,  with  an  eye  towards  flexibility  and  leadership. 
These  teachers  could  then  be  used  as  "change  agents"  to  affect  change  in 
their  own  schools  or  districts. 

2.  The  importance  of  a  base  support  group  Tor  promoting  internal  change  is 
clear  in  the  studies  of  Pirie  and  Madsen-Nason.  Our  inservice  projects 
should  be  the  soil  for  change,  and  we  the  farmer's  who  plant  the  seeds. 
Thus,  grass-roots  bottom  up  approaches  probably  have  more  potential  for 
lasting  change  than  do  mandated  top  down  changes. 

3.  "Where's  the  Beef?"  If  we  are  talking  about  changing  teachers'  practices 
through  inservice  courses  it  is  important  for  us  to  attend  to  and  to  share 
both  the  mathematics,  content  and  the  methodolgy  that  we  feel  represents 
our  desired  outcomes. 

4.  The  role  of  administrative  support  and  the  importance  of  lime  for 
reflective  discussion  is  evident  in  all  three  of  these  papers. 

5-  More  attention  needs  to  be  paid  to  the  ways  we  "measure"  the  outcomes 
of  change  in  the  classrooms  of  our  participants.  Videotaped  segments, 
audiotaped  interviews,  and  classroom  observation  can  enhance  written 
data  obtained  from  surveys  or  questionnaires. 

6.  Change  is  a  long  term  process,  teachers  need  lots  of  time,  and  lots  of 
support.  We  should  not  expect  dramatic  changes  in  teachers'  styles  even 
after  a  year.  In  our  initial  attempts  to  assess  change,  perhaps  some  of  the 
more  subtle  cues  of  change  need  to  be  elicited,  lest  we  mistakenly  conclude 
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we  are  having  little  impact  on  ow  teachers.  It  is  a strength  of  etch  of  these 
projects  that  they  will  be  able  to  aitcti  and  influe^c  change  over  a  period 
of  several  years. 

Other  mdiei  on  Teacher  Imcmcc 

The  papers  of  Maher,  Monteiro,  and  Abrantes  deal  with  the  effects  of 
particular  content  and/or  methods  instruction  on  teachers'  views  of 
mathematics.  Maher  models  a  construclivist  approach  to  mathematics, 
embodying  fraction  concept!  on  geoboards  in  a  small  group  problem 
solving  setting.  Both  the  mathematics  taught  and  the  need  to  consider  the 
teacher  as  a  learner  received  considerable  attention  in  this  study.  A  real 
strength  of  this  study  is  the  inclusion  of  school  administrators  and  graduate 
students  in  the  small  group  problem  solving  sessions.  Getting  teachers  and 
administrators  to  experience  mathem  atics  together  is  a  crucial  step  in 
establishing  communications  lines  wi'.hin  a  school,  and  appears  to  have 
been  quite  successful  in  this  project. 

The  videotapes  of  the  small  group  sessions  that  have  been  recorded 
by  Maher  could  be  used  to  assess  beliefs  of  the  group  members.  They  could 
also  be  used  as  a  basis  for  discussion  and  reaction,  as  in  the  Jaworskt  study. 
Thus  Maher  has  data  that  can  be  useful  to  researchers  who  are  ascssing 
teacher  beliefs.  However,  It  appears  that  the  main  use  for  the  videotapes  in 
this  study  was  to  investigate  and  analyze  the  problem  solving  Processes  of 
the  groups.  Maher  states  that  a  goal  of  this  problem  solving  model  is  that 
teachers  will  show  changes  in  perspective  a.id  practice  in  their  classrooms. 
Unfortunately  no  evidence  is  presented  either  for  what  teachers  believed, 
or  what  they  did  in  their  classrooms,  as  a  result  of  the  problem  solving 
experience.  These  issues  may  be  addressed  as  the  project  continues. 

Monteiro  attempts  to  show  teachers  the  possiblities  that  computers 
give  them  to  go  beyond  mere  "transmission  of  knowledge"  in  mathematics 
clas3rooms,  and  to  investigate  the  affect  of  computer  exposure  on  their 
attitudes  and  teaching  strategies.  Co-operative  group  efforts  and 
interdisciplinary  perspectives  were  dominant  aspects  of  this  study.  Both 
teacher  and  student  computer  projects  were  part  of  the  inservice  activity. 
Teachers  received  courses  on  computers  in  LOGO,  and  applications  packages 
such  as  word  processors  and  drawing  programs. 

It  would  be  helpful  to  know  more  about  the  exact  experiences  of  both 
the  teachers  and  students.  What  types  of  projects  were  undertaken  to 
anwer  the  question  "How  can  we  improve  our  school?  .  and  how  was  tne 
the  computer  used  to  investigate  this  question?  What  were  »°»e  or  th. 
experiences  the  students  had  besides  some  exposure  to  LOGO?  What 
mathematics  was  discussed  in  conjunction  with  the  computer  packages? 
Teacher  altitudes  were  assessed  by  several  questionnaires  It  would I  be 
helpful  to  obtain  evidence  beyond  questionnaire.,  such  as  from  classroom 
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visas,  to  see  how  the  teachers  used  the  computer.  In  order  to  address  the 
teachers  concern  about  keeping  the  computer  rooted  to  practical 
experiences,  it  may  help  to  attempt  to  tie  the  computer  more  closely  to  the 
mathematical  content  itself.  For  example,  packages  such  as  Algebra  Arcade 
or  The  Geometric  Supposer  are  closely  tied  to  specific  mathematical 
content. 


The  study  of  Abrantes  on  implementing  computer  packages  in 
classrooms  contains  a  familiar  theme  from  the  other  papers  "One  should 
not  expect  that  teachers  will  modify  their  styles  from  one  day  to  the  other  ' 
Once  again,  we  have  evidence  that  change  is  slow  in  classrooms  and 
requires  a  long  period  of  time  to  implement.  Of  the  twenty  programs  that 
Abrantes  selected,  teachers  tended  to  use  the  programs  that  concentrated 
on  demonstration  and  practice,  rather  than  those  involving  problem 
solving,  simulations,  or  educational  games,  and  to  use  only  programs  with 
which  they  were  very  familiar.  Abrantes  attributes  this  to  a  reluctance  on 
the  part  of  the  teachers  to  disturb  their  classroom  management  policies.  An 
alternative  explanation  is  that  these  types  of  programs  require  the  least 
amount  of  teacher  involvement  in  the  mathematics.  Teachers  can  continue 
to  teach  as  they  always  have,  and  just  use  the  computer  as  another  tool  to 
evoke  drill  and  practice  methodologies.  The  constructivist  perspective,  that 
seems  so  dear  to  most  of  the  presenters  in  this  session,  can  be  avoided 
even  with  the  introduction  of  a  computer.  Thus,  attention  to  teacher  belief 
systems  may  need  to  accompany  any  inservice  activities  that  involve 
computer  uses  lor  simulations  and  problem  solving.  Perhaps  we  should 
carefully  select  our  initial  group  of  teachers  to  be  "changed",  and  then  let 
them  affect  the  rest  of  the  school. 

It  is  a  strength  of  Abrantes'  approach  that  he  had  teachers  evaluate 
how  the  computer  lessons  were  organized,  and  then  subsequently  asked 
them  to  assess  the  cognitive  and  affective  aspects  of  the  programs  on  their 
classrooms.  Classroom  observations  would  provide  additional  evidence  for 
implementation  of  the  computer  programs,  in  addition  to  the  teacher 
self  reports.  Although  there  is  some  indication  of  the  types  of  programs 
used  in  Abrantes'  paper-number  facts,  estimates,  function&graphs-a 
complete  list  would  be  beneficial  to  other  researchers. 

The  final  two  studies,  those  of  Rosen  and  Nantais.  deal  with  entirely 
different  issues  than  any  of  the  other  papers.  Rosen  claims  that  it  is 
important  that  teachers  be  aware  of  both  left  and  right  brain  approaches  to 
most  mathematics  topics.  A  number  of  questions  about  the  "way"  to  teach 
particular  mathematics  topics  are  raised  by  teachers,  and  shared  by  Rosen. 
The  impression  that  I  get  from  the  paper  is  that  these  teachers  are  not 
adequately  prepared  to  deal  with  so-called  right  brain  approaches  to 
mathematics  problems.  It  is  my  understanding  of  right-left  brain  research 
that  right  brain  involves  visual  solutions  to  mathematics  problems,  and 
involves  visual  thinking  about  mathematics  concepts.  In  that  regard,  some 
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of  the  questions  raised  by  Rosen  for  right-left  bnin  categorization i  do  not 
seem  appropriate.  For  example,  why  should  a  missing  addend  problem  be 
considered  right  brain,  and  is  it  even  useful  to  do  so?  How  would  one 
visually  represent  this  type  of  problem  for  young  learners?  Rosen  does  not 
offer  any  hints  as  to  how  this  could  be  accomplished  in  the  paper. 
Similarly  it  is  difficult  to  defend  how  one  sequence  of  keying  in  the 
formula  for  the  area  of  a  circle  is  right  brain,  while  another  sequence  of 
key  strokes  is  left  brain.  No  evidence  for  this  contention  is  supplied  in  the 
paper  The  impression  one  gets  from  Rosen  s  paper  is  that  teachers  are  well 
trained  in  mathematics  as  a  left  brain  activity,  but  that  mathematical 
experiences  in  visual  thinking  may  be  necessary  to  elicit  a  right  brain 
orientation  to  mathematics  problems.  In  this  regard.  Rosen  may 
work  of  Meyer  and  Nelson  (Math  and  the  Mind  s  Eye  Pro,ect.  Por  land  State 
University)  and  the  units  on  visual  thinking  that  they  have  developed 
quite  helpful. 

Nantais  has  investigated  the  feasibility  of  having  teachers < ;°nd"ct 
short  interviews  with  their  students  in  order  to  obtain  eedback  « |  to  how 
the  student's  learning  and  thinking  are  progressing.  Results  indicate  that 
teachers  can  obtain  valuable  information  from  tbJ ^;y^nrft.p^1"st•thev  be 
although  the  interviews  themselves  need  to  be  limited  m  time  est  they be 
t  time  consuming  for  teachers  to  conduct  with  all  the  studen  u, t «r 
classes  It  would  be  interesting  for  Nantais  to  devise  a  script  for  such  an 
nterv  ew  To  that  some  outside  person  could  conduct  interviews  with  the 
ETas well «  the  teacher.  Such  a  script  *ou,c .guarantee  that  any 
interviewer  would  ask  at  least  the  same  basic  set  of  questions  in  the 
interview.  Then,  comparisons  could  be  made  between  the  types  of 
responses  that  the  teacher  gets,  and  those  obtained  by  an  outside 
interviewer  The  reason  1  raise  this  issue  is  that  it  may  be  that  the  teacher 
gets  information  from  the  children  that  the  children  think  Hte 
teacher  wants  to  hear,  rather  than  completely  "»»Dle  "TkuJ 
of  Nantais  is  reminiscent  of  work  done  by  Ed  Labinow.cz  (0.1  State 
Northridge)  on  teaching  teachers  to  conduct  mini-interv.ews  with  their 
students L.binowic*  has  written  a  book  on  the  subject  which  may  be 
helpful  for  further  work  by  Nantais. 

In  summary  there  are  two  overall  impressions  that  I  draw  from  all 
eleven  of  these  papers  that  need  serious  consideration. 

1  It  is  important  for  those  of  us  doing  inservice  projects  to  attend  to  the 
m  themaS  intent  that  we  wish  to  model,  and  to 

content  to  our  fellow  researchers.  This  is  the  Where  s  the  Beer  question. 

2  When  we  select  participants  for  our  inservice  activities,  if  we  really  want 
oIJ  fmTre th  tLtial  for  change,  we  should  carefully  choose  our  .nit  a, 
£rs£cUv change  -gents  after  we  have  a«es*d  their  prototype  beliefs. 
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TOWARDS  A  TAXONOMY  OF  WORD  PROBLEMS 
Dan  G.  Bachor,  University  of  Victoria 


Abstract.     In  this  paper  a  set  of  interconnected  word 
problems  are  presented.     To  prepare  the  problems  selected 
task  variables  were  incorporated  into  a  taxonomy  or  matrix, 
resulting  in  a  series  of  interrelated  word  problems.  In 
the  resultant  set  of  word  problems  the  following  variables 
were  manipulated:     level  of  vocabulary,  type  of  question, 
type  of  extraneous  information,  type  of  operation,  and 
computational  level.    The  final  outcome  was  approximately 
1200  prototypes  for  word  problems. 
In  a  recent  paper,  Bachor,  Steacy,  and  Freeze  (1986)  argued  that  in 
previous  efforts  to  construct  word  problem  typologies  two  fundamental 
conceptual  problems  have  emerged.     First,  specific  problem  solving 
strategies  have  been  identified  and  then  they  have  been  incorporated 
into  the  defining  characteristics  of  the  resultant  word  problem 
typology.     For  example,  conceptual  knowledge  or  semantic  relationships 
have  been  assumed  to  represent  learner  strategies,  which  in  turn,  have 
been  used  to  define  problems  (e.g.  Carpenter  &  Moser,  1982;  Riley, 
Greeno  &  Heller,  1983).     Second,  generalized  learner  characteristics, 
such  as  a  theoretical  sub-set  of  a  developmental  or  cognitive  theory, 
have  been  selected  as  the  defining  features  of  word  problems.  For 
example,  Caldwell  &  Goldin  (1979)  used  Piagetian  stages  to  mark  learner 
characteristics  and  to  distinguish  word  problems.     Some  other 
limitations  associated  with  both  of  these  approaches  to  theory  building 
already  have  been  noted  .(e.g.  Garofalo  4  Lester,  1985;  Riley,  Greeno,  & 
Heller,  1983).     Carpenter  and  Moser  (1982)  argue  that  they  have  not 
been  able  to  use  their  framework,  which  represents  the  first 
construction  technique,  to  characterize  unambiguously  all  addition  and 
subtraction  problems.     Garofalo  and  Lester  (1985)  have  suggested  that 
one  problem  associated  with  the  second  approach  to  word  problem 
generation  is  that  cognitive  theories  are  too  ill-defined  to  translate 
directly  into  instruction. 

An  alternative  to  word  problem  design  has  been  suggested  by  Cawley, 
Fitzmaurice,  Shaw,  Kahn,  and  Bates  (1979).    They  have  argued  that  any 
set  of  task  characteristics  can  be  incorporated  into  a  typology  or 
matrix.     The  selected  task  characteristics  would  be  used  to  provide  both 
the  structure  and  stricture  for  the  constructed  word  problems. 
Creating  a  typology  likely  will  not  lead  to  a  resolution  of  the 
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inconclusive  framework  problen  referred  to  in  the  last  paragraph. 
Instead  any  suggested  typology  may  be  best  constructed  around  a  set  of 
research  hypotheses.    Similarly,  if  Cawley's  suggested  approach  to  word 
problem  construction  is  to  be  adopted  the  importance  of  learner 
characteristics  will  need  to  be  addressed  independently.  Such 
investigations  will  depend  on  at  least  two  factors:    a)  the  degree  to 
which  selacted  learner  characteristica  can  be  validated  empirically, 
and  b)  the  degree  to  which  those  characteristics  can  be  related  to  an 
instructional  theory  to  facilitate  optimal  decision-making  for  learners 
of  varying  problem  solving  abilities.    This  approach  to  the  construction 
and  study  of  word  problems  is  described  briefly  in  the  paragraphs  that 
follow.    However,  a  discussion  of  learner  characteristics  will  not  be 
undertaken  due  to  limitations  of  space. 


In  selecting  the  components  to  be  Included  In  the  word  problem 
matrix  a  number  of  choices  were  faced.    For  example,  Caldwell  and  Goldin 
(1979)  point  out  that  up  to  seventy-three  task  factors  had  been  included 
in  a  single  atudy.    Thus,  the  following  principle  was  formulated  based 
on  an  examination  of  Canadian  word  problem  curricula  and  on  a  review  of 
previous  research  (Bachor,  Steacy,  &  Freeze,  1986)  to  provide  a 
rationale  for  word  problem  design:    To  unravel  the  enigma  of  word 
problems,  task  variables  must  be  incorporated  in  a  typology  in  which  the 
included  problems  are  to  be  considered  simultaneously  as  requiring 
language  manipulation,  logical  analysis,  and  mathematical  computation. 

Along  with  this  general  principle,  five  concomitant  sub-principles 
have  been  delineated.  These  sub-principles  provided  the  basis  for  word 
problem  preparation  and  will  serve  as  hypotheses  for  future  research. 

Sub-principle  1:    Modifying  the  phrasing  of  the  word  problems  was 
hypothesized  to  be  a  significant  determinant  of  problem  difficulty.  Two 
variations  on  a  basic  problem  set  were  prepared,  resulting  in  three 
levels. 

The  basic  set  of  problems  were  written  at  the  third-fourth  grade 
level.    To  establish  grade  level,  every  word  used  in  the  problems  was 
judged  against  both  a  graded  Canadian  spelling  list  (Thomas,  1979)  and 
a  graded  vocabulary  compilation  (Dale  &  O'Rourke,  1976,  1981).  Two 
further  problem  sets  varying  in  language  level  then  were  constructed: 
a)  by  inserting  adjectives  into  the  basic  problem  set,  or  b)  by 
modifying  nouns  used  in  the  original  problems.    Before  any  adjective 
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addition  or  noun  substitution  was  made,  two  criteria  had  to  be  met. 
One,  both  the  adjectives  and  nouns  had  to  be  rated  in  the  Dale  & 
O'Rourke  list  as  falling  between  the  sixth  and  twelfth  grade  levels. 
Two,  the  selected  adjectives  had  to  be  logically  consistant  with  the 
nouns  incorporated  lazo  the  basic  problem  set;  and  the  new  nouns  had  to 
fall  into  a  logical  superordinate  category.    In  addition,  some 
mathematical  terms  used  in  the  problems  were  changed  to  increase  their 
difficulty  level,  using  the  same  criteria  described  above.    Verbs  were 
held  constant  at  the  grade  three-four  level  of  difficulty  across  all 
three  language  levels.    Some  variations  in  verb  selection  occurred  so 
that  specific  word  problems  would  read  better  and  follow  logically. 
Sample  problems  are  provided  in  Table  1. 

Vocabulary  Level  Sample  Problem 

grade  3-4  level  The  stranger  counted  a  few  chickens.    The  stranger 

counted  3  geese.    Chickens  and  geese  are  birds. 
The  stranger  counted  8  birds  altogether.  How 
many  chickens  did  the  stranger  count? 
grade  6-12  level,         The  determined  stranger  counted  a  limited  number 
adjective  insertion      of  savory  chickens.    The  determined  stranger 

counted  5  succulent  geese.     Chickens  and  geese 
are  birds.    Considered  collectively  the  stranger 
counted  8  birds.    How  many  chickens  did  the 
stranger  count? 

grade  6-12  level,         The  conservationist  counted  a  limited  number  o£ 
noun  substitution         lynx.    The  conservationist  counted  5  cougars. 

Lynx  and  cougars  are  felines.  Considered 
collectively  the  conservationist  counted  9 
felines.    How  many  lynx  did  the  conservationist 
count? 

Table  1:    Indirect  Problems  to  Demonstrate  Changes  in  Vocabulary 

Sub-principle  2:     The  type  of  question  incorporated  into  the 
problem  is  hypothesized  to  affect  difficulty  (Bachor,  1985).    The  three 
types  of  questions  suggested  by  Pearson  and  Johnson  (1978)  were 
incorporated  into  the  matrix  of  word  problems:     a)  text  explicit  (TE) , 
b)   text  implicit  (TI) ,  and  c)  script  implicit  (SI) . 

When  incorporated  into  mathematical  word  problems,  the  three  types 
of  questions  can  be  seen  to  vary  in  the  number  of  assumptions  made  about 
the  potential  problem  solver.    With  TE  problems,  the  assumptions  made 
are  that  the  responder  can  read  the  text  and  locate  the  required  answer; 
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neither  selecting  an  operation  nor  completing  any  computation  are 
required.    With  TI  problems,  the  latter  requirements  are  assumed.  The 
responder  may  be  required,  depending  on  problem  construction,  to 
integrate  information  from  more  than  one  statement  and  then  to  complete 
at  least  one  operation.    While  problem  solvers  may  need  to  integrate 
information,  the  semantic  categories  required  to  complete  the  problems 
as  given  are  summarized  in  the  classification  statements  in  the  actual 
problem.    With  SI  problems,  a  third  requirement  is  added  in  that  any 
required  prior  learner  knowledge  of  the  semantic  relationships  between 
the  subordinate  and  superordinate  categories  of  nouns  also  is  assumed. 
It  should  be  noted  that  as  a  result  of  this  latter  assumption,  SI 
problems  contain  less  text  than  TI  problems.    Examples  of  each  type  of 
question  are  given  in  Table  2. 

Type  of  Quest loi:  Sample  Problem 

Text  Explicit  The  cook  ordered  69  pies.    The  buyer  bought  76 

cookies  altogether  (SIR).    The  cook  prepared  78 
more  pies  (SR) .    How  many  pies  did  the  cook  order? 

Text  Implicit  The  king  photographed  67  tigers.     The  prince 

photographed  83  bears.    The  queen  saw  70  zebra 
(SIR).    The  duke  chased  59  elephants  (SR).  Kings, 
princes  and  dukes  are  men.    Tigers,  bears,  zebra, 
and  elephants  are  animals.    How  many  animals  did 
the  men  photograph? 

Script  Implicit  The  man  rented  12  houses.     The  womin  rented  78 

houses.    The  bank  sold  86  houses  (SIR).  The 
worker  fixed  63  houses  (SR).    How  many  houses 
did  the  people  rent? 
Table  2:    Direct  Problems  to  Demonstrate  Question  Type 
and  Types  of  Extraneous  Information 

Sub-principle  3:     Including  extraneous  information  Is  hypothesized 
to  affect  word  problem  difficulty  (Bachor,  Steacy,  6  Freeze,  1986). 
Two  types  of  extraneous  information  may  be  found  in  the  problems.  The 
extraneous  Information  contained  in  the  first  type  has  been  termed  "set 
irrelevant  extraneous  information"  (SIR).     Two  different  cues  are 
provided  to  mark  the  SIR  case:     (a)  a  shift  in  noun,  either  in  the 
subject  or  the  object  or  in  both  the  subject  and  the  object,  and  (b)  a 
change  in  the  verb.    The  second  type  of  extraneous  information  has  been 
called  "set  relevant  information"  (SR).     Only  one  cue,  a  change  in  the 
verb  used,  Is  provided  to  the  reader  In  the  SR  case.     A  third  case  of 
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extraneous  information  is  found  in  some  problems.     It  is  termed  "set 
relevant  and  set  irrelevant"  (SRSIR)  because  both  types  of  extraneous 
information  are  combined  in  one  problem.     Sample  problems  containing 
these  three  variations  in  extraneous  information  are  illustrated  in 
Table  2. 

The  specific  determination  of  SIR  is  more  complex  as  the  wording  of 
the  problem  statements  vary  as  a  function  of  the  set  complexity  of  the 
problem,  which  is  described  next.     In  simple  subject,  simple  object 
(SSSO)  problems,  the  exclusion  occurs  in  both  the  subject  and  the  object 
and  in  the  verb.     In  the  case  of  simple  subject,  complex  object  (SSCO) 
problems  the  exclusion  for  SIR  occurs  in  the  complex  object  and  in  the 
verb.     In  complex  subject,  simple  object  (CSSO)  problems  the  exclusion 
occurs  by  modifying  the  noun  in  the  complex  subject  and  by  changing  the 
verb.     In  the  final  variation  of  complex  subject,  complex  object  (CSCO) , 
the  exclusion  occurs  by  changing  either  the  noun  in  the  complex  subject 
or  the  complex  object  but  not  both  concurrently  and  by  changing  the 
verb.     The  result  is  two  variations  of  the  CSCO  case.     Sample  problems 
for  all  the  variations  of  the  SIR  case  are  given  in  Table  3. 

Sub-principle  4:    The  need  to  categorize  or  classify  information 
into  logical  sets,  referred  to  as  set  complexity,  is  hypothesized  to 
influence  problem  difficulty  (Cawley  et  al.,  1979).    Four  types  of  set 
co«pl«clty  are  found  across  the  word  problem  matrix:    a)  simple  subject, 
simple  object;  b)  simple  subject,  complex  object;  c)  complex  subject, 
simple  object;  and  d)  complex  subject,  complex  object.     Tn  SSSO 
problems,  responded  are  not  required  to  make  classification  decisions. 
Thus,  in  Table  3  in  the  first  example,  there  is  no  need  to  classify  the 
basic  problem  statements  as  only  "wolves"  and  "chickens"  need  to  be 
considered.     Category  inclusion  must  be  determined  in  the  case  of  the 
question  since  this  is  a  script  implicit  example.     In  the  last  example 
in  Table.  3,  the  responder  must  determine  if  the  statements  given  belong 
to  the  superordinate  category  in  both  the  subject  and  the  object  cases. 
In  the  two  middle  examples,  categorization  only  is  necessary  for  either 
the  object  (SSCO)  or  the  subject  (CSSO). 

Sub-principle  5:    The  type  and  number  of  operations,  and  to  a 
lesser  the  computational  level,  are  hypothesised  to  affect  problem 
difficulty  (Carpenter,  Corbitt,  Kepner,  Lindquist,  6  Reys,  1960).  Two 
types  of  problems  (Cawley  et  al.,  1979)  are  used  to  define  the  number 
and  type  of  operation  contained  in  the  problems:     a)  direct  and  b) 
Indirect.     Computational  level  is  controlled  by  manipulating  number. 
All  other  elements  of  the  problems,  for  example,  the  type  of  extraneous 
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information,  were  held  constant. 


Set  Complexity 
Simple  subject, 
siaple  object 


Staple  Problem 

At  first  the  wolf  caught  41  chickens.    The  wolf 
caught  69  more  chickens.    The  fox  picked  38  ducks 
altogether  (SIR).    How  many  birds  did  the  animals 


catch? 


Siaple  subject, 
complex  object 
Complex  subject, 
simple  object 


Tom  had  78  cats.    Tom  had  47  dogs.    Tom  helped  32 
seals.    How  many  pets  did  Tom  have? 
Mary  desired  57  horses.    Ellen  desired  46  horses. 
Jack  led  76  horses.    How  many  horses  did  the 
girls  desire? 

Mrs.  Green  caught  23  sharks.    Mrs.  Brown  caught 
14  trout.    Mr.  Smith  ordered  13  goldfish.  How 


Complex  subject, 
complex  object, 


a)  subject  exclusion    many  fish  did  the  women  catch? 

b)  object  exclusion     Mrs.  Green  caught  35  sharks.    Mrs.  Brown  caught 

65  trout.    Mrs.  Smith  saw  87  frogs.    How  many 
fish  did  the  women  catch? 
Table  3:    Sample  Problems  to  Demonstrate  SIR 
Exclusion  Conditions  and  Types  of  Set  Complexity 


The  operations  in  direct  problems  are  either  addition,  or 
multiplication,  or  both  addition  and  multiplication.    A  direct  question 
is  found  when  definite  quantifiers  only  are  used  in  the  word  problems; 
examples  are  found  in  Table  2.     Indirect  questions  have  indefinite 
quantifiers  incorporated  into  the  first  statement.    This  change  results 
in  a  shift  in  the  required  operation  to  subtraction,  division,  or  both 
subtraction    and  division.    Samples  of  indirect  problems  at  the  three 
levels  of  vocabulary  are  given  in  Table  1. 

All  word  problems  were  restricted  to  whole  numbers  as  the 
referents    In  them  always  are  intact  objects.    Three  variations  in 
computational  level  are  found:    single  digit,  double  digit,  and  double 
digit  with  regrouping.     For  the  single  digit  problems,  the  digits  0  and 
1  were  omitted  (see  Bachor,  Steacy  &  Freeze,  1986  for  a  rationale).  All 
digits  were  used  in  the  other  two  types  of  computational  levels.  The 
difference  between  the  last  two  cases  was  that  regrouping  was  required 
at  least  once  during  the  calculation  of  the  final  answer  in  the  second 
case  and  was  never  necessary  in  the  first  instance. 
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CONCLUSION 


The  result  of  constructing  word  problems  using  the  above  guidelines 
is  a  set  of  approximately  1200  variations  in  word  problems.    It  has  been 
argued  that  the  advantage  of  constructing  problems  using  a  matrix  is 
that  research  hypotheses  can  be  formulated  around  selected  task 
characteristics.    Further,  it  has  been  suggested  that  another  advantage 
of  generating  problems  in  this  manner  is  the  separation  of  task  and 
learner  characteristics.    Finally.  It  is  Intended  that  one  use  of  these 
specific  word  problems  will  be  that  learners  of  varying  Problem  solving 
efficiency  can  be  compared  systematically. 
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SOLVING  WORD  PROBLEMS:    A  DETAILED  ANALYSIS  USING  THINK  ALOUD  DATA. 


The  uac  of  think-aloud  data  from  concurrent  verbaliaation 
ahould  not  ba  neglected  as  a  source  of  information  in  the 
analyeia  of  mathematical  problem  solving.    A  framework  for 
tha  use  of  think-aloud  data  in  the  analysis  of  performance 
on  word-problema  is  described  and  an  example  of  ita 
application,  at  a  genaral  level,  to  one  studant'a  think 
•loud  protocol  is  dlacuasad. 

In  this  paper  we  praaent  a  franevork  for  analyaing  think  aloud  data 
from  performance  on  certain  mathematics  word  problems.  We  describe 
tha  framework  and  dataila  of  ita  use  and  then  provide  an  example  of 
ita  application. 

Several  different  approaches  have  been  taken  to  the  analysia  of  think- 
aloud  problem-aolvlug  performance  in  matheoatlcu. 
Wallaa  (1926),  Polya  (1957),  Krutetskii  (1976),  and  Luria  (1973) 
proposed  modela  of  problaa-aolving  that  have  been  used  to  snalyse 
performance  in  studies  such  as  those  of  Kilpstrick  (1967),  Rowe  (1980), 
and  Schoenfeld  (1985).    Why  present  another  think  aloud  analysis? 
First,  this  typa  of  analysis  provides  a  rich  body  of  information  that 
is  qualitatively  different  to  that  derived  from  non-interactive 
mothoda  uaed  to  develop  process  descriptions  such  as  error  analysis, 
and  chronoiaetric  analysis.    A  second  reason  for  proposing  another 
framework  is  that  such  frameworks  need  to  be  revised  to  make  uae  of 
current  thinking  about  the  nature  of  problem-solving.    The  Kilpatrick 
and  Rowe  frameworks  noted  above,  while  sound  in  basic  structure,  need 
revision  for  thia  reason.    The  recent  approach  of  Schoenfeld,  was  not 
used  because  we  believe  that  consideration  of  problem-solving  eventa 
in  sequunce  provides  both  a  better  representstion  of  the  dynamic 
nature  of  problem-solving  and  an  sccount  that  is  more  sdsptsble  for 
instructional  purposes  than  does  use  of  Schoenfeld's  tirae-bsaed 


Our  spproach  to  the  analysis  of  problem-solving  performance  hss  a 
further  affinity  with  previous  studies,  in  that  we  too  focus  upon 
procesa  or  strategy  events.    In  this  respect  our  concern  is  primarily, 
though  not  exclusively,  with  procedursl,  rather  than  with  declarative, 
knowledge.    The  Analysis,  Strategy,  Checking,  Planning,  Review,  and 
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Metacognitive  Knowledge  categories  are  derived  from       recent  work  on 
■atacognition  (Lawaon,  1984).    Declarative  knowledge  is  considered  at 
a  general  level  through  use  of  the  Representation  code.    The  remaining 
codes  are  operational  codes. 

Uncertainty  about  the  validity  of  think-aloud  data  (Nisbett  &  Wilson, 
1977)  has  resulted  in  its  relative  neglect.    We  believe  that  the  re- 
jection of  all  verbal  report  data  is  not  justified  (Ericsson  &  Simon, 
1984;  Shavelson,  Webb,  &  Burstein,  1986). 

The  most  developed  framework  for  considering  verbal  reports  is  that 
of  Ericsson  and  Simon  (1984).    The  key  assumptions  of  that  framework 
for  the  present  study  are:  (1)  information  held  in  STH  is  available 
directly  to  the  subject,  while  information  in  LTM  will  not  be  available 
until  it  is  retrieved  into  STM:    (2)  concurrent  verbal  reports,  which 
do  not  require  the  generation  of  new  information,  are  reports  based  on 
information  that  is  the  focus  of  attention  in  STM;    (3)  concurrent 
verbalisation,  under  the  proper  instructions,  may  add  time  to  a  per- 
formance but  need  not  change  the  structure  of  thought  processes;  and 
(4)  concurrent  verbal  reports  are  reports  of  deliberate  processes. 
In  this  report  we  first  set  out  a  framework  for  analysing  think  aloud 
data  from -concurrent  verbalisation,  and  then  apply  this  to  a 
student' s  protocol. 

METHOD 

Subject  and  procedure. 

The  think  aloud  protocol  we  will  diBcuss  here  was  provided  by  a  15  year 
old  student  (WA)  of  average  ability  in  a  regular  High  School  who  was 
having  some  difficulty  with  mathematics. 

After  several  familiarisation  meetings  two  sessions  involved  training 
WA  to  talk  as  he  solved  problems.    The  training  procedure  followed  that 
used  by  Ericsson  and  Simon  (1984,  pp. 377-379). 
The  problem  given  to  WA  was: 

A  fireman  stood  on  the  middle  rung  of  his  ladder  spraying  water 
into  a  burning  building.    As  the  blaze  lessened  he  climbed  up  5 
rungs.    A  audden  burst  of  flames  sent  him  down  10  rungs.  When 
it  died  down  he  moved  back  up  12  rungs.    When  the  fire  was  out 
he  climbed  the  remaining  10  rungs  to  the  top  of  the  ladder  and 
entered  the  building.    How  many  rungs  did  the  ladder  have? 
For  the  purposes  of  analysis  the  problem  was  regarded  as  consisting  of 
a  number  of  dimensions.    Briefly,  these  dimensions  are  parts  of  the 
problem  about  which  a  correct  encoding,  or  a  wrong  encoding,  can  be 
made.    For  the  above  problem  we  identified  the  following  dimensions: 
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1 . 

2. 
3. 
4. 
5. 
6. 


Beginning  -  middle  rung. 
Beginning  -  mid  point. 
Movement  is  up. 


Value  of  move  »  5. 
Movement  is  down. 
Value  of  uove  »  10 


7. 

8. 

9. 
10. 
11. 
12. 


Value  of  move  «  12 
Movement  is  up. 


Question  »  How  many  rungs? 


Movement  is  up. 


Value  of  move  »  10 
Top  rung  reached . 


Coding  the  Protocal 

The  coded  think  aloud  protocol  is  given  in  Table  1.    The  protocol  was 
coded  using  the  coding  schedule  set  out  in  Table  2.    The  schedule  has 
11  major  categories  that  represent  our  analysis  of  the  events 
involved  in  problem-solving. 

WA'a  protocol  was  divided  into  a  series  of  events  so  that  each  event 
was  described  by  one  code.    A  new  division  of  the  protocol  was  re- 
corded when  a  different  event  was  identified.    In  Tsble  1  slashes  (/) 
are  used  to  separate  the  coded  events.    Reliability  checks  on  use  of 
the  coding  system  were  carried  out  using  a  series  of  raters  and  these 
yielded  acceptable  levels  of  consistency  for  identification  of  the 
number  of  events  in  a  transcipt,  for  assigning  of  codes  to  events,  and 
for  rating  of  the  one  transcript  over  two  occasions. 
This  coding  system  allows  for  the  recording  of  the  sequence  of  events, 
although  sequence  will,  not  be  addressed  here.    Rather  we  will  focus 
on  a  more  general  for*  of  analysis  in  which  the  codes  and  their 
sequences  are  need  to  develop  higher-level  groupings  of  the  events  that 
occurred  in  the  protocol. 


Inspection  of  the  events  coded  under  each  of  the  major  codes  allowed 
the  development  of  a  commentary  on  each  of  these  aspects  of  WA's 
performance , 

His  analysis  is  marred  by  failure  to  encode  dimension  2,  failure  to 
realise  that  the  starting  point  is  the  mid-point  of  the  ladder.  This 
error  of  analysis  limits  the  rest  of  his  attempt  at  solving  this 
problem. 

Two  representations  of  the  problem  are  established.    The  firBt,  which 
is  quite  promising,  is  numerical.    WA  initially  treats  the  problem  as 
a  series  of  addition  and  subtraction  problems.    This  approach  would, 
if  it  had  been  coupled  with  the  encoding  of  dimension  2,  have  led  to 
a  correct  solution.    WA's  second  definition  of  the  problem,  the 
'approximate'  representation,  with  the  ladder  having  'about  20  rungs', 
could  also  have  been  a  fruitful  approach,  if  his  use  of  the  diagram 
had  not  been  careless.    WA  chose  his  strategies  well.    He  applied  the 
specific  strategies  correctly,  and  showed  that  he  can  handle  negative 
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Table  1.  Transcript 

OK.  Ut'i  hive  a  look  at  this  problea  now.    I'll  Juit  pin  thl* 

Co  your  Jacket  here  (mint  alcrophnna)  to  that  we  cm  htat  uhAt 

you're  ikying.    Now  would  you  like  to  read  that  problm  out 
aloud  io  that  you  cm  »tjrt. 

/the  (Irerun  itood  on  the  ■Iffd'le  rung  o(  his  ladder  spraying 
water  Into  i  burning  building.    At  the  blare  lessened  hi  climbed 
up  5  rungi.    The  sudden  bunt  of  IltMi  aant  hia  down  10  rungs. 
Vhan  1C  died  down  he  aouid  beck  up  12  rungt.    When  the  lire  ««  out, 
be  cltabad  the  remaining  10  rung!  to  the  top  of  the  ladder  end 
eetered  the  building.    How  atny  rungs  did  the  ledder  have?/ 

/ub.  huh.  -  How  reacaber  to  keep  tafk'ln'g  out  loud  ebout  whatever  you're 
doing  to  try  end  solve  thtt  problea./ 

Alright.  He  waswi  the  atddla  rung/  and  he  went  up/J  and/went  down/ 
m»fb.        o«a  ,  „       7     0  9/ 

10,/so  take  10  away  froa  5./ £mrrX*3*"r*Ysv**J 


Vi  Ma/ 


UAt       negative  5/thaa  edd/lZ/Ia.  ,s  .e.  7/ 
V:  Ma/ 

oa>-  ?  /    *a'  ~'°   i    ° vt  / 

tfAt       Then  when  the  fire  died  out  ha  went  up/auotbar  10/io  7  add  IO/ie 

17./ 

Vi        Keep  talking  out  aloud  whatever^ou  ara  chicking  aa  you're  looking 

at  that  problea  again./ 
UAi       Cot  another  "t'got  a  problea  hare/'  How  you^uppoaed  to  work  out  how 

%mj  runga  it  have.  .had.  .If  all  you  know  la  ha'a  oo  the  middle  rung 

and/cpauck)  you  haven't  been  given Z«ny  that  are  below  it. .how  many 

lowert/ 

ti        Tfcet'e  right,    tou  hsven'tteen  glv*n  how  aumy  below  It/^  So  whet 

era  you^hlaklng  about  that/ 
UAt       It'a  weird.    'Col  it'e^a^d  to  solve  'coa/.w..I  doo ' /know  (pauta)/ 
V  So?/ 

Mi       I'a'tliad,  (pun)  U»  (li»«l/ 

Vi        Cm  you  ttll  a*  what  you'ri  thin&ng  nw  bacauaa  you  arrived  at 
an  aniuar  baton  of  17  uhlch  you  tot  by  add  In  |  up  cha  atapa  and 
Chan  laklni  way  and  Chan  addinj  up  and  I'm  Juat  uondarlni  (WA  Yeh) 
vtiac  you'ra  thinking  now  abouc  uh«t  you  did  thtra.y 

VIA:       Ir.  So  ha'a..(atart'a  drau?tf|  acapi  on  a  'ajdor  and  uhllpan 
.Mbara  to  hl«Mlt./  f*m'X*3t~r*-r.o~'J  / 

V:        Can  you  talk  aloud  about  whafyou'ra  doing  to  that  lt'i  racordln*.^/ 

VA:       «r.    I'm  Juit  dravlnf  up  a  plcture'ot  a  laddar  aort  of  thing/ 
So  ha'a  ln"tfi£*.iddl«/io  I"  runtj/l  ,2,j|J'.5,6,7,8,9,10./ 

or/  .      out   .  /  i  oli-H 

So  that's  about  uhere  ha  la./  (puts  XJ/ITien  ho  sous  up/onutlicr 

Ofi.  OVt      ,  OH.  ,   Okl  tOSIT/ 

l/.l,2,3,4,5/(puti  X,)/  Tlian  ha  u«nt  up/  Uian/doun  / 

1b-.V5,6T7".=,9rio/(P»?'"'*j)/T1""  V™*'  '^-'"'jI'K 

(pufaVX4)    So  on  that  ona/  tadh'^i  fnf  MmtharJO/t "till*/ 

■o  add  onoth?r"lO  oo  hara/  l,2,3,4,ir^°,9.1°/<Pu"'ty/ 

Jo  I  rackon  ha°pJt'ob»bly  had  about/(coJnt!i  trotj/iTJ}/1  i'i J.'.5.6 p7p 

1, 9, 10, 11, 12, 13. 14, IS,  16, 17, 18, 19.20, if, 27, 2.yrun'ii'^/.  .appraalnately/  TA 

Vi        So  you  think  tlut  thort  a°c"23  (VIA  23)  runci/ 
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numbers.    The  decision  to  drsw  a  diagram  was  also  a  good  one. 
However  he  did  not  apply  this  general  strategy  effectively.  Without 
a  view  of  the  ladder  as  one  with  two  halves  and  «  mid-point  his  use  of 
the  labels  on  his  diagram  (X1-X5)  wao  careless,  resulting  in  the 
selection  of  a  wrong  starting  point  (X3)  for  his  final  calculation. 
All  computations  were  carried  out  correctly. 

WA  ahowed  one  aign  that  he  was  monitoring  the  course  of  his  problem- 
solving.    He  was  aware  that  he  had  a  problem  in  calculating  the  size 
of  the  bottom  half  of  tha  ladder.    He  did  not,  however,  persist  with 
this  monitoring  or  go  on  to  attempt  to  resolve  the  problem,  apart  from 
asking  for  assistance  from  the  interviewer .    Most  importantly  there  w»c 
no  considerstion  of  sither  of  the  solutions  he  reached.    He  alsc 
fsiled  to  check  use  of  his  diagram  in  the  final  counting  of  rungs. 
HA  did  comment  on  both  his  own  stste  and  the  nature  of  the  problem. 
However  these  did  not  amount  to  positive  use  of  knowledge  about  his 
own  cspacity  aa  problem-solver  or  about  the  class  of  tasks  of  which 
this  problem  waa  a  member.    The  comments  he  did  make  suggested  a 
tendency  to  give  in  rather  easily  when  confronted  by  a  difficulty. 
There  wera  no  evanta  coded  in  the  Planning,  Review,  and  Off-Task 
behaviour  categoriaa. 

Thara  were  errora  of  both  commission  and  omission  in  WA's  protocol. 
He  did  not  analyse  the  problem  atatement  thoroughly  and  did  not,  in 
tha  lattar  part  of  tha  protocol,  repreaant  the  problem  effectively  in 
setting  out  his  diagram.    He  also  made  an  error  in  selecting  the 
stsrting  point  for  his  final  count. 

Use  of  this  framework  haa  enabled  us  to  build  up  a  detailed  picture  of 
the  eventa  of  problem-solving  for  this  student.    To  this  extent  it  does 
fulfil  it.  purpose  of  proving  .  means  of  increasing  our  understanding 
of  the  operation  of  processes  involved  in  the  solution  of  this  type 
of  problem.    We  can  identify  types  of  difficulties  net  by  this  student, 
snd  where  these  occur,  and  recur.    The  analysis  suggests  sreas  that  ara 
likely  to  be  profitable  onea  for  extra  work.    The  framework  could  be 
used  in  the  mathematica  lesson,  so  that  the  events    of  problem-solving 
become  more  public.    Thia  approach  also  provides  for  the  further 
analysis  of  the  sequence  of  events  in  problem-solving. 
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TOWARD  A  CONSTRUCT1VIST  DIRECTION  IN 
MATHEMATICAL  PROBLEM  SOLVING 

John  P.  Pace  Essex  County  College 


While  there  has  long  existed  a  professional  consensus 
regarding  the  importance  of  understanding  and  teaching 
mathematical  problem  solving,  few  notable  gains  have 
been  forthcoming.  From  a  general  theoretical  framework  of 
constructivism  provided  by  Dewey  and  Piaget  and  certain 
more  particular  research  findings  of  Lesh  and  his 
associates,  we  argue  that  knowledge  development  in  the 
classroom  suffers  when  purpose,  action  and  knowledge  are 
not  linked.  Purposeful  real  world  problem  solving 
situations  may  provide  a  framework  for  just  such  a 
development. 

'Understanding  and  solving  problems  are 
considered  the  chief  goals  of  mathematical  study.' 
This  significant  statement  is  found  in  the  new 
handbook  for  mathematics  issued  by  New  York 
State  Department  of  Education.  It  is  typical  of  the 
renewed  emphasis  being  placed  upon  this  phase  of 
the  work  by  schools  all  over  the  nation  (Gilmartin, 
Kentropp,  Dundon.1939). 

The  above  exerpt  is  from  the  preface  of  a  middle  school 
mathematics  textbook.  In  that  preface  the  author's  extol  the 
virtues  of  problem  solving  and  then  procede  to  offer  thousands  of 
"real  life"  applications,  such  as,  "Richard  said  the  interest  on 
$372  at  5%  for  2  years  7  months  and  23  days  was  $48.24.  How 
great  an  error  did  he  make?"  (p.69). 

Even  a  casual  inspection  of  modern  textbooks  indicates  that 
notions  of  mathematical  problem  solving  have  not  fundamentally 
changed.  Innumerable  problems,  usually  simpler,  but  otherwise 
like  the  one  above,  can  be  found  in  any  of  a  plethora  of  texts  at 
appropriate  levels. 

Perhaps  more  disturbing  than  the  virtual  stagnation  of  our 
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school  mathematics  textbooks  with  respect  to  mathematical 
problem  solving  are  the  often  cited  National  Assessment  of 
Educational  Progress  (NAEP)  reports  of  what  are  dismal  results  of 
young  peoples'  performance  on  mathematical  applications 
problems.  (Carpenter,  Corbitt,  Kepner,  Lundquist  &  Reys,1980). 

Yet  another  detractor  to  what  is  clearly  not  an  optimistic 
picture  is  the  fact  that  much  of  the  educational  and  psychological 
research  done  in  mathematical  problem  solving  has  not  been  very 
helpful.  According  to  Lester  (1983),  "Kilpatrick  (1969)  has 
characterized  the  body  of  mathematical  problem-solving  research 
as  atheoretical,  unsystematic  and  uncoordinated,  dealing  primarily 
with  standard  textbook  word  problems  (e.g.  problems  involving 
one-step  translations  from  words  to  mathematical  sentences)  and 
interested  exclusively  in  quantitative  measures  of  behavior" 
(p.233). 

While  recent  studies  of  problem  solving  seem  to  be  generally 
more  theoretically  serious,  nonetheless  with  respect  to  real  world 
type  applications,  there  continues  to  exist  an  alarming  research 
void.  Lester  (1983)  claims,  "...there  has  been  an  appalling  lack  of 
research  related  to  applied  problem  solving"  (p.251 ). 

Let's  summarize  our  characterization  of  mathematical  problem 
solving.  Problem  solving  has  long  been  considered  an  important 
educational  endevor;  one  in  which  students  often  evidence  poor 
performance.  As  yet  our  related  research  efforts  have  not  been 
particularly  revealing  and  consequently  changes  in  actual 
classroom  practice  are  not  imminent. 

CONSTRUCTIVISM 

If  we  see  the  development  of  knowledge  in  an  organism  as  a 
construction  (Papert.1980)  of  reality  by  that  organism,  then,  "Jean 
Piaget's  work  on  genetic  epistemology  teaches  us  that  from  the 
first  days  of  life  a  child  is  engaged  in  an  enterprise  of  extracting 
mathematical  knowledge  from  the  intersection  of  body  with 
environment"  (p.206). 

Thus,  from  the  outset,  humans  are,  in  some  sense,  organically 
interacting  with  their  world  in  such  a  manner  so  as  to  produce 
mathematical  knowledge  of  that  world.  These  organic  interactions, 
or  constructions  of  knowledge,  are,  to  say  the  least,  very  different 
from  those  kinds  of  experiences  involved  in  the  typically 
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nonoperative  learning  of  even  the  most  well  managed  of  school 
mathematics  classrooms.  Further  these  exchanges  with  the 
environs  are  what  most  closely  resembla  "real  world" 
applications  of  mathematics.  They  are,  in  point  of  fact,  the 
real  world  that  our  classroom  "real  world"  applications  would 
simulate.  Now,  if  we  consider  (Furth,  1981)  that,  "One  of  the 
results  of  Piaget's  'radical  constructivism'  is  his  refusal  to  take 
objectivity  in  any  but  a  constructivist  sense.  A  thing  in  the  world 
is  not  an  object  of  knowledge  until  the  knowing  organism  interacts 
with  it  and  constitutes  it  as  an  object "  (p.1 9)  [emphasis  added]. 

Therefore,  from  the  above  perspective,  it  is  apparent  why 
students  do  so  poorly  on  tests  that  measure  performance  in 
applied  problem  solving.  Since  the  student  has  come  to  "know" 
mathematical  ideas  in  a  figurative  rather  than  an  operative  or 
constructivist  sense,  problems  that  ask  for  an  understanding 
which  embodies  knowing  in  a  Piagetian  constructivist  sense 
cannot,  in  general,  be  successfully  solved.  From  another 
perspective,  there  presently  exists  a  pedagogical  separation 
between  school  and  real  life  that  is  manifested  in  the  distinction 
between  classroom  exercises  that  the  student  may  (or  may  not) 
know  how  to  accomplish,  and  applied  problems,  which  essentially 
embody  what  are  new  and  unknown  interactions;  interactions 
which  to  the  student  represent  an  as  yet  unconstructed  reality.  In 
this  light,  as  we  teach  our  students  to  walk  and  then  ask  them  to 
float,  is  it  any  wonder  that  they  sink?  Need  this  be  the  case? 

WHAT  IS  TO  BE  DONE? 

"...connection  of  an  object  and  a  topic  with  the  promotion  of  an 
activity  having  a  purpose  is  the  first  and  the  last  word  of  a 
genuine  theory  of  interest  in  education"  (Dewey.1916,  p.130). 

From  our  interpretation  of  certain  of  the  research  we  argue 
that  curricula  designed  to  encourage  conscious  purposeful  activity 
of  students  is  effectively  a  necessary  condition  for  a  greater 
possibility  of  the  development  of  operative  knowledge. 

For  a  constructivist  perspective  we  turn  again  to  Dewey  and 
Piaget.  That  both  of  these  leading  thinkers  are  of  sufficient 
philosophic  proximity  that  each  may  be  considered  a 
constructivist  is  not  in  any  way  a  novel  idea  (Giarelli.1977).  In 
fact,  it  has  been  argued  that  except  for  differing  emphasis,  both 
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approached  genetic  epistemology  from  what  are  nearly  equivalent 
"dialectical"  or  interactional  conceptions  of  knowledge  (p.130). 
From  Dewey  (1944),  we  find  the  following,  "Thinking,  in  other 
words,  is  the  intentional*  endevor  to  discover  specific  connections 
between  something  which  we  do  and  the  consequences  which 
result,  so  that  the  two  become  continuous"  (p.  145). 

The  above  statement,  representative  of  a  radical 
constructivist  perspective  (Von  Glasersfeid,  1981),  posits 
thinking  as  an  aspect  of  experience;  that  is,  action  is  a  necessary 
condition  for  genuine  reflective  thought.  Again  from  Dewey  (1944), 

Thinking  is  thus  equivalent  to  an  explicit  rendering  of  the 
intelligent  element  in  our  experience....The  starting  point  of  any 
process  of  thinking  is  something  going  on,  something  which  jusi  as 
it  stands  is  incomplete  or  unfulfilled"  (p.146). 

Fro-*  Dewey's  comments,  we  suggest  that  it  is  (purposeful) 
actions  which  give  rise  to  thinking,  and  not  that  thinking  is  some 
encapsulated  mental  process,  separated  from  action.  The 
implications  of  such  statements  are  far-reaching.  For  example, 
from  such  a  view  there  is  no  beneficial  distinction  between  a 
"procedural  knowledge"  and  a  "deliberative  knowledge"  (Merlyn 
Behr.1985).  Such  a  dualistic  view  sees  "knowledge"  as  a 
storehouse  of  information,  and  explicitly  segregates  thought  from 
action.  On  the  other  hand,  Dewey  (1944)  believes  that,  "A 
separation  of  the  active  doing  phase  from  the  passive  undergoing 
phase  destroys  the  vital  meaning  of  an  experience"  (p.151). 

And  that  knowledge  is  both  a  process  and  an  end:  "While  the 
content  of  knowledge  is  what  has  happened  what  is  taken  as 
finished  and  hence  settled  and  sure,  the  reference  of  knowledge  is 
future  or  prospective.  For  knowledge  furnishes  the  means  of 
understanding  or  giving  meaning  to  what  is  still  going  on  and  what 
istobedone"(p.341). 

In  the  work  of  Piaget  (1969),  we  find  a  similar  theme 
regarding  the  basic  necessity  of  action  for  the  development  of 
intelligence.  Be  it  basic  sensorimotor  or  more  complex 
coordinations,  the  equilibration  of  an  organism  in  conjunction  with 
its  environment  begins,  a  priori  with  actions. 

"...knowledge  is  derived  from  action,  not  in  the  sense  of  simple 
associative  responses,  but  in  the  much  deeper  sense  of  the 
assimilation  of  reality  into  the  necessary  and  general 
coordinations  of  action.  To  know  an  object  is  to  act  upon  it  and  to 
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transform  it,  in  order  to  grasp  tho  mechanisms  of  that 
transformation  as  they  function  in  connection  with  the 
transformative  actions  ....intelligence  constructs  as  a  direct 
extension  of  our  actions "  (p.29). 

Now,  a  brief  summary.  Our  essential  case  is  that  student 
outcomes  in  mathematical  problem  solving  are  in  the  relatively 
dismal  state  in  which  we  find  them  because  too  few  of  the  kinds 
of  meaningful  school  activities  that  would  make  matters 
otherwise  are  being  undertaken.  Piaget  and  Dewey 
notwithstanding,  in  their  general  everyday  operation,  the  schools 
deal  neither  with  knowledge  as  primarily  a  constructing  process 
that  requires  action  for  its  development,  nor  with  the  goal  of 
conscious  understanding  of  purpose  by  students  which  would 
enable  the  development  of  the  continuity  of  those  actions. 

From  our  perspective  we  now  turn  to  recent  research  on 
mathematical  problem  solving  by  Lesh  and  his  associates.  In  their 
work  on  applied  mathematical  problem  solving  (Lesh,  Landau, 
Hamilton,  1983),  the  researchers  concentrated  not  on  detailed 
analyses  of  "trick"  problems;  i.e.  cleverly  novel  exercises  usually 
of  intrinsic  interest  to  certain  mathematics  researchers  and 
cognitive  psychologists,  but  not  very  appealing  to  the  bulk  of  all 
other  people,  but  rather  on  what  they  considered,  "realistic 
problem-solving   situations",  involving,  "easy  to  identify 
substantive  mathematical  content" '(p. 263).  The  researchers  claim, 
"...there  is  a  dynamic  interaction  between  the  content  of 
mathematical  ideas  and  the  processes  used  to  solve  problems 
based  on  those  ideas. ...  Applications  and  problem  solving ...  play  an 
important  role  in  the  acquisition  of  basic  mathematical  ideas.  We 
believe  that  applications  and  problem  solving  should  not  be 
reserved  for  consideration  only  after  learning  has  occurred;  they 
can  and  should  be  used  as  a  context  within  which  the  learning  of 
mathematical  ideas  takes  place"  (p.266). 

In  an  even  stronger  statement  (Lesh  and  Akerstrom,  1981),  it 
is  advised  that  mathematical  problem  solving  researchers  redirect 
their  energys  toward  investigations  of  subjects'  "powerful 
content-related  processes",  and  away  from  "genera!  (and  weaker) 
content-independent  heuristic  techniques".  The  researchers  offer 
their  advice  bocause  they,  "...reject  the  dichotomy  between 
content-independent  processes  and  process-independent 
content...",  and  that,  "...content-independent  heuristics  have  proven 
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to  be  basically  unteachable  and  of  dubious  value...",  while, 
"...content-dependent  processes  ...seem  to  be  not  only  imminently 
teachable,  but  also  surfacing  time  and  time  again  as  ...processes  of 
critical  importance  in  the  solution  of  real-world  problems 
"(p.128). 

From  our  perspective,  the  conclusions  and  analyses  of  Lesh  and 
his  associates  seem  clear.  Content-related  processes  speak  to  the 
dialectical  relation  between  ideas  and  the  actions  necessary  to 
construct  knowledge.  For  constructivists,  it  may  be  upon  just  this 
interactional  focus  where  research  should  train  its  attention.  On 
the  other  hand,  we  suggest  that  content-independent  processes 
seek  some  kind  of  grand  or  universal  approach  to  problem  solving 
in  the  abstract.  As  such,  this  kind  of  approach  is  based  upon  a 
metaphysical  notion  of  a  presumed  ability  to  isolate  particulars 
from  universals  (Dewey.1944)  to  which  they  are  interactionaily 
related.  Such  an  assumption  almost  certainly  leads  in  the  direction 
of  a  mind-body  dualism  that  separates  mental  operations  from 
actions. 

FRAMEWORK  FOR  A  MODEL 

Lesh  and  his  associates,  while  supporting  content-dependent 
process  oriented  research  in  mathematical  problem  solving,  are 
clearly  not  supporting  the  traditional  classroom  approach  to 
content.  How  then  is  this  content  to  be  considered?  To  this 
formidable  question,  our  short  paper  offers,  at  best,  some 
guidelines. 

From  our  perspective,  what  Dewey  and  Piaget  have  said 
generally,  Lesh  and  his  associates  have  more  particularly 
demonstrated.  Our  major  conclusion  from  the  work  of  all  three  is 
that  there  is  a  significant  link  between  purpose,  action  and 
knowledge.  Purpose,  we  suggest,  informs  the  action  necessary  for 
the  development  of  operative  knowledge.  Knowledge  is  not  a 
collection  of  facts.  Rather  it  is  the  interactional  monitoring 
process  through  which  action  is  made  increasingly  coherent  with 
purpose,  and  it  is  concomittantly  the  state  produced  by  this 
process.  Since  purpose,  action  and  knowing  are  linked,  It  therefore 
follows  that  genuine  real  world  problem  situations,  where  purpose 
is  clear  and  student  interest  is  encouraged  is  one  scenario  in 
which  operative  knowledge  rv.ay  have  a  credible  possibility  of 
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developing.  These  situations,  broadly  considered,  would  present 
problems  that  have  mathematical  content  to  students  in  a  class  or 
small  group  format.  The  mathematics  would  typically  appear  as 
one  aspect  within  a  more  complex  (hence,  more  lifelike)  situation 
that  mus>  include  a  conscious  consideration  of  purpose.  Research 
designed  in  concert  with  what  has  been  suggested  might  involve  an 
extension  of  the  Applied  Problem  Solving  Project  (Lesh,  1981)  to 
include  a  concious  consideration  of  values  and  interests  reflected 
in  the  choice  of  the  problems.  Such  research  remains  to  be  done. 
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BUILDING  SEMANTIC  COMPUTER  MODELS  FOR  TEACHING  NUMBER  SYSTEMS 


This  paper  presents  Issues  concerning  the  construction  of  models  for  teaching 
mathematical  concepts  and  problem  solving.  As  an  example  of  this  decision 
making  process  It  suggests  a  computer-based  model  for  teaching  natural 
numbers.  This  model  represents  natural  numbers  together  with  the  operations 
of  addition  and  subtraction,  and  Is  aimed  at  facilitating  the  solution  of  word 
problems  as  well.  We  will  show  how  research  on  children's  Informal  knowledge 
of  numbers  and  algorithms  together  with  research  on  how  children  solve  word 
problems  Is  taken  Into  account. 


Because  mathematical  concepts  are  abstract,  models  are  needed  to  communicate 
mathematical  definitions  and  meanings  to  children.  Models  have  been  used  In  schools  to 
present  mathematical  concepts,  and  yet  much  current  research  shows  that  children  are 
developing  Incomplete  Ideas  about  concepts.  It  Is  possible  that  some  or  the  models,  used 
over  the  years,  have  been  powerful,  but  the  difficulty  of  handling  th-  jj  In  the  classroom 
bat  prevented  their  effective  use.  It  Is  also  possible  that  the  models  have  not  effectively 
drawn  attention  to  those  features  of  the  concepts  that  are  supposed  to  be  taught.  The 
graphics  capabilities  of  some  of  the  newer  computers  provide  a  facility  for  addressing  both 
of  these  questions.  Models  on  the  computer  are  easy  for  children  to  handle  using  natural 
movements  of  touching,  dragging,  and  placing  (Hutchlns  et  al.,  1985).  Computers  enable 
many  operations  on  the  model's  elements  which  have  not  been  possible  before.  For 
example,  It  Is  possible  to  undo  a  series  of  actions  which  has  changed  the  form  of  the 
elements  (e.g.,  cutting  and  putting  back  together).  It  Is  possible  to  link  symbols  to 
elements  of  the  model  In  graphically  compelling  ways.  The  computer  can  also  be  made  a 
helpful  tool  In  telling  us  what  the  child  has  learned  from  the  model  (Sleeman  k.  Brown, 
IMS). 

We  are  constructing  such  computer-based  models  for  elementary  arithmetic.  Using 
terminology  borrowed  from  research  on  analogies  (Gentner,  1983),  we  can  say  that  the 
models  we  are  developing  will  be  the  "base"  for  communicating  Information  about  the 
"target,"  In  this  ease-the  mathematical  concepts.  Learning  from  this  base,  we  expect  the 
child  to  develop  a  valid  mental  model  of  the  target.  We  will  describe  the  construction  of  a 
computer-based  model  for  natural  numbers.  The  goals  of  the  a  model  are  to  represent 
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physically  the  elements  of  mathematical  concepts,  to  enable  direct  manipulation  or  the 
elements,  to  facilitate  understanding  of  the  concept  to  a  decree  that  various  situations  can 
be  mapped  to  It,  and  to  enable  us  to  tell  what  the  child  knows,  through  the  observation  of 
her  manipulations. 


We  discuss  here  several  of  the  most  important  Issues  that  must  be  addressed  In  designing 
the  base  model. 

1.  A  structural  approach  vs.  a  natural-environmental  approach: 

The  first  Issue  In  constructing  a  model  Is  a  philosophical  one:  What  Is  the  nature  of  the 
model's  entitles?  Are  they  mathematical  objects  or  real-world  objects?  Nesher  (1887) 
describes  two  main  opinions  on  the  nature  of  the  exemplifications  used  to  Introduce  a 
mathematical  concept.  The  natural-environmental  approach  suggests  that  understanding 
of  a  concept  emerges  from  dealing  with  real-world  situations;  therefore  the 
exemplifications  should  be  the  situations  themselves,  rather  than  a  representation  of  the 
abstract  mathematical  entitles.  The  structural  approach,  on  the  other  hand,  treats  the 
abstract  mathematical  entitles  and  their  mathematical  senses  as  the  reference  of  the 
exemplifications.  Real-world  situations,  according  to  the  structural  approach,  should  be 
Introduced  Instructional^  only  after  the  formal  system  has  been  esvabllshed.  In  building  a 
model  for  natural  numbers  we  have  adapted  the  structural  approach.  Thus  the  model  will 
represent  natural  numbers  and  the  various  tenses  of  addition  and  subtraction. 

2.  Mathematical  structures  and  psychological  structures: 

Addition  and  subtraction  have  two  mathematical  meanings  of  "senses"--lhe  unary  and  the 
binary.  These  two  mathematical  definitions  correspond  to  psychological  structures  that 
have  been  Identified  in  cognitive  research  on  word  problems  (Carpenter  *  Moser  (1882|, 
Nesher,  Greeno,  ft  Riley  (1983),  Riley,  Greeno,  ft  Heller  11083),  Vergnaud  [10821,  "d 
others).  Specifically,  unary  maps  to  "change"  and  binary  to  "combine"  classes  of 
problems.  By  Including  both  of  these  mathematical  senses  In  a  model  we  hope  to  enable 
children  to  connect  their  Implicit  psychological  structures  with  the  mathematical 
structures  that  are  being  developed. 

In  addition  to  representing  the  unary  and  binary  structures  of  addition/subtraction,  we 
also  want  to  Introduce  from  the  start  the  Idea  of  a  mathematical  "sentence"  (an 
equation).  The  structure  of  a  mathematical  equation  maps  to  the  "compare"  psychological 
structure. 
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This  cIom  connection  b«tw««n  the  mathematical  structure*  ud  psychological  structures 
enables  us  to  begin  Instruction  by  Introducing  the  number  set  together  with  mathematical 
definitions  of  addition  sad  subtraction.  The  child  learns  to  map  between  an  additive 
structure  of  the  elements  of  the  model  and  a  symbolic  number  expression.  The  operations 
have  the  senses  which  are  suggested  by  the  model's  structures.  At  a  later  stage,  children 
can  learn  to  solve  word  problems  using  the  same  model,  having  available  several 
structural  from  which  to  choose. 


8.  One  mode  vs.  separate  modes  for  the  different  senses: 

When  asveral  senses  of  a  concept  are  to  be  acquired,  we  bav«  to  choose  different 
representations  for  them.  This  could  call  for  building  a  set  of  models,  each  model 
representing  a  different  sense  of  the  concept.  Such  an  approach  helps  to  highlight  the 
different  senses,  but  may  negatively  affect  the  chlld'e  ability  to  Integrate  all  represented 
meanings  and  attach  them  to  the  single  set  of  numbers.  To  avoid  this  possibility  we  have 
chosen  as  alternative  In  which  a  single  set  of  elements  can  be  manipulated  according  to 
different  structural  rules  In  different  "sones"  of  the  screen.  This  permits  us  to  represent 
several  meanings  without  having  to  Introduce  different  kinds  of  elements.  The  model  that 
has  been  chosen  to  represent  natural  numbers  Is  called  the  "Trains  World."  In  this  world 
each  number  Is  represented  by  a  train  of  a  given  length.  The  world  has  various  tones  (see 
Figure  1)  corresponding  to  the  structures  the  child  Is  to  understand. 
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Figure  1:  The  Trains  World.  From  Top  left  clockwise: 
building  tone,  loading  tone,  fixing  tone,  copying  tone. 

Trains  are  first  constructed  In  the  "Building  Zone."  The  child  Inputs  a  number  and  the 

tone  "outputs"  a  train  the  length  of  which  matches  the  request.  The  number  Is  also 

Indicated  by  a  matching  number  appearing  on  the  train.  The  written  numbers  facilitate 

conversatlon-I.e.,  if  the  child  Inputs  "6,"  the  resulting  train  Is  referred  to  aa  a  "ft- train." 
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The  "Loading  Zone"  serves  as  a  representation  of  the  unary  definition  of  addition, 
operating  on  one  number.  In  this  tone  cars  we  attached,  one  at  a  time,  to  a  given  train, 
making  II  »  blg«er  train.  Cars  can  also  be  disconnected  from  a  given  train,  making  It  a 
smallir  train.  Thi  loading  process  Is  similar  to  the  counting  strategy  that  children  use 
etrly  In  their  number  development  (Fuson,  1882;  Resnlck,  1083).  This  tone  corresponds 
to  the  "change"  story  structure,  In  which  a  given  set  undergoes  a  change  resulting  In  a 
new  final  set. 

The  "Fixing  Zone"  semi  as  a  representation  of  the  binary  definition  of  addition, 
operating  on  two  numbers.  In  this  tone  two  existing  trains  can  be  "glued"  to  become  one 
long  train.  Alternatively,  one  train  can  be  "cut"  Into  two  trains,  the  Mr*  of  the  smaller 
trains  being  determined  by  the  placing  of  the  Initial  train  on  the  cutting  machine.  The 
fixing  rone  embodies  a  part/part/whole  structure,  but  on*  sees  either  the  part/part  or  the 
whole  (not  both)  at  one  point  In  time.  It  corresponds  to  the  "combine"  story  structure.  In 
which  two  sets  are  combined  to  form  a  union  aet. 

The  "Copying  Zone"  serves  a;  a  representation  of  an  equation,  having  a  part/part/whole 
structure  where  the  parts  and  the  whole  can  be  observed  simultaneously.  In  this  lone  two 
trains  are  arranged  In  parallel  and  aligned  on  one  end.  Then  a  "copying  machine"  runs 
over  them,  ereatlni  a  new  train  which  fills  In  the  difference  between  the  initial  tralns- 
thus  "equalling"  them.  This  tone  corresponds  to  the  "compare"  story  structure. 

Any  object  created  In  one  tone  can  be  moved  to  another  tone,  where  It  can  be  operated 
on.  Cperavlons  done  In  one  tone  can  be  undone  (In  a  different  way)  In  another  tone.  This 
mobPlty  Is  Intended  to  promote  the  creation  of  an  Integrated  mental  model  of  number. 

4.  Map  between  the  model  and  symbolic  notation: 

We  dc  not  want  the  child's  knowledge  to  remain  tied  Indefinitely  to  the  pictorial 
representatlou  on  the  screen.  Instead  we  Intend  that  the  child  will  create  an  abstract 
mental  model  of  tbe  numbers  together  with  the  operations  defined  on  them.  There  Is 
reason  to  believe  that  formation  of  this  abstraction  will  be  aided  If  the  child  constructs  a 
mental  "mapping"  between  the  pictorial  model  and  corresponding  symbolic  expressions 
(Resnlck  &  Omanson,  108ft).  This  process  Is  aided  by  referring  to  the  trains  as  If  they 
were  the  numbers  themselves,  e.g.,  "a  6-traln"  may  be  called  simply  "the  ft."  The 
manipulation  of  trains  then  becomes  a  direct  manipulation  of  the  numbers  themselves, 
making  it  more  salient  that  the  facts  discovered,  about  trains  are  actually  facts  about 
numbers. 
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Another  way  to  support  the  connection  to  the  symbolic  world  Is  by  creating  an  area  on 
the  screen  la  which  symbolic  expressions  are  written.  (The  symbol  area  Is  not  shown  In 
Figure  1.)  It  Is  possible  to  'yoke"  an  operational  tone  with  th«  symbolic  tone  so  that  any 
action  on  c  train  automatically  produces  a  corresponding  change  In  the  symbolic 
expression,  or  vice  versa.  With  this  yoking,  children  can  work  to  produce  desired  changes 
In  the  trains  by  manipulating  symbols,  or  vice  versa.  This  serves  as  a  potentially  powerful 
form  of  "mapping  Instruction." 

S.  Choice  of  Images: 

Once  the  general  structure  of  the  model  has  been  established,  there  still  Is  a  whole  logical 
range  of  possible  Images  for  displaying  the  elements.  The  Images  ean  vary  on  at  least  the 
following  dimensions:  a.  Level  or  absuractnesi.  b.  Continuity. 

On  the  o^enslon  or  abstractness  the  elements  can  look  more  or  less  like  trains,  they  can, 
for  example,  have  tome  train  characteristics,  such  as  wheels  or  a  smokestack,  or  they  can 
simply  look  like  rods  (See  Figure  3).  A  train  which  looks  more  like  a  real  one  might  be 
more  attractive.  Yet  there  Is  a  possibility  that  a  strong  train  resemblance  might  Inhibit 
mapping  of  other  object!  onto  the  model  when  It  Is  eventually  used  for  solving  word 
problems.  Our  experience  with  children  Indicates  that  they  usually  work  well  with 
abstract  objects.  We  plan  to  use  the  abstract  version,  and  resort  to  a  more  realistic 
version  only  If  we  find  that  certain  children  cannot  handle  the  abstract  model. 


Figure  9:  Examples  of  train  alternatives. 


The  continuity  dimension  Involves  several  Issues.  Discrete  elements  encourage  counting, 
but  we  want  to  avoid  counting,  except  for  the  loading  tone,  where  cars  are  loaded  one  by 
one.  With  continuous  trains  the  emphasis  on  a  number  as  an  entity  Is  stronger,  and  In  the 
part/part/whole  structure  the  relations  between  the  sets  are  more  obvious.  Another  Issue 
In  favor  of  a  continuous  element  will  be  discussed  below  wbta  we  consider  the  Integration 
of  models. 
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0.  Integration  with  other  models: 

A  key  issue  to  be  considered  In  designing  models  Is  their  mathematical  scop*--l.e.,  how 
much  of  the  number  system  and  how  many  operations  should  a  ilven  model  represent! 
Models  with  greater  scope  tend  to  be  complex  and  are  usually  avoided  by  Instructional 
designers.  Thus,  rods  may  be  used  for  natural  numbers,  pie  diagrams  for  fractions,  ajd 
yet  other  models  for  negative  numbers  and  decimals. 

In  order  to  make  the  characteristics  of  a  given  set  of  numbers  salient,  It  may  well  be 
necessary  to  choose  models  of  a  limited  scope.  Yet  there  should  be  a  way  to  discover  the 
relations  between  numbers  represented  by  dlfterent  models.  We  are  currently  addressing 
this  problem  as  we  design  models  for  other  parts  of  the  number  system.  In  our  train 
model,  the  order  relation  Is  represented  by  the  length  of  a  train,  I.e.,  the  longer  tht  train 
Is,  the  bigger  Is  the  number.  This  choice  of  comparison  by  length  together  with  the  choice 
of  continuous  elements  enables  a  connection  between  this  model  and  some  existing  models 
of  fractions  (e.g..  strips).  However,  In  building  continuous  trains  we  have  lost  the  discrete 
meaning  of  Integers,  which  actually  differentiates  them  from  other  numbers.  Further,  It  Is 
not  clear  whether  we  ca^  find  a  good  link  from  trains  to  a  negatlve-number  model.  We 
will  report  on  this  aspect  of  our  work  at  the  meetings. 


We  have  built  a  tool  for  representing  a  mathematical  concept  having  taken  Into  account 
principles  which  -ietermlne  some  aspects  of  the  Instructional  sequence.  We  have,  for 
example,  decided  to  start  with  defining  numbers  and  operations  and  only  later  Introduce 
real  world  situations.  There  are  still,  though,  many  open  questions.  For  example,  we  do 
not  know  how  much  time  should  be  spent  using  the  model  before  story  problems  are 
Introduced.  Further,  we  don't  know  how  much  structure  we  should  put  Into  the  child's 
activities  and  how  much  free  exploration  to  allow.  There  are  other  opm  Issues  with  which 
we  also  Intend  to  deal-for  example,  the  use  of  Intelligent  coaching.  In  regard  to  this  Issue 
we  will  need  to  consider  the  trade-off  between  the  advantages  of  adaptive  coaching  and 
the  constraints  limiting  the  child's  activities  that  are  often  necessary  to  allow  a  computer 
(even  a  high-powered  and  "Intelligent"  one)  to  Interpret  the  child's  actions  (Resnlck  & 
Johnson,  1888).  Having  built  the  tool,  and  having  shown  In  pilot  work  that  children  are 
able  to  handle  the  basic  manipulations  of  the  objects,  we  are  now  developing  answers  to 
these  and  related  questions  In  studies  that  closely  observe  children  while  they  are 
manipulating  the  model's  objects  and  conversing  with  them  about  their  actions. 
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THE  MIAMI  UNIVERSITY  TELETRAINING  INSTITUTE  FOR 
MATHEMATICS  INSERVICE  IH  PROBLEM  SOLVING:     PRELIMIHARY  RESULTS 

Jerry  K.  Stonavater 
Miami  Univeraity  of  Ohio 


ABSTRACT 

This  study  examines  the  problem  solving  performance 
of  361  Middle  achool  students  whose  teachers  were  enrolled 
in  a  special  "teletrainad"  course  on  problem  solving. 
Bach  student  completed  5  problems  that  covered  Guess  and 
Check,  Working  Beckwerde,  Make  e  Model,  Pattern  recogni- 
tion end  Elimination.    Correct  answera  ranged  from  39Z  for 
Petterns  to  77Z  for  Working  Beckwerde.    Process  enelysis 
indiceted  thet  students  who  attempted  using  a  apecific 
strategy  answered  mora  problems  correctly  than  students 
who  did  not  use  a  specific  strategy.    No  aex  differences 
were  found,  but  in  general,  number  of  correct  answers  in- 
creased by  grade  level.    Differences  in  process  by  grade 
lavnl  are  dlcussad. 

In  1986  the  Department  of  Mathematics  and  Statistica  at  Hlaal 
University,  In  conjunction  with  area  sctool  districts,  UCET  educa- 
tional television  in  Cincinnati,  and  the  American  Telephone  and  Tele- 
graph Company's  Training  and  Development  Division  in  Cincinnati  re- 
ceived funding  for  a  joint  venture  to  establish  the  Miami  University 
Teletralning  Institute  (MUTI).    The  Institute  provides  "high-tech" 
based  lnservice  training  In  mathematics  and  the  teaching  of  mathema- 
tics to  teachers  throughout  the  state.    Specifically,  the  Institute 
utilises  two-way  audio,  two-way  micro-computar  communication,  and 
video-tape  between  the  University  and  locations  throughout  the  state 
to  disseminate  instruction  and  course-work  to  taachera1  (Stonewater 

&  Kullman,  1985). 

This  teletralning  system  Is  currently  heing  used  to  develop  and 
disseminate  training  for  middle  school  teachers  in  mathematical  pro- 
blem solving  strategies  and  applications  to  teaching.     It  was  ex- 
pected that  the  participating  teachers  would  subsequently  teach  the 


1  This  study  was  wupported  by  a  grant  from  Title  II  of  the 
Education  for  Economic  Security  Act  and  admlniatered  by  The  Ohio 
Board  of  Regents. 
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problia  solving  materiel  they  leerned  In  the  court*  to  their  own 
students. 

The  purpose  of  thi  research  rsporled  her*  li  to  describe  thi 
effect  on  taachara  and  their  atudanta  of  thirty  houra  of  teletrelned 
lnatructlon  In  mathematical  problem  aolvlng  and  appllcatlona  to  teach- 
ing.   Th«  lntant  of  thla  raaaarch  la  not  to  compere  teletralnlng  ln- 
atructlon to  othar  maene  of  delivery,  but  to  deacrlba  outcoMa  rala- 
tlva  to  a  teletrelnlng  environment.    Tha  raaaarch  quaatlona  addraaa 
taachara'  Improvement  In  ualng  varloua  problea  aolvlng  atrataglaa, 
tha  affect  of  training  on  taachara'  cognitive  development,  end  atu- 
danta' laproveaant  In  problea  eolvlng  ability. 

Since  the  teletralnlng  problea  aolvlng  project  Is  currently  un- 
derway, pra-poat  date  ere  not  evelleble  et  the  tlae  of  thla  writing. 
Thua,  while  tha  preaantetlon  at  the  aaetlng  will  cover  ell  three  of 
tha  above  quaatlona,  the  remainder  of  thla  paper  will  focua  only  on 
preteat  date  on  tha  alddle  school  atudanta'  uae  of  five  problea  aolv- 
lng atretegleat    Guaaa  end  Check,  Working  Beckwarda,  Hake  •  Hodal, 
Petterna,  and  Elimination.    In  tha  following  the  probleaa  aaaocleted 
with  each  of  the  five  etreteglea  end  tha  methodology  of  acorlng  tha 
probleaa  are  dlacuaaed.    Then,  atudent  parforaance  will  be  enelyzad 
to  determine  the  percent  of  atudanta  who  enawered  each  problaa  cor- 
rectly end  tha  degree  to  which  atudanta  actually  uaed  the  verloua 
etreteglea  to  aolve  the  problems.    Alio,  reaults  will  be  analyzed  to 
detaralna  If  there  were  dlfferencaa  In  performance  by  eex  and  by 
grade  level. 


To  aaaeaa  middle  achool  students'  problem  aolvlng  ability,  five 
problems  were  developed,  esch  corresponding  to  one  of  five  problea 
solving  stretegles  the  teechers  would  leam  end  aubaequently  teach 
In  their  own  cleaaea:    Gueaa  end  Check  (The  aua  of  two  nuabera  la 
25  and  their  difference  la  7.    What  ere  the  two  numbera?);  Working 
Backwarda  (Billy  played  two  gaaaa  of  aarblea,  but  he  forgot  how 
many  he  aterted  with  et  the  beginning.    After  winning  hla  flrat  game, 
he  hed  twijt  ea  many  marbles  aa  he  aterted  with.    After  the  next  game, 
he  won  ten  more  marblea,  which  gave  him  a  total  of  26  marblee  et  the 
end  of  both  game  a.    How  many  marblee  did  Billy  heve  before  he  etarted 
to  play?);  Look  for  a  Pattern  (For  the  following  patterns,  tell  whet 
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the  next  nu.ber  1.:    .)  1.2,4,7,11,  lfc,22,29;  b)  1,1/2,1/3,1/4; 
c)  1,4,9,16,25.);  Hake  ■  Model  (Suppoaa  you  have  5  polnta  aa  ahown 
below.    You  can  connect  polnta  A  and  B  to  for.  a  Una.    You  can  alao 
connect  polnta  A  and  C  to  for.  a  different  line.    In  all,  how  .any 
dlfferant  line,  c.n  you  for.  with  thee,  five  point.?);  and  Solve  by 
Elimination  (Find  th.  nu.ber  de.crlbed  by  the  clue.  below.  Circle 
the  correct  nu-ber:    .)  It  1.  dlvl.lbl.  by  4;  b)  It  1.  larger  than 
8641;  c)  It  1.  an  even  nu.ber;  d)  The  au.  of  the  digit,  la  21;  a)  It 
la  leaa  than  9756.    A  Hat  of  17  four  digit  nu-bera  followa).    All  of 
the  probl...  were  .elected  be.ed  on  proc.dur..  r.co«end.d  by  Charle., 
La.ter  end  O'D.ffar'a  (1984)  An  Aa.e.a.ent  Model  for  Proble.  Solving 
and  a.  auch  ware  proc...  probl...,  v.rl.d  the  ..the-tlcl  content 
(geo^try,  co.put.tlon,  ate),  and  v.rl.d  th.  type,  of  nu.ber.  atu- 
dent.  worked  with  (lnt.g.r,  fr.ctlon). 

Each  proble.  eolutlon  v..  .cored  for  correct  en.wer;  Cue.,  .nd 
Check  .nd  Working  B.ckw.rd.  v.r.  .cored  for  the  .Went  to  which  .n 
.pproprl.t.  atrategy  wa.  u.ad  In  obt.lnlng  the  .olutlon:  0  polnt.-no 
evidence  of  .pplylng  .  Gu...  S  Check  or  Working  B.ckw.rd.  .tr.t.gy; 
1-U.lted  atta.pt  .t  trying  the  .tr.t.gy,  but  Incoepl.ta;  2-.vld«nc. 
of  correct  .ppllc.tlon  of  .tr.t.gy  that  .hould  l..d  to  corr.ct  .n.wer; 
3-correct  application  of  atrategy  end  corr.ct  ao.w.rj  4-u..d  elg.br. 
ea  .  solution  atrategy. 

SAMPLE  DESCRIPTIOH 

Seventeen  teachera  were  Involved  In  th.  talatralolng  proble. 
solving  project.    Of  th.  14  ta.cher.  who  ad.lot.t.r.d  th.  five  pro- 
bl... to  their  .tud.nt.,  three  h.d  .  b.chelor.  degree,  four  hed  ao~ 
gr.du.te  tr.lnlng,  .nd  7  h.d  .  —t.r.  d.gr...    All  but  two  -ere  fe- 
aale;  .ver.ge  yeer.  of  t..chlng  experience  we.  ten. 

A  tot.l  of  361  .tud.nt.  co^let.d  ell  five  problem .    Of  the.e 
.tudenta,  30  were  In  gr.d.  4,  60  In  gr.d.  6,  196  in  gr.de  7.  42  In 
gr.d.  8,  .nd  16  In  grade  9.    Addition.!!, .  17  of  the.e  .tudent.  were 
in  .  special  cl...  for  the  .c.de.lc.lly  t.lented  or  "gifted".    Of  th. 
tot.l  ...pie,  155  were  -ale,  169  fe»ale,  with  37  not  Indicting  .ex. 
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RESULTS 


Correct  Amwn  by  Problem— Correct  eneuers  for  each  of  the 
five  problem*  reused  froa  e  low  of  391  of  the  atudenta  who  enauered 
ell  thraa  Pattern  problea*  correctly,  to  e  high  of  77X  of  the  atu- 
denta who  aaauared  the  Working  Beckwarda  problea  correctly  (aae 
Teble  1).    Other  reaults  waret    Gueaa  and  check,  70S  correct;  Model, 
50X,  correct;  and  Ellalnetlon,  54X  correct.    The  remaining  Pettern 
answers  ware  5.M  enawered  none  correctly,  22. 7Z  enawerad  one  of  the 
three  correctly,  end  32. 7%  anawared  two  of  the  three  correctly. 

TABLE  1 

Percent  Correct  Answer  by  Crede  Level 


G  &  C 
W.  Back 
Model 
Pettern* 
El lain. 


Grade 

4  6  7  8 
33.3  6T76 


43.3 
26.7 
13.3 
30.0 


80.0 
53.3 
40.0 
45.0 


80.0 
48.0 
36.7 
51.5 


"50" 
73.8 
57.1 
45.2 
71.4 


9    Gifted  Overall 


87.5 
81.2 
87.5 
62.5 
93.8 


94.1 
100.0 
58.8 
64.7 
76.5 


70.1 
77.3 
50.4 
38.8 
54.0 


X*  DP 
25.604 
26.266 
17.489 
34.586 


28.165 


.odoT 

.0001 
.0037 
.0028 
.0001 


♦repreeante  all  3  correct 


2-    Correct  eppllcetlon  of  Problea  Solving  Process  or  Strategy- 
Only  allghtly  aore  than  one-third  of  the  etudenta  (33.51)  ahowed 
aolld  avldanca  of  actuelly  uelng  the  Gueaa  and  Check  atrategy  and 
obtelned  the  correct  .newer  (coded  "3"),  while  en  eddltlonel  101  of 
the  atudanta  uaad  en  elgebrelc  aolutlon  aethod,  and  another  12. 2Z 
■eda  en  Incomplete  ettaapt  et  ualng  the  atretegy  (coded  "1"  or  "2"). 
Thu»,  en  epproprlate  atrategy  or  atrategy  etteapt  waa  uaed  by  Just 
over  one-half  of  the  etudente  In  the  aaaple  (55. 7X).    Of  these  atu- 
denta (n-  201),  all  but  33  anawared  the  problea  correctly;  three  of 

TABLE  2 

Ability  to  uae  Strategy  (Percent) 


Guess  &  Check 
Working  Backwerd 


no 

evidence 

0 

44.3 


16. 


Improved  eblllty  to 
epply  etretegy 


1 

875" 
15.0 


2 

-3TT 
8.9 


3 

33.5 
55.7 


Algebra 

4 


10.0 
4.4 


the  errore  ceae  froa  the  36  etudenta  who  atteapted  en  elgebrelc 
eolutlon  and  30  caae  froa  the  44  students  who  attempted  using  Guess 
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and  Chick  (code  "1"  or  "2").    Thin,  of  th«  itudenti  who  ihowed  tone 
evidence  of  using  ■  problem  iolvlng  itratagy  (55. 7X  of  the  iampli), 
86%  were  able  to  obtain  ■  correct  eolutlon  to  the  problem.    It  ehould 
be  pointed  out  however,  that  one-third  of  the  etudente  coded  "0" 
(unrecognlzeable  etretegy  or  no  etrategy)  anewered  the  problem  cor- 
rectly, but  provided  no  evidence  of  how  they  obtained  thalr  solution. 
Thue,  while  It  eppeare  thet  only  ellghtly  more  than  half  of  the  etu- 
dente ueed  the  Gueea  end  Check  itratagy,  there  nay  be  a  much  higher 
parcentege  of  etudenta  who  uead  thle  method  In  their  heed  but  did  not 
give  any  Indication  of  the  proceee  on  paper. 

A  cloeer  examination  of  how  etudente  ueed  the  Gueea  end  Check 
strategy  Indicates  that  many  teemed  to  randomly  eelect  nuaberi  for 

their  gu  and  did  not  uee  e  eyeteaatlc  eeerch  proceee  In  finding 

the  correct  solution.    The  etudente  who  ueed  more  eyetenetlc  ap- 
proaches either  found  pelrs  of  numberi  thet  differed  by  seven  end 
they  "checked"  then  In  order  (for  example  (1,8),  (2,9),  (3,10),  etc.) 
until  finding  (9,16)  worked.    Othere  systematically  eubtracted  each 
successive  Integer  from  25  until  the  correct  combination  was  found 
(e.g.,  25-1,  25-2,  25-3,  etc.).    Studente  who  obtelnad  Incorrect 
solutlone  would  often  confuse  the  "difference  between  the  two  numbers 
Is  7"  to  mean  that  one  of  the  numberi  was  7,  the  other  25-7,  or  18, 
resulting  In  an  Incorrect  answer  of  (7,18). 

In  the  Working  Backwards  strategy,  84X  of  the  sample  showed 
some  ability  to  uee  the  strategy  (codes  1-3),  or  used  an  algebraic 
solution  method.    Of  this  group  of  303  students,  257  (85X)  obtained 
the  correct  answer.    Five  of  the  16  algebraic  solutions  were  Incor- 
rect and  41  of  the  46  code  "1"  or  "2"  were  Incorrect.    Although  the 
number  of  atudents  who  attempted  an  algebraic  solution  la  Mil,  the 
relatively  high  percentage  of  Incorrect  algebra  solutions  (almost 
1/3)  le  noteworthy.    Non-algebrslc  attempts  accounted  for  only  29X  of 
the  Incorrect  solutions. 

Incorrect  Working  Backwards  answers  were  often  the  result  of 
performing  the  correct  "reverse"  operations,  but  In  Incorrect  order 
(dividing  first  lneteed  of  subtracting).    Other  Incorrect  solutions 
would  uee  only  one  of  the  operetlon.  (e.g.  26-10-16)  end  stop  there. 
Others  would  fell  to  reverse  en  operetlon  et  all  (multiplying  26  by  2 
Instead  of  dividing).     A  few  itudenti  ettempted  to  use  Gueii  end  Check 
to  determine  the  beginning  number  of  merblii  end  a  particularly  Inno- 
vative fourth  gride  female  correctly  attempted  to  combine  Gueea  and 
Check  with  Working  Backwards. 
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3.    Sex  and  Gride  level  Difference*  In  Answers  end  Proem — 
Chl-Squere  analysts  Indicated  no  difference!  between  aelee  end  fe- 
aelee  In  distribution  of  correct  end  Incorrect  ensuere  on  eny  of 
the  five  problems  (see  Tsble  3). 

TABLE  3 

Number  of  Hales  ea  Penalas  with  Correct/Incorrect  Answers 

Hale  Female 

Strategy  C    INC       C       INC  X  2  DF  p 

Guess  «  Check                 106    49  Ho       49  0.263  1  ToOST" 

Working  Beckwerds          126    29  123       46  3.291  1  .0697 

Model                              77    78       84       85  0.000  1  .9962 

Pattern                 52,52,39,  12*     73,53,34,9  3.911  1  .2945 

Elimination                     76    79       95       74  1.673  1  .1959 

N  of  nalee  -  155  N  of  females  -  169 

♦represents  3,  2,  1  end  0  correct 

As  might  be  expected,  there  were  differences  Is  grede  level  per- 
formance.   The  parcent  of  students  who  enswered  each  of  the  five 
questions  correctly  generally  Increased  with  grede  level  (see  Table  1). 
However,  when  the  percent  of  students  who  correctly  applied  the 
stretegles  la  compsrsd  ecross  grade  level,  tone  Interesting  trends 
emerge  (aee'teble  4).    Here  we  are  exealning  students  who  were  coded 
"3"  In  stretegy  application,  i.e.  only  those  students  who  applied  the 
strategy  completely  correctly, 

Table  4 

Percent  Correct*  application  of  Strategy  by  Grade  level 


Strategy 

4 

6 

7 

8 

9 

Gifted 

X2 

DF 

P 

Guest  &  Check 
W.  Backwards 

36.7 
16.7 

38.3 
55.0 

32.1 
62.8 

83.3 
71.4 

93.8 
62.5 

58.8 
94.1 

234.44 
113.712 

20 
20 

.0001 
.0001 

♦"Correct"  -  code  "3"  or  "4",  algebraic  aolutton 

For  Guesa  end  Check,  percent  of  correct  application  of  the  stra- 
tegy (but  not  necesaarlly  correct  answer)  remains  fairly  stable  In 
4th  through  7th  grades  (37X,  38Z,  322  respectively),  but  during  8th 
grade  the  percent  Increases  to  83X-40J!  coded  "3"  plus  43Z  who  solved 
the  problem  algebraically.     In  9th  grade,  94. 5Z  of  the  students  solved 
the  problem  algebraically  (not  all  correctly,  either).     For  gifted 
atudenta  411  applied  Guess  and  Check  correctly  end  an  additional  18Z 
used  algebra.    Thus,  there  appears  not  only  to  be  a  Jump  In  algebra 
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application,  during  8th  gr.de       one  light  expect,  but  al.o  a  .light 
ju.p  in  corract  .ppllc.tlon.  of  the  Cue.,  and  Check  atr.tegy. 

Tha  analy.l.  of  tho.e  who  applied  Working  Backward,  correctly 
Indicate.  th.t  only  17. 5X  of  the  4th  gr.d.r.  could  do  .o,  55X  of 
the  6th  gradar.  could,  and  63X  of  th.  7th  gr.d.r.  could.    For  8th 
gr.der.,  71X  u..d  a  correct  .tr.t.gy,  ..  did  88X  of  th.  9th  grader.. 
For  gifted  .tudent.  82X  u..d  Working  Backward.,  and  an  addUlonal  12X 
uaed  algebra,  a  aurprl.lngly  high  94X  correct  .ppllc.tlon. 

For  the  M.k.  a  Model  probla.,  two  categorlaa  of  claeelfylng  how 
.tudent.  .olv.d  th.  proble.  .tood  out.    One  co-on  -thod  w..  to  dr.w 
,11  po.albl.  line.  conn.ctlng  .11  co«bln.tlon.  of  point.,  .nd  tha  other 
wa.  to  ll.t  .11  co.blnatlone  of  point.  th.t  dat.er.lned  a  line  (I.e., 
AB,  AC,  AD,  AE,  BC,  etc.).    Th.  ..l.ctlon  of  th.  -or.  concr.t.  drawing 
..thod  d.cr....d  with  gr.d.  1ml,  «nd  tha  ua.  of  the  -or.  ab.tr.ct 
ltattng  -thod  Incr.a.ad  with  gr.d.  lml.    Surprl.lngly ,  no  glft.d 
.tudent.  .elected  th.  ll.tlng  method.    P.rc.nt.g.-wl...  elmt  .11 
4th  gr.d.r.  drew  th.  lln...  whll.  only  SOX  of  th.  9th  gr.d.r.  dr.w 
line..    Hone  of  th.  4th  gr.d.r.  lUtad  th.  co.blnatlone,  while 
slightly  leee  th.n  20X  of  th.  9th  gr.d.r.  did  .o.    So,  th.  «or. 
ab.tr.ct  ..thod  of  ll.tlng  wa.  u..d  1...  often,  but  It.  ua.  Incr.a.ed 
with  gr.de  l.v.1,  -nil.  th.  -or.  concr.t.  ..thod  of  dr.wlng  Uw 
decree.ad  with  gr.d.  level. 

OOHCLUSIONS-Whll.  th..e  re.ult.  r.pr...nt  only  .  mil  ■•■pi* 
of  .Iddle  .chool  chlldr.n  .nd  their  probla  .olvlng  p.rfonunc.  and 
while  difficult!..  r«.ln  in  .n.ly.lng  proble.  .olvlng  .tr.t.gl.. 
fro.  written  .olutlon.,  .o~  Mjor  trend,  mrged  in  this 
■tudy. 

1     Particularly  In  the  hlgh.r  gr.d.., etudeut.  w.r.  better  pro- 
blem .olver.,  both  with  re.p.ct  to  corr.ct  .n.w.r.  .nd  to  application 
of  atrataglea,  than  we  axpect.d.    While  th.  problm  ~y  have  b..n 
too  ea.y  to  .dequately  ch.U.nge  the  .tudent.,  they  did  de.on.tr.te 
f.clllty  at  u.lng  both  Cu...        Check  and  Working  Backward.,  without 
prior  .pacific  training. 

2.    On  the  other  hand,  .uch  "fine  tuning"  of  .tudent.'  ability 
to  u.e  th.  .tr.tegle.  I.  needed.    Fourth  grader,  had  fairly  low 
.core,  for  corr.ct  .n.w.r.  (rang.  13.3X  to  53.3X  corr.ct).    Much  work 
1,  needed  .t  thl.  level.    Aero.,  the  bo.rd  Cu...  .nd  Check  w..  often 
done  h.ph.x.rdly,  without  regard  for  a  .y.tmtlc  .olutlon  nor  . 
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thorough  .n.ly.1.  of  p.ttern.  within  the  choe.n  guee...  to  direct 
future  gu....».    m  .hort  there        Httl.  evidence  of  a  "be.t-gu..." 
•ppro.ch  to  th.  probl.ee.    uk.wl.e  with  Working  B.ckward..  Error 
P.ttern.  r.v..l  th.t  .tud.nt.  need  pr.ctlc.  with  .ub.klll.  ..bedded  in 
th,  .tr.t.gy  .uch  ..  r.v.r.lng  operation,  end  r.v.r.ing  th.  order  of 
the  op.retlone.    In.tructlon  focu.lng  on  .uch  .kill.  1.  Indicted. 
Thl.  m»y  .l.o  be  true  for  elg.br.lc  eolutlon.  .ppro.ch..,  for  which 
error*  were  high. 
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ASSBSSHSwT  AMD  HjWTY  IN  MATBJJJAVICAJ. 

m*0Mi  soLvmi  »  namx  guuoks 


Rosemary  Sutton,  Cleveland  State  University 

Janeal  Mlka  Oproa,  Miaul  University 

Elys*  Fleming,  CLeveland  State  University. 


In  an  attempt  to  develop  measures  to  assess  the 
effectiveness  of  problem  solving  intervention*  two  paper 
and  pencil  problem  solving  Instruments  that  measured 
aspects  of  understanding  a  problem  (e.g.,  Interpreting  the 
vocabulary  and  diagrams,  and  recognizing  what  ia  given  in  a 
problem)  and  problem  solving  strategies  (e.g.,  using 
patterns,  lists,  and  guess  and  check)  are  described.  The 
tost*  had  moderate  reliabilities  (Alpha  -  .78  tor  the  test 
tor  fourth  through  sixth  gradorai  Alpha  -  .76  for  the  test 
for  eaventh  end  eighth  graders).  There  were  no  significant 
gender  differences  on  the  tests  but  blacks  scored  lower 
than  whites  at  all  grade  levels. 


Tho  growing  crisis  in  the  effectiveness  of  mathematics 
education,  moat  severe  among  females  and  minorities,  has  recently 
been  brought  to  painful  public  awareness.    Recent  studies  document 
American  students'  poor  performance  in  the  area  of  mathematical 
problem  solving  <u  :  . ,  Carpenter.  Lindquist,  Matthewa.  Silver,  1983; 
Miller,  1985).  Furthermore,  there  is  a  substantial  body  of  research 
which  indicates  that,  by  the  high  school  yeara.  males  perform 
significantly  better  than  females  on  most  measures  of  mathematical 
achievement  (  e.g.,  Lee  and  Ware.  1986 j  Peterson  and  Fennee*.  1985) 
and,  at  all  grade  levels,  Asian  and  white  students  tend  to  outperfon 
Hispanics  and  Blacks  (Lockheed.  Thorpe,  Brooks-Gunn.  Carpenter  et 
ol.,  1983). 
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In  an  attempt  to  alleviate  these  problems,  a  number  of 
intervention  progress  which  focus  on  problea  solving  and/ or 
mathematical  equity  have  been  developed.    These  intervention  progress 
are  Important  not  only  as  a  means  of  improving  students'  problea 
solving  performance  and  eliminating  race  and  gender  differences  but 
fllso  further  our  understanding  of  the  underlying  theoretical  issues. 

An  essential,  but  often  neglected,  component  of  any  intervention 
program  is  suamtive  evaluation.    Unfortunately,  a  continuing 
hinderence  to  the  effective  evaluation  of  problem  solving 
intervention  programs  has  been  assessment.    Traditional  multiple 
choice  aatheaetica  tests  focus  on  computational  performance  and  not 
on  important  aspects  of  problea  solving  such  as  understanding  the 
problem,  recognising  extraneous  information,  and  identifying  and 
using  appropriate  strategies.    These  aspects  of  problea  solving  have 
been  identified  and  studied  using  Interview  techniques  (e.g.,  Lester, 
1982.  Schoenfeld.  1483).    While  this  research  method  is  providing 
important  new  insights.  It  is  exceedingly  difficult  to  use  with  the 
number  of  pupils  Involved  in  a  typical  intervention  program. 

We  were  recently  faced  with  this  predicament  when  designing  a 
problem  solving  asseeeaent  for  the  evaluation  of  EQUALS,  an  intensive 
inservice  program  assigned  to  teach  teachers  to  increase  the 
confidence  and  competence  in  mathematical  problem  solving  of  their 
students  and  to  relate  the  usefulness  of  mathematics  to  future  career 
choicee  (Sutton  and  Fleming,  1987).    A  special  focus  of  this  program 
is  to  address  the  needs  of  the  traditionally  under served,  girls  and 
minorities.    A  large  sample  involving  27  urban  and  suburban  school 
districts  led  to  our  decision  to  use  a  paper  and  pencil  problem 
solving  instrument.    The  best  existing  instrument  appeared  to  be  one 
developed  by  tha  Wisconsin  Department  of  Public  Instruction  (n.d.). 

Unlike  most  traditional  multiple  choice  mathematics  tests,  The 
Wisconsin  Mathematical  Problem  Solving  Test  attempts  to  measure 
aspects  of  problea  solving  performance  in  addition  to  computational 
proficiency.    This  instrument  is  consistent  with  an  assessment  model 
proposed  by  Charles,  Lester,  and  O'Daffer  (1984)  which  dividnn 
problea  solving  into  two  components:  (l)  the  ability  to  perform  the 
thinking  processes  involved  in  solving  a  problem  and  (2)  the  ability 
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to  get  the  correct  answer  to  a  problem.    Each  of  these  components  can 
be  further  divided  into  measurable  problem  solving  behaviors. 
Understanding  the  question  in  the  problem  and  recognizing  extraneous 
or  missing  information,  for  instance,  are  two  thinking  processes 
categorized  under  the  first  component  while  problem  solving 
strategies,  such  as  making  a  list  and  drawing  a  diagram  are 
categorized  under  component  two. 

For  the  evaluation  of  this  project,  two  multiple  choice  tests 
were  developed  to  assess  the  problem  solving  abilities  of  middle 
grade  students.    One  test,  designed  for  grades  saven  and  eight,  was  a 
30-item  subset  of  the  Wisconsin  instrument  while  the  second,  intended 
for  grades  four  through  six.  was  a  20  item  simplification  of  the 
first.  The  purposes  of  this  paper  are  to  describe  the  psychometric 
characteristics  of  these  two  problem  solving  instruments,  and  to 
assess  ethnic,  gender,  and  grade  differenceL  of  these  instruments. 


METHODS 


Subjects 

There  were  483  seventh  and  eighth  graders  (mean  age  »  U-2 
years)  and  470  fourth  through  sixth  graders  (mean  age  -  12.0).  These 
subjects  were  either  the  students  of  teacher  participants  in  the 
EQUALS  training  program  or  the  students  of  teachers  matched  by  grade 
level  and  district  with  these  EQUALS  teachers.     (These  matched 
teachers  were  used  as  a  comparison  group  in  the  overall  evaluation). 
The  seventh  and  eighth  graders,  representing  24  classrooms,  were  53* 
female,  23*  Black,  and  76%  Caucasian.    The  fourth  through  sixth 
graders,  representing  19  classrooms,  were  SIX  female,  47X  Black,  and 
48%  Caucasian. 

Instruments 

The  Wisconsin  Mathematical  Problem  Solving  Test  for  eighth 
graders  consisted  of  two  forms  and  students  completed  only  one  form. 
Approximately  half  the  items  on  each  part  wore  designed  to  measure  a 
student's  ability  to  understand  a  problem  (e.g.,  interpreting  the 
vocabulary  and  diagrams,  recognizing  what  is  given  in  the  problem. 
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and  recognising  extraneous  or  Biasing  information);  the  remaining 
items  assessed  problem  solving  strategies  (e.g.,  using  patterns, 
using  lists,  tables  and  graphs,  and  using  guess  and  check).    For  the 
EQUALS  evaluation,  a  30  ltaei  test  of  items  selected  from  both  parts 
of  the  Wisconsin  instrument  was  created  for  the  seventh  and  eighth 
graders.    This  test  Is  called  Test  7/8.    Criteria  for  selection 
included  level  of  difficulty  (easier  items  were  chosen  because  of  the 
inclusion  of  seventh  grade  students)  and  maintaining  an  equal 
proportion  of  items  on  understanding  the  problem  (14  items)  and 
problem  solving  strategies  (16  items).    Three  of  the  30  items  were 
modified  slightly.    On  one  item,  the  question  was  clarified.    On  two 
items,  changes  were  made  that  were  consistent  with  our  equity 
concerns.    Specifically,  the  name  "Jack"  was  changed  to  "Juanita"  and 
the  sport  "football"  was  changed  to  "softball". 

For  Test  4/6  (grades  four,  five,  and  six),  18  items  from  Test 
7/8  were  modified  to  make  them  simpler  (e.g.,  elimination  of  decimals 
and  using  smaller  numbers)  and  2  new  items  were  generated.  Again, 
half  the  items  assessed  understanding  the  problem  and  the  other  half 
assessed  problem  solving  strategies. 

Procedure 

The  teachers  administered  the  problem  solving  instrument  to 
their  own  classes  in  Fall,  1985.    Reliable  data  on  test  conditions  is 
unavailable;  however,  the  vast  majority  of  the  teachers  have  over  10 
years  of  teaching  experience  and  are  accustomed  to  administering 
standardised  tests. 


Eel lability  and  Measurement  Analysis 

The  thirty  items  of  Test  7/8  ware  subjected  to  item  analysis 
(SPSSX  RELIABILITY)  and  the  Alpha  coefficient  of  internal  consistency 
was  .74  (n  -  513).    Four  items  with  the  lowest  item-total 
correlations  were  eliminated  which  yielded  an  Alpha  of  .76,  a  test 
mean  of  12.2  and  a  standard  deviation  of  4.63.    The  Alpha  for  Test 
4/6  (20  items)  was  .77  (n  »  416).    Two  items  with  negative  item-total 
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correlations  were  eliminated  and  tl,e  this  yielded  an  Alpha  of  .78  ,  a 
test  mean  of  9.6  and  a  standard  deviation  of  3.86.  A  complete  item 
analysis  (means,  standard  deviations,  and  item-total  correlations  of 
each  item)  will  be  presented  at  the  conference. 

To  assess  how  well  the  two  instruments  were  able  to  distinguish 
between  the  two  problem  solving  components  proposed  in  the  Charles  et 
al.  model  (1984).  two  factors  were  specified  in  the  factor  analysis. 
The  factor  analysis  of  Test  7/8.  while  not  clear-cut.  generally 
supported  the  a  priori  categorization  of  the  ite-S  .as  assessing 
either  understanding  the  problem  (understanding)  or  problem  solving 
strategies  (Strategies).    Specifically.  10  of  the  16  Strategies  items 
loaded  on  Factor  One  (loadings  >  .3).  8  of  the  14  Understanding  item, 
loaded  on  Factor  Two.  7  items  did  not  load  on  either  factor,  and  one 
Understanding  item  loaded  on  Factor  One  instead  of  Factor  Two.  The 
factor  analysis  of  Test  4/6  did  not  support  a  two  factor  model. 

Grade.  Bttoic.  and  Gander  Difference* 

Grade,  ethnic,  and  gender  differences  were  assessed  using 
separate  factorial  AHOVAs  on  the  total  problem  solving  test,  the 
Understanding  subtest,  and  the  Str.tegie.  subtest.    Any  differences 
with  p^.01  were  considered  significant. 

On  Test  4/6.  there  were  significant  grade  differences  on  the 
total  test,  and  the  two  subtests  (Total  test.  F  -  45.35.  df  -  2.376. 
p<  .001s  Understanding  subtest.  F-  32.62.  df-2.375.  P<.001j 
Strategies  subtest.  F-  35.38.  df-  2.374.  p<.001).    The  Setoff*  post 
hoc  test  indicated  that  the  fourth  grader,  scored  significantly  lower 
than  the, fifth  and  sixth  grader,  on  the  total  test  and  subtests 
(p<.00l)(  but  there  was  no  significant  difference  between  the  fifth 
and  sixth  grade  means  (Total  test  means:    fourth  grade  -  7.1.  fifth  - 
10.1.  sixth  grade  -  11.3).    On  Test  7/8.  there  were  no  significant 
grade  differences  on  the  total  test  and  two  subtests.    There  were  no 
significant  gender  differences  for  either  group  of  students  on  the 
total  test  and  on  the  subtests. 

Whites  scored  significantly  higher  than  Blacks  on  the  total  test 
and  both  subtests  for  both  the  younger  students  (Total  test  4/6,  F  - 
22.97.  df  -  1.376.  p<.001;  understanding  subtest.  F-12.26.  df-1.375. 
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p<.001;  Strategies  subtest,  F-25.27,  df-1,374,  p<.001)  and  the  older 
students  (Total  Test  7/8,  F  -  26. 46,  df  -  1,435,  p  <  .001; 
Understanding  subtest,  F-21.41,  df-1,436,  p<.001;  Strategies  subtest, 
F-11.61,  df-1,426,  p-.OOl).    On  Test.  4/6,  the  total  test  mean  score 
for  Blacks  was  7.9  compared  to  11.1  for  Whites.    On  Test  7/8,  the 
total  test  seen  score  for  Blacks  was  9.9  compared  to  12.8  for  Whites. 
Information  on  the  socioeconomic  status  of  the  students  was  not 
available. 

There  was  one  significant  grade  by  race  interaction  for  Tc-.st  4/6 
on  the  Understanding  Subtest  (F-7.71,  df-2,375,  p-.OOl).  Black 
females  scored  higher  than  Black  Bales  whereas  White  females  scored 
lower  than  White  sales. 


OGHCUBI0HS 

The  present  effort  enabled  us  to  identify  problem  solving 
Instruments  that  go  beyond  the  assessment  of  computational  skills  and 
appear  to  lend  themselves  to  the  evaluation  of  large  scale  math 
problem  solving  interventions.    These  instruments  have  moderate 
reliabilities  with  an  ethnically  diverse  population.    These  tests 
also  seem  to  be  appropriate  for  programs  which  focus  on  ethnic  and 
gender  equity  since  our  findings  are  consistent  with  current  research 
on  ethnic  and  gender  differences  (Lockheed,  1986).    For  example, 
minority  differences  consistently  appeared  but  gender  differences  did 
not  occur  in  grades  four  to  eight.    In  addition,  our  intervention 
evaluation  indicated  that  Test  7/8  is  sensitive  to  change  over  a 
school  year  (Sutton  and  Flaming,  1987). 

While  these  instruments  can  be  used  in  their  present  forms,  we 
intend  major  revisions  in  an  effort  to  improve  reliability.  Our 
findings  were  limited  by  uncontrolled  test  conditions  and  many  items 
appeared  to  be  overly  difficult.    Thus,  we  plan  to  develop  a  large 
item  pool  retaining  the  same  conceptual  framework,  to  administer 
these  items  under  controlled  conditions  to  a  diverse  population,  and 
to  create  new  tests  containing  only  those  items  with  good 
psychometric  properties. 
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PERUSING  THE  PROBLEM  SOL VI N6  PANORAMA: 
COMMENTS  ON  SIX  PAPERS  ON  MATHEMATICAL  PROBLEM  SOLVING 

Edward  A.  Sliver 
San  Diego  state  University 

This  paper  presents  a  review  or  six  papers  (by  Bachor- 
Lawson  &  Rice;  Pace;  Peled  L  Resnlclc;  Stonewater,  and 
Sutton,  oprea,  &  Fleming).    The  remarks  concerning 

\h! ^SSS9  ar.e  er"bedde°  a  broader  commentary  on 
the  current  state  or  research  on  mathematical  problem 

rt2irlXrt^fS^ed  w,,th„tne  situation  Kllpatrlck 
™£,CI'  .  near'y  two  decades  ago.  Beyond  speciric 
SSfn!E  .on  ihe  s,x  research  reports,  this  review 
?£2Vr  S  thh.ai.»Jhe?e  J,apeJs.«.  a,tnou9h  quite  varied  In 
;5Sir«,AhAoretjcal  foundations  and  methodological 
^roaches,  share  some  commonalities,  in  that  Ihey 
represent  Instantiations  or  trends  In  contemporary 
research  on  mathematical  problem  solving.  1 

Alnoat  20  years  ago.  Kllpatrlck  <i969)  reviewed  the 
literature  on  ■atheaatlcel  problem  solving  and  concluded  tint 
"problem  solving  it  not  being  systematically  Investigated  by 
mathematics  educmtora*  (p.  623).  In  the  peat  tvo  decade*,  the 
situation  tea  changed  dramatically.   During  thia  time,  there  tea 
accuaultted  a  considerable  corpus  ot  research  dealing  with  the 
nature  ot  mathematical  problem-solving  performance.   Boat  ot  the 
research  tea  been  conducted  by  cognitive  paychologiata.  seeking 
to  develop  or  ve.lide.to  theories  ot  human  learning  and  problem 
solving,  end  by  nathenatlca  educators,  aoeking  to  understand  the 
nature  ot  the  interaction  between  students  end  the  mathematical 
subject  natter  ttet  they  study.   Horeover.  the  reaearch  tends  to 
be  such  sore  systematic  than  ttet  reviewed  by  KilpatrlcX. 

Theoretical  Emphases 

In  his  review,  Kllpatrlck  (1969)  decried  the  tact  ttet  tew 
studies  ted  an  explicit  theoretical  rationale  or  built  on 
previous  research,  but  be  noted  signs  ot  increased  Interest  on 
the  part  ot  Mtheaatlcs  educators  in  psychological  theory  and 
research  related  to  higher-order  cognitive  processes. 
Kllpatrlck' a  perception  ot  an  eaerglng  trend  waa  apparently 


correct,  tor  the  current  situation  it  quite  different  iron  the 
one  he  reviewed  in  i%9.  The  influence  of  modern  cognitive 

psychology  on  our r oat  pcohlM-aolirLng  i •>•**!      h»a  baaa 
substantial.  In  the  United  States,  most  ot  the  current  research 
on  mathematical  problem  solving  is  based  to  a  great  extent  on 
theoretical  t  ovulations  provided  by  cognitive  psychology 
Special  treatments  ot  cognitive  theory  relevant  to  problem 
solving  and  mathematics  can  be  found  In  Frederickson  (1996). 
Schoenield  (1985).  and  Silver  (1987). 

In  the  set  of  papers  under  consideration  in  this  review,  one 
sees  the  clear  influence  ot  cognitive  theory  in  the  work  ot 
Lavson  and  Rice  and  also  in  the  vork  ot  Peled  and  Resnick.  The 
protocol  analysis  scheme  proposed  by  Lavson  and  Rice  is  heavily 
influenced  by  considerations  of  available  information  in  working 
memory,  and  it  relies  extensively  on  the  cognitive  framework 
developed  by  Ericsson  and  Simon  (1981).    The  work  ot  Peled  and 
Resnick  concerns  itself  with  mental  models  and  representations 
of  abstract  mathematical  concepts. 

Another  contemporary  theoretical  thrust  is  "constructivism' 
In  one  or  another  ot  its  many  forms.  One  ot  the  fundamental 
assumptions  ot  recent  research  on  Mathematics  learning  and 
problem  solving  is  that  new  knowledge  is  in  large  part 
constructed  by  the  learner.  According  to  this  view,  learners  do 
not  simply  add  new  information  to  their  store  ot  knowledge; 
instead  they  integrate  new  information  Into  already  established 
knowledge  structures  and  build  new  relationships  among  those 
structures.  This  process  ot  building  new  relationships  is 
essential  to  learning.  Recent  versions  ot  constructivism  are 
largely  compatible  with  earlier  versions,  such  as  Piagefs 
theories  ot  human  learning,  although  the  terminology  is  somewhat 
different. 

Constructivism  is  aost  central  to  the  paper  provided  by 
Poce.  but  the  influence  of  a  constructlvlst  perspective  is  also 
clearly  evident  in  the  work  of  Peled  and  Resnick.    In  the  latter 
case,  a  constructivist  perspective  on  learning  guided  the 
researchers  in  their  construction  ot  appropriate  computer  models 
that  could  form  the  basis  tor  the  mental  models  that  the  child 
would  eventually  construct  tor  the  concepts.    The  notion  ot 
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representation  la  c Mitral  to  the  constructivlst  perspective.  In 
Pace's  paper,  bt  takes  «  constructivlst  perspective  to  argue 
Uiat  increased  research  end  instructional  Attention  should  be 
paid  to  applied  problea  solving  In  school  mathematics.  Although 
I  quarrel  vlth  neither  his  basic  constructivlst  premises  nor  bis 
conclusion.  I  find  Ms  argument  to  be  less  then  compelling. 
There  is  neither  a  logical  nor  a  psychological  necessity  linking 
the  conatructlTist  perspective  on  learning  and  the  call  for  the 
extensive  instructional  use  of  applied  problems. 

Research  Foci 

ttlpatrlck  (1969)  organised  his  discussion  around  live 
categories:  problem-solving  ability,  problem-solving  tasks, 
problem-solving  processes,  instructional  program),  and  teacher 
Influences.  These  categories  vary  in  the  extent  to  which  they 
are  addressed  In  current  research.  For  example,  classical 
research  on  problem-solving  tasks  end  the  characteristics  that 
contribute  to  task  difficulty  -  vlth  its  emphasis  on  linear 
regression  models  for  predicting  task  difficulty  -  has  generally 
given  amy  to  a  detailed  consideration  of  the  nays  in  which  task 
characteristics  lnterect  vlth  individual  cognitive  functioning. 
The  paper  by  Bachor  hints  at  a  consideration  of  individual 
cognitive  functioning,  but  we  ere  only  presented  with  data 
concerning  the  problea  taxonomy.  It  is  clear  that  Bachor' s 
taxonomy  night  prove  to  be  a  useful  tool  in  studying  children' s 
problea  solving,  especially  as  it  13  affected  by  linguistic  and 
nethesatical  complexity.  One  hopes  that  the  taxonomy  will  be 
used  in  conjunction  vlth  modern  cognitive  theories  to  help 
provide  a  rich  account  of  children' s  problem  solving  and  to 
suggest  powerful  Instructional  sequences. 

In  contrast  to  the  research  on  problem-solving  ability 
reviewed  by  Ellpetrlck  In  1969,  the  widespread  use  of  factor 
analytic  approaches  and  the  treatment  of  problem-solving  ebility 
as  a  (nearly)  unitary  phenomenon  have  been  replaced  by  detailed 
studies  of  problem-solving  processes,  often  Involving  extensive 
clinical  interviews.  The  paper  by  Lavson  and  Sice  emerges  from 
this  tradition.   Protocol  analysis  schemes  such  as  Uw.  one  they 
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present  ere  fundamental  tools  both  for  data  reduction  end  lor 
data  synthesis  in  detailed  studies  involving  individual  clinical 

int»rvi»w*  with  pitobX**  aalVMa, 

Concern  for  problem-solving  process  is  also  evident  in  the 
papers  prepared  by  Stoneveter  and  by  Sutton,  ©pre*.,  end  fleming. 
Stonevater's  codii«  o£  students'  problem-solving  performance 
included  not  only  the  correctness  of  their  answer  but  also  the 
strategy  used.    Hie  process  data  that  were  collected  in  the 
study  are  quite  limited,  however,  and  it  would  have 
strengthened  the  study  greatly  if  clinical  interviews  were 
contacted  so  that  both  a  richer  description  and  a  better 
estimate  of  strategy  use  in  the  student  population  could  have 
been  established.    Nevertheless,  the  overall  aim  of  studying  the 
effects  on  students  of  problem-solving  instruction  mimed  at 
their  teachers  is  laudable,  end  the  final  report  of  this  project 
should  be  of  considerable  interest. 

The  paper  prepaxed  by  Sutton,  ©pre*,  and  Fleming  gives 
evidence  of  concern  not  only  for  process  'sat  also  for 
assessment.    Is  instructional  programs  to  Improve  teachers'  and 
students'  mathematical  problem  solving  have  proliferated,  it  has 
become  evident  tl»t  there  is  serious  need  tor  adequate 
assessment  tools  to  measure  the  effectiveness  of  such  programs. 
More  generally,  there  is  a  need  for  relatively  easy  to 
administer  tests  that  measure  important  problem-solving 
processes.  Several  states  (e.g..  California.  Wisconsin)  have 
incorporated  these  mathematics  process  items  into  their  state 
assessment  tests.  Sutton,  et  ml.  analyied  data  obtained  from  the 
Wisconsin  test  to  examine  gender  and  race  differences  in 
performance.  Since  these  were  multiple-choice  items.  I  would 
urge  that  further  analyses  involving  distractors  be  undertaken. 
Marshall  (19B3)  has  demonstrated  the  power  of  distractor 
analysis  to  identify  important  gender  differences  on  these  kinds 
of  process  items  from  the  California  test. 

ttdtWlPloglKal  Approaches 

In  1969,  tllpatrick  noted  that  most  studies  of  problem 
solving  were  either  "one-shot  comparisons  of  ill-defined 
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'aethoda'  ■  or  'laboratory  studies  of  arbitrary,  higaly 
artificial  problems.  ■  MeUwds-comperlson  studies  hare  almost 
completely  disappeared  in  conteaporary  problem-solving  research. 
Horecmr,  kughly  artificial  problems  here  been  almost  completely 
eliminated  from  the  serious  research  literature  on  mathematical 
problem  solving.  Recent  research  has  typically  involved  problem 
Uslcs  that  are  draw  from  actual  textbooks,  or  realistic 
problems  from  students'  lives,  or  problems  that  are  nonstandard 
but  appropriately  ralated  to  the  mathematics  that  students  hare 
studied. 

Pace  argues  in  his  paper  that  insufficient  research 
attention  has  been  given  to  realistic  application  problems, 
nevertheless,  in  recent  years  there  has  been  a  noticeable 
increase  in  research  aimed  at  examining  the  relationship  botwesn 
one's  informal  knowledge  of  the  world  and  one's  formal 
nathMatical  knowledge.  For  example.  Carpenter  (1966)  and  his 
colleagues  have  reported  that  young  children  have  the  ebility  to 
solve  many  types  of  arithmetic  story  problems  before  they 
receive  formal  school  instruction.  They  found  that  smny  children 
were  able  to  use  their  semantic  knowledge  of  the  real  world  and 
their  skill  in  counting  to  solve  many  addition  and  subtraction 
story  problems.  Another  strand  of  research  examining  the 
relationship  between  school  Mathematics  and  real  world 
applications  is  found  in  the  eork  of  anthropologists  (e.g.. 
Carraher.  Carraher.  6  3cbliomann.  1986;  Scrlbner.  1981)  Who  have 
found  that  the  mathematics  one  uses  in  everyday  situational 
problem  solving  can  bear  little  relationship  to  the  formal 
aathematics  one  learns  in  school.   Persons  with  very  limited  and 
flawed  formal  mathematical  knowledge  can  be  quite  skillful  in 
solving  quantitative  problems  encountered  in  occupational 
settings,  and  they  often  use  Invented  procedures  rather  than 
those  taught  in  school. 

In  1969,  Kilpatrlck  argued  that,  given  the  limited  state  of 
our  knowledge  about  mathematical  problea  solving,  researchers 
might  be  well-advised  to  consider  clinical  etudles  of  individual 
subjects.  His  advice  was  apparently  heeded,  because  contemporary 
research  has  heavily  emphasised  clinical  approaches  and.  to  a 
somewhat  lesser  extent,  case  studies  of  individuals.  In  the 
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typical  clinical  study,  explicit  attention  It  given  not  only  to 
the  knowledge  that  a  person  would  need  to  know  in  order  to  aolva 
**•  problam  but  alto  tha  prooaaaaa  uaad  by  tha  solvar. 

The  most  popular  technique  tor  studying  the  processes  used 
la  mathematical  problea  solving  1ms  been  the  "talk  aloud" 
clinical  intarviav.  Tola  technique,  pioneered  by  gestalt 
psychologists,  has  been  widely  used  to  study  both  tha  cognitive 
and  netacognitive  aspects  or  problea-solving  episodes,  In  their 
paper,  Lawson  and  Dice  provide  an  example  or  a  protocol  analysis 
schsae  that  attaapta  to  capture  tha  problea-solving  process  of 
an  individual  solver  in  tha  concurrent  verbalization 
accompanying  solution  behavior.    Unfortunately,  the  evidence 
provided  in  their  brier  paper  is  too  aaager  to  determine  the 
usefulness  of  their  scheae  and  its  relative  aerita  coapared  with 
others  that  have  been  proposed  (e.g.,  Schoenfeld.  1986), 

Some  other  popular  current  approaches  have  utilised  coaputer 
technology.  For  example,  soae  researchers  have  designed 
aiaulations  of  huaan  problem  solving  in  coaplex  doaalna  like 
physics  and  aatheaatlcs.  These  slaulatlona  are  often  based  on 
and/or  validated  with  actual  protocols  obtained  rxoa  problem 
solvers,  a  soaevhat  dirrerent  computer-based  approach  has 
involved  the  construction  or  "intelligent  tutors"  that  provide 
problem-solving  instruction.  The  interaction  between  the  learner 
and  the  coaputer  tutor  provides  a  rich  data  source  for  research 
into  ths  nature  of  and  requirements  for  Mtheaatlcal  problem 
solving. 

In  the  papors  for  this  aeetlng,  the  vork  or  Peled  and 
Besnlck  relates  most  clossly  to  this  trsnd.  Their  paper  presents 
an  example  of  soae  ways  In  which  research  on  children's 
cognition  can  inform  the  developers  of  computer  software.  In 
their  paper,  they  lllustrats  that  it  is  the  case  not  only  that 
research  results  can  provide  answers  to  development  questions 
but  also  that  research  results,  methods,  and  theoretical 
constructs  can  help  us  to  formulate  more  appropriate  developaent 
questions  and  approaches. 
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AWARENESS  OF  METACOGNITIVE  PROCESSES 
DURING  MATHEMATICAL  PROBLEM  SOLVING 

Linda  J.  DeGulre 
Unlvsrstty  of  North  Carolina  at  Greensboro 


Awareness  of  metacognltlve  processes  during  mathematical 
problem  soivtng  Is  an  intriguing  but  as  yet  poorly  understood 
phenomenon.  This  study  attempts  to  capture  the  develPPemepL 
of  awareness  in  a  subject,  rather  than  to  directly  measure  Its 
current  level.  Data  were  collected  In  a  semester-long 
orcblem-solvlnq  course  and  Included  journal  entries,  written 
problem  solutions  with  explicit  "metacognltlve  revelries, 
optional  videotapes  of  talking  aloud  while  solving  problems, 
and  genera)  observation  of  the  students.  The  argument  for  the 
development  of  awareness  or  lack  of  It  rests  In  the  conflux  of 
the  evidence  from  the  several  points  of  view.  The  article 
presents  2  case  studies  from  the  data  set-Duke,  who  showed 
an  increasing  level  of  awareness  In  the  course,  and  Chad,  who 
did  not  seem  to  Increase  her  level  of  awareness. 

Metacognltlve  processes  during  mathematical  problem  solving  and 
their  relationships  to  success  In  such  problem  solving  Is  an  Intriguing 
topic  that  has  been  discussed  In  mathematics  education  considerably  In 
recent  years  (e.g.,  Garofalo  &  Lester,  1985;  Schoenfeld,  1983a).  Metacog- 
nltlve processes  Include  the  control  and  monitoring  of  one's  cognitive 
processes,  aspects  that  bring  awareness  and  consciousness  Into  the 
discussion  (Brown,  1978;  Flavell,  1976,  1979).    Schoenfeld  (1983b) 
Included  the  degree  of  awareness  In  his  dimension  matrix  of  cognitive 
activity.  Lack  of  awareness  of  mental  operations  during  problem  solving 
was  hypothesized  by  Gur&va  (1959/1969)  as  a  "substantial  reason  for  low 
achievement  In  the  mathematical  disciplines"  (p.  97).  Gurova's  report  does 
not  contain  enough  detail  about  the  methodology  to  replicate  the  study. 
Further,  It  seems  plausible  that  a  teacher's  level  of  awareness  of  his/her 
own  cognitive  and  metacognltlve  processes  during  problem  solving  would 
contribute  significantly  to  her/his  effectiveness  as  a  teacher  of  problem 
solving.  However,  neither  of  these  hypotheses  can  be  Investigated  until 
the  phenomenon  of  awareness  Is  studied.  Direct  measurement  of  aware- 
ness (I.e.,  measurement  of  the  current  state  of  the  phenomenon  In  a  person) 
may  be  possible  at  some  future  date  but  no  such  methodology  currently 
exists.  For  now,  I  have  taken  a  lesson  from  studies  of  metacognltlon  In 
other  areas  (e.  g.,  In  memory,  Brown,  1978)  and  have  tried  to  capture  the 
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ftvelQDfnctH;  of  such  awareness  over  time.  The  present  paper  presents 
two  case  studies  from  data  collected  to  study  awareness  of  metacognitive 
processes  during  problem  solving. 


Method 


A  variety  of  techniques-journal  entries,  written  problem  solutions 
with  explicit  "metacognitive  revelries,"  optional  videotapes  of  talking 
aloud  while  solving  problems,  and  general  observation  of  the  subjects- 
were  used  to  try  to  capture  the  development  of  awareness  from  several 
viewpoints  over  time.  The  data  were  gathered  during  a  semester-long 
course  (15  weeks)  on  the  teaching  of  problem  solving  in  the  mathematics 
classroom.  The  course  began  with  an  Introduction  to  several  problem- 
solving  strategies.  During  the  rest  of  the  course,  sessions  were  devoted 
to  problem-solving  episodes  (usually  quite  rich  and  complex)  in  groups  and 
as  a  class,  to  discussions  of  problem  solving  (Including  metacognltlon)  and 
the  teaching  of  It,  and  to  problem-solving  episodes  led  by  the  subjects 
themselves. 

During  the  course,  subjects  were  given  6  Problem  Sets  of  2  to  5 
problems  each  to  be  turned  In  for  evaluation.  The  written  solution  was  to 
include  all  work  on  the  problem,  including  blind  alleys,  and  was  to  include 
a  separate  column  for  "metacognitive  revelries."  The  evaluation  gave  more 
weight  to  the  solution  processes  and  metacognitive  revelries  than  to  the 
correctness  of  the  solution.  Subjects  also  wrote  a  journal  entry  each 
week,  using  a  code  name  so  that  the  Information  would  not  Influence  their 
grades  In  the  course.  The  topics  of  the  journal  entries  were  chosen  to 
encourage  reflection  upon  their  own  problem  solving  processes  and  their 
own  development  of  confidence,  strategies,  and  awareness  during  problem 
solving,  some  subjects  also  volunteered  (as  part  of  their  course  project) 
to  be  videotaped  while  thinking  aloud  during  problem  solving.  There  were 
three  videotape  sessions  per  volunteer-one  Immediately  after  the  intro- 
ductory phase  of  the  course,  one  about  midway  through  the  course  and  one 
at  the  end  of  the  course.  The  problems  used  In  the  videotaping  sessions 
were  the  following:  " 

BSffif^W  ltSS32S?BaHSn  ffiK 
mnTceKSior  each  5t  Increase  In  price,  he  would  sell  10  fffi 
mflkshakes  per  week.  What  price  would  maximize  income? 

to  mSPfu^fl^J',  1  have  5T°  clnder  bl0<*s  9"  by  8"  by  32" 
;.?(im.  e,  a,,,0:?tep  staircase.  The  end  view  of  the  staircase 
will  look  like  the  picture  below.  Do  I  have  enough  blocks? 


a 
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Videotape  Session  3:  How  many  different  rectangles  are  on 
an  8-by-8  checkerboard?  Note,  rectangles  are  considered 
different  If  they  are  different  In  position  or  size.  So,  a  2-by-l 
rectangle  is  considered  different  than  a  l-by-2  rectangle. 

The  subjects  in  the  data  set  were  18  graduate  and  undergraduate 
students,  all  inservlce  and  preservlce  teachers  of  mathematics,  mostly  on 
the  middle-school  level  (grades  6-9,  ages  11-15  years),  but  with  some 
teachers  on  the  Intermediate  level  (grades  4-6)  and  some  on  the  secondary 
level  (grades  9-12).  To  develop  the  case  studies  presented  here,  I  began  by 
reflecting  upon  my  personal  observations  of  the  subjects  and  my  know- 
ledge of  their  work  and  metacognltlve  revelries  on  the  problem  sets 
throughout  the  course.  I  then  read  the  Journal  entries  and  the  transcrip- 
tions of  the  videotaping  sessions.   For  the  Journal  entries,  one  must 
assume  that,  to  a  certain  extent,  the  subjects  wrote  what  they  felt  I 
wanted  to  read.   In  the  videotape  transcriptions,  I  looked  for  explicit 
monitoring  statements.  There  is  no  way  to  know  to  what  extent  the 
subjects  may  have  been  aware  of  metacognltlve  processes  without  making 
explicit  verbal  references  to  them.  However,  the  argument  for  awareness 
or  lack  of  It  rests  in  the  conflux  of  the  evidence  from  the  several  points  of 
view,  not  with  the  evidence  from  any  one  of  them. 

The  case  studies  presented  here  were  chosen  to  contrast  the 
development  of  awareness  (Duke)  and  lack  of  such  development  (Chad).  I 
chose  subjects  with  similar  mathematics  and  teaching  backgrounds.  Both 
Chad  and  Duke  were  undergraduate  students  with  no  teaching  experience 
and  no  methods  courses  for  teaching  mathematics.  Both  had  completed  3 
college-level  mathematics  course  with  grades  of  A  or  B.  Both  were 
preparing  to  teach  mathematics  on  the  middle-school  level.  Also,  the 
lengths  of  their  Journal  entries  and  videotape  transcriptions  were  similar, 
so  that  merely  the  amount  of  verbiage  would  not  contribute  significantly 
to  differences  in  explicit  references  to  cognitive  monitoring.  Throughout 
the  following  descriptions,  direct  quotes  are  from  the  subject's  Problem 
Set  solutions,  Journal  entries,  and  videotape  transcripts. 


Duke 

At  the  beginning  of  the  course,  Duke  felt  a  "bit  apprehensive," 
stating  that  "word  problems  have  never  been  my  favorite."  She  described 
her  initial  level  of  problem-solving  ability  as  "enough. .  .to  flounder  myself 
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tlrough  if  necessary"  but  that  sne  frequently  got  "bogged  down  by  words." 
In  her  first  Problem  Set,  her  metacognitlve  revelries  were  limited  to 
statements  such  as  "set  up  an  equation,"  "draw  picture  to  see  where 
circles  are,"  and  "dead  end.'  This  last  comment  indicates  some  awareness 
of  monitoring  but  was  not  followed  by  any  attempt  to  salvage  the  positive 
aspects  of  the  solution  path.  Her  first  videotape  session  included  only  4 
monitoring  statements,  of  which  3  wore  almost  Identical. 

By  the  middle  of  the  course.  Duke's  confidence  in  problem  solving 
was  Increasing.  "I  can  now  look  at  a  problem  without  panic."  Her  aware- 
ness of  her  own  progress  (or  lack  of  It)  on  a  problem  was  definitely 
growing.  In  response  to  a  problem-solving  session  In  class,  she  described 
herself  as  reaching  "a  high  level  of  frustration. .  .  .1  was  having  trouble 
changing  my  perspective  of  the  problem.  I  had  the  general  idea  of  what 
was  going  on,  but  couldn't  see  how  I  needed  to  break  the  problem  down  Into 
parts."  After  another  class  session,  she  wrote  that  "I  think  If  I  had  had 
enough  time  I  could  have  figured  It  out  though  because  I  knew  I  was  on  the 
right  track."  In  her  Problem  Sets,  Duke  was  beginning  to  Include  searches 
for  more  than  one  solution  and  generalizations  of  patterns.  The  tendency 
to  generalize  a  pattern  did  not  carry  over  to  her  second  videotape  session 
but  she  did  solve  the  problem  In  2  different  ways.  She  still  Included  only 
4  monitoring  statements,  but  they  were  all  different,  apparently  monitor- 
ing different  things  (e.g.,  one  on  the  difficulty  of  the  solution  path,  "I  think 
I'm  making  this  too  hard.";  vs.  one  on  the  compatibility  of  the  2  solutions, 
"Hope  this  gives  me  the  same  answer  as  before.") 

By  the  end  of  the  course,  Duke's  awareness  of  and  confidence  In  her 
problem-solving  abilities  had  not  kept  pace  with  the  development  of  her 
abilities.  Her  solutions  In  her  Problem  Sets  were  quite  sophisticated  and 
rich  In  strategies.  Yet,  In  approaching  the  take-home  exam,  Duke  said  she 
felt  "frazzled"  and  didn't  know  "how  I  will  ever  be  able  to  do.  .  .those 
problems.  They  look  tough."  (It  Is  true  that  the  exam  contained  some  very 
complex  problems.)  After  she  turned  In  the  exam  and  we  went  over  the 
problems  In  class,  she  described  her  confidence  level  as  high  and  bemoaned 
the  fact  that  she  had  not  turned  in  some  of  her  solutions  "because  I  didn't 
at  that  point  have  enough  confidence  In  what  I  had  done."  Apparently,  her 
awareness  had  not  effectively  monttored  the  correctness  of  her  solutions. 
In  her  third  videotape  session,  Duke's  transcript  was  literally  peppered 
with  monitoring  statements.  She  seemed  to  simultaneously  monitor  her 
progress  toward  a  solution,  her  progress  with  a  chosen  solution  path,  and 
the  correctness  of  her  local  procedures.  She  was  aware  that  her  last 
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solution  method  (i.e.,  counting  the  kinds  of  rectangles  and  the  number  of 
each  kind)  would  eventually  give  her  a  solution  but  also  that  she  might  not 
have  executed  It  correctly.  "If  I  didn't  leave  any  of  them  out,  then  1092 
should  be  the  answer. .  .1  hopel" 

When  Duke  was  asked  to  reflect  upon  whether  she  had  developed 
more  awareness  of  her  metacognltlve  processes  during  the  course  or 
whether  she  had  merely  developed  a  vocabulary  with  which  to  express  her 
processes,  she  felt  she  had  developed  more  awareness.  She  admitted  that 
part  of  what  she  learned  was  vocabulary,  but  added  that  "on  the  other  hand, 
I  think  that  I  am  also  more  aware  that  something  la  going  on.  When  I  sit 
down  now  to  do  a  problem,  I  realize  that  my  brain  goes  Into  action  and  that 
It  has  all  of  these  avenues  It  explores,  and  I  can  kind  of  watch  It  explore 
and  direct  It  sometimes."  Such  a  statement  Is  In  stark  contrast  to  her 
earlier  statements  of  "floundering'  through  problems. 

Chad 

Chad's  story  begins  very  similarly  to  Duke's  but  does  not  progress  In 
the  same  way.  Chad  also  felt  "very  apprehensive"  about  the  course.  She 
said  that  her  previous  experience  In  problem  solving  was  limited  to  word 
problems  that  "have  a  certain  method  of  obtaining  a  set  solution."  As  with 
Duke,  Chad's  first  Problem  Sets  contained  very  limited  descriptions  of 
processes.  Her  first  videotape  transcript  contained  several  monitoring 
statements  but  they  were  all  related  to  whether  or  not  the  Income  had 
peaked  yet  and  to  correcting  her  many  procedural  and  arithmetic  errors. 

Throughout  the  course,  I  had  several  discussions  with  Chad  about 
elaborating  on  her  cognitive  processes  In  her  solutions  for  the  Problem 
Sets.  She  frequently  said,  "I  don't  know  how  I  do  It.  I  Just  do  It. . . .  I  don't 
know  why  I  did  It  that  way. ...  I  don't  know  why  I  quit  doing  It  that  way 
and  tried  another  way."  She  seemed  unable  to  comprehend  the  possibility 
of  monitoring  her  own  processes. 

By  midway  through  the  course,  we  were  emphasizing  alternate  solu- 
tion paths,  multiple  solutions,  and  generalizations.  Chad  wrote  in  her 
Journal,  "Some  solutions  may  come  easy  to  me  yet  I  only  see  one  way  to 
get  to  this  solution.  . .  .On  problems  that  I  cannot  figure  out  the  correct 
solution,  I  become  very  frustrated."  In  the  Problem  Sets,  Chad  rarely  went 
beyond  a  single  solution  and  rarely  generalized  to  an  n-th  case.  In  her 
transcript  for  the  second  videotape  session,  there  are  no  monitoring 
statements  at  all.  She  merely  drew  the  10-stalr  picture  and  counted.  She 
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made  no  attempt  to  do  the  problem  another  way  or  to  relate  It  to  the 
generalization  of  triangular  numbers  that  we  had  used  frequently  in  class 
and  in  the  Problem  Sets. 

At  the  end  of  the  course,  Chad's  situation  is  opposite  to  Duke's. 
Chad  felt  "nervous"  before  the  exam  but  "confident  with  my  problem 
solving  abilities. .  .much  better  about  the  looking  back  experiences  and  I 
really  think  that  I  am  ready  to  do  well."  However,  her  exam  responses 
were  vague  and  her  solutions,  though  sometimes  correct,  were  not  rich  in 
strategies  and  processes.  In  her  third  videotape  session,  she  did  exhibit  a 
certain  level  of  awareness  with  several  monitoring  statements.  But  the 
statements  were  related  to  her  confusion  in  the  attempted  solution,  e.g., 
"That's  not  right,"  "I  don't  know  how  else  you  would  go  about  doing  this,"  *l 
can't  figure  out  how  you  would  make  that  chart,"  and  "It's  a  big  difference 
between  those  two  numbers  and  I  can't  Justify  where  either  one  of  them 
actually  came  from."  She  seems  to  be  aware  of  her  confusion.  Yet,  she 
forges  on  to  a  solution  anyway.  "So,  there  would  be  848  different  rec- 
tangles. But  I  can't  actually  justify  why."  Though  she  does  not  exhibit 
great  confidence  In  her  solution,  she  also  does  not  seem  aware  that  it  is 
incorrect  or  that  there  does  not  seem  to  be  much  that  could  have  been 
salvaged  from  her  solution  path. 

When  asked  to  reflect  on  whether  she  had  developed  awareness 
during  the  course  or  only  learned  vocabulary  to  use  in  expressing  her 
processes,  Chad  seemed  to  miss  the  point  of  the  distinction.  She 
responded  In  her  Journal,  "At  first  It  was  just  vocabulary,  but  now  It  is 
used  and  is  quite  helpful. . .  .in  the  problems  given,  they  require  thought 
and  these  ideas  (vocabulary)  have  shown  us  [ways]  through  these  problems. 
So,  It  is  not  only  vocabulary  but  useful  ideas."  Another  Journal  entry 
summarizes  Chad's  final  "state."  "I  know  and  understand  the  sophisti- 
cation of  problem  solving,  yet  I  find  myself  still  strictly  thinking  mathe- 
matically and  looking  Just  for  an  answer." 

Conclusion 

The  two  subjects  described  here  show  clear  differences  In  the 
development  of  awareness  during  mathematical  problem  solving.  I  suggest 
that  the  differences  are  shown  not  only  in  the  number  of  monitoring 
statements  but  In  the  substance  of  those  statements.  Chad  was  clearly 
monitoring  herself  in  the  last  videotape  transcript,  but  the  substance  of 
the  monitoring  was  primarily  her  confusion.  In  contrast,  Duke's  monitor- 
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Ing  statements  Indicated  that  she  was  monitoring  several  things  simul- 
taneously. The  substance  of  Duke's  statements  referred  to  prujie&s 
toward  a  solution,  progress  within  the  current  solution  path,  and  correct- 
ness of  local  procedures. 

It  Is  unlikely  that  significant  progress  In  understanding  and 
measuring  the  phenomenon  of  awareness  of  metacognltlve  processes 
during  problem  solving  will  come  quickly  or  easily.  My  own  monitoring  of 
our  progress  towards  that  goal  suggests  we  have  a  very  long  ways  to  go 
yet.  I  believe  the  study  of  the  development  of  awareness  will  be  useful  in 
eventually  understanding  and  measuring  awareness. 
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METACUGNITION  AND  MATHEMATICAL  PROBLEM-SOLVING: 
PRELIMINARY  RESEARCH  FINDINGS 

Joe  Carofalo,  SUNY  at  Buffalo 
Diana  Laabdin  Kroll,  Indiana  University 
Frank  K.  Lester,  Jr.,  Indiana  University 


The  purpose  of  this  paper  is  to  present  preliminary 
findings  from  our  current  National  Science  Foundation 
project  investigating  the  role  of  metacognitlon  in 
mathematical  problem  solving.     Specifically,  the  objectives 
of  our  research  are:     (1)  to  assess  the  metacognitive 
bahaviors  of  grade  seven  children  engaged  in  mathematical 
problert-solving  activity  and  (2)  to  explore  the  extent  to 
which  thaae  students  can  be  taught  to  be  more  strategic  and 
more  self-aware  of  thair  problem-solving  behaviors. 


Metacognitlon  refers  to  the  knowledge  and  control  one  has  of  one's 
cognitive  functioning;  that  is,  what  one  knows  about  one's  cognitive 
performance  and  how  one  regulates  one's  cognitive  actions  during 
performance.    Hetacognitive  knowledge  about  one's  mathematical 
performance  includes  knowing  about  one's  strengths,  weaknesses,  and 
processes,  together  with  an  awareness  of  one's  repertoire  of  tactics 
and  strategies  and  how  these  can  enhance  performance.    Knowledge  or 
beliefa  about  mathematics  that  can  effect  one's  performance  are  also 
considered  metacognitive  in  nature.    Examples  of  metacognitive 
knowledge  include  knowing  that  one  is  sloppy  at  computation,  and 
knowing  that  the  "key  word"  strategy  cannot  be  used  to  solve  every  word 
problem.    The  control  and  regulation  aspect  of  metacognitlon  has  to  do 
with  the  decisions  one  makes  concerning  when,  why,  and  how  one  should 
explore  a  problem,  plan  a  course  of  action,  monitor  one's  actions,  and 
evaluate  one's  progress,  plans,  actions,  and  results.    This  self- 
regulation  is  influenced  by  one's  metacognitive  knowledge.    For  example , 
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if  one  recognizes  a  given  problem  as  being  complex,  then  she  is  more 
likely  to  take  time  to  explore  the  conditions  of  the  problem  and  plan 
methods  of  solution  before  attempting  to  determine  an  answer. 

PROJECT  DESCRIPTION 

Our  metacognition  project  consists  of  three  phases:  prc-trcatment 
assessment  of  mathematical  performance  and  metacognitive  behaviors, 
instructional  treatment,  and  post-treatment  assessment.    The  pre-  and 
post-treatment  assessments  involve  performance  on  a  written  test  of 
routine  and  non-routine  mathemat ics  problems,  performance  of  selected 
students  on  routine  and  non-routine  problems  observed  through 
individual  interviews,  and  performance  of  selected  students  observed  as 
they  work  in  pairs  on  non-routine  problems.     The  individual  and  pair 
interviews  are  being  video-taped  and  performance  is  being  analyzed  in 
terms  of  behaviors  exhibited,  strategies  used,  and  decisions  made. 

The  instructional  treatment  is  being  presented  three  days  per  week 
for  a  period  of  12  weeks  and  consists  of  three  metacognitive  components: 
the  teacher  as  external  monitor,  the  teacher  as  facilitator  of  students' 
metacognitive  development,  and  the  teacher  as  model.     The  "teacher  as 
monitor"  component  consists  of  a  set  of  teaching  actions  for  the  teacher 
to  engage  in:     (1)  to  direct  whole-class  discussions  about  a  problem  to 
be  solved;   (2)  to  observe,  question,  and  guide  students  as  they  solve 
problems;  and  (3)  to  lead  whole-class  discussions  about  solution 
attempts.     The  "teacher  as  facilitator"  component  involves  the  teacher: 
(1)  asking  questions  and  devising  assignments  that  require  students  to 
analyze  their  mathematical  performance;  (2)  pointing  out  aspects  of 
mathematics  that  have  a  bearing  on  performance;  and  (3)  helping  students 
build  a  repertoire  of  heuristics  and  control  strategies,  along  with 
knowledge  of  their  usefulness.     The  "teacher  ao  model"  component 
involves  the  teacher  explicitly  demonstrating  regulatory  decisions  and 
actions  while  solving  problems  for  the  students  in  the  classroom. 

The  subjects  for  this  study  are  students  in  two  seventh-grade 
mathematics  classes  in  Monroe  County.  Indiana.     One  class  is  a  regular- 
level  class,  the  other  is  an  advanced- level  class.     The  instructional 
treatment  is  being  presented  by  one  of  the  investigators  (FKL). 

SOME  PRELIMINARY  FINDINGS 

The  preliminary  findings  reported  here  consist  of:     (1)  a  very 
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abbreviated  comparison  of  the  performance  of  an  advanced-level  student 
(AA)  with  that  of  a  regular-level  student  (WC)  based  on  observations 
aada  during  individual  interviews  with  each,  and  (2)  reports  of 
classroom  observations  made  during  instruction. 

Observations  of  AA  and  WC 

These  observations  are  based  on  two  45-minute  individual  interview 
sessions  with  each  student.    During  the  interview  sessions,  the  students 
worked  on  the  four  problems  given  below! 

g*nn*dy  collected  225  tape  cassettes  and  A  old  shoe  boxes 
to  put  them  in.     If  ha  puts  the  same  number  of  cassettes  in 
each  box,  how  many  extra  cassettes  will  there  be? 

The  six  grade  math  teacher  did  an  experiment  with  her 
students.    One  at  a  time,  students  were  to  give  .,er  change  for 
a  50c  piece  without  using  pennies.    No  student  could  use  the 
same  set  of  coins  as  someone  else.    How  many  students  will  be 
able  to  give  her  change? 

Atlas  Steel  makes  A  different  types  of  steel.    From  a 
shipment  of  300  tons  of  raw  steel,  the  factory  produced  60 
tons  of  type  I,  which  sold  for  $60  a  ton;  75  tons  of  type  II, 
which  sold  for  $65  a  ton;  120  tons  of  type  III,  which  sold 
for  $72  a  ton;  and  45  tone  of  type  IV,  which  sold  for  $95  a 
ton.    Raw  steel  costs  »A0  a  ton.     It  costs  the  factory 
$2,500  to  convert  every  300  tons  of  raw  steel  into  the  A 
types.    How  much  profit  did  Atlas  make  on  this  shipment? 

There  are  10  people  at  a  party.     If  everyone  shakes 
hands  with  everyone  else,  how  many  handshakes  will  there  be? 
On  working  the  "Kennedy"  problem  WC  read  the  problem  several  times 
before  dividing  A  into  225.    She  then  read  the  problem  again,  mentally 
estimated  A  times  56,  and  multiplied  A  times  56.    She  read  the  problem 
again  and  wrote  out  "56  in  each  box"  and  "1  left  over."    She  claimed 
she  read  it  over  and  over  "just  to  make  sure  it's  division."  When 
asked  how  she  usually  decides  which  operation(s)  to  use,  she  replied 
"It's  the  one  that  makes  sense,  and  when  you  check  it,  you  get  the 
numbers  in  the  problem  back."    She  did  go  on  to  explain  that  when 
unsure,  she  tries  all  four  of  the  operations  and  then  picks  the  one  that 
makes  the  most  sense.    AA  on  the  other  hand,  read  the  problem  over 
several  times  then  divided  A  into  225.  saying  under  her  breath  "A  into 
225  goes..."    she  did  not  reread  the  problem  again,  nor  did  she  check 
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her  division,  nor  did  she  write  out  her  answer. 

On  the  "change"  problem,  WC  read  the  problem  several  times  then 
divided  5  into  50,  10  into  50,  and  25  into  50.    She  labelled  her 
quotients  5c,  10c.  and  25c  respectively.    When  it  was  explained  that  the 
change  did  not  have  to  be  in  all  of  the  same  coin  ehe  immediately  began 
adding  combinations  of  5's,  10's,  and  25's,  first  in  a  vertical  running 
total  then  in  a  horizontal  series  of  single  additions  (she  had  trouble 
tallying  the  coins  using  a  running  total).     Her  plan  was  to  list  as  many 
combinations  as  she  could  using  at  least  one  of  each  coin,  add  these  up 
as  she  went  along,  and  then  go  back  at  the  end  to  check  for  repeats. 
She  checked  periodically  for  repeats  as  she  went  along,  but  so  poorly 
that  she  did  not  spot  the  ones  she  had.    This  may  have  been  because  she 
didn't  attend  to  it  very  much  since  her  plan  was  to  go  back  later  or 
because  she  was  overloaded  trying  to  find  new  combinations  and  old 
ones  at  the  same  time.     In  this  manner,  she  listed  and  totaled  7 
combinations  of  coins,  5  of  which  were  repeats,  which  she  noticed  only 
when  she  checked  at  the  end.    She  checked  and  rechecked  her  calculations 
using  a  lot  of  pencil  movements,  and  tallied  and  labelled  each 
combination  of  coins.     AA's  approach  was  very  different.     Aftcx  reading 
the  problem,  she  began  listing  combinations  of  coins,  not  by  their 
values,  but  by  using  q's.  d's.  and  n's.    her  plan  was  to  list  all  the 
combinations  she  could.     Although  the  specifics  of  her  plan  evolved  as 
she  went  along,  her  work  was  fairly  organized.    She  did  a  lot  of 
tallying  under  her  breath  as  she  worked  and  used  her  pencil  to  keep 
track  of  what  she  was  tallying.     She  realized  that  her  strategy  was  not 
ae  organized  as  it  could  be  and  referred  to  it  as  "a  little  awkward  for 
making  sure  I  got  them  all." 

On  the  "Atlaa  Steel"  problem,  WC  read  the  problem  many  times  and 
mainly  "looked  at  the  numbers  to  try  to  figure  out  what  to  do."  She 
started  adding  weights,  then  costs,  then  gave  up  on  addition.    She  then 
began  to  multiply  weights  by  coats.    She  used  her  pencil  to  locate  the 
numbers  in  the  problem  to  "get  the  right  numbers."    After  she  added  up 
the  resulting  products  she  didn't  know  what  to  do.     She  then  began 
dividing  the  products  by  300.     She  realized  this  "didn't  make  sense"  so 
she  gave  up.     As  in  the  previous  problem,  she  used  a  lot  of  pencil 
movements  in  her  calculations  to  "keep  or,  the  right  columns."    AA,  on 
the  3ther  hand,  read  the  problem  several  times  and  focussed  on  the  whole 
problem,  not  just  the  numbers.     She  realized  she  would  have  to  compute 
income  and  outlay  and  then  subtract.     She  worked  with  a  "profit  ,il»ema" 
in  mind.     Again  she  talked  to  herself  while  calculating  and  used  buhw 
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pencil  movements.    She  didn't  "waste  time"  checking  because  oho 
"probably"  calculated  correctly.    To  her,  the  problem  is  solved  "after 
you  know  w'.iat  to  do — the  rest  ia  Just  unraveling  it." 

On  the  "handshake"  problem,  WC  read  the  problem,  naked  if  they 
"ahahe  with  both  hands,"  then  multiplied  10  times  1  and  10  times  10  (and 
got  1000).    When  asked  to  explain  the  10  times  1  and  10  times  10,  she 
realized  that  "they  ain't  gonna  shake  with  themselves."    She  quickly 
multiplied  9  times  1,  and  10  times  9,  then  checked  her  calculations  and 
said  "ninety."    After  discussing  her  work  further,  she  thought  "it  would 
only  be  nine  handshakes."    She  thought  about  it  some  more  and  went,  back 
to  90.    When  Che  situation  was  modelled  with  three  people,  she  shouted 
"Oh  ay  God,  1  Just  thought  of  something. . .you're  not  gonna  shake  twice." 
She  then  divided  2  into  90,  initially  making  a  mistake  because  she 
"worked  too  fast.".  AA  also  started  with  10  times  10,  but  was  unsure. 
She  talked  about  It  under  her  breath  and  used  her  pencil  to  do  the 
multiplication  in  tha  air  and  not  on  the  paper.    She  then  wrote  down  ten 
9's  and  said  "ninety."    After  being  informed  that  her  answer  was 
incorrect  oho  thought  about  the  problem  some  more  and  wrote  a  9  and  un 
8.    She  then  asked  if  her  first  solution  was  indeed  incorrect  and  after 
being  told  that  it  wes,  she  listed  9  through  I,  aaid  "pluo  zero,"  and 
added  up  the  numbers. 

In  summary,  WC  began  working  on  problems  even  before  she  was 
satisfied  that  she  had  a  complete  understanding  of  it.    She  did  not 
spend  enough  time  analyzing  the  data,  exploring  her  understanding,  and 
planning  a  solution.    Thi3  is  obvious  in  her  approach  to  all  of  the 
problems.     In  the  "Kennedy"  problem  she  constantly  went  back  to  the 
problem  to  "make  sure  it's  division;"  in  the  "change"  problem  she 
initially  misinterpreted  the  conditions  of  the  problem,  and  after  being 
informed  of  this,  immediately  grasped  on  to  another  misinterpretation 
and  began  to  work,  again  without  evaluating  this  new  interpretation;  in 
the  "Atlao  Steel"  problem  she  moved  from  addition,   to  multiplication, 
to  division  hoping  that  one  of  these  would  "make  sense;"  and  In  the 
"handshake"  problem,  she  had  to  be  prompted  to  realize  that  people  don't 
shake  their  own  hands  and  that  people  don't  shake  hands  twice.  WC 
opent  a  lot  of  time  calculating  and  checking  her  calculations,  even  when 
unnecessary  (e.g.  multiplication  by  one...).     She  used  a  lot  of  pencil 
movements  to  keep  on  track  and  was  able  to  make  on-line  adjustments  of 
some  local  actions.    Also,  she  was  very  careful  to  tally  and  label 
quantities  when  appropriate. 

AA,  on  the  other  hand,  was  more  concerned  with  understanding  a 
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problem  before  putting  work  down  on  paper  than  she  wan  with  calculating 
correctly  and  labelling  results.     She  started  working  on  paper  only 
aftur  she  felt  she  hud  n  good  understanding  of  Chi'  problem  and  had 
"figured  out  what  to  du."    This  was  particularly  obvious  In  the 
"handshake"  problem  when  her  first  calculations  were  close  In  the  nit. 
She  didn't  use  us  many  pencil  movements  as  WC  to  keep  her  on  track  when 
calculating,  but  Instead  talked  to  herself  when  working.     She  claimed 
this  keeps  her  attuntlon  focussed  on  what  she's  doing.     She  was  content 
that  she  knew  how  to  solve  the  problems,  and  was  confident  enough  her 
calculations  were  "probably  right"  that  she  felt  no  need  to  check  them. 

Observations  During  Instruction 

The  observations  reported  here  are  ill  reference  to  the  three 
aspects  of  the  Instructional  treatment . 

The  teacher  as  external  monitor.     In  many  cases,  especial ly  In  the 
regular-level  class,  the  students  were  weak  In  the  basic  skills 
nccosoary  to  complete  the  problems.    Thus,  much  of  the  "eitternal 
monitoring"  time  was  spent  explaining  how  to  do  caleulat loini  or  how  to 
reason  logically,  rather  than  discussing  metacognltlve-level 
considerations.    Our  observation  at  thin  point  is  that  teachers  must 
expect  to  provide  Instruction  in  butiie  ski]  la  and  problem-solving 
strategies  simultaneously  with  Instruction  In  metacognit lve  awareness. 

The  teacher  as  facilitator.     One  way  In  which  students  were 
directed  to  reflect  upon  their  own  cognition  was  by  completing  self- 
Inventory  sheets  on  which  they  listed  their  own  strengths  and  weaknesses 
In  problem  solving.     In  the  regular-level  class  many  students  could 
think  of  nothing  to  record.    The  advanced-level  clasB  had  much  less 
difficulty.     Similarly,  when  assigned  to  solve  a  problem  and  then  to 
write  a  narrative  describing  their  thought  processes  as  they  had  solved 
it,   the  advanced-level  students  compiled  with  about  a  paragraph  each. 
The  regular  students,  almost  without  exception,  failed  to  turn  In  a 
narrative.     We  suspect  a  combination  of  factors  contributed  to  this 
outcome*.     the  weaker  mathematics  students  may  also  suffer  from  weaker 
writing  skills  to  the  extent  that  writing  such  a  narrative  was  beyond 
them;  the  weaker  students  are  not  as  conscientious  about  completing 
homework  assignments;  and  the  weaker  students  may  have  more  difficulty 
reflecting  on  their  own  thought  processes. 

The  teacher  as  model.     Of  course,  whenever  the  teacher  explained 
the  solution  of  a  problem,  he  pointed  out  the  Importance  of  rereading 


ERIC 


-  228  - 


to  clarify  understanding,  ho  discussed  why  a  particular  strategy  was 
chosan,  he  openly  checked  his  calculations,  and  he  always  pointed  out 
the  importance  of  comparing  the  final  answer  with  the  conditions  of  the 
problem.    But  theae  actions  are  no  more  than  an  elaboration  on  a  typical 
tuacher's  explanation.    Our  efforts  to  go  a  step  further,  and  have  the 
students  observe  the  monitoring  strategies  used  by  an  "export"  problem 
solver  as  ha  solved  a  problem  he  had  not  solved  before  vara  loos  than 
successful  at  first.    The  teacher  served  os  "expert,"  solving,  on  the 
spot,  «  problem  posed  by  a  research  assistant.    However,  the  teacher 
found  it  very  difficult  to  maintain  a  role  of  "expert"  problem  solver. 
He  fell  quickly  into  the  role  of  teacher,  and  soon  wan  explaining, 
rather  than  modelling.    Hot  surprisingly,  the  students  found  it  hard  to 
locus  on  the  teacher  aa  an  expert  model,  rather  than  an  a  teacher- 
explainer.    Some  of  their  notes  on  what  the  "expert"  did  well,  and  not 
no  well,  concerned  the  effectiveness  of  what  they  apparently  considered 
a  teaching  demonstration  rather  than  a  demonstration  of  expert  problem 
eolv.'ng.    They  wrote  such  observations  as  "talked  too  fast,"  "wrote  big 
and  na&t  on  the  board,"  didn't  explain  clearly,"  etc.    A  modification 
of  the  modelling  procedure,  in  which  the  atudefits  viewed  a  video-tape 
of  a  research  assistant  solving  a  problem  at  a  desk  worked  much  better 
as  a  model  for  expert  problem  solving.    The  otuduntu  had  no 
expectations  that  the  assistant  should  "write  neatly"  or  "explain 
clearly,."  since  she  was  obviously  Just  writing  while  talking  to  herself, 
not  to  them.    Thus,  thay  were  better  able  to  concentrate  on  observing 
the  monitoring  strategies  that  she  used. 

The  above  project  description  and  data  presentation  nrc 
admittedly  very  brief.    Space  considerations  allow  ue  to  give  only  a 
flavor  of  our  current  work.    We  also  refrained  from  drawing  any 
definite  conclusions  from  thlB  work  because  both  the  data  analysis  and 
the  instructional  treatment  are  still  in  progress. 
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SUCCESS  AND  UNDERSTANDING 
WHILE  SOLVING  GEOMETRICAL  PROBLEMS  IN  LOGO. 

Jean-Luc  Gurtner 
University    de  Fribourg  and  Concordia  University 


An  analysis  of  the  planning  and  debugging  activities  of 
12-year  old  children  solving  geometrical  problems  in  LOGO 
leads  to  the  description  of  four  important  general  beliefs 
these  children  have  about  successful  problem  solving,  se- 
quentiality,  locality,  progressive  improvement  and  accepta- 
bility. 

Their  performance  on  tasks  related  to  previously  solved 
problems  (figures  produced  on  the  screen) ,  reveals  three 
different  levels  of  awareness  of  both  the  solutions  found 
and  the  geometrical  characteristics  of  the  objects  that 
they  have  vnrked  on,  outcome  awareness,  solution  path  aware- 
ness and  implicative  awareness,  corresponding  to  fragmented, 
integral  but  unidirectional  and  finally  general  conceptuali- 
zation of  the  object. 


'me  gap  between  success  and  understanding  is  wide  and  everyone  has 
experienced  situations  where  one  has  been  successful  without  knowing 
why,  sometimes  without  even  noticing  it.  Success  obtained  this  way 
cannot  however  be  regarde  as  the  most  fruitful  for  transfer  and  further 
success.  As  Si/ton  noted,  transfer  will  be  secured  only  if  the  learner 
is  made  or  becomes  aware  of  his  skills  (Simon,  1980) .  In  this  perspec- 
tive, performance  analysis  should  be  regarded  as  useful  as  much  in 
cases  of  success  as  in  cases  of  failure,  but  solvers  seldom  take  this 
point  of  view.  The  attempt  to  solve  a  problem  successfully  may  require 
so  many  of  the  solver's  resources  that  looking  for  understanding  at 
tlie  s-ime  time  may  be  perceived  as  an  obstacle.  As  Norman  put  it  : 
"there  is  no  better  way  to  ruin  a  performance  than  to  think  simultane- 
ously about  the  details  of  its  execution"  (Norman,  1982,  p. 69)  . 

Itoiearch "landed  by  PCAR,  Grant  EO-3004,  directed  by  Joel  Hillel, 
and  the  FNRS,  Grant  81.353.0.86. 

I  would  like  to  thank  C.  Kieran  and  J.  Hillel  for  their  assistance  with 
the  collection  of  the  data  and  their  helpful  contents. 
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The  play  between  success  and  understanding  is  particularly  sharp  in 
IOGO  where  educators'  objectives  pull  towards  understanding  while 
children  mainly  look  for  success. 

In  this  paper  we  will  report  on  two  aspects  of  children's  solutions 
in  a  IOGO  environment.  We  will  first  show  some  beliefs,  in  Schoenf eld ' a 
sense  (Schoenf eld,  1985),  that  underlie  children's  conception  of  how  ■ 
to  be  successful  while  solving  geometrical  p^oblcro  in  LOGO.  We  will 
then  show  differ  ant  levels  of  awareness  of  both  the.  solutions  found 
and  of  the  characteristics  of  the  tasks. 


THE  LQQO  ENVHOMENT 


The  subjects  in  this  study  were  six  12-year  old  children  (4  boys 
and  2  girls)  of  average  Grade  6  level  in  math.  They  came  as  volunteers, 
after  school  hours,  one  hour  a  week  for  24  sessions. 

Their  IOGO  environment  consisted  of  a  set  of  six  predefined  proce- 
dures : 

TKT  :A,    TLT  :A       Rotates  the  turtle  slowly  either  to  the 
right  or  the  left  by  A  degrees. 

M3VE  :N  toves  the  turtle  N  steps  in  a  fixed  directi- 

on without  leaving  a  trace. 

BASELINE  :N  Produces  a  horizontal  segment  N  steps  in 

lenght. 


TEE  :N  Produces  the  figure 

where  bt/th  line  seg- 
ments have  lenght  N. 

RECT  :X  :Y  Produces  a  rectangle  of  dimensions  X  and  Y. 

The  last  three  procedures  are  state  transparent  (i.e.  turtle's  ini- 
tial and  final  position  and  orientation  are  the  same) . 


TASK  AND  DATA  DESCRIPTION 


For  this  study  we  used  two  kinds  of  tasks  :  on-  and  of  f-canputer 
tasks. 

In  the  on-computer  tasks,  subjects  had  to  write  programs  that  would 
produce  geometrical  pictures  on  the  screen  like  the  ones  shown  in  Fig.l. 
Figure  1A  was  given  during  sessions  4  and  5  and  Figure  IB  in  session  6. 
Special  requirements  were  c-onveyed  orally  :  for  Figure  1A,  the  baseline 
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had  to  be  drawn  first  and  the  two  big  tees  had  to  just  meet  (no  over- 
lap and  no  gap) .  For  Figure  IB,  the  outside  shape  had  to  be  a  square, 
and  inside  that  square,  the  stem  (i.e.  the  vertical  rectangle  B  in  Fig. 
IB  had  to  be  centered  and  of  the  same  width  as  the  bar  (i.e.  the  rec- 
tangle A  in  Fig  IB. 


Fig.  1 


Two  of  the  figures  to  be  drawn  using  the  commands  listed 
above. 


*  D 

A 

d 

B 

Fig.  1A  :    The  4-Tees  figure        Fig.  IB  :  The  Rectangles  figure 

These  tasks  were  especially  chosen  because  of  the  high  degree  of 
interdependence  among  the  different  components.  For  example,  in  the 
4-Tees  figure,  the  choice  of  input  for  BASELINE  completely  determines 
ail  the  subsequent  inputs  to  the  TEE  and  MOVE  procedures.  This  means 
that  a  successful  solution  can  only  be  achieved  by  analytical  means 
rather  than  through  a  strategy  of  trial  and  adjustment. 

The  description  of  the  beliefs  underlying  LOGO  problem  solving  ac- 
tivities is  taken  from  the  careful  analysis  of  the  dribble  files  pro- 
duced by  our  subjects,  of  the  changes  progressively  made  in  the  text 
of  their  programs,  and  of  the  comments  made  during   the  activity  of 
solving  twelve  such  geometrical  problems. 

The  off -computer  tasks  were  given  at  a  later  date  to  assess  chil- 
dren' 3  level  of  awareness  of  both  the  characteristics  of  the  figures 
they  had  to  draw  and  the  solutions  they  had  found.  These  tasks  were  : 


The  Measure  Attribution  Task  (2  weeks  after  the  corresponding  pro- 
duction task  for  Figure  IB;  not  given  for  Figure  1A) .  Given  the  print- 
out of  the  figure,  subjects  had  to  express  the  dimensions  of  the  fi- 
gure numerically.    No  conditions  were  made  on  the  order  in  which  the 
dimensions   should  be  indicated. 

The  Input  Insertion  Task  (4  weaks  after  the  corresponding  produc- 
tion task  for  Figure  1A;  not  given  for  Figure  IB) .  Subjects  were  given 
the  print-out  of  the  figure  and  the  corresponding  program  without  the 
inputs  to  the  commands  BASELINE,  TEE  and  MOVE,  and  were  asked  to  fill 
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than  in.  As  in  the  Production  Task,  the  program  had  BASELINE  as  its 
first  instruction. 

In  these  two  tasks,  subjects  were  encouraged  to  check  their  soluti- 
ons afterwards. 

The  Description  Task  (4  months  after,  for  Figure  LA  and  Figure  IB) . 
Subjects  were  given  print-outs  of  the  figures  and  were  asked  to  descri- 
be verbally,  among  other  things,  any  difficulties  they  might  have  had 
in  producing  the  figures  and  how  they  handled  these. 

The  Procedure  Evaluation  Task  (4  nrnths  after,  for  Figure  1A;  not 
given  for  Figure  IB) .  Subjects  were  given  four  programs  related  to  the 
figure,  that,  for  the  same  BASELINE,  presented  different  inputs  for 
the  central  interval  (distance  D  in  Fig  1A) .  Subjects  were  asked  to 
decide  on  their  correctness  and  to  give  reasons  for  their  evaluation. 

DISCUSSION 

BELIEFS  UNDERLYING  THE  SOLUTION  OF  TURTLE  GEOMETRY  PROBLEMS. 

The  debugging  strategies  used  by  our  subjects  can  be  seen  to  be  di- 
rected by  the  fundamental  assumption  that  the  way  towards  a  solution 
is  generally  by  progressive  matching  between  the  current  production 
and  the  target  object. 

This  assumption  underlies  at  least  the  four  following  beliefs  about 
the  sources  of  mistakes  and  the  ways  to  success,  beliefs  that  in  their 
turn  focus  the  solver's  attention  to  specified  parts  of  the  program. 

SEQUENTIALITi:  Mismatches  between  the  current  production  and  the  target 
figure  can  be  dealt  with  sequentially  rather  than  in  parallel  (unless 
sane  components  of  the  figure  are  related  in  a  very  obvious  way) .  ttost 
of  the  time  our  subjects  changed  the  size  of  the  tees  in  Figure  LA  in 
pairs  and  without  changing  the  corresponding  intervals. 

LOCALITY:  A  mismatch  between  a  component  of  the  production  and  that  of 
the  target  figure  is  attributable  to  the  input  chosen  for  the  compo  - 
nent  itself  rather  than  to  the  effect  of  any  other  input.  The  reasons 
that  led  to  the  choice  of  the  input,  whether  based  on  visual  informa- 
tions, verbal  constraints  or  determined  by  previous  inputs  are  judged 
irrelevant.  For  instance  in  the  Rectangles  figure,  Karen's  first  at- 
tempt produced  an  uncentered  but  correctly  sized  stem.  The  mismatch 
was  nevertheless  attributed  to  the  procedure  that  draw  the  stem  and 


-  233  " 


so  she  modif  ied  its  width  (which  was  indeed  constrained  by  that  of  the 
bar  to  meet  the  problem's  condition)  rather  than  its  placement  (distan- 
ce d  in  Figure  IB) . 

PROGRESSIVE  IMPROVEMENT:  If  a  debugging  attempt  produces  a  mismatch 
between  previously  matched  components  then  go  back  to  the  previous  sta- 
te and  abandon  the  debugging  strategy.  Seeing  that  the  big  tees  were 
not  touching  as  they  should,  (Fig  2A) ,  Rosemary  decided  to  reduce  the 
size  of  the  Baseline.  Changing  one  thing  after  the  other,  she  left  the 
input  for  the  central  interval  unchanged  and  got  the  production  shown 
in  Fig  2B.  lb  fix  this  gap  she  reduced  the  size  of  the  central  interval, 
hence  bringing  the  two  big  tees  closer  together  (Fig  2C) .  Rather  than 
continuing  this  strategy,  she  then  decided  to  reduce  the  gap  between 
the  two  big  tees  by  modifying  their  size  (Fig  2D) .  Of  course,  this 
strategy,  which  she  perhaps  considered  safer,  produced  many  new  mis- 
matches. We  see  this  abandoning  of  a  winning  strategy  for  a  "wild  goose 
chase"  as  having  been  dictated  by  the  apparent  regression.  It  is  signi- 
ficant that,  two  weeks  later,  she  considered  the  state  shown  in  Fig  2b 
as  having  appeared  earlier  in  her  work  than  that  shown  in  Fig  2A. 


Fiq.  2  :    Effects  of  four  successive  changes  of  inputs  carried  out  by 
Rosemary  in  the  4-Tees  figure. 


1 


Fig.  2A 


Fig.  2C 


Tl 


Fig.  2B 


Tl 


Fig.  2D 


T 


ACCEPTABILITY:  Any  program  that  leads  to  a  production  that  has  all  of 
the  target's  characteristics,  except  for  the  proportions  between  its 
components,  can  be  regarded  as  successful. 

LEVELS  OF  AWARENESS  OF  ONE'S  SOLOTION  AND  OBJECT'S  CHARACTERISTICS. 

According  to  the  subjects 's  behavior  when  asked  to  reproduce  their 
solutions  with  new  initial  conditions  (e.g.  starting  with  a  different 
input  for  BASELINE  in  the  4-Tecs  figure  or  for  the  outer  square  in  the 
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Rectangles  figure)  in  the  Production  Task,  and  to  their  performance  on 
later  off-computer  tasks,  we  propose  to  distinguish  three  levels  of  a- 
wareness  of  the  solution  and  of  the  object's  characteristics.  Each  le- 
vel of  solution  awareness  corresponds  to  a  level  in  the  awareness  of 
the  object's  characteristics.  These  levels  are  neither  develcprental 
nor  according  to  increasing  expertise,  since  a  subject  may  prove  to 
have  different  levels  of  awareness  for  two  sub- problems  solved  within 
the  same  task. 


l£vel  1  ••    CimXME  AWARENESS,  m  the  Production  Task,  subjects  are 
able  to  note  whether  they  have  been  successful  or  not  on  local  problems 
independently  of  their  performance  on  the  global  problem,  but  no  expla- 
nation is  available  of  the  reasons  for  this  success.  This  kind  of  awa- 
reness is  short-lived  and  the  whole  solution  process  has  to  be  restar- 
ted as  soon  as  the  specific  inputs  are  forgotten.  later  still,  even 
the  outcome  can  be  forgotten.  In  the  Description  Task,  Ben  was  still 
aware  that  he  had  trouble  with  the  input  for  the  central  interval  in 
the  4-Ttees  figure,  but  not  whether  he  got  it  correct  or  not. 

This  level  corresponds  to  a  FRACMENIED  COCEPTUALIZATTON  of  the 
object.  In  the  Measure  Attribution  Task,  for  instance-,  most  of  the  di- 
mensions are  estimated  visually,  leading  to  some  inconsistencies. 

Level  2  :  S0U7TICW  PATH  AWARENESS.  Subjects  are  able  to  reconstruct, 
in  the  Description  Task,  a  correct  solution,  by  retaining  the  necessa- 
ry steps  from  their  previous  attempts  and  dropping  the  rest.  Awareness 
of  success  is  accompanied  by  awareness  of  the  reasons  for  it.  Working 
with  relations,  subjects  may  solve  the  problem  starting  with  different 
inputs,  ftit  the  solution  path  is  not  fundamentally  changed.  No  soluti- 
ons for  sub-problems  emerge  from  the  global  solution.  For  instance, 
none  of  our  subjects  gave,  in  the  Input  Insertion  Task,  inputs  to  the 
TEE  procedures  that  were  appropriate  to  the  chosen  BASELINE,  even  if 
they  had  found  the  input  to  give  to  the  BftSELINE  in  the  Production 
Task  by  using  the  sizes  of  the  TEEs. 

Such  a  level  of  awareness  of  one's  solution  corresponds  to  an  INTE- 
GRAL but  IWIDIRECTICNAL  CONCEPTUALIZATION  of  the  object.  Dimensions  in 
the  Measure  Attribution  Task  will  be  consistent  because  all  the  dimsn- 
sions  can  be  computed,  in  some  convenient  order,  as  functions  of  others, 
unlike  in  the  Input  Insertion  Task  where  the  order  is  imposed. 
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Level  3  :    IMPLICATIVE  AWARENESS.  A  successful  strategy  can  not  on- 
ly be  reconstructed  but  the  whole  solution  may  be  re-planned  to  be  more 
general.  Changes  in  the  way  of  handling  local  problems  may  be  derived 
from  the  global,  solution.  Anticipation  may  lead  to  confutation  of  the 
sizes  of  the  tees  rather  than  to  guesses. 

This  level  of  awareness  of  a  problem's  solution  corresponds  to  a 
GENERAL  CONCEPTUALIZATION  of  the  object  and  of  its  characteristics. 


CONCLUSION 


This  study  shows  that  12-year  old  children  show  some  spontaneous  be- 
liefs about  where  their  programs  are  faulty  when  evaluating  the  outco- 
mes of  such  programs.  They  also  nave  their  own  criteria  for  success. 

Delayed  investigations  about  their  understanding  of  solutions  and  of 
the  problems  they  worked  on  makes  clear  that  success  with  LOGO  often 
leads  to  less  understanding  than  what  was  hoped  for  by  researchers. 
Three  different  levels  of  awareness  have  been  described,  and  good  paral- 
lels appear  between  the  awareness  of  solution  and  the  conceptualization 
of  the  problem,  confirming  the  piagetian  hypothesis  about  the  nature 
of  awareness  (Piaget,  1976) . 

Mathematics  educators  should  be  alerted  to  the  fact  that  correct- 
looking  productions  do  not  necessary  mean  that  the  student  have  solved 
the  expected  problems.  The  many  ways  that  lead  to  a  particular  target 
may  allow  the  intrinsic  problem  to  be  circumvented. 

Special  efforts  should  also  be  taken  to  develop  original  ways  to  re- 
inforce in  children's  minds  an  interest  in  understanding  and  in  being 
aware  of  one's  own  work,  not  only  on  the  computational  but  also  on  the 
mathematical  level. 
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INTERACTIVE  DOMAINS,  NETACOGNITION  ANO  PROBLEM  SOLVING 

Lynn  Hart 
Kennesaw  College 


The  Problem  Solving  and  Thinking  Project  is  documenting 
evidence  of  metacognitive  activity  of  Individuals  during 
•atnewtlcfl  problem-solving  and  identifying  additional 
phenomena  that  may  affect  problem-solving  performance.  This 
paper  presents  preliminary  results  for  Jill,  an  lnservice 
teacher  who  is  participating  in  the  Project.  Although  Jill 
was  not  successful  in  solving  either  of  two  nonroutine 
problems  attempted,  regular  and  frequent  evidence  of 
mon  torlng  and  regulation  of  cognitions  was  found. 
Additional  analysis  produced  domains  that  may  be 
interfering  with  her  problem-solving  performance.  While  it 
is  premature  to  make  any  conclusions  based  on  this  work,  it 
lays  the  groundwork  for  further  analysis  in  the  Project. 


This  paper  presents  results  of  Identifying  and  analyzing  individual 
■etacognltlve  activity  during  mathematical  problem-solving  sessions  and 
additional  phenomena  that  may  affect  problem-solving  performance.  The 
research  is  part  of  the  Problem  Solving  and  Thinking  Project  sponsored 
by  the  National  Science  Foundation,  currently  completing  the  first  year 
of  a  threa  year  study.  We  are  conducting  a  naturalistic  inquiry  driven 
by  the  assumptions  (basic  beliefs)  of  the  naturalistic  paradigm.  These 
assumptions  have  shaped  and  Influenced  the  focus  of  our  inquiry,  our 
choice  of  methodology,  and  our  analysis  techniques. 


FOCUS  OF  THE  INQUIRY 


The  most  recent  results  of  the  National  Assessment  of  Educational 
Progress  (Llndquist,  Carpenter,  Silver,  1  Matthews,  1983)  Indicate  that 
children  In  the  Unitsd  States  are  generally  competent  in  mathematical 
computation  skills,  however,  they  are  unable  to  problem  solve.  We 
assume  a  relationship  between  mathematics!  problem-solving  performance 
and  metacognltlve  activity  (Garofalo  t  Lester.  1985;  Hart  (  Schultz. 
1985.  1986;  Schoenfeld,  1983;  and  Silver,  1985).  Specifically,  the 
monitoring  and  regulation  of  one's  knowledge,  beliefs,  and  strategies 
may  Impact  problem-solving  performance.  From  preliminary  work  the 
assumption  seems  substantive  and  persuasive  but  we  cannot  refute  or 
support  it  until  we  systematically  study  metacognltlon  In  the  context  of 
mathematical  problem  solving. 


ERIC  f 


HalD&BaSS 


-  237  - 


We  have  not  accumulated  sufficient  knowledge  on  the  nature  of 
metacognitlve  activity  to  know  whether  the  right  questions  are  being 
asked,  essentially  we  are  "begging  the  question."  The  "questions" 
presented  below,  therefore,  are  only  given  to  establish  boundaries  for 
our  study;  they  define  "the  terrain,  as  it  were,  that  Is  to  be 
considered  the  proper  territory  of  the  Inquiry"  (Lincoln  i  Guba,  1985, 
p.  227). 

1.  What  categories  (domains)  of  phenomena  associated  with  an 
individual's  problem-solving  performance  can  we  identify?  While  we  have 
assumed  the  substantive  theory  of  metacognition,  we  are  not  Implying 
determinancy.  The  simultaneous  influencing  of  factors  makes  it 
impossible  to  sort  out  a  single  causality.  Metacognition  is  only  one  of 
many  factors  that  simultaneously  influence  problem-solving  performance. 
It  Is  important  then  to  find  the  range  of  domains  that  influence 
problem-solving  performance. 

2.  What  evidence  of  metacognitlve  activity  can  we  find?  This 
question  focuses  on  the  assumed  domain  of  metacognition.  If  an 
individual  is  in  a  problem-solving  situation,  what  can  we  look  for  that 
Indicates  monitoring  and/or  regulation  of  cognitions? 

THEORETICAL  PERSPECTIVE 

While  naturalistic  inquiry  generally  rejects  the  use  of  an  a  priori 
theory,  we  are  assuming  a  general  theory  of  metacognition  (Flavell, 
1976;  Garofalo  i  Lester,  1985)  as  representing  the  state  of  the  art  in 
mathematics  education.  Although  the  assumptions  of  the  theory  are  not 
apparent,  we  do  not  find  it  inconsistent  with  our  inquiry  paradigm.  For 
a  more  thorough  discussion  of  our  perspective  see  Schultz  (1987,  these 
Proceedings). 

RESEARCH  DESIGN 

Due  to  the  unpredictable  interaction  expected  and  found  in  the 
environment,  the  design  was  allowed  to  emerge  rather  than  to  be 
completely  constructed  preordinately. 

The  subject.  The  subject  for  this  paper  is  Jill,  one  of  15 
inservice  teachers  In  our  Problem  Solving  and  Thinking  Project.  She  is 
a  young,  high  school  mathematics  teacher  completing  her  first  year  of 
teaching  mathematics. 

The  setting.  0111  participated  in  The  Institute  on  Problem  Solving 
and  Thinking,  a  tuition-free,  master's  level  mathematics  education  course 
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that  we  developed  and  taught  as  part  of  our  project.  It  served  as  a 
context  for  the  initial  stage  of  our  data  collection.  In  addition,  Jill 
has  continued  on  with  the  project  as  a  volunteer,  long-term  subject. 

The  methods.  Two  methods  for  collecting  qualitative  data  were 
observations  and  interviewing.  Observations  of  Jill  were  of  her  solving 
textbook  word  problems  familiar  to  her  before  one  of  her  classes, 
solving  an  unfamiliar  nonroutine  problem  in  a  small  group,  and  solving 
an  unfamiliar  nonroutfne  problem  alone.  A  structured  interview  was 
conducted  before  and  after  she  solved  the  problem  alone.  Combining  the 
two  methods  helps  to  make  distinctions  between  what  Jill  does 
(observation  of  problem-solving  behavior  in  several  contexts)  and  what 
she  says  she  knows  or  believes  (Interviewing).  This  triangulation 
provides  validity  for  our  results. 

The  data.  Three  videotapes  were  made  of  the  observations  and 
interview.  Data  are  transcriptions  of  the  three  tapes.  The  first 
protocol  is  of  Jill  teaching  her  class.  The  second  protocol  iz  of  Jill 
with  one  other  inservice  teacher  solving  an  unfamiliar  nonroutine 
mathematical  problem.  The  third  protocol  is  of  Jill  solving  an 
unfamiliar  nonroutine  problem  in  a  think-aloud  session  with  the 
interviewer.    This  last  transcription  includes  th«  guided  interview. 

ANALYSIS 

Constant  comparison.  This  qualitative  strategy  was  used  to  begin 
developing  an  answer  to  our  first  research  question:  What  categories  of 
phenomena  can  we  identify  that  are  associated  with  an  individual's 
problem-solving  perfomance?  It  involves  scanning  the  data  for 
categories  that  emerge,  i.e,  looking  for  patterns  and  identifying 
domains.  While  this  process  begins  Initially  on  a  "feels  right"  basis 
that  relies  on  tacit  knowledge,  by  constantly  comparing  incidents  In  the 
same  and  different  categories  we  eventually  begin  to  develop  properties 
of  the  categories  and  rules  for  membership. 

Parsing  the  protocols.  The  parsing  technique  was  used  to  assist  us 
In  answering  our  second  research  question:  What  evidence  of 
metacognltlve  activity  can  we  find?  The  protocol  of  Jill  working  alone 
and  the  protocol  of  Jill  In  a  group  were  parsed  Into  periods  of  time 
when  a  single  set  of  like  actions  (episodes)  occurred.  The  time  between 
episodes  (transitions)  when  the  decision  Is  made  (or  not  made)  to 
continue  on  with  a  process  or  to  start  In  a  new  direction  are  critical 
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points   where   evidence   of   monitoring  and  regulation  may  be  apparent. 
Oetails   of   this   process  are  described  in  Hart  and  Schultr  (1985.  1986) 
and  Schoenfeld  (1983). 


RESULTS 


Although  our  second  research  question  is  subsumed  in  our  first  in 
the  actual  analysis  results  for  question  2  emerged  first.  The 
discussion  Is  more  appropriate  then  in  that  order. 

question  2:  ^lrtence  of  metacognltive  activity..  The  monitoring 
and  regulation  components  of  metacognitton  were  coded  separately  In  the 
protocols.  Both  verbal  and  Inferred  evidence  of  these  were  found  in  the 
data.  Verbalized  monitoring  occasionally  occurred  without  verbal lzed 
regulation  and  vice  versa.  In  those  cases,  Inferences  could  usual ly  be 
drawn  fram  the  transcript  about  non-verbalized  activity.  The  fo  lowing 
are  examples  fro.  Jill's  transcript  while  working  in  a  small  group 
trying  to  solve  the  following  problem:  ''I'-  a  proper  fraction  in 
simplest  form.  The  product  of  my  numerator  and  denominator  is  a 
multiple  of  seven.    Their  sum  is  a  perfect  square.   Who  am  I? ' 

,  After  initial  reading  of  the  problem  0111  says:  "Do you  know 
anything  about  this?"  (evidence  of  MONITORING);  and  "Maybe  we  could 
talk  about  what  the  terms  mean?"  (evidence  of  REGULATION). 

2  in  the  third  transition  there  is  no  verbal  evidence  of 
storing.  From  her  verbalised  regulation  we  Infer  evidence^ 
storing  because  she  abruptly  stops  discussing  terms  and  says.  So. 
let's  take  a  fraction  like  X  over  V  (evidence  of  REGULATION). 

,„  the  transcript  of  0111  working  alone  on  the  problem  Can  you 
find  two  fractions  In  simplest  terms  with  different  denominators  whose 
difference  Is  2/13?"  we  found  evidence  such  as  the  following: 

3.  After  working  a  few  mounts  on  a  problem  0111  «ks:  <C  « 
two   fractions   whose   difference  eventually   In   reduced  form  1  13. 
^idence  of   MONITORING) ;    and   "O.K.    let  me  see  If  I  can 

c<«on  denominator  of  26."  (evidence  of  REGULATION). 

4.  Again   after   working   for  a  few  more  minutes  she  S ays.   Oh.  do 
these   two  fractions  have  to  have  a  different  ^^«'J?"£\« 
MONITORING) ;    and    "O.K. ,    what   if  1  have  13  ,s  a  denominator  and  2  as 
denominator"  (evidence  of  REGULATION).  nrntn(.nls  were 

question  1:     Categories  of  phenomena.      After   the   protocols  were 

analy^eT^vlc^f^  the>  *ere  ml*»*  °P 

«erns.    R^ular   and   frequent  storing  was  observed,  from 
categories  emerged:   monitoring  of  her  knowledge  and  monitoring  of  her 
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understanding.  Knowledge  In  this  use  was  defined  as  Information  and 
beliefs  she  brought  to  the  problem-solving  session.  Monitoring  of 
understanding  became  defined  as  assessment  of  the  progress  of  the 
problem  process.  An  example  of  monitoring  her  knowledge  Is  when  Jill 
counts  while  going  over  the  vocabulary  In  the  problem  that  "there 
aren't  a  heck  of  a  lot  of  perfect  squares."  She  changes  her  direction 
and  begins  listing  perfect  squares.  An  exa^le  of  monitoring  her 
understanding  occurred  when  she  says  "This  Isn't  getting  us  anywhere." 
At  this  early  stage  of  our  research  the  properties  of  these  categories 
are  still  loosely  defined.  They  do.  however,  serve  as  a  beginning  for 
our  thinking. 

While  no  obvious  categories  emerged  for  regulation  of  cognitions  it 
was  observed  that  all  Jill's  regulation  was  done  as  a  result  of  her 
internal  monitor  rather  than  an  external  monitor  such  as  another  group 
member  or  an  interviewer. 

Four  major  categories  emerged  from  searching  the  protocols  for 
patterns  and  identifying  other  domains  that  Influence  Jill's 
problem-solving  process.  They  have  been  loosely  labeled  Time,  Ease, 
Embarrassment,  and  Other.  After  indicating  locations  of  these  on  the 
transcripts,  Jill  was  given  the  opportunity  to  respond  to  our 
observations.  Some  of  the  groupings  are  based  on  her  responses.  The 
following  are  typical  statments  that  fell  into  each  domain.  They  are 
direct  quotes. 

TJme.  1.  We  don't  have  a  time  limit  on  this  do  we?  2.  It  will 
take  me  longer  to  write  it  down.  3.  I  could  figure  it  out  if  I  had  more 
time. 

Ease^  1.  n  would  be  easy  if  my  first  2  fractions  had  a 
denominator  of  13.  2.  it  would  be  easy  if  I  didn't  have  to  have 
different  denominators.   3.  It  would  be  easier  if  I  could  read  it. 

Embarrassment.  1.  pm  embarrassed.  2.  I'm  sounding  foolish 
talking  out  loud.  3.  You're  enjoying  this  aren't  you?  (This  comment  was 
placed  into  this  category  as  a  result  of  Jill's  reaction.  When  asked  to 
elaborate  she  said  she  was  embarassed  and  wanted  to  stop  and  regroup  her 
thoughts). 

Other\  other  items  of  interest  were  identified  and  as  yet  do  not 
fit  into  a  category.  1.  i  want  to  know  the  answer.  Tell  me  what  I  did 
wrong.  2.  Is  this  what  you  wanted?  3.  It  would  be  helpful  if  you  had  a 
standard  way  to  do  these  problems. 
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CONCLUSIONS 

What    can    we  say  about  Jill's  metacognltive   behavior?  What 
information   does   this  give  us  on  understanding   the  relationship  of 
problem    solving,    metacognltlon,    and    other    factors?      In  both 
problem-solving     sessions    0111    demonstrated    regular   and  frequent 
monitoring   and   regulation  of  her  knowledge  and  her  understandings. 
Also,    an  evaluation  of  her  monitoring  Indicated  productive  awareness. 
Yet   she  was   unable  to   solve  either  of  the  problems.   We  hypothesize 
other   factors  are  Interacting  and  Influencing  her  level  of  performance. 
There  appears   to  be  a  powerful   belief  that.  It  Is  necessary  to  solve 
problems   quickly   In  order  to  be  a  "good"  problem  solver  and  not  be 
"embarrassed."     If  these  elated  beliefs  are  driving  her  problem-solving 
behavior     they     nay    be   Interfering  with   her   ability   to  perform 
successfully   on  the  problems.   Her  beliefs  nay  have  Incapacitated  her  to 
such   a   degree   that   she  Is  unable  to  live  up  to  the  picture  she  has  of 
good  problem-solving  performance. 

It  Is  expected  that  these  characterizations  and  interpretations  of 
Jill  will  continue  to  evolve  as  data  from  other  subjects  are  reviewed. 
This  Initial  conceptualization  will  be  filtered,  organized  and 
Interpreted  through  several  more  phases  of  refinement.  Our  "problem"  Is 
to  make  sense  out  of  this,  not  Just  as  observers  but  as  participators  as 
well,  for  after  all,  we  became  a  part  of  Jill. 
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lerrAfiowiTioN:  the  hols  of  the  -inner  teacher" (2 > 


Ichlel  HI  BAB  AY  ASH  I  mi  Kellchl  SHIGEMATSU 
(NARA  Unlvaralty  of  Education,  Japan) 

ABSTRACT 

The  nature  of  metacognl tlon  and  Its  Implication  to 
mathematics  education  li  our  ultlMte  concern  to  Investigate 
through  a  series  of  our  researches.  We  argued  In  the  last 
XSTthlt  .et.cogni  tion  I.  given  by  another  self  or  ego 
vnfch  ■  •  substitute  of  one's  teacher  sndwe  referred  to  it 
as  "inner  teacher".  In  this  paper  we  will  show  a  more 
concrete  desertion  of  .et.cogni tlon  of  children  through 
their  recorded  responses.  Especially  we  wi 11  prove  that 
there  is  a  close  correlation  between  pupils'  metacognl tlon 
ami  their  performance  in  mathematics. 

IHTBOOUCTION 

in  our  last  paper,  we  presented  the  concept  and  the  roles  of  inner 
teacher  In  the  research  of  ■etacognl tlon.  There  we  p.ld  attention  to 
chlldr.n'a  two  ego:  one  1.  the  acting  ego  and  the  other  is  the  executive 
ego  «hlch  monitor.,  ...esses,  and  control,  the  former.  This  executive 
ego  1.  really  a  substitute  or  a  copy  of  the  teacher  from  who.  the  pupil 
learns.  In  the  teaching- learning  context,  we  refer  to  the  executive  ego 
-r  the  subject  of  aet.cognl tlon  as  the  tmtr  teacher. 

in  this  Paper,  we  will  lnvestlgste  more  clesrly  the  concept  of  the 
metacognl tlon  through  roils'  recorded  responses  of  their  solving 
mathematical  problems. 

Roughly  speaking,  we  could  regard  "metacogni tlon"  as  the 
knowledge,  and  skills  which  maKe  the  objective  knowledge,  .dive  in 
one*,  thinking  .ctivltles. 

There  are  a  few  proposals  on  the  categorization  of  "metacognl tlon 
in    general  but  here  we  will  follow  to  the  suggestion  of    Flavell's  and 
adopt  the  next  three  divisions: 

1.  on  the  self 

2.  on  the  task 

3.  on  the  strategy. 

Cur  unique  conception  is  that  these  -et.cogni Hons  are  thought  to 
be  originated  fro.  the  teacher  him/herself.  Teacher  cannot  teach  any 
knowledge  ver  se  directly  to  pupil,  but  teach  It  Inevitably  through 
hlo/her  personality  with  the  metacognl lions  whatsoever. 
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To  express  more  clearly,  teachers  give  any  knowledge  or  skill 
tlvaya  with  Its  monitor  who  la  to  Manage  the  pupil  as  executor.  In 
another  word  teaching  Is  the  activities  to  settle  another  self  (or  ego) 
In  pupils'  Bind  as  the  substitute  of  their  teacher. 

It  la  well  known  that  teacher  and  their  method  of  teaching  are  the 
most  important  component  in  education  especially  in  mathematics 
teaching.  Our  Intention  Is  to  clarify  the  Implication  of  thla  old 
educational  common  senae  and  give  It  a  scientific  analysis  and  develop  a 
■ore  effective  Method  of  teaching  mathematics. 

The  moat  crucial  point  of  our  reaearch  is  to  Investigate  what  part 
of  teachera*  actlvltlea  is  Introduced  as  their  pupils'  cognitive 
elements.    And  aa  such,  oar  final  alms  of  research  would  be  as  follows: 

1.  to  make  a  Hat  of  teachera1  actlvltlea  In  teaching 

2.  to  make  a  list  of  pupils'  thinking  activities  in  their  learning 

3.  to  compare  both  lists  and  make  a  list  of  metacogni tlon 

4.  to  eatabllsh  the  relation  between   pupils'  mathematical 
performances  and  their  commanding  metacogni tlons 

6.  on  the  basis  of  these  reflectiona,  to  develop  more  effective 

method  of  teaching  in  mathematics. 
In    this  paper,  we  hope  to  contribute  to  attain  3., 4.  of  the  above 

aims. 


At  first  we  propose  a  logical  model  of  metacogni tlon,  which  will  be 
also  available  to  understand  the  meaning  of  several  technical  terms  such 
as  "metacogni tlon",  "metasklll".  "metaknowledge",  "monitor", 
"assessment",  "control",  etc.. 

As  an  example  we  wish  to  observe  the  case  of  a  pupil  who,  being 
given  a  verbal  problem  and  asked  to  solve  It,  thought  that 


Is    a    long    problem,  it  is  difficult  and    1    should    read  It 


This  process  of  the  pupil's  thought  is  paraphrased  as  follows: 

Hi:  It  is  a  long  problem. 

Ki!  If  It  is  a  long  problem,  It  Is  difficult. 

Ci!  it  is  difficult. 
H.-Cx 

Ktl  If  It  lo  difficult,  we  should  read  it  carefully. 
C»:  we  should  read  It  carefully. 


THEORETICAL  FRAMEWORK  Of  THE  RESEARCH 
Logical  Node!  of  Kstacognittcn 


careful ly. " 
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We  should  like  to  forwUze  this  cognitive  proceaa  In  a  chain  of 
ayllogtaas  like  In  logic  m  follow: 


Acting 
ego 


Executive 
■go 


awareneaa — »  Hi-« —  ■onltor  

Kf« —  «e  t  eknow  1  edge  - 

.control   Ci» — asseaaiaent  

M«"Ci«i-*ont  tor  

K»4  KUknovledge 

-control  —  C»«» —  aasesi.ent  


Fig.  1    A  Model  of  Metacognl tion 

1)  Hi  li  the  fact  that  the  acting  ego  mm  aware  of  fro.  the 
confronted  proble.  el  tuition,  end  waya  of  avireneas  end  their  adequacy 
•re  K>ssltored  by  another  ego  that  la  the  executive  ego. 

2)  Ki  la  a  propoaltlon  which  co.es  fro.  the  executive  ego.  We 
Identify    thla  with  the  .etaknovladgee  which  la  what  we  wlah  to  analyae 
about  lta  nature  snd  1 ta  origin. 

3)  Ci  la  a  conclusion  of  Modus  ponens  iron  two  premises  Hi  and  K». 
but  It  is  alao  aaaeaa«d  by  the  executive  ego  on  lta  adequacy  In  thla 
Situation. 

On  thla  aodel  we  could  have  a  psychological  Interpretation  of  each 

atep. 

(1)  Minor  pre.lae  coiaea  fro.  the  proble.  confronted;  it  Is  an 
lnfonaatton  given  fro*  the  problem  through  the  swnltorlng  of  the 
executive  ego. 

(2)  Major    pre.lae        co.ee  fro.  lnaide  of    the    learner  through 

hie/her  reflection, 

(3)  Conclualon  is  not  a  «*re  logical  conaequence  but  it  is  slso 
a  result  of  one's  asaeaswnt  upon  the  urgent  proble.  altuatlon.  and  this 
conclusion  vill  control  the  direction  of  the  thinking  and  often  beco.es 
the  .lnor  pre.ise  of  the  following  syllogls.  as  is  shown  in  the  dlagran. 

(4)  Furthermore  we  could  auppoae  bom  Bechanls.  which  guides  the 
whole  process,  choosing  spproprlate  inforiaatlon.  reaeaberlng  a  suitable 
knowledge  snd  not  losing  the  way.  We  should  like  to  call  this  «entel 
•echanla.  "a*tsskl 1 1".  which  Is  not  the  specific  ski kl  such  ss  the 
calculation  or  drswlng,  but  seeas  to  have  a  very  general  nature,  and 
analysis    of    this  .etaaklll  will  be  our  anothsr  thews  that  we    wish  to 
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pursue  hereafter. 

(5)  Finally  we  would  like  to  refer  "aetacognltlon"  to  the  whole 
chain  of  theae  syliogisas  including  eetagkllls. 


METHODOLOGY  CP  THE  RESEARCH 


Giving  a  verbal  problea  to  children,  we  asked  thea  to  solve  It  and 
at  the  sase  tlae  to  write  what  they  thought  In  solving  It.  They  are 
sixth  grade  pupils,  already  learned  Mil tl pi  1  cat  Ion  and  dlvlalon  by 
coaaon  fraction. 


An  exaaple  of  the  problea: 

There  Is  an  elastic  atrlng.    When  we  pull  It  out  by  |  of 

o 

its  length,  It  becoae*  64  ca  long. 
How  long  it  was  before  pulling? 


Ve  decoapose  pupils'  recorded  responses  sentence  by  sentence  and 
classify    these    sentences    Into    several    categories.     Here    are  soae 

protocols: 


(1)  In  caae  of  a  pupil  A  (boy,  average  level) 


1.  This  problea  is  the  saae  an  that  I  did  last. 

2.  I  feel  1  have  forgotten  half  of  It. 

3.  1  think  I  aay  do  It,  If  I  shew  it  on  the  line, 
(and  drew  a  dlagraa,  which  Is  oBltted  here.) 

4.  Ah,  it's  hard. 
6.  (oaltted) 

6.  (oaltted) 

7.  I  did,  I  had  the  answer. 

8.  But  I  wonder  It  is  correct. 

9.  Tescher  said  it  is  an  easy  problea  but  It  was  hard, 
perhaps  because  I  was  about  to  forget. 

10.  There  aay  be  another  wsy  to  think  but  It  Is  all  that  I  can  do. 

11.  Then  so  auch  for  this  problea. 


(2)  In  case  of  a  pupil  B  (boy,  below  average) 


1 .  It's  a  long  problea. 

2.  I  hope  teacher's  help. 


a 

ERIC 


730 


-  2^7  " 

3.  I  don't  like  a  difficult  problem. 

4.  I  like  aclence  better  th«n  math. 

B.    I  c»n  make  mistake:  lt'a  not  the  examination. 
6.    I  My  well  understand  If  I  draw  a  diagram. 

He  divide  puplla  Into  three  groups  according  to  their  prevloua 
performance  In  mathematlca.  and  examine  the  characteristic  featurea  of 
their  recorded  reaponaea  fro*  the  view  points  of  metaknowl edges. 

RESULTS  AND  DISCUSSION 

1)  In  theae  ahort  puplla'  aelf-deacrlptlons  we  can  clearly  discern 
three  kinds  of  cognitions,  the  typical  example  of  which  Is  ahown 
incidentally  In  the  flrat  three  aentencea  of  the  pupil  A. 

In  1.  Thla  boy  la  trying  to  organize  the  given  probleia  Into  hla 
existing  ayaten  of  knowledgea.  (taak) 

In   2.    He  has  enough  ability  to  reflect  himself  In  aolvlng  the 

(aelf) 

problem. 

In    3.    H«  haa  the  knowledges  of  atrategles  to  apply  to  this 
specific  problem  altuatlon.  (atrategy) 

2)  The  most  remarkable  fact  was  that  there  waa  a  great  dlatlnctlon 
ancng  characteristic  featurea  of  each  performance  group.  This  Is 
exemplified  by  responses  of  the  alxth  grade  puplla  to  the  next  problem. 

problem:  It  takes  12  minutes  to  go  from  A-statlon  to  B-statlon  by 

bicycle    with  speed  240  a  per  minute.    But  Yemada  wishes  to  go 

through  this  wsy  on  foot.  His  speed  Is  60  m  per  minute.  How 
many  minutes  does  It  tske  for  him? 

The    above    average    group:    Most  of  this  group    will    not  express 
themselves  so  much,  but  only  describing  sbbrevlated  process  of  solving. 

*  How  long  does  It  go  In  12  mln..  If  It  goes  240  m  In  a  minute? 

*  I  had  the  distance  from  A  to  B. 

The  average  group:    They  aeems  to  like  chattering,  but  rather  have 
a  negative  attitude. 

*  It's  trouble  aome  for  me. 

*  I  can  understand. 

*  It's  not  the  examination,  so  I  can  do  mlstske. 

The  below  average  group:    The  most  Impressive  was  their  badly 
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negative  attitude  neir  to  hostility  against  MtheMtlcs. 

*  It's  my  weak  point. 

*  It's  a  disagreeable  problem. 

3)  In  the  above  average  group,  pupils  sees  to  understsnd  the 
probles)  very  easily,  whether  or  not  they  can  solve  It.  To  know  or  to 
understsnd  something  aesns  to  place  it  In  one's  existing  systea  of 
knowledges  snd  give  It  sn  spproprlste  position  thst  it  should  deserve. 
These  able  pupils  can  do  this  very  smoothly,  alaost  unconsciously  of 
their  reflection  efforts,  and  only  describing  the  process  they  really 
followed.  But  less  able  pupils  sees  to  be  suffering  fro*  Many  varieties 
of  prejudices  toward  problem  snd  MtheMtlcs  In  general  before  they 
choose  lose  bel levsble  devices  of  chsl  lenglng  against  the  probles. 

4)  There  are  negative  expression  In  case  of  below  sverage  pupils, 
as    we    showed  some  of  then.    We  think  these  expression    are  originated 
fro*  the  teacher's  attitude  of  teaching  until  this  time. 

According    to    the  statistics  out  of  curiosity  of    soaeone    in  our 
country,    the  aost  frequent  utterance  of  MtheMtlcs  teacher  during  the 
lesson  is  "Understand?";  often  It  amounts  to  several  Uses  In  a  Minute. 
This    kind  of  utterance  would  be  the  aost  harmful  to  foster  the  healthy 
se taknow ledges,  becsuse, 

1.  It  sounds  something  like  authorl tarlanlsa  to  coapel  pupil  to 
understand  anything  thst  teacher  says  as  Infallible. 

2.  It  generate  a  fear  or  an  Inferiority  coup  lex  toward  MtheMtlcs 
and  It's  learning. 

3.  it  generate  the  belief  that  MtheMtlcs  is  absolute  and  the 
only  way  to  learn  It  is  to  learn  by  heart. 

In  stesd  of  "Understand?",  we  recommend  the  often  uttersnce  of 
"What  do  you  want  to  do  next?".  This  asking  would  stimulate  pupils' 
autonomous  thinking  and  urge  their  active  participation  in  the  classroom 
actl vl ty. 


1)    We  could  have  a  aore  clear  idea  about  concept  of  aetscognl tlon 

that    we    called    "Inner  teacher".  It  is  another  self    or  ego    who  Is 

watching,  controlling,  criticizing  the  original  self  like  the  tescher 
they  have  learned  froa. 
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2)  We  highly  appreciate  Klavell's  categorization  of  metaknowledge. 
In  addition  to  this,  we  noticed  fro*  the  pupils*  responses  that  we  could 
divide  the»e  metaknowledges  In  some  other  categories:  one  Is 
positive-negative  and  another  la  general -specific,  though  these 
dlatlnctlon  are  not  abaolute  but  relative  to  the  problem  situation  and 
the  person.  Positive  and  general  mctacognltlons  play  a  powerful  role  In 
the  cognitive  acttvttlea  and  they  should  be  favored  In  the  teaching  of 
MtheMtlca. 

3)  Though  we  have  not  yet  closely  examined,  we  had  an  Insight  that 
there  la  an  Intimate  correlation  between  metaknowledge  of  self  and 
performance  In  mathematics.  Less  able  pupils  are  apt  to  have  negative 
views  toward  themselves,  but  we  could  not  yet  decide  of  which  Is  cause 
or  result  of  the  other.  We  also  believe  that  the  teacher  Is  responsible 
for  cultivating  their  positive  metaknowledge  of  themselves. 
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THEORETICAL  PERSPECTIVES  ON  INQUIRY  INTO  PROBLEM  SOLVING 
KNOWLEDGE  ACQUISITION,  METAC0GNIT10N.  AND  TEACHING 


Karen  Schultz 
Georgia  State  University 


This  paper  gives  the  theoretical  perspectives  for 
research  in  progress  on  metacognition  and  problem  solving. 
ll?,l'<^a  world  vlew,  of  learning,  teaching,  and  teacher 
training  of  mathematical  problem  solving  is  described  as 
supported  by  the  "new  paradigm"  of  Schwartz  and  Ogilvy. 
Th  s  is  followed  by  the  assumptions  made  in  our  research. 
If!'*.  »™  described  according  to  the  assumptions  of 
naturalistic    inquiry  of   Lincoln   and   Guba.     Finally,  the 

iSfnJi/f   0Ut  inqulry  ls  deve'°Pe<!  which  essentially  aims  at 
identifying  what  our  research  questions  should  be. 

The  purpose  of  this  paper  is  to  present  the  theoretical  perspective 
of  the  Schultz  and  Hart  research  on  metacognition  and  problem  solving 
currently  supported  by  the  National  Science  Foundation.  (See  Hart, 
1987,  in  these  Proceedings  for  project  description.)  In  order  to  do 
this,  it  is  first  necessary  to  explain  our  world  view  of  learning, 
teaching,  and  teacher  training  of  mathematical  problem  solving.  This  is 
outlined  according  to  Schwartz  and  Dgilvy's  (1979.  1980)  seven 
characteristics  of  the  "new  paradigm,"  which  come  from  disclpl inary 
world  views  such  as  those  from  chemistry,  psychology,  philosophy, 
mathematics,  etc.  Second,  our  assumptions  for  researching  learning, 
teaching,  and  teacher  training  of  mathematical  problem  solving  are 
explained  according  to  a  naturalistic  paradigm  of  Inquiry  outlined  by 
Lincoln  and  Guba  (1985).  There  are  five  assumptions  of  an  inquiry  guide 
called  the  "naturalistic  paradigm"  whose  tenets  are  subsumed  by  the  same 
world  view  as  Schwartz  and  Ogilvy.  It  is  the  method  of  choice, 
especially  when  humans  are  the  objects  of  the  research.  This  section  of 
the  paper  is  outlined  according  to  these  five  assumptions.  Finally,  it 
will  be  possible  to  explain  the  focus  of  our  inquiry.  Discipline  state 
of  the  art  literature  and  theory  will  be  considered  throughout. 
Judgement  calls  are  made  as  to  the  relevance  and  applicability  of  the 
literature  and  theory  to  the  world  view  and  paradigm  presented. 

LEARNING,  TEACHING,  TEACHER  TRAINING,  AND  PROBLEM  SOLVING 

Complexity.      Diversity   and    interactivity   are  characteristics  of 
our  reality.    Schwartz  and  Ogilvy  (1979)  say  that  It  is  "in  principle 
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Impossible  to  separate  a  thing  from  Its  Interactive  environment"  (p. 
10).  In  terms  of  this  characteristic,  there  are  at  times  arbitrary 
boundaries  between  learning,  teaching,  and  teacher  training.  There  Is 
undeniable  interdependence  between  the  ecosystems  of  student  and 
teacher,  and  teacher  and  teacher  trainer.  Teaching  and  learning  for 
knowledge  acquisition  through  the  development  of  productive 
problem-solving  behaviors  (Lesh.  Landau,  i  Hamilton.  1983)  requires  a 
reciprocol  engagement  of  systems  resulting  in  such  roles  as  learner  as 
teacher  and  teacher  as  learner.  Kilpatrick's  (1985)  metaphors  of 
reflection  and  recursion  suggest  that  one  steps  outside  the  system  in 
order  to  give  meaning  to  experience.  Current  theory  on  teaching  and 
learning  mathematics  as  a  constructivist  activity  supports  this  notion 
that  neither  process  nor  content  is  an  absolute  (Cobb  J  Steffe,  1983; 
Confrey,  1985;  Kaher  t  Alston,  1986;  Steffe.  1986). 

Heterarchles.      It    is   believed   that    if   there    Is  order  in  our 
"realities."   many  elements   exist    side   by   side.     Which   element  is 
predominant    at    any   moment    depends    on    "interacting   variables"  often 
Imposed   by   human   thinking   for   the   sake  of  discussion  rather  than  as 
determined   by   nature.     An   example    is  discussion  of  accommodation  and 
assimilation  which   describe   the  equilibration  process  (Piaget.  1973). 
These   are   useful    terms  for  us  since  disequilibrium  Is  a  state  of  one's 
cognitions   when  problem   solving.    Which  comes  first,  however,  is  often 
determined     by    way     of    rhetoric    in   scholarly   communication.  The 
application   of   heterarchy   to  the  teaching  and  learning  of  mathematical 
problem    solving    includes    the    belief    that  the  orders  of  teaching  then 
learning,    knowledge  acquisition  then  problem  solving,  or  cognition  then 
metacognitlon    is   a  function  of  a  scholar' s  mind  not  of  laws  of  nature. 
Facilitation    of    learning   or    problem    solving    rather  than  teaching  by 
conmand    is   viewed   as   the   most   useful  process  for  effecting  change. 
Authority   of   teacher  over  student  or  teacher  trainer  over  teacher  gives 
way   to   voluntary  mutual    association.    This.  too.  supports  the  idea  of 
"teacher  as  learner"  developed  above. 

Holography.  This  term  is  used  metaphorically  to  describe  the 
models  that  we  use  to  describe  the  nature  of  the  world.  Images  one  has 
of  a  system  or  an  organism  are  "projected"  so  that  complete  information 
from  the  whole  is  found  in  any  of  its  parts.  This  may  be  seen  In 
cognitive  psychology  by  the  shift  from  use  of  mechanistic  to  organlsmic 
models  to  characterize  how  children  develop  cognltlvely  (Carpenter. 
1980)  The  shift  was  from  a  stimulus-response  concept  (machine)  to  a 
concept  of  a  multidimensional,  developmental,  dynamic,  interactive  concept. 
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(a  living  organism).  Another  example  of  this  characteristic  is  found  in 
explanations  of  mathematical  knowledge  acquisition,  which  is  no  longer 
viewed  through  a  curriculum  of  concepts,  properties,  algorithms,  skills, 
and  problem  solving  tending  to  promote  disjoint  knowledge.  Rather,  it 
is  "seen"  as  a  total  process  of  evolving  wi thin-concept  systems, 
between-concept  systems,  systems  of  representations,  and  systems  of 
modeling  processes  brought  on  by  real  problems  (Lesh,  Landau,  Hamilton, 
1983).  For  example,  one  could  look  at  a  learner's  understanding  of 
fraction  to  determine  his  or  her  understanding  of  partition  (within 
concept),  or  understanding  of  the  relationship  between  whole  numbers  and 
fractions  (between  concepts),  or  what  written,  verbal,  or  concrete 
systems  are  used  to  communicate  fractional  ideas  (representation  and 
modeling).  Let's  put  this  in  the  context  of  problem  solving.  To 
effectively  accomplish  teacher  training  In  problem  solving,  it  is  our 
view  that  this  is  facilitated  by  teachers  reflecting  on  not  only 
themselves  in  the  process  of  learning,  but  the  teacher  trainers  in  the 
process  of  teaching,  and  their  students  in  the  process  of  learning. 
Observing  and  reflecting  on  outcomes  of  each  party  involved  as  it 
relates  to  the  whole  "picture"  is  a  potentially  useful  strategy  to 
impact  change. 

Indeterminancy.  It  is  no  longer  considered  completely  possible  to 
determine  a  future  state  of  the  world.  Schwartz  and  Ogilvy  (1979)  say 
that  ambiguity  about  the  future  is  a  condition  of  nature.  For  us, 
precise  outcomes  of  teaching  mathematics  cannot  be  predicted.  For  both 
teaching  and  mathematical  problem  solving  are  complex  systems  and 
teachers  and  students  are  complex  organisms.  Moreover,  the  very  nature 
of  the  processes  used  for  determining  a  learner's  state  of  knowledge, 
problem-solving  ability,  or  teaching  ability  affects  the  outcomes! 
Formal  or  informal  measurements  of  these  things  are  determined  by  the 
relationship  between  learner  and  teacher,  or  teacher  and  teacher 
trainer.    Even  these  relationships,  however,  are  an  indetenninant. 

Mutual  Causality.  The  synergistic  relationship  of  these  seven 
beliefs  is  particularly  noticable  here,  where  mutual  casuality  and 
heterachy  cannot  stand  alone.  Mutual  causality  means  "simultaneous 
influencing  of  factors  over  time  in  such  a  way  that  it  Is  no  longer 
relevant  to  ask  which  caused  which"  (Lincoln  S  Guba,  1985,  p.  54).  This 
supports  our  interpretation  of  Polya's  (1957)  stages  of  problem  solving 
not  as  linear,  but  rather  as  both  cyclic  and  mutually  responsible  for 
actions  throughout  the  problem  solution  space.  Even  though  a  problem 
solver  may  say  he  or  she  really  understands  a  given  problem,  It  might 
not  be  until  several  strategies  later  before  true  meaning  of  the  problwi 
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statement  Is  absorbed.  To  move  on  to  another  example  within  this  fifth 
characteristic,  even  though  a  teacher  models  a  certain  set  of  beliefs 
and  teaching  behaviors,  learner  outcomes  are  Influenced  !>y  yet  a  complex 
of  mutually  Interacting  "causes."  The  Idea  of  Influencing  or 
facilitating  replaces  those  of  teacher  as  authority.  Tlie,  s  a  shared 
authority  among  knower,  learner,  and  known. 

Morphogenesis.      The   traditional  perspective  was  that  change  was  a 
result   of   assembling   separate   components   according  to   some  plan. 
Horphogenetlc   thinking   supports   the  notion   that  change  evolves  from 
chaos   when   the   "system  is  open  to  external  Inputs"  (Schwartz  t  Ogilvy. 
1979,    p.    14).     Catastrophy   theory    is  mathematics'  way  of  explaining 
this.     What   this   means  Is  that  learning  outcomes  are  not  attributed  to 
controlled   treatments,    but  rather  to  very  complex  systems  and  organisms 
arising   through   very  dense  and  complex  teaching/learning  Interactions. 
Learning   to   teach  mathematical   problem   solving   or   learning  problem 
solving    Itself   as   a    student,  teacher,  or  teacher  trainer  Is  viewed  as 
change   that  Is  not  only  continuous  and  quantitative  but  dlscontluous  and 
qualitative   as   well.     The   ability  to  solve  a  problem  has  been  studied 
macroscoplcally    (Hart   t   Schultz,  1985.  1985;  Schoenfeld,  1983)  through 
episodic   parsings,  which  Identify  locations  where. significant  changes  in 
the   solution    space   occur.    Our  Interpretation  of  what  starts  change  is 
supported   by   raorphogenesls-that    it  wasn't   the   singular  event  of  a 
reflective  moment  by   a   problem   solver,    but   rather  an  lndetertnlnant 
networking   of    thoughts   and   behaviors   that  eventually  led  to  a  major 
shift   in   the   solution   space.     It   helps  to  go  back  to  the  conceptual 
models     construct     as   an   adaptive   structure  to  describe  knowledge 
acquisition   as  evidence  of  metacognltive  (reflective)  activity.  Wlthln- 
and   between-concept   systems   and  systems  of  representation  and  modeling 
processes    are    labels   attempting   to   give   an    interpretation   of  the 
evidence   of  metacognltive  behaviors  and  explain  what  happens  as  a  result 
of  managerial    decision  making  (Schoenfeld.  1983).     New  understandings 
are  made  possible  by  the  monitoring  and  regulation  of  cognltlons-a  kind 
of  monitoring   and   regulation   of   one's  own  chaos.   Who  else  Is  better 
equipped   to   do   this  but  one's  self?   We  believe  that  conceptual  models 
evolve   this   way   from   less    stable  to  more  stable  forms  and  from  being 
less    Integrated  to  more  Integrated  with  other  models  through  a  plausable 
complex  of  Influences  that  one  eventually  "makes  sense"  of. 

Perspective.  Objectivity  Is  now  seen  as  an  Illusion.  However, 
subjectivity,  as  the  other  extreme.  Is  not  the  suggested  atlernatlve. 
Rather.  It  Is  perspectlve-"a  view  at  a  distance  from  a  particular 
focus"    (Schwartz  S  Ogilvy.  1979.  p.  15).    In  fact,  multiple  perspectives 
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are  needed  to  get  a  more  complete  picture  of  the  phenomenon.  What  is 
believed  about  mathematics,  problem  solving,  teaching  mathematics,  or 
learning  mathematics  influences  what  Is  seen  (believing  is  seeing) 
(Garofalo  t  Lester,  1985).  To  facilitate  learning,  the  teacher  takes 
the  learner's  perspective.  To  facilitate  teaching,  the  learner  takes 
the  teacher's  perspective.  Rachlin's  (1982)  process  approach  to  algebra 
instruction  supports  taking  different  perspectives  of  an  algebraic 
concept  or  procedure.  He  encourages  moving  from  the  generalization 
perspective  of  an  idea  or  procedure,  to  flexibility  of  approach  where 
the  student  is  to  switch  from  one  mental  operation  to  another.  Finally, 
the  student  is  to  engage  in  reversibility  of  mental  processes  as  a 
switching  from  a  direct  to  a  reverse  train  of  thought.  That  Is,  he 
believes  that  changing  perspective  of  algebraic  ideas  and  procedures 
enhances  the  depth  of  understanding. 

BASK  RESEARCH  ASSUMPTIONS  OF  THE  NATURALISTIC  PARADIGH 

Real'ty.  There  are  multiple  constructed  realities  (Do  we  create 
what  we  research?)  that  can  only  be  studied  hollstically  (Lincoln  1 
Guba,  1985).  Therefore  it  is  no  longer  considered  useful  to  hold 
certain  variables  constant  in  order  to  study  the  influence  of  one  or  two 
other  variables.  Given  this  assumption,  we  have  read  the  literature  and 
learned  the  theories.  We  have  experienced,  observed  and  meditated  on 
learning,  teaching,  and  teacher  training  of  mathematical  problem 
solving,  but  still  are  unsure  of  what  questions  to  ask.  The  stated 
problem  is  the  inability  of  students  in  the  United  States  to  be 
successful  in  problem  solving.  We  (Schultz  and  Hart)  go  on  tacit 
knowledge  that  the  milieu  of  our  investigation  should  be  teacher 
training  in  problem  solving. 

Knower  and  Known.  The  researcher  and  those  being  researched  have 
an  Interactive  relationship.  To  study  a  person  means  in  part  to  study 
an  interfacing  of  one's  self  with  that  person.  This  assumption  Means 
that  If  we  are  to  study  teachers  during  inservice  training,  we  are 
ourselves  subjects  of  study  as  well.  Data  collected  on  the 
Investigators  is  subject  to  analysis  In  order  to  better  Interpret  that 
of  the  teachers.  Moreover,  to  enhance  and  maximize  the  expansion  of 
teacher  data,  teachers  continue  In  a  participant/observer  role  with  the 
researchers,  where  the  activity  Is  Interpretation  of  data  and  taking 
opportunities  to  obtain  more  data. 

Generalization  The  research  goal  Is  to  generate  ldlographlc 
statements  on  differences,  primarily  in  the  form  of  working  hypotheses 
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that  describe  the  subject  of  study.  Our  intent  is  to  generate 
hypotheses,  to  decide  what  questions  should  be  asked.  The  question  of 
parmount  importance,  then,  is  "What  are  the  questions?" 

Causality.  There  are  plausible  lnfluenc  s,  as  on  a  web.  making  it 
impossible  to  distinguish  causes  from  effect' .  Given  this  assumption, 
we  need  to  study  the  whole  web.  Therefore,  we  have  taken  as  our  objects 
of  study  ourselves  as  teacher  trainer/inquirers,  teachers,  and  their 
students.  We  are  all  learning  problem  solving.  In  a  constructive 
format,  we  are  all  teachers  and  learners. 

Values.  Lincoln  and  Guba  identify  at  least  five  corollaries  in 
which  Inquiry  Is  value-bound.  inquiries  are  Influenced  by  Inquirer 
values,  by  choice  of  paradigm,  by  choice  of  substantive  theory  applied, 
by  content  under  study,  and  by  whether  the  first  four  corollaries  are 
congruent  or  conflicting  with  each  other. 

THE  INQUIRY 

The  goal  of  the  Problem  Solving  and  Thinking  Project  Is  to  document 
evidence  of  metacognitlve  activity  of  Individuals  during  mathematical 
problem  solving  and  Identify  additional  phenomena  that  may  Interact 
during  problem-solving  performance.  This  documentation  Is  being  used  to 
Investigate  the  complex  and  Interactive  environment  influencing  problem 
solving.  The  "questions"  we  hope  to  answer  are:  (a)  What  categories 
(domains)  of  phenomena  associated  with  an  Individual's  problem-solving 
performance  can  we  Identify?  (b)  What  evidence  of  metacognitlve 
activity  can  we  find?  (See  Hart  (1987)  In  these  Proceedings  for 
elaboration.) 
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WHY  SS  PROBLEM  SOLVING  SUCH  A  PROBLEM? 
Reactions  to  a  Set  o'  Research  Paper* 


Frank  K.  Lester,  Jr. 
Indiana  Universxty 


Countless  generations  of  teachers  have  voiced  concern  about  the  in- 
ability of  many  of  their  student*  to  solve  any  but  the  most  routine  ver- 
bal problem  despite  the  fact  that  they  seem  to  have  "mastered"  all  of 
the  requisite  computational  skills  and  algorithmic  procedures.  Un- 
fortunately, until  rath.r  recently  researchers  have  seemed  content  to 
attribute  problem-solving  difficulties  aloost  exclusively  to  cognitive 
aspects  of  the  problem  solver's  performance.  Today  there  is  growing 
sentiment  for  the  notion  that  a  much  broader  conception  is  needed  of 
what  mathematical  problem  solving  involves  and  what  factors  Influence 
problea-solvlng  performance. 

I  begin  By  comments  with  a  discussion  of  the  categories  of  factors 
that  play  prominent  roles  in  an  individual's  success  or  failure  in  solv- 
ing mathematics  problems.      I  do  this   In  order  to  establish  a  basis  for 
ay  reactions  to  the  set  of  papers  on  m.tacognition  and  problem  solving. 
What  influences  Problem-solving  Performance? 
An   Individual's   failure   to  solve  a   problem  successfully  when  the 
individual  possesses  the  necessary  knowledge  stems  from  the  presence  not 
only  of  cognitive  factors,    but  also  of  non-cognitive  and  metacognltive 
factoro  that  inhibit  the  correct  utilization  of  this  knowledge.  These 
factors    can   be   placed    into    five    broad,    Interdependent  categories: 
knowledge,   control,  affects,  beliefs,   and  snc lo-cu 1 tura 1  conditions.  It 
U  not  my  intention  to  discuss  these  categories  in  detail,     but  it  seems 
appropriate  to  make  a  few  comments  about  each  of  them. 
Knowledge 

It  is  aafe  to  say  that  the  overwhelming  majority  of  research  in 
mathematics  education  has  been  devoted  to  the  study  of  how  mathematical 
knowledge  is  acquired  and  utilized.  Included  in  this  category  are  a 
wide  range  of  resources  that  can  assist  the  individual's  mathematical 
performance  (cf.,  Schoenfeld,  1985).  Especially  important  types  of 
resources  are  the  following:  facts  and  definitions  (e.g.,  7  is  a  prime 
number,  a  square  is  a  rectangle  having  4  congruent  sides),  algorithms 
(e.g.,    long  division),  heuristics    (e.g.,    looking  for  patterns,  working 
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backwards),  and  the  host  of  routine,  but  not  algor  i  thole,  procedures 
that  an  individual  can  bring  to  bear  on  a  mathematical  task  (e.g.,  pro- 
cedures for  solving  equations,  general  techniques  of  integration).  of 
particular  significance  to  this  discourse  is  the  way  individuals 
organize,  represent,  end  ultimately  utilize  their  knowledge.  There  1. 
no  doubt  but  that  many  problem-solving  deficiencies  can  be  attributed  to 
the  existence  of  "unstable  conceptual  systems"  (Lesh,  i985).  That  is, 
when  individuats  are  engaged  solving  a  problem  it  is  Ukely  that  at 
least  some  of  the  relevant  mathe.atlcal  concepts  are  at  intermediate 
stages  of  development.  In  such  cases,  to  the  extent  that  problem  sol- 
vers can  adapt  their  concepts  to  fit  the  problem  situation  they  are  ,uc- 
cessful  in  solving  the  problem.  Furthermore,  since  mathematical  con- 
cepts evolve  from  situation,,  it  Is  natural  to  suggest  that  there  1.  a 
close  link  between  conceptual  knowledge  and  problem-solving  performance 
(Vergnaud,  1982) . 
Control 

Control  refers  to  the  marshalling  and  subsequent  allocation  of 
available  resources  to  deal  successfully  with  mathematical  situations. 
More  specifically,  it  Includes  executive  decisions  about  planning, 
evaluating,  monitoring,  and  regulating.  One  aspect  of  control  processes 
that  has  become  increasingly  popular  as  an  object  of  research  In  recent 
years  Is  regulation  of  cognition.  This  aspect  of  control  together  with 
knowledge  about  cognition  and  beliefs  constitute  what  1,  currently 
referred  to  as  metacognltlon. 

I  might  point  out  that  -etacognltlon,  as  defined  and  discussed  in 
several  of  the  preceding  papers,  is  not  really  a  new  construct.  Indeed, 
metacognltlon  seems  closely  related  to  Skemp's  (1979)  notion  of  "reflec- 
tive intelligence"  and  to  Plaget's  (1976)  construct  "reflexive  abstrac- 
tion." Furthermore,  metacognltlvt  behaviors  correspond  very  closely  to 
the  executive  components  In  .»«  Information-processing  models  of  cogni- 
tion (e.g.,  Sternberg,  1980)  and  to  conceptions  of  problem  solving 
(e.g.,  Polya,  1957). 
Affects 

This  domain  Includes  individual  attitudes  and  emotions.  Mathe- 
matics education  research  in  this  area  often  has  been  limited  to  exam- 
inations of  the  correlation  between  attitudes  and  performance  In  mathe- 
matics Not  surprisingly,  attitudes  that  have  been  shown  to  be  related 
to  performance  Include:  motivation,  Interest,  confidence,  perseverance, 
willingness  to  take  risks,  tolerance  of  a.nblgulty,  and  resistance  to 
premature  clooure. 
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Typicallyi  euotlons  are  subjective  reactions  to  specific  situa- 
tions. Of  courser  emotions  can  have  either  a  facilitating  or  debilitat- 
ing effect  on  the  individual,  but  negative  auctions  (e.g.,  frustration) 
are  not  necessarily  debilitating  nor  are  positive  emotions  (e.g. ,  joy) 
necessarily  facilitating.  There  Is  a  growing  body  of  research  to  sup- 
port the  notion  that  emotions  and  cognitive  actions  Interact  in  Impor- 
tant ways  (Handler.  1966).  Most  of  this  research  has  been  restricted 
to  the  study  of  the  conditions  under  which  certain  emotions  occur  or  to 
the  nature  of  an  individual's  behavior  when  In  a  particular  enotlonal 
state. 

To  distinguish  between  attitudes  and  esratlons  I  choose  to  regard 
attitudes  as  traits,  albeit  perhaps  transient  ones,  of  the  individual, 
whereas  esratlons  are  situation-specific  states.  An  individual  nay  have 
developed  a  particular  attitude  toward  souse  aspect  of  mathematics  which 
affects  her  oi  his  performance  (e.g.,  a  student  may  greatly  dislike 
problems  involving  percental.  At  the  same  time,  a  particular  mathe- 
matics task  may  give  rise  to  an  unanticipated  emotion  (e.g.,  frustration 
when  little  progress  is  made  toward  solving  a  problem  after  working 
diligently  on  it  for  a  considerable  amount  of  time).  The  point  Is  that 
an  individual's  performance  on  a  mathematics  task  is  very  much  In- 
fluenced by  a  host  of  affective  factors,  at  times  to  the  point  of  domi- 
nating the  Individual's  thinking  and  actions. 
Beliefs 

Schoenfeld  (1985)  refers  to  beliefs,  or  "belief  systems"  to  use  his 
term,  as  the  individual's  mathematical  world  view,  that  is,  "the  per- 
spective with  which  one  approaches  mathematics  and  mathematical  tasks" 
(p.  45).  Beliefs  constitute  the  individual's  subjective  knowledge 
[i.e.,  not  necessarily  objectively  true)  about  self,  mathematics,  the 
environment,  and  the  topics  dealt  with  in  particular  mathematical 
tasks.  For  example,  my  colleagues  and  I  have  found  that  many  elementary 
school  children  believe  that  a_U  mathematics  story  problems  can  be 
solved  by  direct  application  of  one  or  more  arithmetic  operation  and 
which  operation  to  use  is  determined  by  the  "key  words"  in  the  problem. 
Naturally,  this  belief  has  a  very  powerful  effect  on  the  way  they  solve 
problems. 

It  seems  apparent  that  beliefs  shape  Attitudes  and  emotions  and 
direct  the  decisions  made  during  mathematical  activity.  In  my  own  re- 
search I  have  been  particularly  Interested  in  students'  beliefs  about 
the  nature  of  problem  solving  as  well  as  about  their  own  capabilities 
and  limitations. 


ERIC  7  4  3 


-  260  - 


Socio-cultur.l  Condition* 

in  recent  year.,  the  point  has  been  rai.ed  within  the  cognitive 
p.ychoiogy  community  th.t  human  intellects!  behavior  mu.t  be  studled  in 
the  context  in  which  lt  take.  placs.  That  1.  to  say,  .i„«  human  being, 
are  immersed  in  a  reality  th.t  both  affect,  and  1.  affected  by  human  be- 
havior, it  1.  e.senti.l  to  con.id.r  the  way.  in  which  .ocio-cultural 
factors  influence  cognition.  m  particular,  the  develop*  nt.  und.r- 
.tanding,  and  use  of  mathematical  idea,  and  technique,  grow  out  of  .o- 
cial  and  cultural  .itu.tion..  D'Ambroslo  (.985)  argue,  that  children 
bring  to  acnool  their  own  mathematics  which  ha.  developed  within  their 
own  .ocio-cultural  environment.  Thi.  mathematics,  which  he  call,  "eth- 
nom.thematics,"  provide,  the  individual  with  a  wealth  of  intuition.  .nd 
informal  procedure,  for  dealing  with  mathematical  phenomena.  The  point 
then  I.  that  the  wealth  of  .ocio-cultural  condition,  which  m.ke  up  an 
individual',  reality  play,  a  prominent  role  in  del-mining  the  individu- 
al's potential  for  .ucce..  in  doing  ..thematic,  both  in  and  oat  of 
school . 

Relationship  Among  the  Categories 

A.  I  mentioned  earlier,  these  five  categories  .re  interdependent. 
In  particular,  .ocio-cultural  condition,  directly  influence  the  forma- 
tion of  attitudes,  emotions,  and  beliefs,  ..  MeIl  „  control  and  knowl. 
edge  utilization.  Affects  influence  both  control  .nd  knowledge  but  not 
beliefs  or  .ocio-cultural  conditions,  whereas  beliefs  directly  influence 
all  the  other  domain,  except  socio-cultural  conditions  and  control 
directs  only  the  ways  in  which  knowledge  is  utilized.  m  my  -lew,  it  i. 
vital  that  future  re.e.rch  give,  serious  attention  to  Investigating  the 
nature  of  the  interrel.tion.hip  among  these  sets  of  factors. 

Som.  Thought,  about  current  Froblea-aolvlng  Ktsearch 

Given  the  foregoing  perspective  a.  .  backdrop,  „y  .ppro.ch  to 
analyzing  th...  report,  wa.  to  look  for  underlying  themes  and  i..ue. 
rather  than  to  enumerate  flaw,  and  shortcomings.  More  specif  icily,  I 
tried  to  identify  fund.mental  concern,  or  que.tion.  which  seemed  to  be  a 
motivation  for  the.e  researchers'  efforts,  and  in  a  larger  ..n.e  for 
many  of  the  types  of  re.earch  .tudie.  presently  being  conducted  by  ■.th- 
ematic, educator,  on  the  topic  of  metacognition  and  problem  .olving,  .nd 
to  relate  these  concerns  to  one  or  more  of  the  categories  of  factor, 
considered  earlier  in  this  paper,  consequently,  although  my  remarks  are 
restricted  to  these  seven  studies,  they  apply  in  a  general  way  to  all  of 
the  work  in  this  field  of  inquiry. 
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What  Good  la  Inert  Knowledge?     (K.  H.  Bart) 

In  his  classic  eesay.   "The  Alas  of  Education,"  Whitehead  Insists 
that    the  central   problem  of  education   la   one  of   "keeping  knowledge 
alive,   of  preventing   It  from  becoming  Inert   ..."    (Whitehead,    1957.  p. 
5).     K.  Hart's  primary  concern  la  that  students  often  fall  to  adopt  gen- 
eral liable ,    formal,    school-taught  procedures  and   Instead  persist  In 
using  their  own  "naive"  (her  tcnl  methods.    As  a  result  they  have  great 
difficulty  not  only  with  symbolic- level  computations,  but  also  with  ver- 
bal problems  that  are   remote  from  their  direct  experiences.     That  is. 
these  students  have  a  warehouse  of  inert  knowledge  that   le  useful  only 
under  a  very  restricted  set  of  circumstances.    Her  conjecture,  which  she 
attempts    to  back  up  with   very  dieheartenlng  descriptions  of  lessons 
taught   by   three   volunteer   teachere.    Is   that   teachere  do  not  make  ap- 
propriate links  between  the  child'e  concrete,  familiar.   Informal  knowl- 
edge and  the  eymbollc,  unfamiliar,  formal  world  of  mathematics.     I  think 
this  ie  a  quite   reaeonable  concluelon  to  draw  but  It  doee  not  go  far 
enough.     That  Is,   It  ie  simply  not  eufflclent  to  eetablieh  a  bridge  be- 
tween concrete  modele  and  eymbole.     At  least  one  other  bridge  ie  needed 
ae  welli   a  bridge  from  the  child's  reality  to  the  concrete  models  of 
that   reality.      Without   thle   traneltlonal   link  It  Is   likely   that  the 
child  will   learn  how   to  manipulate   the  models  In  a  rote  manner  only, 
thereby  developing   Inert  knowledge.      Hy  point    ie   that    If  only  rote 
knowledge  ie  acquired  thtough  experiences  with  concrete  models,   then  the 
teacher  will   h^ve   e  very  difficult   time   indeed   creating   a  meaningful 
link  between  thle  knowledge  and  a  sore  eymbollc,  formal  form. 

rinally.  K.  Hart  hae  focueeed  her  attention  exclusively  on  the 
knowledge  category  of  problem  eolving.  Children  may  choose  to  continue 
to  use  their  own  "ungenerallsable"  proceduree  because  ae  they  learned 
theee  procedures  they  aleo  learned  how  to  monitor  and  evaluate  their 
use.  Can  the  earn,  be  eeld  of  the  echool-taught  proceduree?  It  seems 
plausible  thet  in  addition  to  falling  to  establish  links  between  con- 
crete and  eymbollc  proceduree,  teachere  tend  not  to  help  their  etudents 
learn  how  to  take  charge  of  their  own  mathematical  behavlori  that  le, 
the  student,  are  r.ot  lemming  how  to  control  the  new  knowledge  they  arc 
acquiring. 

Wtwt  Does  It  M»n  to  Be  Succ.eeful  at  Solving  a  Problem?  (Curtner) 

Some  yeare  ago  a  colleague  of  mine,  who  had  Just  heard  Seymour 
Papert  epeak  about  LOGO.  Informed  me  that  when  children  worked  In  a 
LOGO  environment   it  was   inevitable   that   they  would   learn  with  (rela- 
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tlonal,  -understanding.-  M  Incredlbl.  «  tht.  st.tem.r.t  ,ee«d  to  m. 
at  the  tU.,  .y  unf.-Ul.nty  with  LOGO  forced  me  to  withhold  co«ent. 
Since  th.t  tt..  I  have  read  ».ny  .rtlclea  .nd  listened  to  m.ny 
tastl.onl.ls  .bout  th.  ..rlt.  of  LOGO.  Only  recently  ha.  It.  effective- 
ness in  ..th...tlc.  le.rnln,  b.gun  to  b.  .ubj.ct.d  to  sy.te.atlc. 
scientific  scrutiny.  curtncr'a  r.ss.rch  1.  an  ex..pl.  of  the  best  work 
in  thl.  .r...  m  particular,  hi.  work  demonstrate,  that  success  In 
solving  .  LOGO  probl..  doe.  not  n.c....rlly  ...n  that  It  waa  aolved  with 
understanding.  But  th.  writ  of  hi.  r....rch  do.,  not  r..t  aolely  on 
thla  unsurprising  ra.ult.  R.thar,  hia  ra.ults  forc.fully  Ulu.tr.t. 
th.t  stud.nf  b.ll.f.  .„d  th.lr  l.v.l  of  .w.ren...  of  th.lr  aolutlon 
afforts  pl.y  v.ry  lnflu.ntl.l  rol..  In  th.lr  probls.-.olvln,  behavior. 

I  have  two  caution,  to  add  .bout  th.  l.pllc.tlon.  of  th.  rs.ults  of 
thl.  raasarch.  rir.t,  Gurtnar  obaarvad  that  tha  atud.nta  aea.ed  to  be 
directed  by  an  ...u.ptlon  that  a  .olutlon  could  be  obt.lned  by  progres- 
»lv«ly  ..tchlng  th.  curr.nt  production  .nd  th.  t.rg.t  object.  I  h.v.  no 
conc.rn  .bout  th.  l.gltim.cy  of  thla  aaau.pt Ion,  but  this  aort  of 
"■e.n.-.nd  analyaia"  aaaw  .omwh.t  n.tural  giv.n  th.  nature  of  tha 
probl...  po.«l  (1...,  th,  ^  ,t,t.  u  glvenj  ch(  probl„  u  on>  of 
finding  a  M.n.  of  .ttalnlng  th.t  goal).  it  a  .ens  unlikely  that  stu- 
dent, would  Mk.  .uch  an  ...uaption  If  other  typ..  of  mathematlca  prob- 
le.s  were  uatd.  Sine,  this  ...u.ptlon  underllea  the  four  b.ll.f.  about 
tha  natura  of  their  aoluttona,  raaaarch  of  thla  type  with  different 
klnda  of  problem  would  likely  yl.ld  a  v.ry  different  .at  of  belief.. 
Second,  .inc.  Mt.cognltlon  training  (I.e.,  training  atud.nta  to  be  more 
.war.  of  tiidlr  thinking  .nd  to  ba  more  reflective  .bout  It)  Is  r.re  In 
aathe«*tlc.  lnatructlon,  tha  atudenta'  lack  of  "planfulnc..-  In  their 
solution.  My  .1-ply  r.fl.ct  .  belief  th.t  .uch  behavior  1.  unneces.ary 
when  solving  ..thematic,  problems. 

Hov  taportant  la  It  to  Bava  a  Good  S.n«.  of  Mhat  Vou  Know?  (DeCulr.) 

There  are  three  general  approachea  to  proble.-aolvlng  ln.truction: 
te.chlng  for  probl..  .olvlng,  teaching  about  proble.  aolvlng,  and  teach- 
ing via  problem  .olvlng.  A  teacher  following  the  first  .pproach  would 
focus  Instruction  on  th.  acqulaltlon  of  thoac  mathematical  concept., 
akllls,  and  proceaaaa  that  are  useful  for  aolvlng  problems.  The  aecond 
approach  lnvolvaa  tha  teacher  aodellng  good  problem-solving  beh.vlor  or 
directing  .tudent.'  .ttentlon  to  aall.nt  procedure,  .nd  atr.tegica.  The 
third  approach,  the  method  advocated  by  Polya,  lnvolvea  teaching  mathe- 
matics with  .  problem-solving  per.pectlve.     DeGuire  ha.  undertaken  the 
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study  of  students'  awareness  of  their  metacognltlve  processes  In  the 
context  of  a  course  on  problem  solving  that  seems  to  be  a  combination  of 
the  first  two  approaches.  Because  her  study  Is  not  simply  about  the  de- 
velopment of  awareness  of  metacognltlve  processes,  but  Is  also  about  an 
approach  to  netacognltlon  training*  I  think  It  likely  that  there  was 
some  Interaction  between  the  students'  development  of  awareness  and  the 
nature  of  the  training  they  received.  Perhaps  if  the  course  had  been 
structured  differently,  very  different  outcomes  would  have  resulted. 

Under   the  beat  of  circumstances  metacognltlve  processes  are  ex- 
tremely difficult  to  get  at  and  I  was  struck  by  the  care  with  which  she 
designed  the  study.     DeGuire  correctly  points  out  that  the  methodology 
for  studying  astacognltlvs  behavior  doss  not  presently  exist.     In  par- 
ticular,  I  am  concerned,  as  aha  no  doubt  la  as  wall,  about  the  validity 
of  aalf  reporta   (Journal  antrlca)  aa  a  aourca  of  data  about  metacognl- 
tlve awareneaa.     Does  the  fact  that  a  atudent  la  unablo  to  write  cogent- 
ly about  her  thinking  mean  that  ahe  la  unaware  of  her  thinking?    At  the 
ease  time,    la  a  nicely  <orded  atatemant  evidence  of  good  awareness,  or 
Blight  It  simply  Indicate  gllbneas?    A  almlllar  difficulty  exists  in  at- 
tempting to  analyze  etudente'  written  work.     Conalder,  for  example,  the 
case  In  which  a  atudent  works  on  a  problem  but  does  not  appear  to  have 
used  a  particular  skill  or  strategy.     What  can  bs  concluded  about  thlo 
student's   behavior?     That   he   or   she  does  not   know  how   to  use  the 
strategy?     Or  did  not   fecognlze   that  the  stratsgy  could  be  used?  Or 
simply  chose  not  to  uss  ths  strategy?    To  compllcats  matters  further,  If 
the  written     work  on  a  paper  indicates  that  a  particular  strategy  was 
begun  but  abandoned  In  '/avor  of  another,   is  It  reasonable  to  claim  that 
the  student  had  decided  th/it  the  first  approach  would  lead  nowhere  (a 
metacognltlve  decision)  and  so  gave  up  on  it  in  order  to  pursue  a  dif- 
ferent strategy? 

rlnally,  1  was  a  bit  dlsappolntsd  by  DsGulrs's  unwillingness  to 
tell  ths  rsader  Just  what  shs  thinks  shs  has  learnsd  from  her  efforts  to 
understand  awareness.  Howsvsr,  despite  my  reservations  about  her  data 
sourcss  and  my  disappointment  with  her  reticence  to  share  her  insights, 
I  think  she  has  made  a  good  start  toward  understanding  the  role  aware- 
ness plays  in  problem  solving. 

Do  He  Bave  an  "Inner  Teacher"  Who  Directs  Our  Learning?  (Blraiiayaehl  I 
Shigematsu) 

Hlrabayashl  and  Shlgematsu  suggest  that  each  of  us  has  an  "inner 
teacher"  which  functions  as  a  cognitive  traffic  cop,  directing  the  flow 
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of  ,11  th.  a.nt-1  traffic  that  i.  pr.a.nt  durln,  nathe-.t  ica  1  activity. 
Thle  lr,  Iteelf  1.  not  .  nov.l  notion.  what  1,  „e„  1,  thlt  th,„  r,_ 
...ich.r.  po.it  th.t  thl.  ho-unculu.  1.  .  coPy  of  th.  t.acher  f  roe,  who* 
th.  Individual  l..rn..  IMrtheraor.,  th.  (pny.lc.l)  t.ach.r  Influ.nce. 
.tud.nt  learning;  only  Indirectly  «lnc.  id..,  trar».al  tted  by  the  t.lohir 
reach  th.  etudent  only  by  peeaing  through  tha  Inner  ta.char.  Thus,  th. 
teechar'a  prtaary  rol.  in  th*  Laming  procss  .hculd  b>  to  ..al.t  .tu- 
d.nt. in  th.  eetablishasnt  of  thl.  inn.r  te.cher.  Th.  «t»  of  th.lt  rs- 
•■•rch  then  1.  to  invsstigste  how  •  t. achat',  .ctlon.  b«co«  .  part  of 
th.  etudent'a  inn.r  ..If.  i  .„  .truclc  by  th.  vary  cloae>  patellel  be- 
tween thl.  r«e«.rch  end  that  of  Gerofalo.  itroll  find  Meter  (dlacuaeed 
letari,  Both  groupa  at*  interested  In  th.  relation  between  aatacognl- 
tion  «nd  aatheaatlcel  activity  and  both  im  to  bellav.  that  the  teacher 
pleye  •  central  role  In  r.ha  foraetion  of  ■■t.coqni  tlva  akllla. 
Hirabay.aht  and  Snigeaateu  ara  doing  vary  laport.nt  work  and  I  inland  to 
follow  thatr  progress  cloaaly. 

I  waa  e.pecially  intrigued  by  Hirebay.ehl  and  Shig.matsu's  method 
for  cl«..tfytng  .tud.nt. •  rssponsss.     Thay  t)<acrlb*  a  "logical  aodal  of 

aetscogoitlon'  that  aarv  aaana  for  snalyxlng  students  •  raaponaaa 

during  ptobleea  aolvlng.  if  ny  undaratandinq  of  thalr  t»od«l  la  corr.ct, 
It  appear,  that  it  la  too  gcnersl  to  be  of  «uch  veluo  In  identifying  the 
dynaaica  of  th.  vary  cloaa  link  batwa.n  aetacognltlve  dacielona  and  cog- 
nitlva  actiona.  I  urge  than  to  consider  the  fraeawork  for  the  macro- 
■copic  enelyaia  of  problea-.olving  protocol,  th.t  Sohoanfald  (1985)  ha. 
d.vieed. 

Are  There  Any  Driving  Force.  An  Problea  Solving?  (Schultr  A  u.  Bart) 

Karsn  Schults  and  Lynn  Hart  have  adopted  •  perspective  toward  the 
study  of  vatntaaticai  problsa  aolvlng  that  la  imntUlly  the  .an.  .a 
the  one  I  ertlculsted  at  tha  beginning  of  ttua  paper.  That  l.,  they  be- 
lieve that  aathaaetlcal  activity,  in  particular  problea  aolvlng,  la  in- 
fluenced by  e  hoat  of  interdependent  factors,  on.  of  which  i»  netacognl- 
tlon.  Thus,  thay  are  conjecturing  that  problaa  ,0lvlng  tits  eeveral 
driving  force*  and  their  efforta  have  been  directed  toward  identifying 
juat  what  theaa  force  are  through  the  uaa  of  •  rseearch  paradlgei  that 
allowa  th.  forcea  to  e serge  ea  the  atudy  prOgr.aees.  I  applaud  their 
willingness  to  engega  in  whet  they  cell  "naturallatlc"  Inquiry,  but  I  «■ 
concerned  that  their  deelre  to  be  free  froe,  the  constraint,  lapoaed  by 
adopting  •  preexisting  theoretical  stance  may  cause  them  to  flounder  un- 
necesaarlly,  and  I  do  not  under. tand  how  Interview,  can  be  regarded  as 
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"natural."  Also,  it  behooves  an>  researchers  to  attempt  to  make  clear 
what  they  believe,  however  tentatively,  about  the  phenomena  they  are 
studying.  To  say  that  one  does  not  want  to  be  ohackled  by  the  use  of  an 
a  prion  theory  Is  well  and  good  perhaps,  but  this  does  not  obviate  the 
importance  of  specifying  as  clearly  as  possible  the  biases  and  underly- 
ing beliefs  one  has  about  the  phenomena  under  investigation.  It  is  un- 
clear to  me  from  reading  their  papers  just  what  their  biases  are. 

The  four  categories  that  emerged  from  their  protocol  analysis  fit 
nicely  Into  the  categories  I  discussed  in  the  first  part  of  this  paper. 
Furthermore,  the  fact  that  the  individual  failed  to  solve  either  of  the 
problems  she  attempted  despite  engaging  in  a  variety  of  appropriate 
metacognltlve  behaviors  provides  a  nice  argument  for  the  presence  of 
other  "driving"  forces  for  her  performance. 

Why  Is  Hetacognltlon  So  Difficult  to  Study?  (Garofalo,  Kroll  t  Lester) 

Some  years  ago,  a  manuscript  I  had  submitted  for  publication  was 
rejected,  as  one  reviewer  put  It,  for  reasons  cited  by  the  author.  1 
vowed  at  that  time  never  again  to  point  out  to  potential  readers  the 
weaknesses  and  Hesitations  of  my  research.  Thus,  1  will  refrain  from 
making  evaluative  comments  about  the  study  currrently  being  conducted  by 
mm  and  my  colleagues,  Joe  Garofalo  and  Diana  Kroll.  Rather,  I  will  make 
a  few  general  observations  about  our  work  in  the  hope  of  enlightening 
others  as  to  the  difficulty  of  doing  research  on  roetacognltlon. 

(1)  Inter- task  variability  with  respect  to  metacognltlve  processes 
Is  very  high.  When  problems  are  chosen  It  is  imperative  that  considera- 
tion be  given  to  their  potential  for  eliciting  behaviors  associated  with 
the  aspects  of  metacognlt Ion  that  is  of  Interest.  For  example,  problems 
with  superfluous  information  might  be  included  for  their  potential  for 
requiring  oetacognitivo  behaviors  associated  with  the  identification  of 
important  information  (an  aspect  of  developing  an  adequate  representa- 
tion of  the  problem). 

(21  Inter-peraon  variability  with  respect  to  metacognltlon  is  also 
very  high.  The  differences  between  the  students  discussed  In  DoGulrc's 
report  amply  illustrates  this  point.  Also,  the  differences  in  metacog- 
nltlve processes  between  our  regu la r- leve 1  and  advanced-level  students 
suggests  th»t  metacognltlve  skills  may  be  closely  tied  to  mathematical 
ability.  It  is  important  that  researchers  describe  the  characteristics 
of  their  subjects  (e.g.,  instructional  history,  previous  mathematics 
achievement,  beliefs,  attitudes)  as  completely  as  possible. 

(3)  Asking  problem  solvers  to  "think  aloud,"  keep  written  records 
of  their  thinking,   or  work  cooperatively  with  a  partner  have  typically 
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proved  to  be  less  successful  than  we  had  hoped.  Thinking  aloud  during 
problta  solving  is  often  unnatural  and  sanitises  has  a  dsbllitating  ef- 
fect on  performancs.  Mrittsn  rstrospectlvs  accounts  of  one's  thinking 
have  provided  vsry  little  Information  for  us.  This  nay  be  due  In  part 
to  the  studsnts'  insuperlencs  with  this  sort  of  activity.  Cooperative 
work  in  smell  groups  has  been  cited  as  a  natural  way  to  get  students  to 
talk  aloud  and  to  shars  thsir  ldsas  openly.  Unfortunately,  our  experi- 
ence has  been  that  moat  students  find  It  quits  difficult  to  do  this.  We 
suspect  that  this  reticence  is  due  to  the  students'  bslisfs  as  to  what 
is  appropriate  classroom  bshavior  and  to  an  atmosphere  of  competition 
that  Is  fostered  by  teachers  (here  Is  an  exaapls  of  a  social  condition 
that  results  in  a  belief  that  in  turn  affects  perforsance) .  I  should 
•dd  that  our  difficulties  may  be  due  partly  to  the  ages  of  ths  children 
we  havs  besn  working  with  during  ths  past  six  years.  (6-13  years). 

(4)  As  we  dslvs  eors  deeply  into  ths  nature  of  eistacognltlon  we 
era  be  cooing  store  convinced  that  it  cannot  be  studied  In  isolation  from 
cognition  end  other  factors  that  affect  mathematical  performance,  in- 
deed, it  is  possible  that  aatacognition  Is  not  r sally  distinct  from  cog- 
nition; ratheri  it  is  a  fundamental  part  of  it. 
A  Final  oo—ent 

while  an  anoraous  amount  of  work  lias  ahead,  progrsss  Is  beginning 
to  be  svade  toward  bringing  into  sharper  focus  the  kinds  of  factors  that 
influence  problea-solving  behavior.  as  a  result,  ths  prospect  seems 
good  that  research  will  one  day  be  able  to  provide  mathematics  teachers 
with  specific  guidance  ae  to  how  to  make  problem  solving  a  son  integral 
part  of  mathematics  inetructlon. 
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THEORETICAL  ANALYSIS:    STRUCTURE  AND  HIERARCY, 
HISSIMQ  VALUE  PROPORTION  PROBLEMS 

Bohr,  M.  and  Harol,  0.         Post,  T.  Loan,  H. 

Northern  Illinois  Univ.       University  of  Minn.       HICAT  System  Ino 


A  theoretioal  analysis  of  problem  structure  for  missing  value 
proportion  problems  ia  presented.    Three  variables:  order 
(location)  of  the  unknown,  unit  of  measure,  and  divisibility 
identify  512  problam  atruotures.    A  problem  solving  model 
based  on  problem  presentation,  problem  representation,  prob- 
lem operators,  and  solution  strategies  is  presented.  There 
are  three  claasea  of  representations:    understanding,  inter- 
mediate and  procedural.    A  mathematical  group  of  eight  trans- 
formations whioh  solvere  use  to  transform  problem  presenta- 
tions or  representations  to  other  representations  are  de- 
fined.   Two  problem  operators  whioh  instantiate  on  procedural 
representations  give  a  set  of  14  solution  strategies.  A 
preferenoe  hierarohy  for  using  these  strategies  is  hypothe- 
sized.   These  considerations  lead  to  a  partial  diffioulty 
hierarohy  on  the  512  missing  value  proportion  problems. 

A  missing  value  proportion  (MVP)  problem  involves  three  given 
values  and  an  unknown  to  be  found  under  the  constraint  of  maintaining 
the  proportion  relation.    Variables  whioh  affeot  performance  on  MVP 
problems  have  been  olasaified  by  Tourniaire  and  Pulos  (1985)  into 
student-  and  task-oentered,  and  the  latter  Bubolassif ied  as  struotural 
and  oontoxtual.    This  paper  presents  a  theoretioal  analysis  of  seleoted 
ofcruotural  variables  to  give  a  detailed  deaoiption  of  MVP  problem  struc- 
tures.   This  leads  to  hypotheses  for  hierarchies  of  problen  ooaplexity, 
and  of  preferenoe  for  instantiating  problem  operators  as  solution 
strategies,  and  to  a  partial  tiieraroy  of  problem  difficulty.  This 
analysis  will  make  a  substantial  contribution  to  this  research  area  by 
providing  a  theoretioal  struoture  to  guide  the  manipulation  of  these 
atruotural  variables. 

Tha  conoeptual  prooesa  of  problen  solving  is  desoribed  in  terms  of 
a  problem  presentation,  problem  representations,  problem  operators, 
knowledge  of  the  problem  domain,  and  solution  strategies  (i.e.  instanoea 
of  the  problem  operators).    Investigations  in  problem  solving  found  that 
the  problem  repreaentatlon  formed  by  the  solver  is  dependent  on  the 
problem  presentation  on  the  solver's  knowledge  of  the  problem  domain 
(Greeno,  1978;  Chi,  Fetovioh,  Olaaer,  1981).    Problem  difficulty  is  aloo 
a  function  of  the  problen  representation. 


The  research  was  supported  in  part  by  the  National  Soienoe  Foundation 
under  grant  No.  DPE-8H70077.    Any  opinions,  findings,  and  oonolusions 
exproooed  are  those  of  the  author  and  do  not  necessarily  refleot  the 
views  of  the  National  Soienoe  Foundation. 
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PROBLEM  PRESENTATION 


Any  verbal  MVP  problea  Wolves  two  statements  which  express  a 
ratio  between  two  quantltlas,  we  rafer  to  these  aa  par  statements.  One 
of  tbasa,  the  closed  par  stateaent,  ralatas  two  known  quantities;  the 
otbar  ralataa  ona  known  and  one  unknown  quantity  —  tha  opan  per  state- 
ment.  The  atruotural  variable  of  order  la  defined  in  teres  of  the 
looatlon  of  the  unknown  (left  or  right)  within  a  par  atateawnt,  and  in 
tarns  of  tha  looatlon  of  the  open  par  stateaent  (top  or  botton)  with 
reapaot  to  the  oloead  per  rtateaent.   This  defines  four  problem  cate- 
gories aa  BL  (bottoa  left),  Bfi,  TL,  and  TR. 

A  aeoond  atruotural  variable  ia  un»t  sL  ggSMEfe   On  the  aubvarl- 
able  of  Mfsura.  ajjjga,.  MVP  problems  vary  according  to  whether  one  or  twi 
are  involved,  and  for  those  with  two  aaasure  apaoes,  whether  the  quantl. 
ties  within,  or  between,  per  atateaants  are  from  the  save  or  different 
spaoea.    Here  we  ldantlfy  three  oategorlsa  of  MVP  problena  —  ona-by- 
onej.  one  Measure  space;  two-by-one;  aaaa  aaasure  spaoa  within  par  state- 
■ante,  but  different  between;  two-by-ones  different  measure  spaoea  with- 
in per  atataaenta,  but  the  aaaa  between.    The  aubvarlabl'j  dimension 
distinguishes  between  different  units  within  a  aaasure  .ipaoe,  alnutea 
and  hours,  for  axaaple.    Diaanslon  yields  four  aubcatag arias  of  the  one- 
by-one  and  two  aubaategorlea  for  each  of  two-by-one  and  one-by-two. 
(See  Uarel  and  Behr,  In  preparation.) 

A  third  atruotural  variable,  left  to  a  subsequent  analysis,  is  tha 
partltlonablllty  of  the  quanltlty  to  whioh  the  unit  of  censure  refers. 
Examples    Money  vb.  oblld.    Our  obaervatlon  la  that  thla  nay  affect  the 
ohoioe  of  operation  —  multiplication  or  division  ~  whloh  a  child  raakat 
In  foraulating  a  eolutlon  prooedure  for  a  MVP  problem. 

Tha  djvialb_lU£x  variable  (or  Integer  ratio),  whloh  we  have  extend- 
ed  to  palra  of  rational  nuabera,  has  been  shown  In  prior  research  to 
affeot  problea  difficulty.    When  an  integer  ratio  exists  the  dlreotlon 
2f  ifia  dlvlslb41^  fill  affeot  problea  difficulty.   The  variable  of 
ooaaon  Q^yjgor  la  related  to  divisibility.    It  appears  that  ohlldren 
have  an  order  of  preference  to  operate  with  a  pair  of  numbers  whloh  (a) 
have  an  Integer  ratio,  (b)  have  a  ooaaon  divisor  other  than  1,  and  (o) 
are  relatively  prime  (Behr  et  al,  in  preparation). 

The  four  levels  of  the  problea  variable  order,  eight  of  unit  of 
B,aaur*-t.  ai*teen  of  divisibility,  identify  (4x8x16)  512  HVP  problem 
structures.    Of  these,  the  256  with  dimension  1  form  the  subolass  of 
ratio  problems  and  the  remaining  256,  those  with  dimension  2,  the  sub- 
olaaa  of  rate  probleaa. 

PROBLEM  REPRESENTATIONS  AND  PROBLEM  OPERATORS 

Our  MVP  problen  solving  modol  ia  consistent  with  that  proposed  by 
Simon  and  Hayos  (1971).    In  order  to  solve  a  MVP  problem  we  assume  the 
solvor  has  a  aet  of  knowledge  structures  about  the  problem.   Thla  ln- 
oludes  knowledge  of:  the  Initial  and  goal  states  of  the  problem,  problen 
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operators  (information  processes)  that  transform  a  given  problem  atato 
Into  another,  and  constraints  undor  which  the  operators  oan  be  applied. 
Ue  refer  to  problem  atatea  formed  Dy  the  solver  to  determine  a  solution 
path  from  the  initial  problem  state  (the  problem  presentation)  to  the 
goal  state  as  problem  representations.    Our  oonoeptualization  of  the 
solution  prooesa  la  that  a  solver  uaea  one  or  more  problem  representa- 
tions for  understanding  the  problem,  and  Intermediate  representations 
for  exploring  the  relationships  among  problem  components  in  order  to 
ohooae  the  appropriate  problem  opeatora,  and  finally,  the  solver  will 
arrive  at  a  oholoe  for  a  prooedoral  representation  on  which  an  operator 
will  be  inatatiated  aa  a  solution  strategy.    The  prooodural  representa- 
tion that  a  solver  forms  will  refloot  both  salience  of  the  structural 
variables  and  the  interaotion  of  these  with  the  solver's  preference  for 
how  to  instantiate  a  problem  operator. 

We  distinguish  three  types  of  problem  operators  for  MVP  problems. 
The  first  olass  consists  of  structural  transformations  by  whioh  the 
solver,  responding  to  oertaiu  struotural  variables,  ohangaa  the  problem 
struoture.    Changing  the  direotion  of  the  divisibility,  or  the  order  of 
the  unknown,  are  possibilities.    The  second  olass  oonsiats  of  the  unit 
rate  operator.    This  transforms  a  closed  par  statement  of  the  form  "a 
per  b»  to  an  equivalent  one  of  the  form  "1  per  b/a"  or  "b/a  par  1." 
The  third  alasa  oonsiats  of  procedural  operators.  These  are  applied  to 
a  procedural  representation  to  solve  the  MVP  problem.    The  first  olaao 
of  operators  transform  intermediate  representations  to  other  representa- 
tions with  the  ultimate  goal  of  aohieving  a  procedural  representation. 
The  unit  rate  operator  transforms  a  procedural  representation  into 
another  prooedural  representation.    The  procedural  operators  aot  on  com- 
ponents of  the  problem  structure  in  a  prooedural  representation  to 
arrive  at  a  value  for  the  unknown. 

To  illustrate  the  structural  transformations  we  consider  an  MVP 
problem  of  the  form  "a  per  b,  o  per  x."    The  total  of  eight  structural 
transformations,  whioh  are  of  throe  types,  form  a  group  of  order  eight 
under  ordinary  ooapoaition  of  transformations.    The  first  type,  rate 
reciprocation,  ohangaa  the  problem  struoture  to  "b  per  a,  x  per  o." 
This  transformation  gives  the  reciprocal  of  eaoh  vithin-par-atatoment 
rate  pair.    The  second,  per  statement  reolprooation.  interchanges  the 
order  of  the  two  per  statements  to  get  the  problem  struoture 
"c  per  x,  a  per  b."    The  third,  measure  space  reolprooation,  ohangea  the 
struoture  by  interchanging  b  and  o  or  a  and  x.    For  a  MVP  problem  with 
two  measure  spaces  this  transformation  ohangos  the  quantities  in  the  per 
statements  so  eaoh  per  statement  is  changed  from  a  within  measure  apace 
oomp  arisen  to  a  between  space  comparison  or  vica  versa.    It  ohanges  the 
struoture  "a  per  b,  o  per  x"  to  "a  par  o,  b  per  x"  or  to  "x  per  b,  c  per 
a." 

Applying  tho  procedural  operators  requires  additional  knowledge, 
oalled  procedural  knowledge,  of  how  to  instantiate  these  operators  for  a 
particular  MVP  problem.    Involved  is  a  aequenco  of  finding  the  relation- 
ship between  the  quantities  in  the  closed  per  statement  (the  RCQ  opera- 
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tor)  and  transposing  that  to  an  operation  on  quantities  of  the  open  per 
statement  (the  ROQ  operator)  to  find  the  unknown.    Consistent  instantia- 
tions on*  the  HCQ  and  ROQ  operators  results  in  an  identifiable  strategy. 
1  strategy  is  valid  if  it  observes  appropriate  constraints  and  invalid 
if  any  problem  constraint  is  violated.    The  frequently  observed  addition 
strategy  is  invalid  because  it  violates  the  constraint  of  maintaining 
the  proportion  relation.    Among  the  valid  strategies  we  oonsider  several 
instances  of  a  ■ultiplioative  atragegy. 

A  aiultiplioative  strategy  begins  by  instantiating  the  BCQ  operator 
by  determining  the  relationship  between  the  two  known  quantities  in  the 
closed  per  statement  and  expressing  this  relation  in  the  forn  of  a 
aultlplloatlon  or  division  equation.    This  equation  has  an  unknown  value 
u.    Let    ?    denote  the  ooaputed  truth  value  for  u.    Next  the  ROQ  opera- 
tor is  instantiated  by  using    t   and    the  known  quantity  of  the  open  per 
statement  in  a  multiplication  or  division  equation  to  find  the  value  of 
the  unknown.   Thus  •>  multiplication  strategy  involves  sequential  instan- 
tiations of  the  SCQ  and  ROQ  operators  with  soaa  combination  of  multipli- 
cation and  diviaion  equations.    He  classify  a  multiplicative  strategy 
as:  a  division  strategy  (OS)  or  a  multiplication  strategy  (MS) , 
whan  the  RCQ  operator  is  instantiated  with  a  division  or  mult iplioat ion 
equation,  respectively.    He  thus  hnve  the  strategies    PHS  (positive 
division),  and  HDS  (negative  division).    Moreover,  the  equations  which 
are  used  to  instantiate  these  operators  can  be  formed  so  that  the  value 
naeded  to  be  found  in  either  aase  appears  in  a  missing  value  equation  or 
as  the  answer  to  be  found  in  a  direct  computation  equation.    In  the 
first  case  the  equation  is  indirect  (I),  and  in  the  second  direct  (D). 
Further  analysis  leads  to  the  following  list  of  14  strategies  Cor  solv- 
ing MVP  problems:    FM3-ID,  PMS-II,  PDS-DD,  PDS-OI,  PDS-XD,  PDS-DI*,  PDS- 
II,  PD3-I1",  NKS-U),  SH3-II,  NMS-IX*,  HDS-DI,  NDS-II,  and  MDS-ID,  where 
the  *  Beans  that  v  appears  as  the  result,  rather  than  operator  or 
operand,  in  the  equation  for  ROQ. 

PREFERENCES  FOR  IBSTAJfTIATIJIG  THE  RCQ  AND  ROQ  OPERATORS 

Our  next  ohjeotive  is  to  hypothesize  a  hierarchy  of  children's 
pe'-fertnoe  for  these  strategies.    To  instantiate  the  RCQ  operator  chil- 
dren must  consider  the  direction  of  the  operation  (left  or  right  )  and 
also  its  type  (multiplication  or  division).    Instantiation  of  the  RCQ 
operator  involves  two  given  quantities  a  and  b  and  an  unknown  quantity 
ti.    The  equation  that  is  formed  to  give  the  relation  between  a  and  b  can 
involve  a,  b,  and  u  in  one  of  two  types  of  operations  and  in  one  of 
three  roles  of  operator,  operand,  or  answer.    Considerations ,  too 
Jeasthy  to  dlsouss  in  this  brief  report,  lead  us  to  six  ways  to  in- 
stantiate the  RCQ  operator  (See  Uarel  and  Behr,  in  preparation).  Under 
the  constraint  of  an  integer  ratio  (noninteger  ratio  involves  other 
uoaaidsrationaj  these  six  ways,  listed  in  the  assumed  ordar  of  chil- 
dren's preference,  are  as  follows: 

t.    Coaputing  left  to  right  or  2.  computing  right  to  left,  and  finding  u 
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to  multiply  to  the  smaller  of  a  and  b  to  given  the  larger. 

3.    Confuting  left  to  right  or  1.  computing  right  to  left,  and  finding  u 

to  divide  into  the  larger  of  a  and  b  to  give  the  smaller. 

5.  Computing  left  to  right  or  6.  computing  >•■  ht  to  left,  and  dividing 

the  smaller  of  a  and  b  into  the  larger  to       ..  u. 

Once  the  RCQ  operator  baa  been  instantiated,  to  instantiate  the  ROQ 
operator  Judgments  need  to  be  made  about  four  variables:  preservation 
of  operation  direction,  preservation  of  operation  type,  the  role  (opera- 
tor, operand,  or  answer)  in  which  to  use  v,  the  computed  value  of  u,  in 
the  known-to-unknown  relationship  and  the  level  of  structural  equiva- 
lence between  the  RCQ  equation  and  the  ROQ  equation.    (See  Harel  and 
Behr,  in  preparation,  for  information  on  structural  equivalence.)  All 
possible  equation  pairs  by  union  RCQ  and  ROQ  operators  can  be  in- 
stantiated for  a  MVP  problem  of  the  form  "a  per  b,  c  per  x"  are  given  in 
the  Table.    Similar  information  for  a  problem  of  the  form  "a  per  b,  x 
per  d"  is  given  in  Harel  and  Behr  (in  preparation). 

AnalyslB  of  Strategies,  and  Preference  Helrarchy  for  Instantiating  the 
RCQ  Operators  for  the  Procedural  Representation:  a  .per  b^  a  per  x 

RCQ       ROQ       Strategy  RCQ  R  ROQ1 

ftp  Eqn   

Direction   Operation  Structural   R(RCQ)  Preference 


Preserved 

Preserved 

tijuivalence 

Index 

1 

cXv-x 

fttS-ID 

Yes 

Yes 

C 

KU 

1 

2  aXu-b 

XtV=C 

IMS-II 

No 

No 

P 

UK 

5 

3 

X*C=V 

IWS-II* 

No 

No 

N 

0 

9 

4 

xXvc 

PMS-II 

Yes 

Yes 

C 

UK 

2 

5  bXu*a 

c«=X 

No 

No 

P 

KU 

4 

6 

ctx=v 

ms-n* 

No 

No 

N 

0 

9 

7 

CtV=X 

PDS-ID 

Yes 

Yes 

C 

KU 

I 

8  a^u=b 

xXv=c 

H)S-II 

No 

No 

r 

UK 

5 

9 

CiXFV 

PDS-II* 

Yes 

Yes 

N 

0 

7 

10 

XiV=C 

PDS-II 

Yes 

Yes 

C 

UK 

2 

U  bju=a 

cXvx 

[OS- ID 

No 

No 

P 

KU 

12 

X4C*V 

PDS-II* 

Yes 

Yes 

N 

0 

7 

13 

CiX"=V 

PDS-DI* 

Yes 

Yes 

C 

0 

3 

1A  a*b=u 

CiV-X 

PD5-DD 

Yes 

Yea 

N 

KU 

6 

15 

xXvc 

NDS-DI 

No 

No 

N 

UK 

8 

16 

x*c=v 

PDS-DI* 

Yes 

Yes 

C 

0 

3 

17  b4a=u 

xXvc 

PDS-DI 

Yes 

No 

N 

UK 

6 

18 

cXv=x 

PDS-DD 

No 

Yes 

N 

KU 

10 

lKQ  R  ROq  denotes  the  relationship  between  RCQ  and  ROQ.   ^C,  P,  N  denote 
respectively,  complete,  partial,  or  no  equivalence,   3r(RCO.)  denotes  the  relation- 
ship between  the  known  end  unknown  quantities  in  the  open  per  sentence  according 
as  the  equation  for  the  RCQ  operator  relates  than  left  to  right  in  the  order  known 
to  unknown  (KU),  unknown  to  known  (IK),  or  relates  them  as  operator  and  operand  (0) 

o 
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PARTIAL  DIFICULTY  HIERARCHY  OF  PROBLEM  REPRESENTATIONS 


An  analysis  for  whloh  we  rafer  tha  reader  to  Harel  and  Bahr  (In 
praparatlon)  laads  to  the  ldentlf loatlon  of  exaotly  18  prooedural  repre- 

eentatlon  atruoturas  (P1(   1*1,2  18).    Further  analysis  based  on  the 

preferenoe  hlerarohy  for  Instantiating  the  RCQ  and  ROQ  operators  and 
further  assumptions  (see  Harel  and  Bahr,  in  preparation)  allowe  us  to 
order  these  from  aoet  ooaplex  to  least  complex;  we  assume  the  notation 

to  be  suob  thet  this  order  Is    P,,  P2  P,6.    The  total  set  S,  of  the 

512  probloa  representations  Is  pertitloned  by  the  group  of  ,ight  fcrana- 
foraatlons  Into  subsets,  S1(J.    The  subset  Si(J  la  the  set  of  all  prob- 
leas  prepreeentetions  whloh  are  aappad  by  a  transf or nation   T,  unto  tha 
prooedural  representation  Pr    For  n  i  n,  the  infcoraeotlon  of  Sffl  j  and 
sn,j  18  ••PfcSfl  that  i»i  there  are  no  two  problem  representations 'whloh 
gat  aapped  by  different  transformations  unto  the  same  prooedural  repre- 

aentatlon.    We  next  oonalder-  the  sets  S1(J,  S2  J,  S3  J  S18  J(  the 

sets  of  problea  representetlone  wholh  are  'sapped  by  Tj  unto  P,!  P2, 

p3  P18'  respectively.    We  take  the  previously  esteblished  order  of 

ooaplexlty  on  the  prooedural  repreaentetlons  P,  to  P18  as  an  lapoaed 
order  on  the  eet  of  preiaagea,  S1(J  to  S18  j.    We  define  this  iapoaed 
order  to  be  the  order  of  problea  difficulty  on  thia  oolleotlon  of  prob- 
lea representetlone.    Thie  leada  to  the  following  partial  (in  the  senoe 
of  pertlal  order)  dlffloulty  hlerarohy  on  the  set  of  512  MVP  problem 
etruoturea  (Let  >  denote  greater  in  dlffloulty). 

31.1  >  32.1  >  33,1  >  •••  >  S18,1  1> 

51.2  >  S2,2  >  33,2  >  •••  >  S18,1    (Levo1  2> 

31,8  >  32,8  >  33,8  >  •••  >  s18,8    (Lov81  8) 
Finally  our  aaalysie  shows  that  it  Is  not  possible  to  order  tho  levels 
(Level  1  through  Level  8)  aocordlng  to  dlffloulty. 
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MULTIPLICATIVE  STRUCTURFS: 
DEVELOPMENT  OF  THE  UNDERSTANDING  OF  RATES  (INTENSIVE  QUANTITIES) 
Alan  Bell  and  Barry  Onslow 
Shell  Centre  for  Mathematical  Education,  University  of  Nottingham 


Patterns  of  error  in  verbal  problems  requiring  selection  of 
an  operstion  show  that  there  is  considarsble  confusion 
concerning  the  nuae rs tor/d enominator  roles  of  the  two 
quantities  comprising  a  rate.  This  conceptual  obstacle 
shows  itself  in  difficulties  with  the  inverse  relationship 
between,  for  .sxample,  grans  per  penny  and  pence  per  gram,  a 
tendency  to  choose  additive  complementa  (i  and  })  rather 
than  multiplicative  ones;  the  sore  speed,  less  tine  relation 
for  fixed  diatance;  and  the  general  inability  to  perceive 
the  relations  among  the  three  quantities  in  such  cases  aa 
conatituting  an  integrated  whole.  Thia  atudy  uaed  large 
group  teating  and  interviews;  it  waa  followed  by  a  teaching 
experiment. 

Extenaive  research  now  exiata  on  the  underatanding  of  certain  aapecta 
of  multiplicative  atructures,  in  particular  on  the  beginnings  of 
multiplication,  on  proportion,  and  on  single-operation  problems  in 
contexts.  Our  own  work  in  this  field  has  mainly  been  on  the  laat 
topic,  single-operation  problems,  and  haa  had  an  emphaaia  on  the 
deaign  of  teaching  which  embodies  the  results  of  research  on 
understanding.  The  work  to  be  reported  here  concerns  the  concept  of 
rate,  that  is  of  an  "intenaive  quantity"  which  ia  the  quotient  of  two 
extensive  quantitiea.  Examplea  are  apeed,  unit  price,  milea  per 
gallon,  denaity,  map  scales,  meaaure  conversion  factora,  proportions 
in  mixturea;  auch  quantities  are  very  common. 

It  haa  been  shown  that  the  recognition  of  the  appropriate  operation  in 
problems  involving  auch  quantitiea  ia  subject  to  diatractiona  ariaing 
from  the  well-known  numerical  miaconceptiona ,  Senaitivity  to  the 
diatinction  between  partition  and  quotition  in  rate  problema  is 
revealed,  not  in  general  by  difference  in  facility,  but  by  a  aharp 
difference  in  the  pattern  of  errors;  partition  atructures  give  riae  to 
more  reveraal  errors,  quotition  structures  to  more  mul t i pi ica t iona . 
Theae  dominant  errors  arc  equivalent  in  both  cases  to  a  confusion 
about  the  numerator/denominator  roles  of  the  two  qusntitiea 
conatituting  the  rate.  (Bell,  Fiachbein  and  Greer,  1984;  Bell.Greer 
and  Grimiaon,  in  preparation).  This  observation  was  the  starting 
point  of   the  present  work,    which  consists  of  a  croaa-occtional  atudy 
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of  the  underetending  of  the  rite  concept  in  ■  ssmple  of  598  students 
aged  11-14  in  British  secondary  schools.  Interviews  and  group  teata 
were  used.    A  tesching  experiment  followed. 

Ths  test  begsn  with  s  question  probing  the  scceptsnce  of  s  snail/big 
operstion  in  two  problems,  one  concerning  the  price  per  gran  of  a  250g 
psck  of  butter  coating  44  pence,  the  other  asking  for  the  length  of 
each  piece  of  ribbon,  if  150  pieces  were  cut  from  a  length  of  27 
■•tree.  In  the  latter  caae,  28Z  chose  the  correct  operation,  in  the 
former  only  16X.  Thus,  although  for  many  pupils  small/big  is 
unscceptsble,  it  is  sore  so  in  the  two-qusntity  problem  than  in  ths 
staple  psrtition  question. 

In  snother  interview,  s  psir  of  girls  srgued  with  themselves  for 
several  minutes  to  decide  whether  88  grsms  for  44  pence  would  be  2 
psnce  per  gram  or  half  a  penny  per  gram.  The  confusion  appears  to  be 
of  the  rolea  of  different  quantities;  the  expresssion  'kilometres  per 
minute',  to  a  peraon  who  ia  not  attuned  to  the  crucial  aignificance  of 
the  word  'per',  does  not  displsy  cleerly  whether  it  is  like  kilometres 
or  like  minutes.  In  s  direct  test  with  two  matched  questions, 
sppesring,  spaced,  within  a  teat,  in  different  order  for  two  split 
halves  of  the  group,  s  sharp  difference  in  difficulty  was  observed; 
there  waa  alao  a  tendency  for  the  'per'  question  to  be  answered 
correctly  sore  frequently  by  pupila  who  had  met  the  'in  one  minute' 
veraion  first.    See  Table  1. 


X  correct 
A  before  B    B  before  A 

A.  A  rowing  crew  covered  a  3  kilometre 
courae  in  7.2  minutes.    What  was 
th<sir  speed  in  kilomtres  per  minute? 

28  39 

B.    A  rowing  crew  covered  s  3  kilometre 
course  in  7.2  mintues.    How  fsr  did 
they  row  in  one  minute? 

54  61 

(N-114  middle  and  upper  sbility  13-15  year  old  pupilB). 

Tsble  1 

The  potentisl  confusion  here  was  shown  starkly  in  another  question  in 
the  main  test  which  offered  s  direct  comparison. 


a 
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Q2.     In  Franca  two  local  »hop»  sail  r»i»in»  at  20  gram*  per  franc. 


e)    Raisins  »re  cheaper  at  Pierre's. 

b)  Raiaina  are  cheapter  at  Claude's. 

c)  Both  shops  are  selling  raiains  at  the  sane  price. 

d)  It  is  inpoasible  to  tell  who  is  selling  raisins  at  a  cheaper 
price. 


Which  is  correct? 


Why? 


Correct  answer  and  explanation 
Correct  answer,  incomplete  explanation 
Both  shops  are  the  aaae 
Impossible  to  tell 
Quit  or  unclassifiable 


55 
13 
17 
5 
10 


Figures  in  thia  and  subsequent  tables  are  all  Z  ages,  N-598 

Table  2 

We  have  17X  +5Z  of  pupils  who  do  not  distinguish  these  prices,  even 
with  the  choice  offered  as  clearly  as  this.  The  quality  of 
explanations  varied  fron  one-diaensioned  renarks  such  as:  "1  franc  is 
cheaper  than  20  francs";  to  correct  ideas  but  without  calculations: 
"Because  you  get  180  more  graas  at  Clsude's;  to  the  3*  which 
■entioned  that  one  price  was  400  times  the  other. 


A  somewhat  more  conplex  question  on  the  sane  point  produced  a  auch 
lower  level  of  response. 

Q3.   Prices  can  be  written  in  more  than  one  way.     Find  any  paira  of 
flaga  which  ahow  the  aame  price  written  in  different  waya. 
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One  or  both  correct  pa Ira  a  +  e  or  d  +  f  21 

Ignore  rate,  chooses sac  nuabers  44 

There  are  none  9 

Pairing  i  with  i  6 

Oait,  unclasaif led  19 


Table  3 

Interviewa  confirmed  that  the  responses  as  ahown  in  the  table  vera 
firm  convictiona.  4  graaa  per  penny  and  4  pence  per  graa  were  "the 
•*ae,  juat  awapped  around";  and  a  and  e  couldn't  ever  be  the  sue, 
bacauae  "that'a  4  graaa  per  penny  and  that's  i  penny  per  gran".  The 
pairing  of  i  with  i  suggests  s  poaalble  awareness  of  connection,  but  s 
f«sl  for  vslues  aore  clossly  linked,  less  drsaatically  different  thsn 
t  snd  4. 

A  question  which  tested  the  f iranets  of  grasp  of  the  inverae 
relationahip  with  aore  difficult  fractional  v«luea  and  in  a  conter.t 
aoaewhat  leaa  faalliar  than  price  la  ahown  below. 

Q>.    A  cycliat  travala  2/5  klloaetre  per  ainute. 

a)  2/5  ainute  per  klloaetre 

b)  3/5  ainute  per  klloaetre 

c)  2J  alnutea  per  klloaetre 

d)  2  3/5  alnutea  per  klloaetre 

e)  It  ia  iapoasible  to  tell  the  nuaber  of  minutes  per  kilolitre. 
Which  ia  correct?   Hhy? 


Correct  choice  with  adequate  or 

partial  explanation 

8  +  8 

Ignore  rate,  chooae  aaae  nuaber 

(a) 

27 

Iapoasible  to  tell 

29 

3/5  or  2  3/5 

5 

Oait,  unclassified 

23 

Table  4 


There  were,  in  the  written  tasks  and  the  interviews,  a  nuaber  of 
occaaions  on  which  aopects  of  understanding  of  the  general  network  of 
relationahipa  aaong  speed,  distsnce  snd  tlae  or  unit  price,  weight  snd 
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coat  were  revaaled.    For  example,  Roger,  aged  13: 


R:      Distance  +  time  -  spee'1 
Int:  Why? 

E:      Km  +  hours  -  km/hr 

Two  questions  tested  further  awareness  of  the  inverse  relationship, 
thi»  time  in  the  context  of  speed  and  time. 

Q5.  it  takes  Peter  8  minutes  to  run  a  mile.    Harry  rune  twice  as  fast 
Hov  long  does  Harry  take  to  run  a  mile? 

771  responded    correctly,   and  15Z  gave  the  directly  proportional 

anawer  of  16  minutes. 

Q6    Caroline  travels  100  kilometres  at  34  kilometres  per  hour. 
Francis  travels  100  kilometres  at  44  kilomtres  per  hour. 

a)  Caroline  takes  longer  to  complete  the  journey. 

b)  Francis  takes  longer  to  complete  the  journey. 

c)  They  take  the  same  amount  of  tine. 

d)  Cannot  tell. 


Which  is  correct?  .  uhy? 


In  this  case,  62Z  were  correct,  while  22Z  chose  the  more  speed,  more 
time  response  (b).  Typical  wrong  explanations  were:  "the  lower  the 
kph  the  faster";  "Caroline  has  a  lesser  time  number  than  Francis"; 
"Caroline  ie  goi„g  to  get  there  quicker  cos  she's  only  got  to  do 
34  kiloraetreo". 

18  pupils  who  had  made  this  type  of  response  were  interviewed;  16  of 
them  maintained  the  same  point  of  view  even  in  diacussion. 

A  written  test  question  asked  directly  for  the  selection  of  correct 
alternative  foroa  of  the  relation  speed  -  distance  x  time. 
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Q7.    I  can  calculate  the  apeed  of  my  car  uaing  the  following  rule: 
Speed  -  Distance  f  Tine 

Circle  the  other  rule(a),  written  below,  which  are  also  true.  If 
there  are  no  other  rules  which  are  true,  put  a  tick  in  this  box 

a)  Time  -  Speed  x  Diatance 

b)  Diatance  -  Speed  +  Tine 

c)  Speed  -  Distance  x  Tine 

d)  Time  -  Distance  f  Speed 

e)  Distance  «  Speed  x  Tiae 

f )  Diatance  -  Tlx  *  Speed 


Correct,  d  and  e  6 

Cliooaing  only  one  correct  font  6 

Choosing  correct  and  incorrect  forms  17 

Choosing  all  the  dlvialoti  relations  4 

No  other  rulea  true  39 

Oait.,  unclaasifled  22 


Table  •> 

The  choice  of  incorrect  forms  is  lens  surprising  than  the  large 
percentage  aelecting  'no  other  rules'.  For  them,  it  seems,  the  given 
formula  is  a  fixed  rule.  They  an>  rejecting  the  possibility  that  what 
is  essentially  the  aame  relation  between  the  three  quantities  can  hav« 
different  aspects. 

The  choice  of  incorrect  forms  is  less  surprising  thsn  the  large 
percentage  selecting  'no  other  rules'.  For  them,  it  seems,  the  given 
formula  ia  a  fixed  rule.  They  are  rejecting  the  possibility  that  whst 
is  essentially  the  aame  relation  between  the  three  quantities  can  have 
different  aspects. 

Further  questions  tested  the  ability  to  maintain  correct  choices  of 
operation  in  questions  with  excess  or  insufficient  data. 

In  the  teaching  experiment  which  followed  this  diagnostic  testing, 
problems  similar  to  those  on  the  test,  but  somewhat  richer,  were  used 
to  provoke  conflict  and  lead  to  discussion.  Concept-f ocuooed  games, 
and  exercisas  in  making  up  questions  were  also  included.  For  details 
fee  the  references. 
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QUALITATIVE  DIFFERENCES  AMONG  7-TH  GRADE  CHILDREN  IN  SOLVING  A  NON 
NUMERICAL  POOPOHTKDNAL  REASONING  BLOCKS  TASK 


Guershon  Harei  and  Mertyn  Behr 
Northern  Illinois  University 
Tomas  Post 
University  of  Minnesota 
Richard  Lesh 
Wlcat  Systems,  Inc.,  Orem,  Utah 


This  study  aimed  to  examine  differences  In  the  problem 
representations  and  strategies  employed  by  low  performance  and  high 
performance  7-grade  children  In  solving  a  non  numerical 
proportional  reasoning  task.  The  non  numerical  task,  which  was 
developed  especially  for  this  aim,  involves  weight  and  number 
relationships  between  blocks  --  a  derivative  of  the  density  concept. 
Three  categories  of  representations  and  four  categories  of  operators 
were  used  by  the  children.  The  differences  beiween  these 
representations  and  strategies  are  like  those  characterized  In  research 
of  expert-novice  differences  among  adult  solvers  In  other  domains  of 
problem  sofvlnfl,  such  as  physics  problems. 

The  process  of  solving  a  problem  starts  with  the  formation  of  a  problem 
representation  which  happens  In  two  stages:  (1)  converting  the  problem  presentation 
into  Interna!  mental  entitles  and  relations  among  them;  (2)  selecting  operators  to 
produce  new  states  of  knowledge  from  existing  states.  The  problem  solving  process 
proceeds  by  applying  a  solution  strategy,  which  means  searching  the  goal  state  by 
instantiating  the  operators  previously  selected.  In  certain  problem  domains,  such  as 
physics  problems  (e.g.  Chi,  Glaser,  and  Ress,  1981;  Larkin,  1977),  the  role  of 
problem  representation  In  the  solution  process  Is  well  documented  In  the  research  of 
problem  solving.  In  the  domain  of  proportional  reasoning  research,  on  the  other  hand, 
the  matter  of  problem  representations  has  been  apparently  Ignored.  The  efforts  have 
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been  to  Investigate  the  effect  of  context  and  structural  variables  on  children's 
performance  In  solving  proportion  problems  without  considering  the  mental  processes 
that  account  for  this  effect.  This  Is  a  second  study  in  our  attempt  to  investigate  the 
cognitive  aspects  of  proportional  reasoning.  In  the  first  study  (reported  In  this  volume 
by  Behr,  Harel,  Post  and  Lesh)  we  analyzed  missing  value  proportion  problems  and 
suggested  a  problem  solving  model  which  takes  Into  account  problem  presentation, 
problem  representations  and  operators. 

The  study  reported  here  Investigates  differences  between  low  performance  and  high 
performance  grade-7  children  In  forming  Initial  representations  and  selecting 
operators  In  the  process  of  solving  a  non  numerical  comparison  proportionality  task. 
Data  reported  suggest  differences  In  children's  problem  solving  stages  which  are  like 
the  novice-expert  differences  characterized  by  other  studies  with  adults  in  physics 
problems  (e.g.  Chi,  Glaser  and  Rees,  1931). 


The  research  paradigm  used  was  that  of  a  modified  teaching  experiment  which  was 
replicated  at  the  two  experimental  sites,  DeKalb,  III.  and  Minneapolis,  Minn  over  a 
period  of  about  17  weeks.  A  total  of  W  grade-7  children,  nine  at  each  site, 
participated  In  the  research.  Each  site  Involved  three  children  Judged  to  be  of  low 
mathematics  ability  and  achievement,  throe  of  middle  ability  and  achievement  and  three 
of  high.  The  major  assessment  consisted  of  four  one-on-one  Interviews.  The  tasks  in 
this  report  were  given  as  nine  problems,  among  more,  In  the  third  Interview, 

The  task  Involves  two  pairs  of  blocks  (A,  B)  8nd  (C,  D).  Blocks  A,  C  and  B,  D 
were  constructed  from  the  same  kind  of  unit-blocks,  A'  and  B',  respectively;  .ho 
unit-blocks  In  A  were  larger  In  size  than  the  unit-blocks  In  B.  The  number  of 
unit-blocks  In  A  was  smaller  than  the  number  of  unit-blocks  in  C,  and  theso 
numbers  remained  constant  across  tasks.  Three  different  Instances  of  blocks  B  and  D 
were  used,  B..,,  B0,  and  Bv  and  B_j,  D0,  and  Dt,  respectively;  the  number  of 
unit-blocks  within  each  of  the  pairs  (B.,,0.,),  (B0,  D0),  and  (Bv  was  one 
less,  the  same,  or  one  more  compared  to  the  number  of  unit-blocks  In  A  and  C, 
respectively.  The  subjects  were  asked  to  judge  the  weight  relationship  between  C  and 
an  instance  of  D  based  on  one  of  three  given  weight  relationships,  less  than,  greater 
thar,,  or  equals,  between  A  and  an  Instance  of  B. 


PROCEDURE 
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The  ihma  pairs  (A,  Bj)  refloct  3  different  number  relationships.  This  crossed 
with  the  ihCfla  possible  weight  relationships,  <,  >,  and  -,  results  In  nM  possible 
given  weight  and  number  relationships.  Each  of  these  relationships  can  be  associated 
with  a  requirement  to  find  the  weight  relationship  between  C  and  one  of  the  M&s. 
Instances  of  D.  This  results  In  27  possible  problem  situations.  The  nine  problems 
selected  and  presented  to  the  children  are  described  In  detail  In  following  table. 


Item 

Pair  (A.  Bj) 

Given  weight 

Pair  (C,  D,) 

Correct  weight 

presented 

ralttionthip 

presented 

relationship  to  be  found 

1 

(A.  B0) 

(C  D0) 

2 

(A.  B0) 

n 

(C,  D.,) 

> 

3 

(A.  B.,) 

H 

(C,  DqJ 

< 

4 

(A.  Bo) 

> 

(C.  D  ,) 

> 

S 

(A,  B,) 

> 

(C.  D,) 

> 

6 

(A  B.,) 

> 

(C,  D0) 

Undetermined 

7 

(A.  B0) 

< 

(C,  D.,) 

Undetermined 

B 

(A.  B,) 

< 

(C.  D0) 

Undetermined 

S 

(A.  B.,) 

< 

(C,  D.,) 

< 

Complexity  Qt  thft  hklfihri  lash-  Traditional  tasks  used  In  research  on  proportional 
reasoning  Involve  the  requirement  to  decide  which  of  the  relations  equal  to,  lass  than, 
or  greater  than  holds  between  multiplicative  relationships  a/b  and  c/d.  The 
nonnumerlc  proportion  task  used  In  this  study  Is  more  complex  than  these  standard 
proportion  tasks  because  several  relationships  must  be  Inferred  and  coordinated  before 
the  final  relational  judgment  can  be  made  In  the  criterion  component  of  the  task. 
Qualitative  proportional  reasoning  Is  Involved  In  two  episodes  in  the  solution  of  the 
blocks  task:  one  Is  the  coordination  of  the  number  and  weight  relationship  between  A 
and  B  to  determine  the  weight  relationship,  If  possible,  between  A"  and  B';  the  other 
Is  In  the  coordination  of  the  weight  relationship  between  A'  and  B'  and  number 
relationship  between  the  added  amounts,  uA'  and  vB',  to  determine  the  weight 
relationship  between  C  and  D. 


RESULTS 


Two  processes  In  the  children's  responses  were  examined:  one  process,  reflecting 
tho  Initial  representation  of  the  problpm,  relates  to  how  they  initially  viewed  the 
structure  of  each  block  and  how  they  Interpreted  the  relationships  between  these 
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structures;  the  other  process,  reflecting  the  strategies  children  used  to  solve  the 
problems,  relates  to  the  inferences  thny  made  to  find  the  final  answer.  These 
representations  and  strategies  were  separately  classified  Into  3  and  »  different 
categories,  respectively. 

We  Identified  throa  different  Initial  problem  representations  of  the  blocks  task, 
Structure,  Complement,  and  Atomic;  listed  In  order  from  most  to  least  sophisticated. 

StrnptMra  mpmsnntatlon.  It  the  Structure  Representation  was  used,  each  block 
was  envisioned  as  consisting  of  two  parts,  deck  and  top,  and  the  observable  number 
relationships  between  the  tops  and  between  the  decks  within  the  pairs  (A,  B)  and  (C, 
D)  were  Identified.  This  representation  also  Included  the  property  that  each  of  the 
pairs  (A,  C)  and  (B,  D)  was  constructed  with  the  same  sIzb  -unit-blocks,  A"  and  B', 
respectively.  The  following  figure  describes  elements  in  this  representation  Including 
the  given  u>d  the  required  relations  between  fts  weights  of  the  blocks. 


Complftmnnt  rgprnsentatlon.  If  the  Complement  Representation  was  used,  the 
children  attended  to  the  fact  that  the  number  of  units  in  C  (and  D)  was  greater  than 
the  number  of  units  In  A  (and  B).  They  also  attended  to  the  property  that  the 
corresponding  blocks  were  constructed  with  the  same  size  unit-blocks.  Due  to  these 
noticed  qualities  of  the  blocks,  their  representation  focused  on  blocks  C  and  D,  where 
C  was  viewed  as  an  addition  of  units  on  A  (and  D  as  an  addition  of  units  on  B).  The 
following  figure  describes  this  representation  as  a  network  of  two  states,  1  and  2.  In 
state  1,  blocks  A  and  B  and  the  relation  between  their  weights  are  given;  state  2  is 
a  result  of  changing  state  1  by  adding  units  blocks  to  A  and  B  and  getting  C  and  D, 
respectively. 


Block  C  ^tek+Jjim^rr*l^oMjilB+DKk^> 


//Top  ^.Number  relationship.,*  top  \A 


.JVelght  reUHonafrlp  reojjlrej.  — 
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Stat*  1 


Atom  representation,  if  the  Atom  Representation  was  used,  the  children  viewed 
each  block,  separately,  as  consisting  of  Individual  unit-blocks,  and  the  number 
relationships  between  the  tops  of  the  blocks  was  considered.  Elements  of  this 
representation  are  shown  In  tha  following  figure. 


Five  main  categories  of  distinct  strategies  were  identified;  listed  in  order  from 
most  sophisticated  to  least  sophisticated,  they  are  as  follows:  Matching,  Balance  with 
three  distinct  instantiations  (Complete,  Incomplete,  and  Deficient),  and  Counting. 

Matching  strategy.  If  the  Matching  Strategy  was  used,  the  child  would  begin  by 
looking  at  the  relationships  between  pairs  of  blocks  (A,  B)  and  (C,  D).  The  child 
would  first  notice  that  the  number  of  unit-blocks  within  the  decks  of  these  pairs  Is 
equal.  Then,  he  or  she  would  determine  the  number  relationship,  u.,  between  the 
number  of  unit-blocks  In  the  tops  of  A  and  B,  respectively,  md  the  number 
relationship,  u.*,  between  the  number  of  unit-blocks  In  the  tops  cf  C  and  D, 
respectively.  The  next  step  would  be  to  acknowledge  the  given  weight  relationships, 
W,  between  blocks  A  and  B  and  the  required  weight  relationship,  W*,  between 
blocks  C  and  D.  Children  would  then  observe  one  of  two  relations  between 
relationships:  One  was  that  the  number  and  weight  relationships  between  A  and  B 
are  the  same  relation  (<,  -,  or  >),  i.e.  u-W:  the  other  was  that  the  number 
relationship  between  A  and  B  and  between  C  and  D  are  the  same  relation  (<,  »,  or 
>),  I.e.,  n«u*.  Depending  which  relationship  was  determined  by  a  child,  one  of  the 


a. 


Block  A 


Top 


Block  C 


Top 
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following  two  miss,  or  operators,  was  instantiated: 
(1)   >  w'-u":  (2)  [iV  — >  W-W*. 

Imposed  matr.hinn  strategy.  Problems  3,  4,  and  7  (see  the  above  table)  can  not 
be  solved  by  the  Matching  Strategy  because  neither  one  of  the  sufficient  conditions 
H-u."  or  u.«W  In  the  above  rules  holds;  this  posed  a  problem  to  those  children  who 
depended  on  this  strategy.  After  finding  they  were  unable  to  solve  a  problem  using  the 
Matching  Strategy  one  of  two  avenues  were  taken.  Either  the  children  would  use  a  fall 
back  strategy  (I.e.,  fall  back  to  a  less  sophisticated  strategy)  or  would  use  a  derivative 
of  the  Matching  Strategy,  which  we  call  the  Imposed  Matching  Strategy.  When  using 
this  strategy,  the  child  would  suppose  an  equals  number  relationship  between  the  tops 
of  blocks  C  and  D,  so  the  sufficient  condition  u=»u."  would  hold  and  rule  (1)  could 
be  applied  to  conclude  W*»W.  Based  on  the  latter  relationship  he  or  she  would 
conclude  the  required  relationship  between  C  and  D. 

Balannn  strategy.  Within  the  Balance  Strategy  category,  there  are  three  different 
instantiations:  Complete,  Incomplete,  and  Deficient. 

pnmplntB  balance  strategy.  If  the  child  solved  a  task  using  the  Complete  Balance 
Strategy,  three  relationships  were  considered.  First  the  children  considered  the 
relationship  between  the  weights  of  A  and  B.  This  can  be  visualized  as  blocks  A  and 
B  on  a  pan  balance.  The  children  went  on  to  determine  the  number  of  blocks  added  to  A 
and  B  which  created  blocks  C  and  D.  At  this  point  blocks  C  and  D  are  on  the  pan 
balance.  In  order  to  determine  the  relationsnip  between  the  weights  of  C  and  D,  the 
children  used  the  weight  relationship  between  the  unit-blocks  A'  and  B'. 

In^mpintn  halanm  strategy.  The  Incomplete  Balance  Strategy  is  similar  to  the 
Complete  Balance  Strategy.  First  the  Children  considered  the  relationship  between  the 
weights  of  A  and  B  and  then  determined  the  relationship  between  the  number  of  units 
added  to  A  and  B  to  solve  the  problem.  Thus,  this  strategy  Ignores  the  relationship 
between  the  weights  of  the  unit-blocks. 

Deficient  ba|nnr:a  strategy.  In  the  deficient  Balance  Strategy  only  the  relationship 
between  the  number  of  units  added  to  A  and  B  was  considered  to  solve  the  problem; 
the  other  two  relationships,  the  number  and  weight  relationship  between  A  and  B, 
were  ignored. 

Counting  strategy.  The  most  simplistic  strategy  was  the  Counting  Strategy  in 
which  the  answer  to  the  task  was  determined  by  comparing  the  number  of  unit-blocks 
in  C  and  D. 
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RELATIONSHFS  BETWEEN  REPRESENTATIONS  AND  STRATEGIES 

An  analysis  of  the  relative  sophistication  of  the  representations  and  strategies 
deserved  earlier  and  the  relationships  among  them  will  be  discussed  In  Harel  and  Behr 
(In  preparation).  A  concise  description  of  these  relationships  is  shown  in  the  diagram 
below.  The  diagram  shows  that  the  most  sophisticated  representation  --  Structure 
Representation  calls  for  Matching  Strategy,  Complete  Balance  Strategy,  or 
Incomplete  Balance  Strategy  In  this  order  of  frequency;  the  less  sophisticated 
representation  --  Complement  Representation  -  calls  for  incomplete  Balance 
Strategy  and  Deficient  Balance  Strategy  and  Counting  Strategy  In  this  order  of 
frequency;  and  Atom  Representation  calls  onfy  for  Coupling  Strategy.  This  result  is 
consistent  with  current  theories  In  problem  solving  which  attribute  qualitative 
differences  between  a  novice  and  an  expert  to  variability  in  the  quality  of  their 
problem  representations,  especially,  in  the  Initial  stage  of  problem  analysis.  An 
expert's  reasoning  about  a  problem  leads  to  a  problem  representation  that  contains 
structural  features  of  the  problem.  This  representation  Is  superior  to  that  of  a  novice 
whose  reasoning  leads  to  a  representation  which  incorporates  only  the  surface  features 
of  the  problem.  The  sophisticated  problem  representations  of  the  expert  lead  to 
successful  solution  strategies,  white  the  more  primitive  representations  of  the  novice 
lead  to  unsuccessful  solution  attempts  (see,  for  example,  Chi,  G laser  and  Rees,  1981). 


Representation 


Strategies 


(St7u^)-£«U3-^ 


(Component)  frW?  FT 
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Hatching 
Complete  Balance 
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Deficient  Balance 
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MULTIPLE  REPRESENTATIONS  AND  REASONING  WITH  DISCRETE 
INTENSIVE  QUANTITIES  IN  A  COMPUTER-BASED  ENVIRONMENT. 

James  J.  Kaput,  Clifton  Luke,  Joel  Poholsky,  Aline  Sayer 
Educational  Technology  Center,  Harvard  University 


We  describe  several  linked-rcprcscntation  learning  environments  that  support 
learning  about  and  reasoning  with  the  multiplicative  structure  of  discrete 
intensive  quantities.  We  also  describe  an  icon-based  calculauon  environment 
that  supports  the  fundamental  cognitive  actions  underlying  these  reasoning 
processes.  The  environments  described  are  part  of  a  larger  set  that  spans  the 
various  subconstructs  of  intensive  quantity  and  which  is  being  extended  to 
include  formal  algebraic  representations  as  well  as  representations  of 
continuous  intensive  quantities.  By  explicitly  linking  actions  on  concrete  iconic 
representations  to  their  consequences  in  more  abstract  and  formal  numerical 
and  graphical  representations,  we  expect  to  enrich  and  make  more  flexible 
student  cognitive  models  of  intensive  quantites  and  the  operations  on  them. 


INTRODUCTION 

For  the  past  several  years  our  research  group  examined  student  reasoning  with  intensive 
quantity.  This  complex  web  of  concepts  involves  three  different  aspects,  each  with 
corresponding  task  types:  (1)  quantitative  multiplicative  structure  (missing  value 
problems),  (2)  homogencity-intensivity  (sampling  tasks),  and  (3)  order  (comparison 
tasks).  We  concentrate  here  on  the  first  aspect,  describing  the  different  software  learning 
environments  developed  to  support  concretely-based  strategies  for  traditional  missing 
value  tasks.  A  fuller  description  of  all  parts  of  our  software  is  available  in  Kaput  & 
Gordon  (1987).  Oui  motivations,  detailed  rationales  for  the  learning  environments,  and 
descriptions  of  empirical  work  associated  with  their  development  and  refinement  are 
available  in  Kaput  (1985),  Schwartz,  ct  al  (1985),  and  Kaput,  ct  al  (1986),  so  will  not  be 
repeated  here.  The  learning  environments  will  described  in  the  order  that  wo  ucveloped 
them  r>  Jicr  than  in  the  order  a  student  would  typically  encounter  them. 

A  central  objective  of  our  learn  ng  environments  is  to  ramp  students  from  their  concrete, 
situation-bound  representations  of  intensive  quantities  to  more  abstract  and  flexible  ones. 
The  model  for  introducing  discrete  intensive  quantities  at  the  concrete  level  involves 
regular  arrays  of  icons  that  the  students  can  manipulate  as  if  they  were  actual  objects.  To 
provide  long  term  curricular  coherence,  we  decided  that  tables  of  data  and  coordinate 
graphs  would  be  the  primary  abstract  representations  for  the  concept  of  intensive  quantity, 
to  be  connected  later  to  formal  algebraic  representations.  Our  technique  for  linking  these 
representations  pognitively  is  to  provide  experience  with  them  linked  eybcrnctjcally  in  an 
appropriate  learning  environment. 
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THE  STARTING  POINT 


We  initially  constructed  the  following  three- representation  environment.  One  window 
each  is  reserved  for  iconic,  numerical,  and  coordinate  graphical  representations  of  an 
intensive  quantity  that  the  student  enters  into  the  computer.  The  intensive  quantity  is 
usually  associated  with  a  story  -  for  our  purposes  let  us  assume  that  we  are  planting  trees 
in  a  park  so  that  every  two  trees  will  shade  three  people.  Hence  the  student  selects  and 
then  distributes  copies  of  appropriate  icons  in  a  model  cell  that  will  come  to  specify  the 
intensive  quantity,  e.g.,  3  person"  icons  per  2  tree  icons.  (The  two  trees  can  even  be 
situated  so  as  to  "shade"  the  three  people.)  This  model  cell  is  then  replicated  to  fill  an  icon 
window  which  eventually  will  contain  identical  rectangular  cells.  After  the  preliminary 
actions  setting  up  the  situation,  the  screen  provides  a  table  of  data  window  labeled  by  the 
appropriate  icons,  and  a  coordinate  graph  window,  whose  axes  are  similarly  labeled. 
(See  the  Figure  below.) 

As  the  student  clicks  the  MORE  button,  the  cells  in  the  icon  window  are  highlighted, 
corresponding  number  pairs  are  entered  in  the  table  of  data,  and  the  corresponding  points 
are  plotted  on  the  coordinate  graph.  (Thus  the  intensive  quantity  is  modeled  in  the 
coordinate  graph  as  the  slope  of  a  line  of  discrete  points.) 

With  each  click,  the  latest  number  pair  and  the  latest  point  are  highlighted  to  correspond  to 
the  number  of  icons  of  each  type  that  are  highlighted  in  the  icon  window.  In  the  figure 
below,  we  see  the  result  of  5  clicks  of  the  MORE  button.  By  clicking  on  FEWER  the 
highlighting  process  proceeds  in  reverse;  however,  the  previously  deposited  number  pairs 
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By  clicking  on  the  boundary  of  any  of  the  windows,  the  student  can  turn  off  that 
particular  representation,  so  that  prediction  tasks  are  possible,  e.g.,  with  the  table  of  data 
turned  off  one  could  ask  "What  number  pair  will  be  highlighted  if  we  now  clicked  on 
MORE  3  times."  Turning  off  particular  representations  also  helps  to  control  both  the 
novelty  when  introducing  new  representations  as  well  as  the  amount  of  information  on  the 
screen  at  any  particular  time. 
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THE  BOXES  STRATEGY 
probtKh  as:  Wo*  many  p»pfe  would  be  shadedbyl4  tree,  mow  park? 

■•Let's  sec,  there  are  2  trees  per  box  and  so  there  are  7  boxes  of  trees.  There  will  be  7 
times  3,  that's  21  people." 

This  is  a  "divide  and  then  multiply"  strategy  based  on  an  intermediate  decomposition  of 
ihe  sets  of  icons  into  subsets  describable  using  the  intensive  quantities 

2  trees/box  and  3  people/box. 
the  product  of  an  intensive  and  an  extensive  quantity. 

[S£  andSoverall  is  a  statement  about  equality  of  numbers  of  boxes.  14/2  -  x/3. 
Described  more  fully,  the  left  side  is 

14  trees 

2  trees/box 

and  the  right  side  is 

3  people/box 

Since  its  algebraic  solution  is  isomorphic  to  the  box«  Scy  the  rectangular  icon  array 
has  produced  a  very  concrete  realization  of  the  solution  process. 

MISSING  VALUES  PROBLEMS  WITH  CONCRETE  ICONIC  FEEDBACK 

oMered  pai^hen  given  the  other  number  and  the  underlying  ratio. 
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the  available  representations,  are  done  off-line. 
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NEXT  -  THE  ICON-BASED  CALCULATION  ENVIRONMENT 
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□early,  the  task  of  determining  the  number  of  the  other  icons  is  a  traditional  missing 
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value  problem.  To  solve  it,  the  student  groups  icons  in  the  two  "warehouses"  and  then 
sends  them  into  the  cells,  involving  only  grouping  (to  "grab"  a  set  of  icons),  matching 
(the  respective  contents  of  the  boxes)  and  counting  to  complete  such  a  missing  value 
problem. 

Although  more  than  one  distribution  strategy  is  possible  (depending  in  part  on  the 
conditions  under  which  the  problem  is  solved),  the  "boxes"  strategy  has  a  perfectly 
concrete  embodiment  in  this  context:  distribute  14  trees  into  7  cells  (a  concretely  executed 
quotative  division),  and  then  match  each  of  the  groups  of  2  trees  with  a  group  of  3 
people,  yielding  the  layout  below.  Using  the  Test  command,  one  can  get  a  progress 
update  on  one's  progress  at  any  time.  In  the  Figure  below,  the  Test  command  was 
requested  to  confirm  the  successful  completion  of  the  task. 


This  environment  embodies  a  wide  range  of  actions  and  problem  types,  too  vancd  to  be 
described  in  the  space  available.  For  example,  when  given  the  respective  joiaJs, 
determining  the  underlying  ratio  in  simplified  form  is  a  challenging  distribution  task  (the 
requirement  that  the  ratio  be  simplified  is  equivalent  cither  to  the  requirement  that  the  total 
number  of  icons  per  cell  be  a  minimum  or  that  the  number  of  boxes  be  a  maximum);  and 
by  changing  the  allowable  actions,  one  can  force  a  different  solution  strategy  for  a 
missing  values  problem.  See  (Kaput  &  Gordon,  1987)  for  full  details  of  these  learning 
envoronments. 

CONCRETELY  BASED  MULTIPLICATION  AND  DIVISION 

As  a  further  step  backward  towards  what  we  feel  is  the  conceptual  bedrock  that  will 
support  viable  thinking  patterns  for  the  longer  tun,  we  devised  a  single  icon  calculation 
environment  that  utilizes  similar  primitive  acts  on  a  single  set  of  icons  that  arc  active 
concrete  versions  of  multiplication  of  intensive  by  extensive  quantities,  and  partitive  and 
quotative  division.  Again,  the  computer  monitors  the  student's  actions  and,  on  request, 
provides  feedback  and  opportunity  to  alter  the  chosen  distributions,  Our  last  Figure. 
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AS^!1       SUCCCSSfUl  coraPletkm  of  a  I™**™  ^vision  task,  but  before  a 

Notethat,  alternatively,  by  providing  the  the  number  of  bases  instead  of  the  total  number 
fierJtfX,  one  has  stated  a  pjjrjinic  division  problem.  As  incase  with  the  two 
environment,  the  computer  stores  all  the  numerical  information  about  successful  problem 
solutions  m  a  table  which  can  be  called  up  for  inspection  and  hypothesis TbuiZg 
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CONCLUDING  REMARKS 


renrt^ntarii^Si^ ™™  introd,uccd  h«*  extends  to  include  the  more  formal 
^tamWedin  equations  and  actions  on  equations.  Indeed,  the  overall 
approach  is  to  link  such  abstract  representations  explicitly  with  those  already  established 

S^u  T.P,Upwarud  *T  U,e  concrete  «°  *e  abstract'  wheSSnt  on  Sat 

ffiiratt*  throfgh  J^6'""™  *<"«i  «*«»  0"  those  representations,  and 
where  thcstudcntlthfflaiSCjyes  inspect  the  consequences  of  their  actions  in  whoever 
representation  ihjv.  deem  appropriate. 

This  sequence  of  multiplicative  structure  learning  environments  is  intended  to  be  used 

^^tr^yCS!l^gin!?lng  T01  ^  sineIe  ico"  calculation  environment  soon  after 
addition  ajtd  subtraction  have  been  introduced  in  the  early  grades.  The  two-icon 
Ration  environment  comes  next,  followed  by  the  Unking  environment,  the  multiple 
representauon  missing  value  problems  environment,  and  finally,  the  equations 
environment  ^ 

Each  of  these  diaasic  intensive  quantity  environments  has  a  cjjfltinuQus  analogue  where 

matching  and  counting  acts  have  continuous  analogues.  They  also  embody  parallel 
mileages  to  the  more  abstract  representations,  which  then  serve  to  represent  both  the 
discrete  and  continuous  worlds. 

Despite  the  widely  acknowledged  value  of  concrete  manipulativcs,  they  are  not  widely 
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used  in  schools  for  two  reasons:  (1)  They  impose  a  difficult  classroom  management 
problem,  and  (2)  It  is  difficult  to  use  them  in  ways  that  adequately  expose  the  connections 
between  astiojiS  on  the  manipulates  and  the  corresponding  actions  on  their  formal 
mathematical  counterparts.  Cybernetic  manipulates  solve  both  of  these  problems, 
although  at  some  cost.  (It  is  not  yet  clear  how  much  prior  experience  with  physical 
objects  embodying  certain  properties  is  needed  before  these  properties  can  be  effectively 
used  in  a  computer  representation  of  those  objects.  It  seems  likely  that  this  will  depend 
largely  on  the  familiarity  of  the  objects  and  the  properties  that  are  being  drawn  upon  for 
mathematical  purposes.  In  the  object-based  environments  that  we  have  worked  with, 
essentially  no  particular  properties  of  the  objects  were  being  called  upon  except  thctr 
discreteness.  In  other  cases,  e.g.,  Dienes  Blocks  (Thompson,  personal  communication, 
1986),  very  particular  properties  are  being  used  to  represent  mathematical  structures.) 

The  more  powerful  microcomputers  now  becoming  available  in  the  schools  will  make 
possible  a  whole  new  effort  to  return  action  to  student  mathematical  learning.  And  since 
wc  arc  now  aWe  to  link  actions  on  concrete  representations  of 
mathematical  ideas  systematically  and  explicitly  to  the  more  abstract 
representations  that  are  at  the  heart  of  mathematics'  power,  we  may  be 
more  able  to  engender  that  power  in  students. 
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STRATEGIES  USED  BY  COLLEGE  STUDENTS  ENROLLED  IN  DEVELOPMENTAL 
MATHEMATICS  TO  SOLVE  PROPORTIONAL  REASONING  PROBLEMS 

Laura  Coffin  Kooh 


ABSTRACT 

This  study  investigated  the  effeot  of  two  Instructional 
rational  number  units  on  the  strategies  used  by  oolloge 
students  enrolled  In  developmental  mathematics  to  solve 
proportional  reasoning  problems.    Strategies  varied  from 
problem  to  problem,  but  the  unit  value  strategy  was  the 
most  widely  used  correct  strategy.    The  use  of  the  additive 
strategy  did  not  carry  over  fron  one  oontext  to  another, 
Implying  that  the  oontext  of  the  problem  Influences  the 
selection  of  atrateglea  used.    Although  the  unit  value 
strategy  was  the  most  commonly  used  correct  strategy  on  tho 
protost,  students  were  unable  or  unwilling  to  apply  this 
strategy  In  all  situations.    It  appeared  to  be  a  successful 
strategy  for  students  when  the  problem  involved  whole 
numbers,  however,  afcudenta  did  not  use  it  when  the  problem 
contained  fractions  or  decimals. 


INTRODUCTION 

Thi3  paper  will  report  the  results  of  a  study  that  Investigated 
the  effect  of  Instruction  within  the  conceptual  field  of 
multiplicative  structures  on  strategies  used  by  college  students 
enrolled  in  developmental  mathematics  to  solve  proportional  reasoning 
problems. 

Vorgnaud  (1983)  suggested  that  interrelated  concepts  should  be 
taught  as  an  organized  unit,  which  he  calls  s  conceptual  field.  One 
such  conceptual  field  Is  that  of  multiplicative  structures.    This  unit 
Includes  the  connected  topics  of:    multiplication,  division, 
fractions,  ratios,  rational  numbers,  functions,  dimensional  analysis 
and  vector  space.    Tho  teaching  of  these  interrelated  topics  over  a 
period  of  time  would  allow  students  to  see  the  relationships  between 
then  and  would  give  the  students  time  to  comprehend  numerical 
relationships  over  a  broader  scope  rather  than  smaller  isolated  units 
with  little  or  no  relationships. 
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Rosoaroh  In  tho  areas  of  proportional  reasoning  has  Indicated 
that  the  numerical  structure  of  the  proportions!  reasoning  task 
affects  the  aubjent'a  ability  to  solve  that  task  (Rupiey,  1901; 
Karplus,  rulus,  and  Stage,  1903;  and  Abramowitz,  197*0.    This  would 
seen  to  Indicate  that  rntlonnl  number  skills  play  a  oruolal  role  in 
proportional  reasoning  ability,  although  Holler,  Pont,  and  Iiohr  (1985) 
found  that  the  students  saw  no  relat tonahip  betweon  rational  number 
skill:!  and  proportional  reasoning.    This  may  bo  due  to  the  fact  that 
In  the  schools  topics  suoh  a  a  frauulonri  and  ratio  and  proportion 
are  taught  in  separate  units  and  th«  relationship  la  not  made  ohvloua 
to  the  students. 

College  students  enrolled  In  developmental  rant.hemnt.loo  courses 
luok  rational  numbers  skills,  although  many  of  tho  students  have  taken 
oouraoa  in  both  elomentary  school  and  high  sohool  that  fooutiod  on 
rational  numbers.    In  addition,  more  than  SO  percent  of  all  collogo 
students  arc  not  yet  formal  operational  (Chlapotta,  1976)  nnd  are 
unsuccessful  on  proportional  reason) tig  tanks  (Thornton  and  Fuller, 
1901). 

Tho  subjects  In  thla  study  wore  students  enrolled  in  several 
developmental  mathematics  courses  at  the  University  of  Minnesota. 
Students  were  pretested  with  respect  to  proportional  reasoning 
ability.    Subjects  wore  then  randomly  assigned  to  either  a 
ooquonttally  based  troutfflont  of  rational  numbers  topics  or  to  a 
multiplicative  structures  treatment  of  rational  numbers  topics,  liach 
of  tho  tr'oatraonto  lautcd  four  weeks.    After  completion  of  tho 
instructional  units,  the  subjects  woro  retostod  with  respect  to 
proportional  reasoning  ability. 

An  Investigation  of  tho  strategies  that  students  use  prior  to 
,i    tructlon  and  after  Instruction  should  shod  some  light  on  the 
strategies  that  may  or  may  not.  have  boon  initially  developed  or 
enhanced  by  the  instructional  treatments.    One  question  from  tho 
Karplus  Stick  Figure  pretest  and  posttest  and  four  questions  from  tho 
proportional  reasoning  protest  and  poattost  ware  selected  to  analyze 
the  strategies  used  by  students  both  prior  to  Instruction  and  after 
instruction.    The  questions  were  selected  because  they  were 
representative  of  the  entlr-  UM,    The  questions  chosen  Include 
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problems  with:    1)    integer  components  and  an  integer  solution  (I-I); 
2)    integer  components  and  a  non-integer  solution  (I-N);  3)  decimal 
components  and  an  integer  solution  (D-I)j  U)    fraction  components  and 
an  integer  solution  (F-I)j  and  5)  two  separate  contexts  (rate  of 
walking  (V)  and  scaling  (S)). 

RESULTS 

The  results  indicate  that  on  the  Karplus  Stick  Figure  pretest 
many  strategies  were  used  in  attempting  to  solve  the  problem,  most  of 
them  were  incorrect.    The  most  widely  used  incorrect  strategy  was  the 
additive  strategy.    This  is  consistent  with  earlier  findings  (Karplus, 
1983a).    On  the  posttest,  the  percent  of  students  who  correctly  solved 
the  problem  increased  and  the  use  of  the  additive  strategy  decreased, 
although  there  are  no  elearcut  strategies  used  across  class  groups  and 
across  treatments,  it  does  appear  that  the  students  were  able  to  set 
up  the  problem  using  raeaaure  space  notation  and  solve  the  problem  with 
calculators  or  in  their  heads.    The  other  posttest  strategy  that  was 
used  in  correctly  solving  the  problem  was  the  rule-of-three  strategy. 

An  examination  of  the  students'  changes  in  strategies  from  the 
pretest  to  the  posttest  on  the  Karplus  Stick  Figure  Test  indicates 
that  11  percent  of  the  students  in  the  multiplicative  structures 
treatment  group  used  the  same  strategy  on  the  posttest  and  the 
pretest.    Of  the  students  that  used  the  same  strategy  on  both 
instruments,  7  percent  used  the  incorrect  additive  strategy.    In  the 
sequentially  based  treatment  group,  27  percent  of  the  students  used 
the  same  strategy  on  both  instruments.    Nineteen  percent  used  the 
incorrect  additive  strategy  on  both  the  pretest  and  the  posttest. 

The  results  suggest  that,  on  this  particular  measure,  the 
multiplicative  structures  treatment  helped  limit  the  use  of  the 
incorrect  additive  strategy  more  so  than  the  sequentially  based 
atratagy . 

A  variety  of  strategies  were  used  on  the  I-I  question  of  the 
proportional  reasoning  pretest.  However,  the  unit  value  strategy 
appeared  to  bo  usod  by  most  of  the  students.  The  ti3e  of  the  unit 
value  strategy  decreased  markedly  on  the  posttest.    The  use  of  the 
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rule-of-three  strategy  increased  from  the  pretest  of  the  posttest. 
These  results  would  be  expected  since  the  instruction  focused  on  three 
strategies:    scalar,  function,  and  rule-of-three.    In  addition,  many 
students  did  not  show  their  work.    Very  few  students  used  incorrect 
strategies  in  solving  this  problem. 

Unlike  the  results  on  the  Karplus  Stick  Figure  Test,  the  use  of 
the  additive  strategy  was  used  very  rarely  on  either  the  pretest  or 
the  posttest  on  the  I-I  question  of  the  proportional  reasoning  test. 
Only  7  percent  of  the  students  in  the  multiplicative  structures 
treatment  group  in  each  of  the  three  class  groups  used  the  same 
strategy  on  both  tests.    In  the  sequentially  based  treatment  group,  12 
percent  of  the  students  used  the  same  strategies  on  both  the  pretest 
and  the  posttest.    In  both  treatment  groups,  all  of  the  students  that 
used  the  same  strategy  on  the  pretest  and  posttest,  used  correct 
strategies. 

The  results  indicate  that  the  most  widely  used  correct  strategy 
on  the  pretest  was  the  unit  value  strategy.    On  the  posttest,  the  most 
widely  used  strategy  was  the  rule-of-three  strategy.    The  use  of 
measure  space  notation  was  used  by  many  students  to  help  solve  the 
problem.    The  use  of  the  unit  value  strategy  declined  again  for  this 
problem  from  the  protest  to  the  posttest. 

The  findings  suggest  that  on  the  I-N  question  of  the  proportional 
reasoning  test  again  the  unit  value  strategy  was  the  most  widely  used 
correct  strategy  on  the  pretest.    Over  all,  more  than  50  percent  of 
the  students  were  unable  to  solve  this  question  on  the  pretest.  The 
use  of  the  unit  value  strategy  decreased  from  pretest  to  posttest. 
There  was  no  consistent  method  or  strategy  used  across  subjects  on  the 
posttest. 

The  additive  strategy  was  rarely,  if  ever,  used  on  the  D-I 
question  of  the  proportional  reasoning  test.    On  thi3  particular 
question,  7  percent  of  all  of  the  students  in  the  multiplicative 
structures  treatment  group  used  the  same  strategy  on  both  the  pretest 
and  the  posttest.    In  the  sequentially  baset'  treatment  group,  12 
percent  used  the  same  strategy. 
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The  results  of  the  D-I  question  suggest  that  most  students  who 
solved  this  problem  correctly  on  the  pretest  were  unable  or  did  not 
explain  their  procedures  In  obtaining  the  correct  solution.  Although 
thir  problem  contained  fractions,  more  students  were  able  to  correctly 
solve  this  problem  than  the  I-N  question  on  the  pretest.    The  I-N 
question  used  only  integers  In  the  problem,  but  had  a  non-integer 
solution.    The  F-I  question  used  fractions  in  the  problem,  with  an 
answer  that  was  an  integer.    This  would  lend  support  to  the  theory 
that  proportional  reasoning  problems  with  non-integer  solutions  are 
nore  difficult  for  students  than  problems  with  integer  solutions.  On 
the  postteat,  the  majority  of  students  either  did  not  or  were  not  able 
to  give  an  explanation  as  to  their  procedures  used  to  solve  the 
problem. 

On  the  F-I  question  of  the  proportional  reasoning  test,  the 
additive  strategy  was  not  used.    This  could  be  related  to  the  fact 
that  this  particular  problem  lrvolved  the  use  of  fractions.  Fifteen 
percent  of  all  of  the  students  in  the  multiplicative  structures 
treatment  group  and  15  percent  of  all  of  the  students  in  the 
sequentially  based  treatment  group  obtained  correct  answers  on  both 
the  pretest  and  the  posttest  without  showing  work. 


During  instruction,  students  in  both  treatment  groups  were  taught 
to  solve  proportional  reasoning  problems  by  setting  them  up  in  measure 
space  notation  and  then  using  a  ncalar  procedure.     If  the  problem  did 
not  appear  to  have  an  Integer  solution,  students  were  instructed  to 
try  a  function  procedure.    Most  problems  were  solved  this  way. 
However,  in  each  of  the  treatment  groups,  some  students  recalled 
learning  the  rule-of-three  mathod.    This  procedure  was  then  reviewed, 
but  related  to  the  scalar  or  function  procedure.     These  were  the  only 
methods  used  to  solve  proportion  problems  In  the  treatments.  Unit 
values  were  discussed  extensively  and  were  found,  but  were  not  used  to 
solve  proportion  problera3. 

A  wide  variety  of  strategies  were  found  on  the  posttest.  Many 
students  were  able  to  3olve  problems  correctly  on  the  posttest  without 
showing  any  work,  even  though  they  were  Instructed  to  do  so.    The  use 
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of  the  calculator  may  havo  been  a  factor.  Students  were  not  always 
consistent  In  the  use  of  strategies  from  one  problem  to  another.  This 
may  be  due  to  the  context  of  the  problems  and/or  the  numbers  used.  In 
other  words,  the  numerical  structure  of  the  problem  and  the  context  of 
the  problem  are  faotora  In  the  selection  of  strategies  chosen  to  solve 
proportional  reasoning  problems,  even  following  instruction  designed 
to  increase  proportional  reasoning  ability. 

On  the  Karplus  Stick  Figure  pretest,  the  moat  commonly  used 
strategy  was  the  incorrect  additive  strategy.    This  was  true  for  both 
treatment  groups.    On  the  posttest,  a  larger  portion  of  the  students 
were  able  to  correctly  solve  the  problem,  but  there  was  no  one 
predominate  strategy.    The  use  of  the  additive  strategy  did  decrease 
from  pretest  to  posttest. 

Altnough  the  unit  value  strategy  was  the  most  commonly  used 
correct  strategy  on  the  proportional  reasoning  pretest,  students  were 
unable  or  unwilling  to  apply  this  strategy  in  all  situations.  It 
appeared  to  be  a  successful  strategy  for  students  when  the  problem 
involved  whole  numbers.    Students  did  not  use  it  when  the  problem 
contained  fractions  or  decimals. 

In  examining  the  students'  strategies,  it  i3  evident  that  prior 
to  instruction  the  most  commonly  correct  strategy  used  was  the  unit 
value  strategy.    This  result  13  consistent  with  that  of  Bezuk  (1986), 
and  Heller,  Post,  and  Behr  (1985).    After  instruction,  however,  the 
use  of  the  unit  value  strategy  declined  and  the  use  of  the  rule-of- 
three  strategy  increased.    The  results  of  this  study  do  not  support 
Vergnaud's  (1983)  findings  with  French  students  that  the  scalar 
procedure  is  widely  used.    Although  some  students  did  3olve  problems 
on  the  posttest  using  the  scalar  procedure,  the  number  was  not  that 
great,  especially  in  light  of  the  emphasis  made  on  the  method  during 
instruction. 
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PROBLEM  SOLVING  WITH  SCHEMATIC  PROCEDURES 
ILLUSTRATED  BY  WORD  PROBLEMS  BASED  ON 
PROPORTIONAL  AND  INVERSELY  PROPORTIONAL  FUNCTIONS 
Wllfrled  Kurth,  Unlversltat  Osnabrllck,  W. -Germany 


Our  Invsstlgat Ion  shows  that  schematic  proce- 
dures for  solving  problems  In  direct  and 
Inversely  proportions  do  not  necessarily  lead 
to  greater  success  among  the  students.  Often, 
schematic  procedures  even  represent  an  addi- 
tional subject  of  Instruction,  which  remains 
obscure,  and,  therefore,    Is  a  source  of 
additional  errors. 

Apparently  the  students  don't  concentrate  on 
solving  the  word  problems  but  on  the  schematic 
procedures  to  solve  them.  The  students' 
concentration  on  numbers  and  ratios  and  their 
personal  way3  of  thinking  collide  very  often 
with  the  schematic  procedures  Introduced  In  the 
c  lassroom. 

Solving  word  problems  which  ara  based  on  proportional  and 
Inversoly  proportional   functions  Is  mainly  taught  In  the 
seventh  grade  In  the  schools  In  the  Federal  Republic  of 
Germany.  The  students,  who  are  about  thirteen  years  old, 
havo  already  obtained  some  knowledge  of  fractions  and 
rational  numbers. 

In  order  to  30lve  the  word  problems,    I.e.  to  calculate  the 
fourth  data  on  the  basis  of  threo  given  ones,  schematic 
procedures  have  been  Introduced;  these  procedures  show  the 
rules  In  a  special  optical  way. 

The  common  procedures  -  the  rule  of  three,  the  method  of 
fraction  operators,  and  the  fractional  eauatlons  -  can  be 
demonstrated  by  means  of  a  (proportional)  problem: 

14  kg  apples  cost  56  DM  (German  marks). 
How  many  kilograms  will  you  get  for  24  DM? 
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rule  of  tlirae: 
1.  detarminat  ion 
or  the  typ«  of 
funct Ion: 
prooort lonal 


fractions  operator: 
1 .  d« terminal Ion. . . 


fractional  aquation: 
1 .  detarmlnat Ion. . . 


2.  66  DM  -    14  kg 
1  DM  -  Tfj-kfl 
24  DM  -^J^kB 
-  6  kg 


qu(kg) 

pr(DM) 

■c: 

5«- 

14« 

x  -  ^A• 

14-2.4 

-  6 

56 

,15 

5b 


qu(kg) 

pr(DM) 

X 

24 

14 

56 

4<*  " 

'  56 

56 


X  -  14  •  24 
X  -  14-24 
56 

x  -  6 


There)  are,  of  course,  variations  of  the  procedures.  In 
particular,  you  could  also  start  using  the  method  of 
fractional  aquations  with  the)  following  equation: 


24 


11 
66 


For  soma  time  the  working  group  "Lern-Lehr f orschung  In  dor 
Mathemat Ikd Idakt Ik "  < "Teach  I ng- I  earn  I ng-research  within 
mathematics  didactics")  at  the  University  of  Osnabrllck  has 
been  engaged  In  the  question  In  which  way  the  schematic 
procedures  Influence  the  students'  problem  solving  behavi- 
our . 

The  Investigation  was  started  at  the  "Hauptschu I "- I  eve  I , 
which  represents  that  kind  of  school  within  the  tripartite 
school  system  In  the  Federal  Republic  of  Germany,  where 
less  gifted  students  go  to. 

A  first  te3t  was  developed  and  later  on  given  to  nineteen 
groups  of  students  In  the  eighth  and  ninth  grade  -  a  total 
amount  of  nearly  300  students. 

The  test  Is  composed  of  twelve  typical  word  problems  with 
very  little  text  (see  above)   Just  aa  they  do  occur   In  our 
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schools  very  often. 

in  Viet  et  al .   (1986)  and  Viet  &  Kurth  (1986)  the  Influence 
of  t?ie  text  variables  on  the  problem  solving  procedures  Is 
discussed.  These  first  Investigations  show  that  on  the 
average  only  40  *  of  all  the  problems  were  answered 
correctly,  the  proportional  problems  are  solved  more  easily 
(50  »)  than  the  Inversely  proportional  ones  (30  %). 

we  are  now  mainly  Interested  In  the  way  students  handle  the 
procedures  for  solving  problems. 

It  Is  striking  that  the  students  often  do  not  fall  to 
understand  the  content  of  the  problem,  but  rather  consider 
the  form  of  the  problem  as  a  demand  for  using  the  acquired 
schematic  procedure  and  then  fall  to  remember  1st. 
This  becomes  very  clear  when  looking  at  the  Interviews 
which  were  done  with  some  students  In  order  to  get  more 
Information  on  the  problem  solving  process.  Most  of  the 
students  simply  have  a  quick  glance  at  the  text  and 
proceed  to  the  schematic  procedure  at  once;  they  start 
recalling  fragments  of  the  procedure,  which  then  are  combi- 
ned In  a  wrong  way.  or  they  mix  up  certain  parts  of  the 
rules  for  solving  proportional  and  Inversely  proportional 
problems.  Futhermore  the  students  can  not  explain  or  give 


for  the  oteps  they  use  to  solve  the  problems.  A  student's 
solution  procedure  of  our  previous  example  by  means  of 
the  method  of  fraction  operators  may  be  given  a3  an 
I  I  I ustrat Ion : 
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Students  do  not  ram amber  the  principle  behind  the  procedure 
but  only  the  stencil,   I.e.  the  shape.   It  even  happens  that 
the  students  use  procedures  belonging  to  totally  different 
problems,  e.g.  thay  calculate  percentages  which  have  no 
connection  with  the  word  problems. 

Apparently  the  schematic  procedures  didn't  lead  to  a  bet- 
ter problem  solving  behaviour,  but  represent  an  additional 
subject  of   Instruction,  which  remains  obscure,  even  diverts 
from  the  proper  problem,  and  finally  leads  the  students  to 
a  procedure  with  which  he  is  not  successful. 

Speaking  In  support  of  schematic  procedures  teachers  stated 
that  classifying  snd  organizing  favour  a  better  comprehen- 
sion of  the  rules,  avoid  making  errors,  and,  consequently, 
are  a  help  for  less  gifted  students.  This  point  of  view 
may  derive  from  the  fact  that  performance  tests  mostly 
take  place  at  the  end  of  a  teaching  unit  when  the  students 
still  remember  the  squired  procedures  quite  well. 
Within  three  months  -  from  the  end  of  the  teaching  unit  to 
the  day  of  the  memory  test  -  two  teaching  concepts  deve- 
l oppcd  by  our  working  group  showed  a  remarkable  decline 
of  correctly  remembered  solution  procedures  (for  further 
Information  seo  Freklng  &  Handke  (1987)).  Due  to  our 
Investigation  It  Is  to  be  doubted  that  schematic  proce- 
dures do  help  leas  gifted  students. 

Now  our  working  group  Is  Investigating  differences  concer- 
ning the  behaviour   In  problem  solving  between  those  stu- 
dents who  have  already  acquired  such  schematic  procedures 
and  those  who  have  not.  For  that  purpose  a  new  test  with 
ten  problems  (five  proportional  ones,  five  Inversely 
proportional  ones)  was  developped.  As  our  first  tests  show, 
students  are  extremely  dependent  on  numbers  and  special 
rations.  The  new  test  uses  -  referring  to  Investigations 
of  Noeltlng  (i960)  ana  Karplus  et  al.   (1S83)  -  different 
combinations  of  ratios  for  the  three  given  data  a,b,c  In 
the  text  (e.g.  b:a  Integral  and  c : a  nonlntegral  etc.). 
Although  the  Investigation  has  not  yet  been  finished,  we 
can  already  state  the  following: 
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-  Students  who  have  not  been  Instructed  to  solve 
proportional  and  Inversely  proportional  word  problems 
go  Into  the  problem  more  deeply  and  do  not  look  for  t. 
method . 

-  Their  strategies  for  solving  the  problem  are  to  a 
high  degree  adjusted  to  the  chosen  ratio;  they  make 
use  of   Integral  ratios  In  particular,  that  means, 
students 

use  the  "within  strategle"  or  the  "between  strategy" 
so  called  by  Noeltlng  (1980).  We  also  noticed  this 
behaviour  among  students  who  hove  already  acquired  a 
fixed  method,  but  It  was  less  dlatlnt. 

-  However,  there  are  also  students  who  follow  a  uniform 
strategy.    I.e.  they  either  look  for  any  relations 
between  the  two  co-ordinated  data,  that  Is  preferring 
a  "within  strategy"  (according  to  ths  rule  of  three) 
or  relate  the  two  data  of  the  3ame  units  first,  that 
Is  preferring  a  "between  strategy"  (according  to  the 
method  of  operators). 

-  There  are  types  of  errors  which  play  a  less  Important 
role  among  Instructed  students:  the  numbers  and  ra- 
tios lead  to  Incorrect  starts  In  that  the  students 
only  us^  two  out  of  three  data,  and  use  additive 
Instead  of  multiplying  strategies. 

The  role  of  schematic  procedures  within  these  processes 
has  to  be  clarified  by  the  current  Investigation.  How- 
ever, we  can  already  state  the  following  facts: 

-  Schematic  procedures  alone  cannot  Increase  the 
students'  competence,  because  an  Important  part  of 
the  solution.   I.e.  the  question  which  type  of  func- 
tion Is  In  hand,  can  only  be  managed  within  the 
context  of  the  actual  problem. 

The  Interviews  often  showed  that  the  students  tried 
to  apply  schematic  procedures  to  this  question,  too. 
by  concluding  the  type  of  function  from  a  tabular 
representation  of  the  three  data. 

-  Much  as  schematic  procedures  signify  clearness  and 
structure  for  an  expert,  they  often  only  mean 
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additional,  sometimes  very  formal  Information  to  the 
layman  (In  this  case  :  the  students). 

-  Schematic  procedures  unnecessarily  complicate  sol- 
ving problems  with  "simple"  ratios  and,  therefore, 
are  Incompatible  with  the  fact  that  many  students 
prefer  following  a  simpler  solution  procedure. 
Those  students  don't  think  according  to 

any  schematic  procedure  that  requires  extracting  the 
operations  from  the  text  first  and  working  out  the 
numerical  values  afterwards,  but  the  very  way  of 
extracting  I  a  already  Influenced  and  regulated  by 
numerical  values  and  oosalblo  difficulties. 

-  Schematic  procedures  may  conflict  with  a  student's 
personal  way  of  thinking;  this  may  happen,  e.g., 
when  a  student  Is  looking  for  relations  between 
co-ordinated  data  on  hi  a  own  Initiative  (I.e.  he  Is 
considering  the  rule  of  three),  but  Is  to  be  deter- 
mined to  make  use  of  the  fraction  operators. 

However,  according  to  our  Investigation  we  cannot  and 
should  not  reject  schematic  procedures  as  such.  On  the  one 
hand  a  part  of  the  students  does,  of  course,  benefit  by 
them,  on  the  other  hand  schematic  procedures  are  a  means 
to  carry  out  Important  didactical    Intentions,    like  organi- 
zing the  solution  procedure  and  emphasizing  the  conceptual 
background . 

The  reason  why  we  only  partly  succeed  In  doing  so  Is  that 
we  still  have  to  investigate  tho  relationship  between 
variables  of  the  students  (for  example  preferring  a  spe- 
cial strategy),  of  the  problems  (for  example  special 
numbers  and  ratios)  and  of  the  schematic  procedures  (for 
example  the  strategy,  on  wlch  the  procedure  Is  grounded) 
more  closely. 
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THE  ASSESSMENT  UF  C06NITIUE  STRUCTURES 
IN  PROPORTIONAL  RERS0NIN6 


Matthias  Relss  <PH  Kerlsruhe).  Merlyn  Behr  (Northern  Illinois 
University).  Richard  Lash  (WICAT  Systems)  &  Thomas  post  (University 

of  Minnesota)* 


It  Is  tha  gocil  to  tmm»  tha  conceptual  background  far 
proportional  problems.  In  tarms  of  cognitive  selonca  wa  have 
to  distinguish  between  declarative  and  procedural  knew  I  trigs. 
Although  tha  conceptual  background  Is  part  of  daclaratlva 
knowladga  It  Is  usually  assessed  by  procedural  tasks.  Wa 
present  a  mora  direct  way  to  cognitive  structural  In 
proportional  raaaonlng  using  NOVAK'S  osncept  maps.  Tha 
studants  hava  to  describe  tha  ralatlans  batwaan  concepts 
var bally  and  wrlta  than  down  on  a  poster.  Tha  students' 
Implicit  theories  can  be  described  plctertally.  The  Individual 
student  Is  viewed  ea  a  theoretician  rather  than  «  problem 
solver. 


An  Increasing  numfesr  sf  studies  hava  ceeeeRtraled  en  imms  related  to 
rational  numbers  end  proportions  (Bohr  ft  el.,  1984;  Noaltlng.  1900; 
Slegler  &  Yago.  1978,  Heeemenn.  1987).  Tredttlenelly.  difficulties  In 
this  domain  ere  essessed  by  Interviews.  Students  solve  rational  number 
tasks  end  the  authors  describe  the  most  common  errors.  These  errors  wa 
the  basis  for  analyzing  strategies  Involved.  Karplus  *  al.  ( 1974)  end 
Noaltlng  ( 1980)  suggested  that  faulty  (Mmlitattve  reasoning  was  the  basis 
for  many  Incorrect  solutions.  Bart's  studies  show  that  studants  tend  to 
use  additive  operations  where  multiplicative  operations  would  hava  been 
appropriate.  The  same  author  (1985)  reported  In  her  study  about 


'This  resaarch  wee  sneperiled  by  contract  DPE-M7G077  Trwm  tha  National 
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proportion  »wk»  that  students  prefer  whole  numbers  where  the  use  of  fraction* 
would  hev*  bM«  mwu  adequate. 

HaMMann  ( 1987)  tmphwlzw  thai  already  existing  conapts  end  schemslo  oro  of 
control  Importance  for  metheaetlcel  learning.  Ofton  they  axlst  before  they 
bocoMO  on  Issue  In  MattMwstlcs  education.  Therefore  It  can  bo  productive  to  see 
the  student  not  only  In  his  or  hor  roll  as  a  problem  solver,  but  elso  as  • 
thoorollclM.  Ofton  students  have  on  tonpllclt  thawy  about  meihemetlcal  concepts 
end  they  see  rolotlont  between  concepts  not  Intended  by  teachers  and  textbooks. 
Studontt'  orrors  way  ba  taan  In  a  different  perspective  taking  this  Implicit 
theory  Into  consideration. 


R  COGNITIUE  UIEW  ON  PROPORTIONAL  RELRTIONS 


In  cognitive  psychology  ■  dtsJInctlen  ts  made  *tween  ■  procedural  knowledge 
about  rules  and  a  declerelWe  knowledge  about  facts.  Anderson  (1983) 
incorporttas  thasa  two  furms  of  knowledge  Into  his  pevcbele(|lcel  modal  of 
mtmory.  Ha  distinguishes  betwaen  procedural  rulas  formulated  In  condition  - 
action  pairs  and  factual  knowladga  la  tha  farm  of  strings,  spatial  (maps,  and 
abstract  propositions.  Tha  procedural  rulas  mako  up  a  production  system  and  ara 
storod  in  tho  production  momory  wherees  tha  factual  knowledge  can  bo  rotrlavod 
from  tho  decloraiiv*  ssssry. 

Anderson  not  only  distinguishes  between  decleratlve  and  procedure!  meMGry  but 
adds  e  third  component,  M»  working  memory.  The  declarative  momory  contelns 
relhor  general  elements  of  knowledge  and  can  ba  described  as  long  term  memory. 
In  contrast,  tha  working  memory  consists  of  rather  volatile  elements  of  knowl- 
edge that  can  ba  characterized  es  short  term  memory.  Finally,  the  procedural 
memory  Includes  productions.  I.e.  a  set  of  rules  which  expresses  the  contingency 
between  elements  of  knowledge  In  the  form  of  condition-action  pelrs.  In  our  case 
productions  could  bo  rules  for  handling  fractions  whereos  the  declerettve 
knowledge  would  be  involved  while  talking  about  the  conceptual  background  of 
fractions. 
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Declaratlva 
rfamary 


Prague  ti  on 
Mamary 


Working 
Hennery 


(Andersen.  1983.  p.  19) 


In  Anderson's  model  Information  originates  In  the  environment  end  comes  Into  Urn 
cognitive  system  via  perception;  It  Is  meat*  end  stored  In  working  memory.  In 
our  ease  the  student  perceives  the  fraction  Mr  which  Is  encoded  In  working 
mm  try.  It  does  nat  have  any  meaning  sa  far.  Tnt  Information  from  perception  Is 
transmitted  to  the  declarative  memory  end  tha  fraction  oar  becomes  a  signal  for 
fraction  tasks.  Because  tha  working  memory  only  bos  a  llmttod  storage  capacity, 
storage  af  perceptions  is  temporary  end  retrieval  is  fast  Perceptions  are  finally 
stored  In  the  declarative  memory  for  e  long  period  of  time.  They  era  reletod  to 
other  objects  and  events,  which  Is  the  basis  for  complex  Informetton  retrieval 
from  the  declarative  meevtry.  More  general  aspects  of  the  object  or  events  ere 
constructed  so  that  information  rotrlevel  becomes  mere  efficient. 

It  Is  not  only  the  object  that  Is  stored,  but  this  object  as  part  of  e  whole  class  of 
objects.  Fractions  a.  g.  can  have  tha  ettrlbute  to  be  roduceobla.  This  Information 
Is  transmitted  to  tha  working  memory  end  from  there  to  the  production  memory. 
If  tha  conditions  for  a  reduceabla  fraction  notch  with  the  numbers  ef  a  given 
fraction,  the  production  memory  inttletes  the  action  ef  reducing  the  fraction  in 
the  working  memory.  This  Is  o  cognitive  activity  which  is  finally  performed  by 
actually  writing  the  reduced  fraction  on  e  sheet  of  paper.  If  the  conditions  do  not 
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match  with  a  given  fraction,  faore  Information  about  fractions  In  general  and 
about  tha  specific  task  Is  rotrtavad  from  tha  declarative  memory  and  transmitted 
to  tha  production  memory  via  the  working  mamory.  This  process  of  Information 
ratrlaval  and  matching  condition-action  pairs  ts  contlnuad  until  tha  solution  Is 
reached. 

Problem  solving  In  this  modal  Is  conceptualized  In  terms  of  declarative  and 
procedure!  components.  As  mentioned  earlier  research  related  to  rational  number 
concepts  usually  starts  with  the  calculation  procedure  applied  by  the  student. 
Errors  in  the  procedure  ere  Interpreted  as  deficiencies  in  conceptual  understand- 
ing. Using  Andersons  terms,  methemetlcs  educetten  usuelly  starts  with 
procedural  knowledge  and  Infers  the  structure  of  decleratlve  knowledge  on  this 
•Mis. 


The  asiestment  of  daclarattoe  Itrtotuledge  about  proportions 


It  appears  to  be  worthwhile  to  try  to  assess  decSaratlve  knowledge  directly.  In 
studies  of  artificial  Intelligence  decleratlve  knowledge  Is  often  described  In  the 
form  ef  semantic  nets.  The  concepts  are  nodes,  the  relations  between  the  concepts 
are  links.  These  relations  are  well  defined:  a  concept  can  be  e  superconcept  of 
enother  one  (ISA  link).  It  con  be  characterized  by  certain  properties  (HASPROP 
link),  end  It  can  have  certain  parts  (HASP ART  Sink). 

This  form  of  describing  decleretlve  knewledgt  did  not  seem  to  be  opproprfeta  for 
the  7th  greders  wo  interviewed.  The  links  In  sementlc  nets  are  too  wall  defined 
end  do  not  ellow  spece  for  ambiguities  In  cognitive  structures.  That  Is  why  we 
decided  to  make  use  of  the  experiences  Movek  &  el.  ( 1983)  bed  I*  physics  educa- 
tion. Novak  developed  an  assessment  procedure  thet  he  called  'concept  mopping". 
This  Involved  concepts  written  on  cardboard  that  had  to  be  ordered  on  the  table: 
similar  concepts  near  each  other .  dlsslmller  concepts  far  away  from  eech  other. 
The  students  hod  to  explain  what  they  saw  on  the  teble  end  to  describe  reletlons 
between  concepts  orelly.  Finally  these  descriptions  were  written  down  In  the 
form  of  errows  between  concepts  and  sentences  defining  their  relation  to  each 
other.  The  result  was  e  map  on  the  teble  thet  described  the  students'  Implicit 
theory  about  the  domain  on  e  conceptuel  bests. 

In  order  to  demonstrete  the  assessment  method,  a  concept  of  one  of  our  students  is 
included.  The  concept  mop  should  be  reed  In  the  following  way:  one  has  to  start 
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where  the  arrow  originates,  reed  tiMt  concept,  road  the  link,  ami  finally  raad  th« 
concept  where  the  arrow  points  to.  In  the  esse  of  double  arrows  It  can  ba  raid  In 
both  directions. 

The  concept  Map  on  tha  preceding  page  Is  tha  product  of  an  Intansiva  Intarvlaw 
(45  minutes)  with  Jon.  He  Is  a  good  student,  he  usually  was  one  of  the  first 
students  afela  ta  answer  a  difficult  question.  In  spite  af  his  remarkable  qualities 
in  solving  numerical  problems,  his  concept  map  reveals  some  misconceptions  In 
the  domain  of  proportions.  He  Is  able  te  describe  whet  e  fraction  is.  but  be  cannot 
refata  the  concept  proportion  to  other  concepts  In  e  consistent  manner.  He  seams 
to  mix  up  proportion  and  portion.  As  long  as  he  describes  concepts  within  appli- 
cations of  proportionality  concepts,  he  finds  e  mare  or  lass  meaningful  way  to  use 
them  (distance,  miles,  tlma.  hours,  speed;  water,  orange  concentrate,  mixture). 
But  rete.  retlo.  proportion,  part  and  number  do  not  really  fit  Into  the  system  and 
era  used  Inconherently.  Although  for  Jon  proportion  Is  the  same  es  retlo  and  as 
part,  he  does  net  see  e  direct  connection  between  ratio  and  part.  Following  this 
logic  ratio  had  to  be  the  same  as  part.  The  fact  that  he  does  not  mention  this 
cm  flection  reveals  ambiguities  In  the  use  of  these  concepts. 

Using  this  technique  in  the  domain  of  proportions,  it  was  possible  to  discover 
conceptual  misunderstandings  even  In  good  students.  Usually  they  did  not  connect 
ell  concepts  that  were  related  ta  each  other.  The  results  were  Islands  of  concepts 
which  often  were  consistent  in  themselves,  but  proved  to  be  reletlvely  Isolated 
from  each  other. 

Concept  mops  reveal  Important  aspects  of  declarative  memory  but  certainly  are 
not  identical  with  this  form  of  knowledge.  They  may  be  useful  for  diagnostic 
purposes  as  wall  as  for  monitoring  the  students'  conceptual  background.  In 
contrast  to  Dorfler  ( 19S7)  the  underlying  model  essumes  that  It  is  possible  t* 
separate  operative  aspects  and  the  conceptual  background  (or  in  Anderson's  terms 
declarative  and  procedural  knowledge).  Mrfler  ergues  that  these  ere  two  sides  of 
the  same  coin.  Anderson's  model  views  them  as  two  components  of  e  dynamic 
system  interacting  with  each  other.  We  used  Anderson's  model  because  we  wonted 
to  focus  on  the  students'  conceptual  background  end  therefore  bad  to  separate  it 
from  operative  aspects. 
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CONJECTURAL  SOFTWARE.  VAN  HIELE  LEVELS  AND  PROPORTIONAL  REASONING 

Hugh  Vincent 
Middlesex  Polytechnic 
and 

University  of  London  Institute  of  Education 


The  development  of  new  conjectural  software,  which  allowed 
pupils  to  construct  and  validate  ratio-tables,  led  to  the 
construction  of  long-term  courseware  based  on  a  proposed 
van  Hiele  model  of  proportional  reasoning.  The  courseware 
was  examined  in  terms  of  slow-learning  adolescents 
consequent  thinking  and  insight  into  the  proposed  base-level 
van  Hiele  structure  of  proportion.  Pupils  response  to  the 
learning  environment  reflected  their  cognitive  style.  The 
proposed  van  Hiele  base-level  structure  provided  a  framework 
in  which  pupils,  teacher  and  researcher  could  communicate. 
These  factors  seemed  to  account  for  the  pupils  long-term 
acceptance  of  the  learning  environment  and  the  demands  it 
placed  upon  them. 

Following  the  work  of  IOWO  and  the  views  expressed  by  an  international 
panel  of  the  7th  PME  conference,  Streefland  proposed  a  'theory'  for  the 
long-tern  learning  of  ratio  (Streefland,  1983,  1984  &  1985).  In  his 
'theory',  he  outlined  the  possible  key  role  of  the    ratio-table    in  the 

learning  process. 

That  key  role  is  an  issue  of  the  current  research  which  entailed  the 
development  of  courseware  based  on  specially  developed  software  which 
allowed  pupils  to  type  in  the  first  line  of  a  ratio-table  and  then  check 
any  subsequently  entered  lines  against  the  initial  line. 

Since  only  one  line  needed  to  be  displayed  at  a  time,  the  software  could 
be  run  on  a  calculator  size  device  with  a  one-line  display  (Vincent, 
1987a).  To  simplify  keypad  and  display  requirements,  feedback  and 
error-trapping  techniques  were  developed  which  used  the  cursor  to  signal 
a  correct  item  or  a  (syntactically)  incorrect  key-stroke,  no  other 
feedback  being  required. 
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Early  Field  Work 


Early  field  work  entailed  pupils  u3in8  an  enhanced  raicro-based 
simulation  called  MATHSPAD  (Vincent,  1987b)  to  check  and  accumulate 
numerical  results  derived  from  a  variety  of  proportion  based  activities 
not  connected  directly  with  the  co-puter  (using  'ready  reckoners', 
reading  scales,  reading  graphs  and  so  on). 

Early  exploratory  work  indicated  that  the  simulation  program  could 
elicit  sustained  deep  thinking  from  pupils  of  a  wide  ability  and  age 
range.  It  also  became  clear  that  the  software  could  accommodate  a 
variety  of  learning  theories  and  that  the  environment  it  provided  could 
be  upgraded  to  support  different  levels  of  thinking  (Dreyfus,  1984; 
Dreyfus  &  Thompson,  1985) 

A  ran  Hiele  Model  of  Proportional  Reasoning 

This  research  took  the  view  that  slow  learning  adolescents  who  failed  to 
gain  insight  into  atructures  of  proportion  may  have  done  so  because 
their  level  of  thinking  did  not  match  the  instruction  they  were  given. 

Van  Hiele  (1986)  was  concerned  that  teacher  and  learner  'see'  a  topic  in 
the  same  way;  that  instruction  Batches  the  level  of  thought  of  the  pupil 
and  that  the  pupil  acts  with  insight. 

Van  Hiele  models  of  teaching  and  learning  require  the  stratification  of 
thought  into  levels  relating  to  the  way  that  people  'see'  a  topic  at 
each  level.  They  contain  prescriptions  for  moving  pupils  from  one  level 
of  thought  to  the  next,  levels  that  are  necessarily  recursively  related 
(Hoffer,  1983).  They  take  as  their  starting  point  people's  initial 
(naive)  understandings  and  perceptions  and,  in  so  doing,  focus  on,  and 
give  legitimacy  to,  thought  at  the  base-level.  Van  Baalen  described  this 
base-level  as: 

the  level  at  which  people  (including  the  pupils)  think  in  their 
daily  lives,  with  which  they  have  their  experiences,  and  with  which 
they  make  their  decisions,  (van  Baalen,  1980) 

The  current  research  proposes  a  van  Hiele  model  of  proportional 
reasoning  in  which  base-level  thinking  corresponds  loosely  to  the  use  of 
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'build  up'  strategies  to  solve  missing  value  problems  (Hart,  1984). 
Multiplicative  and  fractional  conparlsons,  if  used,  mainly  serve  to 
determine  the  steps  used  to  'build  up  the  answer'.  The  epistonological 
outlook  is  that  proportion  problems  can  be  solved  by  the  combination  and 
'fine  tuning'  of  existing  proportional  pairs,  the  agents  of  which  are 
addition,  'small'  integer  multiplication  and  division  (seen  as  repeated 
addition  and  'sharing'  respectively).  This  outlook  needs  no 
justification  by  the  pupil:  it  is  'seen  to  work'  in  intuitively 
understood  contexts. 

With  respect  to  the  proposed  van  Hlele  model,  pupils  begin  to  think  at 
the  next  level  when  they  abandon  attempts  to  build  up  toward  the  answer 
and,  without  using  higher  level  conceptualisations  of  ratio  (Karplus, 
Pulos  &  Stage,  1983;  Noelting,  1980)  meaningfully  use  multiplication  and 
division  to  construct  strategies,  initially  based  on  evaluating  and 
applying  multiplicative  comparisons. 

The  Courseware 

Courseware  was  designed  which  used  the  opportunity  afforded  by 
screen-based  ratio-tables  to  take  slow  learning  adolescents  back  to  the 
base  level  (Vincent,  1987b).  Van  Hiele  has  called  this  'telescoped 
reteaching'.  It  consisted  of  a  series  of  narrowly  focused 
proportion-based  tasks  designed  to  acquaint  pupils  with  proportion 
structures  across  a  wide  variety  of  contexts  viewed  in  terms  of 
base-level  thinking.  These  'level  specific'  environments  corresponded 
loosely  to  van  Hide's  first  two  learning  phases  of  'information'  and 
'guided  orientation'  and  mainly  entailed  the  completion  of 
(screen-based)  ratio-tables.  The  ratio-table  was  used  to  record  results 
accumulated  from  meaningful  context-bound  activities  and  not 
specifically  to  highlight  operational  features  of  proportion  (Seeger, 
1984). 

However,  as  the  screen  accumulated  only  correct  results  (the  software 
did  not  allow  pupils  to  enter  a  new  item  until  the  current  item  was 
displayed  correctly),  pupils  could  use  patterns  discerned  from  earlier 
results  as  a  basis  for  idiosyncratic  algorithmisation  as  a  first  step 
toward  higher-level  thinking.  This  was  further  encouraged  by  providing 
only  limited  fall-back  strategy  or  limiting  the  range  of  a  table,  scale 
Q     ready  reckoner. 
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Field  trials  of  base-level  courseware. 


The  courseware  was  used  with  two  volunteer  groups  of  slow-learning 
adolescents  of  about  10  pupils  each  in  the  14  to  15,  and  15  to  16  age 
range.  The  trials  were  respectively  one  term  (1  hour  a  week  for  13 
weeks)  and  one  year  (1  hour  a  week  for  40  weeks). 

Pupils  progression  through  the  courseware  was  closely  monitored.  Pupils 
who  experienced  difficulties  were  given  guidance.  Taped  interviews  were 
conducted  with  pupils  during  and  after  the  course.  Tests  were  also 
administered  after  the  course. 

Pupils  seemed  to  respond  well  to  the  learning  environment  offered  by  the 
computer  simulation  but  for  differing  reasons.  Despite  following 
identical  courses  and  performing  identical  tasks,  pupils  exhibited 
markedly  different  mathematical  behaviours.  They  seemed  to  use  the 
environment  in  ways  that  reflected  their  individual  cognitive  style. 
This  may  have  contributed  to  pupils  long-term  acceptance  of  the  learning 
environment . 


Completing  screec-baaed  ratio-tables  was  shown  to  be  an  effective  way 
for  slow-learning  adolescents  to  begin  to  explore  structures  of 
proportion.  The  proposed  base  van  Hiele  level  seemed  to  provide  a 
coherent  structure  in  which  these  slow  learning  adolescents,  teacher  and 
researcher  could  communicate.  A  small  number  of  pupils  began  to 
construct  strategies  that  reflected  higher  level  thinking  in  relation  to 
the  proposed  van  Hiele  model. 
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RATIO  AND  PROPORTION:     A  SYNTHESIS  OF  EIGHT  CONFERENCE  PAPERS 


Merlyn  J.  Dehr 
Northern  Illinois  Univertity 

The  paper  by  Laura  Coffin  Koch  invcatigaCed  the  question  of  whether 
two  different  treatments    to  teach  strategies  for  solving  proportion 
problems  would  differentially  affect  the  types  of  strategies, 
particularly  invalid  strategies,   that,  learner's  use.     Each  of  the  two 
treatments  considered  the  concepts  associated  with  a  multiplicative 
conceptual  field  (Vergnaud,  1983).     One  of  the  these  treatments  taught 
the  concepts  in  a  sequential  manner,  the  other  in  a  manner  which 
apparently  attempted  to  integrate  the  concepts  as  a  conceptual  field.  An 
important  finding     is  that  the  different  instruction  methods  did 
differentially  affect  learners  continued  use  of  invalid  solution 
strategies.    It  would  thus  seen  that  use  of  invalid  solution  strategies 
may  be  alienable  to  change  under  certain  instruction  treatments. 

The  pre-and  posttest  tasks  reflect  the  structural  variable  of 
divisibility  and  the  contextual  variables  of  number  type  (integer, 
decimal,  and  fraction)  and  rate  type  (rate  of  walking  and  scaling).  The 
results  corroborate  earlier  findings  of  the  strong  affect  that  the 
variable  of  divisibility  has  on  performance  in  solving  proportion 
problems.    The  study  also  reports  findings  consistent  with  those  reported 
by  Heller,  Post  and  Bohr  (1985)  about  how  frequently  given  rates  are 
changed  to  unit  rates  in  solutions  of  proportion  problems. 

The  results  seem  to  suggest  that  problems  which  have  a  fractional 
answer  (vslue  for  the  missing  value)  are  harder  than  problems  that  have 
nn  integer  solution  but  involve  fractions  or  deciuiala  aa  problem 
components.    Why  might  thia  bo  true?     Unfortunately,  the  author's  report 
does  not  give  enough  information  about  the  problem  structure  to  make  any 
hypotheses.    Nevertheless  it  would  seem  that  there  is  lurking  behind  this 
result  some  important  questions  about  variables  that  affect  learner's 
performance  on  multiplication  and  division  operations.    Thin  io  suggested 
because  any  nonadditive  st  rategy  would  require  uaing  either  a 
multiplication  or  division  computation.    The  finding  that  students  are 
not  alvaya  conaistent  in  their  use  of  strategics  from  one  problem  tj 
another  is  consistent  with  earlier  results.    This  finding  highlights  the 
important  question  of  how  a  solver's  choice  of  solution  strategy  depends 
on  such  matters  as  problem  context,  number  type,  and  other  variables  such 
as  the  structure  of  the  problem  presentation  and  the  structure  of  problem 
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representations  which  Arc  formed  by  Che  lolvcr. 

The  paper  by  Wiltried  Kurth  in-  est  igated  the  strategics  used  by 
students  at  the  "hauptschul  level."    These  students  had  apparently  been 
taught  three  scheaatic  procedures  for  solving  missing  value  direct  and 
inverse  proportion  problems  through  their  regular  class  instruction. 
These  schematic  procedures,  using  the  terminology  of  Vergnaud  (1983), 
were  the  rule  of  three,  scalar  operator,  and  function  operator.  The 
following  observation  is  of  interest  not  only  to  proportion  problem 
solving  research,  but  to  problem  solving  research  in  general.    The  author 
suggests  that  these  students  did  not  seem  to  fail  to  understand  the 
content  of  tile  problem,  but  neve  r  t  lie  less  they  considered  the  form  of  the 
problem  as  a  demand  for  using  one  of  the  learned  schematic  procedures. 
Host  of  the  students  gave  a  cursory  reading  of  the  problem  and  then 
proceeded  directly  to  the  schematic  procedure,  often  recalling  only 
fragments  of  the  procedure  and  mixing  up    aspects  of  one  or  more 
schematic  procedure. 

It  would  sppear  that  we  see  in  these  results  some  difficulties  which 
arise  for  students  when  instruction  emphasizes  the  learning  of  solution 
strategies  y_itjifliit.  conceptual  understanding  of  what  it  means  to  reason 
proportionally.    The  issue  of  whether  students  ore  responding  to  the 
syntax  or  the  semantics  of  a  proportion  problem  likely  underlies  the 
students  difficulties.    This  raises  several  questions:     What  in  the 
semantic  content  of  a  proportion  problem?        What  does  it  mean  to  veaoon 
proportionally;   that  is,  what  do  students  need  to  understand  in  order  to 
solve  proportion  problems  mjULnj.iijtiuJJj.7     Another  observation  made  by  the 
author  is  that  while  schematic  procedures  may  indicate  clearness  and 
structure  for  an  expert,  to  the  novice  they  may  mean  only  additional 
information,  for  which  additional  instruction  is  necessary  in  order  to 
use  or  understand  the  procedure. 

The  research  reported   in  these  two  studies  seems  to  have  an  emphasis 
on  aaluUflji  procedures.    Moreover,   it  would  appear  that  the  instruction 
failed  to  emphasise  the  conceptual  knowledge  of  what  a  proportion    is  anil 
what  solving  a  proportion  problem  involves.    They  fail  to  get  at  the 
basic   issue  of  helping  children  to  reason  proportionally.     1  think  more 
emphasis  needs  to  be  placed  on  the  fact  that  what  we  do  in  solving  u 
proportion  problem  is  to  determine  a  relationship  between  a  psir  of 
numbers  and  then:  (a)  transfer  thot  relationship  to  an  operation  on  a 
third  quantity  to  find  a  missing  value,  or  (b)  determine  whether  or  not 
the  same  relationship  holds  between  a  second,  or  successive  pairs  of 
numbers.     It  would  appear  that  we  have  the  cart  before  the  horse.     It  is 
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not  thot  teaching  solution  strategics  will  lead  to  the    Ability  to  reason 
proportionally,  but  rather  tint  conceptual  knowledge  about  the  meaning  of 
a  proportion  will  give  the  foundation  (or  the  development  of  valid 
strategies.    Then,  practice  with  the  strategies,  in  order  to  automate 
them,  and  continual  interaction  with  the  conceptual  knowledge  about  the 
fundamental  issue    of  proportionality  will  lead  to  higher  performance  on 
proportion  problems. 

There  ii  an  issue  of  syntax  versus  semantics  of  proportion  problems. 
It  seems  that  the  syntax  of  a  proportion  problem  can  be  tranolatcd  to  a 
syntactical  atructure  auch  as  a  measure  space  diagram  without  considering 
the  semantics  of  the  problem.    What  is  the  semantics  of  a  proportion 
problem?    Conaider  the  problem 
6  candies  for  10  cents, 
17  candies  coot  how  many  cents? 
The  conceptual  knowledge  for  aolving  this  problem  is  that  there  is  a 
relationship  between  6  candies  snd  10  cents  and  a  way  Lo  express  that 
relationship  in  terms  of  an  operation  or  function  —  multiple  by  3 
candies  per  5  cents.    The  function  rule,  multiply  by  the  extensive 
quantity  3  candies  per  5  cents  or  3/5  candies  per  1  cent,  is  an 
"equalizer",  "exchange  rate",  or  "matcher",  between  6  candies  and  10 
cents,  and  muse  also  be  the  equaliser  between  17  candies  and  "how  many 
cents."    The  "equalizer"  3/5  candy  per  one  cent  is  what  allows  for  the 

smutim 

6  candies  x  (some  quantity)  tumajji  10  cento 
to  be  formed. 

The  paper  by  Ksput,  Clifton,  Poholsky,  and  Saycr  introduces  an 
entirely  new  dimension  on  the  matter  of  translating  among  several 
representational  systems.     Earlier  work  by  Druner  (1966)  and  Dicr.es 
(1967)  demonstrated  the  importance  of  having  multiple  typea  and  levels  of 
representation  to  facilitate  the  learning  of  mathematical  concepts. 
Subsequent  work  by  Dehr,  Lesh,  Post,  and  Silver  (1983)  suggested  that 
meaningful  learning  dependedj on  flexibility  in  translating  ideas  between 
several  modes  or  systems  of  representation.     Since  that  time  the  concept 
of  a  representational  system  has  been  made  more  precise  (Kaput,  19B3; 
Lesh,  Post,  and  Dehr,   in  press;  Goldin,  1985).    The  work  reported  here  by 
Kuput  ct  al.  represents  a  giant  step  forward  in  providing  a  model  of 
curricular  material  that  makes  t lie  desirable  use  of  several 
representational  systems  possible.     Moreover,  the  work  represents  a  major 
step  forward  in  providing  an  exemplar  of  a  medium  in  which  translation 
among  oystcmo  of  representations  is  possible.    The  objective  of  the  work 
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is    to  provide  cybe.uetically  controlled  learning  environ«>eui »  wnich  move 
learners  from  uitnntior.-boond  rcptc«cnLnt  ions  to  mote  abstract  and 
tleniblo  Winsa.    The  cybernetic  control  allows  for  Hie  effect  of  some 
manipulation  within  one  repreaentot  loua  1  system  to  be  observed  by  the 
learner  in  that  system  and  one  or  more  other  oyotccis  smoltaneously  or 
sequentially.    The  specific  materials  reported  on  in  this  paper  concern 
the  matter  of  intensive  quantity  and  related  isauco  of  ratio  and 
proportion.    The  work  represents  a  major  stride  toward  providing  n 
loaning  environment  for  students  to  learn  those  difficult  concepts,  yet 
it  leaves  unanswered  or  raises  several  questions.    The  paper  repeatedly 
refers  to  the  intensive  vslue  of  a  ratio  or  rate.    Do    learners  perceive 
a  ratio  as  a  single  entity  with  (intensive)  value,  or  is  a  ratio  a  pair 
of  distinct  numbers?     Do  most  novices  to  the  coucc;-        ratio  see  it  only 
ao  a  correspondence  between  two  extensive  quantities  rather  than  ar,  a 
third  derived  intensive  quantity?     Moreover,  it  appears  to  be  on  open 
question  as  to  whether  these  materials  move  children  m  the  direction  of 
perceiving  intensivity.    These  questions  are  likely  related  r.o  the 
question  raised  by  Behr,  Hachstauth,  Pont  (19B5)  about  wheLhcr  or  not 
children  perceive  o  fraction  ao  representing  a  single  number,  or  value. 

The  paper  by  Hugh  Vincent  attempts  to  bring  together  the  research  on 
proportion  problems  and  the  levels  of  thought  according  to  the  Van  lUele 
theory.    He  defince  baoc-levul  thinking  in  tcrmo  of  the  use  of  build  up 
strategies  which  children  are  known  to  use  to  solve  missing  value 
problem.    Transition  to  the  next  level  occurs  ao  the  buildup  strategy  is 
abandoned  and  strategies  began  to  depend  on  higher  level 
conceptual  nations  of  ratio.    Tluo  is  characterised  by  meaningful  use  of 
multiplication  and  division  which  I.  based  on  an  initial  evaluation  and 
application  of  umltipUcativo  relationships.    A  computer/calculator 
instructional  package  was  developed  to  facilitate  this  transition  ututb 
was  based  on  the  theory  pvopoaed  by  Streefland  (1984,   19BS>.  The 
instruction  presented  partial  ratio  table.  «d  required  learners  to 
complete  the  table.    A  feedback  nechanism  in  the  instruction  was  deigned 
to  nudge  students  away  Ire,  the  buildup  strategy  to  the  aune  acceptable 
multiplicative  strategy.    The  authors  found  that  the  ratio  tables  were  an 
effective  way  for  ,low  learning  students  to  begin  to  explore  st.uctures 
of  p.oportion  and  that  the  propoacd  base  level  from  the  van  Hiele  theory 
did  provide  a  level  at  which  teachers  and  student,  could  communicate. 
This  study  provides  another   instance  in  which  inst.uct.ou  on  strategies 
for  solving  proportion  problems  facilitated   learner's  use  of 
level"  strateg.es.    Some  questions  which  arise  from  these  intervention 


ERJC  SOS 


326  - 


studies  are:     What  characterize,  instruction  th»t  raises  tho  level  oE 
strategy,  that  a  3tudent  applies  to  the  solution  of  a  proportion 
problem?     To  what  extent  does  a  student's  choice  of  a  "higher  level" 
strategy  have  a  commensurate  improvement  i„  the  learner's  understanding 
of  proportion  and  proportional  reasoning? 

The  .em.ntic  content  in  which  a  proportional  relationship  is  embedded 
and  the  syntactical  structure  of  this  relationship  are  two  classes  of 
variable,  (problem,  context  and  problem  structure)  which  are  known  to 
affect  performance  on  proportion  probleuu.    The  paper  by  Behr.  llarel, 
Post,  and  Leah  outlines  a  theoretc.l  analysis  of  the  problem  structure 
variables  for  missing  value  problems.    The  intent  of  the  analysis  is  to 
provide  a  theoretical  foundation  to  guide  systematic    manipulation  of 
this  class  of  variablea. 

One  structural  variable  included  in  the  analysis,  known  from  prior 
research  to  affect  problem  performance,   is  that  of  the  divisibility 
rel.tion.ip  among  the  problem  component.,    other  variable,  included  u, 
the  analy.is,  about  which  leas  is  known  from  prior  research,  are  the 
ISiALica  of  the  missing  value,  and  the  UZXL  0l  auumi*.  which  expresses 
the  amount  of  a  given  quantity.    The  paper  al.o  allude,  to,  but  doe.  not 
pursue,  the  Lxafi  of  quantity  to  which  the  unit  of  measure  refers. 

The  paper  pra.tnt.  an  information  processing  problem  solving  model 
for  the  class  of  missing  value  proportion  problems.    The  model  considers 
the  fact  that  aolver.  take  the  problem  structure  of  the  problem 
presentation  and  transform  that  structure,  due  to  the  salience  of  certain 
structural  variables,  into  mental  problem  representations.    The  problem 
repriucntationa  are  hypothesised  to  form  three  classes:     for  problem 
understanding,   for  exploring  the  relstionship  among  problem  components 
(intermediate  representations),     and  for  application  of  problem  operator, 
(procedural  repreaen tat  ions). 

The  analyais  identities  a  mathematical  group  of  8  transformations. 
These  transformations  are  knowledge  structures  used  by  the  solver  to 
change  the  structure  of  the  problem.    Exactly  2  problem  operators  are 
identified,  one  is  instantiated  on  the  per  statement  which  haa  two  known 
quantities  and   the  other  on  the  per  statement  with  the  miasing  value. 
These  problem  operators  are  instantiated  with  either  an  addition 
Subtraction,  multiplication,  or  division  equation.    An  instantiated 
operator  is  refered  to  as  a  solution  strategy;   these  can  be  valid  or 
invalid.     Combinationa  of  division  and  multiplication  equation,  which 
stantiate  the  t-jo  operatoro  li>ad  to  the  identification  of  14  valid 
Implication  solution  strategies     A  hierarchy  for  solver's  preference 
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tor  these  strategies  i.  hypothesized.    Finally  the  set  of  512  Missing 
value  problems  (determined  by  the  problem  structure  variables)  are 
partitioned  into  8  distinct  levels  by  the  transformation.. 

Each  level  consists  of  the  18  distinct  problem  structures;  those 
otructure.  of  a  given  level  are  the  IE  preimagea  which  get  mapped  by  the 
same  problem  structure  transformation  one-to-one  onto  the  18  procedural 
representations.     An  hypothesized  diffic-lty  hierarchy  for  the  18 
procedural  representations  is  used  to  hypothesize  a  difficulty  hierarchy 
on  the  18  problem  structures  within  each  leva.    .**  separate  levels  do 
not  seem  amenable,  via  this  analysis,  to  an  hypothesized  difficulty 
hierarchy.     These  extensive  analyses  there--.*  lead  to  a  partial 
difficulty  hierarchy  for  the  512  missing  value  proportion  problems. 

In  the  domain  of  proportion  problems,  emphasis  has  been  on  the 
identification  of  solution  strategies  that  solvers  use  to  solve  or 
attempt  to  solve  proportion  problems.    Ho  attention  ha.  been  given  in 
this  research  ares  to  the  problem  representations  which  solvers  form 
before  they  apply  a  solution  strategy.     Consequently  no  research  has 
addressed  the  question  of   the  relationship  between  the  problem 
representation  that  a  solver  form,  and   the  strategy  which  is  applied.  It 
appears  that  this  would  be  a  fruitful  line  of  inquiry  because  of  finding, 
in  other  areas  of  problem  solving  research  in  which  distinct  differences 
are  shown  to  exist  between  the  problem  representation  and  the  procedures 
uaed  by  expert  and  novice  solvers  (Chi,   Glaser,  4  Re..,   1)81,  Lrkin. 
1983) . 

Qualitative  reasoning  has  been  found  to  be  an  important,  component  of 
successful  problem  solver's  thinking.     Successful  problem  solvers  are 
known  to  reason  qualitatively  about  the  relationship,  among  component:,  of 
a  problem  before  or  instead  of  using  quantitative  procedures. 

The  paper  by  Harel,  Behr,  Pjst.  and  Lesh  addresses  the  problem 
^presentation  i.sue  for  a  proportion  problem  task  which  emphasizes 
qualitative  reasoning.     This  task,  colled  the  block,  ta.k,   requires  the 
coordination  of  several  weight  and  size  relationship,  on  a  given  pa.r  of 
block,  to  determine  the  weight  relationahp  between  a  criterion  pair  of 
block..     The  study  identifies  s  hierarchy  o£  3  distinct  problem 
representations  used  by  grnde-7  subjects  and  a  hierarchy  of  5  dist.net 
solution  strategies.    A  very  close  correlate  was  found  between  the 
levels  of  sophistication  of  the  representation  formed  and  the  strategy 
used.     The  top  representation  was  found  "to  call  on"  the  top  3   level,  of 
solution  strategiea.    the  middle  level  of  representation  "cal  led  on  the 
lowet  3   Icvrl.  of  solution  strategies  (an  overlap  of  the  midle  level 
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strategy),  and  the  lowest  representation  was  found  to  "call  on"  only  the 
lowest  level  of  solution  strategy. 

Some  questions  which  arise  from  these  two  papers  are:     What   is  the 
role  of  qualitative  thinking  in  the  development  of  proportionil 
reasoning?     Can  children  be  taught  to  use  qualitative  reasoning?  Will 
the  development  of  qualitative  proportional  reasoning   in  children 
facilitate  the  development  of  quantitative  reasoning  about  proportional 
situations?     Can  children  be  taught  to  form  certain  problem 
representations  for  proportion  problems?     If  children  are  taught  certain 
higher  level  problem  representations  will  this  improve  performance? 

The  paper  by  Alan  Bell  and  Barry  Onslow  concerns  the  concept  of  rate, 
that  is,   the  concept  of  intensive  quantity  which  they  define  as  "the 
quotient  of  two  extensive  quantities."    The  paper  reports  children's 
responses  on  several  carefully  designed  division  problems.    Two  questions 
have  to  do  with  che  phenomenon  of  "smal  1-mimber  divided  by  large-number." 
One    of  the  problems  was  in  the  context  of  a  whole  of  27  unita  of  measure 
being  divided  into  150  pieces  (i.e.  s  whole  is  divided  into  parts)  and 
the  question  is  of  the  number  of  units  of  measure  in  each  (or  one)  part, 
or  how  much  of  the  whole  is  in  each  part.    This  partitive  division 
problem  has  a  partitioning  behavioral  model  in  a  very  natural  sense,  a 
whole   is  mode  into  a  number  of  equal  sized  parts,  how  big  is  each  (or 
one)  part?     Moreover,  the  context  of  the  problem  involved  the  length  of  a 
ribbon,  a  quantity  which  is  "obviously"  part  it ionab le,  and  par t it ionab le 
as  successively  as  necessary.    The  second  problem  on  the  other  hand, 
involved  two  quantities:     44  pence  woo  to  be  divided  by  a  250    gram  pack 
of  butter.     This  division,  while  also  a  partitive  division  (extensive 
quantity  divided  by  extensive  quantity),  has  ouch  less  of  a  natural 
behavioral  partitioning  of  a  whole,  4A  pence,  into  pares.     In  this  case, 
the  whole  of  4A  pence  was  to  be  partitioned  according  to  some  exterior 
quantity,  having  no  relationship  to  the  AA  pence,  such  as  a  part-vhole 
relationship,  other  thsn  the  relationship  of  correspondence.  Moreover, 
the  unit  of  pene ef  the  smallest  unit  of  British  currency,   is  not 
part  it ionab le  in  a  behavioral  sense,  and  is  certainly  not  infinitely 
part  it ionab le  in  this  sense.    Some  important  research  questions  arise 
from  their  finding  that  the  first  problem  resulted  in  nearly  twice  as 
many  correct  responses  for  choice  of  operation  as  the  second.    To  what 
extent  are  divisions  which  has  a  wholc-d ivlded- in t o-par t s  behavioral 
model  easier  than  divisions  without  this  model?     The  problem  used  in  this 
study  had   the  part-uhole  relationship  of  "part  of   the  whole"  relationship 
of  "Part  of  the  whole"  in  an  inclusuin  sense;   other  types  of  part-whole 
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relationships  exist  (Chaff  in,  Hcrrcnan,  &  Winston  paper  in  preparation),  a 
bedroom  is  part  of  a  whole  apartment  in  a  different  seme,  a  handle  is 
part  of  a  cup  in  still  a  different  sense,  are  there  partitive  divisions 
which  involve  these  different  types  of  part  whole  relationships,  and  if 
so  how  do  these  differences  affect  children's  performance?     How  does  the 
partitionability  of  either,  or  both,  of  the  dividend  or  divisor  quantity 
affect  children's  performance  on  the  second  type  of  partitive  division 
prob lem? 

One  finding  of  the  study  was  that  children  performed  much  better  on  a 
rate  problem  when  the  problem  question  was  put  in  the  form  of  how  much  of 
quantity-1   in  one  unit  of  quantity-2?,  rather  than  in  the  form  how  much 
of  quantity-1  per  unit  of  quantity-2?    Another  related  finding  is  that 
children  understood  20  francs  per  gram  as  meaning  the  same  thing  as  1 
gram  per  20  francs,  for  example.    The  first  finding  raises  a  linguistics 
question  for  investigation.    What  words  best  communicate  the  meaning  of 
rate  to  children?     Is  there  a  developmental  sequence  in  the  words  that 
communicate  this  meaning?    From  the  second  finding  the  question  arises, 
Do  children  have  a  concept  of  intensive  quantity?     If  ao,  at  about  what 
age  ia  it  acquired,  or  what  set  of  experiences  can  bring  it  about?  If 
not,  what  is  children's  understanding  of  rate?     Behr,  Harel,  Post  and 
Lesh  (in  preparation)  suggest  that  children's  perception  of  rate  is 
simply  that  of  correspondence.    The  rate  5  miles  per  3  minutes  is 
hypothesized  to  simply  be  the  correspondence  of  5  miles  to  3  minutes. 
Since,  a  correspondence  is  likely  to  be  considered  symmetric  by  children, 
this  would  explain  why  5  miles  to  3  minutes  is  thought  to  be  the  same  as 
3  minutes  to  5  miles.    Some  research  questions  in  this  context:   How  do  we 
define  intensivity  so  that  it  is  learnable  by  children?     Can  we  define 
appropriate  experiences  so  children  begin  to  learn  the  concept  of 
intcnoivity?     Do  children  who  demonstrate  knowledge  of  intensive  quantity 
perform  better  than  those  who  don't  on  the  types  of  problems  given  by 
Bell  and  Onslow?    Do  children  who  demonstrate  knowledge  of  intensive 
quantity  perform  better  than  those  who  don't  on  proportion  problems? 

In  the  paper  by  Reiss,  Behr,  Lesh,  and  Post  the  point  is  made  that  a 
technique  to  make  direct  evaluation  of  children's  conceptual  knowledge 
for  proportional  situations  is  needed.     Moreover,  this  analysis  technique 
should  go  beyond  attempts  that  have  been  made  to  infer  learner's 
conceptual  knowledge  from  the  strategies  they  are  observed  to  use  to 
solve  proportion  problems.    The  potential  of  the  semantic  net  analysis 
used  in  cognitive  science  is  discussed  but  rejected  on  the  basis  that  the 
strictly  defined  links  are  to  limiting  to  capture  the  richness  and 
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diversity  of  a  student's  knowledge  structure.    A  recommendation  to  employ 
the  concept  map  analysis  developed  by  Joseph  Novak  (1984)  is  given  and  an 
example  of  one  student's  concept  sap  for  ratio  and  proportion  is 
presented  and  discussed.     It  appears  that  this  method  of  analysis  holds 
promise  for  comparing  the  conceptual  knowledge  of  auccessful  to 
unsuccessful  solver's  of  proportion  problems,   and  for  charting  the 
change,   in  the  conceptual  knowledge  within  students  for  proportions  over 
time  and  instruction. 
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ABSTRACT 

This  presentation  is  a  follow-up  of  a  research  study  on 
numeration  conducted  in  primary  school  during  five  years.  This 
research  has  permitted  to  point  out  on  one  hand  the  main 
difficulties  and  misconceptions  developed  by  children  in  current 
teaching  of  numeration,  and  on  the  other  hand  to  develop  a 
construcUvist  approach  leading  children  to  build  a  meaningful  and 
efficient  symbolism  of  number.  This  approach  was  experimented 
in  a  classroom  from  1980  to  1983  with  the  same  group  of  chUdrcn 
from  the  time  they  were  In  first  grade  (6-7  years  old)  to  the  third 
grade  (8-9  years  old).  To  point  out  the  real  Impact  of  this 
longitudinal  study  on  the  pupils,  an  evaluation  of  the 
understanding  of  numeration  was  conducted  at  the  end  of  1981. 
1982.  1983  and  after  three  years  In  1986.  The  results  are  presented 
here.  Confrontation  of  traditional  and  construcUvist  learning  or 
numeration  will  be  discussed. 


INTRODUCTION 

Plusieurs  recherchcs  rtcentes  en  dldactlque  des  mathematiques  se  slluent  dans 
un  courant  constructlviste  de  Vapprentlssage.  ^elaboration  des  connatssances  y  est 
concue.  en  accord  avec  les  perspectives  piagetlenne  du  developpement  (Plaget.  1975) 
et  eplstemologlque  du  developpement  dc  la  pensee  sclenttftquc  (Bachelard.  1938). 
comme  unc  *uite  de  reconstructions  successes  passant  par  des  p6rlodcs  de 
desequlllbres.  de  destabillsation.  C'est  en  termes  d'erreurs  rectlflees.  d'obstacles 
depasses  qu'Us  caracteriscnt  le  developpement  de  la  pensee.  Se  sltuant  dans  ce 
courant  constructive,  plusieurs  rcchcrches  en  didacUque  des  mathematiques  ont 
pennis  de  mettre  en  evidence  les  conditions  dans  lesquelles  les  enfants 
construlsent  des  concepts  fondamentaux  en  mathematiques.    Ces  rccherches 
apportent  un  eclairage  a  l'analysc  des  erreurs  produites  par  les  61eves.  aux 
conceptions  inappropriees  sous-jacentes  ayant  des  consequences  sur  la  production 
d'autres  connaissances.  Un  des  problemes  qui  se  pose  suite  a  ces  etudes,  ct  auquel 
les  recherchcs  en  dldactlque  foumlssent  peu  de  reponses.  est  le  sulvant:  comment 
un  apprentissage  pourralt-11  fitre  organise  pour  tenlr  compte  de  ce  que  l'on  salt  dc  la 
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pensee  mathematiquc  des  cnfants,  de  leurs  dlfflcultes,  conceptions,  procedures...? 
Peu  de  recherches  ont  en  eflet  effecUvement  elabore  et  experiment*  une  approche 
constructivtste  dea  mathematlques.  Les  travaux  realises  dans  cette  perspective 
demeurent  llmltes  (Von  Glasersfeld,  1983:  Bergeron.  Hercowltz,  1984;  Strife,  1977; 
Cobb,  1983). 

Notre  recherche  est  une  contribution  lmportante  en  cc  sens.  Nous  avons  en  effet 
mene  durant  cinq  ana  un  travail  sur  la  numeration  et  son  apprentlssage  a  l'ecole 
prlmalre,  travail  qui  a  perm  la:  d'une  part,  de  clarlfler  expllcltement  les  condlUons 
dans  lesquellea  l'enfant  s'approprie  le  concept;  d'autre  part  d'organlser  un 
apprentlssage  reflitant  ce  que  Ton  salt  de  la  pensee  des  enfants,  apprentlssage 
s'artlculant  autour  d'une  prise  en  compte  des  conceptions,  procedures, 
representations  symbollques  dtveloppees  par  les  enfants.  Cet  apprentlssage  fait  en 
sorte  que  l'enfant  construlse  progresslvement  un  systeme  de  representation  du 
n ombre  stgnlflcatlf  et  efflcace. 

APPROCHE  TRADfTlONNELLE  DE  LA  NUMERATION; 
QUELQUES  FAJTS  SIGNIFICATIFS  REVELES  PAR  NOTRE  PREMIERE  ETUDE 

Par  numeration,  on  entend  tiadltlonnellement  un  systeme  coherent  de 
symholea  rtgl  par  certalnes  rtgVs  pcnuettant  d'ecrlre  et  de  Ore  les  nombres.  La 
numeration  est  la  partle  de  l'arithmetique  qui  ensclgne  a  cxprlmer  et  a  representer 
les  nombres.  Alnsl,  l'cnselgnement  trarilt||onnc|  H<*  la  numeration  se  rtdult  souvent 
a  la  capacite  de  lire  des  nombres,  de  les  ecrlre  et  a  l'habllete  de  pointer  dans  un 
nombre  donnt  les  valeurs  de  position.  Nous  retrouvons  alors  un  enselgnement  axi 
essentlellement  sur  l'ecriture  conventlonnelle  et  sur  l'acquisltlon  des  regies 
syntaxiques  qui  rtglssent  cette  ecrUure.  et  cecities  tot  (des  6-7  ans)  |9). 

Afln  de  mleux  comprendre  la  conception  que  nous  avons  de  la  numeration  et  dc 
son  apprentlssage.  nous  revlendrons  sur  les  resultats  les  plus  slgnlflcatlfs  revdles 
par  cette  premiere  etude  [101. 

Quels  sens  les  enfants  accordent-lls  a  chacun  des  sym boles  lntervcnant  dans 
l'ecriture  conventlonnelle,  volent-lls  que  l'ecriture  est  un  code  relic  a  des 
collections  "reorganlsees  pour  falre  apparaltre  des  groupements"? 
Notre  etude  nous  revile  que  peu  d'enfants  accordent  une  signification  veritable 
a  l'ecriture  en  termes  de  groupements.  La  plupart  des  enfants  concolvent 
l'ecriture  comme  un  allgnement  ou  une  sequence  de  chlflres  (chlffres  places 
dans  un  certain  ordre).  Alnsl  des  mots  comme  centalnes,  dlzalnes,  unites  ne 
sont  pas  du  tout  pns  en  consideration  ou  sont  assocles  a  un  certain  decoupage  de 
l'ecriture. 
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De  plus,  l'ecriture  des  nombves  est  assoctte  pour  beaucoup  d'enfai.ts  au  codafie 
d'une  collection  d'elements.  Us  enfants  ont  alors  l'attltude  a  recourlr  au 
comptagc  un  a  un  de  la  collection,  mcme  quand  cettc  strategic  est  taapproprtec. 
Peu  d'entre  cux  volent  la  pertinence  de  regrouper  et  volent  que  l'ecriture  est  un 
code  qui  dccoule  dlrectement  de  ces  groupemcnts. 

Quels  sens  les  enfants  accordcnt-lls  au  traltemcnt  de  cettc  ecriture  dans  les 
procedures  de  calcul?  Volent- lis  dano  la  retenue  ou  l'emprunt  une  action 
effective  sur  des  groupements? 

Peu  d'enfants  pcuvent  opercr  sur  les  groupements  lorsqu'lls  ont  a  falre  ou 
defalre  ceux-cl.  lis  ne  peuvent  illustrer  nl  expllquer  avec  un  materiel  les 
operations  effectuies  sur  l'ecriture.  Us  conceptions  erronees  de  la  retenue  et  de 
l'cmprunt  que  l'on  rctrouvc  alors  Ulustrent  que  les  regies  utillsecs  dans  les 
procedures  de  calcul  nc  correspondent  a  aucune  action  effective  sur  les 
groupements. 

Nous  pourrions  poursulvre  l'analyse  dc  ces  dlfflcultes,  la  comprehension  que 
les  enfants  retircnt  de  la  numeration  dans  l'enselgncment  actuel  est  cependant 
sufflsamment  caract«rts6e.  A  la  lecture  des  falts  precedents.  II  est  facile  de 
notcr  que  pour  nous  l'ecriture  conventionale  n'est  pas  un  but  en  sol  mals  est 
plus  ctudlce  en  regard  de  sa  signification  en  termes  dc  groupemcnts  et  en  lermes 
dc  transformations  effeo.tuees  sur  ces  groupements  lorsqu'on  2  a  operer. 


UNE  APPROCHE  CONSTRUCTIV1STE  DE  LA  NUMERATION. 
BREVE  CARACrERISATION  DE  NOTRE  INTERVENTION. 

Quand  nous  travalllons  sur  la  numeration,  nous  travalllons  sur  le  processus  dc 
representation  du  nombre,  processus  s'artlculant  sur  des  collections  reorganlsees 
pour  falre  apparaitre  des  groupements.  Un  apprcntlssagc  de  la  numeration  dolt 
provoquer  ce  processus  dc  representation  et  le  mener  a  terme. 

De  1980  a  1983,  nous  mcttlons  en  pratique  une  conception  constructlvlstc  dc 
1'apprcntlssage  de  la  numeration  auprts  d'un  mcme  groupe  d'enfants  sulvl  pendant 
3  ans  (6-7  ans  a  8-9  ans). 

Toutc  notre  strategic  a  consist*  a  amcner  les  enfants  a  developpcr  leurs  propres 
representations  du  nornbve  et  a  les  falre  evolucr  vers  un  symboUsme  slgnltleatll  et 
efflcacc  Pour  accompllr  cecl,  l'enfant  a  etfc  amen*  a  vlvre  des  situations  qui  le 
forcalent  a  operer  sur  des  collections  sur  lcsquellcs  une  relation  cntre  les 
groupements  elall  d6flnie  I  111.  Us  operations  sont  essentleUes  dans  notre  strategic 
pulsque  en  plus  dc  donncr  unc  motivation  aux  transformations  operecs  sur  les 
groupements,  elles  leur  donnent  une  signification  en  lermes  d'actlon  veritable 
(defalre  les  groupements.  les  falre.  echanger...).  Ces  situations  necessitent  que  les 
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cnfants  developpent  des  moyens  pour  garder  trace  et  cornmunlquer  de 
l'lnformatlon  sur  les  transformations  operees  et  sur  !es  collections  regroupees  qui 
cn  rtsultent.  Us  representations  qu'Us  dtveloppent  sont  alors  slgnlflcatlves. 
Enfln,  la  solllcltatlon  a  deventr  efflcacea  dans  le  trai'ement  et  la  communication 
d'lnformations  sur  des  collection*  force  l'enfant  a  avoir  recours  a  des 
representations  ecrltes  qu'U  rafflne  progressivement.  Dans  cet  apprentlssage 
constructhrtste.  les  situations  et  interventions  reposent  sur  une  analyse  constante 
des  procedures,  conceptions,  representations  symbollques  developpees  par  les 
enfants  et  sur  une  analyse  de  revolution  dc  ccllcs-ci  |12], 


EVALUATION  DE  LTMPACT  DE  CETTE  INTERVENTION 

Le3  effeta  de  cette  Intervention  sur  la  comprehension  de  la  numeration  par  les 
enfants  ont  etc  analyses  a  la  fin  de  chacune  des  annecs:  lere  (6-7  ans)  a  3e  annte 
(8-9  ansi.  Des  items  ont  etc  elaborts  a  partlr  du  cadre  de  reference  developpe  dans  la 
recherche  precedente  (81  et  expertmentes  sous  forme  d'enlrevue  aupres  des  enfants 
du  groupe  ayant  suivi  I'approche  constructlviste  et  des  enfants  d'un  groupe  controle 
ayant  suivi  une  approche  tradltlonnelle  de  la  numeration  IBcdnanc.  Janvier,  a 
paraltre). 


*Enf*ntf  *g*M  prijp*rt  4  V»xptrim»nt»t1on  sur  unt  pvtodTimpot-tint*. 

BEnfjntf  pour  qui  VhttrvtnMen  »tt  aistz  1mport»nt»  pour  donn»r  dts  riiulUti  slgnlfioalifs 


Mfure  1  -  Groupe  experimental 
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Approcht 
constructtvlst* 

Croupt  control* 
tnstl^rvcmtnt  trAdittorwifl 

Fin  1  ir«  *nn««  (6-7  »n$) 

39 

3.5 

Ftn  2«  »nn4«  (7-8  wis) 

27 

23 

Ftn  3«  »nnt«  (8-9  »«) 

23 

26 

Figure  2 

froJa  ana  "?rcs  notrc  experimentation,  nous  cherchons  matntcnant  a  mcttrc 
en  evidence  ce  qu'll  reate  de  cette  Intervention  aupres  des  enfants:  les  habllctes. 
procftd-  -sa,  facons  de  s'organiser.  attitudes  developpfces  chcz  les  enfants 
3ubslstent-elles? 

Quelles  sont.  les  influences  chez  l'enfant  de  la  confrontation  entrc  une  approche 
constructtvlsl?  et  un  enselgnement  tradltlonnel  des  niathematlques  sulvl  trols  am 
apres  notre  intervention:  malntlcn.  regression  ou  dlsparltlon  de  certalnes 
habllctes  ou  attitudes,  confllta  provoquis  par  1'lnteracUon  des  deux  approches? 

Une  eprcuvc  a  etfi  construltc  a  partlr  du  cadre  dc  reference  sur  la  numeration 
developpe  dans  la  prdcedente  recherche  |8|  et  exptrlmentee  sous  forme  d'entrevues. 
Des  23  eleves  survls  au  cours  dc  l'lr.ter^entlon,  11  ne  reste  que  16  dleves  (groupe 
experimental).  Afln  dc  pouvotr  repondre  aux  questions  que  nous  nous  poslons. 
nous  avons  constltut  un  groupe  controle  forme  d'eleves  de  la  meme  6colc  (mcnic 
milieu,  meme  niveau)  que  les  eleves  du  groupe  experimental.  Ces  Sieves  ont  sulvl 
pendant  tout  le  prlmalrc  un  enselgnement  tradltlonnel  des  mathematlques. 


RESULTATS  PRELIM1NA1RES 

Les  graphlques  presentcs  cl-dessous  reprenncnt  quclques-uns  deu  resullats  du 
groupe  ayant  sulvl  l'a'pproehe  constructlvlste  a  la  fin  de  chacune  des  annecs  de 
l'lnterventlon,  et  trols  ans  apres  l'lntervcntlon.  Des  resultats  plus  detatllfis  el 
excmples  seront  foumls  lors  de  la  presentation. 

Les  Items  auxqucls  ces  graphlques  referent  de  la  I6re  a  la  3c  annee.  puis  en  6e 
annie.  sont  dc  plus  en  plus  complexes  en  termes  de  chcmlncments,  habllctts  et 
representations  mlses  en  Jeu  (cf.  cadre  de  reference  sur  la  numeration). 
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CONCLUSION 

En  observant  les  dlfKrents  graphic,^,  nous  pouvons  observer  unc  evolution 
important  des  enfant  ayanl  sutvl  l'approche  ccnstructlvlste  entre  la  lire  et  la  3c 
annee  relatlverucnt  a  la  signification  qu'lls  acconlcnt  a  IfeilhiK  ct  a  1'habuctt  a 
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operer  avec  les  groupemems  dans  des  taches  de  plus  en  plus  complexes.  Trols  ans 
aprts  cette  Intervention,  les  hablletes.  procedures  developpees  par  les  enfants 
subsistent  encore.  Alnsl.  69%  des  enfants  (fig.  4)  accordent  une  certalne 
signlflcatlcn  a  ce  qu'lls  font  en  termes  de  groupemcnts  lorsqu'lls  ont  a  op6rer  avec 
un  materiel  relatlvement  complexe  dans  un  contexte  de  division.  Ces  mimes 
enfants  (fig.  3)  volent  la  pertinence  d'utlllser  les  groupements  pour  coder  une 
collection. 

Nos  rtsuttats  mettent  cependant  en  evidence  des  confllts  provoqu6s  par  la 
confrontation  des  deux  approches.  Dans  des  taches  complexes,  deux  conceptions 
diCK rentes  entrent  alora  en  conflit  chez  1' enfant. 

Ces  resultats  lllustrent  comblen  tine  approche  constructlvlste  des 
mathematlques  impllque  une  Intervention  de  longue  durte  dans  la  classe.  Cette 
approche  constltue  en  effet  beaucoup  plus  qu'une  variation  pcdagoglque;  ellc  est  une 
remise  en  question  complete  de  la  conception  tradltlonnelle  que  nous  avons  de  la 
numeration  et  de  son  apprentlssage. 
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KINDERGARTNERS '  KNOWLEDGE  OF  NUMBERS:  A  LONGITUDINAL  CASE  STUDY 
PART  1}     INTUITIVE  AND  PROCEDURAL  UNDERSTANDING 

Nicolas  Herscovics,  Concordia  University 
Jacques  C.  Bergeron,  Universite  de  Montreal 
Anne  Bergeron,  Universite  de  Montreal 


This  paper  reports  the  results  of  a  longitudinal  case  study 
aiswd  at  following  a  child's  construction  of  the  number  con- 
cept during  the  kindergarten  time-frame.  The  subject  was  met 
three  times  during  the  school  year,  in  October,  January,  and 
Hay.  Each  assessment  required  four  to  five  20-minute  inter- 
views. The  questionnaire  used  to  this  effect  was  developed 
within  the  theoretical  framework  provided  by  a  model  of  un- 
derstanding which  identifies  four  levels  in  the  construction 
of  a  mathematical  concept:  intuitive  understanding,  proce- 
dural understanding,  abstraction  and  formalization.  Results 
show  that  the  child  progresses  Biaultaneoualy  at  many  levels 
and  that  the  questionnaire  offers  a  perspective  broad  enough 
to  study  the  evolution  of  his  numerical  profile.  This  study 
is  reported  in  two  companion  papers  dealing  respectively 
with  the  first  two  levels  of  understanding  (Part  I),  and 
with  th«  last  two  lavala  (Part  II). 

The  children's  acquisition  of  number  starts  very  early.     Gelman  & 
Gallistel  (1978),  as  well  as  Fuson  et  al  (1982),  have  shown  Chat  the 
first  number  words  are  learned  as  early  as  the  age  of  three.     But  is  is 
between  the  ages  of  five  and  9ix  that  one  witnesses  an  outburst  in  their 
knowledge  of  the  number-word  sequence  for,  by  then,  most  of  them  can 
recite  it  beyond  30  (Herscovics  et  al,  1986a).     We  have  found  that  thia 
major  quantitative  development  is  accompanied  by  major  qualitative  de- 
velopments in  their  perception  of  number  (A.  Bergeron  ec  al,  1986; 
Herscovics  et  al,  1986b;  J.C.  Bergeron  et  al,  1986).    Our  investigations 
were  cross-sectional  studies  of  different  groups  of  kindergartners .  And 
thus,  they  left  open  the  question  of  how  children  evolve  during  this 
period.     Only  a  longitudinal  type  of  study  would  provide  information 
on  this  subject. 


While  the  mastery  of  the  number-word  sequence  does  not  by  itself  consti- 
tute an  understanding  of  natural  numbers,  it  is  nevertheless  an  essen- 
tial prerequisite.     Only  when  the  child  perceives  that  this  sequence 
can  be  used  to  determine  the  quantity  of  objects  in  a  discrete  set  or 
the  rank  of  an  object  in  an  ordered  set,  is  the  notion  of  number  invol- 
ved.    In  this  sense,  the  cardinal  and  ordinal  aspects  of  number  can  be 
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viewed  as  a  measure  of  quantity  or  as  a  measure  of  the  rank  of  an  object. 
Of  course,  the  child  does  not  build  overnight  the  notion  of  number  as  a 
measure  of  quantity  or  rank.     In  fact,  four  distinct  levels  can  be 
identified  in  the  construction  of  this  conceptual  scheme:  intuitive 
understanding,  procedural  understanding,  abstraction,  and  formalization. 

We  have  been  working  for  several  years  on  the  identification  and  refine- 
ment of  criteria  which  might  describe  these  four  levels  of  understanding 
of  number  (Heracovics  &  Bergeron, J .C . ,  1983).  These  criteria  have  been 
used  to  develop  a  questionnaire  made  up  of  various  tasks  and  questioning 
sequences  aimed  at  probing  the  child's  thinking  processes.  Running 
through  these  tasks  and  questions  with  children  between  five  and  six 
requires  four  to  five  interviews,  each  one  lasting  from  15  to  20  minutes, 
about  the  attention  span  of  this  age  group.     Four  kindergartners  were 
selected  by  their  teacher  on  the  basis  of  their  willingness  to  work 
with  us.     In  order  to  study  their  evolution,  the  questionnaire  was  ad- 
inistered  individually  at  three  different  periods  of  the  -.chool  year, 
October.  January  and  May.     Each  set  of  interviews  was  video-taped.  At 
present,  we  have  completed  the  analysis  of  one  of  the  four  case  studies. 
In  this  paper  we  report  the  criteria  describing  each  level  of  under- 
standing, the  tasks  and  questions  used  to  assess  them,  and  the  evolu- 
tion of  the  subject. 

INTUITIVE  UNDERSTANDING 
The  level  of  cognition  which  we  call  "intuitive"  relates  to  the  infor- 
mal knowledge  acquired  through  life  experiences,  outside  any  formal 
instruction.     For  many  mathematical  concepts,  one  can  find  their  em- 
bryonic presence  in  this  informal  knowledge.     These  germinal  ideas  can 
be  considered  as  pre-concepts .     For  young  children,  these  pre-concepts 
are  quasi-physical  and  initially  relate  to  concrete  objects  and  their 
actions  on  these  objects.     Intuitive  understanding  results  from  a  type 
of  thinking  heavily  influenced  by  visual  perception.     For  pre-concopts 
of  an  arithmetical  nature,  this  translates  into  visual  estimation  and 
primitive  actions  which  do  not  yet  provide  a  numerical  answer. 

An  intuitive  understanding  of  number  involves  those  notions  which  can  be 
viewed  as  pre-concepts  of  Its  cardinal  Interpretation  and  Its  ordinal 
interpretation.     Since  in  a  cardinal  perspective  number  can  be  viewed  as 
a  measure  of  quantity  (the  number  of  elements  in  a  discrete  set),  the 
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notion  of  quantity  can  be  considered  a  pre-concept  of  number.  Indeed, 
for  discrete  sets,  one  can  deal  with  the  notions  of  "more  than,  less 
than,  or  the  sane  as"  without  any  counting  process,  by  simple  visual  es- 
timation.   For  more  accurate  results,  a  one-to-one  correspondence  can 
be  used.     In  an  ordinal  perspective,  number  can  be  viewed  as  a  measure 
of  the  rank  of  an  object.    This  presupposes  that  the  set  has  been 
ordered  and  that  the  child  perceives  this  order.     Thus  the  notion  of 
order  be  considered  as  another  pre-concept  of  number.     For  instan- 

ce, in  a  row  of  objects,  the  child  does  not  have  to  resort  to  any  count- 
ing to  determine  if  an  object  is  placed  "before"  or  "after"  another  one. 
Given  two  rows,  he  can  use  a  one-to-one  correspondence  to  determine  if 
objects  in  each  row  'have  the  same  rank  or  not. 

Our  subject  was  a  little  boy,  Philippe,  aged  5:7  at  the  time  of  the 
first  interview,  in  October.    At  the  level  of  intuitive  understanding 
no  change  was  observed  in  the  three  sets  of  interviews  (Oct.,  Jan.,  Hay). 
Comparing  a  set  of  25  cubes  with  another  set  of  7,  he  could  use  the 
words  "more"  and  "less"  to  identify  the  two  sets.    When  asked  to  judge 
"just  by  looking",  if  one  set  of  randomly  disposed  cubes  (8)  had  more, 
less,  or  the  same  as  a  second  set  (8),  he  answered  that  they  were  the 
same.    When  further  asked  how  he  could  make  sure,  on  the  three  occasions 
he  arranged  each  set  into  the  same  rectangular  array. 


The  classical  Piagetian  "conservation  of  number"  task  has  been  retained 
to  further  probe  the  child's  intuitive  understanding. In  this  task, sub- 
jects are  asked  to  compare  two  rows  of  objects .before  and  after  one  row 
Is  elongated. Since  no  counting  is  Involved, the  comparison  is  purely  in 
terms  of  quantity,  not  number.    Our  subject,  Philippe,  could  use  a 
one-to-one  correspondence  to  lay  out  a  row  of  seven  cubes  similar  to  a 
given  one.    However,  at  no    time  during  the  year  did  he  succeed  in  this 
conservation  task.     Interestingly,  he  was  focusing  on  the  density  of 
the  rows  rather  than  their  length,  for  he  always  felt  that  the  shorter 
row  had  more  cubes.     In  January  and  May,  he  still  had  to  resort  to  a 
one-to-one  correspondence  in  order  to  determine  if  the  two  rows  had  the 
same  quantity  or  not.    At  the  time  of  this  experimentation,  no  tasks 
had  been  set  to  investigate  the  ordinal  aspect  of  number  at  the  intui- 
tive level.    Ordinal  tasks  were  included  at  the  level  of  procedural 
understanding. 
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KNOWLEDGE  OF  THE  NUMBER-WORD  SEQUENCE 


In  order  to  Investigate  die  subjec-'s  knowledge  of  the  number-word 
sequence,  the  tasks  we  have  used  are  those  set  by  Fuson  et  al .  (1982). 
The  following  table  provides  a  description  of  the  corresponding  skills 
in  each  set  of  interviews: 

1.  Can  recite  from  1  up  to 

2.  Can  recite  from  1  and  atop  at 

a  given  number 

3.  Can  recite  starting  at  a  given  number 

4.  Can  recite  from  a  given  number 
up  to  another  one 

5.  Can  recite  backwards  from  a 
given  number 

6.  Can  recite  backwards  fro«  a  given 
number  down  to  another  one 

What  the  table  does  not  convey  is  the  remarkable  change  which  occurred 
between  the  interviews.     In  October,  Philippe  was  shy  and  retiring,  and 
repeatedly  complained  that  he  did  not  like  counting  for  he  found  it  very 
difficult.    At  that  time  he  was  confusing  two  of  the  counting  words 
"six"  and  "dix",  since  the  difference  in  pronunciation  is  quite  subtle, 
being  limited  to  the  initial  consonants.     By  January,  he  found  counting 
much  easier,  and  since  he  was  still  confusing  the  two  number-words  we 
proceeded  to  distinguish  them  by  producing  a  hissing  sound  for  the  first 
letter  in  "six":     "sssix  corarae  dans  ssserpent"  ('sssix  like  in  sssnake'). 
He  found  this  quite  amusing  and  seemed  relieved  to  discover  that  the  two 
number-words  were  not  the  same.     Curiously,  the  kindergarten  teacher  had 
never  noticed  this  problem.    Again  in  May,  we  found  another  great  change, 
not  only  in  his  greater  scope  but  also  in  the  facility  with  which  he 
handled  the  various  tasks. 


October  January  May 

13  14  19 

yes(8)  yes(9)  yes(17) 

yeB(U)  yeB(4)  yes(9) 

no(4  to  7)    yea(3  to  7)    yes(ll  to  18) 

yes(6)  yes(5)  yos(6) 

yes(5  to  3)  yci.(5  to  2)    yes(6  to  3) 


PROCEDURAL  UNDERSTANDING 

The  informal  mathematical  knowledge  we  have  described  as  intuitive  can 
be  considered  as  an  initial  level  of  understanding.     It  can  be  used  to 
initiate  an  ensuing  stagt  of  mathematization ,  that  of  the  acquisition 
of  relevant  mathematical  procedures.     Relating  these  mathematical  pro- 
cedures to  the  learner's  intuitive  knowledge  justifies  their  need  and 
helps  prevent  meaningless  memorization.     Conventional  mathematical 
procedures  are  seldom  discovered  spontaneously  by  children.    They  are 
usually  constructed  by  them  following  some  socially  transmitted  infor- 
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maiion  and  convention,  through  schools,  television,  parents,  peers, etc. 
The  gradual  mastery  of  mathematical  procedures  as  well  as  their  appro- 
priate use  constitutes  a  second  level  of  cognition  which  we  call 
procedural  understanding. 

We  need  to  distinguish  between  the  recitation  of  the  number-word  sequence 
and  the  act  of  enumeration.     The  number-word  sequence  Is  acquired  by 
memorizing  a  set  of  conventional  words  in  an  appropriate  order  whereas 
enumeration  is  a  procedure  establishing  a  one-to-one  correspondence 
between  the  number-words  and  a  set  of  objects  to  be  counted.  Children 
may  often  know  how  to  recite  the  sequence  without  necessarily  coordinat- 
ing it  correctly  in  their  enumeration  procedure.    They  often  count  the 
same  object  twice  or  skip  some  others.    At  a  young  age,  getting  differ- 
ent results  from  different  counts  of  the  same  set  does  not  seem  to 
bother  them  (Ginabucg,  1977).    The  learning  of  the  number-word  sequence 
and  of  the  enumeration  procedure  will  usually  be  mastered  by  the  age  of 
six.    By  that  age,  children  have  no  problems  in  using  the  conventional 
number-words  and  perceiving  their  role  in  enumeration.     In  this  paper 
the  words  "count"  and  "counting"  will  be  used  as  synonyms  for  "enumera- 


Slmple  counting  tasks.     In  the  first  task  the  child  was  presented  with 
a  set  of  blocks,  within  the  range  of  his  known  number  words,  and  asked 
"how  many"  there  were,  in  order  to  verify  if  these  words  were  meaning- 
ful to  him.    To  assess  his  ability  to  generate  a  required  set,  he  was 
also  asked  to  put  a  given  number  of  cubes  in  a  dish.     In  the  second 
task,  the  subject  was  provided  with  a  sample  plate  of  seven  cubes,  and 
another  four  plates  containing  respectively  6,  7,  8  and  9  cubes  were 
placed  in  front  of  him.     He  was  then  asked  to  Identify  the  plate  which 
had  "one  more",  then  "one  less",  then  "the  same".     The  third  task  con- 
sisted in  finding  the  seventh  cube  in  a  given  row  of  15  cubes,  and  then 
in  identifying  the  rank  of  an  Indicated  cube.     Finally,  in  order  to 
compare  the  enumeration  skills  with  his  knowledge  of  the  number-words, 
the  child  was  asked  to  count  up  a  set  of  cubes  greater  than  the  known 
sequence  and  told  to  count  as  far  as  he  could.     He  was  then  asked  to 
count  and  stop  at  a  given  number  of  cubes. 

The  following  table  describes  the  student's  success  in  each  set  of  In- 
terviews. 
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October 

January 

May. 

1. Responds  to  "how  many"  by 

9  (T) 

13  (P) 

15  (P) 

counting  Bets  of 

-generates  sets  of 

7 

9 

10 

2. Can  Identify  Bet  with  "one  more" 
than  seven 

docs  not 
undcrs  tand 

? 

yes 

Can  Identify  set  with  ''one  less" 
than  seven 

docs  not 
unde  ro  t and 

1 

yes 

Can  identify  set  with  "the  same" 

yes 

VPS 

yes 

as  seven 

3. Can  identify  7th  cube  in  a  row 

yes 

yes 

yes 

Can  find  the  rank  of  Indicated  cube 

yes  (6) 

yes  (9) 

yes  (9) 

4. Can  enumerate  cubes  up  to 

13 

14 

19 

5. Can  enumerate  and  atop  at 

lx 

a 

8 

Our  subject  Philippe  was  able  to  handle  most  of  these  problems.    The  let- 
ters next  to  the  first  task  indicate  the  specific  way  he  counted  the 
cubes.     In  October  he  counted  them  by  touching  <T)  the  cubes  without 
moving  them,  while  In  the  other  two  interviews  he  partitioned  (P)  the 
set  Into  counted  and  uncounted  cubes.     On  the  second  task,  it  was  quite 
surprising  to  find  that  in  October  Philippe  did  not  understand  the  mean- 
ing of  "one  more"  and  "one  less".     Although  in  January  he  succeeded  in 
answering  these  questions,  he  seemed  so  hesitant  as  to  make  us  wonder  it 
he  knew  what  he  was  doing.  By  Hay,  however,  he  handled  these  tasks  with 
creat  aplomb.     It  will  be  noted  from  the  fourth  task  that  for  this  child 
"the  enumeration  range  corresponded  exactly  to  his  knowledge  of  the  num- 
ber-word  sequence. 

^  partially  hidden  rows.  The  next  set  of  tasks  involved  rows  of 
chips  with  ore  end  partially  hidden  by  the  interviewer.    The  reason  for 
these  was  to  provide  »  «t  of  problems  calling  for  more  sophisticated 
counting  strategies  such  as  counting  on  or  counting  back  from  a  given 
number.     In  the  first  task  the  child  was  shown  a  row  of  chips  glued  on 
a  cardboard  and  told:     THIS  IS  THE  FIRST  CHIP.  I'M  HIDING  SIX  OF  THEM 
(covering  the  first  six  chips  with  another  piece  of  cardboard).  CAN  YOU 
TELL  ME  HOW  MANY  CHIPS  ARE  CLUED  ON  THE  WHOLE  CARDBOARD?   (gesturing  to 
show  that  the  whole  cardboard  was  to  be  considered). 


i  *  *  *  *  * 


Within  the  above  context,  the  student  wan  also  asked  to  identify  the 
ninth  chip.     Since  these  problems  could  be  handled  by  counting  on  from 
the  hidden  part,  we  verified  if  the  subject  had  acquired  this  procedure 
This  was  assessed  by  asking  him  to  count  on  from  the  sixth  chip  in  a 
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completely  uncovered  row.  The  reason  for  delaying  this  assessment  wa 
to  prevent  ue  fro.  suggesting  any  procedure  to  be  used  on  this  first 


task. 


Another  task  vaa  designed  to  provide  a  situation  in  which  counting  back 
would  be  a  good  strategy.    The  child  was  shown  a  row  of  11  chips,  three 
of  thea  being  hidden.    The  rank  of  a  viaible  chip  was  given  and  the 
subject  was  asked  to  find  the  number  of  hidden  chips.    In  a  second 
question,  he  was  again  given  the  rank  of  a  chip  and  was  asked  to  find 
tha  rank  of  another  one.    Finally,  his  ability  to  count  backwards  was 
determined  using  a  completely  viaible  row  of  chips.    The  following  table 
describes  his  performance  during  the  year. 

Octobar     January  May 

1.  With  6  chips  hidden, can  find  total  no  no  yel 
With  6  chipa  hlddaa.can  find  9th              no           no  yea 

2.  Can  count  on  from  6  "  y*»  yea 
Can  count  on  from  6  and  atop  at  9             -  yes 

3.  Given  rank  of  a  visible  chip  (9th), 

can  find  how  many  are  hidden  (3)  -  no 


yes 


no 


Given  rank  of  a  viaible  chip  (9th) , 

can  find  rank  of  another  chip  -  yM  (8  to  6)      yea  (9  to  6) 


**  Caa  count  backwards  from  3 
Can  count  backwards  and  atop 

at  clvam  summer  S  to  3     5  to  2 


5  6 

6  to  3 


In  October  Philippe  was  unable  to  handle  the  first  task.  He  initially 
counted  only  the  viaible  chips.    On  a  aecond  attempt  he  counted  them 
figurally  (cf  Steffe  et  al.  ,1983)  that  is,  he  pointed  his  finger  over 
the  hidden  part  end  counted  the  imagined  chips.    Although  he  knew  that 
six  chips  were  hidden,  his  count  did  not  correspond  to  that  number.  In 
the  January  interview,  he  did  not  fare  any  better  although  the  assess- 
aent  shows  that  he  could  count  on  from  six  (in  task  2) .    By  May  he  was 
still  using  figural  counting  but  now,  although  the  Gpacing  between  the 
imagined  chips  was  too  small,  his  finger  jumped  to  the  end  of  the  hid- 
ing cardboard  as  he  was  pronouncing  "six".    Regarding  the  third  task, 
perhaps  it  proved  to  be  too  difficult  because  the  starting  number  was 
too  high    and/or  the  gap  between  the  starting  number  and  the  hidden  set 
was  too  large.  For,  as  was  found  In  task  4,  the  subject  could  only  count 
backwards     extensively  when  the  numbers  were  below  seven. 
Double-counting.  Well  before  children  are  formally  introduced  to  sub- 
traction, many  of  them  can  handle  classes  of  problems  in  which  they 
occur, by  using  a  process  of  double-counting.    For  example,  when  asked 
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how  many  numbers  are  between  three  and  seven  on  a  snakes  and  ladder 
gaaeboard,  these  children  will  count  the  number-words  needed  to  go  from 
three  to  seven.    Double-counting  procedures  are  fairly  advanced  since 
the  things     counted  are  no  longer  concrete,  in  the  physical  sense,  but 
number-words  one  pronounces.    Fuson  et  al.  (1982)  have  identified  four 
such  procedures.    The  following  table  describes  how  our  subject  has 
handled  them: 

October  Jinmry  M«y 

1.  Count*  five  number-vorde 

starting  from  3  4  7 

Counts  the  number-words  between  5  and  7  3  and  5  6  and  9 

2.  Counts  n  number-words  no  yes  yes 

before  e  given  number  (3  noe  before  5)  (2  no*  before  5)  (*  noe  before  8) 

Counte  (beckverde)  the  no  no  yes 

number-word*  between  (5  end  3)  (6  end  3)  (6  end  2) 

Philippe's  counting  skills  are  well  below  the  average  kindergartner's 
who  can  handle  enumerations  up  to  about  39  (Herscovics  et  al.,  1986a). 
However,  as  the  results  in  this  table  indicate,  our  subject  can  use 
very  sophisticated  counting  procedures  as  lctig  as  one  stays  within  his 
numerical  range.    The  double-counting  in  the  second  task  proves  to  be 
very  difficult  since  the  two  counts  move  in  opposite  direction  as  when 
asking  the  child    IF  YOU  START  AT  SIX  AND  COUNT  BACKWARDS  TO  TWO,  HOW 
MANY  WORDS  WILL  YOU  SAY  ?  Philippe  was  able  to  handle  this  question  in 
May  despite  the  confusing  crossing  of  the  sequences  as  in  "  6  is  one, 
5  is  two,  A  is  three,  3  is  four,  2  is  five  ". 

An  analysis  of  the  remaining  two  levels  of  understanding,  as  well  as 
a  discussion  of  the  results,  and  the  references,  appear  in  a  companion 
paper,  "Part  II:  Abstraction  and  Formalization",  by  Anne  Bergeron, 
Nicolas  Herscovics,  and  Jacques  C.  Bergeron. 
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KINDERCARTNERS '  KNOWLEDGE  OF  NUMBERS:  A  LONGITUDINAL  CASE  STUDY 
PART  II:  ABSTRACTION  AND  FORMALIZATION 

Anne  Bergeron,  Universlte  de  Montreal 
Nlcolaa  Herscovics,  Concordia  University 
Jacques  C.  Bergeron,  Universlte  de  Montreal 


This  paper  reports  the  results  of  a  longitudinal  case  study 
ai»ed  at  following  a  child's  construction  of  the  number  con- 
cept during  the  kindergarten  time-frame.  The  subject  was  met 

M«rV^<!S  8  th*  aCh°o1  year'  ln  O^ober,  January,  and 

May.  Each  assessment  required  four  to  five  20-minute  inter- 
views. The  questionnaire  used  to  this  effect  was  developed 
within  the  theoretical  framework  provided  by  a  model  of  un- 
derstanding which  identifies  four  levels  in  the  construction 
of  a  Mathematical  concept:  intuitive  understanding,  proce- 
dural understanding,  abstraction  and  formalization.  Results 
show  that  the  child  progresses  simultaneously  at  many  levels 
and  that  the  questionnaire  offers  a  perspective  broad  enough 
to  study  the  evolution  of  his  numerical  profile.  This  study 
is  reported  in  two  conpanion  papers  dealing  respectively 
with  the  first  two  levels  of  understanding  (Part  I),  and 
with  the  last  two  levels  (Part  II). 


In  a  companion  paper,  Part  I:  Intuitive  and  Procedural  Understanding 
(N.  Herscovics,  J.C.  Bergeron,  A.  Bergeron),  we  have  described  the 
theoretical  framework  and  the  methodological  concerns  which  have  led  u 
to  undertake  a  longitudinal  case  study.    While  that  article  deals  with 
the  first  two  levels  of  understanding,  Part  II  presents  an  analysis  of 
the  remaining  two  levels  of  understanding,  abstraction  and  formaliza- 
tion, as  well  as  a  discussion  of  the  results,  and  the  references. 


ABSTRACTION 

As  mentioned  in  Part  I,  intuitive  understanding  results  from  the  kind 
of  knowledge  acquired  outside  any  formal  Instruction.    On  the  other 
hand,  the  gradual  mastery  of  mathematical  procedures  and  the  ability  to 
apply  them  in  appropriate  situations  characterize  a  second  level  of 
comprehension,  that  of  procedural  understanding.    A  third  level  involves 
mathematical  abstraction.    This  must  be  distinguished  from  abstraction 
in  the  usual  psychological  sense  which  refers  to  a  progressive  detach- 
ment from  concrete  objects  and  also  to  a  gradual  interiorization  of  the 
procedures  enabling  one  to  anticipate  the  result.    At  the  beginning, 
an  emerging  concept  is  often  blurred  and  confused  with  the  procedure 
leading  to  its  construction  (for  instance,  the  notion  of  number  Is 
often  confused  with  the  counting  procedure).     It  Is  only  very  gradually 
Research  funded  by  the  Quebec  Ministry  of  Education  (F.C.A.R.  EQ-2923) 
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that  the  "outline"  of  a  concept  gains  precision,  thf.t  it  separates  from 
the  procedure,  and  that  it  starts  having  an  existence  of  its  own  in  our 
mind.  But  even  then,  this  existence  is  somewhat  unstable  and  does  not 
withstand  various  transformations.    For  example,  a  child  may  very  well 
have  detached  himself  from  c.oncrot,     ejects,  as  evidenced  by  his  success 
in  double-counting  when  enumerating  number-words,  and  yet  may  not  have 
discovered  that  changing  the  configuration  of  a  set  does  not  change  its 
cardinality.    When  the  learner  becomes  aware  of  the  invariance  of  the 
mathematical  object  (in  this  case  number)  under  transformations  as 
above,  he  achieves  a  third  level  of  understanding,  that  of  mathematical 
abstraction . 

Piaget's  work  on  the  child's  conservation  of  number  (Piaget  &  Szerainaka, 
1941/1967)  can  be  viewed  in  terms  of  mathematical  abstraction.    As  men- 
tioned in  Part  I,  Piaget's  classical  conservation  task  deals  with  the 
invariance  of  quantity  since  no  enumeration  is  required  in  the  compar- 
ison of  the  two  rows  of  objects.    This  was  in  fact  recognized  by  Greco 
&  Morf  (1962)  since  they  modified  the  conservation  task  by  having  chil- 
dren count  the  unstretched  row  and  then  asking  them  to  predict  the  num- 
ber of  objects  in  the  elongated  row.    Those  who  succeeded  were  said  to 
conserve  quotity,  which  is  an  indication  of  the  invariance  of  the  mea- 
sure of  quantity.     Creco  and  Morf  found  that  about  753!  of  the  twenty 
5-year-olds  they  had  interviewed  did  not  believe  that  the  two  rows  had 
the  same  quantity  even  after  having  counted  both  the  short  and  the  elon- 
gated rows.    Thus,  for  these  children,  the  result  of  enumeration  was  not 
yet  perceived  as  a  measure  of  quantity.  Perhaps  the  words  "to  conserve 
number"  should  be  used  to  describe  those  who  conserve  both  quantity  and 
quotity. 

The  dlctinction  between  conservation  of  quantity  and  conservation  of 
quotity  can  also  be  found  in  the  much  simpler  context  of  a  single  set. 
In  his  case  studies  Ginsburg  (1977)  had  found  that  some  young  children 
could  enumerate  the  same  Bet  several  times'  and  obtain  different  results 
without  experiencing  any  cognitive  conflict.     Our  own  results 
(Herscovics  et  al.,  1986b)  show  that  by  the  time  they  are  in  kindergart- 
en,    few  children  (3  out  of  22)  would  accept  the  possibility  of  differ- 
ent counts  for  the  same  set.    However,  these  same  children  may  or  may 
not  conserve  quantity  even  in  the  simplified  context  of  a  single  set, 
in  which  there  no  longer  Is  the  conflict  induced  by  the  presence  of  two 
visually  different  configurations.    The  failure  to  conserve  quantity  for 
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a  aingle  sat  was  observed  by  Piaget  (1973)  and  Gelman  «  Galli.tel  (19/8) 
who  noted  that  after  counting  a  given  aet.  .any  young  children  could  not 
predict  that  a  change  in  ita  configuration  or  a  change  in  the  order  of 
enumeration  would  result  In  the  am*  cardinality. 

In  our  atudy,  we  uaed  two  tasks  to  investigate  different  aspects  of  the 
invariance  of  number  using  only  one  set.    In  the  first  one,  we  asked 
the  subject  how  many  cubes  were  in  a  given  row  (12)  and  then  asked  him 
how  many  ha  would  find  by  counting  then  in  the  other  direction.    In  the 
three  sets  of  interviaws  (October,  January  and  May),  our  subject, 
Philippe,  could  predict  without  hesitation  that  he  would  get  the  sane 
number.    This  invariance  of  the  result  of  enumeration  with  respect  to 
the  direction  of  the  count  can  be  viewed  as  conservation  of  quotlty  in 
the  context  of  a  aingle  row. 

The  second  task  also  dealt  with  the  conservation  of  quotity,  but  with 
respect  to  changes  in  the  configuration  of  a  same  set.    The  Bubject  was 
asked  hOK  many  cubes  were  in  a  randomly  disposed  set  (9) .    After  the 
blocks  wmre  counted  the  Interviewer  spread  them  out  and  asked: 
IF  WE  PUT  THEM  LIKE  THIS,  HOW  MANY  ARE  THERE?    Care  was  taken  not  to 
hide  any  cubes  while  spreading  them  out  in  order  to  prevent  the  child 
from  thinking  that  some  cubes  might  have  been  taken  away  or  added  sur- 
reptitiously.   In  the  three  seta  of  interviews,  Philippe  could  not  tell 
how  many  cubes  were  in  the  changed  configuration  and  ended  up  counting 
them  again.    When  queried  about  it,  he  was  quite  explicit  in  stating 
that  he  needed  to  count  them.    This  was  confirmed  by  another  change  in 
the  configuration  which  induced  a  third  enumeration  of  the  set. 

Aa  mentioned  in  Part  I,  thia  child  did  not  conserve  quantity  in  the 
Piagctian  test  using  two  rows  of  cubes    since  he  could  not  deduce  that 
elongating  one  row  would  not  change  its  cardinality.    However,  the  ef- 
fect of  enumerating  the  rows  proved  to  be  intereating: 

-  In  October,  when  counting  the  two  rows  he  jumped  from  6  to  9  on 
the  elongated  row  as  if  attempting  to  reach  a  higher  number  in 
the  count.  The  task  was  repented  with  two  rows  of  6  cubes. 
Again,  counting  the  elongated  row,  Philippe  Jumped  from  5  to  9, 
but  maintained  that  the  shorter  row  had  more  "because  they  (the 
cubes)  are  closer  together".  Claiming,  that  she  had  not  seen  how 
he  counted,  the  interviewer  asked  him  to  do  it  again.  On  this 
second  trial,  Philippe  found  6  for  both  rows  but  atill  claimed 
that  the  shorter  row  had  more.  Queried  about  what  he  would  do 
to  "have  the  same"  (in  French  "pour  en  avoir  pareil"),  he  simply 
aligned  the  cubes  next  to  each  other  to  get  two  identical  rows. 
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-In  January  Philippe  could  not  decide  visually  If  the  two  rows  had 
the  sane  timber  of  cubes  and  needed  to  count:  them.  But  he  counted 
them  In  corresponding  pairs  pointing  with  hie  finger  ("one-one, 

seven-seven")  and  concluded  that  "they  have  the  Game"  ("II  y 
en  a  parell").  The  ts'k  was  repeated  with  the  elongated  row  now 
reduced  to  a  length  si  irter  than  the  other  row.  Exactly  the  same 
responses  were  obtained.  On  a  third  trial,  with  the  previously 
longer  row  shortened,  Philippe  did  no  longer  count  them  stating 

"There  are  7  and  7,   the  sane,.,  (because)  I  counted  them 

several  times". 

-In  Mny ,  when  asked  if  the  two  rows  had  the  same  number  of  cubes, 
he  stated  that  he  could  not  know  and  that  he  had  to  count  them. 
He  started  to  count  the  cubes  In  pairs  ao  he  had  done  In  January, 
then  proceeded  to  count  each  row  seperatcly,  concluding  that 
"they  have  the  same  (number)"  and  adding  "It  doesn't  look  like  It" 
When  the  elongated  row  was  reduced  to  one  shorter  than  the  other, 
he  refused  again  to  exprese  an  opinion  based  on  visual  perception 
for  otherwise  "I  would  be  saying  just  anything",  Indicating  that 
It  would  be  purely  a  guess  on  his  part.  After  counting  the  two 
rows    he  concluded  that  they  had  the  same  number. 


A  detailed  description  of  Philippe's  responses  is  important  lor  It  in- 
dicates some  major  changes  at  the  level  of  abstraction.  In  October,  his 
thinking  based  on  visual  perception  dominates,  and  counting  the  two 
rows  does  not  create  any  cognitive  conflict.  He  still  maintains  that 
the  shorter  row  has  more.  And  it  cannot  be  claimed  that  he  does  not  un- 
derstand the  word  "more"  since  this  was  tested  in  a  previous  task  at  the 
level  of  Intuition.  Furthermore,  the  child  explains  that  he  thinks  the 
Bhorter  row  has  more  on  the  basis  of  Its  density  ("they  are  closer 
together").  By  January,  two  major  changes  have  occurred.  He  no  longer 
feels  he  can  express  an  opinion  based  cn  visual  perception.  Moreover, 
the  role  of  enumeration  has  evolved  for  it  now  becomes  the  criterion  by 
which  he  will  Judge  if  the  two  rows  have  the  same  number  of  cubes  or  not. 
No  other  change  could  be  observed  in  May,  except  for  the  subject's 
greater  facility  in  verbalizing  his  reasoning. 

While  the  changes  observed  between  October  and  Hay  are  significant,  one 
should  not  conclude  thnt  Philippe  conserves  number.    We  might  be  Inclined 
to  think  that  he  does  since  after  enumerating  both  rows  he  affirms  that 
"they  have  the  same  (number)".    But  what  does  it  mean?    It  means  that 
when  he  enumerated  the  two  rows  he  arrived  at  the  6ame  count.  However, 
one  cannot  argue  that  for  him  enumeration  is  a  measurement  of  quantity 
since  he  does  not  yet  conserve  quantity.    He  does  not  yet  seem  to  real- 
ize that  quantity  can  only  be  changeo'  by  adding  or  taking  away  some 
cubes.    When  the  two  rowB  are  the  same  length  he  agrees  that  they  have 
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the  sane  numbor  but  as  t  oon  as  the  apacinf;  of  one  ji  the  rows  Is  changed, 
he  refur.cs  to  state  an  opinion.    Thus  Philippe  ha:  roc  yet  attracted 
the  notion  of  quantity  ,      hence  the  question  of  -mnsor  no  meonure  of 
quantity  is  simply  irrelevant  in  hiu  caoe. 

FORMALIZATION 

The  f/ourth  level  of  understanding,  that  of  Jforrai  .Ration,  takea  int< 
account  the  particular  importance  of  aymbolizat   .11  iu  rtathematica .  Sev- 
eral otudies  have  «hown  that  the  symbolic  repre,,  encau.cn  of  mathemnt: ■ □ 
creates  opec:lfic  cognitive  problem.  (Cinaburg,  1977;  Carpenter  S  Moaov. , 
1979).  Since  mathematical  notation  bringe  about  an  increase  in  cognitive 
problema,  it  would  be  tempting  to  identify  aymb.illzatlor,       a  fourth 
level  of  underatandituj.  However,  the  work  of  Er^anger  (19  73)  has  nh.:«n 
that  children  can  learn  to  produce  and  manipulate  symbol*  giving  t'neni 
purely  idiosyncratic  interpretation* .  This  has  led  ua  tc.  consider  sym- 
bolixation  as  relevant  to  a  fourth  level  of  undo  -standinu  only  if  prior 
abstraction  of  the  concept  has  occurred  to  a.orae  legrec . 

Thus,  we  consider  the  children's  uoe  of  numerical  notutioa  as  the 
foraallzatlon    level  of  their  understanding  of  number,  only  if  they  huve 
achieved  some  degree  of  abstraction  of  thlo  concept.  In  studying  chil- 
dren's spontaneous  writttn  representution  of  small  numbers  (up  to  9), 
researchers  have  identified  four  diotinct  Binges.  When  aaked  to  send  a 
mesaage  describing  the  mmbcr  of  objects  on  a  table,  children  will  at 
first  draw  pictures  of  the  objects  in  front  of  them  and  draw  as  many 
pictures  00  there  are  objectB;  at  a  more  advanced  stage,  they  will  use 
tally  marka;  still  iater,  they  will  write  out  the  number  oequence  no 
for  aa  the  nufflber  of  objects  present;  finally,  when  they  no  longer  feel 
the  need  to  rely  on  any  written  trace  of  their  one-to-one  correspondence, 
they  will  count  up  the  objects  in  the  set  and  write  down  the  number 
indicating  ita  cardinality  (Sastra  «  Moreno,  1976;  Allardice,  1977); 
Sinclair.A.  et  al.,  1983;  Bergeron, J. C.  et  al.,  1986).  Of  course,  there 
ere  many  variations  borrowing  from  each  of  the  above  representations. 

Regarding  the  writing  of  numbers  exceeding  nine,  their  syrabolization  ia 
complex  since  it  necessitates  the  use  of  more  than  one  digit.  Ginaburg 
(1977)  and  M.  Knmii  (1980)  have  shown  that  children  can  write  such  lar- 
ger numbers  well  before  they  understand  the  place  value  interpretation 
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of  the  notation,  that  is  the  value  associated  with  the  numeral's  posi- 
tion (e.g.  the  first  digit  in  12  represents  ten).  In  writing  and  recog- 
nizing numbers  greater  than  nine,  the  appropriate  concatenation  of  two 
digits  must  be  viewed  globally  (e.g.  for  "12"  to  mean  twelve,  it  must 
not  mean  "one  and  two")  .  This  is  what  is  meant  by  positional  notation  . 
J.C.  Bergeron  et  al.  (1986)  have  identified  three  stages  in  the  chil- 
dren's acquisition  of  positional  notation.  Initially,  at  the  Juxtaposi- 
tion   stage,  they  are  aware  that  two  digits  are  written  side  by  side, 
but  their  relative  position  is  not  yet  viewed  as  important.  When  they  do 
become  aware  of  the  importance  of  their  relative  position,  they  may  not 
as  yet  perceive  it  from  a  reader's  viewpoint  but  instead  focus  on  the 
order  in  which  they  write.  This  shows  up  when  they  are  asked  to  write 
from  right  to  left  and  write  twelve  as  "21",  first  writing  1  and  then  2. 
This  stage,  respecting  the  order  of  the  writing,  can  be  called  the 
chronolQRlcal  stage.  The  third  stage,  the  conventional  one,  is  achieved 
when,  regardless  of  the  direction  of  the  writing,  the  notation  produced 
will  convey  the  intended  meaning. 

The  tasks  we  have  designed  for  the  assessment  o£  this  level  of  under- 
standing Involve  either  the  generation  of  numerals  or  their  recognition. 
At  first,  we  asked  our  subject  to  write  out  the  numbers  he  knew.  In 
October,  Philippe  wrote  all  the  numbers  up  to  14,  which  is  interesting, 
since  this  exceeded  his  knowledge  of  the  number-word  sequence,  which 
went  up  to  13.    For  small  numbers  under  10,  he  was  inverting  the  numerals 
3,  4,  7  and  9.    For  numbers  greater  than  9,  the  fact  that  he  could  write 
them  up  to  14  indicates  that  he  was  aware  of  positional  notation.  It 
was  also  evident  that  he  was  at  the  juxtaposition  stage  in  his  acquisi- 
tion of  this  convention.     This  is  shown  by  the  fact  that  when  he  wrote 
double-digit  numbers  such  as  10,  he  wrote  from  left  to  right  but  started 
with  zero  and  got  "01".    Had  he  written  this  from  right  to  left,  start- 
ing with  1,  he  would  have  been  at  the  chronological  stage.  In  January  he 
could  enumerate  sets  of  up  to  14  objects,  but  he  could  write  numbers  up 
to  19  without  knowing  the  number  words  past  fourteen.    He  still  inverted 
3,  4,  6,  7  and  9,  but  he  no  longer  interchanged  the  order  of  the  double- 
digit  numbers.     By  May_,  his  enumeration  skills  went  up  to  19.  The 
single  digits  2,  3,  4,  7  and  9  were  inverted  while  he  still  maintained 
the  right  order  in  writing  the  double-digit  numbers.    We  have  some 
evidence  that  he  had  reached  beyond  the  chronological  phase  since  in 
writing  "16"  and  "17"  he  had  forgotten  to  write  the  "1".     He  corrected 
himself  spontaneov"- ly  and  wrote  "1"  on  the  left.    Thus  the  order  of  the 
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writing  did  not  seem  to  have  any  effect  on  him.    We  might  be  tempted  to 
consider  that  he  had  reached  the  conventional  stage.    However,  when 
tested  for  the  recognition  of  written  numbers  shown  on  flash  cards,  in 
the  three  sets  of  interviews  he  identified  both 


12 


and 


21 


as  "twelve" 


Although  he  could  not  conceive  cf  numbers  greater  than  19,  had  he 
achieved  the  conventional  phase, he  would  have  known  that 
"twelve  written  backwards". 


21 


The  second  task  on  formalization  consisted  in  laying  out  some  cubes  (9) 
in  front  of  th«  child  and  asking  himi  I  WOULD  LIKE  TOD  TO  WRITE  A 
MESSAGE  TO  A  FRIEND  TO  TELL  HIM  HOW  MANY  CUBES  THERE  ARE    HERE.  In 
October,  Philippe  wrote  out  the  first  nine  numbers,  a  behavior  which 
reflects  his  nead  to  maintain  a  one-to-one  correspondence  between  the 
set  of  cubes  and  the  numerals  he  wrote.    When  asked  to  write  how  many 
chips  were  in  two  paper  plates  (3  and  7  respectively) ,  he  again  wrote 
out  the  corresponding  sequences  of  numerals.    In  January ,  his  message 
consisted  of  a  castle  with  six  little  man-like  figures  corresponding  to 
the  six  cubes  in  front  of  him.    Using  these  little  figures  as  tally 
marks  reflected  his  more  fanciful  mood.    However,  for  the  five  chips  in 
the  dish  question,  he  wrote    n  1,  £,  £,  4,  5".    In  May,  he  went  back  to 
writing  a  message  with  the  first  nine  digits  to  represent  the  nine 
cubes  in  front  of  him,  and  wrote  the  first  seven  digits  to  represent 
the  seven  chips  in  the  dish.  Regarding  the  recognition  of  numerals,  his 
ability  to  generate  sets  of  cubes  corresponding  to  numbers  written  on 
flash  cards  was  tested  in  the  turee  sets  of  interviews.    At  all  times, 
Philippe  succeeded  in  producing  the  required  sets  (5,8  an<*  sspec- 
tively) . 

DISCUSSIOM 

As  mentioned  in  our  companion  paper,  by  the  end  of  kindergarten,  the 
average  child  can  handle  enumerations  up  to  39.    Thus,  our  subject 
Philippe  was  well  below  this  average.    In  fact,  his  counting  scope  did 
not  increase  by  much  since  he  could  enumerate  up  to  13  in  October  and 
up  to  19  in  May.    But  the  quality  of  his  numerical  thinking  had  greatly 
evolved.    By  May, 

-  he  could  solve  all  but  one  problem  involving  a  hidden  part; 

-  he  could  handle  problems  requiring  double  counting  with  counts  going 
in  opposite  direction; 

-  he  refused  to  express  an  opinion  based  on  the  visual  comparison  of 
two  rows  of  cubes; 
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-  he  perceived  enumeration  as  the  criterion  by  which  he  could  compare 
the  two  rows; 

-  he  had  progressed  in  his  percept-ton  of  positional  notation  from 
an  initial  Juxtaposition  stage  to  a  level  somewhere  between  the 
chronological  and  conventional  stages. 

This  caae  study  very  clearly  shows  that  within  a  fairly  restricted  range 
of  oumbera,  the  child's  numerical  thinking  can  become  quite  sophisticated. 
Furthermore,  it  also  shows  that  between  the  ages  of  5  and  6,  we  witness 
an  important  development  in  hia  construction  of  the  number  schema. 

The  model  of  understanding  we  have  used  as  our  theoretical  framework 
suggests  four  levels  of  comprehension.    However,  it  would  be  a  mistake 
to  perceive  it  as  a  linear  model  in  the  sense  that  a  given  level  can 
only  be  achieved  after  all  the  steps  of  the  preceding  level  have  been 
covered.    As  our  caae  study  has  shown,  the  child  evolves  simultaneously 
at  many  levels.    In  fact,  Philippe  expanded  hia  procedural  understanding 
of  number  at  the  same  tine  as  he  wa»  progressing  at  the  levels  of 
abstraction  and  formalization.  The  four  levels  of  uncle  re  tending  and  the 
various  criteria  used  for  each  level  can  be  viewed  aa  a  cognitive  matrix. 
Each  element  in  this  matrix  is  reflected  by  a  sequence  of  queations  and 
a  task  in  our  questionnaire.  The  child' *  responsea  to  the  questionnaire 
provide  us  with  an  overview  of  his  thinking  which  can  be  considered  as 
hia  "numerical  profile".    Our  case  study  involved  three  Bets  of  four 
to  five  20-minute  interviews  with  the  aame  aubjectand  yielded  an  in-depth 
assessment  at  three  different  timea,  October,  January,  and  May.  Thus, 
we  were  able  to  follow  the  evolution  of  his  numerical  profile  over  a 
key  developmental  period  in  his  construction  of  the  number  concept. 
Many  specific  aspects  of  the  child's  number  knowledge  have  been  investi- 
gated in  prior  work  by  many  researchers.    However,  our  questionnaire  is 
a  tool  providing  u»  with  a  more  global  perspective.    And  it  is  only  from 
a  global  perspective  that  one  can  really  follow  the  child's  construction 
of  this  conceptual  schema. 
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KIHDERGARTKER'S  COHCEPTIOU  OP  NUMBERS 

Hartwig  Meissner 
Westfalische  Wilhelms-Universitat  MUnster 
Federal  Republic  of  Germany 

We  report  upon  a  case  study  with  8  German  pre- 
school children  (age  5»l-5;8).  The  investigation 
covers  a  broad  variety  of  number  activities  and 
they  are  carefully  listed  (part  2).  But  we  also 
discuss  the  purpose  of  this  research  (part  1)  and 
the  value  of  it  for  both  prospective  teachers  and 
researchers  (part  4).  Therefore  the  evaluation 
(part  3)  summarizes  not  along  the  investigations 
but  along  typical  number  concept  skills. 

1.  Purpose  of  Our  Research 

As  a  pre service  teacher  training  institute  for  mathematics  education  wo 
cartoine  our  research  responsibilities  with  our  teaching  responsibilities 
and  conduct  three  types  of  investigations: 

o  Informal  observations  of  children  together  with  our  prospective  tea- 
chers. 

o  Systematic  observations  of  children  together  with  our  prospective  tea- 
chers (including  protocols  and  videotapes). 

o  Systematic  research  by  the  help  of  prospective  teachers.  (They  have  to 
write  a  final  examination  report,  some  of  them  work  on  a  thesis,  etc.) 

Thus  the  prospective  teachers  get  experiences  in  analysing  learning  si- 
tuations and  in  designing  research  investigations.  The  protocols  and 
tapes  are  also  u.«3ed  for  other  teacher  training  courses.  The  repetition 
of  siailar  investigations  with  different  children  (and  often  different- 
prospective  teachers)  lifts  step  by  step  the  quality  of  the  research. 

There  is  a  basic  difference  according  to  "pure"  research.  We  mainly  do 
not  concentrate  on  learning  more  and  more  about  more  and  more  specia- 
lized details.  We  rather  try  to  leam  as  much  as  possible  about  the  ge- 
neral process  of  learning  in  the  broad  field  of  mathematics  education  to 
develop  suggestions  for  a  better  mathematics  teaching.  Our  research  is 
goal-directed  and  therefore  comparable  with  the  research  of  engineering 
sciences.  We  are  not  "pure"  but  "applied"  mathematics  education  re- 
searchers. It  ia  not  necessary  that  our  results  always  reach  the  same 
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scientific  level.  The  level  is  more  determined  by  the  purpose:  Getting 
informations  to  a  specific  question  in  the  field  of  teaching  mathana- 


In  this  study  we  will  report  upon  an  investigation  of  the  "research" 
type  (Braoerich  1986).  The  investigation  should  collect  data  for  teacher 
training  courses  about  the  knowledge  of  pre-school  children  to  base  the 
arithmetic  teaching  curriculum  in  grade  1  upon  ncre  realistic  assump- 
tions. 

2.  The  Design 

The  investigation  lasted  4  days  in  a  kindergarten  of  a  German  city.  The 
first  day  only  was  uaed  to  become  acquainted  with  each  other  (the  two 
interviewers  played  with  the  children,  told  stories,  discussed  with  then 
and  studied  children  books  together).  Starting  on  the  second  day  three 
girls  and  five  beys  (age  5;l-5;8)  were  interviewed  and  video  taped  indi- 
vidually for  about  20  minutes  each  according  to  the  following  outline. 

A.  Conservation  of  number 

A.l.  The  interviewer  (I.)  puts  6  blocks  in  a  row  and  places  a  plate 
with  additional  blocks  in  front  of  the  child  (subject,  S.):  "I'm  sure 
you've  a  friaod.  What's  her/his  name?  (F.)  We  now  play,  that  these 
blocks  (pointing  to  the  row)  belong  to  F.  Take  the  same  amount  for  you 
(from  the  plate).  ...  Da  you  both  have  the  same  now?  ...  Put  your  blocks 
in  front  of  the  blocks  from  F." 

A.2.  I.  widens  F.'s  row,  etc. 

A. 3.  I.  shortens  F.'s  row,  etc. 

B.  Associations  to  a  number 

I.:  "I'm  sure  you  know  already  some  numbers.  What  do  you  remember 
with  'four'?"  (Paper  and  pencil  and  playing-cards  with  dots  or  with 
digits  are  available). 

C.  Counting 

C.l.  I.:  "I'm  sure  you  already  can  count."  ...  stop  at  42.  If  ear- 
lier: "Can  you  count  on?"  -  if  stopped  at  42:  "What  do  you  think  how  far 
you  can  count?" 

C.2.  I.:  "And  which  is  the  biggest  number  at  all?" 

C.3.  I.:  "Now  start  counting  with  3."  Help  if  necessary:  "Which  num- 
ber comes  after  3?"  -  Stop  at  11.  If  successful:  "And  now  start  with 
18."  -  Stop  at  26.  "Can  you  start  with  every  number?" 


tics. 
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D.  Comparing  Quantities 

S.  gets  a  box  divided  into  two  parts,  each  part  filled  with  blocks 
placed  in  different  configurations: 

D.l/2  D.3/4  (a)  D-5/6  (a) 


(b) 

D.I. 
...  Why? 

D.2. 

D.3. 
row)?  ... 

D.4. 

D.5. 

D.6. 
both  the 

D.7. 


, .  Why?"  (Or:  "Which  is  more? 


(a)  (b) 
I.:  "Are  there  both  the  same? 

) 

I.  pointing  to  (a):  "Please  count,  how  many  are  there?" 
I.  replaces  the  blocks:  "How  many  blocks  are  there  now  ( in  the 
,  Are  there  as  many  as  before  (in  the  box)?  ...  Why?" 
I.j  -count  how  many  blocks  there  are  (in  box  (b)).M 
I.  replaces  the  blocks  and  continues  like  in  D.3. 
I.  removes    the    empty   box    and  points  to  the  rows: 
same?  ...  Why?"  (Or:  "Which  is  more?  ...  Why?") 
I.  widens  row  (a),  questions  like  in  D.6. 
I.  shortens  row  (b),  questions  like  in  D.6. 


"Are  there 


E.  Addition 

F  1.  S.  gets  a  plate  with  20  small  green  plastic  frogs:  "to  you  know 
these  animals?  ...  If  you  have  3  frogs  and  you  get  2  more,  how  many 
frogs  do  you  have  then?  ...  How  did  you  find  out?" 

E.2.a.:  "And  if  you  .have  4  frogs  and  you  get  5  more  ..." 

El2.b.  If  S.  does  not  use  animals  in  E.2.a.:  "Take  4  frogs.  ...  Take 
5  more.  ..." 

E.3.a.  I.  removes  the  plate  with  frogs  and  replaces  it  by  a  plate 

•.  w„„  »TaW»  5  bears.   ...  Take  another 

with  15  larger  red  plastic  bears.  ...    Take  a  Dears. 

one .  ...  How  many  do  you  have  now?" 

E.3.b.  I.:  "Take  another  one.  ...  How  many  do  you  have  now?" 

E.4.  I.:  "You  are  pretty  good,  we'll  try  it  now  without  animals  (re- 
moves them).  ...  How  much  are  two  and  one?" 

E.5.  I.:  "And  how  much  are  three  and  two?" 

E.6.  I.:  "And  how  much  are  four  and  three?" 


F.  Symbol izat ion 

F.l.  I.  "I'm  sure  you've  already  seen  (written)  numbers, 
nuntoer  is  this?"  (I.  shows  a  playing-card  with  the  digit  3), 
this?"  (playing-card  with  7) 


Which 
.  "And 
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F.2.  I.:  "I've  sane  wore  cards.  (Order  in  the  pile:  2,  4,  5,  I,  8,  6, 
9).  Could  you  put  than  in  the  right  order?"  ...  After  having  all  cards 
in  a  row  ...  "Pleas*  read  the  nonbers  and  point  to  them." 

F.3.  Oily  if  all  nunbers  are  in  the  correct  order,  I.:  "We'll  now 
play  a  gam.  1*11  reeove  one  card  and  you'll  tell  me  which.  Please  close 
your  eyes."  ...  I.  removes  the  4  and  hides  the  blank  by  pushing  the  re- 
maining cards  together:  "Which  is  Missing?"  ...  The  missing  card  than 
will  be  replaced.  Another  gam  with  6. 

F.4.  I.  places  with  one  grasp  3  frogs  and  2  bears  in  front  of  S.  and 
points  on  the  row  of  playing-cards  i  "Where  are  they  to  place?" 

F.5.  I.  presents  a  playing-card  with  the  digit  0:  "I  forgot  one  card. 
. . .  What  is  on  the  card?  . . .  Where  shall  we  place  it?  . . 

F.6.a.  I.:  "I  also  have  sane  other  cards  (with  dots  cn  it).  ...  Where 
is  that  card  to  place  (3  dots)?" 

F.6.b.  I.:  "And  this  (6  dots)?" 

F.6.C.  I.  points  to  the  2  in  the  rows  "And  which  (dot)  card  belongs 
to  here?"  S.  gets  the  pile  of  dot-cards,  order  in  the  pile:  1,  5,  2,  4, 
8,  0,  9,  7. 

F.6.d.  I.:  "Try  to  place  to  each  nuatoer  the  correct  (dot)  card." 

F.7.a.  All  playing-cards  are  removed,  I.  shows  a  xylophone:  "I'm  suns 
you  know  that.  ...  I'll  hit  scam  sounds  and  you'll  count  how  nany  there) 
ware."  I.  hits  6  tines  the  sane  bar  ...  "How  many  ware  there?" 

F.7.b.  I.  hits  6  different  bars  following  to  the  gamut:  "How  many 
were  there?" 

F.8.  I.:  "Now  it's  your  term.  Hit  as  many  bars  as  I  show  you  on  these 
cards."  I.  shows  the  digit-card  3,  then  7. 

F.9.  I.  shows  a  card  with  4  dots,  then  with  6  dots. 

3.  Evaluation 

The  sequence  of  the  questions  was  chosen  to  reduce  interferences  between 
the  items.  For  an  evaluation  it  is  more  useful  to  concentrate  on  the 
different  number  aspects.  Here  we  can  only  report  tendencies  of  our  case 
study.  Most  of  them  can  be  generalized  according  to  other  investigations 
we  did.+) 

3.1.    Associations  with  "Four*  (part  B) 

Most  children  associate  5  or  3  or  counting  or  counting  on.  Some 
write  (more  or  less  correct)  numerals  or  point  to  digits  they  see. 


+)  But  also  with  unlimited  space  we  would  not  end  up  with  statistical 
data.  (What  doss  it  mean  for  example,  "the  mean  wa3  86  and  the  standard 
deviation  37"  when  12  children  had  to  count,  but  not  farer  than  121?) 
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3.2.  (Itote)  counting  (C.l,  C.2) 

All  count  till  10,  most  of  them  stop  between  18  and  29.  The  big- 
gest number  soraetijnes  is  the  last  number  of  the  last  count,  sometimes 
100  or  1000.  Some  do  not  understand,  but  Henry  (5;3):  "There  is  no  big- 
gest number,  because  you  always  can  take  one  more" . 

3.3.  Counting  on  (C.3) 

Most  children  can  start  with  3,  but  only  a  few  with  18. 

3.4.  How  many?,  via  counting  (D,  F.7) 

In  D  about  80%  manage  the  one-one  principle  and  the  stable-order 
principle  (Gelman/Ga.Uistel  1978),  all  succeed  with  the  cardinal  prin- 
ciple. In  F.7  the  gamut  sequence  is  easier,  most  fail  counting  roonotonic 
sounds. 

3.5.  Conservation  of  number  (D.3,  D.5) 

About  50%  conserve,  about  50%  count  again. 

3.6.  Quantities  to  a  given  number  (E.2.b,  E.3) 

About  35%  take  one  after  one  while  counting,  about  40%  grasp  sub- 
sets of  two  or  three  and  put  them  together  or  grasp  two  and  then  conti- 
nue by  ones. 

3.7.  Counting  or  subitizing?  (F.6,  see  also  3.4) 
All  subitize  till  3,  50%  till  «. 

3.8.  Addition  (E.1-E.6) 

Most  children  have  no  real  concept  except  "getting  more" . 

3.9.  Conservation  of  quantity  (A.1-A.3),  D.6-D.8) 

25%  use  counting  and  75%  one-to-one-correspondence  to  produce 
their  row  in  A.l,  more  than  50%  do  not  conserve  though  some  children 
count  (correctly)  several  times  (A.2,  A.3).  However  in  D.6-D.8  more  than 
50%  conserve  without  any  doubt  arguing  with  the  cardinal  numbers  being 
the  same. 

3.10.  Comparing  cardinality  (D.l,  see  also  3.5  and  3.9) 
About  30%  count,  about  30%  compare  "Gestalt". 

3.11.  Identifying  numerals  (F.l) 

Most  children  recognize  3,  only  a  few  know  7. 

3.12.  Ordering  numerals  (F.2,  F.3) 

About  50%  find  the  correct  order  and  also  the  missing  numbers. 

3.13.  Zero  (F.5) 

About  50%  know  "zero",  but  most  of  them  put  0  behind  9. 

3.14.  Pattern  recognition  (F.4,  F.6,  F.8,  F.9) 

No  child  regards  the  animals  as  a  quantity  of  5  (F.4).  Almost  all 
children  first  count  the  dots  and  then  place  the  dot  card.  Only  a  few 
start  at  a  number  and  then  look  for  an  appropriate  dot  card.  These  stra- 
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tegiea  do  not  depend  on  the  direction  of  the  given  task  <F.6.a/b  versus 
F.6.c/d).  About  35%  of  the  children  finish  the  one-to-one-correspondence 
without  mistakes.  F.8  and  F.S  aeon  to  be  of  the  same  difficulty,  about 
50%  hit  the  bars  correctly. 

4.  Interpretation 

The  summary  gives  •  small  impression  about  the  immense  amount  of  infor- 
mations we  got.  But  what  real  knowledge  did  we  get  by  that  study?  To 
order  and  to  understand  the  details  of  our  observations,  the  relations, 
the  similarities  and  the  contradictions,  we  need  a  acre  general  view  of 
the  children's  conception  of  numbers.  We  first  discover  that  there  are 
some  "elementary"  abilities  like  rote  counting,  unitizing,  recognition 
of  certain  patterns,  rote  subitijting,  simple  magnitude  diocrinination, 
rhytheic  sotor  activities,  etc.  They  seen  to  develop  aore  or  loss  inde- 
pendent to  each  other.  Other  abilities  are  aore  complex  like  counting 
on,  enumeration,  counting  objects,  conservation  of  quantity,  conserva- 
tion of  number,  comparing  quantities  by  counting,  etc. 

Studying  the  relations  between  all  these  abilities  we  can  compare  the 
development  of  the  nueber  concept  with  a  growing  network.  The  growth  is 
characterised  by  the  development  of  many  independent  or  isolated  small 
network  pieces,  which  we  called  elementary  abilities,  and  the  growing 
together  of  these  network  pieces  by  developing  relations  and  connection*- 
between  tham.  The  network  gets  expanded  and  structured  by  age  step  by 
step.  Elementary  abilities  grow  together  to  n-ore  complex  networks,  i.  e. 
to  c duplex  abilities.  Studying  this  network  is  like  zooming  a  landscape, 
sometimes  we  concentrate  on  details  and  sometimes  upon  more  global  as- 
pects. 

We  can  "apply"  this  knowledge  to  improve  both  teaching  and  research.  The 
teacher  student  learns  observing,  analysing  and  classifying  the  pupils' 
abilities.  This  enables  him  to  adapt  his  future  teaching  more  closely  to 
the  needs  of  the  pupils.  Fran  this  study  the  prospective  teacher  learnt, 
that  school  beginners  knov  much  more  about  numbers  than  the  grade  1 
school  books  assume  according  to  the  curriculum.  He  learnt  that  he  prob- 
ably should  hurry  through  soma  parts  of  the  books.  His  teaching  of  num- 
bers might  bee  one  less  boring  and  he  might  get  more  time  for  other  to- 
pics. 

But  we  also  learn  to  read  and  interpret  other  research  reports.  In  our 
seminars  we  can  discuss  or  compare  different  investigations  and  we  can 
try  to  explain  divergencies.  For  example  Klahr/Wallace  (1976)  regard 
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subitizing  as  an  (in  our  terms)  "elementary''  ability,  while  Gelman/  Gal- 
listel  (1978)  redefine  subitizing  as  a  -complex"  ability.  We  feel  both 
are  right,  but  they  speak  about  different  parts  at  different  developmen- 
tal periods  in  our  network. 

Regarding  the  developing  number  concept  as  a  network  also  explains  a 
more  general  phenomenon  which  by  Strauss  (1979)  is  called  U-shaped  be- 
havioral growth:  Sane  global  and  limited  but  very  effective  abilities 
("elementary"  ones)  get  into  conflict  with  other  growing  up  abilities 
and  finally  get  replaced  by  more  powerful  "complex"  abilities  (e.  g. 
subitizing,  conservation  of  quantity,  pattern  recognition,  simple  magni- 
tude discrimination,  ...). 

At  the  conference  we  will  discuss  these  aspects  in  more  detail. 
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CONCEPTUAL  AND  PROCEDURAL  KNOWLEDGE  AS  RELATED  TO 
INSTRUCTION  ON  SYMBOLIC  REPRESENTATION 

Harriett  C.  Bebout 
University  of  Cincinnati 


Children's  pre-  and  post  instructional 
concrete  and  symbolic  representations  of  addi- 
tion and  subtraction  word  problems  are  examined 
according  to  growth  of  conceptual  and  proce- 
dural knowledge,  and  Instruction  on  symbolic 
representation  was  designed  to  promote  this 
growth. Resul ts  of  Instruction  on  the  repre- 
sentations of  45  first-graders  era  presented 
and  related  to  conceptual  and  procedural 
learning. 


A  recent  focus  of  the  literature  on  children's 
mathematical  thinking  Is  directed  at  distinguishing 
between  children's  conceptual  and  procedural  knowledge 
<Hlebert,  1986).  In  terms  of  learning,  Hlebert  and 
Lefevre  <1986>  stated  that.  In  essence,  conceptual 
learning  Involves  constructing  relationships  or 
connections  between  two  pieces  of  Information.  They 
suggested  that  these  connections  can  be  constructed  at 
either  a  primary  or  a  reflexive  level.  At  the  primary 
level,  the  plane  of  abstraction  Is  Important  to  the 
construction  of  a  connection,  as  the  new  Information 
must  be  of  equal  or  less  abstractedness  than  the  prior 
Information  to  which  the  new  la  intended  to  connect.  At 
the  reflexive  level,  conceptual  learning  occurs  when 
similar  cores  of  different  pieces  of  information  are 
recognized  and  the  connection  is  made  between  these 
similar  cores. 

A  major  difference  between  procedural  and 
conceptual  learning  In  mathematics,  according  to 
Hiebert  and  Lefevre,  concerns  the  type  or  context  of 
the  information  processed  during  procedural  learning, 
specifically  that  of  mathematical  symbols  and  syntax 
and  mathematical  rules  and  strategies.  They  suggested 
that  the  appropriate  aim  of  mathematics  Instruction  is 
the  promotion  of  both  conceptual  and  procedural 
knowledge,  but  added  that  much  of  the  content  of 
current  programs  In  school  mathematics  Involves 
Instruction  to  promote  only  procedural    learning.  They 
surmised  that  the  linking  of  procedural  to  conceptual 
knowledge  may  have  two  potential  benefits,  a  better 
understanding  of  procedures  and  a  resultant  ease  In 
remembering  appropriate  procedures. 

When  young  children  come  to  school,  they  appear  to 
have  both  conceptual  and  procedural  knowledge  In 
mathematics.  The  presence  of  both  types  of  knowledge  Is 
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►  ,„  .h-ir  orelnstructlonal  performances  on 
apparent  In  their  pre  problems.  With  concrete 

addition  and  subtract  Ion  w°rd  pro m ™»  reficct  a 

rodent r'in  ormai  iS.lght-Vo  th« 
!r  'o    various  types  of  word  problem*  as 

procedural  know Udae    s  'thi  problem  statement  Into 

^•^"".{".S^Sffil?™.  'V^^are^1"8 

lnto  conceptual  and  P^^.^S^tlSStS. 

intended  as  ends  In  themselves.  m« 

between  conceptual  and  ^"^iscrlpUve  or 

valuable  for  providing  direction  «  understanding 

Instructional  treatments  and  for  setter 

a?udents'  failures  and  successes  In  the  learning 

*COC'%Xr\*£  bos8;  decent  instructional 
troatSit  Pthatrwaa  pUnned  to ^J^- 
capitalize  on  ^Hdren's  pre^nstruct  on .  mbtc&ction 
insights    nto  the  structure  of  **  &hQut 
word  problems  and  tneir  P™  instruction  was 

symbols  and  solution  strategies  b  establishing 

designed  to  promote  co"«P^*  ''Bering  concrete 
a  connection  between  cnl ldre"  ^""tructure  and  the 
representations  based  on  problem  s truojur.  ^ 

mathematical  symbols  and  syntax. 

METHOD 

The  samp.e  consisted  of  45  f ^^-graders  In  two 
classrooms  during  the  spring  ^^h^  Instruct      ^  ^ 
provided  to  each  =>«™«™r^„!zed  according  to  the 
effect^  Semat^teacnTng  mode,  of  review. 
deVel^echhdr2nPwere3abluated  --re  and  after 
instruction  with  word  P^°b'^room  g"oup  tests.  Their 
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Modeling,  and  Rerepreaent-aM or,    < c 

details.,  The  SymboUr"epr^entltflfeb°Ut'  1986'  for 
sentences.  thit  ^Mi*.         !      atlms'  number 
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Greeno,  &  Heller .  ?*r  c?assl f.?°??r'  1983; 
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A  summary  of   Instructional  steps  for  each  problem 
pair  Is  displayed  In  Table  2.  Briefly,  the  steps 
Indicate  that  Instruction  for  each  pair  proceeded  In 
the  fol lowing  way:   1>  concrete  representation  of  the 
word  problem!  2>  concrete  representation  of  the  word 
problem  replaced  by  symbolic  representation;  3) 
symbolic  representation  of  the  word  problem  without  the 
concrete  representation;  and  -1)  composition  of  a  word 
problem  to  match  a  given  symbolic  representation. 
Direct  Instruction  was  provided  on  representation; 
Indirect  Instruction  was  provided  on  solving  the 
representation,  thus  allowing  Individual  solutions  of 
the  number  sentence  with  concrete,  counting,  or  number 
fact  strategies. 

Each  of  these  Instructional  steps  focused  on  the 
development  of  conceptual  and  procedural  knowledge. 
Step  One  was  designed  to  emphasize  and  reinforce  the 
conceptual  and  procedural  knowledge  that  most  children 
brought  to  Instruction.  Conceptual   learning  Involved 
representing  problem  structure  with  concrete  Items. 
Procedural   learning  Involved  manipulating  these  Itsms 
to  determine  a  solution. 

Step  Two  was  designed  to  stress  procedural 
learning  by  Introducing  a  number  sentence  to  match  and 
thus  replace  the  concrete  representation,  the 
previously  established  conceptual  knowledge  of  Step 
One    Conceptual   learning  Involved  eatabl lahlno  a 
connection  at  the  reflexive  level  between  the  similar 
elements  In  the  concrete  representation  and  the 
matching  symbolic  representation.  Procedural  learning 
focused  on  the  formal  mathematical  symbols  and  syntax 
to  replace  the  concrete  representation. 

Step  Three  was  designed  to  promote  conceptual 
learning  at  the  reflexive  level  by  emphasizing  the 
similar  cores  between  the  word  problem  structure  and 
the  symbolic  representation    that  matched  this 
structure,  without  the  Intervening  concrete 
representation.  Conceptual  knowledge  at  this  point  was 
planned  to  build  on  the  procedural  knowledge  of  ™mb<"r 
sentence  elements  and  syntax  that  had  been  Introduced 

StStepWFour  of   Instruction  was  designed  to  promote 
conceptual   learning  at  both  the  primary  and  reflexive 
levels  by  teaching  children  to  compose  a  word  problem 
to  match  a  number  sentence.  At  the  primary  level, 
conceptual    learning  Involved  constructing  a  connection 
between  an  abstract  symbolic  representation  and  a 
realistic  word  problem.  At  the  reflexive  level, 
conceptual   learning  involved  recognizing  the  core  ot  a 
given  number  sentence  and  composing  a  word  problem  with 
a  similar  core.  Procedural   learning  was  promoted  In 
reverse  to  most  procedural   learning  In  mathematics  by 
providing  first  of  all   the  mathematical  symbols  and 
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translating  the..  >nto  text.  Step  Four  was  used  daily  as 
a  closing  to  e        instructional  session. 

In  summary,   instruction  was  designed  to  promote 
both  conceptual  and  procedural  knowledge.  An  Interplay 
between  the  two  was  planned  for  each  Instructional 
step.  Conceptual   learning  was  designed  to  build  on 
JJprevlously  learned  procedural  knowledge,  and 
procedural    learning  was  planned  to  ootain  meaning 
through  its  connection  with  previously  learned 
conceptual  knowledge. 

RESULTS  AND  DISCUSSION 

Data  on  children's  pre-  and  post  instructional 
representations  for  the  Change  3  problem  are  presented 
in  Table  3.  (Data  for  other  problem  types  will  be 
presented  In  a  detailed  version  of  this  paper.)  The 
symbolic  representations  that  children  wrote  before  and 
after  instruction  are  displayed  according  to  their 
entering  levels  and  types  of  concrete  representations. 
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■  For  all   12  children  at  the  Basic  level,  their 
prelnstructlonal  concrete  representations  we,:  e 
Inappropriate  and  displayed  no  conceptual   Insight  Into 
the  structure  of  the  Change  3  problem.  Before 
Instruction,  one  child  wrote  a  number  sentence  that 
directly  represented  the  problem  structure  and  the 
remainder  wrote  Inappropriate  number  sentences  or  made 
no  attempt.  The  predominant  numDer  of  inappropriate 
sentences  were  ones  In  which  the  two  given  numbers  were 
added.  After  Instruction,  10  of  the  12  Basic  level 
children  wrote  sentences  that  matched  the  structure  of 
the  P^lem.  ^  at  th>  Dlrect  Modeling  level, 

21  of  them  displayed  entering  conceptual  knowledge  of 
the  structure  of  the  Change  3  problem  through  their  use 
of  the  Adding  On  strategy.  Before  Instruction,  5  of 
them  wrote  appropriate  number  sentences:  4  that 
represented  the  problem  structure  and  one  that 
represented  the  matching  basic  subtraction  fact. 
Thirteen  wrote  Inappropriate  number  sentences:  9  that 
added  the  given  numbers  and  -1  that  were  of  other  forms. 
After  instruction.  19  of  the  22  children  at  this  level 
wrote  number  sentences  that  represented  the  problem 
structure.  Only  3  wrote  Inappropriate  sentences  that 
added  the  given  numbers. 

For  the  11  children  classified  at  the 
Representation  level,  10  of  them  displayed  enter  ng 
conceptual  knowledge  for  solving  the  Change  3  Problem. 
Seven"  concretely  represented  the  probl em  st rue  u      a  d 
3  concretely  represented  the  matching  basic  subtraction 
fact.  Before  Instruction,  6  of  these  10  wrote 
appropriate  number  sentences:  5  that  represented  the 
problem  structure  and  1  the  matching  basic  fact  Three 
children  wrote  Inappropriate  sentences  that  added  the 
aiven  numbers  and  one  made  no  attempt.  After 
Instruction,  all   11  children  wrote  sentences  that 
represented  the  problem  structure.  , 

In  summary,  31  children  from  the  total  sample  of 
45  displayed  conceptual  knowledge  about  the  Change  d 
problem  as  evidenced  by  their  appropriate 
prelnstructlonal  concrete  representations.  Eleven  of 
these  31  were  successful   In  writing  appropriate  number 
sentences  before  instruction,  9  that  "presented  the 
problem  structure  and  2  that  represented  the  etching 
basic  subtraction  fact.  After  Instruction,  29  of  these 
31  wrote  number  sentences  that  represented  the  problem 
structure.  The  remainder  of  the  total  sample,  14 
children,  did  not  display  conceptual  know! edge  wi th 
their  concrete  representations.  Only  2  were  able  to 
write  appropriate  prelnstructlonal  number  sentences. 
After  instruction.  11  of  these  14  wrote  ™™ber 
sentences  that  represented  the  prob  em  structure. 

The  postlnstructlonal  results  Indicate  that 
children,  at  all  three  entering  levels  of  concrete 
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representation  wert'  more  successful   In  writing 
mathematically  accurate  number  sentence3  for  the  Change 
3  problem.  Conceptual   learning  may  have  been  enhanced 
by  recognition  of  the  structural  core  of  the  word 
problem  and  by  connection  of  this  core  to  procedural 
learning  that  focused  on  symbols  and  syntax  of 
structurally-based  number  sentences. 
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THE  EFFECTS  OF  SEMANTIC  AND  NON-SEMANTIC  FACTORS 
ON  YOUNG  CHILDREN'S  SOLUTIONS  OF  ELEMENTARY 
ADDITION  AND  SUBTRACTION  WORD  PROBLEMS 

ERIK  DE  CORTE  and  LIEVEN  VERSCHAFFEL 
CENTER  FOR  INSTRUCTIONAL  PSYCHOLOGY 
UNIVERSITY  OF  LEUVEN,  BELGIUM 


Over  the  post  few  years  a  substantial  body  of  research  has 
yielded  evidence  that  the  semantic  structure  of  elementary 
arithmetic  word  problems  influences  children's  strategies  to 
solve  th».    m  the  present  paper  a  study   is  reported  in 
which  three  other,   non-semantic   task  ch"a(c<teria^i^aW"" 
involved,  namely   (D   the  order  of  presentation  of  the  two 
given  numbers,  (2)  the  order  of  presentation  of  the  two  gi 
van  sets  and  (3)  the  size  of  the  difference  between  the  two 
given  numbers.  While  data  collected  fro-  collective  as  well 
as  individual  tests  yield  evidence  in  favour  of  tha  impact 
on  children's  strategy  choice  of  the  first  and  the  second 
variable,  they  do  not  support  the  importance  of  the  third 
factor. 


INTRODUCTION 


Recent  research  on  simple  addition  and  subtraction  word  problems 
(Carpenter  *  Kos.r.  1984,  Riley,  Greeno  s.  Heller.  1983)  has  been  mainly 
focused  at  the  influence  of  one  particular  kind  of  task  characteristic, 
on  children's  problem  solving,  namely  the  semantic  relations  a-ong  the 
quantities  described  in  the  problem  (Change,  Combine  and  Compare) 
together  with  the  identity  of  the  unknown  quantity.  The  results  of  re- 
search in  our  Center  over  the  past  few  years  are  generally  conS<  stent 
with  the  findings  of  these  investigation,  (De  Corte  *  V.rschaff.l.  1987, 
in  press).  However,  our  work  suggests  at  the  same  time  that  -  in 
addition  to  the  semantic  structure  -  some  other  task  characteristics  may 
also  nave  an  important  effect  on  children's  problem-solving  processes, 
in  the  present  study  three  such  characteristics  wers  involved,  namely  : 

(1)  The  order  of  presentation  of  the  two  given  numbers  (larger  or  smal- 
ler first),  e.g.  "Pete  had  3  apples,  Ann  gave  him  9  more  apples,  how 
^ny  apples  doe,  Peto  have  no-  V  versus  "Pet.  had  9  apples,  Ann  ga,e 
him  3  more  apples,  how  many  apples  does  Pete  have  now  ?" 

(2)  The  size  of  the  difference  between  the  two  given  numbers  (largo  or 
small)  ,  e.g.  "Pet.  had  J  apples,   Ann  gave  him  9  more  apples,  how  many 
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apples  does  Pete  have  now  ?*  versus  "Pete  had  5  apples;  Ann  gave  him  6 
more  «ppl«»j  how  Baity  apples  doas  Seta  have  now  ?" 

(3)  Tha  ordar  of  presentation  of  tha  two  givan  sets  in  Change  problems 
(regular  versus  inversed  ordar)  ,  e.g.  "Pata  had  3  apples;  Ann  gava  bin  9 
nora  applaa;  how  mnny  applas  doas  Pata  hava  now  ?"  versus  "Ann  gava  Pata 
9  more  apples;  ha  startad  with  3  applas*  how  many  applaa  doas  Pata  hava 
now  ?• 

Soma  of  thasa  task  variables  hava  rlxeady  base  examined  in  previous 
re aaarch,  hut  only  with  raspact  to  thair  affects  on  problem  difficulty. 
Surprisingly  little  research  exists  on  their  influence  on  children's 
solution  strategies  for  word  problaas.  Moreover,  little  or  no  effort  has 
been  made  to  relate  the  effects  of  these  task  characteristics  to  the 
problem's  semantic  structure. 

DESIGH,  TECHNIQUES  AND  DATA  SOURCES 

Tha  present  study  consists  of  two  parts  :  a  paper-and-pancil  test  was 
administered  collectively  to  eighty  five  children;  afterwards  a  smaller 
group  of  twenty  pupils  was  individually  interviewed. 

The  collective  test  contained  twenty  elementary  addition  and 
subtraction  word  problems  representing  four  different  types  from  the 
well-known  classification  schema  of  Riley  et  al.  (1983)  i  Change  1  and 
Combine  1  (both  involving  addition)  and  Change  3  and  Combine  2  (both 
involving  subtraction) .  For  aach  problem  type,  several  variants  were 
constructed  by  combining  the  three  task  characteristics  mentioned  above. 
However,  one  should  note  that  tha  third  characteristic  -  normal  or 
inverted  order  of  presentation  of  the  two  given  sets  -  applies  only  for 
Change  problems.  Moreover,  for  Change  3  problems,  this  task 
characteristic  coincides  with  the  first  one  -  the  order  of  presentation 
of  the  two  given  numbers  -  as  the  start  set  necessarily  contains  the 
smallest  given  number.  The  following  three  number  pairs  ware  used  for 
addition  problems  with  a  small  and  a  large  difference  between  the  two 
given  numbers  respectively  :  (5,7),  (7,8),  (5,6)  and  (4,8),  (5,9), 
(3,9).  For  the  subtraction  problems  we  used  (13,9),  (11,8),  (12,9)  and 
(11,3),  (12,3),  (13,4)  respectively.  The  test  was  administered 
collectively  in  the  beginning  of  the  school  year  to  four  second-grade 
classes,  with  a  total  of  eighty  five  children.  They  were  not  only  asked 
to  solve  the  problems,  but  also  to  write  down  for  each  problem  a  number 
sentence  snowing  which  arithmetic  operation  had  been  performed  to  find 
the  solution. 
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In  the  middle  of  the  next  school  year,  a  group  of  twenty  first 
graders  was  individually  interviewed  using  exactly  the  s.me  set  of  word 
problems.  Each  problem  was  read  aloud  by  the  intarviewer  and  the 
children  were  asked  to  solve  it  and  to  explain  their  solution  strategy. 

Both  the  collective  and  the  individual  test  provided  systematic  data 
on  the  relative  difficulty  of  the  distinct  types  of  word  problems,  on 
the  strategies  children  used  to  solve  them  and  on  the  nature  of  their 
errors.  In  the  present  paper  we  focus  on  the  influence  of  the  task 
characteristics  on  the  solution  strategies  of  the  good  problem  solvers. 
In  this  respect  we  mention  that  the  percentages  of  children  who  answered 
a  problem  correctly  were  much  higher  for  the  addition  (Change  1  and 
Combine  1)  than  for  the  subtraction  problems  (Change  i  and  Combine  2) 
during  both  the  collective  and  the  individual  test.  Consequently,  the 
data  on  children's  solution  strategies  for  subtraction  problems  are 
based  on  a  considerably  smaller  number  of  cases  than  those  for  addition. 

Place  restrictions  preclude  us  to  give  an  overview  of  the  hypotheses 
and  results  concerning  all  three  task  characteristics  Involved  in  the 
study.  Therefore,  we  leave  out  the  third  characteristic,  only  mentioning 
that  no  considerable  differences  in  solution  strategies  were  found 
depending  on  the  size  of  the  difference  between  the  two  given  numbers. 

He  finally  point  to  the  fact  that  our  data  on  children's  strategy 
choice  for  the  distinct  problem  types  were  not  submitted  to  a 
statistical  analysis.  The  main  reason  is  that  they  are  based  on  diffe- 
rent numbers  of  children,  moreover  from  problem  to  problem  the  children 
involved  in  the  analysis  were  not  the  same. 

HYPOTHESES  AND  RESULTS 

With  regard  to  addition  problems,  we  distinguished  between  strategies  in 
which  the  child  begins  with  the  first  of  the  two  given  numbers 
(F-strategies)  and  strategies  starting  with  the  second  one 
(S-strategies).  For  problems  in  which  the  first  given  number  is  the 
smaller  one,  S-strategies  are  more  efficient.  By  disregarding  the  given 
order  of  the  addends  and  starting  with  the  larger  one,  the  number  of 
steps  in  the  cognitiveiy  demanding  "double  count"  is  reduced  to  a  mini- 
mum (Carpenter  S  Moser,  1984). 

A  first  plausible  hypothesis  is  that  addition  problems  in  which  the 
smaller  addend  is  given  first  will  be  solved  more  frequently  by 
S-strategies  than  problems  in  which  the  larger  number  is  given  first 
(Hypothesis  Al) . 
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However,  it  is  also  expected  thct  the  ease  with  which  children  will 
alter  the  order  of  the  two  given  numbers  in  their  solution  strategy  wilj 
depend  on  the  semantic  structure  of  the  problem.  More  specifically,  it 
is  predicted  that  Combine  1  problems  starting  with  the  smaller  given 
number  will  elicit  sore  S-strategies  than  the  corresponding  normal 
Change  1  problems  (Hypothesis  A2a) .  The  argument  underlying  this 
hypothesis  i«  that  the  dynamic  nature  of  the  Change  1  addition  problem, 
will  invite  children  to  model  the  described  chronological  sequence  of 
events  in  their  solution  strategy.  Because  Combine  problems  have  no 
indued  action,  altering  the  order  of  the  two  given  sets  and  starting 
with  the  larger  one  seems  less  problematic.  For  a  similar  reason  - 
namely  the  tendency  to  solve  change  problems  using  a  strategy  that  pa- 
rallels the  sequence  of  events  described  in  the  problem  -  it  is 
hypothesized  that  inversed  Change  1  problems  will  elicit  more  strategies 
starting  with  the  second  given  number  -  i.e.  the  start  set  -  than  normal 
Change  1  problems,  in  which  the  start  set  is  given  first  (Hypothesis 
A2b) . 

Table  1  gives  the  percentages  of  strategies  starting  with  the  first 
and  the  second  given  number  on  Combine  1,  normal  change  1,  and  inversed 
Change  1  problems  during  the  collective  and  the  individual  tests. 

Table  1.  Percentage  of  F-  and  S-strategies  on  addition  problems  during 
the  collective  and  the  individual  tests 


Firut  given  Structure  Collective  test       Individual  test 

nunbar  Strategies  Strategies 


Smaller  Combine  1 

Change  1  normal 


Total 


F 

S 

F 

S 

86% 

14 

37 

63 

91 

9 

52 

48 

77 

23 

39 

61 

85 

15 

43 

57 

99 

1 

83 

17 

97 

3 

86 

14 

92 

8 

66 

34 

96 

4 

78 

22 

Larger  Combine  1 

Change  1  normal 
Change  1  inversed 

Total 


The  results  are  in  line  with  hypothesis  Al .  children  reported  much 
more  frequently  that  they  had  solved  a  problem. with  a  S-strategy  when  it 
started  with  the  smaller  number  than  when  the  larger  addend  was  given 
first  both  during  the  collective  and  the  individual  tests.  This  finding 
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suggests    that    children's    aolutlon    strategies    are    Indeed  strongly 
Influenced  by  the  location  of  the  smaller  and  the  larger  given  number. 

It  was  further  predicted  that  Combine  1  problems  will  elicit  more 
S-strat^gies  than  normal  Change  1  problems  when  the  smaller  number  la 
given  first  (Hypothesis  A2a) ,  and  also  that  inversed  Change  1  problema 
will  provoke  more  S-strategiea  than  normal  Change  1  problems  both  in  the 
largar-given-first    and    the    amaller-given-first   condition  (Hypothesis 
A2b).  The  results  in  Table  1  are  in  line  with  both  hypotheses.  With  re- 
apect   to   problems   starting   with   the   smaller   given   number,  children 
seemed  to  find  it  easier  to  ubb  the  more  efficient  S-strategies  in  the 
context  of   Combine   1   and  inversed  Change  1  problems,    than  when  the 
problem  had  a  normal  Change  1  structure,  especially  on  the  individual 
test.   The  same  trend  occurs  in  the  collective  test  results,  although 
less  strong.  Kith  respect  to  the  problems  in  which  the  larger  number  is 
given  first,  inversed  Change  1  problems  obviously  elicited  the  highest 
percentage    of    S-strategies    in    the    individual    test    situation;  the 
difference  is  again  in  the  predicted  direction  on  the  collective  test, 
but  very  small. 

With  respect  to  subtraction  problema,  we  are  especially  interested 
in  the  influence  of  the  diatinct  task  characteristics  on  the  choice  of 
either  a  direct  subtr active  or  an  indirect  additive  solution  strategy. 
In  a  direct  subtractive  (DS)  strategy  the  answer  is  found  by  subtracting 
the  smaller  given  number  from  the  larger  ons(  in  an  indirect  additive 
(IA)  strategy,  the  child  determines  what  quantity  the  smaller  given 
number  must  be  added  with  to  obtain  the  larger  one  (De  Corte  S  Verschaf- 
fel,  in  press) . 

Based  on  arguments  similar  to  those  underlying  our  first  prediction 
for  addition  problems,  we  hypothesize  that  subtraction  problems  starting 
with  the  larger  given  number  will  elicit  more  DS-strategies  than  those 
in  which  the  smaller  number  is  given  first. 

Second,  we  hypothesize  that  the  influence  of  the  order  of 
presentation  of  the  given  numbers  will  infract  with  the  semantic 
structure  underlying  the  subtraction  problem.  More  specifically,  we 
expect  that  the  implied  joining  action  between  the  known  start  set  and 
the  unknown  change  set  in  Change  3  problems  will  elicit  a  large  amount 
of  IA-strategios,  even  when  the  order  of  presentation  of  the  given 
numbers  favours  a  DS-strategy.  For  Combine  2  problems,  on  the  other 
hand,  the  choice  of  either  a  IA-  or  a  DS-strategy  will  be  influenced 
■ore  obviously  by  the  position  of  the  given  numbers. 
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Th«  most  remarkable  finding  for  the  subtraction  problems  wa* 
children' •  apparently  vary  atrong  tardancy  to  uaa  IA-strategiee, 
especially  during  the  individual  teste  :  on  a  total  of  76  appropriate 
solution  strategies.  only  four  P5-strat«gies  ware  observed. 
Consequently,  the  discussion  is  restricted  to  the  data  from  the 
collective  test  (eee  Table  2) . 


Table  2.  Percentages  of  OS-  and  IA-strategies  on  subtraction  problems 
during  the  collective  teet 


Firet  given  number 

structure 

DS-etrategies 

IA-strategiee 

Smaller 

Change  3 

16» 

84 

Combine  2 

18 

82 

Total 

17 

83 

Larger 

Change  3 

22 

78 

Combine  2 

43 

57 

Total 

33 

67 

The  results  shown  in  Table  2  are  in  line  wim  both  predictions. 
Firet,  we  observed  considerably  sore  DS-etrate^iea  for  problens  starting 
with  the  larger  givan  number  than  for  problems  in  which  the  enallor 
nuaber  wae  given  firet.  This  finding  supports  the  hypothesis  that  the 
order  of  presentation  of  the  two  given  numbers  has  an  influence  on  the 
kind  of  etrategiee  children  use  to  solve  subtraction  problems  (see  also 
be  Corte  S  Verscbaf f el ,  in  press). 

Second,  it  was  expected  that  the  effects  of  the  order  of 
presentation  would  interact  with  the  eemantic  structure  of  the  problem. 
Nora  epecifically,  we  aeeumed  that  the  influence  of  this  task 
characteristic  would  be  greater  for  Combine  2  problems  than  for  Change  3 
problems.  The  reeulte  show  that  Combine  2  problems  starting  with  the 
smaller  and  the  larger  given  number  elicited  indeed  coneiderably  diffe- 
rent percentages  of  DS-  and  IA-strategies  :  while  Combine  2  problem'.)  be- 
ginning with  the  emaller  given  nuaber  were  solved  much  more  frequently 
with  IA-  than  with  DS-strategies,  the  percentages  of  IA-  and 
DS~strategles  were  much  closer  when  the  larger  number  was  given  first. 
For  Change  3  problems  starting  with  the  smaller  and  the  larger  given 
number,  the  distribution  of  DS-  and  IA-strategies  was  almost  alike  t 
moet  children  continued  to  apply  IA-strategios  even  when  the  larger 
number  was  given  first.  These  findings  confirm  the  hypothesis  that  the 


er|c  boo 

ummmmmim 


-  381 


influence  of  the  ordar  of  presentation  of  the  given  numbers  is  no",  alike 
for  all  semantic  problem  types. 


DISCUSSION 


Over  tha   pant  few  years   a   substantial   body  of  research  has  yielded 
evidence  that  the  semantic  structure  of  simple  addition  and  subtraction 
word  problems  seriously  influences  children's  solution  processes.  The 
results    of    this    study    are    certainly    not    in    conflict    with  this 
well-documented  finding  but  rather  complementary.  Indeed,  our  data  show 
that  with  respect  to  young  problem  solvers  considerable  differences  in 
solution   strategies   can  occur  within  a  given   semantic  problem  type, 
depending  on  other  task  characteristics,   i.e.   the  position  of  the  two 
given  numbers  and  the  order  of  presentation  of  the  sets  in  the  problem 
text.    Moreover,    the    results    reveal    that    the    effects    of    these  two 
additional  task  characteristics  on  children's   solution  strategies  are 
not  alike  for  all  semantic  problem  types.  These  findings  are  not  only 
helpful    in   explaining   apparently   conflicting    results    from  different 
previous  empirical  studies  involving  the  same  typea  of  word  problems, 
but   they   also  provide   guidelines   for   improving   and   elaborating  the 
available  theoretical   (computer)   models  of  young  children's  skill  in 
salving  elementary  arithmetic  word  problems. 
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ABSTRACT 

The  responses  of  1195  children,  aged  from  5  to  12  years  in 
67  classes  in  15  elementary  schools  to  six  arithmetic  word 
problems  of  the  "Change"  variety  were  analyzed.  While 
results  agreed  with  recent  research  findings  that  Change  3, 
5,  and  6  questions  are  relatively  more  difficult  than 
Change  1,  2,  and  4  questions,  the  data  were  completely  at 
variance  with  the  information  processing  model,  for  Change 
problems,  proposed  by  Riley,  Greeno,  and  Heller. 


BACKGXOCMD 


By  the  now  familiar  classification  system  of  verbal  arithmetic 
word  problem  developed  by  Heller  and  Greeno  (1978),  arithmetic  word 
problems  which  can  bt  solved  by  the  application  of  an  addition  or  sub- 
traction operation  belong  to  one  of  three  categories,  Change,  Coabiae, 
and  Compare.  Other  writers  have  suggested  other  categories  (e.g.  an 
Equalize  category  -  see  Carpenter  &  Moser,  1984),  but  the  Heller  and 
Greeno  system  has  greatly  influenced  recent  research  carried  out  by 
both  Morth  American  workers  (see,  for  example,  Carpenter,  1983;  Riley, 
Greeno,  &  Heller,  1983)  and  European  workers  (De  Corte  &  Verachaffel, 
1985). 

In  the  present  paper  data  are  presented  which  cast  doubt  on  the 
usefulness  of  influential    addition  /subtraction  word  problem-solving 
models  put  forward  by  Riley  et  al.  (1983).    While  the  authors  have 
reported,  elsewhere,  data  arising  from  a  wider  study  involving  Chant*, 
Combine,  and  Compare  questions  (Clements  &  Del  Campo,  x986),  we  shall 
confine  our  attention,  here,  to  an  anelysis  of  our  Change  data. 

In  Change  questions  there  are  three  relevant  sets  (termed  'Start", 
"Change"    and    "Result")    and    depending    on    the  context,  the  action 
involved  in  the  question  can  cause  an  increase  or  decrease  in  the 
"Start"  set.    Thus,  there  are  six  different  sub-categories  within  the 
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major  Change  category.  According  to  the  Heller  and  Greeno  (1978) 
classification  the  six  Change  type  are  as  indicated  in  Table  1  : 


Table  1 

The  Six  Change  Types  Distinguished  by  Heller  and  Greeno  (1978) 


Problem  Type 

Direction 

Unknown 

Change  1 

Increase 

Result  set 

Change  2 

Decrease 

Result  set 

Change  3 

Increase 

Change  set 

Change  4 

Decrease 

Change  set 

Change  5 

Increase 

Start  set 

Change  6 

Decrease 

Start  set 

Riley's  Analysis  of  Processes  for  Change  Problems 

According  to  Riley's  analysis  the  patterns  of  perfornance  on  Change 
problems  are  as  shown  in  Table  2  (in  which  the  Change  questions  are 
those  used  by  the  present  writers  -  see  Clements  &  Del  Ca«po,  19C6). 

In  Table  2  a  'Vindicates  that  a  correct  answer  is  given,  a  "NA" 
indicates  no  answer,  and  numbers  represent  characteristic  errors  Cor 
the  questions.    Thus,  reading  vertically,  a  Level  1  respondent  would 
anawer  Questions  I,  2,  and  4  correctly,  but  would  give  the  result  set 
as  the  answer  for  the  Change  3  question  and  would  not  attempt  an  anawer 
for  the  Change  6  question.    A  Level  1  response  to  the  Change  3  question 
is  the  result  of  the  solution  set  not  being  available  for  inspection; 
instead,  the  focus  is,  erroneously,  on  the  display  of  the  result  set 
(with  5  bananas).    However,  since  for  Change  4  questions, the  change  and 

result  sets  are  physically  separate,  the  Level  1  respondent  can 

identify  the  change  set  (which  is  required). 

It  is  reasoning  such  as  this  which  is  presented  in  Che  Riley  ft  al. 
(1983)  paper.    The  investigations  carried  out  to  test  the  theory  have, 
typically,    used  small  numbers  of  children  aged  from  4  to  8  years, 
usual)  y  in  no  more  than  two  or  three  educational  institutes.  Because 
there  has  been  a  need  to  discover  the  children's  patterns  of  thinking 
the  investigations  have  been  clinical  in  nature. 


a 
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Patterns  of  Performance  on  C&aag*  Problem*  (After  Riley) 


EcaaplM  of  QwMCloa* 


Uv*l»  of  hrfanMct 


2 


3 


(•■alt  (Hum 

1 .  Barbara  had  2  eggs 

D«n  gav*  Barbara  1  aore  egg.  +         v  + 

Hem  aany  ft*  did  Barbara  have  then? 

2.  Jack  had  4  pens. 

Dionne  took  3  of  Jack's  pear.  ♦         +  + 

Bern  aaay  peas  did  Jack  have  then? 

3.  Jeff  hot  J  bananaa. 

Car»*l  g*«e  Jeff  soae  sore  bananas.        "5"       >  + 

Then  Jeff  had  5  bananaa. 

How  aanjr  bananaa  -lid  Camel  give  Jeff? 

4.  Anna  had  6  booka. 

Ton  took  soa*  of  Anna's  booka.  +         +  + 

Then  Anna  had  only  2  booka  left. 

Hot)  aaay  of  Anna.'*  booka  did  Ton  take? 

Start  uaaaasm 

5.  Paul  had  soae  pencils.  "2"      "2"  + 
Hia  father  gave  hla  2  acre  pencils. 

Then  he  had  5  pencila. 

Hon  aany  pencila  did  Paul  have  at 

the  start? 

6.  Sally  had  acme  pictures. 

She  loat  2  of  her  pictures.  NA        HA  + 

Then  she  had  3  picturea. 

How  aany  picturea  did  she  hsve  at 

the  atart? 


If,  indeed,  the  proposed  theories  are  close  approximations  to  the 


truth,  then  data  sets  based  on  a  large  nuaber  of  children  in  a  range  of 
educational  institutions  should  be  supportive.  In  the  study  which  will 
now  be  described,  which  waa  part  of  a  larger  study  investigating  Change. 
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Compare .  Combine,  and  other  arithmetic  word  problema  (Clements  &  Del 
Campo,  1986)  the  Riley  theories  for  Change  problems  were  selected  to 
such  a  test. 


METHOD 


Staple 

During  the  period  April-June  1986,  1195  children  in  67  classes  m 
15  elementary  schools  in  the  Eastern  suburbs  of  Melbourne  wer-.-  asked  to 
solve  24  arithmetic  word  problems.    Children  in  each  of  Grades  Prep.  1. 
2,  3,  4,  5  and  6  were  involved,  the  numbers  of  children  at  each  level 
being  29,  65.  89,  258,  280,  256  and  218  res?ectively.  ^  average  age  of 
children  in  Pre*  Grade  was  about  5jf  years  and    the  average  age  of 
children  In  the  other  grades  increased  steadily  to       about  U4  years 
In  Grade  6. 

Th*  Research  Instrument,  and  Its  Administration 

The  research  instrument  consisted  of  24  questions,  6  of  which  were 
of  the  Change  variety  { u-.esc  are  given  in  Table  2).    These  6  questions 
were  randomly  spread  throughout  the  24  questions.    The  other  questions 
were  of  the  Combine,  Compare,  Direct    Comparison  and  Rat o  types,  and 
analysis  of  data  pertaining  to  them  has  been  presentee  elsewhere 
(Clements  &  Del  Campo,  1986). 

The  24  questions  were  administered  to  students  in  Grades  Prep,  1  & 
2  on  a  one-to-one  basis,  the  average  time  of  administration  being  about. 
45  minutes.    Students  in  these  grades  were  provided  with  relevant 
equipment  (dolls,  model  cars,  pencils,  etc)  and  invited  to  use  this  in 
formulating  their  solutions.    They  were  instructed  to  listen  to  each 
question  carefully,  and  told  that  if  they  wanted  to  do  so  they  could 
use  the  equipment  to  help  them  to  get  answers;  ther  each  question  was 
read  to  them  slowly,  twice,  and  they  were  invited  to  give  an  answer; 
then,  having  given  an  answer,  they  were  asked  to  repeat  the  story  and 
the  question,  in  their  own  words,  and  to  show  the  meaning  of  the  story 
by  using  the  equipment. 

Students  in  Grade  3  attempted  the  24  questions  as  a  class  group. 
Each  student  had  a  copy  of  the  24  questions  and  was  told  to  read  each 
question  silently  as  it  was  read  to  them  by  the  person  administering 
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the  research  instrunent.    The  questions  were  adninistered  in  a  lock- 
step,  one-by-one  Banner,  with  the  students  being  allowed  plenty  of  tin* 
to  complete  each  question. 

Students  in  Grades  4  through  6  were  given  written  copies  of  the  24 
questions  and  told  they  had  to  read  and  answer  each  question  without 
any  assistance  being  provided.     The  questions  were  not  read  to  then. 

RESULTS 

Table  3  shows  the  percentage  of  incorrect  or  "no  answer  given" 
responses  wde  by  students  in  Grades  Prep  through  6  on  the  six  Chang* 
questions. 

By  and  large,  the  entries  in  Table  3  confirm  the  findings  of  recent 
research  that  Change  1  and  Change  2  questions  are  relatively  easy  for 
young  schoolchildren,  that  Ch-g*  4  questions  are  the  next  easiest,  and 

I?"T  3*  a"8e  5  81,(1  QmBV>  6  <l"««>ti°n»  a"  relatively  difficult. 
Table  4  shows  the  proportions  of  students  in  the  present  study  who 

would  be  in  the  Riley  levels  and  sublevels.    According  to  Riley  et  al. 
(1963,  p.  17?) ,  Level  la  children  respond  correctly  to  Change  problems 
1  and  2  only.  Level  lb  children  respond  correctly  to  dun*.  problea3  U  2 
and  4  (as    for  the  Level  1  pattern  in  Table  2),  Level  3a  children  «ive 

responses  to  all  questions  except  either  a  Change  5  or  a 
Change  5  question,  and  Level  3b  children  respond  correctly  to  all 
six  Change  que; Lions. 

Now,  since  a  la  pattern  requires  that  students  get  the  Change  1  and 
t*  2  questions  correct  acd  all  other  Change  questions  incorrect, 
and  the  Change  3a  pattern  requires  that  all  questions  be  answered 
correctly  except  either  a  Change  5  or  a  Chang*  6  question,  end  the 
Chang*  3b  pattern  requires  that  all  jix  Change  questions  be  answered 
correctly,  it  is  not  clear  fron  the  entries  in  Table  4  whether  the 
proportions  in  the  rows  for  sublevels  la,  3a  and  3b  provide  any  support 
for  Riley's  hypothesized  model.    Other  models  could  easily  explain  such 
results.     In  fact,  qualitative  data  obtained  from  our  interviews  with 
the  children  in  our  saaple  in  grades  Prep,  1  and  2,  and  fron  our 
teaching  of  22  classes  each  week  over  the  period  June-September  1986 
(designed     to    elicit  information  concerning  how  children  process 
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Table  3 

Difficulty  Indices  (t  Wrong)  of  Chinge  Questi 


QUEST  1  OH 

•rap 

1 

1  Wrong 

2 

In  OlOa 
3 

t 

5 

( 

ICH  1) 

Saroara  hid  2  H9»-  >•« 
llrblra  1  mora  «M-  •»» 
11^1  did  Barbara  fcivt  than? 

10 

11 

10 

5 

3 

3 

3 

(CM  2) 

Jack  hid  '  pan*.    Olannt  took 
3  of  Jlck'l  pint.    How,  «*i>y 
ptm  did  Jack  ha»a  thm? 

in 

» 

11 

5 

3 

1 

(CM  3) 

Jeff  nid  3  binanai.  Caraal 

naua    \*§t  >ra*  bVl  binlflll. 
QIVQ         ■  F    »Ua*W  n^/>  *>      ■i(»fi»» • 

Thin  Jiff  hid  5  builnil. 
H»  Mny  bliinu  did  Ctra*l 
g1va  Jiff? 

52 

37 

27 

20 

U 

7 

I 

(CM  «) 

Ann  hid  '  bookl.    To»  too* 
io*a  of  tana'l  bookl.  Than 
ijHia  had  only  2  bookl  lift. 
Hoa  amy  of  miwh'i  bookl  did 
To*  tikt? 

24 

22 

It 

15 

( 

1 

1 

(CM  51 

Paul  had  loaa  ptndll. 
mi  flthar  ja.a  h1»  2  aerl 
panel  It.    Tntil  M  had  5 
panel li.   Ho«  »any  par-clli 
did  Paul  haw  at  tha  itartt 

12 

29 

31 

24 

16 

7 

7 

£H  SI 

Sally  nid  io«i  pleural. 
SM  loit  2  of  Mr  plcturtl. 
Then  ihi  hid  3  plctvrtt. 
How  aany  picture*  did 
int  hi.a  it  tn»  itart? 

52 

4) 

35 

24 

15 

II 

a 

Tjble  4 

Proportion  of  Response  Pattern  Consistent  with  Riley's  Model 
for  Chang*  problems 


LEVEL 

p 

1 

2 

3 

4  . 

5 

5 

la 

.03 

.05 

0 

0 

0 

0 

0 

lb 

0 

0 

0 

a 

a 

0 

0 

2 

0 

0 

a 

0 

0 

a 

0 

3a 

.31 

.22 

.17 

.16 

.12 

.07 

.05 

3b 

.14 

.29 

.35 

.52 

.57 

.80 

.83 

Mutual 

.52 

.41 

.47 

.32 

.21 

.12 

.12 

.  0 
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verbal  arithmetic  problem  -  ,ee  Clement.  *  Del  Qu.po.  1986).  indicate' 
that  the  strategies  hypothesized  in  Riley  et  al.  (1983)  were  rarely  if 
ever,  responsible  for  la.  3a  and  3b  response  patterns.  Further-ore] 
the  entries  in  Table  4  for  the  sublevel  lb  and  Level  /  rows  could  not 
be  more  overwhelming  in  their  rejection  of  the  Riley  model. 

DISCUSSION 

We  do  not  know  why  our  d*ta  should  be  so  much  at  variance  with 
those  obtained  b,  North  African  and  European  researchers.  Perhaps 
prents  8nd  teachers  of  young, children  in  Victoria  stress  different' 
Lnguage  and  thinking  pattern,  in  their  everyday  interaction,  with 
children.    Perhaps,  too.  the  Riley  model  has  not  been  subjected  to 
sufficiently  rigorous  testing  by  North  American  ana  European 
researchers. 

While,  in  our  study,  the  six  Chug,  questions  were  administered  in 
different  ways  to  children  in  Grades  Prep  through  2,  3,  and  4  through  6. 
entries  in  Table  3  indicate  that,  generally  speaking,  student  per- 
formance on  the  questions  improved  with  increase  in  grade  level  and 

this  suggests  that  the  effect  of  different  administration  methods  was 
not  great. 
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THE  EVOLUTION  AND  EXPLORATION  OF  A  PARADIGM  FOR  STUDYING 
MATHEMATICAL  KNOWLEDGE 

Michael  A  Orey  m  and  Robert  G.  Underbill 
Virginia  Polytechnic  Institute  and  State  University 


An  analysis  of  ihe  literature  in  the  area  of  children's  learning  of 
subtraction  led  to  an  embryonic  model  of  the  types  of  knowledge  that  might  be 
brought  to  bear  on  a  given  subtraction  problem,  a  model  with  its  roots  in 
cognitive  psychology,  mathematics  education  and  educational  anthropology. 
Each  of  these  fields  contributes  a  dimension  to  such  a  model.  To  explore  the 
usefulness  of  the  resulting  paradigm,  a  protocol  procedure  was  developed  to 
assess  the  extent  to  which  these  types  of  knowledge  interact  A  preliminary 
analysis  of  a  case  study  using  this  procedure  is  reported.  Some  proposed 
extensions  and  improvements  are  also  briefly  presented. 

The  first  part  of  this  paper  describes  some  of  the  foci  of  the  model  of  long  term 
memory  when  it  is  used  to  study  children's  knowledge  of  two-digit  subtraction  (see 
Figure  1).  The  model  is  depicted  as  a  2  (Place  Value/ Algorithmic)  X2 
(Semantic/Syntactic)  X2  (Informal/Formal)  matrix.  The  first  dimension  of  this  matrix, 
place  value/algorithmic,  was  suggested  by  the  Kent  State  Checklist  of  Mathematical 
Concepts  (Underbill,  Uprichard  &  Heddens,  1980)  among  others,  to  include  both  place 
value  concepts  and  subtraction  algorithm  levels  of  complexity  in  diagnostic  contexts.  The 
second  dimension,  semantic/syntactic,  has  also  been  suggested  in  numerous  sources  and 
was  articulated  in  this  domain  by  Resnick  (1982).  In  such  work,  the  interrelationship 
between  algorithmic  performance  on  semantic  (e.g.,  Dienes'  blocks)  and  syntactic  (e.g., 
symbol  manipulation)  subtraction  tasks  is  explored.  The  final  dimension, 
informal/formal,  is  used  widely  among  cultural  anthropologists  (e.g.,  Carraher,  Carraher 
aiid  Schliemann,  1983;  Lave,  Murtaugh  and  de  la  Rocha,  1984)  when  conducting 
ethnographic  research.  People  often  have  rich  informal  repertoires  of  arithmetical 
knowledge  which  they  use  in  informal  settings  (e.g.,  market  place  or  bowling  alley). 
This  knowledge  is  contrasted  with  formal  knowledge  which  results  from  instruction  in 
classrooms. 

This  application  of  the  model  was  used  to  develop  eight  question  types  for 
exploring  children's  knowledge  of  two-digit  subtraction.  Relations  among  the  eight  cells 
will  be  presented.  A  more  detailed  discussion  of  the  model  will  then  follow. 
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Figure  L   A  three-dimensional  model  for  expiring  understanding  of  whole 
number  subtraction 


J»yntac 


Informal 

—*  I/1  \A  \S 

Place  Value  Algorithmic 


Aliaiihmic  knowledge  ia  esaeutially  a  Kcp-by-step  procedure  f«cot»plcting  . 
mathematical  ta*k  (often  depicted  u  a  flowchart).  Inttrii  cue.  the  procedure  for 
dctcnnining  the  solution  10  two-digit  subtraction  problems  is  the  child's  subtracbon 
algorithm.  The  primary  conceptual  area  included  in  the  model  is  generally  place  value. 
PUcc  value  faicmlediB  ia  a  coJtoctm 

uafe«taaimgtfae^t«khin.  In  thedcwiainof  tubtnetka,  the  ma>xPi^ 

include  represemauoo  of  a  number,  tens  and  cues,  aod  regrouping.  These  two  type*  of 

la^Wae  were  natdw  develop  protocol  queati^  ^ 

other  two  dinwuioM  of  the  rnatrix  define  the  coatcw  and  task  environment  on  which 

these  concepts  are  expaoaed. 

SemanrirjSvnttrrifr  n^YTTinn 

Syntactic  knowledge  (Reanick,  1982),  as  it  ia  being  used  here,  is  the.  knowledge 
of  the  language  of  xmbexmict.  This  U  usually  demonstrated  in  a  written  format,  but 
niayalao  be  verbal.  The  language  of  narhematss  is  a  highly  specialized  problem  solviiig 
language  and  it  lometimei  taught  for  the  aole  puipc»e  of  using  the  language.  The 
semantics  of  iruuhrmatirat  knowledge  refers  to  the  underlying  meaning  of  this  language 
(syntax).  Learner*  who  are  proficient  mathematkally  arc  not  only  competent  in  the 
language  of  mathematics;  they  also  understand  from  where  the  language  is  derived. 
Operationally,  Resnick  (1982)  defines  the  syntax  in  terms  of  paper  and  pencil  tasks 
involving  symbol  manipulations.  Performance  of  such  tasks  using  manipulatives  is  a 
way  of  observing  and  attesting  semantic  knowledge. 
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]p%roal/R*mal  Dimension 

Informal  and  formal  knowledge  have  been  studied  by  ethnographers  and  other 
qualitative  and  quantitative  researchers.  Carraher  et  al.  (1983)  and  Lave  et  al.  (1984) 
describe  people  who  have  extensive  informal  knowledge  in  arithmetic,  but  who  are  unable 
to  apply  their  knowledge  in  formal  settings.  Formal  knowledge,  on  the  other  hand,  is 
what  teachers  intend  to  teach. 

The  "formal"  plane  of  the  matrix  has  been  extensively  studied  by  diagnosticians, 
while  the  "informal"  plane  has  been  studied  only  minimally  by  mathematics  educators.  In 
addition,  the  rich  set  of  interrelationships  among  the  cells  in  the  matrix  have  been  studied 
hardly  at  all.  The  three  dimensional  framework  facilitates  the  systematic,  intensive  study 
of  children's  understanding  of  not  only  subtraction  algorithms,  but  many  other  areas  of 
mathematical  knowledge.  By  exploring  the  interrelationships  among  the  eight  cells,  this 
model  holds  promise  for  facilitating  the  development  of  diagnostic  procedures,  delineation 
of  prescriptions,  and  refinement  of  curricular  decisions  and  teaching  strategies. 

METHOD 

A  structured  clinical  interview  was  conducted  with  a  third  grader  in  an  elementary 
school  in  southwest  Virginia.  The  subject  was  selected  on  the  basis  of  her  erroneous 
performance  on  a  subtraction  test  designed  to  elicit  error  patterns  (Van  Lehn,  1982).  The 
interview  consisted  of  three  questions  from  each  of  the  eight  cells  in  the  2  X  2  X  2  matrix 
(sec  Figure  1).  Following  are  examples  for  each  of  the  eight  cells: 


1.  Formal/place  value/syntactic:  What  number  has  5  tens  and  sixteen  ones? 

2.  Fc>rrnaValgcaithimc/syntnctic:  Find  the  difference  87  -  59. 

3  Mormal/placevaliie/syntactic:  How  much  money  is  2  dimes  and  4  penmes7 
4.  Mormal/algorithnric/syntactic:  A  gum  ball  costs  10*  and  you  give  the  clerk 

25*,  how  much  change  do  you  get  back? 
5  Informal/place  value/semantic:  Represent  79*  with  dimes  and  pennies. 

6.  InformaValgorithrnic/semantic:  Represent  50*.  Takeaway  13*.  In  a  store  type 

role  playing  setting. 

7.  Formal/place  value/semantic:  Represent  86  using  toothpicks. 

8.  Fainal/algoritrffliic/semantic:  Represent  50.  Takeaway  13.  Where  the  subject 

teaches  the  researcher  how  to  do  subtraction. 


CASE  STUDY  RESULTS 

Kate  completed  the  Van  Lehn  (1982)  test,  and  her  responses  indicated  some 
inconsistent  error  patterns:  0-N=N  (3  errors)  and  some  problems  requiring  regrouping  (5 
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errors).  In  total,  she  got  10  of  the  20  problems  wrong;  2  were  fact  errors. 
Table  1.  Results  of  the  diagnostic  interview  for  Kate. 

X  indicates  an  incorrect  response  and  W*  indicates  a  correct  response.  In  addition,  the 
numbers  mdtcatc  the  cell  and  the  progression  of  letters  are  in  increasing  complexity  (i  e 
a  is  essier  than  'c").  A  double  response  indicates  a  two  part  question. 

^        Sm^       toqm  5y™ 

b  H         b  vW         b  V  b  x 

cX  cX  cX  cX 

Manual       la  V  Sa  \/  2a  V  6a  a/ 

b  XX  b  a(X  b  V  b  X 

cX  cX  cX  cX 


The  place  value  knowledge  that  was  selected  for  analysis  in  this  study  was:  I) 
ability  to  represent  a  number.  2)  concept  of  10  and  1.  and  3)  regrouping  in  the  context  of 
two-digit  numbers.  Algorithmic  knowledge  was  defined  in  terms  of  the  subtraction 
algorithm  applied  to  two-<iigit  subtraction.  Three  levels  were  selected:  1)  subtraction 
without  regrouping.  2)  subtraction  with  regrouping,  and  3)  subtraction  with  aero  in  the 
units  place  of  the  subtrahend.  Kate's  performance  is  summarized  in  Table  1.  Her 
performance  on  these  tasks,  in  general,  indicate  that  her  best  performance  is  on  those 
tasks  created  to  tap  her  Ibrmal/syntactic  knowledge.  Her  perforrnance  on  items  designed 
to  exjfc  meaning  (semantics)  is  not  as  strong.  She  has  little  meaning  to  tic  to  what  she 
is  doing  nor  docs  she  have  strong  cainectkais  from  her  fot^ 
knowledge. 

Kate's  knowledge  of  representation  is  consistent  across  contexts.  Whether  she 
performs  syntactic  or  semantic  tasks.  Kate  is  able  to  represent  numbers  easily.  Indicated 
in  these  tasks  is  her  knowledge  of  the  convenience  of  grouping  things  in  tens.  When 
asked  to  represent  some  value  concretely,  she  consistently  counts  cut  the  tens  then  the 
ones.  Also,  she  is  able  to  represent  a  number  abstractly  given  the  number  of  tens  and 
ones.  However,  her  ability  to  extend  this  knowledge  beyond  representation  is  very 
limited. 

When  asked  how  many  tens  and  ones  there  are  in  the  number  52,  Kate  quickly 
responds,  "5  tens  and  2  ones."  However,  when  she  is  told  that  the  researcher  has  79#  in 
his  pocket,  all  ir.  dimes  and  pennies,  she  is  unable  to  determine  the  number  of  dimes  or 
pennies.  She  eventually  guesses  that  there  might  be  40  dimes.  When  asked  how  many 
pennies  would  be  in  his  pocket  given  that  there  are  40  dimes  and  a  total  of  79*.  she 
responds,  "30  pennies."  She  obviously  loses  her  ability  to  think  in  terms  of  tens  and 
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ones  in  this  context.  On  the  formal/semantic  tasks,  Kats  has  no  problem  determining 
which  is  greater  between  1  ten  and  1  one.  However,  she  has  problems  knowing  how 
much  greater  10  is  than  1  when  using  money. 

The  last  place  value  question  type  assessed  her  ability  to  regroup  tens  and  ones. 
Kate  is  unable  to  do  this  in  any  context  or  in  any  way  the  question  is  phrased.  For  the 
semantic  plane,  Kate  is  asked  to  represent  a  number  using  manipulatives.  She  performs 
the  task  as  above  (i.e.,  she  would  represent  32  toothpicks  using  3  bundles  and  2  singles). 
She  is  then  asked  to  represent  the  same  number  in  a  different  way  (i.e.,  2  bundles  and  12 
singles).  Kate  is  unable  to  perform  this  task.  In  the  syntactic  plane,  Kate  also  has 
difficulties.  For  example,  when  asked  what  number  has  5  tens  and  16  ones,  she  focusses 
on  the  typical  syntactic  structure.  That  is,  she  writes  5  in  the  tens  place  and  16  in  the  units 
place.  She  is  then  asked  to  read  the  number.  She  states  "five-hundied  sixteen,"  and  docs 
not  sec  this  as  a  problem.  The  last  question  in  this  plane  deals  with  the  value  of  5  dimes 
versus  45  pennies.  In  the  interviews,  Kate  becomes  confused  between  the  2  facts  -  a 
dime  is  greater  than  a  penny  and  45  is  greater  than  5.  She  is  unable  to  combine  these  two 
facts  to  compare  value. 

In  the  analysis  of  procedural  knowledge,  it  becomes  apparent  that  Kate  is  unable 
to  make  use  of  manipulatives.  In  fact,  the  manipulatives  only  bring  confusion  to  the 
tasks.  The  first  problem  in  the  procedural  plane  is  to  subtract  without  regrouping.  Kate 
manages  to  solve  the  manipulative  problems  at  this  level  using  a  cou.  ting  strategy. 
Basically,  her  procedure  is  to  represent  the  subtrahend  in  tens  and  ones  and  remove  the 
minuend  in  tens  and  ones.  The  result  is  stated  by  counting  the  remaining  pieces.  This 
procedure  fails  in  the  other  problems  because  regrouping  is  necessary  before  you  arc  able 
to  count  out  the  minuend.  Kate  is  completely  unable  to  do  the  last  2  problems  with  the 
toothpicks.  In  the  last  2  problems  where  we  role  play  a  transaction  in  a  store,  Kate 
apparently  focusses  on  the  differences  of  the  tens  places  when  making  change.  That  is, 
for  one  problem  (430  for  a  390  item)  she  gives  a  dime  for  change,  the  difference  between 
the  tens.  On  the  second  problem,  80<!  for  a  570  item,  she  gives  3  dimes  change,  again  the 
difference  between  the  tens. 

The  other  2  cells  in  the  procedural  plane  arc  solved  in  a  similar  manner.  That  is, 
cell  2  (Figure  1)  are  money  word  problems.  She  solves  these  problems  by  translating  the 
problems  into  a  column  subtraction  format,  the  task  for  cell  4.  Therefore,  lite  results  of 
these  problems  are  the  same.  Again,  Kate  is  able  to  solve  the  problems  that  do  not  require 
regrouping.  In  addition,  she  was  able  to  solve  the  problems  at  the  second  level, 
subtraction  with  borrowing.  The  interesting  result  in  these  problems  is  at  the  third  level, 
subtract  where  there  is  a  «ro  in  the  units  place  of  the  subtrahend.  As  described  earlier, 
Kate  occasionally  exhibits  the  error  pattern  0-N=N.  in  the  interview  data,  Kate  exhibits 
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the  error  pattern  0-N=0.  Apparently,  she  is  unsure  of  what  to  do  with  the  zero  in  these 
problems  and  makes  repairs  (Brown  &  Van  Lehn,  1982)  to  her  algorithm  when  she 
encounters  such  problems.  In  fact,  it  would  appear  that  she  initially  makes  such  a  repair 
on  a  given  task  and  is  able  to  retain  this  repair  throughout  the  task.  However,  she  needs 
to  reformulate  the  repair  across  tasks  on  different  days.  This  would  be  termed  an  unstable 
bug  by  Brown  and  Van  Lehn. 


This  paper  presented  the  first  attempt  in  the  specification  of  a  conceptual  model  for 
studying  mathematical  understanding.  A  set  of  interview  questions  were  developed  and  a 
case  study  was  presented.  Additional  data  are  being  examined  and  further  attempts  will 
be  made  to  delineate  the  relationships  among  the  cells  in  the  model.  In  addition,  we  will 
report  our  attempts  w>  extend  and  refine  the  model  to  make  it  more  encompassing  of  other 
domains  of  mathematical  knowledge.  Although  the  model  depicts  a  wide  variety  of 
knowledge  structures,  it  is  by  no  means  intended  to  be  comprehensive.  We  envision  that 
the  place  value/algorithmic  dimension  of  Figure  1  can  be  modified  to  distinguish  between 
concepts,  facts,  and  procedures.  This  uwchficsbon  may  well  add  to  the  generalbrabitity  of 
the  model  as  well  as  helping  matl»ematics  educators  study  relationships  among  specific 
types  of  knowledge. 
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Robert  G.  Underbill 


Virginia  Tech 


Abstract 


Four  variables  (cues,  transformation,  tost  adminis- 
tration ratios,  and  success  criteria)  were  manipulated  to 
study  grado  lcvol  differences  among  82  first  a"»d«  and 
kindergarten  children  under  carefully  controlled  experimental 
conditions,    Even  though  there  wan  a  strong  grade  level  main 
effect,  none  of  these  variables  was  found  to  be  a  main  effect, 
nor  wore  there  ai>y  interaction*.    The  mont  interesting  result 
was  the  demonstration  of  further  research  support  for  tho 
Bralnord/Kingoa  conclusion  that  short  term  Memory  and  working 
memory  do  not  share  a  aot  of  scarce  resouurces.    It  appears 
that  the  reduction  of  STM  load  does  not  induce  higher  success 
levels,  contrary  to  expectations  arising  iron  tho  work  of 
Pascual -Leone  and  Case. 


ioverttl  rtuearchora  (Carpcntur  &  Moser,  1904;  Riley,  Greeno,  6. 
Heller,  19B3;  Underbill,  1986a,  1986b,  among  others)  have  reported  dif- 
ferential performances  between  kindergarten  and  first  grade  children  on 
addition  atory  problems.    The  sources  of  these  differences  have  been  ex- 
plored and  one  variable  is  known  NOT  to  have  a  significant  impact:  tran- 
sformations (Joining)  (Carpenter  &  Moser,  1984;  Stoffe  &  Johnson,  1970; 
Underhill,  1986a,  1986b).    While  others  have  found  significant  differ- 
enced related  to  manlp-ilatives,  Underhill  reported  that  when  tho  condi- 
tiona  of  problem  presentation  are  optimized,  tho  use  of  manipulatlvca, 
whether  required,  optional  or  not  available  are  not  significantly  related 
to  problem  solving  r.uccsss  (Underhill,  1986b).     However,  Stoffe  and 
Johnson  (1970),  <  (irpentor  and  Moser  (1984)  and  Ibarra  and  Lindvall  (1982) 
reported  that  manipulative*  DID  make  a  difforonco.     Underhill  (1986a) 
identified  several  aourcoE  of  testing  differences  betwoon  tho  Stoffe  and 
Johnson,  Ibarra  and  Lindvall,  and  Carpenter  and  Moser  studios  which  had 
potential  for  loading  to  those  differoncos:  parsimonious  versus  chunked 
problem  presentation;  required  versus  optional  use  of  manipulatives;  in- 
dividual versus  group  testing;  exact  answer  versus  ±1  criterion;  and  child 
naming  of  problem  context  (e.g.,  child  supplying  names  and  objects  for 
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join  and  part  part  whol.  context-).     In  hi,  1966b  study,  Underbill  re- 
ported that  KowVs  (1986)  concept  of  wait  time  DID  influence  young 
learner,'  successes  and  that  learners  performed  better  when  problem,  were 
presented  in  a  chunked  format,  one-,entence-at-a-time  with  pauses  He 
ported  further  evidence  to  support  no  significant  difference  on  the  use 
of  manipulative,  (none,  optional  and  required),  transformations  (joining 
versus  part  part  whol.)  and  ,ucc«,  criteria  (exact  versus  ±1). 

I„  the  present  study,  five  variable,  were  manipulated:  visual  cues, 
problem  transformation,,  success  criteria,  grade  level  and  test  adminis- 
tration    Visual  cue,  were  3x5  card.  With  numerals  to  help  learners  re- 
nember  the  numbers  in  the  problems;  transforations  were  present  in 
joining  problem,  but  not  part  part  whole;  answers  were  analyzed  on  the 
basis  of  exact  numerical  response,  or  within  on.  (±1)  of  the  correct  re- 
sponse; subject,  were  kindergarteners  or  first  grader,,  and  children  were 
tested  individually  or  in  group,  of  3  or  4. 

RATIOMALE  FOR  VARIABLES 

Visual  cues  were  included  because  the  work  of  Pascual-Leone  (1970) 
and  Case  (197B)  leads  one  to  conclude  that  working  memory  and  short  term 
memory  (STH)  share  the  same  resources.     If  the  STH  burden  can  be 
ened,  then  learners  will  have  more  cognitive  resources  for  processing  or 
reasoning.    The  Pascual -Leone/Case  perspective  was  refuted  by  Brainerd 
and  Kingma  (1985)  when  they  reported  a  series  of  nine  studies    eac  one 
involving  over  900  protocols  with  kindergarten  and  second  grade  ch  Idren. 
Tney  concluded  that  STM  and  reasoning  are  independent  when  STM  and  rea- 
soning capacities  are  manipulated  in  the  contexts  of  transitivity  con- 
servation,  probability  and  class  inclusion.     By  providing  half  the 
subject,  in  this  study  with  visual  problem  number  cues,  these  two  posi- 
tions could  be  examined  within  the  context  of  addition  story  problems. 

The  inclusion  of  transformations  permitted  the  investigator  to  ex- 
plore whether  any  main  effect  or  interaction  would  occur  with  visual  cues 
A  number  of  studies  have  now  rather  clearly  established  that  the  differ 
ences  on  performances  on  part  part  whole  and  join  problems  arc  not  sta- 
tistically significant  within  age/grade  levels. 

C-iterion  scores  of  "exact"  and  »±1"  were  useful  in  Underbill  s 
(1986.)  study  in  explaining  differences  between  first  graders'  and 
kindergarteners'  performances.     Since  both  could  easily  be  collected, 
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this,  too,  was  used  m  an  independent  variable  to  attempt  to  explain  ob- 
aarvad  slailaritiaa  and  differences. 

Two  grada  l.vala  vara  includad  because  several  previous  studies  have 
observed  grada  l.val  differences,  and  thaaa  are  the  main  differences  this 
study  sought  to  clarify  and  axplain. 

Th.  l..t  variable  was  teat  administration.    It  was  conjecturad  that 
attention  la  probably  better  in  a  1:1  a.tting,  so  a  1:3  or  1:4  a.tting 
night  penait  collection  of  data  sought  on  the  other  variables  while  pro- 
viding an  opportunity  to  examine  this  conjecture. 


NKTHOO 


ERIC 

UMMimmmM 


Eighty-two  kindergarten  and  first  grade  children  were  tested  in  Oc- 
tober and  Noveaber  in  the  following  breakdown: 

41  kindergarteners,  41  first  graders 
82  tranafonsation,  82  non-transformation 
41  cues,  41  no  cues 
52  individual,  30  group 
82  exact,  82  ±1  criterion 

Uarnere  were  randomly  placed  in  administration  and  cue  treatment 
groups.    Each  individual  or  group  administration  consisted  of  four 
traneformational  (join)  and  four  non-transformational  (part  part  whole) 
addition  etory  problems  with  addends  of  2,  3,  4  or  5.    All  subjects  were 
in  full-face  view  of  the  researcher,  but  partitions  were  placed  between 
subjecte  in  the  group  edministration  settings  so  that  they  could  not  see 
one  another.    Each  child  had  a  basket  of  chips  which  she  waa  told  she  could 
use  if  she  wished.    Each  child  had  a  sheet  with  the  numerals  2  through 
13  written  in  approximate  2x2  squares.    Children  were  instructed  to  point 
to  (place  a  forefinger  on)  the  numeral  which  was  the  answer  to  each 
problem.    All  queetions  incorporated  wait  time  (pauses  of  3  seconds  after 
each  sentence) . 

Data  were  coded  as  follows  for  analyses: 

Variable,  Cfldinga 
*•  Grade  level  0)1 

B1>cl  Number  of  join  correct,  exact  0,1,2,3,4 

B1.C2  Number  of  join  correct,  n  i  7  o  u 

±1  criterion  - 

B2.C1  Number  of  PPW  correct,  exact  0,1,2,3,4 

B2.C2  Nun>'oor  of  PPW  correct,  0,1,2,3,4 

&78 
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±1  criterion 

D .  Cues 

E.  Administration 

ANALYSES  i  RE3ULT3 

A  three-way  ANOVA  using  ''exact"  scores  was  used  to  examine  the  ef- 
fects of  grade  level,  cues,  and  administration  on  addition  problem  solving 
success.    The  results  are  reported  In  Table  1. 


0,1 
0,1 


Table  1.    Three-way  ANOVA  using  EXACT  scores 


Sum  of 

D.F. 

Mean  Square 

F 

P 

Squares 

1341.47 

1 

1341.47 

649.47 

0.00 

41.94 

1 

41.94 

20.30 

0.00 

0.49 

1 

0.49 

0.24 

0.63 

0.84 

1 

0.84 

0.41 

0.53 

0.01 

1 

0.01 

0.00 

0.95 

1.11 

1 

1. 11 

0.54 

0.47 

0.00 

1 

0.00 

0.00 

0.98 

0.06 

1 

0.06 

0.03 

0.86 

152.85 

74 

2.07 

Source 
Mean 

Grade  (G) 
Cue  (C) 
Admin.  (A) 
GC 
GA 
CA 
GCA 
Error 

A  three-way  ANOVA  using  the  ±1  criterion  produced  the  same  set  of  results. 

Since  Grade  was  the  only  significant  main  effect  and  there  wore  no 
significant  interactions,  a  series  of  cell  comparisons  were  made  using 
Scheffe's  test  with  both  exact  and  ±1  criterion  to  examine  the  combina- 
tions of  these  three  variables  (grade,  cue,  administration)  on  transfor- 
mational and  non-transformational  problems  and  on  the  two  criterion 
levels.    None  were  significat  at  the  .05  level. 


DISCUSSION 


On  the  variable  ADMINISTRATION  there  wore  no  significant  main  effect 
or  interactions  either  within  or  across  grade  level.  It  appears  that  this 
variable  holds  little  promise  of  explaining  K,  1  differences. 

On  the  variable  TRANSFORMATION,  there  were  no  significant  main  ef- 
fect or  interactions  within  or  across  grade  level.  It  appears  that  this 
variable  also  holds  little  promise  of  explaining  K,  1  differences. 

On  the  variable  CUE,  the  results  of  this  study  agree  with  the  con- 
clusions reached  by  Brainerd  and  Kingma  (1985)  that  STM  and  working  r.0m.  ry 
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use  separata  resource*  and  that  eating  the  STM  load  for  information 
storage  doas  NOT  appear  to  enhance  the  information  processing  or  reasoning 
capability  of  young  learners,  ihis  finding  runs  counter  to  the  assumption 
uade  by  Pascual-Leone  and,  later,  by  Case  that  STM  and  information  proc- 
essing share  •  sat  of  scarce  resources  which  can  be  parceled. 

On  the  variable  SUCCESS  CRITEP.ION,  there  were  no  discernible  dif- 
ference which  help  explain  K,  1  differences.  Since  this  was  a  helpful 
distinction  in  Underbill's  1986a  study,  and  since  it  can  be  readily  en- 
ployed  within  existing  designs,  it  is  probably  useful  to  collect  these 
data  when  coopering  performances  across  age  levels. 

On  the  variable  GRADE,  one  can  only  conclude  from  this  study  that 
differences  do  exist  but  that  they  cannot  be  explained  by  transformations, 
cues,  success  criteria  or  administrations  in  groups  of  3  or  4  compared 
with  1:1. 
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DIDACTICAL  OBSTACLES  IN  THE  DEVELOPMENT  OF  THE  CONCEPTS 
OF  MULTIPLICATION  AND  DIVISION 
Brian  Greer 
Queen's  University,  Belfast 


Research  shows  that  children  at  secondary  school  have  many 
weaknesses  in  their  understanding  of  multiplication  and 
division  as  applied  to  (positive)  rational  numbers.     In  this 
paper  some  of  the  factcra  implicated  in  these  weaknesses 
are  discussed  and  alternative  pedagogical  strategies  for 
tackling  the  problem  are  outlined.     These  include  the 
possibility  of  developing  "secondary  intuitions"   (as  defined 
by  Fischbein) ,  the  fostering  of  metacognitive  awareness  of 
the  limitations  of  intuition  and  how  formal  methods  may 
allow  one  to  go  beyond  them,  the  exposure  and  discussion  of 
cognitive  conflict,  and  the  use  of  appropriate  situations 
within  which  to  introduce  the  extension  of  multiplication 
and  division  from  the  domain  of  positive  integers. 

Research  has  shown  that  many  children  and  adults  do  not  develop  adequate 
conceptualizations  of  multiplication  and  division  in  the  domain  of 
positive  rational  numbers.    Among  the  evidence  may  be  cited  the 
following: 

1.  Results  obtained  by  Mangan  (Greer  and  Mangan,  1986;  Mangan,  1986) 
showing  that  (i)  even  intelligent  adults  often  fail  to  choose  the 
correct  operation  for  word  problems  involving  multiplication  and 
division  when  the  combinations  of  numbers  involved  are  of  certain  types, 
and  (ii)  there  is  remarkable  consistency,  for  groups  ranging  from 
12-year-olds  to  elementary  teachers  in  training,  in  the  differential 
effects  for  different  number  types. 

2.  Demonstrations  among  secondary  school  pupils  of  non-conservation  of 
multiplication  and  division  (Greer,  19e7;  Greer  and  Mohan,  1986).  For 
example,  Greer  and  Mohan  found  that  a  substantial  proportion  of 
12-year-olds,  shown  a  word  problem  with  the  numbers  concealed  by  flaps, 
could  correctly  describe  which  operation  should  be  used  to  solve  the 
problem,  but  changed  their  choice  of  operation  when  the  numbers  were 
revealed  (the  numbers  were  chosen  so  that  they  were  likely  to  provoke 
misconceptions) . 
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A  replication  of  that  study  currently  being  analysed  showed  that  even 
when  the  initial  choice  of  operation  after  the  numbers  were  revealed  did 
not  change,  most  12-year-olds  and  many  of  the  15-year-olas  were 
susceptible  to  countersuggestion.  Specifically,  with  a  decimal  less  than 
1  as  operator,  discussion  about  the  size  of  the  result  relative  to  the 
operand  led  these  children  to  choose  the  inverse  of  the  operation  which 
they  had  (correctly)  nominated  when  the  numbers  were  unknown.  Initial 
impressions  suggest  that  a  higher  proportion  of  IS-year-olds  than 
12-year-olds  who  exibited  this  behaviour  were  aware  of  the 
contradiction  between  their  judgments. 

In  another  ongoing  study,  similar  manifestations  of  non-conservation 
have  been  found  with  rationals  less  than  1  written  as  fractions  rather 
than  decimals. 

In  this  paper  I  consider  some  of  the  didactical  obstacles  which  make  it 
difficult  for  children  to  extend  their  conceptions  of  multiplication  and 
division  from  the  domain  of  positive  integers  to  the  domain  of  positive 
rationals . 


OVtRGENER ALI 2AT ION  OF  RUIXS 


Extension  of  an  operation  defined  in  one  domain  to  a  more  general  domain 
is  a  characteristic  development  in  mathematics.  When  such  an  extension 
takes  place,  some  properties  which  hold  in  the  more  restricted  domain 
will  not  hold  in  the  more  general  domain,  and  this  is  a  natural  source 
of  errors,  particularly  when  rules  applicable  to  the  restricted  domain 
but  not  to  the  more  general  domain  are  strongly  entrenched.  Examples  of 
this,  in  the  case  of  multiplication  and  division,  are  the  misconceptions 
that  multiplication  makes  bigger  and  division  makes  smaller,  and  that 
division  is  always  of  the  larger  by  the  smaller.  No  great  theoretical 
sophistication  is  required  to  account  for  these;  to  quote  Thorndike 
(1922) :  "If  you  are  a  youngster  inexperienced  in  numerical  abstractions 
and  if  you  have  had  divide  connected  with  'make  smaller'  three  thousand 
times  and  never  once  connected  with  'make  bigger'  you  are  sure  to  be 
somehwat  impelled  to  make  the  number  smaller  the  three  thousand  and 
first  time  you  are  asked  to  divide". 


as:* 
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LINGUISTIC  ASPECTS 


There  are  some  specific  linguistic  aspects  implicated  in  the  errors 
children  make.  In  English,  "twelve  divided  into  three"  is  notoriously 
ambiguous.  In  problems  involving  intensive  quantities,  there  is  often 
confusion  between,  say,  "miles  per  hour"  and  "hours  per  mile"  or  between 
"miles  per  hour"  and  "miles".  Here,  however,  I  want  to  consider  a  more 
pervasive  influence  of  language.  To  my  mind,  there  is  a  fundamental 
difference  between  descriptions  of  situations  in  nature  language  and 
descriptions  in  mathematical  language.  Natural  language  descriptions  are 
designed  to  refer  to  particular  situations  which  obtain,  wherras 
mathematical  descriptions  are  designed  to  be  uniformly  applicable  to  all 
situations  (within  some  structured  class)  which  might  obtain.   (Is  it  too 
far-fetched  an  analogy  to  compare  this  to  the  difference  between 
concrete  and  formal  operational  thinking?) .  Think  of  the  situation  where 
a  photocopier  can  reproduce  a  page  and  either  enlarge  or  reduce  it.  Note 
that  last  phrase  -  "either  enlarge  or  reduce  it".  I  can  think  of  no 
single  word  which  covers  both  possibilities.  In  mathematics,  by 
contrast,  we  have  the  concept  of  multiplication  by  a  constant  positive 
rational,  irrespective  of  its  size.  On  the  photocopier  I  use,  there  is  a 
single  control  which  allows  you  to  set  an  enlargement  factor  at  any 
value  between  0.B2  and  1.55  (by  steps  of  0.01).  Similarly,  it  is  not 
necessary  in  a  computer  program  for  working  out  cost  given  unit  price 
and  quantity  to  check  if  the  quantity  is  greater  than  or  less  than  1 
unit.  It  is  clear,  however,  that  many  children  (and  adults)  do  not  have 
this  unified  conception  of  a  change  in  size.  Rather,  they  think  in  terms 
of  either  making  bigger,  which  is  connected  with  multiplication  (and 
addition)  or  making  smaller,  which  is  connected  with  division  (and 
subtraction) .  Multiplying  or  dividing  by  a  number  less  than  1  is  a 
"different"  case  -  children  often  say  as  much. 


The  problems  children  have  are  exacerbated  by  teaching  which 
concentrates  on  extension  of  the  algorithms  for  computation  while  paying 
no  attention  to  extension  of  the  conceptualization.  The  algorithms  are 
offen  presented  in  a  way  which  emphasizes  their  similarity  to  those  for 
integer  multiplication  and  division,  either  by  converting  the  problems  to 
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an  equivalent  one  involving  only  integers,  or  by  having  some  rule  for 
the  final  positioning  of  the  decimal  point.  Results  from  studies  where 
children  have  been  presented  with  calculations,  and  asked  to  write 
stories  which  those  calculations  model,  show  that  very  often  children 
are  taught  calculations  with  no  idea  of  any  situation  in  which  they 
would  want  to  do  those  calculations.  Conceptualizations  of  the 
operations  are  often  confounded  with  computational  considerations.  For 
example,  a  teacher  said  to  one  of  my  students  recently  that  you  cannot 
multiply  by  three-quarters  -  what  you  do  is  multiply  by  3  and  then 
divide  by  4 . 

Even  the  notation  used  for  division  has  been  found  to  have  an  effect.  In 
a  choice-of -operation  experiment  a  comparison  was  made  between  one  group 
of  subjects  who  had  to  choose  the  calculation  from,  say: 

8.2  +  3  8.2  +  3        8.2  -  3  8.2  X    3  3  +  8.2 

and  another  group  who  had  to  choose  from: 

3  JiT  8.2  8.2  8.2  8.2^ 

_J_i  -  3  X  3 

It  was  found  that  for  partitive  division  problems,  relatively  higher 
percentages  of  correct  choices  were  made  for  the  first  of  these,  while 
for  quotitive  division  problems,  relatively  higher  percentages  of 
correct  choices  were  made  for  the  second  type. 

THE  PEDAGOGICAL  DILEMMA 

Fischbein,  Deri,  Nello  and  Marino  (1985)   identify  a  general  dilemma 
facing  mathematics  teachers.  For  any  mathematical  concept,  it  seems 
inevitable  that  the  early  conceptualizations  of  that  concept  (either 
historically  or  ontogenetically)  will  be  based  on  intuitions  derived 
from  practical  experience.  Such  intuitive  conceptualization  is  essential 
for  initial  understanding.  However,  when  it  becomes  necessary  to  extend 
the  concept  to  make  it  more  general,  more  abstract,  or  more  formal,  the 
intuitive  models  continue  to  tacitly  affect  one's  thinking.  With  respect 
specifically  to  multiplication  and  division,  Fischbein  et  al  contend 
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that  performance  on  choice-of-operation  tasks  is  tacitly  mediated  by 


primitive  models  -  ropcated  addition  for  multiplication,  partition  and 


It  nay  be  possible  to  extend  intuitions.  Flschbein,  in  this  regard, 
refers  to  "secondary  intuitions".   (There  are  cases,  for  example,  of 
individuals  who  have  been  able  to  think  spatially  in  four  dimensions). 
Thus,  it  night  be  possible  to  develop  the  intuitive  conceptualization  of 
multiplication  and  division  so  that  the  choice  of  operation  for  the 
problem!  "0.932  kilograms  of  cheese  cost  $2.50.  How  much  is  the  cheese 
per  kilogram?"  would  be  as  intuitively  obvious  as  if  the  quantity  had 
been  2  kilograms.  However,  evidence  from  an  experiment  with  university 
students  majoring  in  mathematics  (Mangan,  1986)  suggests  that  this 
rarely,  if  ever,  happens  spontaneously.  When  such  students  were  shown 
word  problems  on  a  computer  screen,  and  required  to  choose  the 
appropriate  operation,  from  5  alternatives  displayed,  within  8  seconds, 
the  usual  patterns  of  results  were  found,  namely  that  problems  in  which 
the  operator  was  a  decimal  less  than  i  led  to  more  errors,  or  when 
answered  correctly,  required  more  time. 

An  alternative  approach  advocated  by  Flschbein  is  broadly  metacognitive. 
The  idea  is  "to  attempt  to  provide  learners  with  efficient  mental 
strategies  that  would  enable  them  to  control  the  impact  of  these 
primitive  models"   (Flschbein,  Deri,  Ncllo  and  Marino,  1985,  p. 16).  One 
general  strategy  along  these  lines  would  be  to  teach  pupils  to  be  aware 
of  the  limitations  of  intuition,  to  be  able  to  recognize  the  "danger 
signals"  and  switch  to  more  powerful  formal  methods  which  (to  borrow  a 
metaphor  Bruner  applied  to  language)  are  likely  prosthetic  devices.  Thus, 
the  university  students  referred  to  above  would  (presumably)  have  made 
very  few  mistakes  given  enough  time  because  they  could  have  resorted  to 
algebraic  formulae  (say  for  speed/distance/time  problems)  or  the 
"easy-number  strategy". 

Flschbein  advocates  also  the  exposure  and  discussion  of  conflict  between 
judgments  based  on  intuitions  and  results  obtained  through  formal 
methods.  This  approach  has  been  used  in  teaching  experiments  by  Alan 


quotltion  for  division. 
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Bell  and  others  at  the  Shell  Centre  in  Nottingham  (e.g.  Swan,  19UJ) .  The 
task  used  in  the  non-conservation  tasks  described  at  the  begi.nni.nq, 
where  the  numbers  in  the  problem  are  initially  hidden,  hat;  proved  an 
effective  way  of  exposing  conflict  and  further  work  with  this  situation 
might  extend  it  from  a  research  methodology  to  a  pedagogical  method. 

A  different  approach  (which  might  help  to  produce  the  "secondary 
intuitions"  referred  to  above)  is  to  introduce  the  extension  of 
multiplication  and  division  from  the  integer  domain  to  the  domain  of 
positive  rattonals  within  suitable  contexts,  in  the  spirit  of  Semadeni's 
(198<1)  "principle  of  concrotis-.ation  permanence". 
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PRACTICAL  WORK  AND  FORMAL  I  SAT  ION,  TOO  GREAT  A  GAP 
K.M.  Hart,    Nuffield  Secondary  Mathematics 


'Children's  Mathematical  Frameworks'  (CMF)  was  designed  to 
monitor  the  transition  from  learning  through  using  concrete 
materials  to  employing  a  symbolic,  formal  mathematical 
system.    It  followed  the  research  projects  CSMS  and  SESM  at 
Chelsea  College,  which  had  shown  that  many  secondary 
school  pupils  do  not  adopt  the  general isable  methods  of 
solving  examples,  taught  in  the  secondary  school  but 
instead  cling  to  more  naive  methods.    Volunteer  teachers 
prepared  teaching  schemes  which  used  practical  work  to 
lead-up  to  a  forma li sat  I on.    The  lessons  in  which  the 
formalisation  was  verbalised  were  recorded.    This  paper 
describes  what  took  place  in  seven  classes  when  a)  the 
subtraction  algorithm  and  b)  equivalent  fractions  were 
introduced  symbolically. 
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Children's  Mathematical  frameworks  (CHF)  was  a  research  project  based 
at  Chelsea  College,  University  of  London  from  1983  to  IWj.    It  was 
designed  to  monitor  the  transition  between  learning  mathematics  from 
practical  or  concrete  work  to  using  formalised  (mainly  symbolic) 
mathematics.    The  theories  of  Piayet  which  distinguish  between 
concrete  operations  and  formal  level  thinking  have  led  to  the 
acceptance  by  many  British  teachers  of  d  method  of  teaching  which  is 
based  on  the  provision  of  concrete  experiences,    the  particular  use 
of  'concrete'  materials  investigated  in  CMF  was  when  the  experiences 
were  structured  to  lead  to  a  generalisation  which  could  be  verbalised 
and  made  symbolic.    Previous  research  at  Chelsea  (CSMS,  StSM)  had 
shown  that  many  secondary  school  children  ignore  the  general isable 
methods  of  solving  mathematical  questions  they  are  taught  in  the 
secondary  school  and  instead  revert  to  the  more  naive  strategies  Un-y 
were  taught  in  the  primary  school.    Often  these  same  children  invent 
'child  methods'  which  are  limited  in  application  arul  depend  on 
counting,  addition  and  whole  numbers.    The  CHF  research  was  designed 
to  provide  information  on  the  reaction  of  children  aged  H  1 3  year 
the  introduction  of  general isable  methods,  rules  or  formulae. 


to 


The  research  was  influenced  by  the  theory  ot  Piaget  and  more 
particularly  by  teachers'  interpretation  of  this  theory.    However,  thr 
results  of  CSMS  and  StSH  had  led  us  to  consider  the  'framework  of 
knowledge'  suggested  by  Ausubol  and  to  expect  a  novice  learner  who 
might  initially  be  functioning  in  a  manner  which  could  he  described 
as  concrete  thinking  to  progress  to  more  powerful  frameworks  ot 
knowledge  after  long  term  instruction. 

The  methodology  of  CMF  involved  observation  of  classes  and  1-1 
interviews  with  children  before  and  after  they  wen;  supposed  to  have 
made  the  transition  between  practical  wi.rk  and  formal  l  sat  ion.  A 
"formal isaticn"  in  this  context  means  a  rule,  formula  or  general 
method  which  can  be  applied  to  a  variety  ot  mathematical  examples 
(albeit  m  a  limited  tuple  area),    fach  teacher  who  took  part  in  the 
research  was  intended  in  the  teaching  of  mathematics  and  was  in 
the  process  of  obtaining  furl  her  qualifications  in  mathematics 
education  (a  diploma  or  masters'  degree).    The  '.chew  of  work  and 
methods  of  teaching  t>.  !«•  employed  were  given  'onsrJerable  thought, 
by  the  teacher  and  we.v  nut  changed  by  the  research  team.  They 
reflected  the  teacmrs'  uest  efforts  at  teaching  for  understanding, 
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moving  from  practical  work  to  formal i sat  ion. 

Six  children  In  each  class  inking  part  In  the  research  were 
interviewed  before  the  teaching  started,  at  the  end  of  the  practical 
work,  just  after  the  lesson  in  which  the  formal i sat  ion  was  stated  and 
three  months  later.    The  interview  questions  were  designed  to  find  out 
whether  the  children  had  i)  adopted  the  methods  they  were  taught, 
li)  gained  understanding  because  of  the  Introductory  'concrete'  phase 
and  iil)  appreciated  a  connection  between  the  two  phases  and  had  a 
positive  attitude  to  this  style  of  teaching,    (he  results  showed 
overwhelmingly  that  the  recipients  of  a  series  of  practical 
experif.nces,  leading  up  to  a  formal  i  sat  ion  did  not  appreciate  that 
the  latter  was  a  synthesis  of  the  former.    The  most  they  could  ol for 
in  explanation  of  a  connection  was  that  using  a  rule  was  'quicker'. 
Two  reasons  for  this  discontinuity  might  bo  that  the  two  typos  of 
experience  were  so  fundamentally  different  that  a  third  'bridging' 
procedure  was  needed  or  that  the  teacher  did   not  emphasise  tic 
connection  between  the  practical  and  formal.    The  dat  included 
transcripts  of  the  teacher's  statements  in  the  '1 ormalisatkin' 
le^son(s)  In  which  the  practical  experiences  were  brought  together 
and  a  verbal  or  symbolic  generalisation  provided  so  that  subsequent \y 
the  child  was  expected  to  work  with  tins  format.    A  researcher  was 
present  at  all  such  lessons  and  besides  tape-recording  the  teacher 
she  made  notes  of  diagrams  or  other  visual  aids  provided  for  the 
children.    This  paper  gives  a  description  of  the  teachers'  approach  to 
the  formal isation  and  the  reasons  given  to  the  children  fur  Its 
adoption.    The   CM"-"  research  monitored  the  teaching  of  area  of  a 
rectangle,  volume  of  a  cuboid,  enlargement,  algebraic  equations, 
circumference  of  a  circle,  equivalent  fractions  and  the  subtraction 
algorithm  (involving  decomposition  and  place  value).    Imported  here 
are  the  'formal isation'  lessons  In  the  last  two  topics. 

SUBTRACTION  AND  PLACE  VALUE 
Sample:    Teacher.  A  with  25  children  aged  8-9  years. 

Teacher  B  with  two  groups  of  eiqht  children  aged  9  years 
(thought  to  be  'ready1). 

Teacher  C  with  nine  12  year  olds  considered  to  be  in  need  of 
remedial  work. 

The  period  devoted  to  practical  work  varied  according  to  the  teacher's 
wishes.    Teacher  8  spent  two  hours  a  week  for  nine  weeks  leading  up  to 
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the  symbolic  form  of  the  subtraction  algorithm  for  three  digits 
whereas  Teacher  C  only  spent  forty  similes  a  day  for  eight  days  on 
the  task  (his  pupils  had,  however,  been  taught  the  topic  previously). 
The  three  teachers  emphasised  the  exchange  of  tens  for  units  etc.  and 
in  each  case  the  meaning  given  to  'subtraction'  was  removal  or  'take 
away ' . 

Teacher  A  used  Unifix  material  with  his  class  and  his  intention  was 
that  the  pupils  learn  the  algorithm  for  subtraction  of  two  digit 
numbers  with  decomposition.    In  the  'formalisation'  lesson  the 
children  were  provided  with  unifix  and  a  large  sheet  of  paper  on 
which  the  letters  T  (tens)  and  U  (units)  were  written.    The  children 
were  asked  to  set  out,  using  bricks,  the  top  line  of  a  subtraction 
question  written  on  the  blackboard  (42-19).    The  teacher  manipulated 
figures  on  tne  blackboard  explaining  that  a  'ten'  was  to  be  chared, 
whilst  the  children  moved  a  column  of  ten  bricks  to  the  part  of  their 
paper  labelled  U.    The  teacher  additionally  drew  a  picture  to 
represent  the  bricks.    After  three  such  examples  the  bricks  were 
collected  and  the  children  and  teacher  worked  symbolically. 
The  teacher's  comments  and  questions  guided  the  order  of  events  and 
the  children  were  encouraged  to  go  through  certain  mental  procedures 
described  as  'questions  we  should  ask  ourselves'.    These  questions 
were  couched  in  formal  language  and  repeated  in  the  same  form  by  the 
children,  e.g.  Richard  said  "you  ask  yourself,  can  you  take  nine  units 
from  five  units".    After  dealing  with  three  examples  in  this  way  the 
children  were  given  further  examples  to  do  on  their  own. 
The  transition  method  employed  by  the  teacher  was  essentially  that 
of  using  the  materials  to  enact  the  algorithm.    At  no  time  did 
teacher  A  say  why  the  class  was  engaged  in  this  activity. 
Teacher  B  taught  two  groups  of  children  who  were  withdrawn  from  their 
classes  and  who  were  considered  to  be  at  the  same  level  of  attainment 
and  equally  ready  to  learn  the  subtraction  algorithm  for  three  digit 
numbers.    He  spent  two  lessons  of  nearly  an  hour,  to  formal ise  the 
algorithm,  with  each  group  of  children.    In  each  case  his  review  of 
previous  work  was  wide-ranging,  led  from  the  blackboard  and  mainly 
verbal.    The  children  were  asked  (j)  to  think  about  the  significance 
of  the  place  in  which  a  digit  was  written,  (ii)  to  do  addition 
examples  together  and  (Hi)  when  manipulating  figures  in  the  'ten' 
column  they  were  asked  to  say  'twenty  instead  of  'two'.    Again  the 
children  were  encouraged  to  use  special  vocabulary  such  as  'the 
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carry jng  figure';    this  was  at  variance  with  the  general  linguistic 
style  of  the  teacher,  which  was  very  casual.    The  groups  had  used  a 
variety  of  materials  in  the  previous  nine  weeks,  including  Dienes 
Multibase  base  ten.    This  material  was  mentioned  by  the  teacher  and 
the  children  were  asked  to  remember  how  a  'ten'  had  been  broken  down 
into  'ones'  etc.  but  no  material  was  handled  during  the  two 
formalisation  lessons.    The  link  between  the  two  forms  of  experience 
was  not  specifically  stated  by  teacher  B  nor  was  a  reason  given  for 
learning  the  rule. 

Teacher  C's  pupils  had  been  taught  the  algorithm  before  but  the 
teacher  felt  that  they  should  be  given  Dienes'  multibase  material  ,nd 
build  up  to  the  algorithm  for  three  digit  numbers  again.    He  often 
told  the  class  that  their  understanding  would  be  improved  by  using 
the  bricks.    At  the  start  of  the  formalisation  lesson  teacher  C  asked 
the  children  to  lay  out  Dienes'  bricks  to  represent  the  two  lines  of 
figures  in  the  subtraction  62-19.    However,  the  bottom  array  of 
material  was  not  used  and  on  one  occasion  it  provided  exchange  for 
the  ten  units  needed  at  'the  top'.    The  children  were  then  talked 
through  the  solution  to  the  question  using  bricks,  including  the 
removal  of  a  ten  brick  first  (which  does  not  match  the  algorithm). 
Next  the  teacher  talked  through  the  algorithmic  method,  writing  on 
the  board  whilst  the  pupils  manipulated  the  bricks  in  their  display 
to  match  the  verbal  description  and  provided  answers  to  factual 
questions  concerning  number  bonds.    Finally  written  examples  were 
given  to  the  children  and  they  were  told  to  put  away  the  bricks  and 
write  in  their  books.    Teacher  C  walked  round  the  class  offering 
advice  and  if  a  child  was  finding  the  subtraction  example  difficult 
he  was  encouraged  to  attempt  a  solution  using  bricks.    Both  child  and 
teacher,  however,  when  manipulating  the  materials,  sometimes 
removed  from  the  left  rather  than  the  right  (which  is  fundamental  in 
the  algorithm).    Teacher  C  often  appealed  to  the  superiority  of 
demonstration  using  the  material.    He  explained  the  algorithm  was 
needed  because  the  bricks  were  too  cumbersome  to  carry  around 
The  three  teachers  adopted  different  methods  of  introducing  the 
transition  from  materials  to  symbolism  but  none  of  them  described 
what  was  happening  as  a  summing-up  of  the  previous  experiences  nor 
did  they  mention  the  general isability  of  the  algorithm. 
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EQUIVALENT  FRACTIONS 

Sample:    Teacher  0  with  33  children  aged  10-11  years. 

Teacher  E  with  more  than  20  pupils  aged  11-12  years 

(assigned  to  the  top  attainment  set). 

Teacher  F  with  more  than  20  pupils  aged  11-12  years 

(assigned  to  the  bottom  attainment  set). 
The  two  secondary  school  classes  were  the  top  and  bottom  sets  in  the 
first  year  of  a  comprehensive  school  which  took  children  from  the 
primary  school  of  teacher  0.    This  fact  was  important  in  that  the 
primary  school  teacher  stated  that  although  some  members  of  the  class 
did  not  grasp  the  rule  during  this  teaching  sequence,  they  would 
"get  it  again"  in  the  secondary  school.    The  secondary  school  teachers 
devoted  five  lessons  to  the  topic;    during  this  time  teacher  E  also 
introduced  addition  of  fractions.    The  attainment  profiles  of  the 
groups  interviewed  were  very  similar  and  very  few  of  these  18  children 
used  a  multiplicative  method  to  generate  equivalent  fractions  after 
the  forma li sat  ion  lessons  although  this  was  taught  by  all  three 
teachers. 

Teacher  0  was  determined  to  provide  more  than  one  embodiment,  so  the 
children  had  cut-out  and  shaded  regions  of  circles  and  rectangles, 
worked  with  a  fraction  wall  and  for  homework  found  fractions  of  a  set 
of  drawn  'apples'.    During  the  formal isation  lesson  they  used 
cuesenaire  rods  or  colour-factor  rods  to  form  a  fraction  wall  and  a 
set  of  counters.    The  teacher  had  provided,  however,  a  definition  of 
a  fraction  (which  the  children  were  supposed  to  know),  which  did  not 
immediately  match  the  material  e.g. 
[Teacher:    T;    Pupil:  P] 

T.  Say  I  wrote  up  one  sixth,  that's  writing  it  in  numbers.  On 
your  sheet  I  wrote  it  in  words,    Now  what  does  that  actually 
mean? 

P.  One  of  six  equal  pieces  that  make  a  whole  one. 
T.  Now  if  you  look  at  our  whole  one  this  time,  it's  this  group 
of  apples... 

During  the  two  formal isation  lessons  the  teacher  built  up  'fraction 
families'  by  asking  the  children  to  show  the  material  form  of  a 
fraction  and  then  to  display  another  fraction  which  she  knew  was 
equivalent  (all  the  examples  were  based  on  factors  of  12).    On  the 
blackboard,  the  teacher  wrote,  in  symbols,  the  fractions  which 
appeared  to  be  represented  by  the  same  amount  of  material.  The 
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transition  appeared  to  be  the  formulation  of  a  rule  obtained  from 
looking  at  the  array  of   fractions  "What  sorts  of  things  do  you 
notice  between  those,  those  answers?   Surely  everybody  noticed 
something,  didn't  they?".    This  general  request  produced  non- 
multiplicative  relationships  (e.g.  "Each  answer  goes  up  1,  2,  3") 
besides  the  one  being  sought.    A  child  suggested  the  top  and  bottom 
number  could  be  multiplied  by  another  number  to  provide  another 
fraction  in  'the  family'.    The  teacher  hinted   that  this  way  was 
'quicker'  and  showed  by  multiplying,  with  the  help  of  the  class,  that 
the  fractions  written  on  the  blackboard  could  be  obtained  from  each 
other  by  multiplication.    The  fact  that  multiplication  did  not  in 
this  case  enlarge  the  amount  was  not  mentioned  and  since  the  teaching 
of  multiplication  of  fractions  comes  much  later  in  British  textbooks, 
multiplication  by  unity  was  not  mentioned  either.    Other  examples, 
not  modelled  with  bricks,  were  solved  by  recourse  to  multiplication. 
The  rule  became  much  stronger  as  'what  you  do  to  the  top,  you  must  do 
to  the  bottom'  and  in  this  form  was  used  to  correct  David's  view  of 
the  relationship  between  equivalents  being  subtraction. 
In  the  second  lesson  rods  were  used  to  show  equivalent  amounts  and 
again  the  fraction  forms  were  written  on  the  board.    A  child  suggested 
one  might  obtain  one  fraction  from  another  by  division  and  the  rest 
of  the  lesson  was  concerned  with  the  mechanics  of  division.  In 
summary  teacher  0  obtained  a  set  of  equivalent  amounts  of  material, 
wrote  the  symbolic  names  for  these  and  then  from  a  list  required  the 
children  to  state  a  relationship.    From  this  was  stated  a  rule.  The 
gap  between  the  two  types  of  experience  can  be  seen  if  one  asks 
whether  it  is  feasible  to  ask  the  child  to  set  up  the  bricks  or 
counters  which  will  show  an  equivalent  to  3/7  if  the  child  does  not 
already  know  one. 

The  secondary  school  teacher  of  the  highest  attaining  set,  let  it  be 
known  that  there  were  certain  types  of  fraction  or  reply  that  he 
'liked'  and  others  that  he  considered  crude  or  "harder  to  understand". 
Thus,  he  usually  required  fractions  to  be  given  in  their  lowest  terms. 
The  formal isation  lesson  recorded  was  concerned  with  the  provision  of 
a  method  of  addition  for  two  fractions  with  different  denominators. 
The  equivalence  of  fractions  was  assumed  knowledge  but  if  a  child 
had  difficulty  in  naming  a  fraction  the  teacher  mentioned  'a  cake'. 
The  cake  was  not  necessarily  drawn  on  the  board  but  when  it  was,  the 
diagram  was  inaccurate  and  to  show  something  already  known  rather 
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than  to  demonstrate  and  'prove'.    The  addition  routine  being  taught 
was  a  more  general  method  than  the  two  previously  in  use  and  could 
have  replaced  them,  but  this  fact  was  not  mentioned  by  teacher  E. 
When  equivalent  fractions  were  to  be  used  the  fractions  were  set  out 
as  follows  and  the  process  was  concerned  with  division:  -  +  ^  =  —yf~ 
Teacher  F's  class  was  recorded  when  he  taught  the  formal  method 
for  finding  equivalent  fractions  by  multiplication.    The  first  part 
of  the  lesson  was  devoted  to  children  stating  the  number  that  was 
written  in  the  denominator  to  label  the  drawing  of  a  part  of  a  'cake'. 
Other  ways  of  partitioning  were  shown  on  other  'cakes'  and  the 
amount  to  be  eaten  was  mentioned  "In  all  those  four  examples  I've 
taken  the  same  size  cake  every  time".    I've  split  it  up  differently, 
but  in  each  case  you're  getting  the  same  amount  of  cake.  You're 
having  to  eat  as  much  cake  in  that  one  -  it's  one  large  piece,  as  you 
are  in  this  one,  two  smaller  pieces  The  link  to  the  rule  is 

stated  by  the  teacher  as  "How  many  times  as  many  parts  did  I  split 
this  one  up  into?"  followed  by  ...  "So  we're  having  to  multiply  the 
top  number  by  2  as  well".    The  teacher  wrote  1x4  which  was  in  itself 

a  new  form  of  notation  as  previously  \  was  the  name  for  a  slice  of 
cake. 

CONCLUSIONS 

The  reason  for  the  rule  or  algorithm  being  taught  was  not  mentioned  by 
any  teacher  except  as  being  a  quicker  or  convenient  method.  The 
bridge  between  the  two  types  of  experience  received  little  attention, 
which  is  not  necessarily  the  fault  of  the  teacher  since  this  stage 
is  not  mentioned  in  most  school  textbooks.    The  novice  learner  was 
assumed  to  possess  quite  a  sophisticated  knowledge  of  modelling  and 
in  particular  what  might  be  relevant  when  one  moved  from  a  model  to 
symbols  and  vice  versa. 
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INTRODUCTION :  CURTURAL  DIFFERENCES 


r"        n"i0nal  Pr°jeCt  inVeati«ati"«  '-els  of  understand!,*  i„ 
«  e„t,ca  at  junior  secondary  level   .n  Ta.wan(  gtudy  ^ 

student,  undemanding  of  ratio.  ^  ^tati^  of  the  CSMS  methodo- 
logy and  ratio  te.t  („is.ing  value  problems.     Hart(198|)(  r 

rtth  an  adaptation    of    Noelting's    orange    juice    test  (compariso„ 
pr-bl*.,  N0elti„g(  ,580  )       uere  uaed.     SempUBg  cQmpieted 

Procedure  (O  atratified  geographically  Taiwan  region  into  „  strata, 
Ut)  slmple  random  aaapli„g  SOBe  number  of  achoola 

each  statu,  according  to  the  proportion  of  population.     A  final  total 

v     T" old  Here  reteated  o,le  year  after  to    ^  —1 

!  "  °f  U"d—di"«  *«ch  was  built  in  the  initial  investigation. 
*  the  mtention  of  the  Taiwan  study  uas  not  to  i„vestigate  cLral 
differences  between  Taiwan  and  the  U  K       ,,.>„„,.,.„  , 

_  .  U.K.,    nevertheless  comparison  of 

Ta.wan  results  with  those    of    the    CSMS    study    showed    both  sorae 
interring  sirailaritiea  and  discrepancies  which  seened    to  warrant 
^rther  investigation. 

To  begin  with,  the  Taiwan  results  showed  a  general     consistency  wich 
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the  CSMS  data  in  terms  of  the  hierarchical  grouping  and  sequencing  of 
items  in  h  levels  of  understanding  Ikin.Bt . al , 1986) .    This  indicates 
that  Taiwan  children  progress  through  essentially  the  same  levels  in 
terms  of   items  successfully  answered  as  do  their  British  counterparts. 
However,   the  Taiwan  findings  differed  from  those     of     CSMS     in  the 
following  aspects  (see  Fig. I): 


CSMS 


facility 
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II 


Taiwan 
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111 
II 
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, :  Item  at  the  same  level 
In  both  study 
A.Q.O  :   ltem  at  a  different  level 
X  :   Item  only  included  In 
Taiwan  study 


1 .  Differences  in  item  facilicity. 
The  item  examplifying  this  most 
noticeably  was  the  recipe  ques- 
tion, given  the  amounts  for  eight 
people,  to  ask  for  the  amounts 
for  six  people,  (ref.  A     in  Fig.U. 
where  only     60%     of     the  Taiwan 
sample  solved  this  correctly, 
compared  with  85%  of  the  British 
sample.       The     CSMS  analysis 
indicated  that   this     item  was 
"easy"  for  the  British  children 
because   they  were  able  to  solve 
it  by  the  use  of   informal  "child 
-methods"     (Hart,  198  1).  The 
relatively  difficulty  of  the  item 
in  the  Taiwan  sample  then  fore 


suggested  that  perhaps  Taiwan  children  did  not  use  the  same  kind  of 
strategies.     This  suggestion  receives  support   from  the  fact  that 
the   level    I   items  were  generally  more  difficult     for     the  Taiwan 
sample  than  for  the  U.K.. 
2.   Illusion  or  oil  usijtsa  i"  the  Taiwan  levels  of  understanding 
defined,  whereas  some  items  were  excluded  from  the  CSMS  levels. 
Krou,  the  point  ot  view  of  the  mathematical  nature     of     the  items 
,xeh,ded  by  CSMS ,   there  appeared  to  he  no  obvious  reason  why  these 
should  he  omitted.     IhU  observation  may  also  suggest   that  Taiwan 
students  performance  Uts  more  closely  to  "mathematical  expectation" 
than  does  that  of  the  British  students. 
J.  Narrower  fJjEim*_£l!r^j!ii^^  ^  l*  "M 

difference  in  the  facility  bands  defining  the  k  levels  of  underst- 
and,,^, with  the  Taiwan   levels  spanning     a     narrower     total  range 
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than  did  the  CSMS  levels.     This  shows  that  the  items  corresponding 
level   I  were  relatively  more  difficult  for  the  Taiwan  students  and 
that  a  higher  percentage  (9-13?  more)  were  failing  to  attain  this 
level,  but  that  each  of  the  other  levels    2    to  4    was  relatively 
easier,  with  a  substantially  higher  number    of    Taiwan  students 
(  I0-20X  more)  performing  at   level  4  than  reported  for  the  British 
sample. 

4.  Also  of  interest  was  the  lack  of  Rap  between  levels  I  and  2  in  the 
Taiwan  data,  showing  that  once  Taiwan  students  have  attained  level 
1,  it  is  substantially  easier  for  them  to  progress  through  the 
remaining  levels  than  it  is  for  the  British  children.  The  reasons 
as  to  why  this  may  be  so  seemed  to  require  further  investigation. 


QUESTIONS 


It  was  therefore  thought  uoeful  to  examine  three  questions: 

1.  Why  is  it  harder  for  Taiwan  students  to  succeed    on    the     level  I 
items? 

2.  Why  is  it  easier  for  Taiwan  students  to  succeed    on    the     level  4 
items? 

3.  What  are  the  difficulties  of  lower  level  student  in  solving  higher 
level  ii_ems? 

The  first  question  is  being  reported  upon  elsewhere  (Lin  &  Booth,  in 
preparation);   this  paper  takes  as  its  focus  the  second  question.  From 
developmental  point  of  view,   it  is  also  necessary  to  consider  level  3 
students'   performence  to  approach  the  sr-ond  question. 


APPROACH  and  METHODOLOGY 


In  discussing  the  different   levels  of  understanding,   the  CSMS  project 
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placed  considerable  emphasis  on  the  nature    o£     the    methods  which 
students  used  in  solving  the  different  level  items.     This    issue  of 
method  used  is  of  particular  importance  in  the  case  of  the  vatio  test 
items,  since  examination  of  the  test  shows  that  most  items  can  be 
successfully  handled  by  knowledge  and  application  of  the  formal  rule 

2  -  £  .     In  the  case  of  CSMS  research,  Hart  (1981)  reported  that 
b  d 

"there  was  little  evidence  that  the  taught  rule  was  remembered  and 
used  by  the  children";  and  "no  child  quoted  the  unitary  method"  in  the 
interviews.     "In  fact  most  children  on  interview  changed  the  method 
they  used  continuously,  adapting  to  what  they  saw  as  the  demand  of  the 
question.     Generally  they  avoided  multiplying  by  a  fraction  and  tended 
to  build  up  and  answer  in  small  segments,  adding  them  together  at  the 
end".     The  methods  the  Taiwan  students  used  are  quite  different  from 
the  above  description.     It  was  therefore  thought  useful  to  examine  the 
nature  of  the  methods  used  by  Taiwan  students  in  handling  the  ratio 
test  items.     The  examination  was  carried  out  by  two  steps. 

1 .  Data  Ana lys is 

(i)  analysing  the  frequency  of  different  methods  used  to  solve  each 
item  by  level  3  and  U  students  from  retested  data,    which  has 
better  coding  than  the  initial  data. 

(ii)  analysing  the  association  between  Noclting's  cognitive  stages 
and  the  understanding  levels  in  ratio  with  retested  data. 

2.  Interviewing 

(i)  identified  samples  of  level  3  and  h  by  CSMS  test. 

(ii)  interviewing  with  Noelting's  orange  juice  test. 

(iii)  interviewing  with  a  non-ratio  missing  value  problem  (Markovits, 
et.al.1986),  the  "Truck  Problem":  given  the  total  weight  of  a 
truck  with  3  tons  of  goods,   to  find  the  total  weight  of  this 
tvuck  with  6  tons  of  goods. 

Taiwan  data  showed  that  there  are  Hi,  29%,  '.6%,  and  klX  of  level  3 
students  used  a  wrong  "addit.on  strategy"  to  solve  Mr.  short  problem 
and  non-integer  multiplier  enlargement  items  in  CSMS  test,  one  L- shape 
and  twoK-3hapes  respectively.     The  reasons  as  to  why  those  students 
fall  back  to  "addition  strategy"  became  our  major  concern      while  we 
investigated  the  difficulties  of  level  3  students  in  solving  level  h 
items.     Six  samples  of  this  type     of     level     3     students    were  then 
i  nterv  iewed. 
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RESULTS 


A.  level  4  students'  performance 

•  They  have  learned  and  known  how  to  apply  formal  procedures,  formula/ 
multiplier/unitary  method,  to  different  number  structures  and  con- 
texts.    80%-907.  of  them  solved  4/5-5/6  of  items  In  each  level  by 
those  multiplicative  strategies. 

•  More  than  half  of  them  have  tendency  of  switching  one  method  to 
another  In  terms  of  different  situations.    There  are  407./77. /07.  of 
15  yeara  old  group  used  f ormula/mul tlpl ler /unl tary  method  consis- 
tently to  solve  more  than  2/3  of  alt  items.     For  14  years  old 
group,  the  corresponding  percentages  are  10/32/2.     15  years  old 
group  have  received  formal  rule  teaching,  14  years  old  group  haven't. 

•  They  have  strong  tendency  of  using  one  single  method  to  solve  ltuno  of 
different  number  structures  In  a  context.     Each  student   In  the 
interviews  applied  only  a  single  strategy  to  solve  all  Noeltlng's 
orange  juice  problem.     The  more  advanced  ability  of  choosing  the 
"easier"  ratio  between  scalar  and  functional  ratio  (Karplus  et  al, 
1983)  was  not  observed  in  this  context. 

•  They  have  good  ability  of  writing  readable  procedures.     Only  4-107. 
of  their  correct  answers  In  each  Item  can't  be  Identified  by  our 
coding  system. 

•  The  ability  of  differentiating  ratlc  relation  from  non-ratio  rela- 
tion Is  relatively  good.  Most  students  on  interview  explained  the 
truck  problem  correctly. 

•  Most  of  them  are  at  late  formal  stage.     787.  of  1599  retested  samples 
are  In  Noeltlng's  stage  3B. 

B-  Level  3  students'  performance  and  learning  difficulties 

•  Most  of  them  can  apply  mul tlpl ler /unl tary  method  to  solve  problems 
with  rate  as  hard  as  2:3  or  2:5  In  different  contexts.  50-70% 
(resp.  37-507.)  of  answers  of  14  (reap.  15)  years  group  were  coded 
with  those  two  methods  In  4/6-4/5  (resp.  3/6-4/5)  items  of  level 

1,  2  and  3.     467.  (resp.  2  77.)  of  14  (resp.  15)  years  group  are  con- 
sistently used  those  two  methods  to  solve  more  than  2/3  of  Items 
In  level   1,   2  and  3. 

•  147.  of  15  years  group  used  formula  method  consistently  to  solve 
;rore  than  2/3  of  Items   in  level  1,  2  and  3  .     12-257.  of  answers  In 
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3/6-4/5     items  in  level  1 ,  2  and  3  were  coded  with  formula  method. 

•  67.  of  level  3  etudente  used  "halving"  and  "building  up  using 
halving"  strategies  to  solve  the  recipe  question. 

•  The  ability  of  writing  readable  procedures  Is  relatively  weak. 
20-357.  of  their  correct  answers  in  level  I,  2  and  3  Items  can't 
be  identified  by  our  coding  system. 

•  The  ability  of  differentiating  ratio  relation  from  non-ratio 
relation  is  relatively  weak.  Only  one  out  of  six  samples  on 
Interview  explained  the  Truck  Problem  correctly. 

•  in  terms  of  Noeltlng's  stages,  their  performances  are  not.  stable. 
Why  many  level  3  students   used  addition  strategy"        their  fall-back 
method  to  solve  enlargement  problem  with  non-Integer  scales?  Some 
possible  reasons  were  observed  on  Interview. 

.  do  feel  comfortable  about  addition  strategy  because  It  Is  simple 
and  reasonable.     The  common  difference  -elation  la  a  strong 
support  of  their  reasoning. 
.  do  not  understand  the  formal  method  of  finding  multiplier. 

do  not  view  non-Integer  multiple  as  a  multiple. 
.  can  only  recognize  one  kind  of  proportion,  namely  the  proportion 
between  the  corresponding  segment  in  two  figures  or  the  proportion 
between  two  parts  in  a  figure.    Be  confused  with  proportion  of  curves. 
They  are  likely  working  on  the  relation  among  numbers  but  Ignoring 
the  units    which  are  accompanied  with  numbers  in  the  context,  e.g. 
in  Mr.  Short  problem.    This  tendency  is  very  prevalent  among  lower 
level  students. 


DISCUSSION 


How  does  Taiwan  students'  learning  of  formal  ratio    procedures  came 
about?     Certainly  the  Taiwan  education  system  le  one  which  places 
considerable  value  on  academic  achievement,  and  students  are 
relatively  well-motivated  to  study  hard.    However  this  observation 
by  Itself  does  not  seem  to  explain  students'  better  performance  in 
this  regard.     To  say  that  it  did  would  imply  that  the  difficulties  in 
this  regard  widely  reported  elsewhere  in  the  research  literature 
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were  motivational  rather  than  cognitive  In  basin.     Nevertheless,  It 
would  seen  that  some  aspects  o£  the  teaching  situation  In  Taiwan  arc 
contributing  to  children's  better  learning  In  this  area.  Studied 
elementary  strategies  used  by  Taiwan  atudento,  we  had  observed  that 
they  are  always  looking  for  number  pattern  and  relations  among  given 
data  (Lin  C  Booth),  which  arc  more  formal  and  mathematical  than  by 
British  students,  where  child-methods  (Booth,  1981)  l„  roore  prevalent. 
Therefore,  the  distance  between  elementary  strategics  and  formal 
procedure  Is  leas  for  Taiwan  students  than  for  those  In  U.K..  In 
terms  of  Ausubel's  "meaningful  learnlng"-attachlng  new  learning  to 
what  already  learn,  Taiwan  students  are  on  their  ways  of  learning 
formal  methods. 

Acknowledgement:  The  author  like  to  cxpreos  t.le  thanks  to  L.R.  Booth 
for  her  encouragement  and  helpful  comment  In  preparing  this  paper. 
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DECIMAL  MULTIPLICATION  IN  CRADE  SEVEN 

Doughs  T.  Owens 
University  of  British  Columbia 


The  purpose  of  (his  paper  is  to  report  explanations  of  children's  mental 
Sivity  i  muUiplica.ion  as  it  applies  to  decimals.  A  small  group 
teaching  experiment  was  followed  by  tests  and  interviews.  To  assess 
s  denrs  thmking  processes,  individual  interviews  with  six  students  are 
reported  Rational  explanations  beyond  the  staling  of  rules  were 
forthcoming  from  only  one  of  the  six  students. 


Hiebert  (1984)  has  distinguished  two  types  of  knowledge  that  children  acquire  about 
mathematics:  torn       undmlaMing.  Form  includes  symbols  for  numbers,  operates 
and  relations.    Understandings  are  intuitions  and  ideas  about  how  ma.hemat.es  works 
that  make  sense  to  children.  Some  of  these  are  learned  in  school  and  some  ar.se  from 
informal  situation,     Mieber,  and  NVearnc  (1983)  concluded  ...a,  Ihe  students  they 
interviewed  had  a  good  grasp  of  decimal   form  bu,  did  no.  have  a  thorough 
understanding  of  decimal  concepts.    Th.s  is  consistent  with  my  previous  research 
(Owens     1Mb)    in    which   students   could   very   effectively   compute    in  decimal 
multiplication  by  "counting"  decimal  places.     However,  when  asked  to  estimate  the 
product  «o  place  the  decimal  where  .he  s.gnifican,  digits  were  given  (bu.  ending,  zeroes 
dropped),  students  persisted  in  counting  to  place  the  decimal. 

The  research  reported  in  this  paper  is  viewed  as  a  teaching  experiment  with  a  small 
group  of  students  under  close  observation.  It  is  based  in  Ihe  view  that  students 
construe,  .heir  own  knowledge  in  an  effor,  to  order  their  experiences,  whether 
informally  or  in  school,  individually  or  in  groups,  using  manipulative*  or  textbooks.  In 
this  study  students  were  presented  with  questions  and  problems  in  the  presence  of 
certain  sett.ngs  and  stimuli  intended  to  .id  students  to  construe,  conceptual  mcamngs 
for  particular  forms  and  symbols  used  to  represent  multiplication  of  dec.mals. 


METHOD 


The  entire  grade  seven  cohort  of  41  student,  was  given  a  pretest  on  the  fo.lowing  top.es 
containing  decimal  numbers:  Writing  a  decimal  between  two  given  numbers  w„h  or 
without  the  aid  of  a  number  line,  ordering,  computing  products,  estimating  to  place  the 
decimal  in  a  product,  and  solving  multiplication  slory  problems.   The  invest.ga.or 
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then  involved  i„  instrucilng  the  cohort.  Instruction  was  intended  to  help  students 
construct  meaning  of  «nd  intuition  .haul  the  si»  of  products  of  rational  numbers.  As 
an  experience  bw,  students  were  asked  to  measure  in  metres  or  centimetres  a. I  so.-s  of 
things  and  parts  of  the  classroom  and  building.  We  discussed  partitioning  such 
measurements  into  10  equal  parts.  Students  were  asked  to  divide  by  10  to  get  1/10  of 
the  measurements.  Triad,  of  patterns  introduced  multiplication  of  fractions  in  relation 

to  division  by  a  whole  number  (a)  8  5  4  -  .  (b)  1/4  of  8  -  :  (c)  1/4  x  8  . 

 .  The  def'nition,  'of  means  multiplication,"  was  given, 

At  that  point  in  the  project,  six  students  were  selected  for  small  group  instruction  and 
observanon.  Selection  was  made  on  the  basis  of  performance  on  thr  pretest.  Average 
students  with  a  range  of  performance  in  mathematics  were  selected.  With  the  group  of 
six.  more  formal  activities  were  undertaken  in  decimal  notation,  addition,  subtraction 
and  multiplication.  A,  feasible,  activities  included  the  use  of  base  blocks,  linear  metric 
measure  and  diagrams.  Students  were  asked  ,0  observe  these  phenomena  and  make 
contusions. 

Against  tMt  backdrop  multiplication  of  decimals  was  introduced.  Prom  fraction 
mulfplicatior.  0.25  x  8  -  2.  Using  measurement,  what  is  0.1  of  I  5  m?  It  was 
reasoned  that  O.i  of  I  m  -  10  cm  and  0.)  of  0.5  m  »  5  cm.  So  0.1  of  1.5  m  is  15  cm 
and  0.1  x  1.5  m  -  .15  m,  Similarly  0.3  x  1.5  m  -  0.45  m.  This  type  of  example 
eventually  led  to  recognizing  ,h„  tenths  times  temhs  gives  |iundrcdths  Usjng  g  grid  Qf 
IO0O  squares.  1/2  of  1/4  (of  1000)  is  125  squares.  That  is,  0.5  x  0.25  (of  1000)  is  125 
(of  .000).  Hence,  0.5  x  0.25  -  0.125.  In  another  setting,  0.5  x  0.25  m  is  (1.25  cm) 
0.l?S  m.  Examples  like  this  led  to  the  rule  that  "tenths  times  hundredths  gives 
thousandths."  Following  instruction,  the  entire  cohort  wrote  a  posttest  similar  to  the 
pretest.  Following  the  posttest,  the  six  students  of  the  small  group  were  interviewed  to 
explore  their  thinking  processes  with  regard  to  multiplication. 

RESULTS  AND  CONCLUSIONS 

Pretest  and  posttest  subscale  and  total  test  scores  of  ,he  six  selected  students  are 
presented  in  Table  1.  On  the  firs,  subtest  students  scored  lowest  on  the  item  "Multiply: 
A  x  .2.  An  example  of  second  type,  EPDP,  is  "Estimate  the  answer  then  place  the 
dec.mal  point  in  the  given  'answer'.  7.342  x  0.5  -  3  6  7  ,."  The  multiplication 
problems  (Mu.  Prob)  we.e  story  problems  which  included  supplying  the  answer  or 
equanon.  or  selecting  (multiple  choice)  the  operation.  The  division  story  problems  (Div 
Prob)  asked  for  an  equation  or  selection  of  an  operation.  The  Order  items  asked  that  3 
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decimal  numbers  be  listed  from  greatest  to  smallest.  "Between"  requested  the  writing 
of  a  number  between  two  given  decimal  numbers. 


Multiply 


pre 
post 


T.ble  1 

Summary  of  Written  Test  Data 
Items     Mean      Abe  Liz  Mi£lS_ 


4.0 
4.9 


Marv 


Bill 


Lena 


EPDP 


pre 
post 


1.6 
.54 


Mul  Prob 


pre 
post 


10 


1.9 
4.7 


8 
11 


Div  Prob 


pre 
post 


.18 
1.3 


Order 


Between 


pre 
post 

pre 
post 


2 
2 

3 
3 


1.0 
1.2 

1.0 

1.7 


2 
2 

0 
2 


Total 


pre 
post 


28 
33 


10.8 
14.3 


10 
10 


5 
13 


10 
16 


10 
15 


6 
18 


22 
25 


The  interviews  were  composed  essentially  of  items  selected  from  the  posttest.  Students 
were  then  asked  about  their  use  of  "rules."  Of  particular  interest  are  the  issues  of  1) 
estimation  of  products,  2)  multiplication  always  makes  bigger,  division  makes  smaller, 
3)  "or  means  multiply,  and  4)  shading  a  diagram.  Numbers  2  and  3  were  set  in 
choosing  the  correct  operation  in  a  story  problem.  The  diagram  was  a  10  by  10  grid 
with  "Shade  the  diagram  below  to  show  0.3  of  0.1."  Table  2  contains  a  brief  summary 
of  the  interview  results. 
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Adam 


Liz 


Mick 


Mary 


Bill 


.4  i  ,2 


First  .8 
Later  .08 


.8 

corrected 
at  end 


What  I 
think 


First  .8 
Then 
Noticed  2 
places 


Table  1 
Interview  Data  Summary 
Estimate  Choose  Onpratinn 


Unable 


Unable 


Unable 


"Forgot 
how", 
but  done 
correctly 

Unable 


Good  guesses 
Unable  to  explain 


Multiplication 
makes  bigger. 
Division 
makes  smaller. 

Multiplication 
bigger.  (Try  it) 
Division  smaller. 
Then  adjust 

Uncertain  or 
unsure. 


Overgeneralized 
"of  means 
multiply." 


J2iamm 


First  unable 
Later  able. 

With  diagram 
0.3  of  0.1 
is  0.03.  But 
.3x.l  -  .3 

With 

prompting 


With 

prompting. 
Not  related 
to  .3x.l 

Unable. 
Compute: 
.3x.l  -  .03 


Lena 


Counted 

places 

correctly 


Satisfa- 
ctory 


Guess  and  test. 
Estimate  result 
and  adjust. 


Satisfactory 


For  Mam  .4  x  .2  -  0.8.  Adam  usually  counted  places,  but  seemed  to  have  other  rules 
for  special  cases.  For  example,  on  the  posttest  13.0  x  0.6  -  .78.  When  prompted,  he 
estimated  and  was  confident  that  the  estimate  was  correct.  (It  was.)  However,  he  was 
unable  to  estimate  consistently.  In  choosing  the  correct  operation,  he  appeared  to  make 
good  guesses.  He  would  respond  correctly  but  was  unsure  and  unable  to  explain.  At 
first,  Adam  was  unable  to  explain  multiplication  via  regions  but  when  we  returned  to  it 
at  the  end  of  the  interview,  he  did  so  quickly  and  correctly  to  conclude  that  0.3  of  0.1 
■  0.03.  He  was  also  able  to  fix  0.4  x  0.2  -  0.08  (formerly  0.8)  without  hesitation. 
Adam  guesses  that  he  uses  rules,  but  he  docs  not  understand  them. 
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For  Ui  .4  x  .2  -  .8.  When  prompted  to  estimate  she  computed  3.00  x  7.00  -  21.0000 
but  persisted  to  count  decimal  places  and  was  unsuccessful  in  estimating.  In  a  story 
problem  about  gasoline  consumption,  she  estimated  directly  and  correctly.  However, 
she  chose  the  operation  based  upon  "when  you  multiply  the  answer  is  higher"  and  "when 
you  divide  the  answer  is  less."  With  prompting  she  marked  the  grid  to  conclude  0.3  of 
0.1  -  .03.  However,  she  calculated  .3  x  .1  -  .3.  She  didn't  know  which  of  her  answers 
to  believe,  and  she  was  surprised  ("Really?")  when  the  interviewer  suggested  she  should 
believe  the  diagram.  Liz  said  that  she  does  not  use  rules  but  she  knows  what  to  do  by 
remembering  "things  like  shortcuts,"  and  she  believes  she  understands. 

Mick  computed  A  x  .2  -  .8.  When  prompted  to  estimate,  he  wrote  3.  x  7.  -  .21000  and 
was  unsuccessful.     In  choosing  the  correct  operation  his  first  hypothesis  is  that 
multiplication  makes  bigger,  division  smaller.    However  when  he  multiplied  0.75  x 
SMO.00,  and  got  an  answer  which  was  smaller  than  $900,  he  decided  that  he  should 
divide.   He  said  "If  you  divide  it  by  three-fourths,  you  find  out  how  much  each  one- 
fourth  costs,  and  add  it  to  900."    While  not  precise,  this  statement  shows  considerable 
understanding.   With  prompting,  "first  get  one-tenth",  he  was  able  to  complete  the  grid 
for  0.3  of  0.1.  After  faltering  he  recovered  to  conclude  .03.  When  asked,  he  realized  "I 
made  a  mistake  on  the  first  question,"  and  he  corrected  it.   Mick  uses  rules  and  knows 
whac  they  mean.     When  prompted  he  noted  "hundredths  times  hundredths  is  ten- 
thousandths  because  10,000  has  four  numbers  after  the  decimal  and  100  has  2,  and 
because  two  times  two  is  four." 

When  Mjux  was  asked  to  explain  how  she  knew  .4  x  .2  =  0.8,  she  replied,  "Because,  urn, 
it's  just  what  I  think."    She  indicated,  "I'm  not  sure  how  to  do  it  using  estimation  -  I 
forgot  ..."    In  fact,  she  got  both  estimation  items  correct  in  the  interview.    Mary  is 
uttcorttin  in  choosing  the  operation.   In  one  division  situation  (divisor  <1),  she  correctly 
said  the  answer  would  be  larger.    However  if  it  were  smaller  she  thinks  it  would  be 
because  it  is  cheaper  if  you  buy  more.  For  the  question  "If  16  friends  got  together  and 
bought  4  kilograms  of  cookies,  how  much  would  each  one  get,"  Mary  said  divide 
because  it's  being  divided  into  16  groups.   She  wrote  4Tl6  because  "you  can't  divide  16 
into  4."   With  prompting  "What  is  one-tenth  of  the  page?...    Now  what  is  three-tenths 
of  one-tenth?"  She  was  able  to  shade  the  diagram.  However,  she  found  it  necessary  to 
compute  0.1  x  0.3,  including  a  full  row  of  zeroes  to  get  0.03.    When  asked  about 
returning  to  .4  x  .2  she  corrected  it  (0.08)  immediately.   She  also  volunteered  that  she 
will  check  answeis  with  estimation  now.     When  given  an  example  of  a  shortcut, 
"counting  decimal  places,"  she  observed  that  she  has  been  doing  that  since  grade  5. 
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For  .4  x  .2  Ml  first  wrote  .8.  When  he  noticed  there  were  2  places  in  the  factors,  "I 
saw  it  was  2  over,"  he  changed  to  .08.  When  asked  to  estimate.  Bill  did  not  remember 
how.  He  persisted  in  counting  decimal  places.  In  choosing  the  operation.  Bill 
overgeneraiized  "of  means  multiply."  For  example.  Tom  spent  $900.00  for  0.75  kg  of 
platinum.  What  would  be  the  price  of  I  kg  ...?■  Bill  said  this  is  a  mui,ipiy  because  it 
has  "or  in  it.  Strangely,  he  had  not  misused  the  rule  this  way  in  the  posttest,  but  he 
did  so  very  consistently  here.  This  may  have  been  because  the  giver  of  the  rule  was 
present  at  the  interview.  Bill  could  not  shade  a  grid  to  show  0.3  of  0.1.  but  he  could 
multiply  0.3  x  0.1  -  0.03.  At  first  Bill  said  he  doesn't  use  rules.  Upon  probing.  "But 
you  told  me  how  to  know  where  to  place  the  decimal."  He  allowed.  "Oh  yes,  that  is  a 
rule."  However,  he  doesn't  know  why  it  works. 

Una  is  the  one  student  who  had  reasons  for  her  actions.  She  counted  places  to 
multiply.  She  estimated  correctly  when  asked  to  do  so.  On  the  pretest  she  had  done 
long  multiplication  to  get  the  EPDP  items  correct.  On  the  posttest.  she  appeared  to 
have  counted  decimal  places.  She  used  a  variety  of  strategies  to  choose  the  correct 
operation.  In  one  case  she  chose  the  correct  division  equation  by  eliminating  the  other 
choices.  In  other  cases  she  made  a  guess  and  tested  it.  For  example,  she  multiplied 
(multiplier  <  1)  and  got  an  answer  less  than  $900.  but  she  believed  the  answer  should  be 
greater  than  $900.  She  concluded  that  division  might  be  correct  but  ended  saying  "I 
don't  really  know."  She  correctly  shaded  the  diagram,  solved  the  equation,  and  saw  the 
relation  between  the  two. 

In  summary,  the  rule  for  counting  decimal  places  when  multiplying  is  strongly 
entrenched.  The  item  .4  x  .2  was  a  particularly  striking  exception.  Presumably,  the 
Gestalt  of  aligning  decimals  in  vertical  form  is  particularly  attractive  in  an  item  like 
this.  Students  who  understood  shading  the  grid  in  the  interview,  even  with  prompting, 
were  able  to  then  correct  their  earlier  mistake.  Both  the  written  tests  and  the 
interviews  confirm  how  extremely  difficult  estimation  is  for  students.  An  important 
hypothesis  to  test  is  whether  introducing  and  perfecting  estimation  skills  prior  to 
introducing  the  usual  rule,  would  result  in  better  understanding  of  estimation  and 
indeed  all  decimal  concept,.  This  study  included  no  instruction  on  choice  of  operation 
or  story  problems  per  se.  The  results  were  consistent  with  previous  studies  (see  Greer, 
1987).  Carefully  designed  instruction  is  needed  to  determine  how  the  predisposition 
toward  "multiplication  always  makes  bigger  and  division  always  makes  smaller"  can  be 
corrected. 
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HOW  SHOULD  HON- POSITIVE  INTEGERS  BE  INTRODUCED 
IN  ELE.-JMTARY  MATHEMATICS? 

Philip  M.  Davidson 
Michigan  Stat*  Univeraity 


Thi«  paper  explores  the  poaaibillty  of  introducing  non- 
poaitlve  integers  at  an  early  level  of  mathematics 
Instruction.  It  la  proposed  that  negative  and  positive 
integera  can  b«  rapraaantad  ln  a  natural  and  concrete  way  as 
iterated  action*  oriented  in  opposite  directions 
Theoretical  and  formal  Juatif icationa  for  the  proposal  are 
praaantad,  and  research  la  reviewed  which  suggests  children 
do  repreaent  nuaiera  ln  thia  fashion  In  some  contexts. 
Further  evidence  from  a  recant  atudy  auggests  that  by  about 
age  7,  »any  children  are  able  to  solve  problems  Involving 
negative  quantitiaa  repraaanted  aa  action  sequences  in  game- 
lika  activltiaa.  SlaiUr  activltiea,  it  la  concluded,  could 
be  adapted  for  Instructional  purpoaea. 


It  la  not  unusual  for  children's  Introduction  to  the  integers  to  take 
place  In  three  atapa:  In  preachool  through  first  grsde,  children  gain 
familiarity  with  tiie  counting  nuabars  and  are  encouraged  to  practice 
addition  and  subtraction  of  counting  numbers  using  nanipulable  objects. 
Due  to  the  absence  of  negative  integers  in  these  activities,  children 
acquire  the  quite  reaaonable  rule  that  larger  numbers  cannot  be 
aubtracted  fro*  aaaller  nuabera. 

Next,  coaputatlon  with  written  numerals  is  emphasized.  These 
activities  involve  the  concept  of  place  value,  and  rules  for  carrying 
and  borrowing.  The  latter  rule  partially  contradicts  the  previous 
prohibition  agalnat  attracting  a  larger  from  a  smaller  number: 
subtraction  of  a  larger  from  a  smaller  digit  within  a  multidigit 
problem  la  now  permitted,  although  subtraction  of  a  larger  multidigit 
number  from  a  smaller  one  la  not  possible.  The  rules  for  borrowing  may 
seem  like  arbitrary  notatlonal  devices  to  children  who  acquire  them 
without  having  a  firm  notion  of  place  value  (which  may  often  be  the 
case;  cf.  Kamii,  1985). 

Negative  Integers  are  introduced  last.      Children  learn  that,     in  tact, 
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it  Is  always  possible  to  subtre-t  a  larger  from  a  smaller  number. 
Indeed,  it  is  possible  to  dispense  with  the  idea  of  subtraction 
altogether,  replacing  it  with  a  notion  of  adding  negative  numbers.  The 
discontinuity  of  this  aspect  of  children's  formal  mathematical 
knowledge  with  their  original  mathematical  Intuitions  Is  now  complete. 

It  Is  known  that  many  children  and  adolescents  feel  alienated  from 
mathematical  activities,  professing  the  heteronomous  belief  that  math 
consists  of  following  arbitrary  conventions  established  by  authorities 
(e.g.,  Erlwanger,  1973;  Lee  &  Wheeler,  1986).  Introducing  the  Integers 
in  a  manner  which  requires  students  periodically  to  overthrow  their 
previously  well-founded  intuitions  could  contribute  to  this 
mystification  of  mathematics .  Legitimizing  non-positive  numbers  from 
the  earliest  level  of  instruction  might  facilitate  constructing  a  more 
coherent  and  autonomous  view  of  mathematics. 

The  pedagogical  strategy  of  Initially  emphasizing  mastery  of  the 
counting  numbers  in  based,  at  least  In  part,  on  the  principle  that 
children  construct  knowledge  through  the  manipulation  of  objects. 
Since  non-positive  integers  are  not  representable  concretely  as 
manipulable  objects,  their  introduction  is  deferred  until  basic 
computations.,  concepts  and  skills  have  been  acquired.  This  principle 
is  compatible  with,  but  not  the  same  as,  the  propoaal  by  some  scholars 
that  children  invent  number  knowledge  through  counting.  For  example, 
Gelman  and  Gallistel  (1978)  suggest  that  the  zero  concept  may  require 
formal  tutelage  in  a  way  that  knowledge  of  counting  numbers  does  not, 
because  zero  is  not  represented  concretely  in  the  environment  and  Is 
therefore  not  available  in  children's  counting  activities. 

An  alternative  interpretation  of  the  significance  of  manlpulables 
derives  from  Piaget'a  (e.g.,  1975/1985)  proposal  that  loglco- 
mathematical  knowledge  arises  through  a  process  of  reflective 
abstraction.  In  this  view,  children  construct  knowledge  of  numerical 
lnvariance  and  numerical  operations  by  reflecting  on  the  general 
properties  of  their  own  actions,  such  as  grouping  objects  into  a 
collection,  separating  a  collection  Into  parts,  and  so  forth. 
Accordingly,  manlpulables  are  significant  primarily  because  they  serve 
as  a  medium  for  performing  actions,  for  distinguishing  mathematically 
relevant  from  Irrelevant  actions,  and  for  calling  attention  to  the 
general     forms    of  the  relevant    actions     (i.e.,     adding,  subtracting. 
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multiplying,  dividing).  It  la  le8s  »igniflcant  for  the  growth  Qjf 
mathematical  knowl.dg.,  although  clearly  It  is  convenient,  that  objects 
can  be  construed  as  empirical  representations  of  positive  integers 
(just  as  numerals  can  be  used  as  notatlonal  representations  by  older 
students) . 

Unlike  non-posltlve  collection,  of  meterial  objects,  non-positive 
actions  performed  on  material  object,  not  only  exist  but  are  familiar 
to  children  from  Infancy  (e.g.,  Unger,  1980,  1986).  Such  actions 
include  negations  such  as  decrementing  a  collection,  or  dividing  a 
collection  Into  parte;  and  null  actions  such  ss  leaving  a  set  invariant 
by  performing  a  quantitatively  Irrelevant  maneuver,  or  restoring  a 
collection's  previou.  state  by  performing  the  inverse  of  a  prior 
action.  Both  positive  and  negative  Integer,  are  thus  potentially 
representable  In  a  concrete  way;  for  example,  ..  Incremental  and 
decrementsl  actions  performed  on  a  collection,  or  as  forward  and 
reverse  motions  along  a  line. 

(Hore  formally,  thl.  1.  equivalent  to  repre.entlng  numbers  as  unary 
operation,  or  function.;  thus,  the  Integer  3  1.  Identified  with  a 
function  that  Increment.  3  unit,  (fx  -  x  +  3];  and  the  integer  -3  is 
identified  with  a  function  that  decrements  3  units  |gx-x-3]. 
Cayley's  theorem--any  group  la  Isomorphic  to  Its  transforation  group- - 
Is  the  formal  counterpart  to,  end  provides  a  formal  justification  for. 
such  an  Interpretation  of  the  Integers.  The  present  interpretation  can 
also  be  linked  to  category  theoretic  foundations,  just  as  the 
interpretation  which  views  objects  as  the  primary  representation  of 
quantities  Is  associated  with  set  theoretic  foundations.) 

However,  Is  there  any  evidence  that  children  can  In  fact  use  iterated 
actions  to  represent  quantities?  Tiw  primary  evidence  for  this 
possibility  comes  from  studies  of  children's  addition  strategies  (e.g., 
Fuson,  1982;  Secada,  Fuson  &  Hall,  1983).  This  research  indicates  that 
young  children  spontaneously  perform  addition  by  combining  two  count 
sequences,  and  progressively  develop  more  efficient  foros  of  this  basic 
strategy.  In  the  initial  "counting-all-  strategy,  each  addend  is 
represented  as  a  sequence  of  incremental  actions  (i.e.,  a  function 
fx  -  x  +  n),  and  addition  Is  represented  as  the  composition  of  these. 
In  the  subsequent  "counting- on"  strategy,  one  addend  Is  represented  as 
a    constant  and  is  taken  as  the  argument  of  the  other  addend,     which  is 
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represented  as  a  function.  This  developmental  sequence  suggests  that 
representation  of  numbers  as  Unrated  actions  may  precede,  and  even 
provide  the  foundation  for,  the  representation  of  numbers  as  constants 
(at  least  In  the  context  of  computation) . 

A  recent  study  (Davidson,  In  pres.)  provides  further  circumstantial 
evidence  of  a  link  between  numerical  knowledge  and  understanding  of 
functions  In  5-  to  7-year  old  children.  Numerical  tasks  Included 
number  conservation  and  arithmetic  problems.  Function  tasks  from 
outside  the  numerical  domain  were  used  In  order  to  dlsconfound 
children's  ability  to  reason  about  the  basic  properties  of  functions 
(e.g.,  unique  value  and  composablllty)  from  their  general  numerical 
competence;  for  Instance,  some  tasks  presented  functions  In  the  form  of 
spatial  transformations.  The  research  design  also  permitted 
controlling  other  variables  relevant  to  numerical  competence,  such  as 
age  and  logical  ability.  The  results  confirmed  a  significant  relation 
between  numerical  competence  and  ability  to  reason  about  the  general 
properties  of  functions,  even  with  these  other  relevant  variables 
controlled. 

My  current  research  Is  co-.cernod  with  whether  children  In  the  age  range 
of  4  to  7  years  can  represent  non-posltlve  numbers  In  action  contexts. 
In  one  task,  children  matched  a  set  of  toy  bees  to  a  set  of  toy 
flowers.  They  were  then  asked  to  "take  away  zero  flowers"  and  to  "add 
zero  bees."  The  age  trends  for  both  problems  were  significant,  with 
few  younger  children  but  about  half  of  older  children  succeeding: 
performances  on  the  two  problems  were  highly  correlated.  On  both, 
children  who  failed  generally  responded  by  removing  objects  from  the 
display;  those  who  succeeded  usually  performed  a  null  operation  by 
using  an  empty  hand. 

In  another  task,  children  wore  asked  to  count  a  set  of  objects  starting 
with  zero  (I.e.,  0,  1,  2 ,  . . . )  and  then  count  as  usual  starting  with 
one;  they  were  then  asked  to  explain  the  discrepancy.  All  children 
counted  correctly  from  one.  Surprisingly,  85%  were  also  able  to  count 
from  zero,  and  without  raising  objections  about  using  this  method. 
Although  all  children  could  say  which  count  yielded  the  correct  number 
of  objects,  only  35%  could  explain  the  discrepancy  by  referring  to  the 
mistake  of  beginning  a  count  with  zero.  Explaining  this  discrepancy 
was    significantly  associated  with  performance  on  both  the  adding  zero 
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and  subtracting  rcro  task*. 

Two  t«ika  examined  children' «  ability  to  combine  positive  and  negative 
quantities  represented  aa  iterated  actions.  In  the  "Mailnan"  game, 
poaitive  and  negative  quantitiee  were  represented  as  forward  and 
backward  aoveaente  along  a  cardboard  etreet  of  houses  which  represented 
a  nuaber  line  from  -4  to  +4;  movements  were  specified  by  colored  arrows 
drawn  fro*  a  deck  of  cards.  Children  coablned  positive  and  negative 
moveaants  sequentially  by  aoving  a  toy  mail  van.  Their  greatest 
difficulty  was  a  tendency  to  ekip  over  the  rero  house  instead  of 
treating  It  aa  a  valid  position  on  the  nuaber  line,  which  resulted  in 
Incorrect  answers.  Nevertheless,  about  40%  of  the  subjects,  at  all  age 
levels,  used  the  line  correctly  and  located  addresses  by  combining 
forward  and  backward  movements. 

In  the  "Hippo"  game,  positive  and  negative  quantities  were  represented 
as  actions  of  incrementing  and  decreaenting  a  set.  Children  played  a 
zookaeper  who  puts  food  pellets  into  the  hippo' i  bowl --or  takes  some 
out- -according  to  instructions  provided  by  a  si  inner.  Colored  marks  on 
the  spinner  signified  decrements  and  incremente  in  order  froa  -4  to  +4. 
The  first  part  of  the  task  Involved  learning  the  decreaental  or 
lncreaental  actions  defined  by  these  color  codee;  the  purpose  was  to 
determine  whether  children  would  Invent  a  number  Una  ranging  from 
negative  to  positive  values  in  order  to  master  the  numerical  meaning  of 
the  codes.  In  the  second  part  of  the  task,  the  idea  of  the  hippo  owing 
food  pellets  waa  introduced,  and  children  were  given  arithmetic 
problems  such  aa  adding  3  pellets  when  the  hippo  owes  one  pellet. 
Significant  age  trends  ware  found  for  both  the  learning  trials  and  the 
arithmetic  problems;  younger  children  showed  understanding  on  under  a 
third  of  the  erlthaetlc  problems,  and  older  children  on  over  half. 

Because  this  research  focuaas  on  eliciting  students'  intuitions  about 
non-positive  Integers,  with  no  attempt  to  trnin  them  on  the  relevant 
concepts,  these  data  are  a  conservative  measure  of  children's  potential 
competence.  The  pattern  of  results  indicated  that  a  practical  ability 
to  work  with  combinations  of  negative  and  positive  quantities  and 
zero- -represented  as  action  sequences  oriented  in  opposite  directions, 
and  es  performing  a  numerically  irrelevant  action,  respectively- - 
undergoes  development  between  4  to  7  years.  The  results  do  not  imply 
that    children    spontaneously  acquire  explicit  or    formal  conceptions. 
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For  Instance,  few  children  could  explain  the  difficulty  In  the  counting 
task;  alsc,  when  asked  In  the  closing  interview,  only  4  students  stated 
that  there  might  be  numbers  smaller  than  zero  (2  mentioned  the  hippo 
gaae  and  2  mentioned  the  mailman  game  as  giving  then  this  Idea). 
Nevertheless,  the  results  do  suggest  a  possible  foundation  for 
Instructional  activities  that  could  load  to  explicit  conceptions  about 
non-posltlve  numbers. 


CONCLUSIONS 


The    theory    and    research    reviewed  provide  a    framework    tor  further 
exploring  the  possibility  of  Introducing  students  to  negative  numbers, 
In    a  concrete  way,     earlier  than  Is  typical.      The  core  of  the  present 
proposal     Is     that    there  la  a    natural    equivalence    between  Integers 
conceived    as  constant  quantities,     and  Integers  conceived  as  Iterated 
actions.      To    take    advantage  of  this,     Instruction  could  make  use  of 
game-like    activities     that  require  combinations    of    action  sequences 
oriented  In  opposite  directions,  and  that  encourage  students  to  reflect 
on    the    general  properties  of  actions  (e.g.,     that  each  action  has  an 
Inverse).       Explicit  notions  of  negative  numbers  could  be  Introduced  by 
drawing  attention  to  the  link  between,     and  by  using  the  sane  word  for, 
action  sequences  and  constants;     for  Instance,     "If  you  have  0  and  you 
take-away  4,  then  you  have  4  take-aways  left."     (The  Idea  of  a  negative 
stant    could    be    further  linked  to  the  notion  of    debt.)  Finally, 
ventlonal  terminology  for  negative  constants  would  be  Introduced. 


const 
conv* 


The  ala  of  this  proposal  Is  to  provide  a  way  for  students  to  explore  an 
Interesting  mathematical  structure  fro.  the  start,  beginning  with 
simple  action-based  Intuitions  that  lead  to  the  construction  of 
increasingly  formal  understandings,  without  the  mystification  that  may 
occur  when  early  Intuitions  are  In  disharmony  with  later  formal 
Instruction. 
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NON- CONCRETE  APPROACHES  TO  INTEGER  ARITHMETIC 

Piet  Human  and  Hanli  Murray,  Research  Unit  for 
Mathematics  Education,  University  of  Stellenbosch ,  South 
Africa 


Building  on  previoua  work  by  the  authors,  the 
incidence  and  nature  of  the  computational 
strategies  used  by  upper  primary  school 
pupils,  prior  to  formal  instruction  in 
integer  arithmetic,  was  investigated  through 
clinical  interviews  and  a  teaching 
experiment.  The  results  indicate  that  about 
one  third  c  children  in  the  ago  group  10  to 
14  may  opontaneously  resort  to  using 
analogies  with  whole  numbers  when  confronted 
with  certain  cases  of  computation  with 
integers,  acknowledging  the  excistenee^  of 
negative  numbers  as  "negative  quantities  in 
the  process.  It  also  appears  that  a  much 
smaller  proportion  of  pupils  resort  to 
reasoning  in  tormo  of  temperatures. 

The  research  previously  reported  by     Murray  (Murray,  1984: 
147-153)      included  the  observation  that,   given  appropriate 
stimuli,   some     upper     primary     school  children  readily  and 
spontaneously  resort  to  analog. cal  methods  of  reasoning  in 
order  to  perform  calculations  with  integers  e.g. "5  -"2  ="3 
"because  when  from  minus  5     you     subtract  minus  2,   :'ou  get 
minus  3",   or,    stating  the  analogy  to     whole     numbers  more 
explicitly,      "because     5-2=3  and  these  are  minuses... it  is 
an     ordinary     subtraction       sum".      (The     quotes     are  from 
Murray's   interviews  with  upper  primary  school  children  who 
have     not     had      any       formal       instruction       in  integer 
arithmetic).       Some  pupils     in     Murray's     interviews  also 
exhibited  reasoning     in     terms     of     the     "oppos i teness"  of 
negative     numbers     and    whole  numbers,   e.g.    "5     +     "3  was 
subtraction,    then  5  -  "3  will  be  addition"  and     "  "5  meanu 
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you  have  to  get  5  more  before  you  have  0".  We  decided  to 
investigate  this  phenomenon  further,  with  a  view  to  the 
posoibi li  ty  that  the  exploitation  of  such  non-concrete 
intuitions  could  be  a  useful  adjunct  to  reasoning  in  terns 
of  concrete  and  seal-concrete  embodiments  (e.g. 
temperature,  the  number  line)  during  introductory 
teaching . 

We  now  report  on  two  further  projects  undertaken  under 
our  guidance,  building  on  Hurray's  initial  work.  The  first 
project,  by  Hugo,  comprised  a  replication  of  Murray's 
interviews  with  upper  primary  school  pupils,  and  more 
specifically  with  seventh  graders.  The  second  project 
comprised  a  teaching  experiment  in  the  upper  primary 
grades,     conducted      by  Halan. 

Hugo  (1987)  oonducted  individual  interviews  with  97  7th 
grade  pupils  (age  range  12  to  14),  being  the  total  7th 
grade  population  of  two  fairly  typioal  schools  in  a  large 
country  town  (Kimberley) .  The  purposes  of  this  project  was 
to  cheok  Murray's  observation  on  the  incidence  of 
spontaneous  non-concrete  reasoning  strategies  in  a 
different  and  more  representative  sample.  The  interviews 
were  preceded  by  a  short  introduction  to  temperatures 
below  zero,  which  included  the  setting  of  questions  like 
"It  is  now  3  degrees  C,  where  will  the  mercury  on  a 
thermometer  be  If  it  gets  10  degrees  colder?"  The 
interviews  commenced  two  weeka  after  thio  introduction, 
One  of  the  first  questions  asked  during  the  interviews  was 
"4  -  3  =  ?  "•  Pupila  who  did  not  respond  with  "5  were 
again  reminded  of  temperatures  below  zero  and  asked  a 
number  of  queationa  regarding  temperature  changes.  No 
hints  were  given  by  the  interviewer     on     how  to  answer  the 
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questions,  nor  whether  the  answers  given  by  the  pupils 
were  correct.  This  procedure  was  also  followed  for  the 
main  part  of  the  Interview,  which  consisted  of  the 
questions  in  table  1  below  being  put  to  the  pupil  on  a 
printed  sheet,  allowing  the  pupil  to  do  them  in  any 
sequence.  After  answering  a  question,  the  pupil  was  asked 
to  explain  how  he/she  reasoned  to  obtain  the  answer.  The 
facility  levels  obtained  for  some  of  these  questions  are 
given  in  table  1,  along  with  Murray's  results  for  993 
eighth  graders,  prior  to  formal  instruction  in  integer 
arithmetic  (1984:147),  as  well  as  the  facility  levels 
obtained  by  Malan's  experimental  clauses  after  four 
half-hour  periods  of  instruction  in  addition  of  integers. 
The  important  question  with  reference  to  these  facilities 
is  of  course  how  pupils  reasoned  to  obtain  correct 
answers,  since  correct  answers  may  result  from  quite 
meaningless  manipulation  of  symbols,  e.g. 

(1)  ""12  -   "4  =      "8    12     -     4=8,  put  the  minus 

before  the  answer  too"  (this  strategy  also  produces 
correct  answers  for  "a  +  "b ,  _a  X  b,  and  a  X  _b,  but 
produces  wrong  answers  for  the  other  cases); 

(2)  8+  "5=8+0-5=8-5=  3",   introducing  an  extra 
number  in  order  to  interpret  the  -sign  as  an  operation 


Our  analysis  of  the  strategies  used  by  pupils  have  so  far 
been  completed  for  the  cases  8  +  "5  and  "12  -  "4  only.  The 
results  of  this  analysis  is  summarized  in  table  2.  (The 
distribution  of  strategies  for  the  addition  of  two 
negative  numbers,  e.g.  "5  +  "8,  is  very  similar  to  that 
for  the  latter  case  above).  The  analysis  shows  that  35%  of 
the  97  pupils  managed  to  do  "12  -  "4  correctly  in  terms  of 
a  meaningful  concept  of  negative  numbers,  while  the 
corresponding  figure  for     8     +    "5     is     only     13,4%.  These 
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TABLE  1:  FACILITY  LEVELS  PRIOR  TO  FORMAL  INSTRUCTION  IN  INTEGER 
ARITHMETIC 


PACILITY  LEVELS  Ul 

Pro jact 

HUGO 

Murray 

Halm 

Grada  lava  I 

7 

1 

4 

1 

( 

7 

# of  pupil a 

»7 

993 

1 

55 

3  3 

42 

~  7  -  "7 

72 

"12  -  -4 

34 

37 

•  9 

73 

(6 

»1 

5-1 

54 

49 

30 

<0 

id 

to 

"5  ♦  "J 

S3 

(1 

42' 

(2* 

«3* 

59' 

7  ♦  "7 

43 

-«  x  J 

41 

43 

39 

49 

(( 

31 

3  x  "» 

40 

34 

44 

57 

74 

II 

1  ♦  "3 

35 

31 

3" 

3«* 

34« 

73« 

3  ♦  "3 

34 

42* 

46« 

*<>• 

«• 

-1  -  "I 

20 

34 

11 

33 

17 

27 

-1-3 

It 

21 

23 

22 

23 

39 

5  -  "I 

3 

17 

3 

3 

0 

2 

IIUlUtlH  narked  with  iitirlilil  lndlcata  that  forul  Instruction 
van  alvan  prior  to  taatlnc)  (In  tha  tabla,  tha  caaoa  <ra  Indicated 
by  iiuplii,  the  actual  nuauxra  vara  iimUhi  dlffarant  (or  tha 
different  oroupa  of  puplla.  In  aoat  caaaa.  tha  actual  taat  con- 
tained aori  than  erne  axaapla  of  a  particular  caaa.  tha  jiven  fm- 
cllltlaa  beinc  awdlana.  Olf f arancea  In  facility  lavala  for  dif- 
ferent exaafilea  of  tha  aasa  caaa  vara  negligible.) 


TABLE  2t     BREAKDOWN  OF  STRATEGIES  USED  BY  HUGO'S  7TI1  GRADERS 


STRATEGY 

•  *  "5 

-12-T 

Total  nua&tr  of  pupil  giving  corract 
anavar  (froa  «  total  of  97  puplla) 

34 

54 

Corract  anawar  obtained  by  alatply  putting 
-alga  b«fora  anawar,  without  any  Irvdl- 
catlcna  of  a  wmlflgf ul  concapt  of  naga- 
tlva  nuabara 

f 

Corract.  anawar  obtalnad  by  lntarpratlng 
-oigo  aa  an  operation  algn  (Ignoring  tha 

♦  In  •  ♦  "5  and  aubtractlngi     1-3  (14 
puplla)  or  Introducing  a  «aroi 

•  ♦"5-  1*0-3-  3  (4  puplla) 

J3.  / 
of  34  1 

19 

24.  / 
of  54  1 

o 

Raaoonlng  in  taraa  of  tha  tMp«ratura 
acala  (ag  "go  8  dagraaa  up  froa  ~S") 

f  « 

Computing  by  analogy  to  who  la  nuabara. 
lntarpratlng  nagatlv*  nuab*ri  aa  taapara- 
tui'aa  below  xaro.     (ag  "12-4*1,  but 
thaaa  ara  taaparaturaa  balow  fr*axlng 
point" 1 

0 

20 

Computing  by  analogy  to  who la  nunbara, 
saklng  no  x»f aranca  to  taap«ratura  but 
•aphaaltlng  that  thaaa  ara  "alnua  nuabara" 
(ag  "adnoa  12  a ub tract  aiaua  4  glvaa 
alnua  •"  or  "12-4  "•  but  thaaa  ara  ainua 
nuabara") 

384 

of  34  \ 
13.44  ' 
of  97 

0 

654 
of  54 
36» 

of  97 

11 

Othar  Mthoda  axhlbltlng  a  aaanlngf ul 
concapt  of  nagatlva  nuabara  (ag  dabt  (1), 

V  5 

*V  « 

Unlntarpratabla  raanona 

3 

4 
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figures     at     the     same     time     indicate     that  a  much  higher 
percentage     of     pupila     spontaneously  resort  to  analogical 
reasoning  (which  waa  never     suggested  by  the  interviewer), 
than  the  percentage  of  pupila     resorting     to     reasoning  in 
terraa     of  temperature   (which  was  strongly  Suggested  by  the 
interviewer     through       the       introductory       questions  on 
temperature  changes).     Unfortunately     no  addition  question 
of  the  form  — 5     +     3   (negative  number  first)  was  included. 
We     expect  that  more  pupils  would     resort     to  temperature 
arguments     in       this       case.       He     note     though     that  the 
subtraction  question     "8-3  yielded  a  rather  low  facility 
level  of  19*  (see  table  1),   although  it  can  be  interpreted 
very  naturally  as  referring  to  a  drop  in  temperature.  Only 
10  of  the     97     pupila    oorrectly  answered  this  question  by 
referring  to  temperature,  while  9  pupils    gave     the  wrong 
answer    ~5     with     reference     to  temperature. 

Although  our  analysis  of  the  data  is  as  yet  incomplete, 
we  seem  to  find  strong  support  for  Murray's  original 
hypothesis,  though  it  is  clear  that  high  facility  levels 
obtained  prior  to  formal  instruction  in  integer  arithmetic 
are  partially  due  to  purely  instrumental  strategies.  In 
particular,  the  data  seems  to  indicate  that  while 
temperature  is  a  useful  context  for  introducing  the 
concept  of  negative  numbers,  its  employment  as  an 
embodiment  to  support  calculations  with  integers  is  not 
readily  accepted  by  pupils,  and  when  used,  often  leads  to 
mistakes.  On  the  contrary,  a  large  proportion  of  pupils 
seems  to  adopt  analogical  strategies  spontaneously,  and 
use  them  quite  correctly. 
In  the  second  project,   Malan  taught  integer  arithmetic  to 

full  classes  of  4th,   5th,    6th  and  7th  graders  for  one  week 
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(5  half-hour  periods)  during  April  1984,  and  again  for  the 
eaae  period  during  October  1984.  The  teaching  was  atrictly 
negotiative  in  nature,  and  at  no  atage  were  any 
coaputational  atrategiea  deaonst rated  by  the  teacher, 
except  that  pupils  were  periodically  reainded  that  they 
aay  use  a  vertical  nuaber  line  (provided  on  a  printed 
sheet)  as  an  aid.  During  the  firat  period  pupils  were 
introduced  to  negative  nuabera  with  reference  to 
teaperaturea  below  tiro,  and  a  vertical  nuaber  line  aa 
repreaenting  a  theraoaeter.  Further  claaa  activity 
consiated  of  the  pupila  doing  exercises  involving  the 
various  cases  of  addition  of  integers  during  the  April 
session,  extended  to  the  various  oases  of  subtraction 
during  the  October  aeaaion.  Ths  fifth  period  of  the  April 
session,  as  well  as  the  first  and  fifth  periods  of  the 
October  session,  were  used  to  apply  a  written  taat  on  all 
caaea  of  addition,  aubtraotion  and  aultiplioation  of  two 
integers.  Pupils  were  also  asked  to  explain  in  writing  how 
they  obtained  their  answers,  except  the  4th  gradera  who 
were  queationed  orally  on  their  atrategiea.  The  reaulta  of 
the  April  poat-teat  are  given  in  table  1  above.  The 
October  pre-teat  reflected  loaaea  of  op  to  36%  in  facility 
levela  for  addition,  yet  increaaea  of  up  to  30%  (grade  4) 
in  the  levela  for  "a  -  "b,  a  >  b.  The  October  poat-teat 
reflected  gains  of  between  15%  and  40%  for  all  caaea  of 
addition,  aa  well  as  the  aboveaent  i  oned  case  of 
subtraction,  which  now  yielded  facility  levela  of  above 
84%  for  all  the  grades.  A  rather  interesting  feature  of 
the  data  on  the  atrategiei  employed  by  the  pupils  was  a 
marked  decrease  in  number  line  and  teaperature  arguments 
from  the  April  poat-test  to  the  October  pre-test,  followed 
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by  an  increase  in  embodimental  reasoning  from  the 
October  pre-te.t  to  the  October  post-test.  This  tendency 
was  also  very  -arked  in  a  continuation  of  the  experiment 
with  the  4th  and  5th  grader,  in  March  1985.  It  appears, 
that  when  left  to  their  own  devices  pupils  tend  to  use 
analogical  strategies  rather  than  embodiments!  reasoning. 
Thi.  is  further  evidence  for  the  conclusions  reached  in 
the  earlier  studies  reported  above. 
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OCiasiTY  OF  A  WIPLS  APHKHCH  OF  KSD01BOOS  CONCEPTIONS  OF  STUM*IS 
HttPLS  OF  TO  TKACSIK  OF  ISUTITK  IDHBOS-(I)  THBOHICAL  AIALYSIS  ' 

F.Iionard  and  C.Saokur-Grlavard 
Uboratoir.  da  Piyoholoti.  fsparlMntal.  at  Coapairf.  (MICE) 


A  propoa  in  Mpraiontatlona  oogaltlY*.  laaxaat*.  quo  la 

d^.!™J   E*01*1**1'"-         •tudi.r  1..  problta.. 
d  NiilftHut.  On  uti  aueotnalTWMni  la  neoaaalt.  d'um. 
ooual.aano.  nattoaatlqu.  praoi..  d.  l.tfo«t  1. 
••.voir  a*™*.  ,t  x.%wir  .B.,1<prf.    o.li.  d^rftud. 
LruT^SS  Wrat  dldaotl,u.»  .t  o.ll..  d.  d<ux 
■  IV    ■Ubilit4«  da*  raprMantatlona  ooanltlv...  linn, 
-■truotuwli.-  .t  l'autr.  "fo^tlo^-lle"?^^*^ 

°~~*i**ti0a'  **  «  -ur  l'«n..l0MM.t  dM  c.l.tlf.. 

Kan,  vork.  la  .H  Mdaotio.  of  Sol.no..  ha».  .ho«  .tud.nt«. 
"M,W  °On0,ptlo,u  «»t  link  t.  ao..  .ituatlon  or  >0M  notion. 
Iwr.  at,  -My  .xaa,lM  of  tho..  im  phy.10.  bat  w.  o*n  find  th.  ta~ 
U  ottor  .xp.ri~.Ul  .oImom  «d  .aa,  problem  .tudiad  by 
*yobola*i.t«.  Iho..  <x»~ptl on.  ar.  v.ry  .tabl.  ,  they  o*n  aco.pt  *•« 
.xp.rl~.Ul  data  without  ftada—tal  Edification..  and  .o  th.y  ar.  an 
obatMl.  to  tta flhlnj. 

«•  prop...  to  .tud,  thl.  1-p.rUnt  toaohin«  probl-  by  a  tripl. 
.ppxo^a,  that  ~«ld  to  ftUfej.t-sjtla.  .  p.yoboL^o.1,  .  dida.tie.1, 
•nd  a  »tto«atlort  appro**.  In  a  fim  pa  par,  v  pr...nt  th.  ttooriori 
tockgro«dt  In  a  .aoond  p.p.r,  an  application  of  thl.  thaorioal 
•pprowh  to  Uaohia*  addition,  and  -Utiplioation.  on  diwotad  naator.. 
Kathaaatloal  approach 

terowou.  ooaooption.  ar.  M  .tabl.  tooau..  th.y  ar.  not  alway. 
iaaorraot.  A  ooaoaptlon  that  f.U.  .11  th.  tlM  ottoot  „  ^ 

o~au.  th.r.  1.  .  i^i  oon.Lt.noy  and  a  local  .fflcl.noy  la  .  limlUi 
**•*.  that  too..  iaoorwot  oono.ption.  ha*,  .tablllty.  For  .xa-ple,  th. 
-Hlplloatlon  1.  r~lly  a  r.p.tltlon  of  addition.  In  wbol.  mm*** 
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but  not  in  deoimal  Busbars . 

This  looal  consistency  explains  why,  aonetimee,  those  inoorreot 
conceptions  are  near  historical  oonoeptions  that  have  marked  some  etop 
of  the  oonstruotion  of  a  notion.  So  that  an  epistemoloKioal  survey  ie 
always  useful  before  the  teaching  of  a  notioa  would  be  etudied. 
Hiatorioal  oomoeptions  oan  be  of  help  for  the  identification  of 
students'  erroneous  oonoeptions. 

A  mathematical  vork  is  alao  necessary  to  understand  the  limits 
of  the  mathematical  oorxaotnee  of  students' oonoeptions.  For  what 
probleaa  are  thoee  ooneejrtlone  nathematisaly.  .oorreot  T  For  what  problems 
axe  they  erroneous  ?  It  is  only  when  we  know  the  mathematical  limite  of 
the  student 'e  oonoeptions,  that  we  jjill  bo  able  to  know  when  their 
oonoeptions  will  fail,  to  prevent  then,  and  eventually  to  teach  then 
to  students  » 

Student  conceptions  do  not  make  sens  in  the  mathematical  field 
alone  but  also  in  tho  teaching;  situation.  Students  use  an  erroneous 
oonoeption  beoaus  it  allows  some  answer  to  the  teaching  problems.  So 
thle  work  cannot  be  dome  out  of  the  teaching  situation. 

The  mathematical  and  didactical  approaches  are  also  ueoeeeary 
for  the  definition  of  what  is  taught.  It  is  generally  Impossible  to 
teaoh  perfeotly  oorreot  notions,  beoause  perfect  notions  are  too 
oonplex  for  students.  The  teaoher  must  transform  scientific  knowledge 
into  teaohing  knowledge,  that  is,  a  knoweldge  that  oould  be  taught.  It 
is  a  mathematical  task  to  identify  the  difference  between  soientifio 
knoweldge  and  teaohing  knoweledge,  and  a  didaotioal  task  to  define  what 
knoweledge  oan  be  taught. 
Didaotioal  appxoaoh* 

In  >he  olassrooa,  the  student  is  enolosed  in  a  situation  wioh 
entails  many  obligations.  He  wants  to  resolve  problems  as  efficiently 
as  possible.  He  will  bo  satisfied  if  he  oan  use  a  oonoeption  that 
allows  him  a  good  peroentage  of  oorreot  answers.  This  is  an  effeot  of 
what  Didaotioiane  name  "didaotio  oontraot". 

There  ie  an  other  effeot  of  the  same  oontraot  .  The  teacher  must 
adapt  hie  questions  to  the  student's  reaotions  t  therefore  he  tends  to 
avoid  unusual  problems  or  questions  that  decrease  the  olasa  performance 
whithout  dear  reasons.  But  it  is  possible  that  the  performance 
decrease  beoauee  the  probleme  proposed  axe  problems  that  erroneous 
conceptions  oannot  solve.  If  the  teaoher  avoids  those  problems,  he 
prevents  the  students  from  seeing  that  their  oonoeptions  fail.  Thue  he 
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giveo  better  effiolenoy  to  erromeoua  oonoeptloae. 

V*  hare  found  mm  t»M>  of  thoee  effeote  of  tha  "didaotio 
contract"  1b  aohool  booke,  for  ordering  deoimal  numbera .  Inoorraot 
oomoeptioaa  of  tha  learner  on  orderly  deoimal  nuabari  give  tha  oorraot 
anawer  to  tha  mala  put  of  exeroieec  that  we  hare  fonad  in  aohool  booka 

another  tree*  of  tha  eaae  adaptation  of  taaohing  to  etudenta' 
learning  prooeeeee  la  tha  natura  of  tha  axaaplaa  that  axa  given  to 
etudenta.  Tha  taaohar  la  generally  happy  whan  ha  flnda  a  "good  •sample" 
for  nav  knowlad**,  that  la  whan  ha  flnda  eome  non  mathematical 
araaatttatlen  of  tha  motion  that  parol ta  atadanta  to  give  emxreet 
anawors.  Ait  ha  o«gh  to  ba  dieturbed  whan  thla  aappanal  If  a  naw 
kaovladga  la  ianediatly  "understood"  aa  a  foraar  oaa,  the  novelty  of 
tha  knowledge  la  aeoeeaarlly  loot.  It  oaa  ba  a  learning  atop,  but  tha 
taaohar  most  pay  attantloa  to  tha  fnot  that  atadaata  moat  gat  oat  thla 
flrat  analogy.  Teaohara  most  net  forgat  that  atadanta  hurt  not  learned 
the  nam  knowledge,  but  that  tiny  have  reoognlaad  a  foraer  knowledge  In 
the  new  ena. 

Feyohaleglonl  approach 

Students 'erxaneoaa  aonoeptlona  exlat  beoaua*  they  have  a  . 
aathwaatleal  ooaalatenoy,  and  beeauan  thay  take  Manlng  In  a  dldaatlo 
prooeea.  Bat  if  they  had  no  pnyoholagioal  elgnifioation  for  etudoata, 
It  la  obrioua  that  they  oonld  not  be  able  to  exlat.  Erroneous  •. 
oonoaptiena  exiet  baaaueo  they  partlolpate  in  the  learning  prooeae.  So 
understanding  etndaate"  erroneoua  oonoaptlon*  implies  an  underetanding 
of  thoee  laarnlag  prooaeeae. 

A  aajor  problem  oonoarna  the  stability  of  etudents'oonoeptiona. 

Working  memory  haa  a  rary  enall  oapaoity,  and  it  oannot  ba  enough 
for  all  informations  that  a  sew  taak  oontaina  for  the  learner.  Learners 
who  do  not  know  the  taak  do  not  know  what  la  important  and  what  la  not. 
They  de  net  know  where  the  information  ie,  and  eo  all  oan  be  information 
and  all  la  alwaye  too  nmoh.  So  the  learner  nraat  uaa  hie  foraer  know- 
ledge to  organise  and  the  reauoe  the  amount  of  information.  Probleaa 
arlee  whan  the  learner  oannot  leave  hie  flret  organisation  beeauaa  it 
le  too  etable. 

We  here  propoaad  eleawhare( Wonard  199f)  to  dletingulsh  two  forme 
of  thie  stability  i  a  "functional  etability"  that  depende  on  the  nee 
of  tha  organisation,  and  it!  efficiency,  and  a  "atruotural  etability" 
that  oonoarna  ite  oonelatanoy  and  oan  ba  understood  aa  Piaget'e  equili- 
brium of  a  achene. 
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Former  knowledge  can  have  a  atrong  at*bility  through  their  use 
or  because  thsy  have  a  very  aiaple  etruoture  (like  geetaltist  good  form) 
If  the  former  knowledge  eeldom  fails  on  the  now  »et  of  problems,  the 
functional  stability  of  ita  oonception  will  inoreaoe.  For  example,  92^ 
of  paira  of  decimal  nuabera,  with  no  more  than  three  digits  in  the 
deoiaal  part,  are  correotly  ordered  by  the  first  erroneous  oonception 
of  student*  (Saoaur-Griavard  4  Ldonard  1985).  So  this  conoeption  ie 
vary  stable. 

The  stability  of  an  erroneous  conception  can  cone  from  another 
area.  It  is  difficult  to  teach  Hewton'lawa  of  foroee  beoauao  in  the 
everyday  world  where  ftiotion  ie  present  there  are  many  examples  that 
support  students' erroneous  conceptions  of  forces  and  motion  (Drlvar  and 
al.  1985). 

Us  hare  found  a  similar  exanple  with  deoinal  numbers.  An  orro-. 
nsoua  oonoeption  waa  vary  rara  in  French  student's  answers  but  frequent 
in  othsr  countries  (Israel,  Graat  Britain  and  the  U.S.A.).  That  waa 
bsoauae  the  oursus  waa  different  in  those  countrieB.  HAtional  nuabera 
are  taught  bsfors  deoiaal  nuabera  in  the  U.S.A.  but  after  them  in 
Franoe,  and  the  erroneoua  oonceptioa  for  deoiaal  numbar  is  correct  for 
rational  nuabera.  So  in  the  U.S.A.  erroneoua  conceptions  aould  have  a 
good  stability  for  rational  numbers  (Raanick  and  al.  1987). 

The  taaoher  must  give  problems  where  erroneoua  oonoeptiona  fail, 
but  that  oannot  be  done  at  just  any  Una.  Correct  oonoeptiona  are  modi- 
fications of  erroneous  oonoeptiona.  They  are  built  upon  them,  moreover 
erroneous  conceptions  must  be  sufficiently  atable  so  that  the  construc- 
tion could  lean  on  them. 

On  those  principle  we  have  done  a  micro-corapoter  program  on  the 
ordering  of  deoinal  nuabera  that  identifies  the  erroneoua  conception 
of  learner  and  (fives  him  problems  adapted  to  his  level.  In  each  sat 
of  problema  one  part  of  the  numbers  can  be  correctly  ordered  by  erro- 
noous  oonoaptions  of  the  learner,  but  one  part  oannot  be.  The  subset  of 
problona  that  cannot  be  correotly  ordered  bu  the  learner's  erroneous 
oonoeptiona  is  divided  in  two  parts  i  in  one  the  nuabera  can  be  correc- 
tly ordered  by  aore  elaborated,  but  erroneous, concept ions,  and  in  ano- 
ther part  they  oan  only  be  ordered  by  the  correct  conoaption  (Leonard 
and  al.  1987). 

To  teach,  it  is  important  to  know  the  first  students'  conception 
and,  abovo  all,  the  other  intermediate  conceptions  before  the  correct 
one.  We  muBt  know  what  conceptions  are  called  by  the  examples  that  are 
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ItiTra  in  tha  didaotio  aituation,  and  ve  auat  eatlaate  kheir  etability. 
Thie  work  ouuot  ba  done  froa  a  aathematical,  a  didactioal,  or  a  payoho 
logioal  point  of  view  alone.  W«  hope  that  «•  have  ahovn  that  thia  tripl 
opproach  ia  a  neoeaalty  to  etudy  auoh  a  diffioult  teaohing  problea. 
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IECESSITY  OF*. TRIPLE  APPROACH  OF.EBHOHEOUS  COHCEPTIOHS:  OF  STUDENTS, 
EXAMPLE  OF  THE  TEACHING  OF  RELATIVE  HUMBERS-(ll)  EXPBRIHKNTAL  WORK 


C.Saokur-Gri.raxd  and  F.Leoah. 
Laboratoire  da  Psyohologia  Experi.entale  at  Compare  (SICK) 


Sur  la  base  d'analy.e  payohologiqua.  at  mathematiques, 
no**  aaoaa  aaalyaa  l'en.eigaewmt  daa  ralatifa  dispense 
dan.  lei  oliasa.  pour  ooaprendra  en  quoi  11  pcuvait  lira 
*aneratour  da  repraa.ntation.  in.xaote.  at  trop  .table., 
da  *amiere  h  proposer  uae  pregra.sion  .inini.ant  oe.  1«- 
ooavenisnta.  Un  nourel  en.eigne.ent  propose  aux  eleve.  de. 
Mtiviife  (reperag.  dan.  la  plan,  axercioe.  ear  da.  couple, 
d'antlar.  po.itifa,  aquation,  aur  daa  grand,  nombre.,  exor- 
oloe.  aur  la.  troi.  .ignifioation.  du  .10*.  "aoine'  at 
opno.e  ooma  ra.ultat  da  la  miltlplloation  par  -1 )  dans 
leiouella.  le.  ralatifa  Bont  da.  noabra.  nonv.aux  qui  per- 
■ettent  da  re.oudr.  da.  aquation.,  »*i.  on  na  propose  pas 
aa  regie  de  oaloul.  Ore  analyaa  oliniqua  at  una  oompartu 
raiaon  entre  group,  experiaental  et  group.  oontr«le  per- 
■ettant  d'e.ti>.r  la.  *a»ultat.  da  oat  en..igne«.nt, 

Va  .hall  apply  tha  aaalyai.  developed  in  the  theorioal  part  of 
our  paper  to  the  teaching  of  direotad  maber.  and  the  learning  of  the 
rule,  of  oaloulu.  of  algebra.  Thi.  teaching  takes  plaoe.  during  the 
fir.t  two  year,  of  Junior  High  Sohool  vlth  students  age*  from  11  to 
15  year.  old. 

We  have  firat  been  concerned  with  the  evidence  that  .table, 
incorrect  oono.ption.  .how  up  in  th.  work  of  th.  -tud.nt.  conoaming 
directed  mwbar..  Th...  oanoaption.  are  af  two  nain  type,  t 

«h.n  they  .tart  working  with  dir.oted  mmber.,  atudent.  are  giv.n 
.i.ple  ooncat.  axM.pl..  and  build  up  r.presentation.  that  ve  oan 
call  "elevator  type  repras.ntations" .  These  oono.ption.  lead  to  simple 
procedure,  wioh  prowtoj).  oarreotand  efficient  on  additi*. 

wrvMrt7th^nta"^Joan  Loui.  Roux,  teacher  at  the  College  Valed  in 
Hioa  who  worked  on  .hi.  curriculum  with  u»  and  welcomed  ua  in  his 
olai.room  a.  ob.arT.ra.  Texa.  In.truments  provided  u.  calculators 
Tl  30  Galaxy,  used  in  this  experiment. 
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(subatraative)  probleea.  After  iom  work  on  addition,  tht  atudenta 
learn  aultiplioation.  Tht  rult  for  aultiplying  dirtottd  numbers,  i.e. 
-  x  m  -  +,  -  x  +  -  -  .  it  iaoaorphio  to  tht  geatalt  of  logic  equiva- 
lence. Studenta  "underetand"  quitt  eaaily  thia  rult  ud  product  oorrtct 
answers  on  produota  of  dirtottd  auubera. 

thttt  two  conceptions  art  strong  tod  efficient  on  nurobere .  Each 
out  oovtxs  a  oertala  arta  of  pro.leas  for  with  ut  haa  been  intaoduoed. 
lovortholoaa  students  laok  a  aynthetio  oonotptlon  wioh  could  oovtr  tht 
complete  arta  of  dirtottd  numbers.  Ia  tht  usual  ourrioulura,  dirtoted 
aaabers  ore  aarely  natural  nuabera  with  a  signj  thtrt  la  a  liat  of 
rulea  U  dtal  with  tht  aign,  but  tht  difftrtnt  rulta  have  no  concep- 
tual koala  in  tha  mind  of  tht  ohildren.  Bjm  ont  can  foraaat  diffioul- 
titt  for  rtdldrea  whtn  thty  havt  to  ooablno  additiona  and  nultiplioa- 
tioaa,  and  latar  whtn  thty  start  walking  with  letters  and  not  only 
nuabtra.  Tht  observations  wa  made  i*  the  olaaarooa  oenflra  thia 
analysis.  A  gravy  of  175  atudtnta  who  followed  tha  ueuol  curriculum 
on  dirtoted  tfaabers  was  taatad  tore*  ftinee  during  tht  firat  three 
years  of  Junior  High  School,  oa  addition  and  aubatractron.  Wit  results 
of  tht  ttata  art  tha  following  i  (  *  of  oarreot  antwtra)  1rtt  ytax, 
bafora  aultiplioation  ia  iatraduoad,  100*,  2nd  ytar,  aftar  multipli- 
cation la  iatroduoed,  60%,  w  Ymur,  70*. 

far  tha  psychological  point  of  wiew,  wa  can  oonoludt  that  if  old 
and  elementary  otnotption  art  too  atable,  they  lapadt  atudtnta  froa 
proceeding  in  tht  proooaa  of  learning.  The  new -.knowledge  cannot  be 
aaalallKttd  by  thtir  oo|nitiTt  organisation  and  the  atudtnta  reaain. 
at  an  intermediate  level,  only  capable  of  dealing  with  tht  olaaa  of 
problems  that  linka  to  thair  cognitive  organisations.  Aa  tht  teaching 
«oaa  en,  thtir  psTfozmanoea  decrease  aa  thty  fail  to  aolva  mode  advaa- 
ead  problems. 

In  tht  aatheaatioal  thtory  tht  statu*  of  dirtottd  nuabtra  reaulta 
froa  tht  necessity  to  aolva  equations  wioh  prove  to  hart  no  aolutlaoe 
with  natural  nuabtra.  A  mathematical  analyaia  ltd  ua  to  give  a  proe- 
miment  rolo  to  tht  oonotpt  of  opposite  nuabera .  Wa  can  stata  that 
algebra  oan  ba  rtduotd  to  a  oorraot  uadewtanding  of  thia  oonotpt. 
An  obataolt  to  thia  understanding  la  the  polysaay  of  the  aign 
wioh  la  altogether  tha  algn  of  subatraotion,  aha  aign  of  negative 
nuabera,  and  the  aign  of  the  oppoaite  aJta  nuaber.Aa  we  aaw  above, 
another  obatacle  la  the  azlatence  of  the  two  non-ooordinattd  oonoep- 
tiona,  one  wioh  works  on  addition,  the  other  one  on  multiplication. 
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k  link  b*tvmn  thea  oan  be  made  by  considering  the  opposite  of  a 
number  as  the  rssult  of  the  product  of  the  number  by  (-1 ) 

On  the  basis  of  both  the  psychological  and  tho  ■athene.tical 
analysis ,  and  on  tho  observations  Wide  «.»nt  the  rssults  of  tho  actual 
teaching,  v.  built  up  a  new  curricula*  o«  directed  numbors.  We  tried 
to  avoid  the  main  inconveniences  or  at  leaot  tried  to  minimize  thorn. 

The  new  curriculum  hae  been  introduced  into  one  olaso  in  85/86, 
and  into  another  one  u>  86/87,  where  it  is  still  going  on.  Each  group 
has  twenty  four  Btudonte. 

The  »ain  aotivitiua  of  this  ourriculum  are  tho  following  t 
-oouplos  of  coordinates  in  the  plane  rather  than  on  an  axis  to 
avoid  a  too  strong  ey-etry  between  positive  and  negative  muter*  i 

-oonorste  examples  introduced  direoted  nvunbera  and  their  opposite 
as  differences  of  natuial  numbers  (5,7)  -  -4  -  (10,14)  ••• 
-equations  on  large  numbers ; 

-iutroduotion  of  letters  as  soon  as  possible  and  work  on 
-  (  a  +  b     -  -a  -b,  whore  -a  -  (-1).  a 

Thoss  aotivities  lead  the  students  to  consider  that  direoted 
number,  are  rsally  new  numbers  (not  only  natural  numbers  with  a  sign) 
While  solving  the  proposed  problem  tha,  build  the  set  of  direoted 
nuabsrs  and  the  procedures  to  use  theu.Ve  obssrved  so»e  unusual 
behaviours  flnoh  as  i 

t      (1)  jouputing  the  su»  (-51 )+(-71 )+(-1 56)  thsy  write  i 
-51 
+  -71 
+  -156 

-238 

(2)  co-poring  a  large  number  of  additions  tbey  sort  them  into 
three  groups  «  thoee  with  only  positive  numbers,  thoee  with  only 
negative  numbers,  those  with  both  positive  and  negative  numbers. 

Th«  addition,  in  the  two  first  groups  are  ieouorphio  to  addltionB 
in*,  the  third  one  is  different. 

Of  oouree  the  students  have  not  been  given  the  rules  for  compu- 
tation with  direoted  numbers  nor  any  procedure  to  deal  with  them. 

We  rcake  systematical  use  of  a  pocket  calculator  during  the 
lessons.  The  calculator  wo  choose  (TI  50  Galaxy)  displays  as  well  as 
the  numbers,  the  eign  of  the  calculations  wioh  are  being  performed 
(  +,-,!,  4  ).  Thus  it  dieplays  two  different  eigne  one  attached 

to  the  number  at  the  right  hand  side  of  tho  display  area  (-5),  the 
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other  one  at  the  lift  band  aid*  «  "  fn0  display  araa.  Tho  ati  J.»iii;  Can 
dlitlnguiah  betwaun  thoao  two  signc  4  a  ueo  of  tha  +/-key  omplotea 
the  work  on  tha  polygeny  of  th<»  sign 

Daing  oalou.'Utor,  etudenta  oan  perform  aoma  aovivitiei  <hioh 
turn  out  to  ba  iapoi»i;i<»  without.  '."ha  calculator  "Imowo"  f  •<  to  eel- 
oulata  with  negative  nua.bera,  human  bainga  do  not.  They  ok  jnly 
ooaputo  with  positive  aria  ban,  Ta  oaloulate  371  -  8146,  th  a 
8146  -  371  and  than  obmage  tho  aign.  «hl«  oapaoity  of  oalo  "atwc::  to 
worke  with  negative  nuabera  give  thoa  a  reality  whish  halpn  tin  aw-: 
denta  to  oonatiwat  U»  knowledge.  On  tha  othar  hand,  nnd  a.i.lho«?Vi  that 

■««■  o»ntr*alat«ryt  t<>  handle  large  nuabera  (four  or  aere  i:\pi.U) 
tha  atudenta  auet  creato  caw  prodaduraa.  If  tha  atudarits  aslva  5  +  3l.  2 
or  -J  +x  -1,  thay  oaa  carry  on  vary  looal  procedural,  lik  >  oouisv,lfi« 
up  or  down  which  will  not  work  on  tho  equation*  0736  +  x  -  3549,  01 
-3^6  +  x  -  127.  in  faot  wa  did  obaerve  that  t 

(3)  tha  atudanta  una  appeal ta  nuabera  In  algobrlo  mm  bafora 
they  have  baan  tought  to  do  ao| 

(4)  additive  aquatioaa  ore  aolved  without  diffioultloa. 

Tha  oilnloal  analyala  wioh  la  going  on  while  tha  nee  ourrioulua 
la  being  taught  allowa  u*  to  think  that  our  aaln  goala  have  been 
achieve  t 

-the  itm3enti  have  oonatruotad  a  new  act  of  nuabera  with  speoifio 
rule*  for  ooaputing  with  thaa  (obeervationa  1,5  and  4)1 

-  the  polyiesqr  of  the  aign"-"  la  aa*  tared  (obae. vationa  1,2,3) 
Bealde  the  oilnloal  analyala  a  oolleotive  teat  ia  carried  ex 
coopering  the  experin*ntal  group  and  a  control  group. 
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Universitat  tur  BikJungsvvissens 
Universitatsstrabe  65-67 
A-9020Klagenlurt 
AUSTRIA 

Douady.  Reglne 

Universite  de  Paris  VII,  Tour  56 
2  Place  Jussieu 
75005,  Paris 
FRANCE 

Dreyfus,  Tommy 

Weizmann  Inst  ot  Sc  ,  Cen.  tor  Tech. 
Ed.,  Dept.  ot  Science  Teaching 
Rehovot  76100 
ISRAEL 


II-  84 

III-  109 


III-3 


III-222 


1-190 


Elsenberg,  Theodore  1190 
Ben-Gurion  University  "-78 
Department  ot  Mathematics 
Beer  Sheva 
ISRAEL 

Ellerton,  Nerlda  F. 

Deakin  University. 
School  ot  Education 
Victoria  3217 
AUSTRALIA 

Ervynck,  Gontran 
Kath.  Univ.  Leuven, 
Campus  Kortrijk 
(Kutek)B-8500Kortrijk 
BELGIUM 

Evans,  Jeffrey  T. 

Middlesex  Polytechnic 
1  Granville  Road 
London  N.44EJ 
ENGLAND 

Fein,  Greta  G. 

23IIF  Benjamin  Building 
U.  ot  Maryland,  Dep.  ot  Curr.  &  Instr. 
College  Park,  MD  20742 

U.S.A. 


-10 


HI-386 


I-92 


IH-285 


Flgueras,  Olimpla 
Centro  de  Inves.  y  de  Est. 
Avan.  del  IPN 

Nicolas  San  Juan  No  1 421  Col.  Del  Valle 

Mexico,  D.F.  CP  03810 

MEXICO 


I-366 


Fllloy  YagOe,  Eugenio 

Centro  de  Inv.yEst. 
Avan.  Del  IPN  (Mat.) 
Nicolas  San  Juanl42l 
CP.  03100  Mexico,  D.F. 
MEXICO 

Fishboln,  Etralm 
Tel  Aviv  University 
School  ot  Education 
69978  Tel  Aviv 
ISRAEL 

Fleming,  Elyse  S. 

Cleveland  University 
College  ol  Education 
Cleveland,  OH  44H5 
U.S.A. 

Fong,  Ho  Kheong 

Institute  ot  Education 
6Jalan  Lakum 
Singapore  2880 
SINGAPORE 


1-295 
I-366 


I-25 


11-199 


1-373 


'68 


Fraga,  Mai  .a  Lucia  m-17 

Av.  Lineu  da  Paula  Machado 

826-apt0.302 

Jardim  Botctnico 

Riode  Janeiro  22470 

BRASIL 

Frtsko,  Barbara  n-78 
Department  of  Science  Teaching 
Weizmann  Institute  ol  Science 
Rehovot,  Israel.  761 00 
ISRAEL 

Fujll,  Toshlaklra  |||-141 
Univ.  o!  Tsukuba,  Inst,  ol  Education 
M  Tennodai.  Sakuramura,  Niihari^jun, 
Ibarakken,  305 
JAPAN 

Gallardo  C,  Aurora  1-301 
Centra  de  Invest,  y  Estudios 
Avanzados  del  I.P.N. .  Dakota  #379 
Col.  Napoles  CP.  03610,  Mexico,  D.F. 
MEXICO 

Gallou-Dumlol,  Elisabeth  11-10 
Inst.  Fourier  UntversKe  de  Grenoble  I 
B.P.  74 

38402  Saint  M  artin  cTHeres  Cedex 
FRANCE 


Garancon,  Ma  uric* 

U.G.A.M.,  Dept  de  Maths  &  Into. 

C.P.8888,Succ.A 

Montreal,  Quebec 

CANADA 

H3C3P8 

Garofalo,  Joe 
364  Bakfy  Hall 

State  U.  ol  New  York  at  Buflalo 

Buffalo,  NY  14260 

U.S.A. 

Gates,  Peter 

Brindley  School, 
Slant  onbury  Campus 
Slant  onbury 
Millon  Keynes 
ENGLAND 

Gattuso,  Linda 

Cegep  du  Vieux-Montreal 
5225  Kensington  Avenue 
Montreal,  Quebec 
CANADA 
H3X3S7 


1-133 
I-204 


II-222 


II-93 


M13 


Gavelek,  James  III-346 

Dept.  ot  Ed.  Psychology 

Michigan  State  University 

East  Lansing,  Ml  48823 

USA 

Gazrt,  Avlkam  m-25 

Tel  Aviv  University 

School  ot  Education 

Ramat  Aviv,  Tel  Aviv  69978 

ISRAEL 

Gentry,  W.  Michael  1-99 

Mary  Baldwin  College 

Staunton, 

Virginia  2440! 

U.SA 

Glrardon-Morartd,  Catherine  111-148 

U.Q.A.M.,  a/s  Jean  Charles  Morand 

C.P.8888,SuccA 

Montreal,  Quebec 

CANADA 

H3C3P8 

Goktontarg,  E.  Paul  1-197 
Education  Development  Center,  Inc. 
55  Chapel  Street 
Newton,  MA  02)60 
U.SA 

Gotten,  R.  |-255 

see 

Zehavi 

Graebtr,  Anna  O.  III-369 

Dept.  ol  Curr.  &  Instruction 

University  ol  Maryland 

College  Park,  MD  20742 

USA 

Gravemeltor,  Koerto  P.E.  nt-255 
University  ol  Utrecht  (OW  &  OC) 
Tberdreet  4 
3561  GG  Utrecht 
THE  NETHERLANDS 

Greer,  Brian  n-402 

Department  ol  Psychology 

Queen's  University  at  Belfast 

Belfast  BT71NN 

IRELAND 

Grantor,  Denis*  111-124 
Untversite  I  de  Grenoble 
IMAG  Lab.  LSD  -  Didactique 
BP  68  38402  St.  Martin  d'Heras 
FRANCE 
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Grouws,  Douglas  A.  111-410 

301  Education  Bldg. 

University  of  Missouri 

Columbia,  MO  65211 

U.S.A. 

Gunner,  Jean-Luc  "229 

Concordia  Univ.,  Dept.  o!  Math. 

7141  Sherbrooke  Street  West 

Montreal,  Quebec 

CANADA 

H4B1R6 

Gutierrez,  Angel  111-131 

E.U.  del  Protesorado  de  E.G.B. 

Alcalde  Reig,8 

46006  -  Valencia 

SPAIN 

Hanna,  Gila  M-269 

Dept.olMECA, 

Ont.  Inst,  lor  Stud,  in  Ed. 

252  Bloor  Street  West 

Toronto,  Ontario 

CANADA 

M5SIV6 


I-383 


II-269 
II-282 


Hardiman,  Pamela 

University  ol  Massachusetts 
Physics  Department  Hasbrouck 
Amherst,  MA  0I007 
U.S.A. 

Harel,  Guershon 

Northern  Illinois  University 
Dpt  of  Mathematical  Sciences 
Dekalb,  ill  60II5 
U.S.A. 


Harrison,  Bruce  111-318 

U.  of  Calgary, 

Fac.  of  Ed.,  Curr.  a  Instr. 

ED  T  702, 2500  University  Dr.  N.W 

Calgary,  Alta. 

CANADA 

T2NIN4 

Hart,  Lynn  II-236 

Kennesaw  College 

4I7  Ridgewood  Road 

Atlanta,  Georgia  30307 

USA 

Hart,  Kathleen  H-408 

Dir.  Nuffield  Sec.  Math., 

Kings  College 

552  Kings  Road 

London  S  WO  OUA 

ENGLAND 


Haussmann,  Krlstlna  IH-57 
Padagogische  Hochschule  Karlsruhe 
7500  Karlsruhe  1 
Post1ach4960 
WEST  GERMANY 

Heraud,  Bernard  m-299 

Universite  de  Sherbrooke 

730Thbautt 

Sherbrooke,  Quebec 

CANADA 

Herre.Jean  1-211 

see 

Lesh 

Herscovlcs,  Nicolas  I-357 

Concordia  University,  Math.  Dept.  II-344 

7I4I  Sherbrooke  St.,  West  II-352 

Montreal,  Quebec 

CANADA 

H4BIR6 

Hlebert,  James  1-391 
Universily  ot  Delaware  111-405 
College  of  Education 
Newark,  DE  19716 
U.S.A. 

Hlrabayashl,  (chlel  H-243 

NARA  University  ol  Education 

Takabatake-cho 

NARA  City 

JAPAN 

Hoyles,  Cella  Mary  *  11-17 

Univ.  of  London,  II-60 

Inst,  of  Educ.,  Maths 

20  Bedford  Way 

London  WC1H0AL 

ENGLAND 

Hoz.Ron  M19 

Ben-Gurion  Univ.  Negev 

Dept.  ol  Educ. 

P.O  Box  653 

Beer-Sheva  84105 

ISRAEL 

Human,  Plet  H-437 
University  ol  Stellenbosch 
Rumeus,  Faculty  of  Education 
Stellenbosch  7600 
SOUTH  AFRICA 

Hutchison,  Nancy  111-85 

Queen's  University 

Fac.olEd.McArthurHall 

Kingston,  Ontario 

CANADA 

K7L3N6 
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Jackson,  Lorralr*  1-78 

Univ.  of  Windsor,  |-84 

Dept.  ol  Psychology 

401  Sunset  Ave., 

Windsor,  Ont. 

CANADA 

Jalm«,  Adsla  111-131 
Opto,  de  Didactica  de  la  Matemalica 
Universidad  de  Valencia 
Alcalde  Reig,  8  Valencia  46006 
SPAIN 

Janvier,  Claude  1-204 

CIRADE/Univ.duQu6bec  a  Montreal  111148 

CP.8888,Succ.A 

Montreal.  Quebec 

CANADA 

H3C  3P8 

Jaworskl,  Barbara  u-93 
Centre  tor  Mathematics  Education 
The  Open  University 
Milton  Keynes  MK76AA 
ENGLAND 

Kaput,  James  J.  1-345 
Dept.  ol  Mathematics  n-289 
Southeastern  Massachusetts  Univ. 
No.  Dartmouth,  MA  02747 
U.S.A. 

Kleran,  Carolyn  1-183 

Dept.  Maths  4  Into., 'J. Q  A.M.  III-425 

C.P.8888,Succ.A 

Montreal,  Quibec 

CANADA 

H3C3P8 

Kleren,  Thomas  E.  M26 

Dept  ot  Secondary  Eoutalion 
University  ot  Alberta 
Edmonton,  AHa 
CANADA 
T502E1 

Kilpatrlck,  Jeremy  1-3 

University  of  Georgia 
105  Aderhold  Hall 
Athens,  Georgia  30602 
U.S.A. 

Klrstiner,  David  1-308 
University  ol  British  Columbia 
Faculty  of  Educ,  Dept  of  Malhs  &  Educ. 

Vancouver,  B.C. 

CANADA 

V6T1Z5 


Koch,  Laura  Coffin  n-296 

Univ.  of  Minnesota, 

106  Nicholson  Hall 

21 6  Pillsbury  Drive  SE 

Minneapolis,  Minnesota  55455 

U.S.A. 

Kouba,  Vicky  L.  1-106 
State  Univ.  ot  New  York  at  Albany 
ED113B  1400  Washington  Avenue 
Albany,  New  York  12222 
U.S.A. 

Kroll,  Diana  Lambdln  u-222 

309  Education  BkJg., 

Indiana  University 

Btoomington.  Indiana  4740I 

U.S.A. 

Kuendlger,  Erlka  III-355 

University  ol  Windsor 

3570  Dandurand 

Windsor,  Ontario 

CANADA 

N9E2GI 

Kurth,  Wllfrled  n-303 
Uiiiv.  Osnabruck,  FB  Maths  &  Into. 
Posttach4469 
D-4500  Osnabruck 
WEST  GERMANY 

Kynlgos,  Chronls  IH-43 

Un.  ol  London  Inst,  of  Ed., 

M.S.C.  Dept. 

20  Bedford  Way 

London  WCIH0AL 

ENGLAND 

Laborde,  Colette  111-194 
Equipe  de  did.  Maths  &  info. 
IMAG,  University  de  Grenoble 
BP  68, 38402  Si-Martin  c?  Heres 
FRANCE  (Cedex) 

Lacasse,  Raynald  1-113 

Universited'Ottawa 

45  Certrepark  Drive 

Gloucester,  Ontario 

CANADA 

K1B3C8 

Lankenau,  Cheryl  A.  11-24 

Div.  of  Educational  Studies 

Emory  University 

Atlanta,  GA  30322 

USA. 
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Lappan,  Glenda 
213  D  Wens  Hall 

Dept.  ol  Math.  Michigan  State  Univ. 
East  Lansing.  Ml  48824 
U.S.A. 

Larson,  Carol  Novllllc 

University  of  Arizona 
3951 N.  Four  Winds  Dr. 
Tucson,  AZ  85715 
U.S.A. 

Lawson,  Michael  J. 

School  ol  Ed.,  Flinders  University 
Bedford  Park 
South  Australia  5042 
AUSTRALIA 

Lot,  Lesley 

Concordia  Univ., 
HingstonHaH  (Maths) 
7141  Sherbrooke  Quest 
Montreal,  Quebec 
CANADA 
H4B1R6 

LogauK,  Uso 

Univ.  du  Quebec  a  Tois-Rivieres 
IC925boul.  St-Uurent,  app.  2 
Montreal.  Quebec 
CANADA 
H3L2R2 

Lagautt,  Bertrand 

see 

Lemoyne 

Legrand,  Marc 

see 
Aiibert 

Lemoyne,  Glsete 

Univ.  de  Montreal,  Orthopedagogio 

C.P.6l28.Succ.A 

Montreal.  Quebec 

CANADA 

H3C3J7 

Laonard,  Francois 

Labo.  de  Psy..Experimentale 
20  Avenue  Alfred  de  Vigny 
06100  Nice 
FRANCE 

LesgoW,  Sharon 

807LRDC, 
Univ.  of  Pittsburgh 
Pittsburgh.  PA  15260 
USA 


ll-'.QO 


1-398 


11-170 


1-316 


1-120 


ill-35 


III-379 


I-35 


II-444 
II-449 


I-338 


I-  211 

II-  269 
II-282 
11-310 


Lash,  Richard 

WICAT  Systems 
3278  Mohican  Way 
Provo,  Utah  84604 
U.S.A. 

Lester,  Jr.,  Frank 
309  Education  Bldg 
Indiana  University 
Bloomington,  Indiana  47401 
U.S.A. 

Lin,  Fou-Lal 

Dept.  of  Maths,  Taiwan  Normal  Univ. 
88,  Sec  . 5,  Roosevelt  Road 
Taipei 

TAIWAN  (Rep.  ol  China) 

Lucock,  Ricky 
E  Hampton  FieUs 
UtUehampton 
W.  Sussex,  B.N.  I76JB 
ENGLAND 

Luke,  Clifton 
see 
Kaput 

Madsen-Nason,  Anne 

227  Dwells  Hall 
Dpi  of  Mathematics, 
Michigan  State  Univ. 
East  Lansing,  Michigan  48824 
U.S.A. 

Maher,  Carolyn 
Rutgers  University 
30  Heyward  Hills  Drive 
Holmdel,  New  Jersey  07733 
U.S.A. 

Mamede  Neves,  Maria  Appareclda 
Rua  Homem  de  Mello  347  apt.  401 
Tijuca 

Rio  de  Janeiro.  R.J.  20510 
BRASIL 

Martin,  W.  Gary 

Northern  Illinois  University 
Dept.  of  Mathematical  Sciences 
DeKalb,  Illinois  60il6 
U.S.A. 

Mason,  John 

Maths  Faculty 
Open  University 
Milton  Keynes  MK7  6AA 

ENGLAND 


11-222 
11-257 


11-416 


1-126 


II-289 


11-100 


11-107 


-17 


III-362 


III-275 
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McDonald,  Janet  L.  j.^e 
SI.  Univ.  ol  New  York 
at  Albany  ED  109 
MOO  Washington  Ave., 
Albany,  NY  12222 
U.S.A. 


1-133 
1-170 


11-361 


1-140 


11-114 


111-101 


McLeod,  Douglas  B. 

Washington  State  University 
Mathematics  Department 
Pullman,  WA  99I64-2930 
U.S.A. 

Melssner,  Hartwlg 

WesM.  Wilhalms-Universitaet 
Einsteinstr.  62 
D-4400Muensier 
WEST GERMANY 

Miller,  L.  Diana 

Louisiana  State  University 
223  Peabody  Hall 
Baton  Rouge.  LA  70603 
U.S.A. 

Morals  Monielro,  Cecilia 
Rua  Antonio  Stromp  No.6-1  ESQ 
1600Lisboa 
PORTUGAL 

MovshovlU-Hadar,  Nltsa 
Israel  Institute  ol  Technology 
Dept.  of  Education  in 
Science  &  Tech. 
Technion,  Haifa  32000 
ISRAEL 

Mukunl,  E.  Muthenel 

Kenyatla  University,  Math.  Dept 

P.O.  Box43844 

Nairobi 

KENYA 

Murray,  Hanll 
see 

Human 

Nantals,  Nicole 

Fac.  d'Ed. ,  Univ.  de  Sherbrooke 
2500  boul.  Universite 
Sherbrooke.  Qu6bec 
CANADA 
JIK  2RI 


Nelson,  Gary  T.  1.221 

Kennesaw  (College 

P.O.  Box  444 

Marietta,  GA  3006I 

U.S.A. 


1-147 


II-437 


-121 


Nelson-L«  Gall,  Sharon 

Learning  Research  & 

Develop  Center 

Un.of  Pit.  3939  OWara  Street 

Pittsburgh.  PA  I52260 

U.S.A. 

Njtsane,  Ralael 
Kwazulu  Dept.  of 
Education  4  Culture 
POBox79 
Esikhawini  3887 
SOUTH  AFRICA 

Nonnon,  Pierre 

Univ.  de  Mtl,  Tech.  Educationnelle 

C.P.6l28,Succ.A 

Montreal,  Que'bec 

CANADA 

H3C3J7 

Norman,  F.  Alexander 

Univ.  of  North  Carolina  a!  Charlotte 

Department  of  Mathematics 

Charlotte,  NC  28223 

U.S.A. 

Noss,  Richard 
U.  of  London, 

Dep.otMaih.Stal.acorrpt. 
20  Bedford  Way 
London  WCIHOAL 
ENGLAND 

Olive,  John 

Univ.  of  Georgia, 
Dept.  ot  Math.  Education 
•05  Aderhold  Hall 
Athens,  GA  30602 
U.S.A. 

Omer,  S. 

see 
Zehavi 

Onslow,  Barry 
143  3rd.  Street 
Medicine  Hat, 
Alberta 
CANADA 

Oprea,  Janeal 
Miami  Univ., 

Dept.ol  Math  &  Statistics 
Bachelor  Hall 
Oxford,  Ohio  45056 
U.S.A. 
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I-228 


I-324 


11-17 


II-24 


I-255 


II-275 


I-  156 

II-  199 
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Oroy,  Michael  A.  11-389 
400  War  Memorial  Gym 
Virginia  Polytechnic  &  State  Univ. 
Blacksburg.VA  24061 
U.S.A. 

Osta,  Iman  11-31 

Lab.  LSD  -  Institut  IMAG  •  Grenoble 

Campus  de  St-Martin  tfHeres, 

Bat.  67.R.P.68-3S402 

St-Martin  tf  Heres  Cedex 

FRANCE 

Owens,  Douglas  T.  I1-423 

Univ.  ol  B.C.,  Faculty  ol  Education 

2I25  Main  Mall 

Vancouver,  B.C. 

CANADA 

V6TIZ5 

Owens,  John  E.  1-163 

University  ol  Alabama 

Box  R.  306  Graves  Hall 

Tuscaloosa,  AL  35487 

U.S.A. 

Pace,  John  IM77 
Essex  County  College,  Math.  Dept. 
303  University  Ave., 
Newark,  N.J.  07I02 
U.S.A.  . 

Pallasclo,  Richard  II-39 
U.Q.A.M., 

Depl  Maths  &  Into  -C-8800 

C.P.8888,Succ.A 

Montreal,  Quebec 

CANADA 

H3C3P8 

Peied,  Irlt  IH84 

Univ.  ol  Pittsburg,  828  LRDC 

39390'HaraSt., 

Pittsburgh,  PA  I5260 

U.S.A. 

Perelra-Mendoza,  Lionel  1-331 

Faculty  ol  Education 

Memorial  University 

St.  John's,  Nlld. 

CANADA 

AIB3X8 

Plrle,  Susan  H-128 
Science  Education  Department 
University  ol  Warwick 
Coventry  CV47AL 
ENGLAND 

Poholsky,  Joel  11-289 

see 

Kaput 


Ponte,  Joao  n-71 

Dept.de  Ed,  H-114 

Fac.  de  Ciencias  de  Lisboa 

Av.  24JUIHONO.B4-40 

Lisboa 

PORTUGAL 

Post,  Thomas  11-269 
University  ol  Minnesota  11-282 
240PeikHa«  11-310 
Minnesota,  MN  55455 
U.S.A. 

Putnam,  Ralph  I-338 

Michigan  State  University 

44I  Erickson  Hall 

East  Lansing,  Ml  48824-I034 

USA 

Radtord,  Luis  m-392 
Univ.  de  San  Carlos  de  Guatemala 
I7avenida  50-08  zona  12 
Guatemala.  Guatemala 
CENTRAL  AMERICA 

Retss,  Matthias  H-310 
Padagogische  Hochschule 
Bismarckstr.  K) 
7500  Karlsruhe 
WEST GERMANY 

Ren*  do  Cotret,  Sophie  HI- 1 55 

Universitede  Grenoble  I 
20  rue  Thiers 
38000  Grenoble 
FRANCE 

Resnlck,  Lauren  B.  I-338 
U.  ol  Pittsburgh,  IM84 
Learn.  Res.  &  Dev.  Cent.  111-215 
3939  O'Hara  Street 
Pittsburah,  PA  15260 
U.S.A. 

RttschlUkl,  Jean  Hl-50 

Universite  de  Fribourg 

Route  desFougeres 

CH-l700Frbourg 

SWITZERLAND 

Rice,  Donald  N.  II-170 

Inst,  lor  the  Study  ol 

Learning  DiKiculties 

S.  Australian  Coll.  ot  Adv.  Education 

Sturl  Campus,  Bedlord  Park  5042 

AUSTRALIA 

Richard,  Franchise  Ul-379 

see 

Albert 
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Rojano,  Teresa 
Centra  de  Invest.  &  Estud 
Avan.  del  IPN 

Nicolas  San  Juan  No  1 42 1 , 
Col  DelValle 
Mexico,  D.F.  03100 
MEXICO 

Rosen,  Gershon 

Dot  ol  Science  Teaching 
Weizmanrc  Institute  lor  Science 
Rehovot  76100 
ISRAEL 

Rouchler,  Andro 

Universite  d'OrWans  •  BP  6759 
I. R  E  M.  Dep.  de  Math,  et  cflnlo. 
45067  Orleans  Cedex  2 
FRANCE 

Rulz-Zunlga,  Angel 

Escuela  de  Matematicas 
Universidad  de  Costa  Rica 
San  Jose,  Costa  Rica 
CENTRAL  AMERICA 

Sackur-Grlsvard,  Catherine 

I  rue  Charles  de  Foucauld 

06IOONice 

FRANCE 

Sakonldls,  Haralambos 
King's  Coll  ,Educ.  Stud., 
Chelsea  Campus 
552  King's  Road 
London  SW10OVA 
ENGLAND 

Sayer,  All  . 

see 
Kaput 

Scally,  Susan  Paalz 

Emory  University 

Division  ot  Educational  Studies 

Atlanta,  Georgia  30322 

U.S.A. 

Schtlemann,  Analucla  Dlas 

Mestrado  em  Psicologia, 

8o  andar,  CFCH 

Univ.  Fed  de  Pemambuco, 

Cid.  Universita. 

50.739  Recite,  PE 

BRASIL 

Schroeder,  Thomas  L. 
Depl  olCurr&inst. 
University  ol  Calgary 
Calgary.  Alta. 
CANADA 
T2N IN4 


-  <i6lt 
1-301 


•135 


I-76 


III-325 


II-444 
II-449 


1-71 


I-289 


II-46 


I-289 


11-318 
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EMPIRICAL  INVESTIGATIONS  OF  THE  CONSTRUCTION  OF 
COGNITIVE  SCHEMATA  FROM  ACTIONS 

H.  DORFLER,  University  of.  Klaaenfurt,  Austria 


Abstract^  The  theoretical  basis  of  the  interviews 
reported  about  here  is  a  Piagetian-like  approach  to  the 
origin  and  genesis  of  cognitive  schemata  representing 
mathematical  concepts.  Such  schemata  axe  postulated  to 
reflect  the  abstract  and  general  structure  of  material, 
imagined  or  mental  actions  and  of  relations  induced  by 
these  actions.  Thj  main  cognitive  tools  for  the  m.-ntal 
construction  of  such  schemata  are  seen  to  be:  Actions^ 
symbolic  representations,  prototypes  of  objects,  reflec- 
tion and  abstraction,  schematizat ion ,  generalization. 
The  interviews  were  devised  such  that  the  subjects  were 
guided  appropriately  in  their  individual  cognitive 
constructions.  The  mathematical  topics  treated  ate: 
Place  value  system,  divisibility,  word  problems, 
geometric  sequence,  Riemann  integral.  In  general  the 
results  support  the  view  that  the  individual  construc- 
tion of  cognitive  schemata  is  possible  and  effective  in 
the  proposed  way. 

The  research  reported  about  here  was  carried  out  within 
a  project  at  the  University  of  Klagenfurt  which  was 
directed  by  the  author.  Members  of  the  project  team  Were 
H.  Kautschitsch,  G.  Malle  and  W.  Peschek.  The  interviews 
were  partly  made  by  three  high-school  teachers.  The 
whole  project  was  funded  by  the  "Fonds  zur  Forderung  dei 
wissenschaftlichen  Forschung  (Wien)".  Of  course  only  a 
small  part  of  the  total  work  and  of  the  results  can  be 
presented  here,  for  a  more  complete  overview  see  Dot f lei 
(1907)    and  my  contributions  to  former  PME  conferences . 

1 .  Theoretical  background 

The  basic  starting  point  for  the  research  was  the 
constructivist  position  that  individual  knowledge  is  the 
result  of  a  personal  construction  by  the  learner  and  is 
organized,  stored  and  represented  in  structuus  modeled 
by  cognitive  schemata  or  frames.  The  general  iim 
then  to  get  insight  into  the  process  of   the  c'-mal  t  u.-t  i  or, 
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of  cognitive  schemata  corresponding  to  mathematical  con- 
cepts: What  can  be  means  tor  and  conditions  of  these 
constructions?  Of  course  this  would  be  to  general  a 
question  for  sensible  investigations.  Therefore  the 
general  problem  was  narrowed  to  the  question:  Which  role 
can  play  material  actions  in  the  cognitive  building-up 
by  the  learner  of  a  mathematical  concept  or  method?  This 
research  program  i»  clearly  related  to  Piagetian  concep- 
tions as  interpreted  for  instance  by  Aebli  (1980/81)  or 
Papert  (1980)  :  Cognitive  schemata  (for  mathematical 
concepts)  reflect  abstract  and  geneial  structures 
(coordinations)  of  material  (and  mental)  activity  of  the 
human  being  and  they  result  from  consciously  reflecting 
on  one's  activity.  The  cognitive  constructions  are  here 
considered  not  as  being  automatic  or  spontaneous  but  as 
intentional  and  contiolled  processes  which  are  governed 
by  the  individual  and  the  material  which  he/ahe  is 
acting  with.  A  main  feature  of  these  constructive 
processes  turn  out  to  be  certain  types  of  generalization 
and  abstraction.  Essentially  the  research  question  then 
was:  What  does  it  mean  to  generalize  actions  or  to 
abstract  from  the  action  in  cases  of  specific  mathemati- 
cal concepts?  How  can  one  initiate  ir\d  guide  such 
processes  in  a  learner?  The  importance  of  these  issues 
results  als,>  trom  the  empirical  research  carried  out  by 
Krututskij  (1976).  There  is  demonstrated  quite  clearly 
that  mathematically  successful  pupils  mostly  recur  to 
(imagined)  actions  and  to  far  reaching  generalizations 
and  abstractions  when  sol'/ing  for  instance  difficult 
word-problems . 

On  this  basis  we  developed  a  theoretical  approach  and 
arrived  at  the  following  consequences  which  then  served 
as  hypotheses  for  the  construction  and  organization  of 
the  interviews: 

-  An  epistemological  analysis  of  many  mathematical 
concepts  shows  that  the  essential  kernel  structure  of 
these  concepts  consists  of  the  formal  and  generalized 
schema  of  material  actions  -jnd  induced  relations 
between  the  elements  of     the  actions.     The  learning  of 
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these  concepts  has  therefore  to  be  organized  as  a 
cognitive  process  of  abstraction,  generalization  and 
formalization  by  which  the  individual  constructs'  a 
cognitive  structure  comprising  the  general  schema  or 
form  of  the  actions  and  the  induced  relations. 

-  The  individual  construction  of  cognitive  schemata 
representing  mathematical  concepts  will  be  initiated, 
supported  and  guided  by  having  the  learner  carry  out 
adequate  actions  and  reflect  on  them. 

-  Reflection  on  material  (or  imagined)  actions  needs 
guidance  of  the  attention  of  the  learner  to  let  him 
recognize  the  relevant  relations.  Here  the  teacher  (or 
the  interviewer)  has  to  come  in,  but  also  the  kind  of 
elements  on  which  the  actions  are  carried  out  play  an 
important  role. 

-  An  indiapensible  tool  for  the  cognitive  construction 
of  the  formal  schemata  of  actions  and  relations  are 
representations  of  the  elementa  of  the  actions  by 
iconic  (geometric)  or  algebraic  symbols  (media) .  These 
symbolic  representatives  play  the  role  of  prototypes 
of  the  material  objects  (elements  of  the  actions). 
They  exhibit  in  full  clarity  these  characteristics 
(properties  and  relations)  which  are  relevant  condi- 
tions for  the  actions  to  be  possible  or  are  outcomes 
of  the  actions. 

-  The  iconic  or  purely  symbolic  prototypes  of  elements 
of  the  actions  yield  abstraction  and  essential 
schematization  of  the  actions,  of  their  elements  and 
of  the  induced  relations.  By  that  the  prototypes  and 
symbols  serve  as  the  basis  for  processes  of  genera- 
lization: The  prototypes  support  the  recognition  of , 
the  search  for,  and  the  construction  of  objects  with 
which  actions  of  the  developed  schema  can  be  carried 
out  resulting  in  formally  identical  relations  and 
outcomes.  The  field  of  applicability  of  the  type  of 
action  under  consideration  ir  thereby  extended.  In  a 
way,  the  prototpyes  represent  the  potential  generality 
of  the  action-schema. 

-  It  a  concept,  (i.e.  a  representing  cognitive  structure.) 
is     built     up     in     this  way   (i.e.   via  action-repi  esc-n- 
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tat  ion- reflect  ion -aba  tract  ion 


and 


schomatization- 


generalization)  it  will  bu  possible  to  go  back  to  its 
operative  origin  (when  for  instance  solving  a  problem 
by  use  o£  the  concept)  and  to  think  in  terms  of  the 
constitutive  actions  (as  carried  out  on  respective 
prototypes ) . 

a.  Th«  intwvlw 

To  get  empirical  support  for  the  theoretical  conclusions 
several  interviews  were  developed.  They  were  devised 
such  that  by  the  sequence  of  questions,  nints  and  cues  a 
cognitive  process  along  the  theoretically  described 
lines  could  be  induced  in  the  mental  activity  of  the 
interviewed  subjects.  According  to  the  theory,  guidance 
of  the  attention  of  the  subject  by  the  interviewer  is 
needed  (how  to  act,  what  to  symbolize  and  so  on).  The 
tht:si3  to  be  supported  reads:  If  the  actions  are  carried 
out  and  if  they  are  appropriately  symbolized  and 
reflected  then  thi3  results  in  an  adequate  cognitive 
structure  and  individual  concept.  Since  we  hold  our 
theoretical  approach  applicable  for  all  mathematical 
topics  and  all  ages  both  of  these  variables  were  chosen 
from  a  broad  range.  The  topics  were:  Place  value  system, 
rules  of  divisibility,  word  pioblems  (following 
Krutetskij) ,  geometric  sequence,  Riemann  integral. 
Children  of  various  ages  (where  possible)  and  adults 
were  interviewed  as  well.  The  interviews  on  place  value 
system  and  divisibility  ,ir«  amply  documented  in  Peschek 
(1985) . 

The  interview  which  was  intended  to  lead  to  the  con- 
struction of  d  cognitive  structure  representing  the 
essential  features  of  jeometric  sequences  was  organized 
in  the  following  way.  The  subject  was  presented  with  a 
strip  of  paper,  scissors,  a  ruler,  a  pocket  calculator 
and  asked  to  cut  the  strip  such  that  3/4  will  remain. 
This  action  then  was  to  be  iterated  several  times  and 
each  time  the  relation  between  (the  lungths  of)  the  two 
successive  strips  was  to  b«  described.  Tlii::  could  be 
done  in  a  multiplicative     f  x„  >  t  -  (  V4  J  x„l  or     additive  way 
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(x„  .  i  -xM  •  (1/4)  x,  )  .     ti.it  h    poocibiHtii.-s    ec-curred  in  <  h. 
interviews.  After  oomu  i  torations    and  thu  con  esiioiui!  ny 
nut ■» I ionB     the     attention     war,     led     tu  Uu-  I  ol.tt  iuiiJh i|» 
between  (the  lengths  of)    the  firjH  and  fin:  laot  obtained 
strip.  This  relation  was  to  be  iu«t  cd  which  naturally  led 
to     preferring     the     multiplicative     over     the  additive 
notation.     This     first     part     of     the  interview  could  be 
called  "action     and  rcpresentat ion"  ,     There  have  already 
occurred     some     generalizations     when  the  relation  of  an 
arbitrary  strip  to  its     predecessor  and    to  the  starting 
atrip  was     described  by     a  formula.     This  description  is 
the  starting  point  for     the    next     part  "generalization" 
where     the      abstracted     formal     structure    should  gain 
referential  meaning.  This  process  is  guided  by  questions 
and     requests     like:     Describe     verbally     the  essential 
features  of  what  you  have  done     before  with     thu  strips! 
What  other     fractional  parts     could  you     choose?  Are  the 
numbers  bound  to  be  less  than     1?  Can     they  be  negative? 
On    which    other     materials     can     you     carry  out  simil.u 
actions?  What     can  bo     varied  among     the  constituents  «t 
the     action?     Give     some     examples!     How     else     can  y.vi 
describe  the  actions  and   their  outcome?     Can  you     find  a 
common  notation     for  all   the  actions?  At    the  end  of  this 
part  the     now    generalized     common     structure     is  termed 
"geometric  sequence".     The  third  and  forth  part  check  to 
which  extent     a  cognitve     structure  represent i tig  "geome 
trie     sequence"     has     been     built  up  by  the  subject .  Foi 
that  11  different  numerical  sequences  were  presented  for 
which  it  was  to  be  decided  if  and  why  they  are  geometric 
sequences.  Then  three     word     problems     were     posed  which 
involved  geometric     sequences   for   their  solution   (Intel  - 
ests,   geometric     increase,    radioactivity).     Tn  the  final 
part  the     subjects  had     to  recall  the  meaning  of  "a,.-. 'me- 
tric sequence"  and  to     give  examples     on  their    own.  The 
last  question     was  presented  in  written  torn.:   How  do  y..u 
judge     the     value     of     the     "tools",     especially     of  the 
strips?  This     interview  was  carried  out  with  10  subjects 
(age  13-22  years)   and  each  took  more-  than     one  hour.  The 
subjects  did  not  know  the  concept   "geometric  sequence". 

o  1371. 
ER[C 


-  8  - 

Some _  t ofuj 1  t  n  ; 

-  The  choice  of  tho  appropriate  denotation  and  the 
adequate  variables  had  often  to  bo  supported  by  the 
interviewer.  But  after  overcoming  these  technical 
problems  in  all  interviews  tho  essential  relations 
were  abstracted  from  the  actions  on  the  otrips. 

-  The  generalization  mo.^ly  is  quito  tar-reaching;  it  is 
recognizod  whit  kinds  of  objects  are  suited  as 
elements  of  such  actions. 

-  The  generalization  to  factors  greatot  than  one  or  to 
negative  factors  in  aome  caaes  io  impeded  by  too 
closly  remaining  at  the  generating  actions.  In  other 
cases  •  factor  greater  than  1  is  correctly  interpreted 
as  the  action  of  adding  to  the  strip  and/or  the 
generalization  to  negative  factors  is  obtained  at  tho 
lovel  of  the  formal  notation  of  the  detected  rela- 
tions. Also  for  the  referential  genoralizationa  the 
important  role  or  the  symbolic  representations  as  a 
thinking  tool  gets  quite  clear. 

-  The  numerical  sequences  in  general  presented  no 
problems  and  the  reasoning  could  ofton  bo  carried  out 
by  the  use  of  imagined  actions,  i.e.  if  needed  the 
subjects  can  return  to  the  starting  point  of  their 
conceptual  development.  This  is  also  true  for  the  word 
problems  though  there  were  quits  u  few  difficulties 
with  recognizing  how  to  apply  tho  acquired  knowledge. 

-  All  subjects  can  summarize  the  esuential  structure  and 
are  quite  positive  about  the  cutting  of  the  strips, 
Apparently  the  strips  can  serve  if  neceonary  as  proto- 
types for  the  elements  of  pertaining  actions. 

Ju3t  to  give  a  vague  idea  of  the  other  interview  aeries 
I  quote  the  word  problems  used  there: 

1.  Static,  net  action-oriented  version:  ft  man  and  a 
woman  drinking  water  in  equal  portienr.  every  day  can  get 
by  with  a  given  supply  18  days.  The  man  alone  can  do 
with  the  same  supply  24  days.  What  is  the  ratio  of  the 
portions  of  the  man  and  the  woman?  I£  the  subject  cannot 
solve  it  (what  was  always  the  case!)  an  action-oriented 
version  was  presented. 
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2.  You  lay  squares  with  a  red  and  a  blue  side  in  rows. 
If  each  row  contains  m  blue  and  n  red  squares  you  net.d  6 
rows.  I£  each  row  contains  just  n  red  ones  you  need. 9 
rows.  What  is  m: n?  A  solution  by  switching  and  shifting 
the  blue  squares  was  developed,  described  and  then 
applied  to  version  1  which  then  (mostly  with  some 
troubles)  could  be  solved.  Here  pictorial  symbolizations 
were  used  which  proved  not  to  be  very  successful  and  it 
might  be  that  the  lacking  of  algebraic  atcrr iptions 
(like  a(m+n)=(a+c)n)  was  a  great  obstacle  for  effective 
abstraction  and  generalization.  Nevertheless  two  other 
versions  (exchanging  bank-notes  of  two  different  values, 
bottles  of  two  different  volumes)  mostly  could  be  solved 
along  the  abstracted  pattern. 

The  interview  series  for  the  Riemann-- integral  follows  a 
similar  organization  of  examples  where  situations  (from 
physics  for  instance)  had  to  be  interpreted  by  use  of 
the  integral.  The  relevant  actions  are  here  from  the 
beginning  (symbolic)  actions  with  mathematical  objects 
(numbers,  functions,  areas,  volume).  The  abstract 
structure  of  these  actions  and  the  induced  relations  on 
the  objects  is  just  the  standard  definition  of  Riemann- 
surr.s  . 
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TESTING  A  MODEL  OF  COGNITIVE  DEVELOPMENT  WITH 
RESULTS  FROM  A  LONGITUDINAL  MATHEMATICS  STUDY 
Nerida  P.  Ellerton.  Dcakin  University 


Results  from  e  longitudinal  mathematics  study  have  been  used  to 
test  a  two-parameter  model  of  cognitive  development.  The 
linearity  of  the  data  for  students  of  widely  differing  ability 
from  schools  set  in  different  aocio-econanic  regions  of  two 
countries  supports  a  model  in  which  the  development  of 
mathamtlcal  concepts  is  largely  independent  of  environment. 
Interviews  with  students  Indicate  that  those  who  show  uneven 
rates  of  development  have  inconsistent  approaches  to  different 
mathematics  problems,  in  contrast  with  the  consistent  approaches 
shown  by  students  whose  rate  of  development  is  more  uniform. 

Few  longitudinal  studies  concerning  the  development  of  mathematical 
concepts  have  been  reported  (see  for  example  Carpenter, 1980).  Keats  (1978) 
observed  that  no  longitudinal  data  of  Rasch  abi  lity  measures  was  available 
to  test  theoretical  relationships  for  studying  the  developnent  of  ability. 

From  a  recent  large  scale  study  of  the  development  of  abstract 
mathematical  reasoning  (Ellerton,  1987),  a  sub-Bomple  of  87  students  from 
two  secondary  schools  was  followed  longitudinally.  The  same  set  of 
mathematics  questions  was  given  to  the  students  three  times  spread  over  a 
period  of  three  years  (average  age  at  first  test  in  Year  9  was  13-14  years). 
Twenty  one  students  were  from  School  A,  set  in  a  low  socio-economic  area  of 
Wellington,  Ne*  Zealand,  and  66  students  were  from  School  B,  set  in  a  high 
socio-economic  area  of  metropolitan  Adelaide,  South  Austral  is. 


A  COGNITIVE  DEVELOPMENT  MODEL 


Halford  and  Keats  (1978)  proposed  a  developmental  curve  which  related 
ability  (Aij)  of  person  i  st  tine  tj  to  time  as: 

AU=_5iL   (1) 

tj  +ki 

where  Mj  is  the  maxinun  abi  1  i  ty  for  person  i  and  ki  is  the  growth  rate. 

Keats  (1982)  pointed  out  that  a  two-parameter  model  for  cognitive 
development  can  be  written:  1/Af  j  =  cl  +  dj  /  tj  ....(2) 
oi,  di  are  individual  differences  and  rate  of  growth  parameters 
respectively.  Since  equat ion  (l )  can  be  wri tten  as  1  /Ai  j  *  1/M1  +  kj/Mitj  , 
it  is  clear  that  equations  (1)  and  (2)  are  equivalent  representations  if 
ci=l/Mi  andd,=ki/Mi.  Time  is  taken  from  birth,  so  tj  corresponds  to  age. 
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Keats  (1978,  1982)  discussed  the  possibility  of  testing  this  model  for 
cognitive  development  with  ability  measures  found  by  applying  the  Rasch 


results  were  available  at  that  time.  The  longitudinal  data  described  above 
provide  the  necessary  data  for  testing  the  model. 


Rasch  analysis  was  used  to  find  the  ability  of  the  students  at  each  age 
tested.  Hie  abilities  of  students  over  the  study  period  fell  into  three 
main  categories,  showing:  (a)  an  increaae  over  the  test  period;  (b)  an 
increase  at  the  second  test,  then  no  change  or  a  small  decrease  and  (c)  a 
decrease  or  unchanged  at  second  test,  then  an  increase.  Category  (b)  is  a 
ceiling  effect  observed  for  some  students  with  high  scores  in  two  of  the 
three  tests,  and  category  (c)  suggests  environmental  influences  (such  as 
illness)  giving  negative  influences  on  development.  Only  the  abilities  of 
those  students  who  fall  into  category  (a)  can  be  used  to  test  the  model 
described  by  equation  (2)  since  a  tacit  assumption  in  its  formulation  was 
that  the  development  of  ability  shows  continuous  increase  with  time. 

Aa  Rasch  abilities  can  be  <0  for  an  individual,  later  becoming  >0  for  the 
Ban*  individual  on  the  same  test,  raw  Basch  ability  values  cannot  be  used 
to  test  the  model.  A  simple  scaling  procedure  can  convert  raw  Rasch  abi  1  i ty 
values  (which  centre  around  zero)  to  Aij  values  which  would  centre  around 
100,  according  to  equation  (3).  Rasch  ability  values  of  0.2  and  -0.5,  for 
exaiqple,  give  Aik  =  104  and  90  respectively. 


By  converting  raw  Rasch  ability  values  to  Aij  values  with  equation  (3), 
the  longitudinal  data  in  this  study  can  be  used  to  test  the  model  described 
in  equation  (2).  It  can  be  shown  that  the  scaling  of  Rasch  ability  values  ia 
valid  in  the  context  of  teating  for  this  model,  provided  that  the  tj  values 
are  large,  as  in  the  study  here.  Figure  1  shows  typical  results  of  plotting 
1/Aij  against  1/tj  for  students  whose  abilities  showed  an  increase  with 
time  (category  (a)  above).  A  linear  or  close  to  linesr  relationship  between 
1/Aij  and  1/tj  was  found  for  many  students.  Different  slopes  for  plots  for 
different  students  is  consistent  with  the  two  parameter  model  for 
cognitive  development  which  requires  an  individual  rate  of  development 
parameter  di  as  well  as  an  individual  differences  parameter,  ci.  The  plots 
show  that  ci  and  di  are  independent,  with  a  wide  range  of  ci  values  for 
students  with  similar  di  values  and  vice  versa. 


model   to  longitudinal  studies.  He  pointed  out,  however,   that  no  such 


TESTING  THE  MODEL 


100  +  (20  x  Rasch  ability)  =  Aij 


(3) 
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Figure  Is  Reciprocal  of  ability  ve  reciprocal  of  afa  for  students  fran  Schools  A  and  B. 

The  overall  linearity  of  the  1/Aij  vs  1/tj  data  for  students  of  widely 
differing  ability  fran  schools  set  in  different  socio-economic  regions  in 
different  countries  is  evidence  to  support  a  model  of  cognitive 
development  in  vahich  the  acquisition  of  mathemet ical  concepts  is  largely 
independent  of  a  particular  environment.  This  is  the  first  confirmation 
of  this  model  with  Rasch  ability  data. 


INTERVIEWS  WITH  STUDENTS 


Ability  data  alone,  however,  cannot  be  used  to  investigate  the  reasons 
for  any  departures  from  the  linearity  of  the  1/Aij  vs  1/tj  plots  such  as 
those  exemplified  in  Figure  1.  Interviews  with  forty  five  students  fran 
School  B  focused  on  several  of  the  test  questions  in  an  attempt  to  reveal 
any  response  patterns  that  may  be  associated  with  different  attitudes  anrl 
approaches  to  mathematics  which,  in  turn,  may  exemplify  particular  types 
of  1/Aij  vs  1/tj  plots.  Excerpta  from  interviews  held  with  the  students  in 
Year  12  are  discussed  below;  original  question  runbera  are  retained. 

t.  Bin  laaaber.  Miat  Is  B  It      B  »  4  '  XT  -  4? 

18.  (sake  up  •  short  methoiatlcsl  problem  that  you  think  would  be  quite  difficult 
for  •  friend  oi  yours  to  solvs.  Show  how  you  wou Id  work  out  the  answer. 

37.  Aoar  flrmhea  two  typei  of  cer  transport  in  available.  Type  A  can  taku  9  oars, 
type  B  can  take  S  cera.  There  ire  It  cart-  to  be  cerried  to  another  oity.  and  9 
drlvara  era  available.  The  transporters  mat  carry  a  full  load. 

□  type  A  transporters  and  Q  type  B  transports™  will  be  naedad  to  take  the  care. 

Student  2,  School  B  -  boy  (B2  in  Figure  la) 
Question  •:  Mentally,    twenty  seven  minus  four  is  twenty  three; 
subtract  four  again  is  19.  Then  a  quick  mental  check;  nineteen  and  four 
is  twenty  three. 

Question  18:If  I  had  a  problem  which  I'd  seen  before  and  I  could 
remember  and  I  didn't  know  the  answer,  I  probably  would  give  that 
problem  to  a  friend  and  see  if  he  could  solve  it  and  find  an  answer.  And 
then  go  through  his  working  and  see  whether  I 'd  missed  out  on  something. 
Question  37:  Now  this  is  a  nice  one.  I  obviously  see  that  I  need 
simultaneous  equations  here,  so  I  say  let  the  x  transporters,  x  Type  A 
transporters.  So  in  other  words,  nine  times  x,  that's  that  amount  plus 
eight  times  another  amount  y,  has  to  equal  seventy  seven.  .  .  And  also, 
the  number  of  transporters,  assuming  that  one  transporter  has  one 
driver,  then  x  plus  y  equals  nine  because  there  are  nine  drivers  .  .  . 
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I'll  need  four  Type  B  transporters  and. 

substituting  that  into  the  second  equation  q 

because    it   would   be   easiest,    they'll       q(<f .^-T?  *  *        =  ' 

require  five  Type  A  transporters.  And  I '  1 1  *        *  »^  -  q 

just   try  a  quick  check;  nine  fives  are   81  •  ? j  •  8.,,  ,77         x  „ 

forty  five  plus  four  eights  are  thirty  "  *  "  *  **  * 

two.  that's  seventy  seven. 

General  Cements:  ...  I  enjoy  maths,  that  is  to  say  I  occasionally 
have  a  tendency  to  get  bored  ...(when  1  had)  twenty  six  questions  all 
of  exactly  the  same  type  and  that  sort  of  got  boring,  I  would  go  through 
half  of  them,  thirteen,  and  make  sure  1  got  them  right,  then  try  and 
program  them  onto  my  calculator.  So  I'd  do  the  rest  of  them  like  that. 

The  high  ci  value  (238)  for  Student  2  is  consistent  with  his  conmand  of 
spoken  mathematical  language,  his  thoroughness  (he  checked  almost  every 
answer)  and  the  maturity  with  which  he  approached  the  question  on  making  up 
a  problem  (he  would  effectively  challenge  a  friend  to  solve  a  problem  for 
which  he  didn't  know  the  answer  so  that  he  could  'go  through  his  working'). 
His  fluency  with  mathematical  language  appeared  to  be  intertwined  with  a 
rule  oriented  approach  to  the  subject  CI  obviously  see  that  I  need 
simultaneous  equations  here' ,  Question  37). 

Student  5.  School  B  -  girl  (B5  in  Figure  la) 

Question  9:  Twenty  seven  take  four  is  twenty  three  so  that's  twenty  one 
and  four.  No  it's  not.  It's  twenty  three  add  four.  Hang  on.  Twenty  seven 
take  four  is  twenty  three.  So  it's  nineteen  add  four  is  twenty  three,  so 
it  leaves  nineteen. 

Question  18:  At  the  moment  (I'd  make  up)  some  sort  of  limit  problem 
because  that  'a  what  I'm  doing  at  the  moment.  I  don' t  understand  i  t ! 
Problem  37 :  .  .  .  Nine  nines  is  eighty  or;.  No  it's  not  that  many.  Nine 
eighta  are  seventy  two;  no.      I:  What  are  you  doing?    S:  Just  trying  to 
see,  just  trying  different  combinations,  with  the  nine  drivers.  I've 
tried  taking  them  all  in  Type  A,  and  that  doesn' t  work,  so  I  tried  taking 
A  and  taking  the  extra  on  the  eights.         I:  So  what  might  you  try  next? 
8:  Try  six,  because  eight  was  too  far  off.  Nine  sixes  are  fifty  four,  so 
x  is  twenty  three.  Doesn't  go  either.  Fives;  no,  that  leaves  thirty  two 
which  can  go  into  the  eight,  which  goes  four,  so  that  works. 
General  Cnasents:  (It's  hard)  when  I  see  somethirg  that  I  don't  know 
how  to  start,  or  that  it's  something  that  we  don't  usually  do  normally. 
.  .Textbooks  -  they  usually  go  through  and  have  a  mi  11  ion  of  one  sort  of 
problem  and  then  a  mi  1 1  ion  of  the  next  sort  of  problem,  and  when  you  just 
get  one  in  front  of  you,  it's  pretty  difficult  to  try  and  figure  it  out. 

Student  5'a  approach  to  mathematics  problems  forms  a  strong  contrast 
with  that  of  Student  2's  fluency  with  the  subject;  the  ci  value  for  Student 
5  is  185,  but  the  slope  of  the  plots  for  Students  2  and  5  in  Figure  la  are 
very  similar,  implying  that  development  is  occuring  at  similar  rates. 

Although  both  Students  2  end  5  worked  out  that  nineteen  was  the  correct 
answer  to  Question  9,  Student  5  only  arrived  at  this  answer  by  buck  tracking 
from  an  incorrect  answer  of  twenty  four,  whereas  Student  2  solvrd  the 
problem  in  the  minimum  of  time,  using  a  very  organized  strategy.  Student  5 
appeared  to  be  consistent , though, in  her  own  approach  to  different  problems. 
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Both  Students  2  and  5  were  cynical  about  all  of  the  textbook  exercises 
required  of  students,  although  the  former  used  to  get  bored  with  the 
exercises  and  would  program  his  calculator  for  half  of  them,  while  the 
latter  found  that  she  was  unable  to  decide  how  to  tackle  a  problem  out  of 
the  context  of  a  set  of  text  book  exercises.  Both  agreed,  too,  though  they 
expressed  this  in  different  ways,  that  their  made  up  problems  would  centre 
on  something  they  were  familiar  with  at  preaent,  and  that  this  could  mean 
that  the  solution  would  be  difficult  for  themselves. 

Student  (,  School  B  -  girl  (B8  in  Figure  U) 
Question  >:  So  I  have  to  find  B,  and  if  B  is  B  add  four  which  equals 
twenty  seven,  take  four.  Well,  twenty  seven  take  four  is  twenty  three 
(writes  23).  In  that  case,  that  number  plus  four  has  to  equal  twenty 
seven  so  it  must  be  -  oh,  no  -  (pause)  That's  right,  then  so  from 
twenty  three  to  find  out  what  it  is  which  you  add  four  to  you  take  four 
from  twenty  three  so  you  get  nineteen.  So  nineteen  plus  four  equals 
twenty  three.  (Pause)  Yea.  Which  equals  twenty  seven  take  four  which  is 
twenty  three  so  I'll  put  nineteen. 

Problea  II:  I'm  not  sure.  Uan,  it  has  to  be  something  I  can  work  out 
myself  .  .  .  Something  to  do  with  finding  the  value  of  x  or  if  you  had 
so  many  things  .  .  .  which  equalled  such  and  such  a  price,  something 
like  how  many  children  could  be  divided  up  between  whatever. 
Question  37:  (Reads  out  question  slowly.  Writes  down  A=9cars, 
B=8c«rs,  aleo  77  cars,  9  drivers.)  I:  Where  would  you  start? 

S:You'd  have  to  find  out  how  many  cars  go  into  ...  how  many  loads  of  A 
and  Bwill  fit  into  seventy  seven.  And  divide  it  by  the  nine  drivers. 
Well,  Seers,  (long  pauses)...  (she  eventually  gave  up). 
General  OossMnta:       I  slways  tried,  but  I've  never  been  s  star  at 
maths.  I  excell  in  other  subjects. 

Student  8  was  of  lower  mathematical  ability  than  Students  2  and  5;  the 
plot  for  Student  8  in  Figure  I  extrapolates  to  give  ci  =  125.  The  rate  of 
growth  parameter,  di,  ia,  however,  approximately  the  same  as  the  that  for 
Students  2  and  5.  The  contrast  between  these  students,  though,  in  the 
methods  used  and  in  the  mathematical  language  spoken,  is  striking. 

Student  8's  approach  to  Question  9,  for  example,  was  full  of  stumbles 
and  uncertainties,  and  took  much  longer  to  reach  the  tentative  answer  of 
nineteen.  She  kept  trying  to  remember  what  she  thought  she  was  supposed  to 
do  to  solve  particular  problems.  She  seemed  to  lose  track  of  where  ahe  was 
or  what  the  object  of  her  calculations  were.  Perhaps  many  of  her  problems 
in  mathematics  stsm  from  an  inability  to  retain  the  necesssry  schema  over 
both  short  and  long  terms.  Whether  this  is  associated  mainly  with 
mathematics  is  open  lo  speculation,  and  to  what  extent  the  lack  of  short  and 
long  term  memory  for  mathematics  can  be  associated  with  her  negative 
attitude  to  the  field  is  impossible  to  gauge. 

The  difficulties  she  experienced  in  the  test  consistently  involved  those 
problems  for  which  several  facts  had  to  be  retained  from  one  step  to  the 
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next.  Thus  although  the  three  students  whose  interview  excerpts  have  been 
discussed  above  di f f er  markedly  in  mathemat  ical  ability,  they  have  all  been 
consistent  in  their  approach  to  the  whole  test,  it  can  be  hypothesized  .that 
this  consistency  is  a  major  factor  in  detennining  a  uniform  rate  of 
development;  inconsistencies  in  approach  would  be  expected  to  lead  to 
rapid  gains  in  some  areas  and  slower  ones  in  others,  thus  destroying  any 
uniformity  in  the  rate  of  development  during  different  periods.  Interviews 
with  Students  13,  15  and  25  all  revealed  auch  inconsistencies. 

Student  IS.  School  B  -  girl  (B13  in  Figure  lo) 
Question  It:  Probably  try  an  algebra  one.  I'd  do  one  that  I  know  if 
the  answer  was  right  or  wrong.  I  might  choose  one  that  I  might  find 
easy  and  that  I  think  my  friend  would  find  hard.    I :  How  would  you  try 
tomake  it  difficult?  S:  Use  bigger  numbers,  I  suppose.  9a  „  &k    .  77 
Quest  ion  ST:  1  think  I'm  completely  off  the  track...  1 
A.  can  take  nine  cars  so  you  say  it's  nine  A  and  it  would       1  J  » 
be  eight  B.  I  know  I 'm  doing  it  wrong  because  they've  got  nine  drivers. 
General :  I'm  not  very  good  at  maths.  Never  have  been,  never  will  be. 

Student  15,  School  B  -  boy  (B15  in  Figure  lc) 
Question  It:  x  squared  plus  four  equals  eight.  .  .First  of  all  you'd 
take  four  over  the  other  side  which  means  that  x  squared  equals  four, 
and  then  you'd  square  root  the  four  which  gives  you  two  so  x  equals  two. 
Question  37:  That  one  would  take  a  bit  of  thinking  to  do...  What  I 've 
done  is  to  put  out  the  factors  of  nine  and  eight,  and  because  you  have 
to  use  nine  drivers,  you  have  to  find  a  factor  of  nine  and  a  factor  of 
eight  that  will  add  up  to  seventy  seven,  which  also  has  to  be  nine 
altogether,  to  make  up  nine  drivers.  So  .  .  .  Type  A  which  has  to  have 
nine  on  eech  trip,  carries  forty  five  cars  which  nine  fives  are  forty 
five  so  you've  got  f  ive  drivers  and  Type  B  carriea  thirty  two  which  ia 
four  drivers,  total  of  nine  ...  (1  used)  more  or  less  trial  and  error. 
General  Goaswnts:  ...  I  like  to  make  sure  I  know  what  I'm  doing;  I 
like  to  do  the  trial  and  error  way  as  well  as  working  out  the 
mathematical  way.  It'B  a  lot  easier  doing  it  the  matheraet ical  way,  but 
you've  sort  of  got  to  know  exactly  what  to  do. 

Student  13  did  not  realize  that  she  had  correctly  formulated  one  of  the 
equations  for  Question  37.  She  had  little  confidence  in  her  own  ability. 
Although  Student  15  was  able  to  solve  Question  9,  he  stumbled,  at  first,  on 
another  similar  question  of  lower  item  difficulty.  He  missed  the  subtlety 
of  the  answer  of  _+  2  for  his  made-up  problem.  His  desire  'to  do  the  trial 
and  error  as  well  as  working  out  the  mathematical  way'  may  have  been  his  way 
of  checking  that  he  was  on  the  right  track  before  he  used  'the  mathematical 
way'.  His  approaches  were  not  consistent  across  the  test;  he  seemed  to  be 
considerably  less  secure  with  some  concepts  than  with  others. 

Student  15.  School  B  -  boy  (M5  in  Figure  lo) 
Question  It:  It's  an  expansion  of  brackets,  a  cubic  example. ..it  was 
difficult  when  I  first  started;  it's  not  at  the  moment.  A  few  people  I 
know  wouldn't  be  able  to  do  it. 

Question  37:  I  do  this  by  trial  and  error;  it's  probably  wrong  to  do 
it  this  way,  but  I  just  experiment  with  numbers.  Well,  you've  got  nine 
and  you've  got  eight  cars  available  to  be  carried  by  each  mode  of 
transport,  therefore,  you  find  out  the  numbers  that  will  combine  to  give 
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you  seventy  seven.  Chances  are  that  it  would  be  intermediate,  between 
the  two,  because  you've  got  nine.  See  with  nine  and  eight,  chances  are 
it  would  be  very  close  to  carrying  half  each.  Chances  are  the  numbers 
would  be  either  five  or  fcur,  so  could  be  nine  times  four  and  eight 
times  five  or  nine  times  five  and  eight  times  four,  which  would  give 
you  nine  fives  are  forty  five,  eight  fours  are  thirty  two,  (writes 
these  down).  Yes,  it's  nine  times  five  and  eight  times  four  gives  you 
seventy  seven.  Therefore  it's  five  Type  A  am  four  Type  B. 

Although  Student  25  was  confident  in  solving  some  problems,  be  made 
serious  mistakes  with  others.  He  liked  to  experiment  with  numbers  and  use 
'trial  and  error' .Student  15  used  similar  expressions. Students  13,  15  are! 
25  showed  developmental  plots  of  similar  shape  with  a  lower  initial  rate  of 
development  and  a  higher  rate  between  the  second  and  third  tests  consistent 
with  a  rapid  increase  in  mathematical  skills  with  insufficient  tima  for  the 
full  acquisition  of  sane  of  the  underlying  concepts.  All  three  students 
solved  Question  9  with  ease,  in  contrast  to  their  handling  of  other 
questions.  Hie  problems  made  up  by  these  students  were  ones  they  felt 
confident  to  solw  theraaelves,  in  contrast  with  Students  2  and  5.  Ellerton 
(1986)  has  shown  that  students'  made-up  mathematics  problems  uniquely 
reflect  their  mathemat ical  experiences  and  level  of  concept  attainment. 

The  interview  excerpts  from  students  whose  1/Aij  ys  1/tj  plots  are 
lineer  have  provided  evidence  of  consistencies  in  the  students'  approaches 
to  different  mathematics  problems  in  the  same  test,  in  contrast  to  students 
whose  plots  are  not  linear.  Students  with  ' trial -and-error'  approaches 
and  with  poor  symbol izat ion  skills  show  uneven  rates  of  development.  It  is 
not  clear  at  thia  stage  whether  an  inconaistent  approach  to  different 
mathematics  problem  is  a  coniequence  of  on  uneven  rate  of  development  in 
the  acquisition  of  mathematical  concepts  or  vice  versa. 
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TEACHING  OF  MATHEMATICS  AND  DEVELOPMENT  OF  OPERATING  COGNITIVE 
STRUCTURES  -  AN  EXPERIMENT  WITH  BRAZILIAN  LOW-INCOME  CHILDREN. 
Maria  Apparecida  Maniede  Neves, Dr. Psy.-PUC/Rio  de  Janeiro 
Maria  Lucia  Fraga,M.A.-PUC/Rio  de  Janeiro 


In  order  to  study  the  relationship  between  the  construction 
of  mathematics  elementary  notions  and  the  development  of  its 
related  cognitive  structures,  a  research-in-action  was  devel- 
oped following  a  psychopedagogical  work  with  Brazilian  chil- 
dren from  low-income  communities  of  Rio  de  Janeiro  that  pre- 
sented learning  disabilities  and  repeated  1st  grade  several 
times.  Data  gathered  has  proved  the  treatment's  efficiency  and 
allowed  for  some  statements  to  be  made  on  the  subject  of  psy- 
chology for  mathematics  education. 

An  investigation  in  the  field  of  mathematics  education  is  currently 
being  developed  at  the  Psychopedagogic  Guidance  and  Counselling  Center 
(NOAP)  of  the  Pontiflcia  Universidade  Catolica  do  Rio  de  Janeiro  (PUC/ 
RJ/  -  as  a  research-in-action  -  whereby  a  group  of  children  from 
low-income  communities  of  the  city  of  Rio  de  Janeiro  -  slow  learners-is 
being  followed  up  and  evaluated  in  a  methodic  and  systematic  manner. 
The  whole  job  carried  out  was  based  on  the  assumption  that  every  re- 
search on  knowledge  construction  must  consider  the  dynamics  of  mental 
structures  involved.  Therefore,  in  the  specific  case  of  this  investiga- 
tion, its  main  purpose  was  to  investigate  the  relationship  existing  be- 
tween the  acquisition  of  basic  elementary  notions  of  mathematics  and 
the  development  of  cognitive  structures  which  are  essential  so  that  the 
learning  process  would  take  place.  The  research  sought  to  take  into 
account  the  psychological,  cultural  and  social  variables  involved  in 
the  act  of  teaching  and  learning  mathematics. 

The  psychopedagogic  performance  plan  selected  to  be  developed  among  the 
children  therefore  always  kept  up  a  close  link  with  children's  modes  of 
life  and  experiences,  gathered  while  tending  to  them  and  therefore  such 
plan  was  founded  on  Brazilian  mathematics  education  which  advocates, 
according  to  Lopes  (1979),  both  the  differentiation  of  knowledge  of 
mathematics  as  a  tool  of  life  and  science,  in  its  strick  sense,  and 
the  democratization  of  teaching.  This  was  therefore  a  project  whose  aim 
was  not  only  the  implementation  of  the  "corpus"  of  specific  knowledge 
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but  also  and  chiefly  a  presentation  of  an  explicit  social  and  poli- 
tical commitment. 


METHODOLOGY 

The  formative  evaluation  was  chosen  instead  of  the  somative  one  as  pat- 
tern of  evaluation  of  the  experiment  because  of  the  nature  of  this 
investigation,  thus  being  able  to  differ  and  to  discuss  not  only  the 
most  important  aspects  related  to  the  mathematic  knowledge  construc- 
tion itself,  but  mainly  the  psychological  phenomena  envolved  while  the 
whole  process  took  place. 

As  a  result  of  a  previous  psychodiagnosis  of  the  children  involved  in 
the  experiment,  randomized  groups  were  formed  based  on  their  cognitive, 
affective  and  social  steps  of  development  and  submitted  to  the  specific 
treatment.  Groups  were  assisted  on  weekly  basis  during  a  school  year 
by  a  psychopedagogic  team  made  up  of  a  coordinator  and  an  observer, 
both  permanent. 

The  work  with  the  children  was  based  on  problem  solving  using  group  dis 
cussion,  taking  into  account  the  children's  own  experiences  of  life  and 
interests.  Toys  and  other  familiar  objects  pertaining  to  the  same  so- 
cial level  of  these  children  were  used  to  develop  this  work,  but  any 
other  object,  even  junk,  was  also  used  once  it  enabled  children  to 
build  up  games.  Systematic  observation  of  group  dynamics  was  selected 
as  the  main  tool  of  this  research. 

Data  gathered  was  submitted  to  regular  discussion  by  the  group  coordi  - 
nators  as  well  as  to  a  technical  coinnittee  made  up  of  psychologists 
and  pedagogs.  The  former  joined  the  latter  and  both  evaluated  the 
research's  development  being  possible  the  re-elaboration  of  the  system 
itself. 

RESULTS 

The  experiment's  first  step  has  been  accomplished  and  some  results  can 
be  pointed  out:  1)  in  a  large  approach,  it  is  possible  to  consider 
that  a  significant  change  took  place  in  children's  general  behavior  as 
well  as  in  their  school  performance,  confirmed  by  their  school's  feed- 
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back;  2)  in  a  strict  point  o£  view,  this  change  whs  expressed  by  sev- 
eral skills,  such  as: 


<  *       .  . 

rVrpnr.il                  Emotional  4  Social  (            ?  Cognitive 

\wareness  of    one's  own 
lody 

:onf rontation  between  body 
apace  and  the  surrounding 
rforld 

Construction  o£ : 

.  Identity 

,  Autonomy 

.  Group  companion 
ship 

Construction  o£  objects 
establishing:  grouping, 
one  to  one  pairing,  clas 
sification  patterns;  use 
o£  words  and  of  numbers 
for  counting 

flwareness  of  corporal 
limits  according  to  one's 
own  possibilities 

Positioning  of  objects 
Symmetric  and  asymmetric 
relations 

Awareness  of  the  intention 
ality  of  movements ;  bettci 
corporal  pcrf orwincc 

Emotional  control 

Initiative 

Industry 

Posing  problems 

CONCLUSIONS 


Data  gathered  allowed,  at  the  first  approach  level,  for  some  statements 
to  be  made  on  the  subject  of  mathematics  education  psychology: 

1)  Results  achieved  strengthen  the  thesis  of  authors  such  as  Benjamin 
(1955),  Piaget  (1975)  and  Lopes  (1979)  among  others,  in  the  sense  that 
cognitive  structures  refer  chiefly  to  logico-mathematical  activities 
while  they  arc  specific  to  the  human  being  through  some  peculiar  acts 
which  he,  and  only  he  himself,  can  exercise  over  the  objects,  such  as 
for  example;  to  classify,  put  in  order,  modify  and  change.  It  was  prov- 
en that  these  activities  are  actually  implicit  in  children's  action,  in 
their  plajingand  in  their  games  and  that  they  constitute  the  very  es- 
sence for  acquiring  different  school  contents.  It  became  very  clear  hat 
logic  and  mathematics,  at  least  in  tUeir  genesis,  are  not  constructed 
independently;  they  are  linked  to  one  another,  and  inasmuch  as      if  an 
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individual  is  to  operate,  he  muat  be  able  to  establish  siroultaneously 
coordinated  relations  and  to  modify  these  B-BB  coordination,,  by  associ- 
ation,  inversion  and  reversion. 

2)  The  experience  carried  out  provided  children  with  a  space  in  wh'ch 
to  use  their  own  bodieB  fl8  fl  b>3i8  t£>  underatand  mathemgtics ^  ^  ^ 

advocates  that,  an  interrelationship  b.tveen  the  body  objects  is  es8c„- 
cl.1.  It  is  by  experimenting  a  multiplicity  of  possible  body  coordina- 
tions with  the  body  itself,  with  the  bodies  of  others  and  with  differ- 
ent materials,  within  a  Riven  space  and  time,  that  mathematics  is 
learned. 

Results  achieved  showed  that  only  by  going  through  these  steps,  Mn  will 
be  able  to  advance  qualitatively ,  by  developing  certain  activities 
which  will  reflect  complex  n^.tal  actions  derived  fro*  data  gathered 
in  the  body-object  relationship.  School  practices  are  some  of  those 
specific  co-plex  learning  proce.aea  of  men's  abilities  and  therefore 
require  psychomotor  practices  to  bfi  developed. 

Acquisition  of  mathematical  techniques  and  acholic  formulations,  strict 
ly  speaking,  preceded  by  body  action  which  is  related  to  «n  activiJ 
actually  exercised  in  the  world  of  objects,  becoaes  then  much  more 
effective.  It  ha.  become  evident  that  it  is  by  acting  spontaneous^  that 
children,  even  having  failed  previously  in  school,  can  acquire  their 
first  knowledge  of  mathematics,  such  as  for  example,  8imple  MthcMt„ 
ical  calculation.,  even  though  they  Bay  not  be  able  to  express  then  i„ 
a  more  systematic  way.  (Kamii,  1984,  Vayer,  1973). 

3)  A  third  point  cover,  the  emotional  link  which  f  established  between 
the  individual  and  that  which  he  learns.  It  was  not  considered,  suggest 
-  by  Pi.gct  (1954)  that  the  emotional  behavior  of  cental  functions  U 
understood  only  into  energetic  terms  as  opposed  to  the  cognitive  behav- 
ior which  constitutes  the  structural  aspect.  Likewise,  it  was  not  con- 
sidered that  affectivity  cannot  change  cognitive  structures ,  even  though 
t  may  systercatical  ly  interfere  in  the  contents  of  that  same  structure 
(Piaget,  19V,).  On  the  contrary:  a  hypothesis  was  assumed  in  this  i„ves 
tig.tion  (with  Barros,  1971  and  Mamede  Neves,  1977)  that  cognitive  and 
affective  aspects  are  both  psychic  structures  which,  if  reenergized  dur 
ing  the  processes  of  evocation  or  (re)perception,  will  acquire    a  cer^ 
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tain  psychic  intensity,  by  showing  itgcilf  as  an  experience  reapect ivoly 
ideational  or  perceptual,  emotional  or  endo-pcrceptual .  In  the  specific 
case  of  the  experiment  carried  out,  it  was  verified  that  many  children 
bore  a  negative  emotional  link  with  learning  of  mathematics  and  that, 
through  an  adequate  assistance,  it  was  possible  to  restructure  aaid 
link.  These  links  became,  without  a  doubt,  structuring  elements  of  the 
type  of  construction  of  mathematical  knowledge,  with  all  pertinent 
consequences,  which  goes  to  prove  the  assumption  taken. 

It)  Finally,  the  experiment  stressed  the  great  importance  of  socio-cul- 
tural  aspects  in  the  net  of  learning.  When  child  reaches  the  stage  of 
formal  learning  it  already  bears  in  itself  a  whole  structure  of  knowl  - 
edge  which  reflects  the  culture  of  its  family  and  its  social  milieu  , 
which  culture,  however,  ia  not  always  compatible  with  or  used  (and  som£ 
times  denied)  by  the  culture  of  school.  That  io  why  oftentimes  there 
appear  certain  insunaontable  obstacles  in  the  act  of  learning, which  are, 
however,  considered  only  as  beig  of  a  cognitive  nature. 

A  great  deal  of  the  children  asoiutcd  in  the  present  experiment  allowed 
thoae  problems.  Only  by  respecting  that  knowledge,  adjunting  to  lun  - 
guage,  to  conduct  and  to  socialization  which  they  bore  in  themselves, it 
was  possible  to  (re)construct  the  proposed  knowledge. 
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THE  COMBINATORIAL  SOLVING  CAPACITY 
IN  CHILDREN  AND  ADOLESCENTS 


Efralm  Flschbeln,  Avikam  Oazit 

School  of  Fducatlon 
Tel  Aviv  University 


The  following  factors  were  conn ldered :  The  typr  of 
combinatorial  problem  (arrangements,  permutations  and 
combinations);   the  number  and  nature  of  elements;  the 
effect  of  age  (grade  6,  age  11-12  and  grade  B,  age 
13-14);   the  effect  of  Instruction.     In  order  to  check 
the  effect  of  instruction,  a  pre-test,  an  Immediate  and 
a  delayed  post-teat  were  administrated.    The  following 
findings  have  to  be  mentioned:  a)  The  performances  with 
digits 'are  higher  than  those  with  concrete  objecta 
(colore,  members  In  committees)  b)  The  performances  with 
arrangements  and  permutation  prohlema  are  better  than 
those  with  combinations,     c)  Foth  age  and  Instruction 
have  a  net  positive  effect  but  In  younger  subjecta 
(grade  6)  the  percentagea  of  correct  solutions  for 
combinatorial  problems  remain  under  MX  even  after 
instruction. 


in  the  Plagetl&n  theory  the  combinatorial  capacity  represents  a 
fundamental  component  of  formal  reasoning.     The  proposl t lonal  logic  of 
adolescents  Is  said  to  express  basically  the  combinatorial  reaourcea 
of  their  thinking  (Plaget  and  Inhelder,   1975;   Inhelder  and  Plaget, 
1958).     On  the  other  hand,  combinational  analysis  represents  a 
powerful  and  Important  branch  of  mathematics  related  to  probabilities, 
linear  programing,  the  theory  of  games,  topology,  number  theory, 
network  analysis,  etc.    The  literature  concerned  with  the 
psychological  aspects  refer  mainly  to  the  development  of  formal 
operations  (Nehnark,  1975;  Soberge,  1976;  Kuhn,  Ho  and  Adams,  1979; 
Pallrand,  )"'79;  Wollman,  1982).     Some  other  publications  consider  the 
didactical  aspects  (Kapur,  1970;  Peosart,  1971;  Fanuccl,  1972;  Hadar 
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and  Hadass ,  19H|;  Ouintero,  19fi5).    A  few  deal  with  training 
strategiee  (Fiachbein,  Pampu  and  Hinxat,  1970;  Parratt,  1975;  White, 
1982). 

The  main  alma  of  our  research  were  to  determine  the  optimal  age  for 
teaching  coalnatorlal  analysis  syatematically  and  the  optical 
strateglea  to  accompliah  thla  ais>.    An  intereating  cognitive 
-didactical  problem  was  alao  to  establish  the  effect  of  the  nature  of 
elementa  considered  (abatract      veraua  concrete  elements). 

THE  PFS3GH 

The  aubjecta  were  8*  elementary  and  high  achool  pupils  enrolled  In  two 
ochools  in  Tel  Aviv  altuated  in  a  middle  claas  urban  area.    Two  age 
(grade)  levela  were  investigated:  age  11-12  (grade  6),  43  aubjecta; 
and  age  13-1*  (grade  8),  41  aubjecta. 

The  Lessons:    Two  junior  high  achool  and  two  high  achool  claaaea 
participated  in  the  teaching  program.    Each  claaa  received  6  lessons 
of  45  min.  each  diatributed  over  four  weeka.  The  topica  wera  taught  In 
the  following  order:    Arrangements  with  and  without  rep-titiona; 
permutationa;  combinations.    Arrangements  and  f  ermu'fw.Kan)  were  tsught 
using  tree  dlagrama.    For  aolving  combinations  -  which  cannot  be 
produced  directly  by  the  means  of  diagrams  -  one  haa  taught  the 
formula:        r  fc  fvH 

The  lessons  bad  mainly  an  intuitive-experimental  character  but  alwaya 
lead  to  the  solving  formula. 

Testing  Procedurea:    Thirty-nine  items  distributed  into  thre  groupa  of 
questions  were  used.    The  items  referred  to  the  following 
conbinstorial  questions:        C32,    c«2.    C*3I      P3,  P4i     A32,  A«2.  A*3 
(with  repetitions);  (ulthout  repet  it  iona) .    Fach  of 

these  problems  wss  presented  In  three  different  embodiments  (digita, 
colore,  taaka  in  commit teea).    Theee  thirty-three  Items  were 
dlatrlhuted  randomly  in  three  queatlonnairea .     In  addition  there  were 
two  Items  (C*2  and  c52>  vhlch  appeBred  wJth  the  aaBe  embodltienta  ln 
all  three  queatlonnairea.    Tn  order  to  neutralize  aa  much  aa  poaalhle 
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t,,<!  eff6Ct  °f  °rder'  the  Voflouo  ^PeB  of  probes  and  embodiments 
appeared  in  different  ordere  ln  the  three  questlonnfll ^ _ 

£"««!»£■»    The  questionnaires  were  .d»!«i. trsted  collectively  ln  the 
usual  cles.room  condition..    F.ch  .object  received  only  one  of  the 
three  questionnaires.    There  „tr,  three  testlng  Be88lons:  g)  , 
pre-test  session,  a  week  he,.  :e  the  beglnnlng  of  ^  fc)  ^ 

post-teat  session,  ,  „eck  s'^r  the  end  of  tbe  ^  q)  _ 

delayed  post-test  session,  ft  months  after  the  Instructional  period. 

7^S-^:     (1)  Rlve"  *  2.  «.  7,  9,  bov  mnny  numbers 

of  3  dibits  escb  may  one  obtain?    Fach  dipit  may  be  used  more  than 
once    i.e.;  (Tbo  .olut.on:    ,1.M>.     (2)  aiven  a  three  member 

committee  (president,  c.sbler  and  secretary)  and  4  candidates.  How 
-ny  different  committees  may  be  forined7    (The  8olutlon! 
repetition  -  24). 


FFSULTS 

In  Table  ]  the  data  have  been  collapsed  aecordlnp  to  tbe  mathematical 

type  of  problem  and  the  sequence  of  the  test  administrations. 

Table  1  . 

Percentages  ot  Correct  Answers* 

GRAPE    6  GRADE  8 


n 

cf. 

P  k 

n 

rak. 

n 
A*. 

n 
CU 

P  k 

n 

RAk. 

i) 

Pre-Teet 

35.62 

16.]) 

16.47 

17.35 

49.57 

21  .52 

27.  oa 

35.83 

Poet-Test 

30.48 

58.17 

43.92 

4A.52 

39.19 

76.38 

59.40 

75.46 

Delayed 
Post-Test 

39.68 

46.27 

43. R6 

44.60 

60.09 

62.91 

52.87 

49.07 

me  nunran  represent  the  percentages  ohtnined  hv 

typerS^omSfn^o?,"!  pl!obllri!^ben3U°Si*aln 
stands  for  srrsnficent.  vlth  repetition?"  t 
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The  type  of  combinatorial  problem,  order  of  difficulty. 
Let  us  consider  first  the  order  of  difficulty  before  the  Instructional 
sessions.    The  most  difficult  type  at  hoth  ape  levels  Is  thst  of  the 
permutation  problems,  followed  by  arrangements  with  repetitions, 
arrangements  without  repetitions  and  finally  (the  highest  proportion 
of  correct  aolutlons)  the  combination  problems.    This  finding  confirms 
that  of  Plaget  and  Inhelder  (1975).    At  the  post-test  the  picture  Is 
completely  changed.    At  both  age  levels  the  combination  problems 
provide  the  loweft  frequencies  of  correct  answers,  and  on  the 
contrary,  the  permutations  which  seem  to  be  the  most  difficult  at  an 
Intuitive,  pre-lnstructlonal  level,  become  the  easiest  after  the 
students  have  learned  a  syetemstlc  solution  procedure  (the  tree 
diagrams  and  the  formula    Pn  .  „\).   The  explanation  Is  obvious.  The 
formulae  for  permutations  and  arrangements  are  simpler  than  that  for 
combinations.     In  addition,  for  combinations  there  Is  no  tree  diagram 
which  may  be  used  directly. 

On  the  other  hand,  It  Is  Important  to  observe  that  while  at  the  sixth 
grade  level  the  performances  for  combination  problema  are  lower  thsn 
the  performancea  for  the  other  types  of  problems,  In  grade  8  the 
comblnstlonal  problems  yield  proportions  of  correct  answers  which  are 
similar  or  even  better  than  those  obtained  with  other  types  of 
problems . 

The  nature  of  the  elements:     Let  us  recall  that  three  types  of 
elements  have  been  used:  digits,  colors  and  Individuals  fulfilling 
tasks  In  committees.     It  Is  evident  from  Table  2  that  the  problem, 
using  digits  yield  the  highest  proportions  of  correct  solutions. 
There  Is  no  systematic  difference  between  colors  and  committees. 
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Table  2.  „ 
Percentages  oi  correct  Answers 


GRADE    6  GRADE  8 

 CCmTfiTt  uommit 

Digits  Color»  -tee»  Digits  Colors  -tees 

Pre-Test      28. 54     19.65  17.67  46.78    25.47  31.52 

Post-Test    45.19    46.88  40.21  69.83    58.3  55.84 


Post-Test    49.44    41.04  39.61        67.08    53.27  55.44 


The  numbers  represent  percentages  otitnlnefjny 
collapsing  the  data  so  as  to  reveal  the  effect 
of  the  nature  of  elements. 

We   suggest    the    following   explanations:      Firstly,  students 
are  more   used   to   operate   mentally  with   dlglta   and  numbera 
than  with   flags   and   committees.      On   the  other  hand,  n 
concrete  embodiment    repreaento   a   good   productive  model,  If 
It   lends   easier  to   the  solution  by  lta  own  structure.  Thin 
is   not    the   case   with   flgas   and    committees   In  combinational 
problems.      The   arbitrary   transformations   have  nothing   to  do 
with   the   nature   of    the  embodiment. 

The   effect   of   age:      The   subjects   belonged    to   the   age  groups 
11-12   (incipient    phase   of    the    formal    operational  period) 
and    13-14    (the   accomplishment    phase   of   the   same  period). 
The   results   show   (both   Table    1    and   Table   2)   that   the  older 
subjects   perform  clearly  better   than   the   younger  ones  at 
each   type   of   problem  and    at    all    the   three  adm 1 n 1 s t r a t 1 ona 
of   the  tests. 

The   effect   of    Instruction:      As   expected,    the  students  got 
better   results   at   most    combinational    tasko   after  the 
Instructional    period.      As    It    has   been   shown   above,  the 
picture  with   combination   problema    io   more   complicated   -  a 
drop   of   the   proportions   of    correct    answers   at   the  first 
post-test   and   a    rise    again   at    the   delayed   post-test  (see 
Table  I). 
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Generally  speaking,   one  may  conclude   that  at   both  age 
levels   students  evidently  take  profit   from  Instruction. 
Rxcept   for  combinations,   50  to  75  percent  of   them  learn  and 
remember  the  solution  procedures. 

The  solving  strategies:     Each  subject   has  also  been  asked 
to  Indicate  explicitly  the   strategy  and   the  formulae  he  has 
used   for  solving   the  problems.     This  has  been  done  only  for 
4  problems  out   of   the   13  given     In  order  not   to  extend 
excessively  the   time  for  solving   the  problems. 

Table  3. 
Percentages-" ot   correct  Answers 


GRADE  8 


Pre-  Post 
Test  Test 


uci  . 
Post- 
Tost 


Pre-  Post- 
Test  Test 


Del  , 
Pos  t- 
Test 


Formul s 
Sets  * 


  11.63 

27.91  32.55 


58. 54   4b. 34 
7.32 
58.54  39.0 


4  1  .  Hb 
6.98 
34  .88 


bb.yO 
2.44 
53.66 


TTFT79 
11.20 
14.63 
7  .32 
34.  16 


Pk 


1  O 161    LOT  , 

Dlagr/For, 
Formu  1  a 
Diagram 
Sets  * 


1  J  •  V  5  b2.  IT 

  13.95 

  30.23 

  6.98 

13.95  4.65 


bZ  .  /y 
4.65 

25.  58 
6.98 

25  .58 


VI  .4b  "/J.  I  / 
—  31.71 

  26.83 

  4. 88 

41.46  9.76 


"Total   Uor  . 
D  1  Bg r / For  • 
Formul  a 
Dl agram 
Sets  * 


mr 

,28 
,28 
,95 
,63 


4fc.il 
4.65 

18.60 
2.33 

20.93 


M.IK)    I  5  .  b  I 

  14.63 

  31.71 

7.32 

31  .70  2  1  .95 


12.20 
29.29 
2.44 
26.83 


R  rZ 


25.58 


16 
I  6 
1  3 
I  1 


local  Lot. 
Dlagr/For , 
Formu 1  a 
Diagram 
Sets  * 


7  7  .  9  1 
2.33 


1  1 


TT, 
13. 
32, 
9  , 
16, 


yrr 

95 
55 
30 
28 


51  .Tl  oil.  4  9 

  24.29 

  34.16 

  4.88 

51.22  17.07 


58.54 
2.44 
9.76 
9.76 

36.59 


/  3  .  0  I 
6  .98 

30.23 
4.65 

30.  23 


^_  The   term   "sets"   means   here   thnt    the   8  u  bj  e  c  t  0  Md  1  d  simply 
drav  up  groups  of   elements.   " pi ag r am/Formu I  a "  means  that 
the  subjects  have   used   both  the  diagram  and  the  formula. 
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Three   typea  of   strategies  are  recorded   in  Tahle  3.: 
dlagrana ,   formulae  and   the  production  of  groups  of 
elements.     As  expected,  at   the  pre-test  almost  all  the 
aubjecta   simply  wrote   the  various  groups  of  elements. 
There   is   no  spontaneous   use   of   diagrams  snd    formulae.  At 
the   firet   snd   second   post-test,   the  image   is  changed.  Hsny 
subjects  use  after  instruction  the  taught  diagrams  and 
formulae.     Put   there  are  remarksble  differences  between  the 
various   types  of   problems:  The  most   frequent  method 

used   is   the  formula,   especially  for  permutstions  snd 
arrangements  without   repetition.     Diagrana  sre  slso  used, 
hut   less  frequently.     On   the  contrary,   for  solving 
combinations  most   of   the  subjects  -  at  both  sge  levels  - 
continue   to  produce  groups  of  elements  without   reBorting  to 
the  taught  formula. 

Didactical  Implications 

Elementary  combinatorial  analysis  can  certainly  be 
taught  systemsticslly  In  grade  six  using  tree  diagrams  and 
adequate  formulae.     He  would  not   advise  the   teschlng  of 
combination} at   this   stsge.     In  grade  fl,   students  learn 
without   specisl  difficulties  srrsngements  and  permutations. 
The   teschlng  of   combinations   (including   the  understanding 
of   the   formula)   still   raises  certain  difficulties,   hut  it 
Is   possible   that, with  an   increased  numher  of   lessons, one 
may  succeed. 
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SCHEffflS  DE  COHNAISSAIICE  DES  REPRESENTATIONS 
infiGELS  D' EXPRESS  i  OIK  RELRT  lOHIlELlES  URTHEIIflT  I  CUES  PR0DUITE5 
PAR  DES  ElEUES  OE  9  A  12  fttlS  DftHS  UH  EMU  I ROHNEI1EHT  OE 
PROGRflflflRT  I  OH  OBJET 

Leaoyne  Gisele  et  Legault  Bert  r  and 
Universite  de  dontreal 


Abstract 

The  aa in  issue  of  the  research  is  to  get  1 ns i ght  about  the 
role  and  the  development  of  knowledge  schetas  used  bg  nine 
to  twelve  gears  old  children  in  arithmetic  word  problen 
solving.  The  program  me  develop  creates  an  object 
env ironaent  providing  a  visual  representation  of  the  kind  of 
relational  aatheaatical  expressions  frequently  included  in 
additive  and  mult ipl icat iue  word  problems.  The  program  is 
written  in  fl i cro-Sna I  Italk  and  runs  on  a  Nacintosh. 
Children  are  invited  to  represent  ten  expressions  with  this 
environment  and  with  two  natural  environments.  The  analysis 
of  children  behaviors  is  a  first  step  in  the  identification 
of  knowledge  scheaus  used  by  children  in  the  construction  of 
visual  representations  of  relational  mathematical 
expressions . 

Quels  sont  Ie3  schema3  de  connaissance  appliques  dans  la 
resolution  de  problemes^  Quel3  sont  les  processus  de  construction 
de  ces  schemas?  Ces  questions  sont  au  centre  des  preoccupations 
d'un  bon  nombre  de  chercheurs  en  sciences  cognitives,  en 
intelligence  artifkielle  et  en  didactique  (Rnderson,  1963; 
Chaiklin,  1985,  Chi  et  a\ . .  1981,  Clement,  1980;  Greeno,  I960; 
Hinsley,  Hayes  et  Simon,   1977,  flayer,  1983} 


Si      1 1  i  I  lust  rat  ion     ou     la     representation     imagee  externe 
J'  informal,  ions    incUijes   duns    les   enorices  de    problcftcs  constitue 
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iGujuuri  un  »oyen  privilegie  par  lei  pedagogues  pour  faciliter  chez 
I'eleoe  I'  interpreted  ifln  de  probleses  an  th»el  iquej  concrets,  de 
phis    en    plus    de    chercheurs    s '  i nl errogent    3ur    les  conditions 


recherches  conduites  par  Poaqe  et  Pcage  (1977),  Caipbell,  1981, 
Bednar;:,  Januier  et  Poirier  (1983,  1985)  *ur  le  role  des 
representations  inagees  ou  des  illustrations  dans  la  comprehension 
de?  problenes,  des  concepts  ou  des  notions  «athe»at iques  souleyent 
en  effet  de  telles  interrogations.  II3  nontrent  que  tres  souyent 
Icj  1  nterpretcit  io.'is  de  cos  representat  ions  par  les  eleoes  different 
de  celled  des  adultes  qui  les  ont  construites. 

L'etude  actuelle  a  pour  object  if  principal  de  preciser  les 
sthetas  de  connaissance  d  la  base  des  representations  inagees 
depressions  relat iunnel les  »athe»at i ques  produites  par  des  elewos 
de  9  ci  12  ans , 


ii)  elopes  du  second  cycle  du  pri«aire  participont  a 
I ' e > per i (sent at  ion.  3  eleMe3  de  -1  ieme  onnee,  4  eleves  do  5  iese 
annee  et  3  eleoes  de  6  ieme  annee.  Ces  eleoes  5ont  choisis  en 
function  de  leurs  performances  a  une  epreuoe  de  correction  et  de 
resolution  de  probleaes  utilisee  dans  une  etude  anterieure  sur  les 
representations  imagees  (Lemogne,  1985;  Sauard  et  Lemoyne,  1986), a 
celles  des  sieves  de  leur  classe,  un  de  ces  eleoe3  ayant  participe 
'.1  I'caien  pre  I  i » i  pa  1  re  de  I  '  eno  i  ronnenent  obiet. 

Chacun  de3  eleve;.  e.'^t  invite  a  produirc-  une  representation 
i mciqee  des  expressions  "  autant  que,  moins  que,  fois  plus  que,  de 
plus  que,  n  obiet 3  par,  plus  que,  n  objets  dans  chaque,  n  objets 
pour,  de  ifto i n s  que.  chacun  des...  a  n  objet3  ",  d'abord  dans  un 
en'Mronnement  naturel  non  contra i gnant    puis,  dan3  un  eno i ronnenent 


d'el'I'icacUe    de    ce    precede  didactique. 


Les    resultats  des 
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nature  I     contraignant     et     efififi,     dans    un     erwlrorinesent  de 
prugraimiiat  ion   objet    contraignani .      Dan*    les    trois  situations, 
I'espace  qu'il  peut  utilizer  pour  le  dessin  est  i  dc-r.t  i  que .  Dans 
I 'eno ironneaent    nature  I    nan   contraignant ,    il    peut    choisir  les 
objets   qu'il    desire   et    les   dessiner   sur    le   papier   (lis   a  'sa 
disposition,      dans   I'enoironneient   naturel     contraignant,    il  ne 
peut  utiliser  que  les  dessins  d'objets  *!s  a  sa  disposition  et 
n'ayant  pas  a  dessiner  lui-nere,  sa  tache  en  est  une  de  selection 
et  d' arrangement  des  ob j et 3 ;  dan3  I ' eno i r-onnetent  de  progra»»at i on 
obiet,      I'eleoe     choisit  pars!    les  objets  a  sa  disposition  ceux 
qu'il  desire  et  place  ces  objets  sur  I'ecran.    Dans  I  'enoironnenent 
de     prograaiat ion     objet      et      dans      I  'enoironnement  naturel 
contraignant,     les    objets    sont     identique3,        Hous  decrioons 
■aintenant  de  facon  tres  succinte  I  'enoironne»ent  objet, 

l'enoironne»ent    objet    est    con3titue   de3    classes  suioantes 
d'objets:  fruits  (poire,  ananas,   fraise)  ,  hunains  (garcon,  fille), 
aninauA     aquatiques      igrenouille,      poi3s,on,      tortue),  forces 
geonetriqucs  Uercle,  triangle,  carre),   liquides  (eau,  lait,  jus  de 
powte,  jus  d'orange,  jus  de  carotte,  jus  de  tonate),  fleurs  (rose, 
prUevere,  narguerite)  ,  fleches  (3 i »pl e ,  double),    textes  (parler, 
decrire,   etiqueter,   penser)         Les   fruits  sont  places   sur  des 
plateuA,  les  ani«as.u  aquatiques  dans  des  aquar-iuas,  les  fleurs  dans 
des  oases  ou  des  pots,    les   liquides  dans  des  oerres;    lei  formes 
geonetriques  sont   encadrees  par  des     carres.     Dioerses  acthodes 
sont    associees   aiu    classes   d'objets;    a)       il    est    possible  de 
■odifier  la  taille    et     le  nombre  de  fruits,  d'  aninaux  aquatiques, 
de  figures  geometriques;    les  modifications  sont  accoipagnees  d'un 
changeient  proport ionnel  de  leurs  contenant3  respectifs;  b)  il  est 
possible  de  *odifier  les  quant ites  de   liquides,   la  hauteur  ,  In 
larqeur  et   I'inclinaison  des  oerres;  c;  il  est  possible  de  modifier 
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I '....Mentation  et  I  'e.preaaion  de*  huaaina,  d)  il  eat  possible  de 
■ludilier  Id  longueur  et  I  'oriental  ion  de*  f  leches,  de  concert  in  |«3 
Heches  en  troita,  eJ  i|  e=>t  enfin  po^ible  de  nodifier  le  fornat 
dej  tc-aei.  L'elewe  accede  uua  objets  par  un  menu  qui  lui  pernet 
de  cholair  un  objet,  de  le  •adiflen  selon  lea  net  nodes  asaocieea  d 
iet  objet,  de  le  deplacer,  de  le  copier,  de  le  auppri.er.  Lea 
actions  effectives  par  chacun  des  eleoes  de  nine  que  les 
ir.lepvallej  entre  ces  actions  30m  enregistrea  dans  un  fichier 
"eU-ue",  ce  fichier  const  ilue  le  protocole  3ou»is  a  I  'analyse, 
rtl'in  de  naitriser  I  'enuironnenent  objet,  chacun  des  eleuea  est 
m««it<  a  appliquer  a  chacuno  dos  claaaes  d'objets  |es  actions 
of  fortes  par  le  nenu;  au  coups  de  cette  act  iwite  prel  i»inaii-e, 
I'experimentatour  repond  aussi  a  toutea  questions  relet  lyes  d 
I' utilisation     de      I 'enoironnenent ,  Pour      illustrer  eel 

enoironnenent,  nous  reproduisona  quelques  e*traits  du  conportenent 
o'un  aujet  ainai  que  le  desain  ppodult  pour  I 'expression  "de  plus 
que" , 
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Fgeo:  nouueau 
Fgeo:  nodif.  forne 

cercle--;triangle, 
Fgeo:  sodif,  deplacer  I.    — «»ta  «..-<:  numwc  ^jjjjffljw*" 

Fgeo,  cho i  3  i n  -  copier 


Fgeo:  nodif:  deplacer 
Fgeo:  modi  f :  quant ite 
4— -  3 
7.  Te«,te;  nouoeau 
3.  Te,.te.  (nodi  f :  bul  le 

purler  decrire 

"ajout  de  descr  ipt  ion 

9.  Te.t.e:  mod i  f :  deplacer 

10,  Te.te.  nouueau 

II  ■  Te<te.  nodi  f.  bul  le 
parler  et  iqueter 
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"ojout  d'un  teAte" 
12.  Te...te:  aodif:  deplacer 


Resultatf, 


Dans  I'enuiponnMent  naturel  non  contraignant.  pour  chacune  des 
egressions  relat ionnel les,   la  ■ajorite  des  sujets  n'ont  recours  qu'd 
des    collections    const  i  tuees    d'un    seul    type    d'objets    (ex.-  deux 
collections  de    crayons);  deux  eleoes  de  6  ieae  annee  et  I  eleoe  de  5 
ie.e    annee    utilisent    au    «oins    a    une    occasion    des  collections 
const ituees  d'objets  n'appartenant   pas  au   ieae  ensemble   (ex:  une 
collection  de  crayons  et  une  collection  de  po.aesj  ou  des  collections 
d'objets  differents  uis  appartenant     a  un  *e»e  ensesble  (ex:  une 
collection     de     pones     et     une     collection     de     bananes).  Dans 
I'engironne.ent  naturel  contraignant  et  dans  I'enoironnenent  objet,  la 
■ajorite  des   eleoes  oe   aontrent   au  raoins  d  une   occasion  capables 
d'utiliser  des  collections  const ituees  d'objets  n'appartenant  pas  d  un 
•erne  ensemble;   ce  conporteunt  est  observe  dans  plus  d'un  tiers  des 
representations  produites.   Dans  I  'environnenent  naturel  contraignant, 
on   obseroe    aussi    chez    la    sojorite   des   eleoes    le   recours   d  des 
collections   const  ituees    d'objets   differents   appartenant    d    un  »6u 
enseible;  ce  recours  est  toins  frequent  toutefois  dans  I 'enoironneaent 
objet  et  s'explique  par  I 'espial  de  precedes  de  reproduction  d'objets, 
procedes    econo.iques.       Enf in,       dans    I'enoironne.ent    naturel  non 
contraignant   un  sujet  de  5   ie»e  annee  et  un  sujet  de  6   ieie  annee 
utilisent  au  noins  d  une  occasion  des  nesures  de  quant ite  de  liquide 
pour  representer  une  relation  additioe  ou  multiplicative  t and  is  que 
dans   les   autres  environments,      la  isajorite  des  sujets  de  6  ie.e 
annee  et  quelques  sujets  de  5  ie»e  et  de  -f  ieae  annees  utilisent  de 
lei  lea  mesures  au  »oins  d  une  occasion. 

Le  recour-.  a  des  procedes  pour  specifier  les  relations  entre  les 
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ubjets  des  representations  e=t  comparable  dans  I '  enui  ronne«ent  naturel 
nor.  contraignant  et  dans  I ' enui ronnement  objet  et  plus  frequent  que 
dans  I  ' enu i ronnenent  naturel  non  contraignant .  Dana  I  'enuironneient 
naturel  non  contraiqnant,  pour  lea  expressions  additives,  lea 
relations  :reci3ees    par  les  expressions  t'aciales  des  personnagea 

tor.dis  que  pour  les  expressions  iult  ipl  icat  iues  des  textes  descriptifs 
specif  lent  les  relations.  Dans  I'enoironnenent  objet,  des  textes 
descriptifs  expritent  general eient  les  relations;  les  personnages 
danj  cet  enuironnetent  sont  souuent  objets  des  relations,  faisant 
j  I  ore  partie  de  collections.  Les  procedes  sont  surtout  utilises  par 
les  el  eves  de  5  ie«e  et  6  ie«e  annees. 

Tous    les  eleues  utilisent  dans   la  construction  de  plus  de  la 
mC, Hie  des  representations   les  ■ethodes  de  duplication  aises  d  leur 
disposition:    larsque  de  telles  nethodes  sont  utilisees,   une  fois  la 
class*  d'objets  choisie,   les  actions  sont  realisees  tres  rapidenent, 
sans   hesitation.      Un   texte  descriptif   accoapagne  generaleaent  les 
representations  ainsi  produites  et  ces  representations  3ont  aussi  dans 
I'ensenble    adequate3.       Les    eleues    de    4    ie»e    annee    ont  «oins 
frequeiwnt  que  ceux  des  autres  niueaux  recours  a  de  telles  Mthodes 
et     ceux    qui    y    recourenl    ne    completent    pas     t'requewent  leurs 
representations  par  un  texte  descriptif.    Enfin,  cher  les  eleues  de  5 
ieme  et  de  6  iese  annees,   ces  ftethodes  sont  appliquees  aux  diuerses 
classes  d'objets;    un  souci  de  uarier  les  objets  des  relations  setble 
e> pi  i quer  ce  fai t . 

Si  I' utilisation  des  objets  de  la  classe  textes  est  obseruee  chez 
la  majorite  des  ele«/es  des  diuers  niueaux  scolaires,  seuls  les  sujets 
de  5  ieme  et  de  6  iene  annees  se  montrent  capable3  de  choisir  les 
objets  appropries  de  cette  classe;  les  sujets  de  4  ie»e  annee  se 
contentent  genera  I  e  merit  d'  inserer  leurs  textes  dans  les  fenetres  qui 
convent ionne 1 1 eiient    sont    associees    aux    dialogues    (parleri    ou  aux 
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i-et  Ie«  5 una  ipenaepi.  Chez  les  eieves  des  autres  nioeaux 
loutetois,  le  retours  d  cles  objets  adequat  3  de  la  clause  textes  se 
fa  1 1  progress  i '.'eihent ,  ainsi,  au  cours  des  presieres  representat  ions, 
le  Choi*  des  objets  eol  effectue  apres  un  interval le  de  plusieurs 
secondes  (jusqu'd  125  secondes  chez  un  sujet)  et  on  observe  souoent 
plusieurs  »od i f i cat i ons  de  ce  choix. 

L'exanen  des  protocoles  tontre  aussi  que  plusieurs  des  sujets 
qui  recourent  a  des  objets  appartenant  a  dioerses  classes  pour 
illustrer  une  expression  ne  paruiennent  pas  d  construire  une 
representation  qui  les  satisfasse;  ils  ne  gardent  alors  qu'un  objet 
specif ique,  generaletent  un  objet  de  I 'une  ou  I 'autre  des  classes 
"fruits",  "fleurs",  "aninaux  aquat iques",  "fortes  geonetr iques"  et 
tre3  souoent  procedent  d  une  duplication  de  cet  objet.  Ce 
co»porte»ent  est  cependant  plus  frequewent  observe  chez  les  eleues 
de  4  ieie  annee  que  chez  les  eleoes  des  autres  nioeaux. 

Quelques  sujets  seuletent  ont  recours  a  des  fleches  ou  d  des 
personnages  pour  specifier  le  sens  des  relations  entre  les  objets; 
dans  ! 'enuironnetent  de  prograwat  i on  objet,  ces  objets  sont 
consideres  au  Bene  titre  que  les  autres  objets.  f) i n3 i .  deux  sujets 
de  6  iese  annee  utilisent  de3  fleches  a  titre  d'objets  de  la 
relation  "n  objets  pour";  un  sujet  de  5  ie»e  annee  represente  la 
relanon  "fois  plus  que"  par  15  fleches  et  5  prenoas. 
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FRfiM  INTRINSIC  TO  NQfrl  -  INTRINSIC  GEOMETRY 

Chronls  Kynlgos 
University  of  London  Institute  of  Education 

Abstract.  Turtle  geometry,  apart  from  being  defined  as 
intrinsic?  has  a  special  characteristic;  it  Invites  children  to 
Identify  with  the  turtle  and  thus  form  a  body  syntonic  thinking 
"schema"  to  drive  It  on  the  screen  to  make  figures  and  shapes. 
This  is  a  report  of  on  -  going  research,  whose  aim  Is  to  throw 
further  light  on  the  nature  of  this  "Intrinsic  shema  , 
Investigate  the  extent  to,  and  the  way  In  which  children  choose 
to  use  it,  and  whether  It  is  possible  for  the  children  to  use  the 
schema  to  understand  concepts  belonging  to  Euclidean  and 
Cartesian  geometry.  The  research  concerns  20  1 1  -  12  year  old 
Greek  children,  with  40  to  50  hours  of  experience  with  Turtle 
geometry  prior  to  the  study. 


The  theoretical  framework  of  the  study  Is  based  on  the  role  of  Logo  and 
turtle  geometry  within  a  specific  view  of  mathematics  education;  i.e. 
learning  mathematics  is  seen  as  an  on  -  going  re  -  organisation  ofjersonal 
experience,  rather  than  an  effort  to  describe  some  ontologlcal  reality.  The  • 
child  learns  mathematics  by  building  with  elements  which  It  can  find  In 
Its  own  experience  (Von  Glaserfeld,  1984).  Papert  (1980)  uses  words  like 
"doing"  and  "owning"  mathematics  to  stress  the  dynamic  and  active 
involvement  of  the  child.  Hoyles  and  Noss  ((b),  In  press)  use  the  notion  of 
"functional  mathematical  activity",  i.e.  the  child  using  mathematical  Ideas 
and  concepts  as  tools  (rather  than  objects,  Douady  1982)  to  solve 
problems  In  situations  which  are  personally  meaningful. 

Logo  Is  seen  by  more  and  more  educators  as  a  powerful  tool  for  creating 
educational  environments  In  accordance  with  the  above  perspective.  Turtle 
geometry,  a  very  Important  part  of  Logo,  has  a  particular  characteristic; 
when  children  Ida!  turtle  geometry,  they  can  Identify  with  the  turtle,  and 
therefore  use  personal  experience  about  their  bodies  to  think  about  the 
shapes  and  figures  they  want  to  make.  I  am  approaching  this  process, 
which  Papert  and  Lawler  call  "Intrinsic  thinking",  In  two  ways. 

Firstly,  In  terms  of  the  structuring  of  intuitive  geometrical  knowledge,  I.e. 
the  way  children  link  very  simple  sets  or  "units"  of  such  knowledge  to  the 
turtle's  actions.  They  acquire  these  "units"  from  very  early  personal 
experience  of  movement  In  space.  DlSessa  might  call  these  units 
"phenomenologlcal  primitives",  although  his  study  was  In  the  context  of 
physics  (dISessa  1982).  Lawler  (1985)  puts  forward  the  notion  of  a 
mlcrovlew  to  talk  about  domain  specific  fragments  of  personal  experience. 
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He  contends  that  the  personal  geometry  mlcrovlew  is  "ancestral'  to  the 
Intrinsic  geometry  mlcrovlew.  Secondly,  the  approach  stresses  the 
importance  of  the  interplay  (Douady  1982)  between  the  mental  Image, 
graphical  output  and  formal  symbolic  code  which  Is  vivid  when  doing 
turtle  geometry  (Hoyles  and  Noss  (b),  In  press).  How  does  intrinsic  thinking 
Influence  this  interplay? 

OVERALL  OBJECTIVES. 

The  study  Is  split  Into  four  parts  (studies  1 ,  2,  3  and  4)  and  Involves  the 
observation  of  children  engaged  In  Logo  activities  which  require  the  use  of 
the  turtle  to  solve  Intrinsic,  euclldean  and  cartesian  geometrical 
problems.  The  aim  Is  to  gain  insight  into  the  ways  the  intrinsic  schema 
can  be  used  by  the  children  for  developing  an  understanding  of  concepts 
belonging  to  these  three  geometrical  systems,  in  relation  to  the  four 
studies,  the  research  objectives  can  be  split  into; 

a)  Illuminating  the  intrinsic  schema,  by  creating  environments  where 
the  chl  Idren  of  the  study  can  choose  whether  to  use  it  to  solve  geometrical 
problems  or  not  (studtes  1 , 2, 3  and  4), 

b)  investigating  the  exten:  to,  and  the  way  In  which, the  schema  Is  used 
to  construct  geometrical  figures  whose  properties  allow  the  pupil  to 
choose  between  interpreting  them  intrinsically  or  non  -  Intrinsically 
(study  1),  and 

c)  investigating  whether  It  Is  possible  for  children  to  use  the  schema 
for  making  natural  links  between  intrinsic  geometry  and  other  geometrical 
domains,  namely  euclldean  and  cartesian  geometry  (studies  2, 3  and  4). 

OVERALL  METHODOLOGY. 

The  research  involves  20  11  -  12  year  old  children  from  the  Psyhlco 
College  Athens,  who,  prior  to  the  study,  have  had  40  -  50  hours  of 
experience  with  turtle  geometry  In  an  Informal  setting,  In  pairs  and  threes 
to  one  machine.  The  research  Is  split  into  four  studies,  for  all  of  which  the 
children  were  observed  In  detail,  the  data  consisting  of;  audio  taping  of 
everything  that  was  said,  soft  and  hard  copies  of  verbatim  transcriptions 
translated  in  engllsh,  soft  and  hard  copies  of  everything  the  children 
typed,  hard  copies  and  possibility  for  more  graphics  screen  dumps,  soft 
and  hard  copies  of  all  the  procedures  the  children  wanted  to  save  on  disk, 
researcher  s  notes  on  anything  of  importance  which  might  escape  the  rest 
of  the  data,  and  the  chlldrens'  required  and  non  -  required  notes  on  paper. 
In  study  l,  16  children  working  Individually  on  structured  tasks,  were 
observed  and  interviewed.  Studies  2,  3  and  4  employed  pairs  of  children 
working  In  collaboration,  my  role  being  that  of  a  participant  observer.  Two 
notions  are  central  for  the  methodology  of  studies  2,  3  and  4.  That  of  a 
"mlcroworlcr,  i.e.  Togo  -  based  situations  constructed  so  that  the  pupil 
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will  come  up  against  embedded  mathematical  Ideas  In  the  context  of 
meaningful  activity"  (Hoyles  and  Noss  (b),  In  press),  and  that  of  a 
•conceptual  field" .  I.e.  "a  set  of  situations,  the  mastering  of  which 
requires  a  variety  of  concepts,  procedures  and  symbolic  representations 
tightly  connected  with  one  another"  (Vergnaud  1982).  The  studies  Involve 
ch11dr«?n  provided  with  mlcroworlds  constructed  so  that  the  use  of  the 
Intrinsic  schema  is  applicable  for  understanding  non  -  Intrinsic 
geometrical  Ideas,  I.e.  the  "tools"  can  be  used  for  both  Intrinsic  and  non 
-Intrinsic  geometrical  representational  systems.  In  this  sense, 
mlcroworlds  with  such  characteristic  s  may  be  described  as  "conceptual 
pathways"  from  the  former  representational  system  to  the  latter.  The 
preliminary  results  presented  in  this  paper,  are  examples  of  the  children 
using  the  schema  in  specific  geometrical  situations. 

USING  EUCLIDEAN  IDEAS  FOR  TURTLE  GEOMETRIC  TASKS  (STUDY  1 ). 


The  study  Involved  16  children,  Individually  attempting  to  construct 
certain  geometrical  figures  in  Logo,  which  were  given  to  them  on  paper, 
one  at  a  time.  The  figures  were  such  that  their  properties  allow  the  pupil 
to  choose  between  Interpreting  them  Intrinsically  or  non  -  Intrinsically. 
The  procedure  was  as  follows.  They  were  given  the  figure  on  paper  and 
time  to  think.  They  were  then  requested  to  talk  about  and  write  down  their 
plan  before  constructing  the  figure  on  the  computer.  An  interview 
followed,  requesting  verbal  explanation  of  what  they  did,  whether  they 
saw  different  ways  of  construction,  and  If  yes,  which  one  they  preferred 
and  why.  The  chlldrens'  activities  are  analysed  with  respect  to: 

a)  Which  properties  they  perceive  explicitly  and  which  they  Ignore. 

b)  How  they  Interpret  the  properties,  and 

c)  How  the  properties  are  used  to  construct  the  figure. 

The  example  given  concerns  the  chlldrens'  verbal  plan  for  the  task  of 
constructing  a  "window"  figure  which  revealed  a  split  In  the  way  they 
organised  the  figure  In  their  minds;  I.e.  how  a  "large  square  and  cross" 
organisation  of  the  figure  (7  children  out  of  16)  invoked  tr.e  use  of  a  non  - 
intrinsic  property  (e.g.  the  centre  of  a  square,  which  Is  away  from,  the 
turtle's  path)  In  contrast  to  a  "four  adjoining  squares"  organisation  (9  out 
of  16).  In  the  four  square  interpretation  the  children  did  not  seem  to  use 
the  centre  apart  from  Interpreting  It  as  the  screen's  centre  to  taifc  about 
the  turtle's  Initial  position.  Further  analysis  will  show  which  properties 
they  did  use  and  how  they  Interpreted  them.  In  the  square  &A  cross 
interpretation,  the  children  used  their  understanding  of  a  ran  -  intrinsic 
property  to  take  the  turtle  to  a  specific  point  away  from  Its  path  In  a 
logical  (vs  perceptual  Hlllel  86)  way.  Is  It  possible  to  create  environments 
rich  in  opportunities  for  children  to  Integrate  their  Intrinsic  schema  with 
the  "logical"  (Euclidean)  or  "analytical"  (Cartesian)  characteristics  of 
other  geometries?  This  Issue  Is  investigated  In  studies  2, 3  and  4 
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PROGRESSING  FROM  AN  INTRINSIC  TO  A  EUCLIDEAN  DEFINITION  (STUDY  2). 

The  study  involved  a  learning  sequence,  the  design  of  which  was  Influenced 
by  the  UDGS  model  for  learning  maths  (Hoyles  and  Noss  (a),  in  press).  The 
aim  of  the  sequence,  which  lasted  15  hours  In  total,  was  for  a  pair  of 
children  to  see  the  need  for,  investigate  and  work  out  different  ways  of 
constructing  a  circle  In  tasks  meaningful  to  them.  In  the  end.  they  had 
written  four  distinct  procedures  for  these  constructions,  progressing  from 
an  Intrinsic  "curvature*  definition  to  that  of  a  euclldean  "centre  and 
equidistant  points"  (figure  2,  a  to  d).  and  used  them  for  their  own  projects. 
Following  the  sequence,  In  a  method  similar  to  that  of  study  1.  the 
children  attempted  to  solve  structured  tasks,  individually  at  first  and  then 
coHaboratlvely.  The  tasks  Involved  constructions  of  geometric  shapes 
incorporating  the  ctrclu  (e.g.  figure  4).  The  children  could  choose  which 
procedure  to  use.  They  were  then  Interviewed  in  a  similar  spirit  as  in 
study  1.  The  analysis  concerns;  I)  the  extent  and  the  ways  in  which  they 
see  the  need  for  and  use  Euclldean  features  of  the  circle  while 
constructing  It  in  the  familiar  intrinsic  process  in  meaningful  contexts, 
ll)  the  nature  and  the  extent  of  the  chlldrens"  use  of  the  Euclldean  features 
employed  In  each  construction  In  projects  of  their  own  choice,  and  ill)  the 
influence  of  their  experience  on  the  way  they  interpret  geometrical 
properties. 

The  following  example  is  a  case  of  an  explicit  use  of  the  radius  (and  an 
Implicit  of  the  centre).  The  children  had  spent  time  trying  to  construct 
figure  3  using  C1R4  (figure  2a),  and  as  a  result  saw  the  need  for  and 
constructed  CIR9  (figure  2b).  They  tried  CIR9  a  few  times  on  the  computer 
and  then  attempted  to  do  figure  3  again.  They  typed  the  following  without 
talking;  CIR9  50  PU  RT  90  FD  5  LT  90  PD  CIR9 ... 
Valentinl:  "How  much  shall  we  do  It?  (she  typed  45) 
Chronls:  "Why  45? 
V:  "Because  this  Is  45. 
C:  "So? 

V:  "Eh,  the  radius...  45  is  the  radtus,  since  before  It  was  50,  minus  5  is  45. 
In  CIR9,  the  turtle  obstructs  the  circle  In  the  Intrinsic  way,  but  the  Input 
Implies  using  a  non  -  intrinsic  feature  of  the  circle.  The  interface  between 
the  two  circles  is  again  an  Intrinsic  turtle  move,  but  the  quantification  of 
FD  requires  an  operation  on  the  length  of  the  radius.  Thus,  the  children 
cause Jntrlnslc  actions  wlthnon  -  Intrinsic  quantifications. 


©A 


CIR4  •   CIR9  M  CIR19  5«  TC  M 

<«>         <M  <C)        <d)       fJfiMJL  fJfiURLl 

f  BOM  Att  mmac  to  a  runiipam  defihitioh 
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USING  TOOLS  TO  BRIDGE  INTRINSIC  AND  EUCLIDEAN  GEOMETRY  (STUDY  3). 

This  study  was  designed  to  investigate  how  a  POST/DIRECTION/DISTANCE 
mlcroworld  (Loethe  1985)  could  serve  for  developing  an  understanding  of 
euclldean  geometric  concepts  (e.g.  an  .  isosceles  triangle).  The  ideas 
embedded  In  using  the  turtle's  tools  serve  as  a  "bridge"  from  Intrinsic  to 
euclldean  or  cartesian  geometry.  The  chlldrens'  activities,  which  lasted 
for  15  hours  In  total,  fall  under  3  categories; 

a)  Making  sense  of  the  concepts  Involved  In  using  the  turtle's  measuring 
Instruments, 

b)  Constuctlng  geometrical  figures  which  require  the  use  of  these  tools, 
and 

c)  Carrying  out  projects  where  the  employment  and  choice  of  tool  and 
how  they  would  be  used  Is  left  to  the  children. 

The  following  extract  Is  from  a  category  a)  activity.  The  task  is  to  use  the 
turtle  to  find  the  length  of  the  sides  and  the  size  of  the  angles  of  a 
triangle  formed  by  three  points  on  the  screen.  The  children  had  used  the 
turtle's  Instruments  to  Join  up  the  points  and  measure  the  side  lengths. 
Although  they  used  the  turtle's  "protractor"  to  cause  the  action  of  the 
turtle  turning  to  face  a  point,  t\\ey  had  difficulty  In  realising  how  to  use  it 
to  measure  the  Internal  angle.  This  Is  what  Nlkos  said  when  he  suddenly 
saw  how  to  do  It  (figure  5). 

N:  "We  turn  It  there,  where  It  can  do  RT  and  then  we  do  It...." 
He  then  typed  the  following; 


AC,  we  put  It  to  look  towards  beta  (B)  and  like  that  we  could  find  the  angle 
and  we  found  It." 

The  children  distinguished  the  measurement  from  the  turtle's  action  (It 
was  their  preferred  strategy  at  the  beginning),  while  trying  to  make  sense 
of  the  situation.  Their  need  to  measure  a  "euclldean"  angle  (Internal),  led 
them  to  cause  the  turtle  to  change  Its  heading  to  where  It  can  make  the 
measurement  (I.e.  to  Its  right).  This  resulted  In  a  need  to  Integrate  a  static 
and  dynamic  Interpetatlon  of  angle  (Kleran  1986). 


7PRIKT  DIRECTION  :C  AjiiA 
43.2961  C^-Ou 

FIGURE  5. 
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ATTEMPTING  TO  APPROACH  CARTESIAN  GEOMETRY  (STUOY  4). 

Lawler's  research  shows  us  how  large  the  gap  between  Intrinsic  and 
cartesian  geometry  ts  by  Illustrating  the  failure  of  a  6  year  old  child  to 
form  a  mlcrovlew  about  the  latter,  based  on  her  personal/turtle  geometry 
mlcrovlew.  He  also  Illustrates  the  child's  reluctance  to  abandon  this 
mlcrovlew  and  use  a  different  ancestral  mlcrovlew  to  make  sense  of 
cartesian  concepts.  Study  4  Involved  the  developing  of  three  separate 
learning  paths  from  turtle  geometry  to  cartesian  geometry.  Each  of  the 
three  paths  employed  a  different  ancestor,  thus  building  different  bridges 
from  intrinsic  to  cartesian  geometry.  Each  pair  of  children  (one  for  each 
path)  started  from  a  different  set  of  activities.  The  structured  tasks  that 
the  pairs  attempted  from  then  on  were  common  and  designed  to  probe  the 
links  each  pair  made  to  previous  experience  in  order  to  understand  the 
concepts  which  underlie  driving  the  turtle  in  the  coordinate  plane. 

The  example  given  concerns  a  pair  of  children  engaged  in  the  first  set  of 
common  activities.  This  pair's  initial  activities  Involved  constructing  a 
simple  grid,  using  the  POST/DIRECTION/DISTANCE  microworld,  and 
drawing  several  shapes  on  the  grid  using  the  turtle's  instruments.  The  task 
now,  was  to  take  the  turtle  to  a  specific  point  on  the  screen,  having  the 
SETX,  SETY  and  SETH  commands  at  their  disposal  only.  Prior  to  the 
following  extract,  they  had  taken  the  turtle  to  points  on  the  first,  second 
and  third  quadrant.  For  this  point  (-100  80),  there  was  a  difference  on  the 
screen;  the  axes  were  Invisible.  The  children  guessed  the  X  coordinate 
wrongly,  giving  it  a  -120  value  Instead  of  -100.  Their  first  reaction  was 
to  try  and  use  the  command  BK  20,  but  BK  would  not  function.  They  then 
spent  time  discussing  which  was  the  plus  and  the  minus  region  on  the  axis 
and  finally,  typed  in  the  following;  SETH  0  SETH  90  SETX  -20. 

The  first  two  commands  Illustrate  the  manner  In  which  the  children 
Imposed  a  sequential  "turning"  property  to  the  SETH  command,  and  their 
resistance  to  see  It  as  a  placing  of  the  heading  In  an  absolute  system.  The 
third  command  seems  even  more  Interesting.  It  Illustrates  two  kinds  of 
confusion. 

a)  Perceiving  coordinate  values  (names  of  places)  as  numerical. 

b)  Perceiving  the  sign  as  an  operation  rather  than  signifying  a  region  on 
the  axis. 

The  children  also  found  difficulty  in  distinguishing  the  plus  and  minus 
regions,  and  in  using  the  origin  as  a  starting  point  for  counting  (they 
frequently  counted  from  the  edge  of  the  screen  to  the  centre).  The 
following  extract  shows  how  Anna  used  her  turtle  Identification  schema 
to  make  sense  of  the  situation; 
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k  "I  think  I  got  It.  We  told  It  (turtle)  here  'lift  me  up  and  take  me  to' minus 
20'  and  -20  in  relation  to  axis  X  Is  here  (finger).  Say  that  axis  X  Is,  lets 
say  here,  -20  Is  here." 

CONCLUSION. 

Preliminary  results  seem  to  indicate  that  children  are  ready  to  employ 
their  intrinsic  schema  In  turtle  geometric  situations,  even  when  they  have 
the  option  not  to  do  so  by  using  Ideas  from  other  geometries.  Futhermore, 
examples  have  been  given  where  the  use  of  such  Ideas  has  occured  as  an 
extension  of  the  schema.  Further  analysis  will  aim  at  'Mumlnatlng  the 
nature  of  the  schema  and  the  potential  for  children  to  use  It  for 
understanding  the  relations  among  the  differential  (intrinsic),  euclldean 
and  cartesian  systems  of  geometry. 
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RETCH  BEES  OOGNITIVES  D'UHE  INITIATION  A  LA  PROCURATION  EN  LOGO 


Da  nombreueee  recherchea  ont  ate  entrepriees  pour  tenter  de 
■ettre  an  evidence  laa  progree  effectues  par  dee  elevee  ayant  au 
1 'occasion  de  pratiquor  le  programmation  Logo.  Laa  reoultata  da  coa 
etudee  wont  aaaea  contraatae  at  leur  interpretation  donne  Hau  A  daa 
controvaraaa  aaaaz  vivas.  C'ftat  ainai  qua  ai  P«a  at  Kurland  (1984) 
concluent  a  la  quasi  abManca  d'effete  da  tranafert  daa  acquisitions, 
Clements  at  Gullo  (1984)  ont  aux  fcrouve  dea  progrea  aignif icatlfs  dune 
differente  doaiainaa  cognitifs.  L'impreaaion  general*  qui  aa  degags  da 
la  litterature  aat  qua  laa  reaultata  aont  plutSt  an  retrait  par  rap- 
port ttux  attantaa  ausciteee  par  can  nouvellaa  activitaa,  mdme  a'il 
conviant  da  aa  gaxdar  da  tirar  daa  concluaiona  trop  hfitivea. 

La  epeciflclt*  da  notra  recherche  est  d'une  part  d'avolr  combine 
las  aapecta  devaluation  claelques  avec  una  obaarvation  tree  attentive 
dea  activites  doe  elevea,  ot  d'autre  part  d'avoir  porte  aur  un  >.go 
pour  laquel  relativemant  p«u  d'etudea  avaient  6ta  antraprisee,  a 
eavoir  le  debut  da  l'6cole  aecondairn. 


Le  coura  d'initiation  a  la  programmation  on  LOGO,  propoee  A  una 
clasoe  d«  lere  generate  (sieves  dc  12-13  «ns)  a  remplac6  durant  22 
oemainea  daa  heuraa  d'etude  at  d'inforaiation  generale.  Le  ooura  etait 
donna  par  la  maftresse  de  claaae,  enaeignant  par  cilloure  lea  mathema- 
tiques.  L'enBeignemant  s'est  deroule  en  demi-cliiuueo  par  groupas  de  2, 
excoptionnel lament  3  el eves. 

L'Acole  posaedant  dea  micro-ordinateuro  TI  99/4,  le  langage  choi- 
oi  fut  le  TI-LOGO.  L'option  pedagogique  retenue  repooait  aur  la  notion 
de  projets  deotin&s  a  constituer  a  la  foie  une  motivation  at  un  fil 
conducteur  permettant  d'aborder  differente  aapecta  du  langage. 

One  cinquantaina  d'elevea  de  aaction  generale  ont  participe  a 
cette  recherche.  Le  plan  d'experience  etait  congu  pour  mettre  en 
evidence  d'eventuelles  differences  cognitives  dana  differente  domaines 
eueceptiblee  d'Stre  affectee  par  l'activite  de  programmation. 


Jean  Ratachitxki 
Unlvereits  da  Fribourg 
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La*  Aprauvaa  r«tenuaa 

Nous  avone  eelectionne  nix  epreuvec  puychologiques  our  la  base 
d'une  part  de  leur  lien  poaaible  »vec  l'activite  de  programmation  an 
LOGO,  ce  qui  nous  a  incite  a  retanir  des  epreuvon  ayant  una  composante 
apatialo  ou  dee  cpreuveu  de  reaolution  de  problemo,  et  d'autre  part  en 
tenant  cornpte  de  l'age  dee  aujata.  Quatre  epreuvee  ont  etc  pEsseao 
col lectiveraentt 

-  Le  CATTBLL  CJT3,  tfist  d'intelligence  gftnerale 

-  Lea  BRIQOKS,  teat  d'aptitude  apatiale 

-  Les  ROULEAUX,  epreuve  portant  aur  la  representation  do  la  com- 

position de  deux  mouvementa. 

-  Le  CROCIJ?  XMBKDDRD  FIG0RK6  TEST  (GEFT),  epreuve  portant  sur  la 


Duux  eprauvaa  ont  ate  pasaees  indivi duel lament  lora  d'un  entreticn 
cliniquei 

-  La  BKMATIOM  OB  VOIDS,  adaptee  par  Retochitzki  (1978)  our  la 

baas  da  1 'epreuve  decrite  par  Piaget  at  Inhelder  (1941). 

-  L'eprcuva  des  FERKOTATIOMS  de  jetons,   portant  aur  lee  aspects 


La  maltreese  reaponsablo  du  cours  LOGO  a  mis  au  point  une  upreuve 
dont  la  plupart  des  items  portaient  eur  des  contenus  proches  de  ceux 
touchoe  lors  des  ooura  de  programmation.  L'epreuve  coiupronait  6  items, 
dont  lea  4  premiers  concernaient  la  geometric,  lea  2  derniers  d'autres 
domaines  mathematiques. 

Cotte  epreuve  a  ete  soumioe  avont  et  apree  le  cours  do  programma- 
tion a  l'ensemble  des  oleives  des  clauses  concernees  par  la  recherche. 

Enfin,  pour  ovaluer  les  apports  de  l'enscignement  dc  la  program- 
mation dans  la  domaino  informatigue,  nouE  avons  6lobor6  uno  6preuvo 
comportant  ler.  quatre  parties  cuivantes:  representation  du  systems, 
comprehension  de  programmes,  production  de  programmes,  comprehension 
de  concepts  inforraatiquen. 

Observations 

Lea  sessions  Logo  ont  egalement  etc  observees  tree  finement* 
chaque  groups  etait  soit  directement  observe  par  un  collaborateur  du 
pro jet,  aoit  anregiatre  en  video.  Ce  dispositif  etait  destine  a  mettra 
an  evidence  lea  differences  individuellea  dana  la  participation  au 


d&pendance-indepondancQ  k  l'egard  du  champ. 


combinatoiroo. 
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coura  et  la  rfila  plua  ou  noina  dynaaique  da  chaqua  41  Ave  dan  a  devolu- 
tion daa  projata  at  la  resolution  daa  probleiaen  an  vua  d'una  ttiae  an 
relation  ultexieure  a  vac  le*  riaultate  anregietraa  eux  ipreuvee  pey- 
chologiquee  an  debut  at  an  fin  d'enoee  acolalra. 

mnm 

*ep#ct*  qnaditstitf a 

L'enaeignanta  a  choiai  da  laiaaar  laa  enfanta  progreaaer  a  laur 
propre  ryttuea.  Cette  option  a  au  pour  consequence  da  provoquer  d'ia- 
portantae  difference*  antra  lee  e levee  eu  niveau  daa  acquiaitlona  dana 
la  doaalne  de  le  progreaaatlon.  Si  certaina  elevaa  ont  bian  maftrlia 
lea  priatltivea  geoNetriquea,  le  notion  da  procedure  et  ont  pu  de  ce 
felt  reeliaar  daa  projate  lrtterectifa  (jaux  elenentairaa),  voire 
reoourir  a  dee  procedural  recuraivee,  d'autrea  a  levee  n'ont  trevaille 
que  dana  le  domain*  da  la  nuaiqua  a  un  niveau  aaaas  eleamtaira. 

Lea  obeervateure  ont.  et*  freppee  par  la  aanqua  de  notivetlon  pour 
l'ectivite  propoais.  Cat  aapact  de  l'eubiance  du  coura  e'exprimait  da 
pluaiaura  aanleraa  «  baverdagaa  antra  laa  elives,  attantea  paaaivea 
(Us  qu'un  probleae  aurglaaalt.  plaintea  par  rapport  au  tempi  qui  paaaa 
letiteaent,  etc.  Lee  levee  avalent  done  do  la  difficult*  a  travaillar 
pour  eux-elaea,  a  ee  aotlver  pour  laur  projet. 

En  depit  de  cee  iapraaeiorie  negativ**,  l'epreuve  inf ormatique 
peaaee  dana  le  cadre  du  poat-taat  a  aia  an  evidence  que  laa  acquiei- 
tiona  dea  elevea  en  Logo  a talent  blen  reel lea  pour  la  majorite  d'entre 
eux. 

aapecta  quantitatlfe 

Houa  avona  applique  une  analyae  de  variance  a  deux  facteura  i 
l'enaeeble  dee  epreuvea  pour  leaquellea  dea  donneas  ont  pu  fitre  obte- 
nuea  tant  eu  pr«-t«at  qu'au  poat-taat.  Lea  deux  facteurs  pria  en 
compte  par  l'analyae  e talent  done  d'une  part  le  atatut  du  groupo 
(experimental  ou  controla)  et  d'eutre  part  le  moment  (pre-test  ou 
poat-taat).  Le  Tableau  1  resume  le  reaultat  de  cette  analyse  pour  lee 
epreuvea  peychologiquaa. 

II  renaort  de  l'exanen  de  cea  reeultats  que  global enent  on  n'ob- 
eerve  que  peu  de  progree  entre  le  pre-teat  et  le  pott-teat,  aauf  pour 
l'epreuve  de  Cettell.  Lea  autraa  epreuvea  aeablent  done  neaurar  daa 
caracterietlquea  plua  atablua  dae  aujete.  On  peut  aouligner  qu'aucuna 


Tableau  1*     Resultats  de  l'analyse  de  variance  MANOVA  a  2  facteurs 


Sources  de  variation 


Epreuves 


Pre-Poat 


Entre 
groupes 


Interaction 


CATTELI.  CFT3 

G.E.F.T. 

ROULEAUX 

BRIQUES 

PERMUTATIOKS 

SERIATIOM 


TS 
NS 
NS 
NS 
NS 
NS 


NS 
TS 
NS 
TS 
TS 
NS 


NS 
NS 
NS 
NS 
NS 
NS 


epreuve  ne  donne  lieu  a  une  interaction  nignif icative,  ce  qui  indique 
que  les  differences  observees  ne  «ont  pas  attribuables  a  l'effet  des 
variables  introduites  dans  l'experience,  puisqu'elleG  sont  preaentea 
des  le  debut  de  l'annee  ocolaire,  comme  le  montrc  la  Figure  1,  qui 
illuatre  le6  resultatc  de  l'epreuve  des  Briques. 

Figure  1:     Diagrams  des  interactions  pour  l'epreuve  des  BKIQUSS 


4 

22 
20  - 
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LOGO 
CONTROLE 


PRE  POST 
Analyse  qualitative  de  l'epreuve  de  p&riotion 

Si  les  effete  globaux  sont  soit  discrets,  ooit  absents,  on  pou- 
vait  s'attendre  tout  de  meme  a  c=  que  la  pratique  de  la  programmation 
puisse  manifester  see  effets  dans  les  epreuves  presentant  un  lien  plus 
etroit  avec  1'activite  Logo.  Cela  nous  aemblait  etre  le  cas  de 
l'epreuve  de  seriation  de  poids,  proche  de«  algorithmes  de  tri  «t  «e 
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laissant  bien  decrire  en  ternes  de  traitement  de  l'information  (itera- 
tion, optimisation,  recursiviti). 

S'il  etalt  peu  r&aliste  da  a'attendxa  a  dea  differences  utalvii 
quant  au  niveau  dea  aolutiona,  an  revanche  on  pouvait  suppoeer  qua 
1 'experience  de  1«  prograamation  paraattrait  aux  aujete  de  aieux 
peroevoir  la  atructuration  de  l'activite  at  leur  foumirait  une  plua 
grende  aisance  pour  ca  qui  eat  da  l'axplicitation  die  leur  procedure. 

Le  Tableau  2  presante  le»  niveaux  attribues  pour  la  conduite 
(plua  ou  aoins  systematise)  de  la  strategic. 

Tableau  2:    Seriation  de  poida  /  Conduite  da  la  etrategie 

Groupe  LOGO  Groupe  CONTROLE 

POST-TESTS  POST-TESTS 

1*      234  1234 

12000  10101 

PRE-  22131  21100 

TESTS         31221  30144 

40007  41046 

1  Hon  aystsaatique  2  Peu  ay stem,  3  Debut  de  systems  4  Trea  system. 

Dans  le  groupe  LOGO,  5  aujets  progreacent  cntre  le  pre-test  ct  le 
post-test,  alora  que  12  aujete  oe  aituent  au  meme  niveau  et  que  5 
sujete  obtiennent  un  niveau  moine  evolue.  Dane  le  groupe  CONTROLE,  ces 
effectifo  eont  reapectivenent  de  6,  11  et  7  aujets.  Une  analyse  simi- 
laire  appliquee  aux  autraa  dimensions  des  conduites  obeervoes  lore  de 
cette  epreuve  donne  des  reaultats  conparablea.  On  eat  done  amen*  a 
conatater  l'absence  d'effet  do  la  variable  principale  de  notre  etude 
aur  ces  dimemiono  plus  qualitatives  des  conduites  relatives  &  la 
seriation. 

Eprewre  do  nath&aatiquao 

Le  Tableau  3  resume  lea  reaultats  de  l'analyae  de  la  variance  ap- 
pliquee a  chacun  des  items  prie  oepareraent  ainsi  qu'a  1 'epreuve  to- 
tale. 


er|c  10ifi 
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Tableau  3:    Analyse  de  varicice  de  l'epreuve  de  mathematiques 

Source  de  variation 

PRE- POST  ENTRE  INTERACTION 

GROUPES 


1 

Estimation  d'angles 

TS 

* 

NS 

NS 

2 

Composition  d'angles 

S 

S 

NS 

* 

3 

Calcul  angles  parnllelogramme 

TS 

TS 

NS 

4 

Kombre  c&t&B  polygoneo 

TS 

S 

S 

5 

Problemes  arithnetiquea 

NS 

NS 

NS 

* 

6 

Sequence  destructions  logiques 

NS 

NS 

NS 

Score  total 

TS 

TS 

TS 

*  Reeultat  presque  significatif  (P  inferieur  a  .10) 

On  constate  que  deo  differences  apparaisoent  surtout  pour  les 
items  geometriques,  ausoi  Men  en  ce  qui  concerns  les  progres  entre  le 
debut  et  la  fin  de  l'annee  scolaire  qu'entre  les  deux  groupes. 

Pour  ce  qui  est  de  l'interaction,  on  peut  noter  que  la  difference 
est  ourtout  marquee  lorsqu'on  considere  l'epreuve  totale.  Dans  ce  cas, 
c'est  le  groupe  experimental  qui  a  progresse  plus  que  le  groupe  controle 
comme  le  montre  la  Figure  2. 

Figure  2:    Diagramme  das  interactions  pour  l'epreuve  de  mathematiques 
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CONCLUSION 

L'anseable  des  resultats  obtenus  lors  de  cette  recherche  confirm* 
la  tendanca  principal*  das  etudee  ainilairas.  La  pratique  de  quelque 
30  hauraa  da  prograanation  an  LOGO  na  auffit  pas  A  provoquer  daa 
progres  assurablaa  aur  lea  different**  variables  cognitivae  ratanua* 
dana  notra  etude.  Le  aeul  affat  elgnif icatif  a  eta  obtonu  pour  una 
epreuva  de  MtlsaHtiquaB  portant  aur  dee  contenue  prochac  da  l'acti- 
vite  Logo. 

Cola  ne  auffit  evideaaent  pas  a  denier  1'intarSt  d'une  telle 
activite  ni  a  affiraer  qu'aucun  progres  n'a  6te  accompli.  Au  contrairs 
l'epreuve  d'inforaatique  a  aontre  que  lea  acquisitions  des  el eves  en 
Logo  etaient  bien  reelles.  Ce  que  noa  results ta  euggezent  c'eet  qu'il 
e'agit  da  connai seances  A  caractore  local,  non  tranef arables  in- 
mediatanent  a  dee  doaainaa  different*. 

Par  ailleure  on  ne  peut  pae  axclure  que  des  progres  aient  pu  Stre 
ecoomplie  sur  des  dimensions  que  nous  n'avons  pae  considereee.  Enfin 
dee  enalysss  plus  finss  tenant  coapte  notaamant  dee  reaultate  dee 
observations  at  peraettant  de  differencier  lee  eujets  salon  Is  degre 
de  leur  implication  dans  l'activit4  eont  en  cours  et  pourront 
inflechir  quclque  peu  les  conclusions  provisoirss  de  cette  recherche. 
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MENTAL  REPRESENTATION  OF  RECURSIVE  STRUCTURES 


Kristina  Haussmann 
Padagogische  Hochschule  Karlsruhe  (West  Germany) 


In  a  West  German  research  project  we  are  investigating  how 
recursiva  structures  are  represented  by  7th  and  8th  graders. 
We  use  intensive  interviews  with  different  problems  and 
analyse  the  student's  way  to  the  solution.  Especially  working 
on  the  "Tower  of  Hanoi"  may  reveal  different  recursive  or 
non-recursive  strategies. 

Recursion  is  an  important  problem  solving  tool  in  mathematics  and  in  many 
mathematical  applications.  But  in  mathematics  as  well  as  in  computer 
sciences  the  concept  is  not  at  all  easy  to  understand  and  to  acquire 
(KURLANO  &  PEA  19B3,  HAUSSMANN  1986) .  In  a  West  German  research  project 
we  went  to  investigate  how  children  learn  recursive  structures  and  how 
they  develop  a  cognitive  representation  of  recursion.  In  this  investiga- 
tion we  are  working  with  7th  and  8th  graders  aged  12  to  15. 

It  is  evident  that  we  have  to  use  a  method  which  is  adequate  for  students 
of  this  specific  age  and  this  developmental  stage.  We  decided  to  work 
with  the  students  in  a  LOGO  environment.  LOGO  is  a  computer  language 
which  permits  an  easy  introduction  to  sophisticated  programming  concepts. 
So  we  suppose  that  working  with  LOGO  may  be  a  link  between  the  more 
intuitive  use  of  recursion  in  everyday  life  (HAUSSMANN  &  REISS  1986)  and 
recursive  structures  used  in  mathematics.  Moreover,  learning  to  program 
is  an  example  of  the  acquisition  of  a  complex  cognitive  skill.  The  obser- 
vation of  this  process  seems  to  allow  generalisations  (ANOERSON  1984) .  So 
we  presume  that  our  investigation  is  of  importance  for  the  acquisition  of 
recursive  structures  in  mathematics  instruction. 

One  of  our  most  important  research  methods  in  this  project  is  the  use  of 
intensive  interviews.  In  such  an  interview  only  one  student  and  the 
interviewer  take  part.  The  interviewer  presents  different  problems  to  the 
student,  and  he  or  she  is  supposed  to  work  on  these  problems.  We  are  not 
primarily  aiming  at  a  correct  answer.  The  main  purpose  is  to  get  insights 
in  the  student' g  way  towards  the  solution  of  a  specific  problem  and  the 
understanding  of   the  student's  explanations    to  his  or  her    answers.  We 
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made  the  first  interviews  after  about  ten  hours  of  programming  instruc- 
tion. At  this  time  the  students  were  familiar  with  some  LOGO  primitives 
and  the  most  important  syntax  rules.  They  had  almost  no  experience  with 
the  use  of  recursive  calls  in  a  computer  program.  The  students  did  not 
only  lack  the  experience  of  recursive  structures.  Moreover  they  did  not 
have  more  than  a  vague  knowledge  of  other  control  structures. 

The  problems  presented  during  the  interviews  reflected  four  different 
tasks  in  the  construction  of  a  computer  program.  These  tasks  are 
planning,  writing,  understanding,  and  debugging  of  a  computer  program 
(see  PEA  &  KURLAND  1983) .  All  these  problems  are  aimed  at  the  identifica- 
tion of  iterative  and/or  recursive  structures  in  the  representation  of 
the  problem's  solution.  The  last  problem  was  presented  to  the  students 
with  the  same  goal  but  was  supposed  to  reveal  another  aspect,  of 
recursion.  We  asked  the  students  to  work  with  the  "TOWER  OF  HANOI".  This 
problem  is  well  known  in  the  problem  solving  literature.  There  is  a  tower 
made  of  N  disks  of  decreasing  diameter.  This  stack  is  set  up  on  a  rod  A. 
It  has  to  be  moved  to  a  rod  B  by  using  an  intermediate  rod  C.  There  are 
two  rules.  The  first  one  is  that  only  one  disk  may  be  moved  at  a  time, 
the  second  rule  says  that  a  big  disk  may  never  be  put  over  a  smaller  one. 
If  there  is  a  tower  made  of  three  disks  at  least  seven  moves  will  be 
necessary.  This  number  depends  on  the  strategy.  It  is  well  known  that  the 
optimum  strategy  is  recursive.  During  the  interviews  the  students  had  to 
solve  this  problem  with  three  and  with  four  disks. 

We  think  that  a  problem  like  this  in  advantageous  in  two  respects.  On  the 
one  hand  we  may  have  a  look  at  the  way  students  deal  with  recursive 
structures  in  a  non-verbal  way.  If  the  students  have  difficulties  with 
the  programming  language  these  difficulties  will  not  interact  with  defi- 
ciencies in  recursive  thinking.  On  the  other  hand  the  students  may  be 
working  on  a  recursive  problem  without  having  to  be  conscious  of  its 
recursive  structure.  They  do  not  have  to  reflect  their  way  of  solution. 

Let  us  take  a  look  at  the  problem's  solution  while  working  with  three 
disks.  We  have  to  start  by  moving  the  smallest  disk.  It  may  be  moved  to 
rod  B  or  rod  C,  which  is  our  own  choice.  Moving  the  second  disk  is 
different  in  a  certain  respect.  We  might  once  more  take  the  smallest 
disk,  and  find  a  new  position  for  it  either  on  the  free  rod  or  on  rod  A. 
But  this  would  not  be  a  substantial  alteration  of  the  situation.  Actually 
we  cannot  choose  the  next  move  freely.    If  the  smallest  disk  is  on  rod  B, 
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we  have  to  move  the  middle-sized  disk  to  rod  C.  If  the  smallest  disk  is 
on  rod  C  we  move  the  middle-sizeii  disk  to  rod  B.  Similar  considerations 
are  true  as  well  for  the  following  moves  of  the  disks.  We  therefore 
distinguish  between  optional  and  compulsory  movements  of  the  disks. 

KLIX  (1971)  describes  a  representation  of  all  possible  moves  of  the  disks 
in  a  tree.  He  thereby  combines  the  optional  and  the  compulsory  moves.  In 
this  way  he  gets  a  triangle  which  reflects  in  an  interesting  manner  the 
recursive  structure  of  the  problem.  The  picture  shows  this  tree  with 
respect  to  the  3-disk-problem.  ft  problem  solver  starts  at  the  upper 
corner  of  the  triangle.  The  nodes  at  the  lower  corners  on  the  left  and  on 
the  right  represent  the  complete  tower  erected  on  rod  B  respectively  on 
rod  C.  All  other  nodes  in  this  tree  represent  the  different  possibilities 
for  the  intermediate  stages  of  the  disks. 
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Every  solution  of  the  problem  may  be  represented  as  a  certain  way  through 
this  tree.  But  if  this  solution  is  made  with  regard  to  the  recursive 
structure  of  the  problem,  not  every  way  through  this  tree  will  be  chosen 
by  a  problem  solver.  In  the  first  step  for  example  only  moves  in  the 
upper  triangle  are  useful.  They  leave  the  position  of  the  largest  disk 
unchanged.  It  is  clear  that  the  3-disk-tower  has  to  be  constructed  on  rod 
B  in  order  to  move  the  largest  disk  to  C.  A  similar  consideration  is 
possible  for  the  middle-sized  disk.  So  we  have  a  further  restriction  to  a 
few  moves  in  the  upper  triangle.  The  optimum  strategy  and  so  the  optimum 
solution    is    represented    by    the    movements    along    an    edge.  Thinking 
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recursively  while  solving  this  problem  may  be  regarded  as  the  successive 
restriction  of  the  problem  spac«. 

A  similar  tree  may  be  made  for  the  4-disk-problem  or  for  any  problem  with 
N  disks  to  be  moved.  The  diagram  for  four  disks  is  made  up  out  of  three 
smaller  triangles.  All  these  three  triangles  represent  3-disk-problems 
which  are  part  of  the  4-disk-problem.  The  upper  triangle  includes  all 
moves  which  lead  to  a  3-disk-tower  on  the  intermediate  rod.  The  lower 
triangles  represent  the  movement  of  the  3-disk-tower  to  their  final 
position.  We  analysed  the  solutions  of  all  students  in  terms  of  this  tree 
representation.  Here  are  some  of  our  findings  for  three  students. 

TOM  (13  years  old) 

TOM  is  an  8th  grader  who  is  vary  much  interested  in  computer  programming. 
He  had  some  knowledge  of  BASIC  prior  to  the  LOGO  instruction.  TOM  has  a 
computer  of  his  own  which  enables  him  to  work  at  home  on  the  problems 
given  during  the  course.  Therefore  he  has  more  practice  and  a  more  pro- 
found knowledge  of  the  LOGO  syntax  than  the  other  students  in  the  course. 
Here  is  Tom's  solution  of  the  "Tower^f  Hanoi"-problem. 


TOM's  strategy  is  a  local  one.  At  the  beginning  he  aims  at  moving  the 
largest  disk  from  rod  A  to  rod  C.  But  he  is  making  moves  all  over  the 
upper  triangle  which  means  that  TOM  does  not  generalise  his  consideration 
made  for  the  largest  disk.  He  does  not  pay  attention  to  the  global 
objective  of  moving  the  whole  tower.  The  hypothesis  about  TOM's  strategy 
is  hardened  by  looking  at  the  lower  triangle.  After  moving  the  largest 
disk  he  is  erecting  another  local  goal  which  is  the  move  of  the  next 
disk  to  rod  C.  Once  more  we  cannot  find  evidence  for  another  strategy.  He 
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is    performing  moves  all  over  the  tree  for  the  2-disk-problen.  in  a  trial 

and    error    manner.    Only  after  moving  the  third  disk  there  are  no  more 

superfluous  moves.  The  situation  now  seems  to  be  evident  for  the  student. 
It  is  obvious  that.  TOM  does  not  use  a  recursive  strategy. 

UOO  (14  years  old) 

U00  is  also  an  8th  grader.  Ouring  the  LOGO  course  he  usually  works  with 
one  or  two  class-mates.  Prior  to  the  interviews  it  was  difficult  to  say 
anything  about  his  abilities  in  problem  solving  with  the  computer  because 
UOO  is  a  very  reserved  and  shy  student.  He  hardly  ever  takes  part  in  any 
discussions  in  the  class-room.  Let  us  look  at  his  moves  of  the  four 
disks.  His  solution  of  the  problem  seems  to  be  without  an  overriding 
strategy.  He  moves  the  disks  quite  randomly.  His  local  goals  do  not. 
influence  his  searching  space.  JjT"^fc> 


JAN  (14  years  old) 

JAN  is  one  of  the  students  in  the  class  of  7th  graders.  He  does  net  have 
any  opportunity  to  work  with  a  computer  except  during  the  LOGO  course. 
JAN  is  a  good  problem  solver  while  working  with  the  computer.  Usually  he 
develops  further  ideas  while  working  in  the  course  on  the  given  problems. 
Therefore  he  creates  quite  elaborate  LOGO  procedures.  JAN  does  his  own 
work  thoroughly  but  at  the  same  time  he  helps  other  students  in  the 
class-room  doing  thejr  work.  His  solution  shows  the  optimum  path  through 
the  tree.  It  is  also  interesting  that  JAN  is  very  fast  while  working  on 
the  "Tower  of  Hanoi"-problem.  There  is  only  a  break  of  a  few  seconds 
after  moving  the  largest  disk  to  rod  C.  We  regwrd  this  break  as  part  of 
restructuring  the  problem  (see  also  COHORS-FRESENBORG  1985). 
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The  goal  of  our  investigation  was  to  describe  representations  of  the 
solutions  of  a  recurs'.ve  problem.  We  found  out  that  students  have  differ- 
ent strategies  which  they  apply  while  working  on  the  problem.  We  could 
reveal  a  hierarchy  of  strategies  following  the  description  of  KLIX 
(1971) . 


REFERENCES 

ANDERSON,  J.R.  &  R.  FARRF.ll  8  R.  SAUERS  (1984):  Learning  to  program  in 
LISP.  Cognitive  Science  8,  87-129. 

COHORS-FRESfcNBORG,  E.  (1985):  Verschiedene  Reprasentationen  algonth- 
mischer  Begnffe.  Journal  fur  Mathematikdidaktik  6,  187-209. 

HAUSSHANN,  K.  (1985):  Iterative  and  recursive  modes  of  thinking  in 
mathematical  problem  solving  processes.  Proc.  9th  Int.  Conf .  Psychology 
ot  Mathematics  Education.  Utrecht.  18-23 . 

HAUSSMANN,  K.  &  M.  REISS  (1986):  Rekursive  St.rukturen  und  lhre  Rolle  lm 
Muthematikuntemcht .  Karlsruher  Padagogische  Bcitragc  13. 

KtlX,  F.  (1971):  Information  und  Verhalten.  Bern. 

KUFU.AND,  P.M.  &  R.O.  PEA  (1983):  Children's  rr.ental  models  of  recursive 
LOGO  programs.  Technical  Report  No. 10.  Center  for  Children  and 
Technology.  Bank  Street  College  of  Education.  New  York. 

PEA,  R.D.  &  D.M.  KUHLAND  (1983):  On  the  Cognitive  Prerequisites  of 
Learning  Computer  Programming .  Technical  Report  No. 18.  Center  for 
Children  and  Technology.  Bank  Street  College  of  Education.  New  York. 


-  63  - 


A  PROLOG  DATABASE  01  TAG US  ESTUARY  PROBLEMS: 


IKPLICATIOIS  ON  THE  MATHEMATICS  AID  LOGIC  CONCEPTS 


Xaria-Cristina  Zaabujo 


Esc.  Sec.  to. 1  Ollvals 


Projecto  HIHERVA 


PROLOG  (PRograralng  In  LOGlc)  Is  a  programing  language  la 
Its  own  right,  available  In  nunerous  lapleaentations.  It 
was  chosen  by  the  Japanese  Fifth  Generation  Computer  Sys- 
tems researchers  as  the  fundaaental  starting  points  In 
their  developnent  of  a  new  generation  of  coaputer  syetea. 
It  is  being  applied  Internationally  In  research  areas  such 
as  expert  systems  and  databases. 

The  purpose    of  this    study  Is    to  check:     l-to  what  extent 
PROLOG  Is  a  language  accessible  to  secondary  students;  2- 
-tha  characteristics    and  potentialities  concerning  the  le- 
arning of    nathonatlcs,  of  the  envlronenent  supplied  by  the 
construction  of  a  PROLOG  database. 

Students  In  the  sanple  envolved  (7th  and  9th  graders)  did 
not  show  great  difficulty  in  dealing  with  PROLOG  and  PROLOG 
was  a  source  of  activation  of  question  posing  in  aaths 
learning  and  helped  create  a  now  pedagogical  student-cen- 
tred ataosphere. 


One  of  the  fundanontal  ani  unseparable  rights  uf  Kan  is  the  right  to  a 
good  education.  Howadays  in  cur  society  where  knowledge  grows  old  at  on 
unprecedented  speed  owing  basically  to  the  rapid  evolution  of  new 
lnfornatlon  technologies,  school  lacks  adoptability.  This  results  in  a 
considerable  decrease  and,  sometloes,  in  a  total  obsence  of  the  lear- 
ner's notlvatlon  together  with  his  failure. 


INTRODUCTION 
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Teaching  la  not  only  an  art,  It  la  also  a  wool*  science  requiring  sensi- 
tlvlty  to  react  quickly  and  adequately  to  the  learner's  needs. 
The  use  of  computers  can  allow  a  wide  rang*  of  changes  on  tba  teacher- 
student  relationship,  km  a  matter  of  fact,  It  appears  aa  an  element 
which  work*  aa  the  baa is  of  an  actlva  learning,  interacting  with  tea- 
chars  and  student*,  allowing  storage,  processing  and  systematic  retrie- 
val of  Information,  thue  ultimately  contributing  to  a  new  pedagogical 
atmosphere. 

Hartley  (lBflln,  1981b)  emphaelzed  the  importance  of  the  learner'*  role 
In  this  new  environment  supplied  by  the  Appearance  of  the  computer: 
"Only  by  allowing  tba  etudent  himself  to  make  choices,  to  Juatlfy  them 
and  see  their  facts,  will  he  learn  about  the  process  of  making  educatio- 
nal decisions;  only  In  this  way  will  he  become  self-evaluative  and  learn 
how  to  learn". 

The  Artificial  Intelligence  <A. I. >  is  a  special  branch  of  informatics  in 
permanent  change.  Aa  far  as  A.I.  Is  concerned,  the  Alvey  Cosmltee,  agre- 
eing with  the  japaone*  Initiative,  has  recommended  a  new  emphasis  on  Its 
study:  "Va  want  mora  powerful  Information  processing  system*  with  a  mora 
affective  transfer  of  human  intelligence  and  knowledge  to  the  compu- 
ter. . .  The  action  must  start  In  the  school*"  (Alvey,  1082).  A.  I.  allows 
the  focus  on  the  anal lays  of  human  learning  activity.  Margaret  Baden 
(1977)  wrltee  about  this  subject:  Artificial  Intelligence  Is  not  the 
□tudy  of  computers  but  of  Intelligence  In  thought  and  action...". 
Hawkins  (1981)  adds:  "Ac  nxpart  appears  very  much  as  an  analytical  tool, 
helping  tba  users  make  well-informed  decisions  without  forcing  thorn  to 
accept  any  particular  Interpretation  or  procedure".  Among  the  languages 
available  today,  PROLOG  (FROgraaming  in  LOGlc)  seems  to  offer  great  op- 
portunities in  education.  Vlth  a  high  declarative  power,  It  can  be  used 
by  the  non-computer-epeclallst,  Ideally  in  his  or  her  natural  language, 
to  solve  problems  concerning  objects  and  their  relationships. 
The  ease  of  Interrogation  of  a  logic  database  (qwery  language)  provides 
It  with  an  Interpretative  and  deductive  characteristic,  keeping  a  con- 
versation between  the  user  and  the  computer.  In  short,  it  Is  a  formal 
language  that  can  represent  knowledge  and  it  Is  suited  both  to  the  deve- 
lopment at  programs  and  to  the  storage  of  knowledge  and  its  consulta- 
tion. 

Ennnls  (1981)    argues:  "PROLOG    has    a    number    of    uses    In    work  with 
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computers  •■  as  a  database  query  language  far  specifying  the  Information 
to  be  retrieved  from  databases;  as  a  language  for  specifying  problen 
prior  to  their  solution  by  computer  programs;  as  a  formal  language  for 
the  autoaatatlon  of  deductive  raosonlng;  as  a  representation  of  lnforna- 
tlon  for  natural  language  processing;  and  as  a  very  high-level  program- 
ming language  In  Its  own  right". 

Hore  recently,  Cabiol  (1966)  suggests  that  PROLOG  Is  one  of  the  hlgher- 
-  level  languages  with  a  groat  success. 

Creating  situations  which  lead  to  matheoatlzation,  In  specified  contexts 
familiar  to  learners  and  In  close  contact  with  aspects  of  real  life,  Is 
one  of  the  goals  of  the  teaching  of  mathematics.  The  construction  ol  a 
database,  In  a  programming  language,  close  to  the  natural  one,  and  bea- 
ring a  strong  qwery  power  -  PROLOG  -  will  be  able  to  open  new  perspecti- 
ves which  provide  a  contact  with  soma  meaningful  applications  of 
Mathematics,  and  are  necessary  to  the  construction  of  Its  theory. 

So,  tho  alma  of  this  study  are  to  check: 

1)  To  what  extent  PROLOG  is  a  language  accessible  to  secondary  students. 
Hore  specifically: 

a-  which  logical  concepts  In  PKULOQ  programming  7th  and  9th  grade 
students  show; 

b-  what  effects  PROLOG  programing  hao  on  the  development  und 
consolidation  of  such  concepts; 

c-  how  7th  and  9th  grade  students  differentiate  as  far  as  the  prece- 
dent aspects  are  concerned. 

2)  The    characteristics  and    potentialities,  concerning    the  learning  of 


database.  Horn  specifically: 

a-  the  difficulties  Inherent  to  the  construction  and  understanding  ol 
a  database; 

b-  the  effects  of  such  an  environment  on  the  acquisition  and  develop 
raent  of  mathematical  concepts; 

c-  the  affects  un  the  interpretation  students  nuke  from  the  phenonenon 
represented  In  the  database; 

d-  tho  Implications  in  terms  of  exploration  and  creation  of  Knowledge 

by  students. 


thematlcs,  of  the  envlronaunt  supplied  by  the  construction  of  a  PRULCXi 


ummmmmim 


-  66  - 


NE'lir.D 


The  research  study  wac  conducted  In  a  Ur,  i  i  aacondary  schot.1.  Eight 
etudents  were  Involved:  four  7th  grade  otud,  ts  and  four  9th  grul.,  »tu- 
fents,  selected  a»ong  thirty  7th-,  8th-  un  »ti.  gr«.de  students  «>.a  vo- 
lunteered to  Giibalt  to  a  pra-test  for  <tha  p  .tpoi.o  ni  assessing  cojc.pt., 
concerning  the  predicate  Logic. 

The  eight  studenta  eelected  balonged  to  bcth  guxoii  -  two  girl«  and  t*o 
boys  In  each  grade  -,  and  can  be  considered  to  luivil  n  aadlua  lavel  both 
In  school  achlevanent  and  as  far  as  the  results  In  «.»  pro-test  ara  con- 
cerned. Suclal  status  was  foraad  to  be  mallir  In  thn  eight  students  In- 
volved. 

The  hardware  used  In  the  study  was  thG  following:  two  Olivetti  alcrocc.B- 
putera  M19  and  K24,  with  512kb  and  256ko  RAM,  respectively.  PROLOG,  lue 
to  Its  donand  of  RAM,  could  oaly  ba  uead  lu  tha  «19  unit.  Software  vas 
also  used  such  as  word  processing  (Open  Access),  S.Ca  c3.  Pap<ir-and-f.«n- 
cll  as  well  as  calculators  Mare  used  too. 

In  n  first  phasa,  which  consisted  In  ona-hour  thraa  tiessloms,  studonts 
learned  how  to  program  roughly  In  A5ITY/PR0L0G.  The  phase  coaprehendiid  a 
tutorial,  containing  aoae  basic  notions  of  AHITY/PROLOG  such  as  varla- 
blQB,  facts  and  HstB.  Such  a  tutorial  was  built  up  by  an  lnforaatlc  te- 
chnician who  also  participated  In  the  study, 

In  a  second  phase,  which  consisted  of  one-hour  twelve  sessions,  students 
dealt  with  Gone  problane  concerning  the  Tagus  Estuary,  having  teased  up 
Id  subgroups  of  two  elemnta:  one  subgroup  of  boys  and  one  subgroup  of 
girls  for  each  level.  All  students  were  constantly  required  to  organize 
the  database  or  solving  probleas  concerning  their  work, 
Each  student  owned  a  note  book  where  the  Information  necessary  to  carry 
cut  his/her  work  was  written  down. 

Thus,  two  databases  on  Tagus  Estuary  problems  were  built  up  by  tha  7th 
grade  and  the  9th  grade  students. 

Assessment  was  made  through  observation  as  well  as  two  tests  nn  Predi- 
cate Calculus  6uch  as  variable  ayabols,  coapound  teras,  function  sym- 
bols, predicate  symbols,  logical  connectives  and  anthonotlcnl  concopts  - 
variables,  proportions,  relations,  equations,  statistics,  graphs. 
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DEVBLOPXEIi  OF  ACTIVITIES 


After  studente  have  chosen  eg a*  theses  connected  with  Tague  Estuary  pro- 
blems, students  posed  soaa  questions  of  two  typaa:  qualitative  and  quan- 
titative questions.  7th  graders  showed  a  tendency  to  pose  qualitative 
questions  while  9th  graders  posed  acre  quantitative  ones,  such  as: 
"Which  fa una 1  species  was  of  higher  frequency  in  the  saspla  considered?" 
The  two  subgroups  of  the  saaa  level  worked  In  each  session:  while  one 
group  was  working  with  the  database,  the  other  group  used  such  seans  as 
bibliography,  prlaary  sources,  and  carried  out  adequate  calculations  and 
build  up  graphs  in  order  to  organize  the  laf orantion. 

The  activities  Involved  concerned  the  units  of  the  Tagus  fauna,  the  re- 
lationship between  environanaat  and  species,  and  polutlon  in  the  Es- 
tuary. As  these  probleas  were  posed,  It  was  stated  the  need  to  calculate 
asacs,  sodas,  measures  at  variability  and  salve  equations,  use  varia- 
bles, stabllsh  relationships,  built  up  graphs  and  interpret  then,  as 
well  as  the  need  to  locate  the  spots  under  focus  In  saps  and  construct 
aodols  also  Involving  saaa  gsoMtry  concepts. 


About  the  organisation  of  the  PROLOG  database,  7th  grade  students  showed 
■ore  difficulty  In  the  use  of  this  language  thc.n  tea  9th  graders  (they 
aade  ware  mistakes  iu  notation  -  brackets,  eomwis,  full-stops  were,  str- 
eet inos  absent,  which  caused  a  slower  work  pace). 

However,  they  showed  sore  ready  -  In  tares  of  tlm  -  to  seek  inforan- 
tlon,  v:hile  9th  graders  organized  Information  better  having  consulted 
fewer  sources. 

About  the  mathematical  concepto,  the  notion  ai  variable  and  its  substi- 
tution did  not  bring  any  difficultisu  U  whatever  level  considered.  Ic- 
sues  concerning  proportions  and  problem  interpretation  were  satisfac- 
torily solved  by  both  levels.  Abcut  the  translation  of  problen  into  nat- 
hesatlcal  language    9th  graders    ebowad  ta  be  sore  at  ease  than  7th  jjra- 


About  the  concepts  of  predicate  logic,  7th  graders  showed  acre  diffi- 
culty than  9th  graders. 

About  the  advantages  of  a  computer  representation  questions  can  be  asked 
which  M»y  Involve  exploring  information  froe  s  uunber  of  different  parts 
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of  books,  if  we  take  advantage  of  the  "qwery-the-user"  facility  the  sys- 
tea  can  proapt  ue  for  Missing  lnforaatlon,  and  ae  a  result  can  laarn  new 
knowledge  during  the  Interaction;  the  user  can  at  any  tlaa  add  aaand  or 
delete  lnforaatlon  and  create  new  facta  or  rules;  questions  can  be  asked 
which  were  not  envisaged  whan  the  lnforaatlon  was  entered, 
lnforaatlon  supplied  by  different  sources  can  be  coaparad,  by  analysing 
the  lnforaatlon  obtained  and  lta  source  through  the  study  of  knowledge 
representation. 

A  new  pedagogical,  student-centred  ataoephera  Is  thus  created.  Kany 
questions  will  require  further  lnforaatlon  and  computer  natives  the  re- 
search and  learning, 

Students  generaly  understood  better  Tagus  Estuary  probleas  with  the  help 
of  PROLOG  as  they  were  activated  by  the  Issues  aroused. 
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CQMSIRliCDMi  THE  CONPFPT  TMA' 


David  Tall 
University  of  Warwick.  U.K. 


When  a  learner  meets  a  new  mathematical  concept,  it  may  be  invested  with 
implicit  properties  arising  from  the  context,  producing  an  idiosyncratic 
concept  image  which  may  cause  cognitive  conflict  at  a  later  stage  (Tall  & 
Vinner,  1981).  The  purpose  of  this  empirical  research  is  to  test  the 
hypothesis  that  interactive  computer  programs,  encouraging  teacher 
demonstration  and  pupil  investigation  or  a  wide  variety  of  examples  and 
non-examples,  may  be  used  to  help  students  develop  a  richer  concept  image 
capable  of  responding  more  appropriately  to  new  situations.  Three 
experimental  classes  of  sixteen  year-olds  were  taught  using  computer 
packages  capable  of  magnifying  graphs  to  see  if  they  "looked  straight",  and 
to  draw  a  line  through  two  close  points  on  a  graph.  These  formed  the  basis 
of  class  discussion  and  small  group  investigations  to  encourage  the  formation 
of  a  coherent  relationship  between  the  concepts  of  gradient  and  tangent  For 
comparison,  five  other  classes  were  taught  by  more  traditional  methods.  Two 
questionnaires  administered  during  the  course  confirmed  that  the 
experimental  students  were  able  to  respond  more  appropriately  in  new 
situations,  for  example  in  the  case  where  a  function  is  given  by  a  different 
formula  to  the  left  and  right  However,  the  notion  of  a  "generic  tangent"  -  an 
imagined  line  touching  the  graph  at  only  one  point  (even  where  this  is 
inappropriate)  -  persisted  in  both  groups,  though  significantly  less  amongst 
the  experimental  students. 


The  computer  introduces  a  new  factor  into  the  classroom  relationship  between  the  pupils, 
the  teacher  and  the  mathematical  concepts  to  be  considered.  It  enables  aspects  of  the 
mathematics  to  be  externalised  and  manipulated  on  the  computer  VDU.  In  terms  of 
Skemp's  three  modes  of  building  and  testing  mathematical  concepts  (Skemp  1979),  it 
offers  a  direct  (mode  1)  method  of  building  and  testing  using  the  computer  software,  in 
addition  to  discussion  with  the  teacher  (mode  2)  and  internal  consistency  of  the 
mathematics  in  the  mind  of  the  learner  (mode  3): 


Building  and,  tpsting  Matfrpmatical  Concepts 


computer 
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This  more  immediate  mode  of  building  and  testing  can  be  highly  advantageous  in 
introducing  new  concepts  that  previously  have  seemed  extremely  abstract  to  pupils. 
However,  there  may  be  a  danger  that  the  computer  introduces  inappropriate  factors  that 
may  cause  difficulties  of  their  own.  For  example,  a  "straight  line"  on  a  computer  VDU  is  a 
coarse  sequence  of  high-lighted  pixels  that,  at  best,  may  only  look  fairly  straight.Such 
difficulties  require  careful  handling  by  the  teacher.  However,  the  differences  between  the 
practical  (and  inaccurate)  computer  picture  and  the  theoretical  ideas  can  also  provoke  a 
great  deal  of  discussion  that  can  be  most  rewarding  for  the  pupils.  As  Hart  has  observed: 

The  brain  was  designed  by  evolution  to  deal  with  natural  complexity , 
not  neat  "logical  simplicities".  (Hart,  1983,  page  52) 

Mathematicians  analyse  concepts  in  a  formal  manner,  producing  a  hierarchical  development 
that  may  be  inappropriate  for  the  developing  learner.  Instead  of  formal  definitions,  it  may 
be  better  for  the  learner  to  meet  fairly  complicated  situations  which  require  the  abstraction 
of  essential  points  through  handling  appropriate  examples  and  non-examples.  Such 
complexity  requires  discussion  and  "negotiation  of  meaning"  between  teacher  and  pupils. 

Vinner  (1982)  has  observed  that  early  experiences  of  the  tangent  in  circle  geometry 
introduces  a  belief  that  the  tangent  is  a  line  that  touches  the  graph  at  one  point  and  does  not 
cross  it;  this  produces  a  concept  image  that  causes  cognitive  conflict  when  more  extreme 
cases  are  considered,  such  as  the  tangent  at  a  point  at  inflection,  where  it  does  cross  the 
curve,  or  the  case  of  a  tangent  at  a  cusp,  which  is  slighdy  more  contentious. 


Classroom  aciivitipfl 

In  three  experimental  classes,  of  12,  14  and  16  pupils,  the  aim  was  to  negotiate  the 
meaning  of  the  tangent  concept  through  using  the  computer  to  draw  a  line  through  two 
very  close  points  on  the  graph  as  part  of  a  broader  introduction  to  the  idea  of  gradient  of  a 
graph  in  the  calculus.  This  was  to  be  demonstrated  by  the  teacher  leading  a  discussion 
centred  on  the  computer,  before  encouraging  the  students  to  work  with  the  computer  in 
small  groups.  It  was  part  of  the  brief  for  the  experimental  students  to  consider  cases,  such 
as  y=lsinxl,  which  have  "corners"  where  they  have  neither  gradient,  tangent  or  derivative, 
though  they  visibly  have  different  left  and  right  gradients.  One  of  the  programs  used 
purported  to  draw  a  "tangent",  when  it  actually  drew  the  straight  line  through  (x,f(x)), 
(x+h,f(x+h))  for  h=0.0001.  This  seemed  to  draw  a  "tangent"  to  y=lsinxl  at  the  origin, 
providing  a  rich  source  of  discussion.  The  researcher  took  an  active  pan  in  the 
experimental  group  of  14  pupils,  suggesting  activities  to  be  followed  by  the  other  two 
groups,  whilst  the  five  control  classes  followed  a  more  traditional  strategy  assuming  an 
intuitive  knowledge  of  the  meaning  of  a  tangent  All  teachers  kept  diaries  of  their  activities, 

ummmmmiM  1  0  3  2 
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Two  brief  tests  were  administered  to  the  students  during  the  course  of  their  work.  The  first 
followed  immediately  after  they  had  studied  the  notion  of  the  gradient  of  a  graph  at  a  point, 
the  second  after  they  had  studied  the  notion  of  a  tangent  in  greater  detail.  Both  involved  the 
same  sequence  of  graphs: 


In  the  GRADIENT  INVESTIGATION ,  for  each  graph  the  students  were  asked: 

Can  you  calculate  tho  gradient  at  x=0  ?  YES/NO 
If  YES,  what  la  tht  gradient,  If  NO,  why  not  ? 

In  the  TANGENT  INVESTIGATION  they  were  asked: 

Does  the  graph  have  a  tangent  at  x=0  ?  YES/NO 
If  YES,  pleaee  aketch  the  tangent,  If  NO,  why  not? 

In  each  case  the  first  question  was  to  establish  a  base-line  of  performance,  it  being  hoped 
that  virtually  all  students  would  be  able  to  answer  the  question  correctly.  The  second 
question  tested  the  concepts  of  gradient/tangent  at  a  point  with  different  left  and  right 
gradients,  (where  the  experimental  students  would  expect  to  have  an  advantage).  The  third 
tested  the  concept  of  gradient/tangent  at  a  cusp  (and  here  mathematicians  may  fail  to  agree 
over  whether  there  is  a  tangent  or  not!)  The  fourth  involved  a  function  for  which  the 
students  did  not  know  the  formula  for  the  derivative,  so  they  could  not  easily  solve  the 
problem  in  either  case  by  differentiation.  The  fifth  and  sixth  cause  difficulties  because  there 


o 
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arc  different  formulae  on  either  side  of  the  point  under  consideration.  The  fifth  has  the 
additional  difficulty  that  it  does  have  a  tangent  at  the  origin  but,  to  the  left,  the  tangent 
coincides  with  the  graph  and  so  causes  conflict  with  those  students  who  believe  that  a 
tangent  touches  the  graph  at  one  point  only.  The  last  two  questions,  in  particular,  would 
test  a  students*  concept  images  in  a  broader  context  than  they  had  previously  encountered. 

The  tests  were  also  administered  to  a  group  of  first  year  university  mathematics  students, 
who  are  more  highly  qualified  than  the  students  in  either  control  or  experimental  groups. 

In  the  limited  space  at  the  disposal  of  this  paper  I  shall  report  the  total  responses  of  the 
control  and  experimental  students.  In  Tall  (1986)  there  is  a  deeper  consideration  of 
matched  pairs  of  students  (matched  on  a  pre  test  not  given  here)  with  and  without  previous 
calculus  experience  which  supports  the  seme  conclusions. 

In  each  table  the  "correct"  response  will  be  given  in  bold  type  (though  its  "correctness"  is 
sometimes  a  matter  of  opinion);  other  responses  will  be  subdivided  wherever  appropriate. 
Where  "statistical  significance"  is  quoted,  this  will  always  be  using  a  one-tailed  j^-test, 
sub-dividing  the  responses  of  experimental  and  control  groups  into  "correct"  and  "ail 
other"  responses,  with  the  hypothesis  that  there  will  be  more  correct  responses  from  the 
experimental  group.  The  experimental  students  usually  perform  at  least  as  well  as  the 
university  group.  Unless  explicit  mention  is  made,  it  may  be  assumed  that  the  differences 
between  the  experimental  students  and  the  urdversiry  students  is  not  statistically  significant. 

Gnpl  (1):  y=*2.x 

Gradient  Tanasnt 

PmBrinw**  ,M-4ii  Jr      comet  incorrect  nr 

txperHTHMital  (N-41)    40        1       o  41        0  0 

Control         (N-65)     59         6        0  64         1  0 

University      (N-47)     47        0        0  47        0  0 

Although  marginally  more  control  students  gave  incorrect  responses  to  the  gradient 
question,  this  is  not  statistically  significant  ' 

Graph  (2):  y=abs(x) 

QiasSsSH  Tanoant 

F«*»m   rwJ»  o — 1n  *j  Q'jW  Kg  many  two  Hft  rwtithifcimn  pant 

Expenm.    (N-41)  2001      38  2600      1  32 

Control     (N-65)  23    14    4    3      21  8     9  0    2    17  29 

University  (N-47)  7121      36  2000      8  37 

More  experimental  students  give  NO  responses  than  control  (j2=34.73,  p<0.000001), 
and  more  say  there  is  no  tangent  (x^.70.  p<0.01).  The  experimental  students  NO 
responses  are  significantly  higher  than  those  at  university  (&*i.l2  ,  p<0.05)  whilst  the 
numbers  responding  with  no  tangent  are  not  significantly  different  (x2=0.03). 
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The  control  students  use  their  concept  images  to  put  forward  a  number  of  reasonable 
hypotheses,  such  as  noting  that  the  gradient  has  the  two  values  ±1,  or  averaging  the  two 
values  to  get  zero,  or  calculating  the  derivative  of  abs(x)  to  get  abs(l),  or  simply  ignoring 
the  abs  symbol  altogether  to  obtain  the  derivative  1.  Several  control  students  showed 
insight  into  the  problem,  asserting  that  there  was  no  gradient  with  comments  such  as: 


"no,  because  the  line  is  going  in  two  directions  at  90  degrees". 


Note  that  five  experimental  students  assert  there  are  two  tangents,  almost  certainly  the 
legacy  of  discussion  about  "left"  and  "right"  tangents. 


Graph  (3):  y=V(abs(x)) 

Gradient 

XES  HQ 

«o  Oothw  oo  other  nx 

Expwim.  (N.41)     8    1   0  5  27  0 

Control    (N»85)    10  11  18  6  20  2 

lMv*raMy(N-47)    14     5  4  S  1S  0 


Iansacl 

many  two  vert  balanca  other  nont  nr 

1  0  3  1  0  36  0 
3      1   S3     10  3    24  1 

2  1   23      2         0    18  0 


This  question  is  difficult  to  answer,  for  it  even  provokes  debate  amongst  mathematicians. 
It  does  not  magnify  to  look  straight  at  the  origin  (with  two  superimposed  half-lines),  so  a 
theoretical  case  can  be  made  for  no  tangent  and  no  gradient  (noted  above  in  bold  type). 
Some  would  argue  that  there  is  a  vertical  (undirected?)  tanfeent,  with  infinite  gradient 
(noted  in  italics).  A  few  students  draw  a  "balance"  tangent  along  the  x-txis. 

Significantly  more  experimental  students  respond  NO  to  the  gradient  than  control 
(X^'H.^,  p<0.01),  and  more  experimental  students  than  university  (x2=5.16,  p<0.05). 
Grouping  those  who  respond  NO,  or  give  the  gradient  as  infinity  (YES  or  NO),  shows 
significantly  more  experimental  students  than  control  (jr=20.46,  P<Q-001),  and  10010 
experimental  than  university  (z2=4^2,  p<0.05). 

Significantly  more  experimental  students  than  control  say  that  there  is  no  tangent 
(x2=17.71,  p<0.0001),  and  more  experimental  than  university  (x2=7.43,  p<0.01). 
Qmbining  "no  tangent"  with  "vertical  tangent",  there  are  significantly  more  responses  in 
the  combined  category  from  experimental  students  man  from  control  (£=10.19,  p<0.01). 


Graph  (4):  y=abs(x3) 

Gradient  l£O9fi0l 

YFS:Q    0  mother  HQ  DC  horizontll    pjbfil  DflTjfl  QC 

Exp«im.  (N-41)  35     5     0     1  0              39         2      0  0 

Control     (N-65)    36    22      5     2  0               48         0       1  0 

Unlv»r»ity  (N-47)    35     9      1     2  0              48         0       1  0 
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Although  most  students  state  the  gradient  is  zero,  many  perform  an  erroneous 
differentiation,  such  as  giving  the  derivative  of  abs(x3)  as  either  abs(3x2)  or  3x2  (a  correct 
formula  being  3x(abs(x))...)  It  may  be  that  some  giving  the  response  0  may  have  made  the 
same  error  without  writing  it  down.  There  is  a  significantly  larger  number  of  experimental 
itudenn  responding  with  gradient  0  without  making  an  explicit  error  (x^.90,  p<0.01). 
There  is  no  significant  difference  between  experimental  students  and  university  students 
and  no  significant  difference  in  the  drawing  of  the  tangent  at  the  origin  between  any  of  the 
groups. 

Grtph  (5):  j=x  (xSO),  y=x+x2  (xJsQ) 

ficatiaoi  Iaoofini 

YES:   1  BltHK  HQ.  DC  atandird  prfrip  othar  nana  rr 

Eaparim.    (N-41)          38    1  o    1           31          0^^  o  a  o 

Control      (N-65)          32    S  24     1           22        25      2  15  1 

IWwaMy  (N.47)          «    0  2o           2fi        14      0  40 

This  is  the  most  .interesting  example  of  all.  The  experimental  students  are  very  successful  at 
calculating  the  gradient  of  the  curve  at  the  origin,  even  though  all  functions  considered  in 
the  course  woe  given  as  single  formulae.  The  control  students,  however,  find  difficulties 
because  they  calculate  the  gradient  by  differentiation  and  are  confused  by  the  different 
formulae  on  either  side  of  the  origin.  Comments  include: 

"The  line  changes  its  characteristics  -  it  is  two  graphs." 
"Became  at  x-0  is  where  two  functions  meet" 

SigniScandy  more  experimental  students  give  the  gradient  as  1  (x2=21.91,  p<0.0001). 

The  tangent  produces  another  difficulty  because  it  coincides  with  the  graph  itself  to  the  left 
of  the  origin.  Coerced  by  their  belief  that  a  tangent  touches  the  graph  at  one  point  only, 
many  students  draw  the  tangent  a  little  off  the  curve,  so  that  it  seems  to  touch  only  once. 
This  is  termed  a  generic  tangent  in  the  table,  a  generic  concept  being  defined  as  one 
abstracted  as  being  common  to  a  whole  class  of  previous  experiences.  Even  a  minority  of 
the  experimental  students  draw  the  generic  tangent  including  some  saying  the  gradient  is  1. 
However,  the  number  drawing  a  standard  tangent  is  significantly  higher  amongst 
experimental  than  control.  (x^lSSl,  p<0.0001). 

Graph  (6):  y=x  (xjJO),  y=x2  (jteO) 

Gradjant  Tanpenl 
SEii  HQ  01       many  two  Itft  rign]  batanc*  gifaa:  nana  ox 
Expftim.  (N-41)    3650  0300       1       0       37  0 


Control  (N»65)     39  24    2  3     4    24       7       4      38  3 

U»*»r»«y(N-47)    43    3    1  1      4    0      1       2       0       M  1 
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Significantly  more  experimental  students  respond  correctly  to  the  gradient  question 
(x^.W,  p<0.01).  The  tangent  question  has  a  wide  variety  of  responses,  with  some 
seeing  "many"  or  an  "infinite  number"  of  tangents  touching  the  corner  on  the  graph,  others 
seeing  two,  or  one  (either  left,  right,  or  a  line  balancing  at  a  rakish  angle  on  the  comer). 
Once  again,  significantly  more  experimental  students  explain  that  there  is  "no  tangent"  at 
the  origin  (x^lO.79,  p<0.01). 


The  research  emphasises  the  difficulties  embodied  in  the  tangent  concept,  but  suggests  that 
the  experiences  of  the  experimental  group  helped  them  to  develop  a  more  coherent  concept 
image,  with  an  enhanced  ability  to  transfer  this  knowledge  to  a  new  context.  For  example, 
they  were  better  able  to  interpret  the  tangent/gradient  at  a  point  where  the  formulae  changed 
but  left  and  right  gradients  were  the  same.  However,  potential  conflicts  remained,  with  a 
significant  number  of  students  retaining  the  notion  of  a  "generic  tangent"  which  "touches 
the  graph  at  a  single  point",  giving  difficulties  when  the  tangent  coincides  with  part  of  the 
graph. 

At  the  general  level  the  research  lends  support  to  the  theory  that  the  computer  may  be  used 
to  focus  on  essential  properties  of  a  new  concept  by  providing  software  that  enables  the 
user  to  manipulate  examples  and  non-examples  of  the  concept  in  a  moderately  complex 
context  This  allows  a  curriculum  development  to  be  more  appropriate  cognitively  by 
giving  students  general  ideas  of  concepts  at  an  early  stage,  to  encourage  discussion  and  the 
active  construction  of  a  shared  meaning. 
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LA  STRUCTURE  I TERAT I VO-REPET IT IVE  COMME  CHAMP  CONCEPYUEL  DANS 
L'ENSEIGNEMENT  ELEMENTAIRE  ET  SECONDAIRE  EN  HATHEMATIQUES  ET  INfDRMATlQUE 


THE  ITERATIVE-REPETITIVE  STRUCTURE  AS  A  CONCEPTUAL  FIELD  IN  THE 
ELEMENTARY  AND  SECONDARY  LEVELS  IN  MATHEMATICS  AND  COMPUTER  SCIENCE. 

ROUCHIER  ANDRE 
I.R.E.H.  -  UNIWERSITE  D' ORLEANS. 


Many  researches  have  been  done  in  the  field  of 
cognitive  difficulties  of  beginners,  children  or  adults, 
■hen  programing  complex  structures  like  the  realizat  ion 
of  a  loop  in  various  sorts  of  languages,  imperative 
(Pascal)  and  applicative  (LOGO).  From  a  curriculum  point 
of  view,  it  is  necessary  now  to  develop  a  broader 
approach  about  learning  and  teaching  this  sort  of 
structure.  With  this  respect  Me  have  to  take  into  account 
that  Repetition,  Iteration  and  Recursion  belong  to  and 
define  the  seme  conceptual  field  integrating  various 
aspects  connected  to  other  mathematics  and  computer 
science  concepts,  for  instance  multiplication  at  the 
elementary  level,  induction  and  aspects  of  the  limit 
process  at  the  secondary  level. 

In  this  presentation  we  are  developing  a  first 
attempt  in  the  description  of  the  internal  and  external 
relations  in  the  field  of  Iterative-Repetitive  Structures 
(I.R.S.)  and  the  informations  me  have  about  cognitive  and 
didactical  difficulties. 

La    notion  de  champ  conceptual  a  ete  proposes  par  Gerard  VERGNAUD 
[B  ],  ll  y  a  quelques  annees  pour  fournir  des  moyens  de  construire 

des  cadres  interprelatifs,  aussi  bien  pour  l'enseignement  que  pour  la 
recherche,  dans  le  noyen  et  le  long  terms,  des  difficultes  de  nonbreux 
sieves  au  cours  de  l'apprentissage  de  certains  concepts.  Les  exemples  qui 
out  ete  les  plus  develop pes  sont  1 'addition  et  la  multiplication  a 
travers  leurs  extensions  successivcs,  extensions  de  domsines  numeriques 
de  validity,  extension  de  champs  d'utilisation  ct  de  fonctionnement. 
Prendre  en  compte  cette  notion  s'appuie  au  moins  sur  deux  sortes  de 
considerations  : 

-  celle  qui  tient  au  concept  ou  au  contenu  etudie.  II  s'agit 
d' identifier  et  de  mettre  en  evidence  la  tre3  grande  variete  de 
problemes  et  de  situations  dsns  lesquels  lis  sont  impliques.  C'est  le 
cas  de  ceux  que  nous  avons  cite  precedemment . 
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-  celle  qui  tient  aux  eleves  engages  dans  des  apprentissages  a  propos  de 
ces  notions,  a  1 'analyse  et  a  1' interpretation  de  leurs  comportements 
des  lors  qu'ils  sont  onentes  par  les  caracteri3tiqucs 
(Spistemologiques  du  contenu. 

Un  des  problemes  de  la  recherche  en  didactique  des  mathemat iques, 
outre  1' identification  et  l'utilisation  des  notions  et  concepts 
didactiques  ndcessairss,  est  celui  du  dficoupage  du  sauoir  qu'elle  doit 
operer.  Celui  que  suggfere  1  'enseignement  existe  comme  objet  d'etude. 
C'est  un  produit,  le  produit  d'un  travail  de  transformation  proprement 
didactique  qui  modifie  d'une  certaine  maruere  les  objets  de  savoir  [  l]  . 
De  nombreuses  recherches  ont  montre  qu'on  ne  saurait  le  ccnsiderer  comme 
un  donne.  II  faut  done  operer  d'autres  decoupages  ;  la  notion  de  champ 
conceptuel  est  un  rcoyen  de  les  effectuer. 

La  structure  de  repetition-iteration  :  S.R.I. 

Math£matiques  et  Inforaatique  offrent  a  des  notions  communes  des 
cadres  conceptuels  ainsi  que  des  formalismes  sensiblement  differents. 
C'est  le  cas  de  ce  que  nous  appellerons  ici  la  structure  de  repetition 
iteration  (S.R.I.) 

L' iteration  a  un  statut  particulier  en  mathematiques.  Stricto 
sensu,  il  n'eat  pas  objet  d' etude  pas  plus  qu'elle  n'est  objet 
d'enseignement  nj  au  niveau  eiementuire  ni  au  niveau  secondaire.  Elle  eat 
toutefois  engag6e  explicitement  dans  des  definitions  (multiplication, 
nombrea  reels),  dans  des  tfcritures  et  des  manipulations  de  sornnes  et  de 
produi.ts,  dans  le  calcul  sur  lea  limites.  Elle  a  done  un  r61e  triple  : 

-  Un     rOle     producteur     :      de     nouveaux     objets,      de  nouvelles 
representations, 

-  Un    r61e    prescripteur    :    elle    indique    les    operations    qu'll  faut 
effectuer, 

-  Un    role    de  desenpteur  :  elle  dit  comment  est  constitue  un  objet  ou 
un  processus. 

En  informatique,  la  repetition-iteration  est  un  operateur  general 
qui  represente  une  forme  de  coordination  d'operations  eiementaires  pour 
construire  des  objets  de  plus  haut  niveau.  Elle  intervient  dans  tous  les 
langages  de  programmation,  aussi  bien  ceux  qui  sont  associes  aux 
calculatrices  prograumables  que  ceux,  de  plus  haut  niveau,  dans  lesquels 
elle  est  cod6e  recursivement.  Nous  inclurons  ici,  egalement,  les  outils 
de  programmation  et  de  calcul  que  sont  les  tableurs. 
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Le  traitement  algonthmique  et  informatique  de  1 'iteration  ua 
ajouter  une  quatneme  caractenstique  a  noa  trois  propri^tes  precddentes, 
1 'effectiuitg.  outreraent  dit  ]n  dimension  de  realisation  du  calcul .  Elle 
ua  appeler  et  prouoquer  de  nouuellea  coordinations,  done  une  autre 
connaissance  et  un  autre  usage  de  l'objet  qui  nous  interessu  ici. 

Schemas  et  langaqes  pour  la  S.R.I. 

La  structure  repeliuo-iterative  est  un  operateur  essentiel  pour 
1 'analyse  des  objets  complexes.  Elle  se  rattache  a  un  certain  nombre3  de 
schemes  d'actions  fondawentaux  qui  peuuent  etre  associes  a  l'Sconomie 
des  designations  et  des  processus.  L'economie  des  designations,  e'est  de 
pouuoir  representor  a  l'aide  d'une  ecnture  condensee  et  limitee  dee 
objets  et  des  processus  pour  lesquela  cette  ecnture  serait,  a  prion,  de 
longueur  dgale  a  celle  de  la  liste  exhaustive  des  actions  a  accomplir 
pour  les  calculer  ou  pour  les  determiner.  L'economie  dea  processus,  e'est 
1' identification  de  leur  manifestation  dans  un  nombre  important  de 
situations  pour  qu'il  soit  necessaire  de  le  considerer  en  tant  que  tel 
coawe  un  objet  d'etude.  C'est  le  ras  de  lo  multiplication,  pour  laquelle 
ce  qui  precede  represents  une  description  du  schema  general  de 
1' introduction  a  l'ecole  olcmcntaire. 

Certes,    la   multiplication    ne    represente  pas  le  premier  scheme 
repetito-it^ratif  qui  puisse  etre  rencontre  par  des  jeunes  enfants,  mais 
sa    construction    dans    l'enseignement    rdalise  la  premiere  mise  en  forme 
matnwMtique  d'urtc  realisation  de  la  S.R.I.   [  2  ]  . 

C'est  d'ailleurs  en  prenant  appui  sur  cet  exemple  que  nous 
pouuons  psrler  metophoi lquement  du  "pouuoir  multiplicatif "  de 
1'iteration.  II  o'agit  la  d'une  dimension  conceptuelle  qui  nous  parait 
importante  ;  il  y  a  changement  d'ordre.  Un  ordre  lineaire,  ou 
acquentialise  est  outil  de  base  dans  la  construction  d'un  ordre  de 
complexity  supiSrieure  (selon  une  tfpistcmologie  naiue  de  la  complexite 
d^cnte  par  les  matbematiquee). 

Les  realisations  d' iteration  et  leurs  descriptions  font 
interuenir  un  certain  nombre  de  contraintes  qui  sont  dependantes  du  cadre 
dans  lequel  elles  se  situent  :  mathematique  et/ou  informatique  et,  dans 
ce  dernier  cas,  de  choix  imposes  par  .les  concepteurs  du  langage  dans 
lequel  on  est  amenes  a  trauailler.  Autrement  dit,  les  codages  de 
repetition-iteration  uont  deuoir  absorber  un  certain  nombre  de  charges 
cognitiues  (qui  ne  renuoient  paa  seulement  a  les  difficultes  dc  nature 
seulement  syntaxique). 
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Ainsi    la  S.R.I,  eat  prise  dans  un  dispositif  double  : 
Le    dispoJtif    du    problem    que  1'on  souhaite  traxter  ou  resoudre  et 
dans  lequel  ell.e  apparait  cowne  un  element  de  solution, 
Le    dispositif  de  reconnaissance  et  de  realisation  de  la  solution,  qui 
roaprend    en    particular    !■ ensemble    des    operations  possibles  leurs 
coordinations  et  les  modes  de  description  correspondants    Jj . 

,_2LJ:£_^^  les  Plus  pu.ssents  ne  sont jgsjorcggnt  leg  plus  souples: 
Cette  analyse  des  Elements  de  co™plexit6  propres  au  S.R.I.  ua 
donc  prendre  en  cc^te  une  autre  dimension  de  sa  aigmf  ication 
ep1Ste»ologique.  II  s'agit  de  identification  des  elements  de  contrfl. 
ou-xl  est  neceasaire  de  construire  pour  utiliser  et  construire  des 
petitions  et  des  iterations  nota^ent  dans  le  cadre  infor^tiques  ou 
dan3  un  cadre  qui  ptt-ttr.  de  problematic  1'ef fectivite.  Ces  events 
de  contrOle  sont  de  deux  types  : 

.    reux    qui    sont    associes    aux    contrairtes    de    formation    pour  la 
reussite,  c'est-a-dire  pour  1'ecriture  cte  procedures  effectives. 

-    Ceux    qui    sont  de  type  cognitif,  c 'est-e-dire  qui  sont  de  1'ordre  des 
options  du  sujet  pour  la  production  des  electa  du  prefer  type 

U    n'y    a    pas    que    des    purs    effets    de    syntaxe    a  passer  de 

Tecriture    d'une    repetition    stricte    de    type    suivant    en    LOGO  et  en 


PASCAL: 


U      m*  gErE  ,0   [  ECRIS  [  I  Mi  THE  BEST"]]. 
FIN 

II.     PROGRAM  U/EUOONE; 

bZ3ti      *°  'o  d0  w*"6tn  ri  M  ™E  BEsr',: 

end. 

puisqu-une     edification    de    la    consign*    change    tres    fortement  les 
elations    entre  les  elects  de  ces  programs,  le  n»de  d'engage^nt  des 
concepts    et    leur    interpretation.  Completer  en  effet  par  une  decode  du 

type    :  I' «**  «' «PP«^™  *  ^  *  *  "T. 

interroger  sur  ce  qu'on  pourrait  appeler  le  controls  interne  et  le  r61e 
de  la  wanable  i  qui,  en  general,  n'est  pas  percue  co^ne  une  .enable.  En 
effet    les    difficulty    des    Sleues    debutant    se    r.groupent    en  trois 
classes: 


o 
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!.  V  n'tbt  pas  une.  vtvUabli 

U  V  n'zAt  rxu  Libit,  non  pa6  au  itM  alcuAlqut  dt  ta  *og*,u*  *aU 

au  6im  oa  on  ne.  pejjJ:  poa  VwUlUvi  Ubxvntnt. 
3.  On  nip^pa*  u^e/t  'V  pou*  rfa^e  aa^e  duMe  que  *e  co«**5- 
de  *a  faoacfe.  Onon  It  p«3^e  «e  m  dt  ta  „e»e 

On  pourra  „  uoar  d8n8  C8t  exemple  que  des  andacea  de  non~ 
comprehenaaon  dW  realaaataon  particulate  de  la  s.R.I.  c'est  une 
premiere  interpratataon. 

La  seconde  interpretation  nous  arona  la  chercher  du  cftte  de  ce 
qua  nous  occupe  aca.  A  operateur  puaasant  (rEPETE)  QC,ultallon  de 
fonctaonn^nt  et  absence  de  souplesse  dans  Vadaptataon  a  un  problem 
c«rav6  .  La  co.plexata,  de  fait,  (et  non  pas  seulorcent  son  etude) 
3  apouae  et  g8  naurrat  sur  le  type  de  contraantes  atructurelles  que 
montre  cet  eneaple. 

II  peut  y  avoar  un  debat  SUE  la  "puassance"  des  operateurs  que  ua 
offrar  un  langage  pour  coder  la  S.R.I.  I'exemple  pr6c£dent  montre  lea 
Umtea  de    ce    debat.    Par    ailleurs,    n    .ontre    9Ussi    que  la 

puissance"    est    a    ^ttre    en    relation    a.ec  une  extensxon  du  cha^  de 
fonctaonne^t,    ce    qui    ent    bien    propre    aux  objeta  que  categorise  la 
notion    de  chaap  conceptuel.  II  a'agit  d'abord  de  construire  dea  elements 
cto    controle    qui  ont  ete  anoncaa  au  paragrephe  precedent,  autrercent  dat 
d  interaoraser  dea  schA.es  et/ou  des  regies  d-utaliaataon. 

II  y  a  eu  un  certain  nombre  d'etudea  aur  le  aujet,  etudes  qua  ont 
it*  effectuees  dan*  dea  contextea  deters.  C'est  le  cas  dea  tra.sux 
d  E.  Solcay  [  7  ]  dans  le  caa  des  boucles  en  Pascal.  La  problemataque  de 
I  integration  des  plana  est  determanante  dans  la  mase  a  jour  des 
^canas^ea  d' approbation  et  de  leura  etapes.  U  y  a  conatructaon  de 
schema  autonoW,  par  example  le  schema  de  concur  et  le  schema  de  la 
varaable  d-accu^letaon.  Schema  qua  .ont  d'une  part  ae  coordonner, 
d  autre  part  corresponds  a  des  conduates  par  leaquellea  on  ,a  chercher  a 
lea  applaquer  en  analysant  ie  problfene  dans  cette  perspective.  II  y  a 
laeu,  16,  construction  d'une  competence  apecafaque. 

Dana  le  cas  de  1'ecrature  recursive  des  iterations  a.ec  le 
langage  LOGO,  nous  a.ons  pu  met tre  en  Cadence  [  5 ],  dana  un  contexte 
d  enseignement  baen  defmi,  des  operateurs  d-un  autre  type,  anternes  a  la 
forme  recursive  elle-meme  et  perrcettant  au  SUjet  de  decider  sur  la  place 
relative  de  1'ind.cateur  de  Paction  de  base  du  programme  et  du  moteur  do 
1  aterataon  (appel  recuraaf). 
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La  S.R.I,  comme  mise  en  ordre  d' informations  et  d' operations. 

Du  point  de  vue  des  6tutics  didactiques  nous  sommss  directement 
interesses  aux  conditions  propres  a  permettre  1' identification  du  jeu 
mutuel  des  elements  du  probleme  et  de  la  solution  dans  un  contexte 
particulier  de  production  et  de  mise  en  oeuvre  de  cette  solution.  On 
cherchera  done  a  faire  vaner  des  Elements  du  contexte  autant  que  les 
problfeir.es  eux-memes. 


dispositif    d'ex6cution,     les    representations    que    peuvent  en  avoir  les 
Aleves    a    un    moment    donn6  de  1 ' apprentissage  et  ies  solutions  qui  vont 
etre    mises    en    oeuvre    sont    tres    lmjiortantes.    II  y  a  en  fait  autant 
int£nonsation    des    operateurs    que    construction    d'une  conception  des 


introductive  de  1 'iteration  6tait  composee  d'un  probleme  d'6cnture  de 
prograiime  de  caicul  de  multiplication  d'entiers  pour  un  dispositif 
compose  d'un  operateur  humain  et  de  deux  machines  A  et  B.  Sur  lr.  machine 
A  seule  1 'addition  pouvait  fonctionner,  sur  la  machine  8,  seule 
l'operation  +1  6tait  possible.  Une  fois  ecnt,  le  programme  oavait  etre 
communique  a  un  r£cepteur  qui  recevant  deux  nombres  devait  executer  le 
programme  puis  expliquer  ce  qu'il  6tait  cens6  calculer.  II  s'agissait 
d'identifier  des  formes  de  structuration  d'un  type  d'lteration 
indfitermin^e. 

Ce  dispositif  est  insuffisant  pour  permettre  1' identification  des 
informations    qu'il  est  n^cessaire  de  coder  dans  un  corps  de  boucle.  D'un 
point    de    vue  naif,  ce  sont  eiles  qui  doivent  dtre  it6r6es.  Elles  sont 
done    de    nature  "cooperative"  :  que  faut-il  savoir  si,  s'arretant  a  une 
6tape    quelconque    du  caicul,  on  veut  donner  a  quelqu'un  les  moyens  de  le 
poursuivre  ? 

CONCLUSION. 

II  semble  qu'il  soit  d'ores  et  d£ja  necessaire  de  compter 
1' iteration  comme  un  des  objets  nouveaux  de  1 'enseignement  des 
mathematiques  a  l'ecole  el^mentaire  et  au  niveau  secondaire.  II  ne  s'aqit 
pas  d'une  notion  t.oute  faite.  Au  contraire,  tout  donne  a  penser  que  par 
sp  richesse  notionnelle,  la  vanetS  de  ses  domaines  d' application,  3es 
relations  ovec  de3  concepts  fondamentaux  comme  ceiui  de  variable,  ll 
faille  1 'engager  dans  un  grand  nombre  de  situations  pendant  une  p6node 
de  temps  significative.  A  cote  du  mouvement,  propre  □  Involution  des 
curriculums  qui  va  tendre  a  insurer  dans  1 ' enseignement  des  mathematiques 


Par    exemple,     les    relations    entre    les    competences  reelles  du 


competences  du  dispositif  [  ?]. 

Lors  d'un  travail  ant^neur  a  propos  de  Pascal  [6],  uns  situation 
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des  problemes  coruportant  plusieurs  modes  d' utilisation  de  1 'iteration,  il 
paralt    necessaire  de  dfSvelonper  des  etudes  specif lques  a  la  place  et  au 
role     de    cette    not]        ians    la    construction    des    connaissances  en 
nathematiques    et    en    informatique.    Nous    avons    essays  ici  de  soulever 
quelques  Elements  qui  nous  paraissent  significatifs. 
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ABSTRACT 


Recent  theoretical  work  suggests  problem  solving  in 
algebra  consists  of  two  phases:    representation  and 
solution.    Adolescents,  particularly  learning  disabled 
ones,  have  difficulty  with  algebraic  word  problems.  The 
purpose  of  this  study  was  to  design  and  investigate  the 
•f fectivenesa  of  instruction  in  representation  and 
solution  for  learning  disabled  adolescents* 

Instruction  for  each  phase  was  based  on  cognitive 
task  analysis,   and  included  declarative  knowledge, 
modelling  of  procedural  knowledge  by 
thinking  aloud,  guided  practice,   and  independent 
practice.    Data  were  derived  from  problem-solving 
■  easures,  think-aloud  protocols,  and  interviews  about 
metacognition.    Students  Mastered  representation  and 
solution  and  Maintained  and  transferred  what  they  had 
learned.    They  acquired  schemata  for  algebraic  word 
problems. 


This  study  builds  upon  the  cognitive  theories  of  problea  solving 
developed  by  instructional  psychologists.     For  these  researchers, 
problem  solving  in  knowledge-rich  domains  consists  of  two  phases: 
problem  representation  and  problem  nolution  (Mayer,   1985).  Recent 
reviews  show  that  while  there  are  few  differences  in  ability  to  solve, 
experts  are  better  than  novices  at  representation  (Glaser,  1984). 
Despite  this,  most  instruction  has  focused  on  solution.     The  focus  of 
the  study  reported  here  is  on  representation  as  well  as  solution  in 
learning  disabled  adolescents.     Although  many  adolescenta  fail  to 
understand  and  solve  algebraic  word  problems,  the  learning  disabled 
seldom  suceed  at  this  task  (Lee  £  Hudson,   1981).     Although  these 
students  have  average  ability,  they  evidence  psychological  processing 
problems  and  achieve  poorly  in  particular  curriculum  areas. 
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The  fltat  purpose  of  this  study  was  to  design  instruction  in 
problem  representation  as  well  as  problem  solution  of  algebraic  word 
problems,  based  on  current  cognitive  theory.     The  second  purpose  was 
to  Investigate  the  effectiveness  of  this  cognitive  theory-based 
instruction  for  teaching  learning  disabled  adolescents  representation 
and  solution  of  particular  problem  types,  for  the  construction  of 
problem  schemata,  and  for  transfer  to  related  problems. 


The  theoretical  underpinnings  of  the  study  enter  in  two  ways: 
first  the  conceptualisation  of  problem  representation  and  solution) 
and  second  the  delivery  of  the  knowledge  (both  declarative  and 
procedural)  that  students  need  to  successfully  represent  and  solve. 

Plrmt,  the  conceptualization  of  problem  representation  and 
solution  la  described.    This  study  addressed  several,  convergent 
theories  in  instructional  psychology  in  an  Integrated  research  design. 
Mayer's  (1985)  conceptual  it  at  ion  of  two  phases  of  problem-solving 
Instruction  was  adopted.     sleon  and  Hayes*  (1976)  notion  of  problem 
isomorpha  was  employed  in  discerning  three  problem  types  for 
instruction.     Relf  and  Heller's  (1982)  prescriptive  task  analysis  of 
phymlcm  problemm  served  as  a  model  for  analyzing  these  algebra  problem 
types.    Instructional  procedures  Incorporated  recent  developments  in 
declarative  and  procedural  knowledge  with  principles  of  cognitive 
behavior  acidification.     Together,   these  accounts  suggest  that  students 
can  construct  problem  representations  if  they  are  taught  scheaata  for 
the  most  Important  a'.gebrc  word  problems. 

There  are  two  major  systems  tor  classifying  algebra  vorr 
problems:    by  the  form  of  the  underlying  equations,  and  by  the  general 
form  of  the  story  line.     The  first  is  based  on  the  mathematical 
relations  present  in  the  problem  and  refers  to  the  structure  of  the 
solution  equation.     The  second  refers  to  contextual  or  surface  details 
auch  as  mention  of  money,  age,  or  river  current. 

For  aany  problems  in  the  algebra  curriculum,   there  is  no 
necessary  connection  between  the  mathematical  structure  and  the 
surface  structure,     yet  many  of  the  investigations  that  provide  the 
strongest  evidence  for  Instruction  to  develop  problem  schemata 
confound  the  mathematical  structure  and  the  atory  line  (e.g.,  Hlnsley, 
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Hayes,   t  Simon,   1977).     Mayer  (1981*  argued  that  instruction  in 
algebra  problem  solving  should  be  constructed  around  "templates" 
(specific  propositional  structures  combined  with  a  particular  story 
line)  because  "...   in  general  certain  major  categories  ot  problems 
(based  on  story  line)  involve  characteristic  underlying  equations." 
This  is  the  case  only  in  formula-based  problems,  however.  Students 
who  receive  instruction  for  templates  must  then  be  taught  to 
generalize  from  the  template  to  other  problems  with  the  same 
mathematical-prepositional  structure  and  new  story  lines,  or 
isomorphs.    Isomorphs  are  problems  in  which  the  solution  pathd  map 
directly  on  to  one  another  in  one-to-one  fashion  (Simon  £  Hayes, 
1976).    Three  problem  isomorphs  were  selected  for  instruction  in  this 
study:     relational  problems,  proportion  problems,   and  problems  in  two 
variables  and  two  equations.    Each  is  characterized  by  the 
mathematical  relationships  that  have  to  be  understood  for  constructing 
a  thorough  and  rccurate  representation,  and  by  the  form  of  the 
equation  that  ha.  to  be  solved.     The  three  problem  types  are 
relational  problems,  proportion  problems,  and  problems  in  two 
variables  and  two  equations,    An  example  of  a  relational  problem  is: 
"Sam  has  $18  more  than  Tom.    Together  they  have  $82.    Find  how  much 
money  each  boy  has."    A  proportion  problem  is:     "Brian  saved  550  in  18 
weeks.    At  that  rate  how  long  will  it  take  him  to  save  $350?"  An 
example  of  a  problem  in  two  variables  and  two  equations  is:  "Andrew 
has  16  coins,  some  quarters  and  some  dimes.    The  total  value  of  the 
coins  is  $3.45.     Find  the  number  of  each  kind  of  coin."    Five  story 
lines  or  surface  features  were  used  with  each  problem  type.  These 
story  lines  concer.i  money,   age,  distance,  work,  and  number. 

The  second  theoretical  underpinning  of  the  study  is  it3 
instructional  design.     Recent  intervention  studies  (e.g.,  Nuzua,  1983) 
have  employed  guided  instruction  based  on  cognitive  behavior 
modification  (Heiohenbaum,  1977)  to  teach  learning  disabled  students 
mathematical  problems  that  require  one  operation  or  two  operations, 
problems  like  those  taught  by  Nuium  (1983)  are  less  complex,  and 
involve  representations  requiring  primarily  a  choice  of  operations, 
principles  of  guided  instruction  were  adapted  for  the  complex 
cognitive  task  analyses  of  the  three  algebraic  problem  types  of  thin 
atudy.     Guided  instruction  was  conducted  for  each  of  representation  and 
solution,    and  involved  the  presentation  of  declarative  knowledge, 
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modelling  of  procedural  knowledge  by  thinking  aloud,  guided  practice 
in  thinking  aloud,   and  independent  practice.     Students  a  aster  Ad  each 
task  before  proceeding  to  the  next  phase  of  the  intervention. 
Student!  eaployed  a  self-questioning  strategy  to  guide  their 
construction  of  a  representation  for  each  problem,  and  their 
production  of  a  solution.    They  completed  the  problems  on  a  worksheet 
structured  to  parallel  the  self-questions.    Let  tiled  feedback  was 
provided  during  the  course  of  thinking  aloud  aitd  at  the  close  of  each 
independent  prac*  ice.     The  self-questions  and  feedback  were  faded. 


Two  overlapping  designs  were  employed  to  answer  questions  about 
the  effectiveness  of  the  instruction:    a  traditional  experimental/ 
two-group  design  and  a  single-subject  design,    in  the  two-group 
design,  the  instructed  group's  performanca  was  compared  with  a  control 
group  on  several  dependent  measures.  Including:     instructed  problem 
types,  general  problem-solving  tests,  understanding  shown  in  think- 
aloud  protocols,  and  a  met  (cognitive  interview.     In  the  single-subject 
design,  the  course  of  intervention  was  recorded  for  individual 
students.    Maintenance  for  the  instructed  problem  types  was  measured 
six  weeks  after  the  end  of  instruction.    Tests  of  near  and  far 
transfer  were  administered  at  the  close  of  instruction.  Near-transfer 
problass  used  the  same  mathematical  structure  with  new  story  lines, 
while  far-transfer  problems  used  the  same  story  lines  and  a  more 
coaplex  variation  of  the  mathematical  structure.    The  problems  and 
instructional  materials  are  available  in  Hutchinson  (1986).  The 
experiaental  group  (N»1 2)  received  12  weeks  of  the  instruction 
described  above,  the  three  problem  isomorphs  being  t&ight  in 
succession. 

Instructed  problems  were  scored  for  thorough  and  accurate 
representation  and  solution,  as  well  as  correct  numerical  answers, 
using  criteria  based  on  prescriptive  task  analysis.  Scoring 
procedures  wer*  developed  for  rt.".ing  the  degree  of  understanding  of 
representation  and  solution  in  think- aloud  protocols  and  for  the 
met acognitive  interviews  (Ericsson  c  Simon,   1984).  Interrater 
reliability  coefficients  for  all  scoring  procedures  exceeded  .90. 
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Twenty  learning-disabled  adolescents  in  grades  8,  9,   and  10  in 
two  schools  were  randomly  assigned  to  control  (N«8)  and  experimental 
(N»12)  groups.     All  students  were  familiarized  with  a  structured 
worksheet  designed  to  cue  the  steps  in  problem  representation  and 
problem  solution. 


Data  were  derived  from  problem-solving  measures,  think-aloud 
protocols,   and  metacognitive  interviews.    These  were  examined  for 
convergent  inferences  respecting  theoretical  models  in  instructional 
psychology.    As  documented  below,  both  the  single-subject  data  and  the 
group  comparisons  demonstrated  the  effectiveness  of  the  designed 
instructional  approach  to  representation  and  solution. 

The  single-subject  data  showed  that  individual  students'  problem 
solving  ability  increased  dramatically  for  each  problem  type.  For 
example,  on  the  baseline  measures  of  representation,  the  average 
percentage  of  problems  represented  correctly  by  all  instructed 
students  was  less  then  5%.     During  instruction  in  representation  the 
average  percentage  of  problems  represented  correctly  was  84%.  The 
students  showed  near  transfer  to  problems  with  altered  story  lines  in 
83%  o2  the  cases  and  far  transfer  to  problems  with  slightly  more 
complex  mathematical  structure  in  60%  of  the  cases.     Six  weeks  later, 
in  90%  of  the  coses,  students  reached  criterion  for  maintenance  on 
problem  types  they  had  mastered  during  instruction. 

All  between-group  comparisons  favoured  the  instructed  students 
over  the  control  gioup.     A  significantly  higher  proportion  of 
instructed  students  reached  criterion  in  representation  and  in 
solution  for  each  problem  type.     Fisher's  Exact  Test  on  posttest 
proportions  was  significant  in  all  nine  cases  (£<.05,  df*1).  Analysis 
of  covariance  on  adjusted  posttest  scores  on  an  open-ended  problem- 
solving  test  showed  that  scores  of  the  instructed  group  were 
significantly  higher,   F(1,    17)  »  37.79,  £<.05.     Similarly  analysis  of 
covariance  demonstrated  the  superiority  of  the  instructed  group  on  the 
■  etacognitive  interview,  £(1,  17)  -  32.38,   p<.05.     On  the  think-aloud 
protocols,   there  was  no  overlap  between  the  distributions  of  scores. 
The  instructed  group  was  clearly  higher  on  each  of  representation  and 
solution. 


RESULTS 


-  so  - 


Think-aloud  protocols  showed  shifts  following  instruction  from 
■«r«  raiding  comprehension  of  problem  statements  to  expression  and 
application  of  domain-spec  If ic  algebraic  knowledge,  and  shifts  from 
use  of  arithmetic  operations  to  algebraic  procedures.  Content 
analyses  of  protocols  and  interviews  suggested  that  instructed 
students  had  constructed  schemata  for  ths  three  type*  of  algebraic 
problems  based  on  mathematical  structure. 

IMPORTANCE  OF  THE  STUDY  FOR 
THE  STUDY  OF  THE  PSYCHOLOGY  OF  MATHEMATICAL  EDUCATION 

The  current  instructional  study  was  conducted  with  a  sample  of 
learning  disabled  adolascents  and  replication  with  a  normal  sample  ia 
necessary  in  order  to  draw  general,  widely  applicable  conclusions. 
This  study  affirmed  the  current  models  of  problem  solving  composed  of 
two  phaseei     representation  and  solution  (Mayer,   1985).  It 
demonstrated  that  specific  instruction  in  representation  is  feasible 
and  effectiye  (Reif  &  Heller,   1982).    The  notion  of  instructable 
problem  isomorpas  warn  refined  and  substantiated  with  qualitative  data 
about  the  nature  of  schemata  for  algebraic  problem  types  (Simon  « 
Hayer,  1976).    Recommendations  were  aads  for  future  research  in 
instruction  of  problem  representation  and  for  the  study  of  the 
construction  of  problem  schemata,  based  on  psychological  theory 
applied  to  mathematics  education. 
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THE  RELATIONSHIP  BETWEEN  MATHEMATICS  LEARNING  AND 
AUDITORY  PERCEPTION 

George  B.  Shirk  and  Carltoi.  0.  DeFosse 

The  University  of  Toledo 


This  ongoing  study  examines  the  relationship  between 
Mathematics  performance  and  auditory  perceptual  deficits. 
Twenty-one  children  identified  as  either  mathematics 
impaired  (N-13.*  or  mathematics  and  reading  impaired  (N-8) 
were  tested  for  auditory  reception  and  perception 
deficits  and  mathematics  performance,    With  the  exception 
of  soma  minimal  central  auditory  processing  deficits,  all 
subjects  tested  within  the  normal  range  for  peripheral 
acuity  and  central  auditory  functions.    All  subjects 
demonstrated  abnormal  cortical  integration  abilities  as 
assessed  by  the  CFW  battery.    The  Arithmetic  and  Reading 
group  demonstrated  poorer  performance  throughout  the 
battery  with  pronounced  deficits  on  the  auditory  memory 
subtests  as  well  as  on  arithmetic  content. 

The  study  exanines  the  relationship  between  specific  auditory 
perceptual  characteristics  and  matl.jmatics  performance  in  children 
experiencing  difficulties  learning  mathematics.    The  children  in- 
cluded in  this  study  can  be  defined  as  "mathematics  deficient," 
rather  than  "learning  disabled."    None  fit  the  definition  of  'learn- 
ing disability.'  This  distinction  is  essential,  for  evidence  exists 
that  a  child  with  a  mathematics  learning  disability  will  have  visual 
perception  deficits  rather  than  auditory  perception  deficits.  (Strang 
and  Rouike,  1985) 

Fuaon  and  Hall  (1983)  have  demonstrated  that  a  wealth  of  informa- 
tion is  known  by  the  typical  primary  grade  child.    This  knowledge  is 
processed  priarily  In  the  tactile  and  visual  modality  but  as  the 
level  of  content  abstraction  increases,  the  child  roust  shift  to  a 
auditory  madality  for  learning  with  a  decreased  reliance  on  tactile 
and  visual  perceptual  skills. 

Thus  it  is  possible  for  a  child  with  an  auditory  perception  defi- 
cit to  possess  a  good  understanding  of  the  mathematics  taught  in  the 
primary  grades,  e.g.,  counting,  numeration,  basic  addition,  etc.,  yet 
experience  difficulty  learning  mathematics  in  the  middle  school. 
This  occurs  because  the  content  to  be  learned  in  the  early  grades  re- 
quires learning  a  United  number  of  graphumic  symbols  which  can  be 
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acquired  visually  or  tactually,  without  resorting  to  complex,  audi- 
tory/visual linguistic  transcoding.     However,  understanding  mathema- 
tics in  the  upper  grades  require-  effective  percepcual  integration  of 
the  auditory  and  visual  sensory  input  systems.    Hiebert  (1984)  terms 
thia  integration  "site  2"  and  defines  it  as  the  stage  where  "form  and 
understanding  are  linked  when  children  connect  a  procedure  or  algor- 
ithm with  th»  underlying  concept  or  rationale  that  motivates  the  pro- 
cedure . " 

If  the  transcoding  is  inefficient  and  requires  additional  pro- 
cessing tine,  than  heavy  demands  upon  the  auditory  memory  system  re- 
sult in  a  loss  of  information  from  memory  prior  to  completion  of  prob- 
lem solving  tasks.     Perceptual  learning  is  based  upon  experience,  and 
is  generally  defined  as  the  ability  to  "extract  information  from  the 
environment."  (Gibson)    Children  with  auditory  perceptual  disorders 
can  hear  sounds,  but  may  not  be  able  to  recognize  that  the  sounds  are 
relevant  or  needed  for  auditory  association  or  other  cognitive  pro- 
cessing.  (Gibson  and  Levin,  1975)    As  Sloan  notes,  defects  in  the 
auditory  processing  system  becomo  more  apparent  as  the  task  at 
hand  uses  mora  complex  sounds. 

Cathcart  (1974)  identified  listening  ability  as  being  the  most 
significant  non-mathematical  variable  for  mathematics  loarning,  but 
did  not  define  what  he  meant  by  the  term  'listening  ability.'  A 
positiva  ralationuhip  exists  between  the  matching  of  modality  i.e., 
Cross-Modality,  and  mathematics  learning.  (Sawada  and  Jarman,  1978) 
Freidea  (1974)  suggests  an  interaction  between  modality  mathcing  and 
information  complexity.    Cross -Modality  refers  to  the  ability  to 
transform  meaning  between  two  different  sensory  systems. 

Cross-modality  matching  occurs  when  a  child  relates  a  teacher's 
verbal  instructions  with  the  symbols  which  the  teacher  has  written 
on  a  chalkboard.    Mathematical  algorithms  are  commonly  presented  as 
series  of  oral/visusl  instructions  to  be  memorized.     A  child  with  an 
auditory /visual  perceptual  deficit  may  have  trouble  moving  from  the 
grapehmic  system,  i.e.,  blackboard  demonstrations,  or  textbook  ex- 
planations to  accoustic  syotem,  i.e.,  the  teacher's  oral  instructions. 

Fletcher  &  Loveland  (1986,  p.  31)  indicated  the  exact  nature  of 
the  cognitive  deficit  in  arithmetic-disabled  children  has  not  yet  been 
established.     One  possible  reason  for  the  failure  to  identify  these 
cognitive  processes  may  be  due  to  the  failure  to  identify  impairments 
of  sensory  reception,  sensory  transmission  in  the  central  nervous 
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system.  All  of  these  systems  must  be  functioning  appropriately  before 
normal  cognitive  operations  can  ba  performed  efficiently. 


METHOD 

The  issessnent  proceudre  consisted  of  the  following: 
Auditory  Three-phase  auditory  percapcual  battery  for  evaluating  the 
physiological  status  of  the  peripheral  auditory  mechanism, 
central  auditory  trsnsmisslon  network,  and  central  auditory/ 
visual  perceptual -association  systems. 
Mathematics  Administration  of  the  Kay-math  test 

I.  Peripheral  Acuity  a  comprehensive  auditory  test  battery  was 
administered  to  assess  peripheral  hearing  acuity.    This  battery  con- 
sisted of  pure-tone  threshold  testing  at  250-500-1000-2000-4000-8000 
HZ.  via  air  conduction  for  both  ears,  Speech-Reception  thresholds  bi- 
laterally, and  bilateral  Speech- Discrimination  percentage  for  undis- 
torted  words. 

II.  Central  Auditory  Assessment  consisting  of  seven  subtests  was 
administered  to  evaluate  physiological  function  of  central  auditory 
pathways  of  the  brain-stem,  primary  auditory  reception  areas  and  audi- 
tory associstion  areas  of  the  cerebral  cortex.    Two  of  the  subtests 
assess  the  function  of  the  brain-stem,  and  the  remaining  five  subtest 
evaluate  function  of  auditory  processing  centers  in  the  cortex. 

III.  Audi torv-Vlsual- Perceptual  Assessment  was  assessed  through 
administration  of  the  Goldoan-Fristoe-Woodcock  Battery  of  auditory 
skills  (GFW)  (finkenbinder,  1973).     Three  auditory  memory  testa  mea- 
sure short-term  retention  of  acoustic  information.     Seven  visual  - 
linguistic  tests  measure  auditory/visual  integration  functions  and 
two  test  assess  auditory  figure-ground  processing  abilities. 

Subjects 

Group  A.    Hathematlcs  only  Ten  subjects  consisted  of  3  females  and  7 
male3  ranging  In  age  from  7  to  lit  years. 

Group  B.    Hathematlcs  and  Reading  Eleven  subjects  consisted  of  5 
females  and  6  males  ranging  In  age  from  10  to  13  yoars. 
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Each  child  In  both  groups  had  experienced  difficulty  learning 
mathematics  but  none  qualified  tor  special  education  placement.  None 
were  diagnosed  as  neurologlcally  impaired  or  mentally  retarded. 

Results 

Peripheral  auditory  results  for  both  groups: 
Right  E»r  Loft  Ear 

Pure -tone  averages         -8db  to  +10  dB  -5dB  to  +10  dB 

Speech  Thershold  OdB  to  15  dB  -5db  to  410  dB 

Speech  Discrimination      84%  to  100%  92%  to  100* 

table  1 

Central  Auditory  test  results: 
Fourteen  subtest  scores  were  obtained  for  each  subject  In  both 
experimental  groups .    A  total  of  seventy  scores  for  each  ear  for  the 
Croup  A  and  seventy-seven  scores  per  ecr  for  the  Group  B  subjects . 

Croup  A  14.3%  of  the  right  and  left  ear  scores  fell  In  the  abnormal 
range.    Abnormal  scores  occurred  most  often  on  the  Dlchotic  sen- 
tences subtest  (25%),  on  the  competing  conditions  of  the  SSW  (25%) 
and  15%  of  the  errors  on  the  Low-Pass-Flltered-Word  test.  The 
abnormal  scores  primarily  occurred  on  the  subtest  which  cause  the 
greatest  load  on  selective  attention. 

Group  B  24.6%  of  the  right  ear  scores  and  23.4%  of  the  left  ear 

scores  were  abnormal.    Combined  abnormal  scores  totaled  24*.  Ab- 
normal scores  occurred  primarily  on  subtests  that  load  heavily  on 
selective  attention  skills  (62%)  subtests  such  as  Competing  Sen- 
tences, Dlchotic  sentences,  and  the  competing  conditions  on  the 
Staggered  Spondaic  Word  test  (SSW).     In  addition  this  group  had 
difficulty  with  shifting  directional  attention  between  right  and 
left  ears.    This  pattern  of  directional  processing  deficit  Is 
seldom  seen  In  other  learning  deficient  populations  according  to 
Jack  Wllleford. 

Auditory  perception  and  Auditory /visual  ossoclation_r_esul ts 
All  twenty- one  subjects  tested  lr.  thb  two  groups  performed  well 
below  the  fiftieth  percentile  level  on  the  Selective  Attention  subtest 


ERIC  -1056 


-  96  - 


of  the  Goldman-Frestoe-Woodcock  Auditory  skills  battery.    The  ability 
to  screen  out  nonrelevant  acoustic  signals  and  attend  to  meaningful 
materiel  is  impaired  in  all  of  the  subjects  tested.    Group  A  subjects 
tended  to  do  slightly  better  than  Group  B  subjects  on  this  subtest. 
The  GFV  haa  three  subtesta  that  assess  auditory  memory  function.  They 
are;  Recognition  memory.  Content  memory,  and  Sequential  memory.  The 
poorest  Group  B  performance  occurred  on  the  Content  memory  subtest 
where  all  scorea  fell  below  the  25th  percentile  level.    In  contrast 
the  poorest  acore  for  the  Group  A  on  thia  subtest  was  the  39th  percen- 
tile and  only  two  of  ten  subjects  socres  fell  below  the  fiftieth 
percentile  level.    The  Group  A  demonstrated  mixed  performance  on  the 
two  remaining  auditory  memory  subteats  (Recognition  memory  &  Sequen- 
tial memory)  with  almost  an  equal  split  above  the  50  percentile  level 
and  bai--v  r.he  50  percentile  level.    It  is  apparent  that  both  groups 
have  inefficient  a«-ditory  memory  skills,  however,  the  impairment  is 
more  pronounced  in  the  Group  B  aubjects.    Group  B  are  more  likely  to 
rank  below  the  50  percentile  level  on  all  three  auditory  membory 
tasks  than  are  the  Group  A  subjects.    Only  18%  of  the  Group  B  subjects 
had  percentile  socrcr  on  the  Recognition  memory  and  Content  memory 
subtest  above  the  50  percentile  level.    This  group  did  slightly  bet- 
ter on  the  Sequential  memory  subtest  where  27%  of  the  scores  were 
above  the  50  percentile  level.    Performance  by  Group  A  was  some  what 
better  for  these  three  aubtest  on  Recognition  memory  50%  of  the  scores 
were  above  50  percentile  level.  60%  of  the  subjects  ranked  above  the 
50  percentile  lavel  on  the  Content  memory  subtest  and  50%  of  the  group 
ranked  above  this  level  on  the  Sequential  memory  task.    Most  of  the 
twenty-one  subjects  had  trouble  with  material  on  the  Sound  mimicry 
subtest  where  only  24%  ranked  above  the  50  percentile  level.  In 
general  Group  A  tended  to  do  well  on  five  of  the  six  remaining  GFW 
subtests  that  required  auditory  and  visual  transcoding  abilities. 
Group  A  did  show  very  poor  scores  on  the  Sound  mimicry  subtest  where 
all  but  two  subjects  scored  below  the  37th  percentile.    This  group 
has  trouble  imitating  nonsense  syllables  received  auditorally.  In 
addition  60%  of  Group  A  did  poorly  on  the  Spelling  of  Sounds  subtest. 

With  three  exceptions,  all  subjects  tested  below  grade  level 
on  the  Key-math  Test. 


BEST  COPY  AVAILABLE 


-  97  - 


Easic  Areas -Addition,  Subtraction,  Multiplication,  Division 
Basic  Facts  Algorithms 
Group  A  Mean  %  100  85 

Group  B  Mean  %  94  49 

table  2 


While  there  was  no  consistent  areo  of  weakness  among  Group  A 
students,  the  weakest  area  for  Group  B  students  was  Word  Problems 
and  Mental  computations. 


Results  of  the  peripheral  auditory  assessment  confirmed  that  all 
of  the  subjects  had  normal  hearing  acuity  for  nondistorted  acoustic 
stimuli.     Group  A  subjects  performed  in  the  normal  range  on  86%  of 
the  central  auditory  subtest  scores,  while  Group  B  subjects  scored 
normally  on  76%  of  this  battery.     It  is  apparent  from  these  findings 
that  some  of  the  subjects  tested  have  central  auditory  transmission 
deficits  which  may  adversely  affect  accuracy  of  processing  at  the 
perceptual  and  association  centers  in  the  brain.     It  is  not  possible 
with  the  current  test  battery  to  determine  how  much  of  the  decreased 
performance  is  a  result,  of  the  central  auditory  deficit  or  to  deter- 
mine how  much  might  be  due  to  accompanying  auditory  perceptual  and/ 
or  association  deficit. 

The  GFW  assessment  battery  evaluated  the  auditory/viaual  percep- 
tion skills  on  the  subjects.     All  twenty-one  subject  demonstrated 
poor  performance  on  tasks  requiring  selective  screening  of  acoustic 
signals.     Three  areas  of  auditory  memory  were  assessed  by  the  GFW 
and  generally  the  Group  A  subjects  had  less  auditory  memory  diffi- 
culty than  the  Group  B  subjects.     Both  groups  did  show  restricted 
auditory  memory  abilities,  however  these  problems  were  more  pro- 
nounced in  the  Group  B  subjects.     Sound  imitation  of  nonsense  syl- 
lables and  spoiling  of  sounds  heard  as  nonsense  syllables  were  dif- 
ficult skills  for  Group  A  subjects.     In  general  the  Group  B  subjects 
had  more  difficulty  on  subtest  tasks  which  required  transcoding  be- 
tween the  acoustic  symbol  system  and  graphemic  symbol  system. 

There  was  a  marked  difference  between  Group  A  and  Group  B  subjects 
with  respect  to  mathematics  performance.     While  both  groups  performed 
equally  well  on  basic  facts  group  A  subjects  scores  were  p.irkedly 
higher  in  the  algorithms. 
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GENDER  DIFFERENCES  in  ACHIEVEMENTS  And  ;  r.  CAUSAL  ATTR  j  BUT I  ON  ci 
PERFORMANCE  i  r,  HIGHSCHOOL  MATHEMATICS 

Miri  Am i t  and  Nitsa  Movshov i t2-Hadar 
Technion  -  Israel   Institute  of  Technolog 

Background 

High  school  mathematics  constitutes  a  critical  filter  for 
continuing  education  and  for  higher  professional  training  in  various 
areas  of  technology  and  the  natural  sciences.  The  existing 
occupational  gap  between  males  and  females  in  these  areas  ma;' 
there-fore  be  traced  to  the  issue  of  gender  differences  in 
mathematics  education  in  high  school  which  was  found  to  be  much 
wider  than  in  other  school  topics  (Movshov i tz-Hadar  1984).  The 
existing  gap  between  the  relative  percentages  of  boys  '.26. A'/.)  and  of 
girls  (125!)  electing  the  study  of  math  in  highest  level  offered  by 
school  at  grades  11,  12  in  Israel  (C.B.S.,  1986)  suggested  this 
study. 

Object ives 

The  study  was  aimed  at  answering  two  main  questions: 

1.  Are  there  sex  differences  in  the  causal  attribution  of  success 
and  failure  in  the  study  of  mathematics  in  grade  10  (where  math 
learning  i s  mandator y) 7 

2.  How  do  mathematics  achievements  in  grade  10  relate  to  patterns 
of  causal  attribution  and  to  sex? 
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The  Sample 


The  Simple  consisted  of  384  students  in  10th  grade  (178  mile 
and  206  {entiles)  f  rora  three  comprehensive  highschools.  The  choice 
of  10th  grade  population  was  based  on  the  issumption  that  causal 
attribution  has  direct  implications  on  students'  future  choice  of 
level  of  the  study  of  mathematics,  in  grades  11,  12. 

It  should  be  noted  that  mathematics  classes  in  10th  grade  in 
Israel  are  ussual 1 y  not  grouped  according  to  achievement  level.  At 
the  end  of  10th  grade  students  chose  the  level  the  wish  to  take  in 
11th  grade  and.  are  regrouped  accordingly.  Mathematics  study  is 
mandatory  at  the  lowest  level.  Students  who  wish  to  study  more  than 
that  continue  in  12th  grade. 


The  datr.  pertaining  to  the  level  of  achievement  were  obtained 
from  school  records. 

Causal  attribution  was  measured  by  means  of  the  "Math 
Attribution  Scale*  (Fennema  et  a  I  . ,  1979)  which  was  translated  to 
H* orew  revalidated  and  adopted  for  the  purpose  of  this  study.  The 
design  of  this  scale  was  based  upon  Werner's  Causal  Attribution 
Theory  (Wiener  1974).  The  scale  presented  four  cases  of  failure  and 
four  cases  of  success  in  mathematics  studies.  Each  case  was  followed 
by  four  causes,  one  of  each  of  the  following  categories:  ability, 
task,  effort  or  environment.  Examinee's  task  was  to  evaluate  the 
personal  relevance  of  each  cause  to  each  event.  Thus,  eight 
attribution  patterns  emerged,  four  of  the  type:  (success,  cause), 
and  four  of  the  type:  (failure,  cause). 


The  Instruments 
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Ha  i  n  Resul ts 

Most  of  the  results  obtained  in  this  study  support  the  results 
of  an  earlier  study  carried  out  in  the  U.S.  (Wolleat  et  al  .  1980.1. 
1.  Significant  gender  differences  (p  <  .05;  were  found  in  seven  of 
the  eight  causal  attribution  of  success  and  failure  in 
mathematics  studies.  Males  attributed  their  success  in 
mathematics  to  personal  ability  to  a  greater  extent  than 
females.  On  the  other  hand,  females  significantly  more  than 
males  attributed  their  fa i lure  to  (lack  of)  personal  abilit/ 
and  their  success  to  effort,  task  and  environment.  The>  also 
attributed  their  failure  to  tasX  and  environment  s i gn i f i cant  1 / 
more  than  boys  did.  Table  1  shows  the  results. 

Table  1: 

Sex  Differences  in  Causal  Attribution  Patterns  (C.A.P) 


(170  boys  and  206 

girls  in  10th  grade 

.  *  p 

< 

C.A.P. 

Sex 

Mean 

(S.D.) 

t-val ue 

Success-Abi 1 i ty 

M 

13.65 

(3.52) 

4.03 

* 

F 

12.27 

(3.14) 

Success-Effort 

M 

14.15 

(3.69) 

-2.81 

* 

F 

15.1? 

(3.30) 

Success-Task 

M 

14.8? 

(2.64) 

-3.24 

* 

F 

15.73 

(2.53i 

Sue cess -En v  i  ronmen t 

M 

14.67 

(2.99) 

-2.02 

* 

F 

15.27 

(2.81) 

Fai lure-Abi 1 i ty 

M 

10.38 

(3.39) 

-4.07 

* 

F 

11  .82 

(3.57) 

Fai lure-Effort 

M 

14.97 

(2.68) 

0.25 

F 

14.89 

(3.35) 

Fa i 1 ure-Task 

M 

13.11 

(2.74) 

-3.75 

» 

r 

14.13 

(2.63) 

Failure-Env ironment 

M 

12.09 

(2.99) 

-3.31 

* 

F 

13.09 

C'.8?> 

a 
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2.  Male  and  female  students  of  equal  achievement  level  differeq 
significantly  Cp  i  -05)  m  their  attribution  patterns.  Those 
differences  increased  in  magnitude  as  the  level  of  achievement 
wen*  up.  As  shown  in  Table  2  below,  gender  differences  in  the 
upper  achievement  group  were  significant  in  seven  out  of  the 
eight  attribution  patterns,  (the  direction  of  the  differences 
were  similar  to  the  ones  found  with  respect  to  question  one). 
The  gender  differences  in  the  medium  achievement  level  group 
were  significant  in  four  attribution  patterns.  No  significant 
differences  were  found  in  the  lower  achievement  group  <0  £ 
score  £  54,  38  boys  and  52  girls). 

Table  2 

Sex  Differences  in  Causal  Attribution  Patterns  <C.A.P) 
Within  Achievement  Level  (10th  grade.  »p  <  .05) 

High  Achievement         Medium  Achivement 
75  £  score  £  100  55  £  score  £  74 

(65  boys,  68  girls)      (75  boys,  86  girls) 

C.A.P.      Sex  Mean  (S.D.)  t-value      Mean  (S.D.)  t-value 


Sue  .- 

Abi 1 i ty 

M 

15.6 

(2.9) 

3.54 

* 

12.8 

(3.6) 

1  .52 

F 

13.8 

(i.1) 

12.1 

(2.7) 

Sue .  - 

Effort 

M 

13.4 

(4.1) 

-2.26 

* 

14.2 

(3.3) 

-2.79 

* 

F 

14.9 

(3.3) 

15.9 

(3.0) 

Sue  .- 

•Task 

M 

15.2 

(2.6> 

-2.33 

* 

14.7 

(2.5) 

-2.72 

» 

F 

16.3 

(2.7) 

15.7 

(2.2) 

Sue  . 

-Env  . 

M 

14.1 

(3.0) 

-2.21 

* 

15.0 

(3.0) 

-1.12 

F 

15.1 

(2.6) 

15.6 

(2.8) 

Fai  1 

.-Abi 1 i ty 

M 

8.9 

(2.1 ) 

-2.59 

* 

10.7 

(3.1) 

-2.21 

F 

10.4 

(3.7) 

1 1  .8 

(3.1) 

Fa.  1 

.-Effort 

M 

14.8 

.'2.9) 

.12 

14.9 

(2.6) 

.41 

F 

14.7 

'3.5  > 

1S.0 

(3.4) 

Fai  1 

.-TasK 

M 

12.7 

(2.7) 

-1  .99 

* 

13.3 

(2.9) 

-3.20 

* 

F 

13.6 

(2.S) 

14.6 

(2.5; 

Fai  1 

. -Env  . 

M 

11.7 

(3.3) 

-2.58 

* 

12.3 

(2.8) 

-1  .85 

F 

13.2 

(3.4> 

13.1 

(2.6) 

o 
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Brief  Si  senator,  and  Implications 
According  to  the  causal  attribution  theory  and  its  implications 
♦  or  the  -field  of  learning,  systematic  attribution  of  failure  in 
nathematics  to  lack  of  personal  ability  and  attribution  of  success 
to  the  Kind  of  tasK  or  to  environment  ma/  lead  to  "learned 
helplessness'  and  consequently  to  reduced  achievement  or  to 
avoidance  of  mathematics.  The  attribution  patterns  of  10th  grade 
females,  in  particular  for  those  of  the  higher  achievement  level,  as 
described  above,  may  have  a  detenmental  effect  on  the  ac  tual  ( :a  1 1  on 
of  their  mathematical  talent  and  to  the  avoidance  of  extensive 
studies  of  mathematics  in  the  future.  The  existing  low  rate  of 
enrollment  of  females  in  high  level  mathematic  courses  in  grade  11 
and  12,  may  therefor*  be  related  to  their  attribution  patterns  for 
success  and  failure  in  mathematics. 

This  study  suggests  that  an  active  intervention,  aimed  at 
changing  attribution  patterns  is  needed  for  female  students  at  the 
early  stages  of  their  high  school  edcation.  Such  an  intervention,  if 
proves  successful,  may  improve  the  achievement  level  among  femaio 
students  and  widen  their  mathematics  education,  which  may  m  turn 
contribute  to  a  greater  vocational  integration  of  women  m  the 
various  fields  of  technology  and  natural  sciences. 

The  discussion  will  be  expanded  in  the  conference. 
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SFC0N0ARY  SCHOOL  STUDENTS'  AND  TEACHIKS'  UNDERSTANDING 
OF  DEMONSTRATION  IN  GEOMETRY 


Annette  Braconne,  Jean  J.  Olonne 
University  Laval 


Abstract 


The  purpose  of  this  study  1s  (1)  to  describe,  within  a  model 
o     understanding,    the    secondary    school     student '  and 
teachers'    understanding    of    proof    and    demonstration  n 
geometry  and  (2)  to  seek  what  kind  of  relationship  could 
lx?st  between  the  understanding  of  a  deraonstrat ion  a  d  tl e 
van   Hlele    levels.    Our   sample   consists   of   220  students 
learning  demonstration  In  French  secondary 'schools .and  their 
13  teachers.  Eacii  of  the  persons  answered  the  conection 
est",  whose  design  refers  to  the  model  of  understanding  and 
the  Van  Hlele  Test.  The  results  indicate  that   proof  and 
demonstration  are  not  synonymous  foe  the  teachers  as  well  as 
?or  It   slllL    Proof   belongs   to   different   modes  o 
understanding  bu\  demonstration  always  pertains  to  the  formal 
o  e.  teachers  emphasizing  presentation  and  wording.  Students 
seem  not  to  favour  such  an  emphasis.    There  1s  no  obvious 
relationship  between  the  understanding  of  a  demonstration  and 
the  van  Hlele  levels. 


RATIONALE    (see  note  1  at  the  end) 

Even  If  It  has  not  completely  disappeared  from  secondary  mathematics 
curricula,  geometry  is  now  a  less  Important  topic  than  It  was  before. 
This  1s  especially  true  when  one  thinks  of  geometry  with  demonstration; 

nowadays,  the  gentry  taught  in  classes  1s  generally  intuitive  or 
descriptive.  But  In  inme  countries,  such  as  France,  students  are  still 
taught  formal  demonstration.  This  usually  brings  out  a  lot  of 
difficulties:  whatever  may  be.  the  teachers'  efforts  and  achievement 
in  their  teaching.  1t  is  well  known  that  a  large  number  of  their 
students  fall  to  understand  demonstration  (APMEP,  1979). 

Some  studies  (Carpenter  et  al.»  1980;  Uslskin.  1982;  Senk.  1985) 
indicate  that  fewer,  than  15  percent  of  highschool   graduates  In  the 
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United  States  master  proof  writing.  According  to  these  studies,  at  the 
end  of  a  full-year  course  in  geometry,  in  which  proof  writing  is 
studied,  about  30  percent  of  the  students  reach  a  75  percent  mastery  of 
proof  while  25  percent  of  the  same  sample  have  virtually  no  competence 
in  writing  proofs.  A  Canadian  study  (Williams,  1980)  shows  that  only 
those  students  who  were  classified  as  high  achievers  by  their  teacher, 
less  than  30  percent  of  the  sample,  exhibited  any  understanding  of  the 
meaning  of  proof  1n  mathematics.  However,  having  asked  teachers  their 
opinions  about  high  school  geometry  course,  Gearhart  (1975)  reports 
that  half  of  the  responding  teachers  think  that  50  percent  of  the 
students  are  able  to  prove  a  medium  difficulty  theorem  such  as  "the 
diagonals  of  a  rectangle  are  congruent".  Furthermore,  89  percent  of 
these  teachers  Indicated  that  proofs  are  not  a  too  difficult  topic. 

According  to  Freudehthal  (1973),  "to  progress  in  rigour,  the  first  step 
1s  to  doubt  the  rigour  one  believes  in  at  this  moment.  Without  this 
doubt,  there  is  no  letting  other  people  to  prescribe  oneself  new 
criteria  of  rigour."  Therefore,  the  question  arises:  would  not  the 
problem  be  that  teachers  are  unable  to  communicate  their  students  the 
rigour  criteria  which  are  linked  to  their  idea  of  demonstration? 
Teachers  may  be  asking  one  thing  and  the  students  understanding 
something  else,  the  same  words  carrying  different  meanings  for  the 
teachers  and  the  students.  This  lead  to  the  general  objectives  of  this 
research: 

1)  To  describe  the  students'  and  teachers'  understanding  of  a 
demonstration; 

2)  To  describe  the  students'  and  teachers'  idea  of  proof; 

3)  To  establish  some  kind  of  relationship  between  a  student's 
understanding  of  a  demonstration  and  his  achievement  1n 
mathematics. 


FRAMEWORK 

Constructivist  learning  theories  being  the  general  framework  of  this 
study,  references  are  made  to  the  theory  of  levels  of  thinking  1n 
geometry  initiated  by  P.M.  van  Hiele.  A  model  of  understanding  of  proof 
and  demonstration  was  built  altogether.  This  model  although  summarily 
sketched,  is  drawn  from  those  by  Skemp,  Byers  and  Herscovics, 
Herscovlcs  and  Bergeron.  This  model  includes  five  modes  organised  as  on 
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the  figure  below.  These  modes  are  defined  1n  the  following  way: 

na^ve:  "you  can  tell  from  the 
figure".  No  other  argument 
is  necessary  for  the 
subject  to  be  convinced; 

Intuitive:  the  figure  1s  not 
enough  to  convince  the 
subject  but  any  argument 
1s  convincing,  whatever 
that  argument  1s  a 
mathematical  one  or  not; 

-  Instrumental:  the  subject  lingers  over  each  step  of  the  demonstration 

without  getting  any  global  Idea  of  1t; 

-  relational:  the  subject  is  Intercaled  only  1n  the  important  arguments 

of  the  demonstration; 

-  formal:  the    subject    masters    the     Instrumental     and  relational 

understanding. 

This  model  being  sketched  out,  a  small  experimentation  was  carried  out 
1n  order  to  test  Its  adequacy.  That  study  revealed  that,  indeed,  the 
model  appeared  adequate  to  describe  any  understanding  showed  by  the 
students  or  the  teachers.  It  revealed  altogether  that  the  word  "proof" 
seemed  to  have  a  different  meaning  for  the  teachers  than  it  has  for  the 
students  and  that  some  kind  of  relationship  could  exist  between  the 
kind  of  understanding  achieved  and  the  van  H1ele  levels.  Therefore,  the 
following  questions  arose  and  became  the  main  objectives  of  this  study: 

-  do  "proof"  and  "demonstration"  have  different  meanings  for 
teachers  and  students  and,  1f  any,  how  could  that  difference 
be  qualified? 

-  1s  there  really  a  relationship  between  the  students'  mode  of 
understanding  of  proof  and  demonstration  and  the  van  Hiele 
level  he  or  she  attained? 


Naive 


Intuitive 


Instrumental  Relational 


formal 
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SAMPLES  AND  TOOLS 

One  of  the  objectives  being  to  describe  the  students  and  teachers 
understanding  of  a  demonstration  in  geometry,  1t  was  necessary  to  work 
with  students  to  whom  demonstration  was  actually  taught  and  with 
teachers  who  were  teaching  demonstration.  This  is  the  reason  why  the 
study  has  been  carried  out  1n  France  with  more  than  200  students  of  3e 
(fourth  year  of  secondary  school:  the  students  were  15  years  old)  and 
with  13  teachers.  Each  student  was  initiated  to  demonstration  the 
previous  year  and  some  of  the  teachers  met  were  responsible  for  their 
Initiation. 

Two  main  tools  were  used  for  the  experimentation,  both  with  students 
and  teachers.  On  one  hand,  the  van  H1ele  Levels  Test  created  ty  Us1sk1n 
et  al.  (1982)  was  translated  1n  French:  this  25  questions  test  was 
designed  to  evaluate  soaieone's  level  of  thought  1n  one  or  the  other  of 
the  five  levels  described  in  the  van  H1ele  theory.  On  the  other  hand,  a 
"correction  test"  was  built:  1t  consist  of  a  geometry  problem  taken 
from  a  text  book  of  4e  1n  France  and  of  12  different  solutions  given  by 
12  flctive  students.  Each  of  these  solutions  was  designed  to  belong  to 
a  precise  mode  of  understanding:  more  precisely,  there  were  3  formal 
solutions,  2  relational,  2  Instrumental,  2  intuitive,  1  na'fve,  1 
completely  false  solution  and  a  solution  which  remained  unclassified 
but  that  was  considered  interesting  because  of  its  content. 

The  students  were  asked  to  answer  the  van  Hiele  Test,  to  evaluate  6  of 
the  12  solutions  (2  formal,  2  relational  and  2  intuitive)  and  to 
justify  their  evaluation.  For  that  evaluation,  the  students  had  to 
answer  three  questions:  1)  which  of  the  6  solutions  is  the  most 
convincing  for  you?  2)  which  solution  looks  like  the  one  you  would  give 
1f  you  were  asked  to  answer  that  problem?  3)  which  solution  looks  like 
the  one  your  teacher  generally  expects?  The  scores  those  students  have 
had  in  mathematics  the  previous  year  were  also  recorded. 

The  teachers  were  also  asked  to  answer  the  van  Hiele  test  and  they  had, 
during  interview,  to  grade  all  the  12  solutions  of  the  correction  test, 
their  reactions  being  audio-taped.  Before  they  started  to  grade  the 
copies,  teachers  were  asked  to  solve  the  problem  and  to  write  down  the 
solution  they  would  have  given  to  their  students.  Finally,  they  were 
asked  some  general   questions  such  as   "how  do  you  generally  teach 
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demonstration?"  or  "how  important  do  you  think  demonstration  is  in 
mathematics  education?". 


RESULTS 


In  the  following  paragraphs,  the  results  referring  to  the  model  of 
understanding  and  to  the  accuracy  of  its  structure  will  first  be 
presented.  The  interviews  with  the  teachers  will  than  be  analysed  and, 
finally,  the  students  answers  will  be  sum  up. 

The  model  of  understanding  itself  and,  particularly,  its  stromboTdal 
structure,  have  been  corroborated  by  the  teachers'  reaction  while 
grading  the  students'  solutions,  by  the  marks  they  gave  and,  above  all, 
by  the  comments  they  made.  Schematically,  the  means  of  the  marks  given 
the  solutions  grouped  in  each  mode  were  the  following:  naTve:  0, 
intuitive:  0.5,  instrumental:  2.5,  relational:  2.5,  formal:  4.5.  But 
within  each  mode,  the  marks  given  by  the  teachers  are  more  divergent 
than  their  comments,  I.e.  different  marks  derive  from  similar  reactions 
and  analyses  of  the  same  texts.  The  fictive  students'  solutions 
belonging  to  the  naTve  mode  are  systematically  rejected  by  all  the 
teachers  whereas  in  texts  of  intuitive  type,  some  teachers  can  see  some 
justifications,  i.e.  for  those  teachers,  the  student  has  begun  to 
analyse  the  figure  and  its  properties.  Following  these  reactions,  we 
were  led  to  reclassify  two  solutions.  The  first  cne,  which  was  once 
located  in  the  intuitive  mode,  was  downgraded  in  the  naTve  mode 
because,  1n  the  teachers'  view,  the  student  had  just  read  the  figure. 
The  second  one  was  the  one  we  had  kept  without  classifying  it:  it  is 
now  located  in  the  intuitive  mode  since  it  shows  some  analyzing  in  the 
figure.  Finally,  we  also  noticed  that  many  teachers  have  spontaneously 
compared  solutions  which,  according  to  our  view,  were  actually 
belonging  to  the  same  mode  of  understanding. 

From  the  interviews  with  the  teachers,  we  clearly  see  that  for  these 
people,  "proof"  and  "demonstration"  are  not  synonymous.  The  teachers 
were  convinced  of  the  result  of  the  problem  as  soon  as  they  have 
finished  to  draw  the  figure:  any  other  argument  was  unusefull  even  if 
some  of  them  gave  some  more  arguments  to  justify  their  conviction. 
However,  their  attitude  became  completely  different  when  they  were 
asked  to  write  down  the  "type-solution":     they  then  made  a  "real" 
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demonstration,  a  "literary  formal  proof",  that  1s  a  proof  written  down 
1n  "whole  words"  and  complete  phrases.  Their  requirements  for  rigour, 
presentation  and  wording,  all  these  being  very  accurate  in  their 
opinion,  were  again  felt  in  the  scores  they  gave  to  each  solution.  As  a 
general  rule,  half  of  the  marks  was  reserved  for  presentation,  the 
other  half  being  given  for  arguments.  Thus,  the  teachers  tended  to  be 
more  indulgent  for  the  instrumental  texts,  congratulating  the  students' 
efforts  in  their  attemp  to  reproduce  the  "type-solution"  than  they  were 
for  the  relational  ones  where,  although  the  problem  was  judged 
understood,  "1t  was  badly  worded".  The  marks  attribuated  to  the  formal 
solutions  give  new  evidences  of  their  stringent  requirements  of 
presentation:  the  solutions  where  the  formalism  was  not  the  literary 
one  (the  "two  coluras"  or  the  "tree"  formats)  have  been  penalised,  the 
student  loosing  half  of  a  point  because  of  his  choice  of  presentation. 
Let  us  add  that'  tne  literary  formal  text  was  also  occasionally 
criticized  for  lack  of  clearness  of  the  connections  between  the 
different  parts  of  the  demonstration.  However,  the  teachers  recognized 
that  a  tree-format  formal  demonstration  could  be  considered  as  a 
convincing  solution  even  1f  they  were  not  willing  to  accept  it.  Later 
in  the  interviews,  the  teachers  explained  that,  according  to  them, 
demonstration  1s  a  very  Important  activity  in  geometry  and  that  1t  was 
a  real  educational  task  for  the  students,  especially  for  the  learning 
of  rigourous  deductive  arguments.  But  there  1s  a  kind  of  contradiction 
here  between  the  objectives  and  the  means  used  to  reach  them  because, 
the  way  demonstration  is  taught  often  emphasizes  the  presentation 
rather  than  the  argument  itself.  It  was  thus  easier  for  the  teachers  to 
speak  about  the  "advantages"  of  their  favourite  presentation  than  about 
the  way  they  used  to  teach  how  to  construct  deductive  arguments.  And 
the  requirements  for  presentation  were  very  different  from  one  teacher 
to  another  but  were  always  judged  very  important.  So,  one  can  ask 
oneself  how  do  students  feel  with  such  an  ambiguity. 

The  students'  reaction  to  the  test  showed  that  two  out  of  three  were 
convinced  by  a  formal  solution  rather  than  by  any  other  type  of 
solution.  This  choice  is  supported  by  the  teachers'  preference.  But 
within  the  formal  mode,  the  tree-format  solution  was  prefered,  36%  of 
the  student  sample  having  selected  that  type  of  solution  as  the  most 
convincing.  The  same  thing  occured  when  the  students  were  asked  to 
identify  what  would  be  their  teachers'  prefered  solution:  they  all 
knew  that  their  teacher:  expected  a  formal  solution  but  again,  half  of 


them  choose  the  tree-format  solution  while,  as  tt  was  seen,  most  of  the 
teachers    ask    for    a    literary   formal    demonstration.    The  students' 
difficulties  do  not  He  1n  a  wrong  perception  of  their  teachers' 
requirements  alone,   since  only  about  37%  of  our  sample  would  have 
given,  on  their  own,  a  formal   solution  to  the  exercise.   The  other 
students  choose  a  solution  that  would  have  been  intuitive   (30*)  or 
relational  (31%).  The  x»  test  shows  that  the  students 'answers  to  all 
these  question  are  very  dependant  one  from  the  other:   the  type  of 
solution  the  students  judged  convincing,  the  type  of  solution  they 
would  have  given  and  the  type  of  solution  they  thought  their  teachers 
expected  are  bounded  together.     However,  the  same  x»  test  indicates 
that  those  answers  are  Independant  of  the  van  Hiele  levels  attained  but 
shows  that  those  levels  attained  and  the  students'  marks  in  mathematics 
are  strongly  linked  together. 


CONCLUSIONS 

Although  it  has  been  carried  out  with  a  rather  small  sample,  this  study 
made  possible  to  examine  a  model  of  understanding  of  geometry  proofs 
and  demonstration  and  to  check  the  accuracy  of  the  stromboTdal 
structure  of  Its  different  modes:  naive,  intuitive,  Instrumental, 
relational  and  formal. 

Furthermore,  1t  has  been  seen  that  for  the  teachers  who  hav2 
participated  to  the  study,  proof  and  demonstration  are  not  synonymous. 
Proof  may  vary  but  demonstration  is  always  a  formal  presentation  of  a 
deductive  argument.  All  the  teachers  agree  with  such  a  definition  but 
their  requirements  of  rigour,  presentation  and  wording  are  very 
different  from  one  to  the  other:  for  the  same  solution,  the  same 
comments  can  go  with  different  judgements  and  different  marks.  All  the 
teachers  think  that  learning  to  construct  deductive  argument  is  very 
important  for  the  students:  according  to  their  view,  demonstration  1s 
the  favoured  activity  for  such  a  learning. 

For  the  students,  the  difference  between  proof  and  demonstration  does 
not  seem  to  be  as  clear  as  it  appears  to  be  for  the  teachers:  many 
students  acknowledge  to  be  unable  to  construct  a  formal  demonstration, 
whatever  the  format  should  be.  Furthermore,  the  students  have  rather 
badly  identified  the   solution  expected  by  their  teacher,  choosing 
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correctly  the  type  (formal)  but  not  the  format,  preferring  the 
tree-format  to  the  litterarv  format.  Finally,  it  seems  that,  although 
strongly  linked  to  his  or  her  marks  in  mathematics,  the  van  Hiele  level 
attained  by  a  given  student  remains  independant  of  the  mode  of 
understanding  of  a  formal  proof  he  or  she  manifests. 

Note  1:  In   this  text,    "proof"   and   "demonstration"    are   defined  or 
described  as  follow: 

-  a  proof   is   an   argument  or   a   series   of   arguments  which 
convince  someone  of  something,  whatever  those  arguments  are 
mathematical  or  not; 
-  a  demonstration  is  an  answer  to  a  geometry  problem  in  which 
one  is  asked  to  give  a  formal  proof  of  a  statement. 
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THE  DEVELOPMENT  OF  GEOMETRIC  THIN  KING  AMONG  BLACK 
HIGH  SCHOOL  PUPILS  IN  KWAZULU  (REPUBLIC  OF  SOUTH  AFRICA) 

M.D.  de  Villiers  and  R.M.  Njisane 
Research  Unit  for  Mathematics  EducaJon  of  the  University  of  Stellenbosch 
(RUMEUS),  Republic  of  South  Africa 
Abstract 

In  this  study  various  geometric  thought  categories  (UTC's)  typical  of  and 
necessary  for  high  school  geometry  were  disl inguisheil.  Although  the  Van  llielc 
model  of  geometric  development  provided  a  theoretical  framework  for  these 
thought  categories,  a  finer  distinction  was  made  between  thought  categories  that 
normally  appear  on  the  same  level  Knipirir.il  data  on  these  thought  categories 
was  collected  via  a  questionnaire  to  provide  an  extensive  data  base  on  which  may 
he  founded  further  curriculum  development  in  high  school  geometry  Our  study 
supports  previous  studies  on  the  Van  llitle  theory  with  respect  to  the 
hierarchical  nature  of  the  levels,  and  its  explanation  of  pupils'  problems  in 
gnnrti'tiy  However,  the  position  of  hiet archical  classification  with  respect  to 
deduc  tion  has  to  he  clarified. 

1.  Objectives  of  the  research 

This  talk  is  a  discussion  of  research  into  pupils'  prublems  in  geometry  and  its  relation  to  the 
Van  llielc  theory  The  programme  of  enquiry  was  embarked  upon  with  the  following  in  mind 

1  To  find  out  if  different  geometric  thought  categories  (UTC's)  form  Guttman  scales  and 
how  they  correspond  with  the  Van  Uiele  model. 

2  To  ascertain  levels  at  which  pupils  indifferent  grades  function 

3  To  identify  the  types  of  problems  confronting  pupils  in  high  school  geometry 

2.  Theoretical  framework 


A  number  of  sources  are  available  on  the  different  Van  lliele  level*  of  understanding  in 
geometry  Pur  brevity,  only  the  general  characteristic  of  each  level  is  given  For  more 
information  on  the  levels  and  the  nature  of  the  theory,  consult  Wirs7up  (197C).  Mayberry 
(1981 ),  Hoffer  (1983),  Burger  &  Shaughnessy  (1985,86) 

(1)  I-evel  0  ■  visualization,  (2)  Level  1  ■  analysis  of  properties.  (3)  Level  2  informal  deduction 
(ordering),  (4)  Level  3  ■  formal  deduction,  (5)  Level  4  formal  discernment  of  mathematics 

It  is. perhaps  important  at  this  point  to  say  something  uboul  the  level  at  which  hierarchical 
class  inclusion  of  geometric  figures  is  supposed  to  occur  Although  their'  seemi  to  be  a 
consensus  amongst  American  researchers  (eg  Usiskui  (1982),  ScnU  tl383>,  liurgei  & 
Shaughnessy  U98(i)l  that  it  occurs  on  Level  2  (Ordering),  there  is  Mimvwhal  confusion  in  the 
Van  Hiele  literature  itself  Kur  instance,  in  Van  lliele  (1973.  92  93)  Pierre  Van  lliele  argues 
that  class  inclusion  can  occur  on  Level  1  (Analysis  of  properties)  since  a  child  may  then 
realize  that  a  square  is  a  rhomhus  because  it  has  all  its  properties  This  same  point  is  made  by 
Dina  van  lliele  in  f-'uys  el  al  (1984.  222)  However.  Pierre  van  '.liele  in  Kuys  tt  ,il  (1984,  245) 
contradicts  himself  and  Ills  wile  when  writing  with  reference  to  the  Kirsl  Level  "Hut  at  this 
level   .  a  square  is  not  necessarily  identified  .is  being  .i  rectangle  " 


2.1  The  Van  Hiele  Levels 
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2.2  Research  on  the  Van  Hiele  Model 

Research  in  the  L'  S  A  on  the  Van  Hiele  Mudel  Ints  been  dune  hy  the  abovementinncd 
reseurchers  Their  findings  generally  ure:  li)  that  students  can  be  assigned  Van  Hiele  levels 
using  interviews  or  written  testa  and  (ii)  that  the  hierarchical  nature  of  the  levels  seem  valid. 
However,  Burger  &  Shaughnessy  (1986)  have  questioned  the  discreteness  of  these  levels. 

3.  Methodology 

3.1  Sample 

The  sample  consisted  of  40)5  high  school  pupils  in  grades  9  to  12,  in  May/June  1984  These 
were  a  random  sample  of  pupils  taking  mathematics  in  high  schi»ik  of  the  KwaZulu 
Department  of  Education,  situated  in  the  province  of  Natal  The  schools  ranged  from  small, 
rural  schools  to  big  inner-city  schools. 

3.2  The  instrument 

The  test  consisted  of  56  open-ended  questions  ranging  from  simple  questions  like  indicating 
alternate  angles  when  parallel  lines  were  given,  listing  the  properties  of  a  given  figure  like  a 
parallelogram,  to  questions  requiring  the  interpretation  of  formal  definitions  and  the 
construction  of  formal  proofs.  Most  items  dealt  with  content  as  commonly  found  in  the  high 
school  syllabi  like  parallel  lines,  perpendicular  lines,  technical  terms,  isosceles  triangles, 
congruent  triangles,  parallelograms,  rectangles,  logical  inferences,  significance  of  deduction, 
perspective  on  the  difference  between  an  axiom  and  a  theorem,  tn  this  latter  respect  more 
general  ciinu  p.l  was  examined  than  in  most  other  Van  Hiele  based  research 


The  Van  Hiele  Model  of  development  in  geometry  was  used  as  a  guide  in  selecting  geometric 
though  categories  and  the  items  by  which  they  were  to  be  evaluated  A  feature  common  to 
most  items  was  that  pupils  had  to  give  a  motivation  or  reason  for  their  responses  In  this  way 
it  was  felt  that  more  reliable  interpretations  to  pupils'  responses  could  be  given 

The  preliminary  test  having  been  compiled,  it  was  then  Riven  to  mathematics  educators, 
familiar  with  the  Van  Hiele  theory,  at  the  University  of  Stcllenbosch  so  that  lhc>  might  check 
the  validity  and  the  adequacy  of  the  items.  After  their  comments,  a  final  test  was  compiled 
which  was  then  used  in  the  investigation  (a  copy  of  the  test  and  marking  scheme  is  available 
on  request! 

3.4  Analyses  used 

3.4.1  Analysis  of  pupils'  responses  using  GTC's 

The  present  research  was  aimed  at  establishing  a  non  prejudiced  description  of  progress  in 
geometric  thinking  This  was  facilitated  by  distinguishing  a  number  of  different  GTC's  each 
being  reflected  in  a  number  of  test  items,  and  analysing  the  data  in  two  ways 

(a)  analysing  the  differences  between  the  performance  of  pupils  in  the  different  grades  in 
the  cluster  of  items  lit>luii|>rng  to  a  (1TC  by  cross  tabulating  the  different  grades  with 
the  number  of  items  limn  ,i  i utegoi  y  in  which  a  pupil  exhibited  masterj 


3.3  Validity  of  the  test 
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(h)     performing  Guttmun  analyses  with  respect  to  various  categories  (Cullman  analysis  is 
discussed  at  length  in  Mayberry  (1981)  and  Njisane  (19861). 

In  the  latter,  Guttman  i.nulyses  were  done  on  various  subsets  of  the  various  categories  of 
geometric  thinking  This  was  to  investigate  the  possibility  that  certain  Gl'C's  do  not 
necessarily  occur  on  (he  same  level  as  theoretically  formulated  This  was  due  to  a  hypothesis 
formulated  hy  Malan  ( 1986)  that  the  development  ol  an  analytic  perspective  on  properties 
(I,cvel  1)  and  a  logical  perspective  on  the  relationship  between  them  (Level  2)  may  be 
independent  of  the  development  of  a  hierarchical  classification  of  class  concepts 

3.4.2  The  different  geometric  thinking  categories  CTC's 

The  different  GTC's  present  in  the  test,  are  identific.il  f  I'irui-p  types,  use  of  geometric 

terminology,  interpretation  of  given  definitions  one  slop  deductive  argument!.,  verbal 
description  of  properties  of  figures,  longer  deduction  and  hierarchical  classification  of 
geonieti  ic  concepts.  First  of  all  cross-tabulations  of  each  GTC  with  the  percentage  of  pupils 
obtaining  a  given  number  or  more  correct  rcspunses  on  a  GTC  was  done. 

3.4.2.1  Performance  of  pupils  under  different  GTC's 

3.4.2.1.1  Identification  of  figure  types  and  drawing  examples  (Z) 

The  table  of  percentages  of  pupils;  obtaining  a  given  number  or  more  correct  pi  spouses 
follows 

Table  3. 1    Number  correct 


Grade  0 


9  100  0  99,9  98,8  93  ,9  81,2  61,5  38,3  lb, 7  5,2  1,1  0,2  0 

10  lOo'.O  100.0  99,b  97  ,..  91.7  78,5  58,8  30,2  18,6  6,8  0,9  0 

11  99  9  99,6  99,6  99,6  98,5  91,5  51  ,3  b1,5  31,5  19,2  6,7  0 

12  lOo'o  99  a  99,0  98.7  97,1  95,5  90,0  79.U  60.9  36,*  13,7  0 


On  the  whole,  a(  least  about  40%  of  the  pupils  in  each  grade  were  able  to  recognise  fiBtires  arid 
draw  theiu.  in  (i  or  more  out  of  12  cases. 

3.4.2.1.2  Visual  recognition  of  properties  (F) 

Tubte  3.2     Number  correct 


Grade 

0 

1 

2 

3 

9 

99,9 

77 

2 

25,2 

4,1 

10 

100,0 

91 

3 

53,2 

19,4 

11 

99,8 

96 

0 

02,3 

42,1 

12 

99,9 

97 

0 

85,7 

56,7 

For  the  2  or  more  correct  responses  out  of  3  as  crilerium.  pupils  in  grades  10  12  clearly 
perform  better  th.m  those  in  grade  9 

3.4.2. 1.3  Use  and  understanding  of  descriptive  terminology  (A) 

For  this  GTC  only  about  12%  of  Grade  9  pupils  and  39%  of  Grade  Id  pupils  were  able  to  give  8 
or  more  positive  responses  out  of  17 
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Tabl«  3.3     WuKfeer  correct 


Grade 

0 

1 

2 

3 

4 

S 

0 

7 

0 

9 

10 

1 1 

12 

1 3 

9 

100,0 

100 

0 

97,7 

90 

4 

75,1 

53,5 

31,6 

20 

3 

11 

6 

5,1 

2,5 

1,4 

1 

0 

10 

100,0 

100 

0 

99,3 

se 

6 

89,7 

77,8 

61,9 

45 

5 

30 

9 

18,7 

10,9 

4,5 

1.6 

0,4 

11 

99,9 

99 

9 

99,6 

99 

0 

97,8 

94,6 

68,5 

80 

6 

68 

1 

53,7 

31, <i 

23,4 

11,3 

3,4 

12 

100,0 

99 

7 

99.4 

99 

1 

98.6 

9-7.8 

94,7 

92 

2 

SI 

0 

73,2 

56.0 

32,5 

19.6 

8.2 

(Ifcutiatat  poeelble  acor*  »  17) 


3.4.2.1.4  Verbal  description  of  properties  of  a  figure  (or  its  recognition  from  » 
verbal  description)  (E) 

Table  3.4  Matter  oorract 


GriKte 

0 

1 

2 

i 

4 

5 

6 

7 

8 

9 

100.0 

87.3 

54  S 

21.7 

S.3 

0.8 

0,0 

0.0 

0 

IU 

94.5 

96.2 

T8.7 

61.1 

23.5 

6.8 

2.3 

0.8 

0.1 

II 

100.0 

100.0 

109.0 

W.0 

69.4 

44.2 

23.4 

4.6 

0.6 

12 

100.0 

97.7 

n,i 

I6.S 

61.3 

46.1 

M.4 

10.0 

3.7 

If  one  examines  th*4or  mor*  out  of  8  positive  respmnres.  only  5.3«t  are  in  grade  9,  23.5%  in 
grade  10;  66,4%  in  grade  1 1  and  68,3*  in  grade  12.  It  seems  as  if  pupils  not  only  find  problems 
with  mathematics  as  such,  but  also  with  the  language  in  which  mathematics  is  heing  learnt. 

3.4.2.1.5  One  wUp  deduction  (C) 

The  percentages  of  pupils  giving  4  or  more  correct  responses  out  of  7.  range  from  0,6%  In 
Grade  9  to  49.6%  in  Grade  12. 

Table  3.9   Nuabar  cornet 


Grade 

0 

1 

2 

3 

4 

5 

6 

7 

9 

100 

28,4 

IS 

1 

2.5 

0,6 

0 

3 

0 

0 

10 

100 

90,9 

32 

4 

14,0 

s.e 

4 

0 

1,5 

0,1 

11 

100 

81,5 

61 

9 

44,3 

29.  a 

10 

2 

7,0 

0,8 

12 

100 

87,1 

74 

4 

63,3 

49,6 

36 

3 

19, a 

3,4 

3.4.2.1.6  Longer  deduction  (U) 

These  results  show  that  formal  deduction  (proof)  is  one  uf  the  most  difficult  activities  lor 
children.  Only  0.2%  grade  9  pupils;  2.9%  in  grade  10;  22.2'*  in  grude  1 1  and  42,6%  in  grade  12 
gave  3  or  more  correct  responses  out  of  6. 


Table  3.6     Hutber  correct 


Grade 

0 

1 

2 

3 

4 

5 

6 

9 
10 
11 
12 

100.0 
100. 0 
9(1,9 
100,0 

25 
53 
81 
87 

7 
3 
7 
9 

2 
13 
4a 
66 

5 
1 
9 
3 

0 
2 
22 
42 

2 
9 
2 
6 

0 
0 
6 
19 

0 
7 
6 
0 

0 
0 

z 

7 

0 
1 
1 

2 

0,0 
0,0 
0.0 
3.2 

o 
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3.4.2.1.7  Hierarchical  classification  (B) 


T«blo  3.7    Ku»b«r  cornet 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

100.0 

M.2 

28.1 

8.4 

0.5 

0 

0 

0 

0 

10 

87.4 

50.5 

29.1 

7.1 

1.7 

0,2 

0 

0 

0 

II 

96.0 

es.8 

30.8 

14.5 

5.0 

0.3 

0 

0 

0 

12 

100.0 

74,1 

13.8 

18.0 

5.1 

1.9 

0 

0 

0 

Hierarchical  classification  seems  to  ho  much  morn  difficult  than  the  other  GTC's  as  can  ho 
s«en  from  th*  fact  that  only  0,5%-5.1'fc  were  correct  in  4  or  mure  items  out  of  8.  It  is  also 
significant  that  compared  to  the  other  GTC's,  very  little  improvement  occurred  through  the 
grades. 

3.4.2.1.8  Reading  and  interpretation  of  given  definitions  (G) 


Tsbla  .1.8   Kvvbir  correct 


0r*d« 

0 

1 

2 

3 

4 

9 

100,0 

45,6 

10,9 

4.3 

0,7 

10 

100.0 

03,0 

22,4 

8,1 

3,2 

11 

100,0 

76,4 

37.0 

16,4 

4,3 

12 

100,0 

94,4 

57, Q 

41 ,  V 

13,2 

On  this  GTC  only  10,9%  pupils  in  Grade  9  to  57.8"!  in  Grade  12  gave  2  or  more  correct 
responses  out  of  4. 

3.4.3  Guttman  analysis 

For  the  determination  of  the  division  points  in  each  GTC.  the  ci  iterium  of  50%  wus  used  In 
cases  whore  the  division  points  fell  on  non-integer  value*,  integer  values  just  above  or  helow 
■were  chosen  as  division  points  Guttmun  analysis  for  the  total  set  of  GTC's  yielded  coefficient;, 
of  reproduciliility  IC  „)  of  0,8907  and  of  scalahility  (C  (of  0.5159.  WhenG  was  left  out  due  to 
its  low  correlations  with  the  other  categories.  C,„  =  0.9100  while  C  .  =  O.fiUI,  indicative  ol' 
the  presence  of  a  possihlc  learning  hierarchy  Various  auhsets  ol  the  remaining  GTC's  were 
further  chosen  lor  Guttman  analyses 

3.4.3.1  Ordering  of  GTC's 

The  various  Guttmun  analyses  yielded  the  following  ordering  of  geometric  thinking 
categories  beginning  with  the  easiest  up  to  the  most  difficult 


o 

ERIC 


1080 


Symbol 


Description  ofGTC 


Van  Hiele 
level 


A 
K 


Recognition  mid  representation  of  figure  types 
Visual  recognition  ul  properties 
Us*  and  understanding  n*'ienninolog> 
Verbal  description  of  properties  of  a  figure  ior 
its  recognition  from  a  verbal  description! 


0 
I) 


C 


One  step  deduction 

Longer  deduction 
Hierarchical  classification 


2 


D 
U 


2 


Krom  the  uhove,  the  following  general  observations  were  made 

pupils  at  Van  Hialo  Level  0  seem  reasonably  capable  of  recognizing  curtain  obvious 
visual  properties  of  figures  like  equal  or  parallel  sides.  90' degree  angles  or  equal  base 
angles  in  Isowelts  triangles 

simpler  on*-step deduction  is  possible  ut  lower  Van  Hielo  levols  as  evidenced  hy  the  fuct 
that  E  and  C  continually  interchanged  depending  on  the  division  points  chosen 

hierarchical  classification  was  clearly  the  most  difficult  GTC  for  pupils. 

4.1  Coocluiiooa 

The  data  generally  provides  support  for  the  Van  llicle  Model,  except  thut  hierarchical 
classification  barely  emerges,  even  among  pupils  *>\o  performed  quite  well  in  questions 
requiring  formal  deduction  The  data  suggests  that  contrary  to  the  Von  Hide  theor>. 
hierarchical  classification  is  not  n  prerequisite  for  formal  deductive  thinking  Tltoc 
conclusions  are  furthermore  supported  hy  un  independent  Jtudy  hy  Malun  (19HK1  usiin:  ,t 
different  experimental  pimedun*  Also  in  Usiskin  (1982),  un  examination  of  student-'  lull 
performances  on  items  13  and  14.  ill  2*5%  arid  IS*t  respectively,  compare  infuvouiahly  Willi 
the  other  thrco  items  of  the  aumc  level  ut  48%,  43%  and  In  another  study  presently 
underway,  Smith  (1987)  has  found  simiiur  results  using  u  slightly  adapted  version  of  ihc 
CDASSa-test  In  Usiskln  (19821 

4.2  Same  implications  for  mathematics  teaching  and  further  research 

Although  the  duta  shows  clear  evidence  of  progress  through  the  grades,  only  about  Wl  of 
grade  12  students  show  signs  of  mastering  deduction  Involving  more  than  one  step  The  low 
facility  levels  for  the  category,  verbal  description  of  properties  of  figures  (46*  for  grade  12), 
strongly  suggests  that  Insufficient  development  of  Van  Hiele  Level  1  takes  place  This 
conclusion  is  also  supported  by  qualitative  analyses  of  the  actual  responses  of  pupils  to 
questions,  which  indicate  serious  difficulties  in  mastering  Knglish  geometric  languugc 
(Knglisbbeingasecond  language  for  the  pupils,  their  mother  tongue  being  Zulu). 

Obviously  the  relationship  between  hierarchical  thinking  and  ihe  basic  Van  Hiele  theory 
should  be  clarified  by  further  studies  before  firm  conclusions  can  be  drawn  Kurthermurc  the 
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Vun  Hiele  theory  needs  refinement  in  regard  to  the  levels  .tt  which  deduction  can  oo:ur.  It  is 
fel t  that  simpler  Intuitive  deductive  reasoning  is  possible  at  levels  lower  thun  l^vel  2. 
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CONSTRUCTION  D'UN  PROCESSUS  D'APPRENTISSAGE  DE  LA  NOTION  DE 
SYMETRIE  ORTIIOGONALE  POUR  DES  ELEVES  DE  11 ANS 


Denise  GRENIER 


Equipe  de  Didiaique  des  Malhdrnatiques  et  dc  l'lnfonnauque  de  Grenoble.  France 


A  teaching  process  about  the  notion  of  Reflection  has  been  developed  here  from 
results  of  previous  investigations  which  had  shown  particularly  that  erroneous 
conceptions  persist  after  school  teaching  and  that  some  didactical  variables  have 
an  influence  on  pupils'answcrs.  First,  a  theoretical  analysis!  of  the  process  will 
be  presented,  in  order  to  explain  our  didactical  choices  according  to  the  teaching 
aims,  and  the  pupils'conceptions  brought  into  play.  Then,  some  results  of  the 
progress  of  the  teaching  sequence  are  given,  especially  the  p^upils'procedurca 
and  difficulties,  and  the  changes  with  regard  to  the  designed  aims. 

Cadre  general  dc  la  recherche 

L'objcclif  general  de  cette  recherche  est  l'dtude  des  conceptions  des  dleves  sur  la  symdtrie 
orthogonale  el  del  conditions  didactfquca  de  leur  evolution.  Une  tludc  prdalable  mende  auprt* 
d'dieves  de  11  a  15  ant  a  mis  en  Evidence  d'une  part,  l'existence  de  conceptions  errcmecs  qui 
sembient  resister  I  reuseigncment  et  d'autre  pari,  rinfluence  de  certaines  variables  aur  les 
rdponse*  des  dleves  dans  une  tlclte  de  construction  a  main  levee.  Ces  rdsultals  ont  fid  prdsenlds  a 
PMJS  9  (Grcnier,  1985). 

Cette  dtude  a  scrvi  *  la  construction  d'un  processus  d'apprcntisssge  en  classe  de  6ime  (1 1  ans) 
ayant  pour  objeclif  d'apprendrc  aux  dleves  a  utiliser  ct  expliciter  les  propridids  de  la  droite  de 
symdirie  d'une  figure,  et  a  conslruire  la  transformdc  d'une  figure  par  une  symdirie.  Nous 
ddcrivons  cc  processus  sous  les  aspects  suivants  : 

I  -  Analyse  theorique  du  processus :  exploitation  des  variables  ds  situation  el  du  choix  des  valeurs 
donndes  I  ces  variables,  analyse  des  consequences  de  ces  choix  sur  les  conceptions  mises  en  jeu 
ct  le  type  d'apprentistage  qu'elles  doivent  provoquer, 

II  -  Analyse  du  ddroulement  du  processus :  caractdrisiation  des  procedures  des  dleves  et  mise  en 
dvidencc  des  difficultds  qu'ils  ont  renconirdcs  ct  du  rfllc  de  I'enseignam. 

I  -  Analyse  theorique  du  processus 

lire  pliase :  repdrage  des  conceptions  Initiates  des  dleves  de  la  classe 

L'objecuf  de  cette  phase  est  de  connsltre  les  conceptions  initiates  des  dleves  de  la  classe  sur  la 
notion  dc  droite  de  symdirie.  Nous  avons  propose"  aux  dleves  une  t&che  de  reconnaissance  et  de 
trac6  a  main  levee  qui  met  cn  jcu  la  perception  globale  de  la  droite  de  symdtrie  d'une  figure 
(position  et  orientation  dans  la  figure,  forme  et  dimension).  Us  figures  diaient  ddtermindes  de 
facon  a  faire  intervenir  les  conceptions  crronecs  repdrdes  dans  les  expenmcnutions  prdeddentes, 
en  particulier : 

-  le  symduique  est  situd  sur  une  mcme  ligne  horizontal  dans  la  fcuille  que  la  figure  objet,  ce  qui 
induit  que  les  droites  de  symdirie  ont  unc  direction  privildgidc,  la  vcriicale; 

-  Ic  symdlrique  est  unc  figure  identiquc  obtcnue  aussi  bien  par  translation.  symdirie  glissee  ou 
demi-tour  que  par  une  symdirie  orthogonale;  ce  qui  induit  que  toutc  droite  partageant  la  figure  en 
deux  parlies  idcniiqucs  est  unc  droile  de  symdlrie. 
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Ceite  phase  dc  diagnostic  nous  pcrmciiait  d'organiscr  la  classe  dc  facon  a  favoriser  les  cchanges, 
cn  formant  dc*  groupcs  contcnant  des  (Sieves  qui  avaicnt  manifest  des  conceptions  differemes 
danscetle  liche. 

lime  phase :  dtstabilisaUon  des  conceptions  crronfc; 

Nous  avons  de  nouveau  donnd  aux  dlives  la  tlchc  de  construction  a  main  levee  des  droites  de 
syrndtrie  si  elles  existent.  Celte  tlche  ne  constitue  un  probltme  que  si  le  pliage  est  interdit :  dans  ce 
but,  un  moyen  de  dissuasion  a  consists  c  tracer  les  figures  sur  carton.  Pour  ddstabiliser  les 
conceptions  erronces,  il  fallait  jouer  sur  les  variables  peitinentcs  dans  cette  tSche,  en  leur  dormant 
des  valeurs  reconnues  comme  ctant  sources  d'erreurs  chcz  les  dleves.  Ces  variables  sont  liees  a 
ccrtaincs  propridtes  des  figures  et  a  leur  orientation  dans  la  feuille.  Nous  avons  ainsl  retenu  : 

-  des  figures  pouvant  6tre  decomposers  en  deux  parties  identiqucs  mais  ne  prdsentant  pas  de 
symdtrie  orthogonale :  il  s'agissalt  de  destabiliser  la  conception  erronde  qu'une  droit*  qui  partage 
unc  figure  en  deux  parties  identiqucs  est  une  droitc  de  sy metric;  ces  figures  sont  de  deux  types, 
figure  rdgulicrc  autour  d'une  ligne  ccntrale  (figure  1)  ct  figures  prdsentant  une  symdtrie  centrale 
(figures  4,  5,  7,  11),  ces  demiercs  dtant  ortentees  dans  la  feuille  de  maniere  a  provoquer  des 
procedures  de  "rappel  horizontal"; 

-  des  figures  ayant  plusieurs  droites  dc  symdtrie,  done  des  droites  horizon  tales  ou  obliques  par 
rapport  aux  bords  de  la  feuille  :  11  s'agissait  de  destabiliser  la  conception  ires  rdpandue  qu'une 
droite  de  syindlrie  est  verticale  (figures  2, 3, 6,  8, 9, 10). 

Les  figures  6 talent  destinies  dans  cette  orientation  dans  la  feuille. 

0  cO  t>\r\v\ 

tic.  1  tig.  2  fig.  3  fig.  4  fly.  5 

<£>  @  \  0^=X  .• 

fig.  6  tig.?  fig.  |  (if.  9  tig.  10  fig.  11 

L'organisaiion  du  travail  est  choisic  pour  favoriser  les  interactions  dans  la  classc.  Les  dlives 
travaiilent  d'abord  par  groupcs  de  quatre  et  doivent  se  mcltre  d'accord  pour  chaquc  figure  sur  unc 
rdponse  commune,  le  reprdscntant  d'un  groupe  devant  pouvoir  dventuellement  ddfendre  sa 
solution  en  t'argumentant,  au  moment  de  la  mise  en  commun.  L'cnscignant  a  alors  pour  r81e  de 
veiller  au  bon  ddroulcment  de  I'acliVild,  sans  porter  aucun  jugement  sur  les  productions  des 
dlcves.  Puis  une  mise  en  commun  est  organised  sous  1c  coillrfile  de  l'cnscignant :  celui-ci  doit 
alors  gdrcr  le  ddbat  et  contrClcr  les  apprcntissages,  il  doit  intcrvenir  si  toute  la  classe  est  d'accord 
sur  un  rdsultat  faux  ou  pour  proposer  unc  solution  a  un  problime  non  resolu.  L'enscignant 
recapitule  ensuite,  dans  une  phase  d'inslitutionnalisation,  les  propridtds  qui  permcttent  de  rdfuter 
les  conceptions  eironccs,  cn  particulier,  pour  cette  tSche  : 

-  unc  figure  peut  avoir  plusieurs  droites  dc  syrne'trie  et  done  cellcs-ci  peuvent  due  "obliques". 
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-  unc  drolie  de  symetrie  passe  par  le  milieu  de  deux  points  horoologue*  et  die  en  onnogonale  a  la 
droilc  joignanl  oca  deux  points. 

La  iJche  de  trace  "a  main  levde"  met  en  jcu  les  propridics  du  milieu  el  d'orthogonalitC  dc  la  droilc 
de  symetrie.  Elle  ne  met  en  ocuvre,  ni  les  relations  d'incidence  (points  invariants)  ni  l'equldistance 
des  points  de  la  droilc  dc  toute  paire  de  points  symetriques. 

3e  phase « utilisation  anaiylique  des  propridtes  de  la  droite  de  syroetric 

Nous  avons  eiabore"  uue  aciiviti  de  construction  avec  instruments  de*  droiles  de  symdtric  de 
figures,  dc  telle  facon  qu'un  jeu  sur  les  variables  del  figures  ct  sur  les  instruments  permis 
privilege  ou  rnCme  rend  obligatoire  l'utilisation  des  propridtts  moins  connues  des  eleves.  A  ce 
niveau,  lea  eleves  aavaicnt  utiliscr  quatrc  instruments  :  la  regie  graduce.  la  regie  non  graduce, 
rcquerre  et  le  compas. 

Analysed  le*  actions  possibles  avec  cbaque  instrument  dans  cette  tfiche.  La  regie  graduee  permet 
dc  conttruire  ladroitc  de  symc'irie  des  que  Ton  connait  deux  paircs  de  points  symdtrique*.  Cest 
alors  uniquement  I*  propriete  du  milieu  qui  est  mite  en  ocuvre.  U  regie  non  graduce  ne  met  en 
oeuvre  que  les  proprieies  d'incidence,  par  la  construction  de  riniersectlon  de  deux  segments 
symetriques.  Elle  permet  de  construire  la  droite  de  symetrie  des  que  Ton  conn&tt  deux  paires  dc 
point*  symetriques,  a  condition  que  ceux-ci  ne  fonnent  pas  un  rectangle.  L'equerre  permet  de 
determiner  la  direction  d'une  droite  perpend icul aire  a  une  autre  droite  et  passant  par  un  point 
clonrie.  La  propriety  d'orthogonalite  est  alors  utilisee  conjointement  avec  une  autre  propriete.  celle 
qui  sen  a  determiner  le  point  par  lequel  est  rocne  la  droite  perpcndiculaire.  Le  compu  permet  de 
determiner  au  moins  deux  point*  de  1*  droite  de  *ym<lrie  des  qu'on  a  une  paire  de  points 
symctriquea.  Cest  la  propriete  (Tequidtstance  des  points  de  la  droite  de  symetrie  de  toute  paire  dc 
points  symctriquea  qui  est  mise  en  oeuvre. 

Dans  chacun  de*  cas,  il  faul  exhiber  au  moins  une  paire  dc  points  *ymeiriques.  ce  qui  necessitc 
unc  anticipation  de  la  position  dc  la  droite  de  symCtrie.  Ces  points  symetriques  doivent  etre.  soit 
rcconnus.  soil  tracts  (lis  sont  alors  le  resullal  d'une  construction  qui  rcleve  des  proprieies  de  la 
symetrie.  ce  qui  rend  la  tJche  plus  difficile  pour  les  eleves). 

L'organisauon  de  la  classe  est  la  meme  que  dans  la  phase  precedent.  Les  figures  (dcssindea  sur 
carton  rigide)  et  les  instruments  fourms  sont  les  suivants : 

groupc  1 :  regie  graduee  ct  equcrrc,  octo(jonc  et  ccrcles  secants  sans  centres 

groupe  2  :  regie  non  graduee  el  dquerrc,  trapeze  isocclc  et  drupcaux 

groupc  3  :  regie  non  graduce  el  compas.  ecrele  sans  centre  el  ellipse  avec  centre. 


tlMttt  Uuih 


tush  iui  N«tn 


groupc  1 


groupc  2 


groupe  3 
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exnlicilation  dcs  rirnpriftes  mises  en  jcu  dans  lcs  ensembles  fiyiires-lnslmmf.nis 
L»  regie  gradude  luflil  pour  tracer  lcs  droitcs  dc  symduie  de  l'octogooe  (propria  du  milieu),  mais 
on  peut  utilise*  aussi  I'dquerrc  (propridtds  du  milieu  et  orthogonality.  Par  contre,  la  droite  de 
symdtrie  det  deux  cere  let  ne  peut  cue  uacde  qu'en  utilisaot  a  la  fois  la  regie  gradute  et  requeue 
Pour  lea  figures  du  groupe  2,  deux  types  de  construction  tout  possibles  :  avec  la  regie  non 
gradude  et  requeue  (propridtd  d'incidence  et  d'orthogonalitd)  ou  seulcment  la  regie  non  gradude, 
en  determinant  le*  points  d'interteciioa  de  deux  paires  de  segments  aymdtriqucs  (propridtds 
d'incidence). 

Pour  cet  quatre  figures,  lea  paires  de  points  tym&riques  sow  deja  construils. 
Le  tracd  de  droltea  de  symdtrie  du  cercle  s'obtient  avtc  le  compa*  et  la  regie  non  graduee  en 
utilisant  tea  propridtds  d'equklisunce  dc  deux  points  quelcooque*  du  cercle.  U  f aut  done  savoir  au 
prdalablc  que  deux  points  quclconques  du  cercle  soot  symdlriquc*.  Pour  construire  une  droite  de 
tymdtrie  de  I'ellipse  avec  le  compan,  il  faut  determiner  un  point,  autre  que  le  centre  ddja  donnd, 
qui  soil  equidistant  de  deux  point*  tymdtriqucs  situcs  sur  I'ellipse.  Mais  ces  points  sont 
eux-mdraes  a  coostruire  comme  points  equidistant*  du  centre  de  I'ellipse,  ce  qui  rend  la  tSche 
difficile. 


4*me  phase :  une  phase  dc  rjoramunicatlon 

Lea  trois  prcmicrea  phases  dc  ce  processus  sont  des  situations  d'action,  e'est-a-dire  que  les 
connaissanccs  investies  dans  les  problem  es  n'onl  pas  a  cue  forraulfei.  Les  expressions  uulisces 
par  les  Sieves  pour  designer  la  droite  dc  symdtrie.  comme  par  exernple  "droite  du  milieu"  ou 
"droite  qui  partage  la  figure  en  deux"  sont  en  general  comprises  par  les  autres  clives,  parce 
qu'enue  eux  lcs  implicites  fonctionnent  bicn.  Mais  dies  peuvent  aussi  provoqusr  des  erreurs  du 
fait  de  leur  ambiguitd.  Par  exernple,  les  droitcs  partagcant  un  rectangle  en  deux  parties  identiqucs 
sont  de  deux  type* :  droite  dc  symdtrie  ou  diagonale  La  capacity  &  formula-  une  connaissance  fait 
panic  de  I'apprcntissage  de  cettc  connaissance.  Nous  avons  done  dlabord  une  situation  de 
communication  dans  laquelle  d'unc  part,  la  description  dca  propridtds  ou  I'utilisation  de 
l'cxprcssion  "droite  de  symdtric"  sont  des  ouiils  de  resolution  du  probleme  et,  d'autre  part,  Its 
implicites  familiers  aux  cleves  peuvent  conduire  a  des  rdponses  errondes. 
Organisation  de  I'aetivild  :  Lcs  Sieves  sont  mis  cn  binfanes  dans  deux  salles  A  et  B,  sans  aucun 
contact  direct,  chsque  bin6mc  Ai  ctarit  en  corrcspondance  avec  le  binflme  Bi.  Le  binflme  Ai  a  unc 
fcuille  sur  laquelle  est  dcsslnce  une  figure  avec  un  element  (droite  de  symdlrie  ou  unc  diagonale) 
truce"  dans  une  autre  couleur.  Le  binomc  Bi  a  unc  figure  semblable  de  dimensions  differcnies,  mais 
sans  1'iliment  supptfimeiuaire.  Chacun  des  deux  binflmes  sail  que  l'autrc  a  une  figure  semblable  a 
la  sienne  et  que  Ai  a  un  element  en  plus.  La  tache  de  Ai  est  de  ddcrire  cet  dldment  dans  un  message 
dcrit  (sans  dessin)  pour  Bi,  afm  que  eclui-ci  puisse  lc  reconslruirc.  La  rdussite  dc  l'activitd  pour  lc 
couple  (Ai,  Ei)  est  liee  a  la  qualild  du  message  codd  par  Ai,  et  a  la  justcsse  du  decodage  par  Bi.  Le 
choix  des  dimensions  differentes  pour  lcs  deux  figures  intcrdit  unc  description  par  des  mcsures. 
Le  choix  des  figures  possddant  aussi  unc  symdtric  centrale  oblige  dc  plus  lcs  cleves  a  cxplicitcr  la 
presence  ou  l'abscencc  des  propridtds  d'orthogonalitd  pour  nc  pas  produirc  un  message  ambigu 
basd  sur  la  propridtd  de  partage  de  la  figure  cn  deux  parties  identiqucs.  Dans  lc  cas  ou  l'dldmeni  est 
droite  dc  symdtric.  la  formulation  de  scs  propridlds  ou  I'utilisation  de  l'cxprcssion  "droite  dc 
symdtric"  sont  des  ouiils  performanls. 
Lcs  figures  proposdes  son!  lcs  reproduces  dans  la  page  suivante. 
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5*m«  phase :  transformation  de  figures  et  trsrsfonmiion  ponctueile 

L'objectif  de  ocUe  phase  est  de  meure  en  ocuvre  avcc  les  ftevcs  let  procedures  de  construction  du 
tymeuique  d'une  figure  par  rapport  a  une  droite  donnee.  Pour  metier  cette  Utehe  I  bien,  il  est 
n&ctMure  mi  prfalable  de  decomposer  It  figure  en  lommeu  dont  il  tufllt  de  determiner  let 
sym&riques  pour  reconstruirc  entieretnent  !i  figure.  Ccci  necessilc  que  l'tieve  reconnaiase  que  le 
traof  de  ccs  points  pennet  de  construlre  la  figure  complete,  par  excmple  que  l'image  d'un  aegroent 
e*t  un  aegroent  dotu  let  extteraiies  torn  let  sym&rique*  des  celles  du  aegmcnt  objet  II  faut  aussi 
traduire  lea  connaiaancet  det  propridtes  de  la  droite  de  sy  metric  d'une  figure  vert  la  construction 
du  syayUrtque  <fua  point  par  rapport  a  une  droite. 

Nous  avons  doone  tux  eleyes  let  quaire  instruments  de  construction,  puisque  dana  cette  phase,  il 
a'agittait  d'exhibcr  lea  principals  procedures  de  construction  du  syme' trique. 
Let  variables  de  la  figure  qui  jouent  darta  cctle  tlche  tout  essentiellcmenl  la  position  relative  de  la 
figure  et  de  la  droite  et  l'orienution  des  elements  de  Sa  figure  par  rapport  a  la  droite  de  symeuie. 
Let  figures  dwitkt  aoni  let  tuivanies : 


I/organisation  de  la  classe  est  la  mime  que  dans  Its  phases  2  et  3,  c'est-a-dire  un  travail  de 
groupe  tuivi  d'un  dibit  dans  la  classe,  et  de  rinstitutionnalisalion  par  l'enscignanl  des  propri&es 
principales  du  sym6uique  (Tunc  figure  par  rapport  a  une  droile  et  de  la  m<diatrice  d'un  segment. 
Enftn,  pour  mctire  en  evidence  la  proprieti  de  reloumemenl,  nous  avons  propose  aux  eleves  des 
aclivitea  (individueUet)  utilisatu  le  "papier  caique"  sous  deux  aspects : 

-  comme  oulil  dc  differentiation  des  sUtuU  det  droitet  ayant  la  propriete  de  "partager  en  deux 
parties  egalea"  (mite  en  jeu  de  la  propria  desymetrie  centrale); 

-  comme  oulil  de  construction  du  tymilrique  d'une  figure  par  rapport  a  une  droile.  Ncus  avont 
fait  joucr  la  variable  "position  relative  de  la  figure  objet  et  de  la  droite":  si  la  figure  ne  rencontre 
pas  la  droite  dc  symilrie.  il  est  necessairc  pour  reussir  la  ttche  de  relever  la  posidon  de  la  droite 
par  au  moins  deux  points  avant  dc  dcplacer  la  feuillc  de  ptpicr  caique;  il  faut  ensuite  poser  la  droile 
sur  elle-mcrne  aprcs  avoir  rcloume  lc  caique  (propriete  d'invariance  de  la  droite  de  sy  metric  dans 
la  transformation). 

Nous  decrivons  maintcnant  quclques  aspects  du  ddroulcmcnt  du  processus  :  les  difficulies 
rencontrees  par  les  dlcvcs  dans  les  difrdrenies  tfches.  les  conceptioni  et  les  apprcnlissagcs  mis  en 
Jeu,  enfin  les  objectifs  alleints  par  rapport  a  ceux  prevus. 
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II-Analyse  du  deroukment  du  processus 

La  lachc  dc  construction  a  main  levcc  a  mis  cn  evidence  unc  conception  de  la  droitc  dc  syni6trie 
commc  droitc  des  milieux  ou  du  "milieu  dc  la  figure",  parlageant  la  figure  en  deux  panics  egales. 
Cclte  conception  conduit  au  trace1  des  droitcs  suivantes ; 

/ 

lit.  >  "«-«  Of-  3  Of.  10 

La  prevision  du  resultat  du  pliage  suffit  pour  provoquer  la  remise  cn  cause  des  lignes  de  symctrie 
courbes.  Mala,  pour  chacune  des  autres  figures,  la  conjonclion  dc  I'orientation  de  la  figure  dans  la 
feuille  (horizontale)  et  du  paralle'lismc  dc  ses  616menls  rend  difficile  la  reconnaissance  du  statut 
errone'  des  droites  tracees :  ces  attributs  provoquent  des  procedures  de  type  "rappels  horizontal  ou 
vertical'*  et  "paraJtelisme"  qui  toru  difficilcs  a  destabiliser.  La  propriete  d'orlhogonalite*  n'est  mise 
en  oeuvre  que  lorsque  les  figures  ne  prescnlent  aucun  des  attributs  pen ur bant  la  conception  de 
symetfic.  Enfin,  la  conception  tris  r<pandue  dc  la  verticals  dc  la  droile  de  symilrie,  associee  a 
celle  du  panage  de  la  figure  en  deux  parties  identiques  a  empech6.  dam  un  premier  temps,  la 
reconnaissance  de  la  droitc  de  sytnf  trie  pour  la  figure : 


L'cievc  doit  dans  cc  cas  mencr  une  analyse  diffcrcnte  de  la  figure.  De  m£mc.  lorsque  Ic  nombre 
d'61emenls  identiques  est  impair,  Ie  "double  statut"  des  droitcs  de  symelric  (droitc  de  symeirie  de 
paircs  d'dlemcnts  et  de  l'61ement  rcslanl)  n'est  pas  reconnu. 

Un  des  apprcntissages  constats  lors  de  cclte  phase  est  la  reconnaissance  des  diffcrcnlcs 
orientations  des  droiles  dc  symeirie  dans  la  feuille.  La  situation  gdographique  des  quatrc  eleves 
autour  dc  la  figure  joue  en  favcur  de  cct  apprcnlissage,  parce  qu'clle  met  en  jeu  la  conservation  des 
proprieics  de  la  figure  par  rotation  et  rclativisc  les  directions  privilegiccs  proprcs  a  cliaque  elevc. 

L'activilc  de  groupe  pour  la  construction  avee  instruments  de  la  droitc  dc  symeme  n'a  pas  alleinl 
les  objectifs  d'apprcntissagc  prdvus,  parce  que  la  propricl6  d'egale  distance  est  la  scule  disponiblc 
en  tant  qu'outil  pour  les  eleves  dans  cclte  lachc.  La  regie  graduce  est  done  le  seul  instrument  qui 
permel  dc  resoudre  le  probleme,  quel  que  soil  le  type  dc  figure  proposed.  L'utilisalion  des  autres 
instruments,  l'equerre  et  le  compas,  pose  le  probleme  dc  leur  adequation  aux  figures,  I'cqucrre 
servant  priorilaircmcnt  pour  I'cltvc  a  verifier  si  la  figure  comporte  des  angles  droits  ct  1c  compas 
comme  ouli!  de  trace  d'arcs  de  ecrele  plus  que  de  report  de  longueurs  egales.  Sans  la  r&gle 
gradute,  les  eleves  out  tenle  dc  graducr  les  aulrcs  insiruments  ou  bien  onl  trace  "au  jug<". 
Le  r61c  dc  l'enscignanl  s'est  rcvclc  primordial  dans  cclte  phase  ;  les  relations  d'incidence  cl  les 
proprieics  Equidistance  n'onl  clc  exliibecs  qu'au  moment  de  la  mise  en  commun  el  dc 
I'instilutionnalisation  par  l'enscignanl  dc  ccs  proprieics.  Le  probleme  dc  la  finalite  de  cclte  tfiche  dc 
construction  resle  pose  :  s'il  n'y  a  pas  d'aulre  but  que  le  trace,  les  eleves  ne  comprenncnl  pas 
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l'imdrdt  de  conslruire  avec  les  instruments  alors  que  Ics  procedures  "au  jugd"  ou  "par 
iStonncmcnls"  donncnt  dc  trcs  boat  rdsultats. 

Par  rapport  wx  apprcQussagcs  rdalisis,  I'analyse  de  la  situation  de  communication  Sdmoigne,  a 
cetie  6 tape  du  processus,  de  la  reconnaissance  par  les  dleves  des  propriety  de  la  droite  de  symdtrie 
et  de  leur  capaciuJ  a  les  formuler :  Ics  dleves  ont  en  effet  majoriuircment  utilise"  les  propridtes  de  la 
symduic.  ou  la  ddfinition  "droite  de  symdtrie"  pour  rdsoudre  le  probleme  dc  description  de 
I'dldment  de  type  S.  Mais  cette  situation  de  communication  n'a  pas  aiteint  son  objecu'f  de  remise  en 
question  dc  la  conception  errands  qu'une  droite  parugeant  une  figure  en  deux  parties  identiques 
est  une  droite  de  symdtrie.  En  effet,  la  stratdgie  majoritairement  utilisdc  pour  decrire  le  segment  de 
type  NS  a  consistd  en  un  "repdrage  gdographique",  par  rapport  a  ('orientation  de  la  figure  dans  la 
feuilks  (hori zonule,  vertical  e.  oblique,  inclind),  ou  par  rapport  aux  botds  de  la  f"j:!ie  (bas,  haul, 
gauche,  droite).  Or,  ces  messages  ont  did  ties  bien  decodes,  parce  que  les  implicitcs  correspondant 
fonciionneiu  bien  chez  les  dleves  et  que  les  figures  Ai  et  Bi  avaient  la  meme  orientation  dans  la 
feuille.  Pour  que  la  tfche  mette  en  jeu  la  diffdrenciation  entre  les  dldments  de  type  SetNS.il  faut 
faire  jouer  ta  variable  "orientation  dans  la  feuille"  de  la  figure. 

Dans  cette  phase  aussi,  le  role  de  lenseignant  •  did  primordial.  11  a  perm  is  de  reposer  le  probleme 
de  I'smbigUitg  de  la  propritid  de  "partage  en  deux  parties  dgales"  au  moyen  de  I'dlaboration  d'une 
activity  suppidtnentaire  dans  la  classe,  qui  ptenait  en  compte  les  rdsultats  observes. 

Pour  terminer,  nous  donnons  ici  seulement  quelques  rdsultats  de  la  phase  de  construction  du 
symdtriquc  d'une  figure.  Celle-cl  •  rdvdld  U  durability  de  ccrtaines  difficultds  chez  les  dleves,  en 
partkulicr : 

-  la  prise  en  compte  erroneo  de  la  propridtd  d'onhogonalitd,  qui  se  traduit  par  exemple  par  la  regie 
d'action  suivante :  la  transformce  d'une  figure  est  pcrpendiculaire  a  la  figure  objet; 

-  les  difficultds  des  dleves  a  tracer  Ic  symdtriquc  lorsque  la  figure  coupe  la  droite  de  symdtrie, 
difficuIKs  qui  font  rdapparailre  les  procedures  dc  prolongcmcnt  ou  de  paralldlisme. 

Dans  la  phase  d'institutionnalisation,  I'cnseignant  doit  done  insister  sur  la  propridtd 
d'onhogonalitd.  Les  propridtes  de  conservation  par  la  transformation  de  la  nature  des  dldmcnts 
d'une  figure  et  de  leur  dimension  ne  posent  pas  de  probleme  pour  les  dleves. 

Une  nouvelle  sequence  prcnant  en  compte  ces  rdsultats  est  en  cours  de  rdalisalion. 
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ESTUDIO  DE  LAS  CARACTERISTICAS  DE  LOS  NIVELES  DE  VAN  HIELE 


Dpto.  de  Didactics  de  la  Matematica.  Universidad  de  Valencia. 


ABSTRACT.  The  theory  proposed  by  P.M.  and  D.  van  Hiele  have 
given  rise  to  a  model  of  teaching  and  learning  whose  three 
main  characteristics  are  discreteness  and  hierarchy  of 
levels  and  usefulness  of  the  theory  for  prediction. 
We  present  the  results  of  an  empirical  research  which  deals 
with  the  hierarchical  structure  and  the  predictive  property 
of  the  model.  The  comparison  of  results  obtained  by 
administering  three  testB  (on  polygons,  measurement  and 
solids)  to  a  group  of  preservice  elementary  teachers  allows 
us  to  formulate  the  following  conclusions: 

a)  Levels  1  to  4  form  a  hierarchy,  but  level  5  has  some 
particularities  that  need  an  in  deep  investigation. 

b)  There  is  not  relation  between  the  individual  results  in 
the  different  tests,  bo  the  assessment  of  pupilB'  level  in  a 
topic  cannot  predict  their  level  in  other  topic. 


Una  teorla  de  aprendizaje  en  matematicas,  que  actualmente  esta 
siendo  considerada  con  gran  interes,  es  la  desarrollada  por  P.M.  van 
Hiele  y  D.  van  Hiele-Geldof .  Esta  teorla  se  basa  en  la  definicion  de 
varios  niveles  de  pensamiento,  a  travel  de  los  cuales  progreBan  los 
estudiantea ,  estando  caracterizado  cada  nivel  por  un  tipo  de 
conocimiento,  un  vocabulario  y  una  forma  de  razonamiento  particul ares . 
Brevemente,  las  capacidades  adquiridaB  por  un  estudiante  en  los 
diferentes  niveles  son: 

Nivel  1  ( reconocimiento) :  Reconoce  los  objetos  y  conceptos  matematicos 
por  su  aspecto  flsico  y  de  forma  global,  sin  distinguir 
expllcitamente  sus  componenteB. 

Nivel  2  (analiBis):  Reconoce  las  componentes  de  un  objeto  o  concepto 
matemfitico.  Es  capaz  de  establecer  relaciones  entre  objetos  y/o 
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entre  componentes,  pero  solo  de  forma  experimental.  No  puede 
establecer  relaciones  I6gica3  ni  hacer  descripciones  formales. 
Nivel  3  (clasif icacion) :  Realiza  relaciones  logicas  y  es  capaz  de 
seguir  razonamientos  deductivos  simples,  pero  no  comprende  la 
funci6n  de  los  elementos  de  un  sistena  matematico  (axiomas, 
definiciones,  demostraciones,  etc.)  y,  por  lo  tanto,  no  sabe 
manejarlos . 

Nivel  4  (deducci6n):    Comprende    y  realiza    razonamientos  deductivos, 
pues  ya  entiende  el    valor  de  axiomas,  hip6tesis,  definiciones, 
etc.,  pero  todavia  no  ha  adquirido  un  conocimiento  global  de  los 
sistemas    axiomaticos      y      no    comprende      la     necesidad  del 
razonamiento  riguroso. 
Nivel  5  (rigor):  Comprende  la  necesidad  del  razonamiento  riguroso,  es 
capaz  de  realizar    deducciones  abctractas  a    partir  de  sistemas 
axiomiticoa  diferentes  y  de  analizar  y  comparer  esos  sistemas. 
El  mayor    inter£s    de  la    teoria  de    van    Hiele  radica    en  la 
posibilidad  de  construir  a  partir  de  ella  un  modelo  de  ensefianza  de  la 
geometrla,    en    el    cual    cada    nivel    1 leva    psociados    un    tipo  de 
actividades,  un    longuaje    y    una    organizaci6n    del    aprendizaje  que 
permiten  alcanzar  el  nivel  siguiente.  EJemplos  de  programas  basados  en 
los  niveles    de    van  Hiele    los    encontramos  en    la    Union  Sovietica, 
Holanda  y    U.S.A.     (ver    Wirszup  (1976),     Hoffer    (1983),  Freudenthal 
(1973),  Mathematics  Resource  Project  (1978)  y  Fuys,  Geddes  (1984)). 

Hay  tres  caracteristicaa  del  modelo  que  deben  ser  estudiadas  en 
profundidad:  La  discretitud  de  los  niveles,  bu  jerarquia  y  bu 
capacidad  de  transferencia  de  unos  campos  de  las  matematicas  a  otros . 
Durante  los  ultimos  anos  se  han  realizado  importantes  investigaciones 
en  cada  una  de  ellas  (Uaiskin(1982) ,  Mayberry  (1983),  Fuys,  Geddes 
(1984)  y  Burger,  ShaughneBsy  (1986)),  cuyos  resultados  mas  destacados 
estan  comentado3  en  Senk  (1985),  pero  no  ha  sido  posible  determinar  de 
forma  satisfactoria  ninguna  de  dichas  caracteri aticao  del  modelo. 


EL  ESTUDIO 


A  continuacion  exponemos  los  resultados  de  un  estudio  iniciado  en 
eate  curso,  con  el  fin  de  evaluar  la  validez  de  las  hipoteais  sobre  la 
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jerarquizacion  de  loa    nivelea  de    van  Hiele    y  la    globalidad  de  los 
nivelea  respecto  de  diveraos  carapos  de  la  geometria. 

HaBta  ahora,  la  mayoria  de  laa  expenenciaa  deaarrolladaa  para 
determinar  la3  propiedadea  de  la  teoria  de  van  Hiele  ae  han  baaado  en 
cuestioneB  de  geometria  plana  relacionadaa  con  los  poligonoE.  La 
primera  parte  del  trabajo  que  hemoB  realizado  ha  conaiatido.en  disefiar 
tres  teats  baaados  en  los  trea  caapoa  m&a  importantes  de  la  geometria: 
geometria  plana  (principalntente  pollgonoa),  medida  de  magnitudes 
(longitud,  auperficie  y  volumen)  y  geometria  eapacial  (principalmente 
poliedroa) . 

La  comparacion  de  los  nivelea  alcanzadoa  por  cada  estudiante  en 
loa  diferentes  testa  nos  permite  observar  la  correlacion  exiatonte 
entre  elloa  y,  por  tanto,  conjeturar  Bobre  la  globalidad  o  localidad 
de  los  nivelea  de  van  Hiele.  Por  otra  parte,  el  anallaia  independiente 
de  cada  teat  ha  hecho  pooible  medir  el  grado  de  jerarquizacion  de  los 
nivelea. 

Tomando  corao  referencia  la  eatructura  del  teat  de  Usiskin  (1982), 
cado  tost  consta  de  5  items  para  cada  nivel,  con  5  reapueatas  en  cada 
item.  Con  el  fin  de  hacer  mao  fiables  Ibb  comparacioneB  de  loa 
resultadoa,  ae  ha  mantenido  la  misma  eBtructura  gramatical  en  todoa 
loa  teats.  Reapecto  del  contenido  matematico  de  loa  items,  ea  facil 
enunciar  ntodeloa  de  cuestiones  validos  tanto  para  geometria  plana  como 
eapacial,  pero  en  la  medida  de  magnitudes  ae  presents  una  organizacion 
conceptual  raucho  maB  simple  que  en  el  caao  de  poligonoa  o  poliedroa, 
lo  cual  hace  diflcil  msntener  la  aemejanza  entre  loa  items. 

Por  otra  parte,  el  diseflo  de  tents  baaadoa  en  conceptoa 
diferentea  de  loa  relacionados  con  poligonoa  puede  aer  litil  para  abrir 
nuevas  llneaB  de  inveatigacion  aobre  el  modelo  de  van  Hiele  para  la 
ensefianza  de  la  geometria. 


LA  MUESTRA 


HemoB  administrado  los  teBta  a  563  alumnos  de  los  tres  cursos  de 
la  Eocuela  de  Formacion  de  Profesorado  de  E.G.B.  (en3enanza  elemental 
eapaflola)  de  la  Universidad  de  Valencia.  La  tabla  1  indica  la  cantidad 
de  estudianteB  que  ha  contestado  los  diferentes  grupos  de  testa. 
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Teat  P 


Test  M 


Taut  S 


Teat  P 


409 


2  76 


232 


Teat  P  -  poligonoa 
Teat  M  -  medida 


Teat  M 


392 


241 


Test  S 


318 


Teat  S  -  adlidoe 


Teats  P,  M  y  S:  193  eatudiantea 


Tab  la  1 


La  realizacion  do  loa  teats  ha  tenido  lugar  en  tree  aeaionea 
diferentes,  con  un  intervalo  m£nimo  de  tres  dlaa  entre  una  y  otra,  si 
bien  en  la  mayor  parte  .  de  los  casoa  eate  intervalo  ha  aido  de  1  6  2 
semanaa.  Los  alumnos  han  dispuoato  de  tiempo  libre  para  contestar  los 
testa  (entre  30  y  45  nunutos  por  tfirmino  medio). 


Es  evidente  la  irnportancia  de  los  criterioo,  do  paao  do  nivelos  y 
de  aoignacion  de  nivel  minimo,  elogidoa  en  el  analisiE  de  las 
respueatas  a  eotoo  testa.  Habitualmente  so  toma  como  criterio  para 
superar  un  nivol  que  ol  e3tudiante  conteste  bien  2/3  de  lao 
respueatas,  lo  cual  aupone  en  nuestro  caso  superar  3  6  4  da  loo  5 
items  correBpondientea  a  un  nivel.  La  observacion  directa  previa  de 
nuostro3  aluranoa  y  otro3  estudios  realizadoG  con  ostudiantes  do 
nivelea  aemejantes  (Mayberry  (1983)  y  Motos  (19S5))  nos  hicieron 
suponor  a  priori  que  la  mayoria  de  alumnoG  estarian  en  los  nivelea  2  y 
3  (para  nosotroo,  el  primero  de  los  nivelea  deacritos  por  van  Hiole  es 

01  nivel  1  y  consideramos  en  el  nivel  0  a  quieneu  no  alcanzan  el  nivel 
1).  Por  este  motivo,  hemos  utilizado  doa  criterios  de  superacion  de 
nivelen  (ver  Usiskin  (1982),  pg.  23).  Hay  que  procurar: 

a)  En  loa  niveles  bajoa,    que  los  alumnos    o    queden  por  debajo  de  au 
nivol  real,  por  lo  que  usamoB  eJ.  criterio  3/5. 

b)  En  Ion    nivolea  altoa,     que  los    alumnos  no    superon  un    nivel  por 
respuestaa  al  azar,  por  lo  quo  empleamos  el  criterio  4/5. 

Hemos  asignado  los  niveleB  de  doa  formas  diferentes:  mediante  el 
criterio  33344  ( es  decir,  3  do  5  para  los  tres  primeros  niveles  y  4  de 
5  para  los  doa  ultimos  niveles)  y  33444.  Ademas,  a  un  alumno  que 
super?  los  niveles  1  y  2  y  fallo  el  nivel  3  se  le  ha  asignado  el  nivel 

2  ( independientemente  de  loa  resultados  obtenidoa  en  los  niveles  4  y 
5).  La  tabla  2  muestra  un  resumen  de  los  nivelos  obtenidoa. 


RESULTADOS  Y  CONCLUSIONES 


TVHt 

P 

Teat 

M 

Teat 

t» 

Nivol 

33344 

63444 

33344 

33444 

33344 

33444 

0 

4.40 

4.40 

24.  74 

24.  74 

46.  28 

4b.  28 

1 

71.90 

11.98 

20.  92 

20.  92 

44  97 

44.  97 

2 

24.4b 

6  7.  96 

26.  00 

41.  68 

1.  89 

6.  29 

,! 

he.  72 

23.47 

22.  98 

3.  e? 

7.  66 

3. 14 

4 

1 .  71 

1 .  71 

2.  30 

1 . 02 

0.  00 

0.  00 

6 

0.  73 

0.49 

4.08 

3.06 

0.31 

0.31 

Tablet  Z:  DiatribuaiSn,  en  %,  de  loa  alunrnoa  por  niveles 

El  analiaia  de  eatos  reaultados  ha  Bldo  realizado  calculando 
varioa  coef icientea .  Para  la  verificacion  de  la  jerarqulu  de  Iog 
niveleo  ae  ha  ompleado  el  coeficiete  R  de  reproductividad  del  Analiaia 
BBcalograf'ico  de  Guttman;  este  coofioiente,  que  evalua  la  carvtidad  de 
entudiantoo  que  han  fallado  un  nivel  pero  han  paBado  otro  superior,  ha 
sido  utilizado  dc  forma  eficaz  en  trabajos  anterioros,  como  el  dc 
Mayborry  (1S83)  o  ol  C.S.M.S.  Project  del  Chelsea  College  (Hart  y 
otron  (1981)).  La  tabla  3  contione  lob  valorea  obtenidoa  al  medir  laa 
reapuentaa  correapondientci-  a  loo  nivelea  lab. 


Tipo  de 

aorreaaion 

Tipo  de 

oorrccaion 

Teat 

33344 

33444 

Toot 

33344 

33444 

P 

0.940 

0.939 

P 

0.976 

0.990 

M 

0.868 

0.861 

M 

0.969 

0.966 

S 

0.863 

0.903 

6 

0.868 

0.935 

Tabla  J.-  Coeficiente  H  para  Tabla  4:  Coeficiante  H  para 


los  nivelea  1  a  5  loa  nivelaa  1  a  4 

Se  auele  considerar  valida  la  jorarqula  de  los  nivelea  ai  el 
coef  lcie.ite  R  no  ea  inferior  a  0.90  (Mayborry  (1983))  o  a  0.93  (Hart 
(19lil)).  Segun  onto,  habrta  que  rechazar  la  Jerurquizacion  do  loa 
niveleo  de  van  Hiele  en  medida  de  magnitudes  y  on  aolidos.  No 
obatanto,  un  analiaia  mas  detallado  de  loa  reoultados  pone  de  relieve 
de  forma  clara  la  influencia  del  nlvel  5  en  los  coeficientes 
antorioreB.  La  tabla  4  muestra  loa  coef icientea  obtenidoa  al  medir 
□olo  las  renpuestan  corruapondienteo  a  los  nivelea  1  a  A. 

Estoa  reoultados  noa  llovan  a  la  conclusidn  de  que  loa  cuatro 
primeroo  nivelea  del  modelo  de  van  Hiele  forman  una  jerarqula,  pero 
que  el  quinto  nivel  preaenta  caracterloticaa  eapecialea  que  deben  aer 
eatudiadaa  detalladamente,  con  el  fin  de  reformular  sua 
coractarlsticas  o  de  considerar  la  poaibilidad  de  eliminarlo  del 
modelo,  como  3ugiore  el  propio  van  Hiele  (1986,  pg.47). 

Para  cvaluar  la    capacidad  de  prediccion  del  modelo  de  van  Hiele 


1094 


136 


homoo  utilizado  doo  cocfictentea .  Con  el  coeficiento  C  de  conueneo  de 
Loik  oo  mido  el  grado  de  dioperoi6n  do  loo  nivelea  alcanzados  por  una 
peroona  en  los  diferonteo  teuta,  miontrao  que  ol  coeficiento  Y  de 
Kruokal  mido  la  correlaci6n  entro  Iqb  ronpuoatao  del  total  de  alumnoa 
a  doo  de  los  tea  to. 

El  coeficionte  C  varla  entro  0  y  1,  C=0  indica  diaparidad,  CaO.5 
indica  aleatoriedad  y  C=l  indica  concordancia  entre  las  reapueataB. 
HemoB  agrupado  loo  valoreo  obtanldos  en  varioa  intorvaloa;  X  a  (o, 
0.1b(,  I2=(0.15,  Q.30|,  I3=[0.30,  0.70[,  1^.1,0.70,  0.85(,  I  »  (0.85, 
1],  Lao  groficaa  muestran  loo  porcentajos  de  alumnoa  en  cada  uno  de 
los  intervaloa;  en  cada  cuao,  la  columna  izquierda  corrospondo  al 
critorio  3334.4  y  la  columna  derecha  corrooponde  al  33444. 


1  3  5 
Too  to  1  y  2 


'l  A3  45 
Ten to  1  y  3 


% 

60 

40 

20 

a 

1 

1 

0 

"1  3  *5 
Toots  2  y  3 


Teats  1,  2  y  3 


El  coeficionte    y  torna  valoreo  entre  ~1  y  +1  y  bu  uignificado  oa 

el  habitual  en  loa  cool* icientos 
de  corrolacion.  La  tabla  !i 
muootra  loa  valoreo  obtenidoo 
para  cuda  par  do  teato. 

Tanto  el  coeficiente  C  como 
el  coeficiento  y  indican  que: 


Tipo  do  aovvecoion 

Teuta 

33344 

33444 

P  y  M 

0.46 

0.5S 

P  tj  S 

0.45 

0.40 

M  y  S 

0.41 

0.44 

Tabla  5:  Cocfioie.nte  y 

1)  No  hay  divergoncla  entro  loo  diferenteo  toato. 

2)  Hoy  cierto  grado  do  concordancia  entro  loa  reoultodoo  de  los  tcoto, 
pero  eoto  es  inauficlente  para  apoyar  la  hip6toois  de  lu  global idad 
de  loa  niveles  de  van  Hielo. 

Tanto  nuestra  exporiencia  como  luu  otraa  a  lao  que  nos  hemoa 
referido  antes  preeontan  un  porcentaje  muy  reducido  de  estudiantoa  en 
los  niveleo  4  y  5,  por  lo  que  creemoo  que  no  son  validaa  para  obtener 
conclusiones  re3pecto  de  eotoo  nivelea.  Una  linea  que  deberla  sor 
seguida  en  futuraG  inveatigacionoB  es  la  de  realizar  experienciao  con 
grupos  en  loa  cualeo  la  moyorla  de  las  per3onaa  eoten  en  Ion  dos 
niveleo  superiores;  cs  muy  probable  que  en  este  caoo  se  obtengan 
resultados  positivos  acerca  de  la  capacidad  de  prediccion  del  modelo 
de  van  Hield  puea  una    persona  oituada  en  loa    tros  primeroa  niveles 
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tlene  una  viai6n  local  y  fragmentada  do  low  matematicaa  quo  dificultn 
la  transference  do  conocimientos  do  unaa  uroao  a  otratj,  mlontraa  quo 
aquclloo  oatudlantes  que  han  ulcunzado  «1  cuarto  o  qulnto  nlvf,l  00n 
capacea  de  tenet-  una  vini6n  global  de  luo  mat.ematicao  que  racilitu 
dicha  tranaferencia.  Nueotra  hip6teaio  al  respecto  oo  quo  Ion  nivelea 
1.  2  y  3  Don  localeo  y  no  permiten  realizar  prediccionee,  mientrao  quo 
loa  nivelea  4  y  5  oon  globalca  y  a!  permiten  realizar  prediccioneo . 


REFERENCES 


Bur<jcr,  W.F.;  Shauhneaay,  J.M.  (1986):  Characterizing  tho  van  Hide 
levels  of  Development  in  Geometry,  J.  for  Ronoarch  in  Math. 
Mucatlon  vol.  17,  pp.  31-48.   ~~"  "  

Freudenthal.  H.  (1973):  Mathematics  aB  an  Educational  Task.  (D. 
ReiCel:  Dordrecht).  —  • — -  1 

FUy8'  r^TT*8'  D-  <l984):  M--iJl!l£»t^gation  of  the  van  Hide  model 
ofJhi^lUng  in  Geometry  _umonB  6th  and  9th  graded"'  Research 
jjj2digg»-and  implications.  (ERIC:  Columbua,  OH).  " 

Hart' y  iT55ri1  c-n-ild'•('"•  "  Understanding  of  Mathematics 
11-16-  (J.  (Murray:  Londres).  

lloffer,  A.  (1983):  Van    Hiela  based  Research,    on  Leah,  Landau  (eda.) 

Acquloltlon,_oi    Mathematics    Conceptn    and    Proceaoes  (Academic 

Preao:  N.  York),  pp.  205-227.   

Mathematics    Resource    Project    (1970):    Didactica    and  Mathematics. 

(Creative  Publications:  Palo  Alto,  CAT  ~ 
Matoa,    J.M.     (1985):    Geometric    concepts    of    Portuguese  prcservtce 

primary  Teachers:  A  van  Hiele  banod  Reooarch,  en  Stroefland  (od  ) 

Proceedlnga  of    the  9th    International  Conference    of  the    P.M  E 

I0W40C:  Utrecht)  vol.  1,  pp.  189-194.  "  ~  ""  ■ 

Mayberry,  J.     (1983):  The    van  Hiele    lovela  of    Geometric  Thought  in 

Undergroduate  Preaervice    Tcachora,    J.     for    Ronoarch    in  Math. 

Education  vol.  14,  pp.  58-69.  ~  

Sank,  S.L.  (1985):    Research  and  Curriculum    Development  based  on  tho 

yan  Hiele  model    of  Geometric  Thought,    en  Boll,  Low,  Kilpatrlck 
eda.)  Taeory,  Reaearch    and  Practice    in  Mathematical  Education 

(Shell  Centre:  Nottingham),  pp.  351-357.  "  

Uaiakin    Z.     (1985):  Van    Hiele  levels    and  Achievement    in  Secondary 

School  Geometry.  (ERIC:  Columbua,  OHiT  ~ ~  

"York)  P*M*  U986):  Structur<!  and  insight.  (Academic  Preao:  N. 
Wirszup,  I    (1976):    Breakthroughs  in  tho    Psychology  of  Learning  and 

Teaching  Geometry,  en  Martin,  Bradbard  (eda.)  Space  and  Geometry. 

Papero  from  a  reaearch  workahnp  (ERIC:  Columbus,  OH),  pp.  75-97. 


High  school 
mathematics 


1097 


-  lltl  - 


THE  ROLE  OF  COGNITIVE  CONFLICT  IN  UNDERSTANDING  MATHEMATICS 


Toshiakira  FUJI  I 
Institute  of  Education 
University  of  Tsukuba,  JAPAN 


ABSTRACT 


Cognitive  conflict  is  regarded  as  a  factor  that  could  promote 
students'  understanding.  Focusing  on  instrumental  understanding  and 
relational  understanding,  this  paper  uims  to  clarify  the  role  of 
cognitive  conflict  in  students'  Mathematical  understanding!  using 
the  prohlea  of  solving  a  linear  inequality.  A  model  of  students' 
understanding  and  cognitive  conflict  was  built  to  analyze  students' 
answers  collected  fro*  a  lower  secondary  school.  Finally, 
implications  for  teaching  were  raised  to  provide  teachers  with  some 
idea  of  how  to  utilize  cognitive  conflict  questions. 


In  Mtbeaatical  education,  a  deep  understanding  is  desirable  rather  than  a 
superficial  understanding.  Typical  of  the  latter  is  to  know  what  to  do  without 
knowing  why,  and  of  the  fomer,  is  to  know  what  to  do  and  why.  In  the 
teaching/learning  process,  teachers  should  make  an  effort  to  attain  a  deep 
level  of  mathematical  understanding  within  -.tudents.  The  author  points  out  the 
most  effective  way  of  achieving  this  is  to  provoke  cognitive  conflict  within 
students  and  let  then  resolve  the  conflicts  by  themselves. 

The  purpose  of  this  paper  is  to  clarify  the  role  of  cognitive  conflict  in 
students'  mathematical  understanding  and  to  provide  teachers  with  some  idea  of 
how  to  use  cognitive  conflict  questions  to  promote  students  understanding. 

The  present  study  focuses  on  the  concepts  of  'instrumental  understanding' 
and  'relational  understanding',  initially  used  by  R.  R.  Skemp.  As  it  is  crucial 
to  distinguish  between  which  conceptions  are  in  conflict  with  each  other,  a 
model  of  the  structure  of  understanding  and  cognitive  conflict  was  developed. 
These  models  provided  a  basis  for  the  following  analysis  of  the  students' 
understanding  of  solving  linear  inequality. 

D.  THE  MODEL  OF  UNDERSTANDING  AND  COGNITIVE  CONFLICT 

(1)  The  Structure  of  Instrumental  and  Relational  Understanding 

According  to  R.R. Skemp,  instrumental  understanding  is  characterized  by 
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|l»2  - 


"rules  without  reasons"  or  "the  ability  to  apply  an  appropriate  remembered  rule 
to  the  solution  of  a  problea  without  knowing  why  the  rule  works".  Namely,  it  is 
the  understanding  focused  on  'how1.  In  this  paper,  we  distinguish  between  two 
aspects  of  the  'how' : 'how  in  action'  and  'how  in  expression'.  The  former  is  the 
action  aspect  of  how  called  'behaviorized  how',  that  is,  it  is  oriented  to 
finding  an  answer.  The  latter  is  the  verbal  aspect  of  the  how  callad  'verbalized 
how',  that  is,  it  is  an  expression  of  action  procedure  in  words.  Whereas 
instrumental  understanding  is  "knowing  what  to  do",  relational  understanding  is 
characterized  by  "knowing  what  to  do  and  why".  This  structure  of  understanding 
is  shown  in  fig.l. 

  Relational  Und.  — — 

  Instrumental  Und.  


Behaviorized  How 


T 


Verbalized  How 


Justification  of  How 


Fig.l 

(2)  Cognitive  Conflict 

Me  aay  say  that  not  all  processes  of  understanding  are  developed  by 
cognitive  conflict,  but  we  consider  that  understanding  May  be  promoted  by 
resolving  the  cognitive  conflict,  especially  from  instrumental  understanding  to 
relational  understanding.  It  is  crucial  to  identify  which  conceptions  are  in 
conflict  with  each  other.  According  to  this  model  of  understanding,  we  can 
identify  at  least  three  cognitive  conflicts: 

Cii  conflict  in  'behaviorized  how' 

C»:  conflict  in  'verbalized  how' 

Cj:  conflict  in  'justification  of  how' 

In  this  study,  the  following  problea  concerning  linear  inequality  was 
given  to  students  to  provoke  cognitive  conflict. 

"Usually  we  would  solve  a  linear  inequality  such  as  X-2>5  by  adding  2  to 
both  sides,  that  is,  X-2t2>5+2,  and  the  answer  is  X>7,  or,  if  a>b,  then  a+obtc. 
On  the  other  hand,  if  we  were  to  add  2  to  the  left  side  and  only  1  to  the  right, 
that  is.  K-2+2>5+ 1 >  we  would  attain  the  answer  X>6,  or,  if  a>b  and  e>f,  then 
ate>btf.  What  do  you  think  about  the  difference  ?  " 

Below  is  a  detailed  description  of  what  took  place  in  class  when  the  author 
taught  a  Hath  class  using  cognitive  conflict  as  the  motivation  for 
understanding. 

At  the  very  start  of  the  fourth  math  class  session,  the  students  were  asked 
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to  solve  three  inequalities  without  prior  explanation  as  to  how  to  do  it.  (  The 
first  investigation  )  One  of  the  students  solved  the  problem  "X  2  >  5"  this  way: 
X-2t2  >  5*2.     The  final  answer  was  "X  >  7".  His  explanation  is  written  below. 
'There  is  no  change  in  the  inequality  2  <  3  if  we  add  1  or  100  or  3.3  to 
both  sides. 

2+1  <  3+1      3  <  4      Therefore,  I  added  2  to  both  sides  as:  X-2+2  >  5+2. 
X  >  7  .' 

When  the  teacher  asked  the  student  what  he  «eant  by  "no  change",  the  reply 
was  "the  direction  of  the  inequality  sign".  Then  the  teacher  «ade  sure  that  this 
answer  was  supported  by  «ost  of  the  students.  Next,  the  teacher  asked  again, 
"If  we  add  2  to  the  larger  side  and  1  (which  is  s«aller  than  2)  to  the  smaller 
side,  we  can  be  sure  that  the  direction  of  the  inequality  sign  never  changes. 
This  is  because  we  add  the  larger  nu»ber  to  the  larger  side  and  the  saaller 
nuiber  to  the  smaller  side.  But  if  we  do  so.we  get  X  >  6  which  is  different 
fro*  Urn  fomer  answer.  What  do  you  think  of  the  difference?" 

Based  on  this  type  of  interaction,  the  cognitive  conflicts  which  nay  rise 
within  individual  students  were  as  follows: 
C:  With  regards  to  the  answer,  which  is  correct  ,  X>7orX>6? 
C«:  With  regards  to  the  procedure  to  get  the  answer,  which  is  proper   "to  add 
the  sane  quantity  to  both  sides,  or  to  add  a  larger  quantity  to  the  larger 
side  and  a  smaller  quantity  to  the  smaller  side?" 
Cj:  With  regards  to  the  validity  of  the  procedure,  which  is  valid  even  if  both 
procedures  result  in  no  change  in  the  direction  of  the  inequality  sign? 
These  conflicts  are  shown  in  figure  2. 


Behav i prized  How 

 X^2~>S 

X-2+2>5+2 
X>7 


Behaviorized  How 


X-2>5 
•2+2>5+l 
X>6 


Verbalized  How  

to  add  the  same  quantity 
to  both  sides 
a>b  --"  a+obtc 


nr.: 


Verbalized  How  

"to  add  a  larger  (smaller) 
quantity  to  the  larger 
(smaller)  side 
a>b,e>f  —  ate>b+f 


Justification  of  How 
no  change  in  inequality 
sign  by  adding  the  sawe 
quantity  to  both  side 


 -> 


Justification  of  How 


no  change  in  inequality  j 
sign  by  adding  a  larger  , 
(sua Her) quantity  to  the  j 
larger (smaller)  side 


Fig.2 


As  ,i  result  of  resolving  Uium!  cognitive  conflicts,  wu  cm  expect  the 


a 
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students'  understanding  to  be  sore  profound  than  before.  Ci  Hill  provoke  the 
student  to  investigate  the  correctness  or  the  incorrectness  of  the  answer. 
Therefore,  by  resolving  Ci  the  student  may  move  from  instrumental  understanding 
to  relational  understanding  (Ri). 

81:  'behavioriied  how'  and  why;  namely,  "why"  is  focused  on  the  correctness 
(or  incorrectness)  of  the  answer 
Similarly,  conflicts  Ct  and  Cj  will  lead  to  relational  understanding  R>  and 
R3  respectively. 

Hi:  'verbalized  how'  and  why;  namely,  "why" is  focused  on  the  correctness  (or 

incorrectness)  of  the  procedure 
Rj:  "why" is  focused  on  the  validity  of  the  reason  of  how 


Focusing  on  the  students'  understanding  of  linear  inequality,  we  carried 
out  an  experimental  study  to  clarify  the  role  of  cognitive  conflict  in  the 
learning  process.  The  subjects  used  were  eighth  graders  ((MO)  at  a  national 
secondary  school  in  Tokyo.  The  author  started  with  a  three-hour  introductory 
session  with  the  students  which  consisted  of  the  following:  a.  citing  a 
situation  and  translating  it  into  a  mathematical  expression  (linear 
inequality);  b.  clarifying  all  possible  implications  of  the  said  linear 
inequality;  c.  knowing  the  relationship  between  the  solution  set  of  the  linear 
inequality  and  the  number  line;  d.  determining  the  smallest  possible  value  by 
treating  the  linear  inequality  as  a  linear  equation. 

Then,  without  prior  explanation  as  to  how  to  solve  the  problem,  the 
students  were  asked  to  solve  three  linear  inequality  problems;  X-2  >  5,  1/2X+2 
>  4,  and  2-3X  >  8.  The  number  of  students  who  obtained  the  correct  answer  for 
problems  were  40,  38  and  23  respectively.  These  results  are  actually  very 
satisfactory  considering  that  the  students  had  not  yet  been  taught  how  to  solve 
linear  inequalities.  In  the  third  problem,  the  most  common  mistake  was  the 
incorrect  use  of  the  inequality  sign.  Using  the  inequality  'X  2  >5',  the 
teacher  then  tried  to  provoke  student  conflict  by  asking  if  that  inequality 
could  be  solved  by  adding  2  to  the  left  side  and  1  to  the  right  side  of  the 
inequality,  thus  resulting  in  'X  >  6' .  The  teacher  asked  the  students  to  writo 
what  they  thought  about  this  suggestion  and  collected  their  papers.  The 
students  were  then  asked  to  discuss  this  matter  with  their  classmates,  after 
which  they  wrote  their  final  opinions. 

Based  on  the  students'  opinions,  the  author  constructed  10  categories,  5 
levels  for  understanding  and  5  for  misunderstanding,  to  evaluate  students' 
opinions,  (sec  fig.  3  and  its  note) 


B.  EXPERIMENTAL  STUDY 


-  us  - 


Misunderstanding 

i 
i 

Inst. 
Und. 

1 

r 

Ret. 

Ro 

 , 

Ro 

Ri 

Ri 

una. 

Rj 

R2 

Ra 

R3 

Fig.3 

NOTE  :  Besides  categories  of  RuRi  and  R3  mentioned  above.  Ro  and  T.  R,~R3 
are  established. 

R,:  student's  description  was  too  vague  to  classify  as  either  category. 
T,"R.~R>:  misunderstanding  .that  is,  inclusion  of  some  incorrect 
terns  or  explanations  in  student's  written  answer. 

IV.  RESULTS 


This  paper  focused  on  students  who  were  identified  in  the  first 
investigation  as  having  an  instrumental  understanding  level.  It  -ay  be 
concluded  that  through  provoking  and  causing  students  to  resolve  cognitive 
conflicts,  students'  understanding  can  be  promoted  fro.  instrumental 
understanding  to  relational  understanding.  However,  a  closer  examination  of  the 
results  reveals  that  the  students'  state  of  understanding  greatly  varies, 
implying  that  cognitive  conflict  can  be  provoked  in  various  ways  (depending  on 
which  conceptions  are  in  conflict).  The  author  tried  to  categorize  the  state  of 
understanding  in  terms  of  which  conceptions  are  in  conflict  with  each  other. 

Here  are  some  typical  students'  answers.  The  first  type,  represented  by 
students  137.  111.  and  124,  is  shown  in  fig.  4,  the  second  type,  represented  by 
students  »5,  17.  and  140,  is  shown  in  fig.  5. 

(1)  In  the  first  basic  type,  conflicts  C..C,  and  C,  seem  to  lead  to  an 
understanding  level  of  R„Rz  and  R,  respectively,  thus  producing  a  parallel 
line  image  as  shown  in  fig.  4. 

Student  «37  arrived  at  R,  by  resolving  cognitive  conflict  C, 

I  :    treated  it  as  an  equation 

R^:  "actually  I  substituted  8  for  X.  then  the  inequality  seemed  OK  " 

R(:  "according  to  Mr.  0  he  substituted  7  for  X  and  found  that  the  answer  was 

strange  so  I  thought  thai  that  couldn't  be  right  (lo.  X  .ouldn't  be 

ereater  than  G  ) . 
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Student  Ml  arrived  at  Ri  by  resolving  cognitive  conflict  C2 

I  :  "if  1  subtract  2  fro*  X,  the  result  will  still  be  larger  than  5;therefore 

it  aeans  that  X  is  larger  than  7." 
Rt:  "it  is  necessary  to  add  the  sa«e  quantity  to  both  sides  to  avoid  taking 

an  unnecessary  part (6  <  X  £  7)." 
Rj:  "we  can  find  the  correct  answer  for  X  by  adding  equal  quantities  to  both 

sides. " 

Student  124  arrived  at  R3  by  resolving  cognitive  conflict  Cj. 

I  :  "I  regarded  V  as  V  and  treated  it  as  an  equality." 

Ra:  "it  is  okay  not  to  change  the  direction  of  the  equality  sign  but  the 

■eaning  of  the  «athe«atical  sentence  itself  is  strange." 
Rs:  "when  wa  sisplify  the  inequality  we  have  to  Maintain  value  of  X" 


Fig.4 


Hi  sunders tanding 


I 


Understanding 


Fig.5 


(2)  The  second  type  shows  that  the  state  of  understanding  changes  diversely. 
Even  the  students  all  started  fro«  I  but  «oved  in  different  directions  thus 
producing  a  scattered- iaage  as  shown  in  fig.  5.  These  three  students  were 
considered  to  be  within  category  I  because  they  got  the  correct  answer  for 
problem  1,  solving  it  in  the  saae  way  as  an  equation.  However,  they  got  the 
wrong  answer  for  problea  3  when  they  applied  the  sa«e  logic. 
Student  15 

I  :    treated  it  as  an  equation 

Ri:  "substituting  6.5  for  X-2  >  5,  I  got  4.5  <  5  with  a  change  in  inequality 
sign. 

Ri:  "I  understand  that  the  value  of  X  is  important.  I  understand  it  through 

the  number  line. 
Student  1(7  moved  fro*  I  to  Ri  then  to  R2. 
I  :    treated  it  as  an  equation 

Ri:  "  X  >  6'  is  different  fro*  the  original  value  of  the  inequality.  I 
substituted  6.2  ,  which  is  larger  than  6,  and  got  wrong  expressions, 
(ie  6.2-2  >  5,  4.2>5). 

R2:  "What  we  add  to  both  sirii-s  of  the  inequality  must  be  the  same  because 

if  we  add  or  subtract  different  quantities  we  get  the  wrong  v,»lu«  of  X". 
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Student  140  moved  f  rom  T  to  R,  then  to  R3.  This  could  mean  that  conflict  Ca 
was  the  motivation  tool  which  led  hie  eventually  to  understand  R3  . 
I  :    treated  it  as  an  equation 

Ri:  "We  can  substitute  any  number  which  is  larger  than  6  for  X.  (6.1  was 

substituted  for  X) ." 
R,:    Mhen  He  change  the  sentence  we  should  maintain  the  direction  of  the 
inequality  sign  and  the  range  of  the  value  of  X. 
At  level  Ri  students  15,  17  and  140  are  all  in  the  same  category  of 
understanding.  However,  their  final  states  of  understanding  all  differ  that  is, 
Ri,  Ri  and  Ri.  This  suggests  that  students  focused  on  different  aspects  of  the 
cognitive  conflict.  These  differences  were,  iii  turn,  reflected  in  their 
approaches  taken  to  resolve  the  problea,  producing  varied  answers. 


1)  Through  provoking  and  causing  students  to  resolve  cognitive  conflicts, 
students'  understanding  may  change  fro«  instrumental  to  relational  understanding 
(Ri~Rj).  Therefore  cognitive  conflicts  can  be  regarded  as  »otives  which 
proaote  students'  understanding  from  instrumental  to  relational  understanding. 

2)  Cognitive  conflicts  Ci  ~C3  often  lead  to  the  understanding  of  R i ~ Rs 
respectively. Therefore,  it  is  crucial  to  recognize  which  cognitive  confliclCie, 
Ci.Ci  or  Cj)  the  student  has  as  this  is  thought  to  largely  determine  his 
ultimate  level  of  understanding. 


1)  In  the  teach ing/1 earn irs  process,  the  questions  which  may  provoke  conflict  in 
students  are  useful  especially  when  the  teacher  needs  to  know  tht:  state  of 
understanding  of  the  students.  In  fact,  even  if  the  answers  to  the  problem  'X  2 
>5'  are  all  correct,  behind  this  efficiency  lies  varied  states  of  understanding 
which  can  be  revealed  through  the  use  of  cognitive  conflict  questions. 

2)  The  cognitive  conflict  questions  should  be  contrived  so  that  they  contain 
'behaviorized  how',  'verbalized  how'  and  'justification  of  how'  because  this 
kind  of  question  will  activate  students'  thought  at  various  levels. 


V  .  CONCLUSION 


IMPLICATIONS  FOR  TEACHING 
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CoeActual  camcmpUam*  at  fawMfanwitkii. 
Crtheriaa  Gtowdoa  and  Cimte  juvto. 

The  notion  of  transformation  it  characterized  as  a  process 
through  which  entities  are  changed  from  an  Wtial  state  to  a 
final  cm  IranslbrmarJans  an  ccratderad  in  the  paper  as 
Menu!  representation!  (  or  conceptions)  anted  with  the  use 
of  snows.  lamporel  cottcepttons  are  distinguished  from 
procedural  conception*  It  is  assumed  mat  problem  solving 
ataaoes  require  a  «exibk)  use  of  both  It  has  bean  shown  that  a 
special  type  of  mathematics  teaching  can  prevent  such  a 
tadbftiy  to  matarlakm 

AjtaAaltlan 

A  trarafcrmatkan  k  a  process  through  which  an  entity  ts  changftd  Into  anotlw 
one.  Such  a  daMtion  encornpeases  several  cases.  An  object  can  became  another 
object  a)  a  square  being  strafched  Wo  a  naiang^b)  taking  the  square  root  of  4  and 
obtaMngS.  c)  squaring 4  to  get  16_  Or«c<^canbechan^Woothfrob)ocls:d) 
a  loaf  of  broad  being  cut  into  two  parti,  e)  a  molecule  spat  into  its  components. 
Sevwsl  ot^ecU  can  atoo  ba  roorgsnaed  Wo  many  objects.  One  notes  that  the  objects 
considered  vary  on  a  spectrum  of  ahrtractnosa,  fet  the  examples  we  gave:  bread, 
moieculo  and  4  are  located  at  different  lev*  at  abstraction.  What  characterizes  any 
transfornuttatamat  anMUal  state  canbecastingiMxlfrurnaniwl  state. 

A  mwsfarmation  la  often  symboBcaliy  represented  by  an  arrow  linking  the 
initial  and  the  final  states. 

a)  Q  ►  |         |  b)   4   vVT-  2 

c)    4   *►  <*-li  e)2H20   +2H2  +  Qi 

Aurimtftatthwi 

In  a  classification  of  the  types  of  arrows  that  one  finds  in  mathematics  and 
science  textbooks  made  by  a  few  interesting  facta  were  singied  out  Arrows  are  often 
used  In  order  to  express  adoration,  a  laps*  of  tire*  Rather  than  using  two 
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different  frames  ulna  comic  strip,  some  authors  ttnk  two  drawings  by  an  arrow. 
One  of  the  technique  of  analysis  used  in  the  paper  Just  mentioned  consists  in 
dynamizing  static  diagram  comprising  a  final  and  an  initial  state  in  order  to  assess 
the  rote  of  the  arrow  and  its  indtsteraabte  presence  In  the  diagram  This 
dynarnization  involves  creating  a  scenario  of  an  animated  movie  sequence.  This 
method  shows  that  sometimes  intermediate  states  can  be  inserted  in  between  the 
Initial  and  final  states,  sometimes  the  change  is  sudden  and  no  in-between  states  can 
be  introduced. 

l&MttftlOMMBP  mi  mmxpUon 

This  suggests  that  the  actual  use  of  arrows  (external  representation)  may  evoke 
mental  images  or  elements  that  are  linked  with  some  sensori  motor  experience 
(internal  representation)  which  can  be  assigned  to  two  irreducible  categories.  In  this 
paper,  we  examine  only  the  transformations  as  conceptions,  as  they  are  mentaly 
processed  by  students'  mind.  Transformations  and  conceptions  of  transformation 
are  consequently  interchangeable  in  this  paper.  We  shall  call  temporal  a 
transformation  that  involves  intermediate  states  and  procedural  the  others  far 
which  no  Intermediate  state  can  be  introduced  We  accept  the  fact  that  there  srJU 
remain  doubtful  cases  and  also  that  it  is  not  easy  to  detect  students'  nmental 
constructs.  We  behave  it  is  the  prion  to  pay  for  exploring  the  domain. 

A  rmwpnt  ritfWniHy 

Janvier  and  Mary  (in  preparation)  and  Bednarz  N. ,  Janvier  E  and  Potter 
Lil9«3)  lave  shown  that  describing  a  transformation  was  difficult  to  achieve  With 
young  children,  identifying  how  a  number  is  changed    when  someone  adds  or 
takes  away  objects  often  amounts  to  providing  the  final  state.      For  example,  let 
us  consider  the  following  easy  problem:"  You  have  5  candies  tn  your  bedroom  desk 
drawer,  your  mummy  when  you're  at  school  added  some  candies  tn  the  drawer. 
When  you  come  back  home  you  find  9  candies  in  your  drawer.  How  many  did  she 
add?  Most  children  aged  5  or  6  would  answer  9  or  14  to  this  question  describing  the 
transformation  by  the  final  state.  The  idea  of  squaring  a  number  brings  about  a 
dilemma  of  the  same  kind  Indeed,  x  2  represents  a  variabte  an  tndrvidual  entity  that 
changes  when  x  changes.  At  the  same  time,  it  shows  as  well  how  x  can  be 
transformed  into  x2  (by  squaring  it).  This  fact  explains  partially  why  the 
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tnuutomiatlan  as  such  is  identified  to  the  Anal  tUto  c&ject  vrf^  sometimes  (as  it  b< 
the  case  here)  svmboacaJry  deplete  or  evokes  tt. 

EapatiiBtii  riirtpi  md  tpMrttati  ammsimL 

The  subjects  of  trw  experiment  wore  20  beyi  and  gtrti  erf  year  4  of  secondary 
level  They  were  selected  on  the  tmm  of  their  general  ability  hi  mathematical 
demonstrated  by  their  belonging  to  a)  ate  (6)  from  a  group  taking  a  strong 
araentrattan  tn  math  and  science,  b)  eight  (8)  from  a  regular  teaching  tn 
mathematics  and  c)  so*  6)  taken  Iran  a  group  of  weak  students.  They  ail  had 
followed  a  biology  course  the  previous  year  including  some  Instruction  on  the 
phenomenon  of  "amttoata".  The  results  obtained  in  the  biology  course  were 
cheched  With  two  inaaappons  from  tha  group  B,  they  fit  the  classtotion  already 
dons  with  the  ordering  done  using  their  mathematics  ability. 

As  it  will  be  noted  In  the  description  of  the  task,  the  experiment  was  presented 
as  a  project  aimed  at  snfxovsig  the  diagram*  used  in  textbooks.  We  hoped  in  doing 
so  to  avoid  that  the  task  be  tefcnuned  to  a  kfexi  of  school  test  The  twenty  students 
were  divided  equally  into  an  experimental  group  (A)  and  a  control  group  (D)i 

In  the  experimental  design,  both  group  A  and  group  B  ware  administered  the 
rnKostf  diagram  task.  Group  A  had  worked  previously  on  a  series  of  exerdaea  that 
can  be  considered  as  a  psrturbaUoii  treatment  Group  A  students  worked 
ftxJMduaBy  an  tltose  exercises  during  low  fifteen  to  twenty  minute  sessions  over  a 
period  of  one  month.  All  interviews  were  videotaped  so  that  the  hand  gestures 
could  be  obearvabfe.The  general  objective  of  tim  research  (that  wffl  be  made 
precise  later)  was  to  observe  and  describe  Umb  effects  of  this  tisxatasisiit 
which  wo  shall  now  describe  on  the  mitosis  task. 

The  students  had  to  complete  seven  "arithmetic  network"  rimflar  to  the  one 
presented  in  figure  1.  Calculators  were  allowed  The  loops  included  In  the  network 
allow  the  student  to  automatfcafy  check  their  results.  Each  anow  plays  the  rote  of  a 
transfcamrtkxa  In  one  network  the  nature  of  the  transformation  was  asked,  in 
another  a  part  of  the  network  was  absent 

The  task  was  developed  by  Janvier  and  Mary.  It  is  buUd  ■around*  a  diagram 
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that  appear*  in  a  biology  textbook  and  that  'tow*-  The  designer  (etther  the  book 
author  or  the  Ouattrattng  artist)  has  aystemaVoally  described  all  the  UwatormaOon  of 
a  chromosome  by  pointing  to  the  result*  of  thai  famrafonrnbon  appearing  in  the 
diagram  at  the  end  of  the  arrow.  Doubtag  or  spitting  was  indicated  by  exhibiting  the 
remits  namely,  tv;a  chrcnKMomwAfter  minor  adjustment*  to  remove  ambiguities 
canted  by  the  wording,  the  biology  textbook  diagram  became  tlw  aw  on  which  the 
tntwMewi  were  bated  that  was  u»ed  In  the  interviews  (see  figure  21 


It  fat  subdivided  Wo  seven  parts. 
Aimtroductkm 

A  central  point  at  the  outset  to  to  state  dearly  that  the  diagram  shows  wM 
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happens  to  a  danmoMiiw  during  mltctfte  and  la  PQLl^klgtaJIm  U  IflilMfr  A 
slrat  convtsiatiuri  tottows  on  haw  the  aclk  spat 
B)  StOQUadthitMLWOCdl  (on  figure  2) 

Altar  having  explained  the  words  of  the  diagram,  the  student  is  aaited  to  tei 
the  story  of  the  chromoaante  or  what  happen  to  It  during  the  chtomaBame 

O  stay  waJ  taut  ttwwnk, 

The  tranapenncy  cm  which  appear  the  writen  irawtpttDne  M  then  taken  away, 
and  the  atudant  ta  aakad  to  tall  in  his  own  wcsds  what  tkxa  the  thinmoacane  during 
tnw  mttoata. 
Pfflff  phpea. 

Tha  tallowtna;  dsfintiona  am  jlvwii  to  the  studanU.  Thay  are  road  from  a  dwat 
that  wtf  stay  in  front  of  them  for  the  mat  of  UieWervtew. 

MBTAPHASE  period  during  which  the  chtomoaania  setts  Into  two  parts  that 


ANAPHASE  parted  ovw  which  the  centromere  dtvidee  and  random  each 


The  student  is  aakad  to  uaa  a  sticker  on  which  appaan 
a  painting  index  to  at  tow  on  the  diagram  where  are 
thoea  phages. 

E)  DgjpdimiWi. 

Tha  atudant  ia  presented  with  a  new  diagram  hut  ibis  time  the  plain 

arrows  (  " — ~~~  ^)aredvma^«brdc4tadanDwa(*-  •**"**),  The 
interviewer  then  aakad  whteh  diagram  he  (she)  prefers  the  new  one  or  the  one 
presented  at  fast 

F)  Dc>q1pta«Pi  t  Aiafthcanwa 

Another  diagram  ia  shown  to  the  atudenL  On  this  one.  tha  words 
describing  the  trarwtamwrtiori  are  put  on  the  top  of  each  arrow  rather  than  next  to 
the  final  state  Vac  Bxariipte,  we  wauid  find: 


remain  contacted  to  tha  casitmrnere. 


chromosome  totally  separate. 


DOUBUNGOP 


THECHROMOSOMH 


a 
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QlbsJdeaLikiiriWQ. 

The  student  to  asked  to  tako  any  elements  whatsoever  of  the  previous 
diagram  in  order  to  create  Uw  diagram  he  (the)  thinks  to  bo  the  best  and  to  say  why? 

The  main  idea  behind  the  task  to  to  titer  the  student  tevera!  sttuattara  in  which,  he 
(the)  can  reveal  how  evolve*  hit  (her)  oanocpUon  of  hanifarmation.  This  to  made 
powlbte  thanki  to  the  particular  structure  of  the  tank  which  eonaWa  In  a  continuous 
attempt  to  divert  the  subject  from  identifying  the  transfonrtatkm  with  the  final 
state  to  using  the  arrow  as  such  to  do  it  As  one  can  see,  every  new  question  Is  an 
attempt  to  do  so  through  xoikatatiorw  or  an  inducements  which  became  more  and 
more  "Irresistflie",  compelling 

We  dtotingutoh  in  part  8),  Q  and  D)  gestures  with  their  finger  (or 
tndtaatton  suggested  from  the*  speech)  which  would  amount  to  pointing  tha  final 
state  from  gestures  such  as  moving  the  finger  along  the  arrows  which  would 
implicitly  reveal  the  "presence'  of  intermediary  states.  As  for  parts  E\  F)  and  G),  the 
answers  of  tiw  students  were  analysed  on  this  b»*is. 

ftsmtti  atwl  tttraMrtona 

The  effects  of  the  'trestmenr"  was  astonishingly  hlgjv  We  wB5  report 
stmpty  on  a  few  parts  of  the  tasks,  the  rest  being  available  at  Hie  conference. 

In  part  B)  and  Q,  stories  were  really  dtferent  in  nature.  Par  the  groug  A,  as 
expected,  the  arrows  seem  to  be  considered  as  ways  to  go  from  a  state  to  another.  The 
stories  are  told  "with  the  fingers  on  the  states.  For  group  D,  wo  have  noted  more 
dynamic  stories  which  suggest  an  unfolding  action. 

Such  a  pattern  of  response  is  also  confirmed  with  the  answer*  to  part  Dfc 
Thephasea.  The  table  presented  below  Is  very  significant 

OasMiflcMUon  of  the  40  answers  givtm  to  F*rt 

group  A 

A  phase  identified  with  one  state  19 
A  phase  Identified  Bakxig  a  region*  0 
(one  case  special) 


D)  of  the  Mitosis  Task. 

group  D 
12 

0 
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The  arithmetic  network  has  certainty  brought  about  a  fixation  on  a  procedural 
conceprjcwi  that  was  not  dislodged  or  shaker  by  the  first  attempts  or  the  interview  As 
the  interview  progresses  not  much  change  tn  the  students'  pattern*  of  rename  can 
be  identified  aa  the  next  table  fcr  part  E)  thaws. 


CUagHkatiaB  of  the  29  answers 

Arrows  of  the  diagram 

Arrows  wNh  the  description  on  top 


gtvun  to  part  E)  of  the  afttoaas  Task. 

group  A  group  B 

9  4 

i  6 


The  ether  results  are  eirnaar  and  the  comments  provided  by  the  student* 
ad  converges  tn  the  same  direction.  The  avaHihtHry  of  a  temporal  conception  teem 
to  have  been  {peauy  reduced  the  arithmetic  network  exercises. 

We  think  that  the  consequences  of  such  a  study  are  major.  A  recent 
survey  we  have  made  has  shown  that  trarutfbrmatJona  in  mathematics  can  be 
ttewkw  labeled  as  procedure!  ur  temporal.  Is  It  not  powthto  that  some  form  of 
instruction  turns  out  to  be  couriarproducttva.  In  geometry,  for  instance,  aa  we  wtfi 
show  at  the  confangtee  some  tnmstuniLMiuns  are  procedural  others  are  temporal. 
But,  there  exists  at  the  moment  a  pedagogical  creed  which  assumes  that 
msrapuiatiarts  guars.  *M  the  elaboration  of  the  right  mental  support  to  deal  with 
algebraicafy  defined  banara  nation.  This  is  contrary  to  our  findings  since  we 
beHeve  thutt  temporal  conceptions  cannot  be  gerwraised  to  procedii.  al  ones. 
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LA  NOTION  DE  FONCTION  A  TRAVERS  LES  REPRESENTATIONS  GRAPHIQUES 
DU  MOUVEMENT.  UNE  EXPERIMENTATION  SUGGEREE  PAR  L'HISTOIRE. 
(Conference  will  be  in  english) 

Sophie  RENE  de  COTRET 
U.Q.A.M.  et  UNIVERSITE  DE  GRENOBLE  I 


ABSTRACT 

The  notion  of  function  has  been  initially  considered  as  a  "dependent 
variable".  An  historical  and  epistemological  study  showed  that  it  is  through 
the  integration  of  quantitative  measures  into  qualitative  representations  of  the 
motion  that  the  concept  of  dependent  variable  emerged.  With  this  analysis 
as  a  starting  point,  we  did  an  experiment  with  children  aged  12-15  to  see 
how  they  graphically  represent  different  movements  using  a  qualitative  or  a 
quantitative  approach,  and  so,  how  they  construct  their  concept  of  function 
as  a  dependent  variable. 


La  notion  de  fonction  a  grandement  6volu6  au  cours  des  siecles  demicrs.  On  retrouve  un 
vaste  dchantillion  de  definitions  et,  avec  le  temps,  le  domaine  s^mantique  de  fonction  s'est 
modifie.  On  re  marque,  en  etudiant  quelques  definitions,  qu'au  depart  la  fonction  se  resumait 
en  definitive  a  la  variable  dependante  puis,  peu  a  peu,  entre  autre  avec  ['introduction  de  la 
tMorie  ensemblistc,  clle  est  devenue  une  regie  de  correspondancc.  La  fonction  est  done  passee 
de  y=f(x),  ie  U  variable  =  la  fonction,  a  f(x)=  ie  la  fonction  =  la  regie  de  correspondence. 
Voyons  quelques  definitions  qui  nous  aideront  a  mieux  saisir  cette  nuance  trcs  importante. 

"Une  fonction  f  d'un  ensemble  A  dans  un  ensemble  B  est  une  regie  de  corrcspondance 
qui  associe  a  des  elements  de  A  un  et  un  seul  element  de  B."  (Manuels  scolaixes) 

Cauchy  (1821):  "Lorsque  des  quantites  variables  sont  tenement  liees  entre  clles  que,  la 
valeur  de  l'une  d'elles  etant  donnee  on  puisse  en  conclure  les  valeurs  de  toutes  les  autres,  on 
concoit  d'ordinaire  ces  diverses  quantites  exprimees  au  moyen  de  l'une  d'entre  clles,  qui  prend 
alors  le  nom  de  variable  indipendante  et  les  autres  quantitds  exprimees  au  nioyen  de  la 
variable  ind<pendante  sont  ce  qu'on  appelle  des  fonctions  de  cette  variable."  (Phili,  C.) 

Euler  (1755):  Des  quantites  dependent  des  autres  de  maniere  que  si  les  autres 
changent,  ces  quantitls  changent  aussi."  (Youschkevitch,  1976,  p.6I) 

Cest  a  Leibniz,  dans  son  "Methodus  tanyentium  inv^rsa.  seu  de  fonctionibus"  (1673) 
qu'on  doit  le  premier  cmploi  du  mot  fonction  pour  designer  les  grandeurs  dont  les 
variations  sont  liees  par  une  loi. 

Ces  definitions  nous  montrent  bien  que  pour  Leibniz,  Euler  et  Cauchy,  la  fonction  est  la 
variable  dependante,  tandis  que  dans  la  premiere  definition  on  a  un  exemple  ou  la  fonction  est 
une  regie  de  correspondancc. 

Cette  distinction  nous  a  amenis  a  retenir  pour  notre  etude  la  notion  de  fonction  comme 
variable  dependante. 
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HIST01RE 


Les  limites  imposees  nous  emp€chent  de  rc  tracer  ici  l'histoire  de  la  notion  de  fonction.  II 
est  tout  de  m£me  important  de  retenir  que  jusqu'a  la  fin  du  Moyen  Age,  a  cause  de  l'obstacle 
de  l'iricommensurabilit*,  il  Itait  impossible  d'avoir  des  relations  numenques  entre  deux 
variables  *tant  donnl  le  caractere  non  condnu  del  nombres,  ou  pour  ttre  plus  prtcis,  6tant 
donne'  le  caractere  non  numenque  ou  incommensurable  de  certains  rapports  de  grandeurs. 
Ainsi,  si  on  voulait  exprimer  la  relation  qui  exisuit  en  tie  deux  choses  continues,  on  ne  pouvait 
utilizer  les  n ombres,  et  les  proportions  entre  grandeurs  devenaient  alors  la  solution.  Cette 
utilisation  presque  lystimatique  des  proportions  dissimulait  le  lien  fonctionnel  qui  pouvait 
exister  entre  les  611  men  ts  considcres,  car  on  comparait  toujours  les  choses  4  a  4.  On  ne  pouvait 
ainsi  tublir  de  relations  entre  les  variations  de  deux  elements;  les  proportions  permettaient 
seulement  de  relier  deux  rapports.  Cet  obstacle  de  1'incommensurabilitc'  a  cree  une 
incompatibility  entre  nurnerique  et  continu. 

Cette  conception  est  encore  presents  au  XTVe  siecle  comme  1'illustre  cette  premiere  phrase 
du  trait*  "Tractatus  de  ennfiyuratinnihus  qualifatum  et  mntimm"  de  Nicolas  Oresme 
(1323-1382). 

"Omnis  res  mensurabilis  exceptis  numeris  ymaginatur  ad  modum  quantitatis  continue." 
(Every  measurable  thing  except  numbers  is  imaginable  in  the  manner  of  continuous  quantity.) 
(Qagett,  1968,  p.  167) 

Dans  ce  trait*,  Oresme  nous  fournit  une  mlthodc  permettant  de  reprfsenter  les  qualitls 
changeantes  au  sein  d"un  sujet  Les  intensites  des  qualites  (des  vitesses)  sont  representees  par 
des  segments  (non  des  nombresl)  enges  perpendiculairement  a  un  autre  segment  representant, 
lui,  le  sujet  (le  temps).  On  obtient  ainsi  un  graphique  illustrant  les  intensites  d'une  quality  ou 
d'une  vitesse  a  differents  points  du  sujet  ou  a  differents  temps. 

Cette  mgthode  graphique  offre  l'avantage  de  relier  deux  616ments  sans  passer  par  les 
proportions.  Elle  se  rapproche  done  de  considerations  plus  fonctionnelles,  cependant,  elle 
demeure  totalement  qualitative  et  theorique,  on  pourrait  presque  dire  imaginaire.  Oresme,  en 
effet,  n'a  jamais  mesure'  de  quelque  facon  que  ce  soit  les  intensites  des  qualites  ou  des  vitesses. 
Ses  configurations  6taient  ainsi  purement  thioriques  et  ses  graphiques  n'illustraient  que  la 
facon  dont  il  imaginait  les  configurations  des  qualites. 

C'est  avec  Galilee  et  Descartes  qu'on  assiste  a  1'introduction  du  quantitatif,  des  mesures 
numenques  dans  les  repr&entaitons  d'Oresme.  Et  c'est  de  cette  introduction  du  quantitatif 
dans  les  representations  qualitatives  du  mouvement  qu'est  nee  la  fonction.  C'est  ainsi  qu'on  a 
pu  eublir  des  relations  precises  entre  deux  variables.  Nous  avons  done  retenu  pour  none 
experimentation  ccs  deux  voies  d'6tude  du  mouvement. 


Nous  venons  de  voir  rapidemcnt  que  les  representations  qualitatives  mettaient  en  Evidence 
l'aspect  continu  du  mouvement  puis,  1'introduction  du  quantitatif  a  perm  is,  en  discrepant 
parfois  le  phenomene.  d'eublir  des  liens  de  fonctionnalite'  entre  les  variables  du  mouvement. 
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Notre  experimentation  est  construite  a  panir  de  ces  deux  types  d'etude  du  mouvement. 
Nos  sujets,  ages  de  12  a  15  ans  (le  et  2e  ar.n<es  du  secondaire  au  Quebec)  ont  616  divises  en 
deux  groupes  de  dix  eieves.  Un  groupe  appeie  qualitatif  et  1'autre  quantitatif.  L'experience  se 
divise  en  deux  parties. 

Dans  la  premiere  partie,  on  demande  aux  enfants,  groupes  par  deux,  de  reprisenter 
gmphiquement  comment  i'eau  monte  dans  diff6rentes  bouteilles  en  fonction  du  temps.  Le 
materiel  fourni  aux  equipes  differe  selon  qu'elles  soot  qualitatives  ou  quantitatives.  (5  equipes 
qualitatives  et  5  equipes  quantitatives) 

Pour  les  <quipes  qualitatives,  il  s'agit  d'un  plexiglass,  place  devant  la  bouteille  qui  se 
remplit  d'eai,  dans  lequel  on  s  fait  des  coches  a  intervalles  reguliers.  Un  metronome  est  place 
sur  la  table.  A  tous  les  deux  battements  de  metronome,  les  enfants  doivent  fake  un  point  sur  le 
plexiglass  a  la  hauteur  ou  I'eau  est  rendue,  puis  deplacer  le  plexiglass  d'une  coche. 


La  procedure  des  quantitatifs  est  differente.  Dans  leurcas,  on  remplit  la  bouteille  avec  un 
cylindre  gradue.  Apres  chaque  ajout  d'eau,  ils  doivent  mesurer  avec  une  regie  la  hauteur  de 
I'eau  et  1'inscrire  sur  une  feuille  quadrillee  ou  on  a  trace  des  lignes  verticales  plus  foncdes 
reprfsentant  le  temps  (ou  chaque  nouveau  cylindre  ajoutd). 

H~Ti  i  i  i  i  i  i ^ 


Dans  cette  premiere  partie  d'experience,  on  demande  d'abord  aux  eieves  de  tracer 
experimentalemcnt,  avec  leur  materiel  respectif,  le  graphique  de  la  hauteur  de  I'eau  dans  un 
becher  en  fonction  du  temps  (variation  lineaire).  Puis,  on  leur  demande  de  predire  1'allure  du 
graphique  pour  un  plus  petit  becher  qu'on  leur  presente  (variation  lineaire).  lis  verifient 
ensuite  experimentalement  leur  prediciton  et  commentent.  Enfin,  il  y  a  de  nouveau  prediction 
et  verification  pour  une  bouteille  conique  ou  Erlenmeyer  (variation  non  lineaire). 

Afin  de  voir  comment  les  eieves  utilisent  leurs  conceptions  dans  d'autres  types  de 
problemes  nous  avons  reserve  la  deuxieme  partie  de  ^experimentation  a  1'observation.  Dans 
cette  deuxieme  partie,  on  demande  aux  equipes  de  tracer  les  graphiques  de  simulations  vues  a 
l'ordinateur  sans  faire  de  verification.  II  n'y  a  plus  a  cc  moment  de  differences  dc  materiel 
entre  qualitatifs  et  quantitatifs. 
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Les  deux  premieres  similations  illustrent  des  tiges  qui  moment;  une  premiere  it  vitesse 
consume,  une  deuxieme  a  vitesse  consume  lente  puis  rapide.  On  peut  comparer  ces  tiges  a 
I'eau  qui  rnontc  dans  les  bouteilles.  Les  equipes  doivent  tracer  le  graphique  de  l'eau,  ou  de  la 
tige,  qui  monte  en  fonction  du  temps.  Les  graphiques  sor.t  traces  sur  du  papier  rnillirn&rique. 
Les  enfants  peuveiu  revoir  le  phenomene  austi  sou  vent  qu'ils  le  desirent. 

Les  deux  demieres  simulations  reprfcentent  tea  mimes  types  de  variations,  ie  une  linfaire 
puis  une  lineaire  par  tnorceaux.  Ce  qui  est  vu  a  l'ecran  tont  de  petits  c arris  qui  apparaissent 
dans  un  rectangle.  On  explique  aux  enfants  que  cela  peut  illustrer  des  gens  qui  emmenagent 
sur  un  terrain  vague.  Ds  dotvem  fairc  le  graphique  de  comment  la  population,  ou  le  nombre  de 
carres,  varie  en  fonction  du  temps.  On  fait  ici  une  verification  apres  la  presentation  du  premier 
phenomene. 

Partie  I  Partie  II 

 Apprrpti«*y»  Observation  

Becherl  Bechcrfl     MtDSmsi         Tigtl        IigeJI       EfipJ  PqpH 
Exemple  Prediction    Prediction  Prediction   Prediction   Prediction  Prediction 

Verification  Verification  Verification 

nifftrenctx  At  nuitiriels  Mimt.  maltrielpour  lous  

Tableau  I:  Deroulemem  de  1'expenmenution 


ANALYSE 


Nous  prfsentons  ici  rapidemcnt  les  principales  conclusions  et  strategies  de  rfponses 
urilisees.  Nous  nous  anarderons  plus  longuement  sur  cette  analyse  lore  de  la  presentation. 

N.B.  Tous  les  graphiques  suivams  illustrem  la  prediction.  Pourle  Becher  II  la  ligne 
pleine  ponctuee  de  points  indique  l'exemplc. 

Panic  I  Apprentixiage 


Becher  n 


Ptustoun  groupes  out  lepondu  de 
lacon pualUl*  i  I'mmpli.  Cint 
JttwJ  |it  eitdw  kua  nisoraement 


"Bonne  reporut" 


U  semble  que  plusieurs  groupes  aient  rcpondu  en  ajoutant  toujours  une  m6me  quamite  par 
rapport  I  la  court*  de  1'exemple.  lis  obtiennent  done  un  graphique  de  points  parallele  a  la 
premiere  courbe.  Cette  strattgie  est  imputable  a  un  raisonnement  additif  plutflt  que 
proportionnel.  Des  recherches  sur  les  rapports  et  proportions  (Karplus,  Kieren,  Nelson  ...) 
ont  fait  <ut  de  ce  mime  probleme.  II  est  inttressant  de  noter  aussi  qu'aucun  groupe  n'a  pense 
a  faire  moins  de  points  etant  donne  que  le  petit  becher  se  rcmplit  plus  vite  que  le  gros,  ou 
encore,  qu'il  est  moins  haut. 
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Erlenmeyer 


Reponst  lin&iiie:  prise  en 
compa  de  la  posjtur  de  k 
boutiiJJt  et  non  de  la  form. 


Reponse  llnealre  par  marceaux: 
difficult  a  dessiries  dej  points 
aston  une  courbe  parabolique. 


Outre  1c  "bon  graphiquc",  deux  types  dc  reponses  sont  apparues.  La  premiere,  lineaire, 
provient  d'une  strategic  ou  seule  la  grosseur  de  la  bouteille  est  prise  en  compte, 
ind6pendamment  de  sa  forme.  L'autre,  luwSaire  par  morceaux,  est  due  a  la  difficult^  de 
s'lloigner  du  lindane  et  surement  aussi  au  fait  que  les  enfants  ne  sont  pas  toujours  conscients 
qu'une  plus  grande  vitesse  signifie  une  plus  grande  distance  pour  un  meme  intervalle  de 
temps. 


Panic  n  Observation 
Tiges  I  et  II 


D-V-T 

Qualiyifo:  plus  procha 
jiliufie  pluj  lent. 


D-Y-T 

Quarititatifs:  plus  proche 
jiirufie  plus  via 


A  l'epreuve  des  tiges,  nous  avons  obtenu,  en  plus  des  "bons  graphiques",  plusicurs 
rtponses  ou  les  enfants  representaient  non  pas  la  hauteur  en  fonction  du  temps,  inais 
simplement  la  vitesse(l).  Parmi  celles-ci,  nnus  voulons  souligner  les  niponses  du  type  D-V-T, 
e'est-a-dire  les  problemes  de  relations  Distance-Vitesse-Temps.  Ce  qui  est  particulierement 
interessant  dans  ces  reponses,  e'est  que  pour  le  meme  problems  D-V-T,  les  qualitatifs  et 
les  quantitatifs  repondent  de  fa^ons  opposces.  En  effet,  pour  une  perception  d'un  mouvement 
lent  puis  rapidc,  les  qualitatifs  font  un  graphique  ou  les  points  plus  proches  signifient  que  ia 
vitesse  est  plus  lente.  Pour  les  quantitatifs,  les  points  plus  proches  signifient  une  vitesse  plus 
grande.  Comment  interpreter  ces  representations? 

Nous  croyons  que  pour  les  qualitatifs  le  temps  est  un  £ldment  important  dtant  donn<S  le 
metronome  a  la  Partie  I.  Ainsi,  pour  eux  chaque  nouveau  point  indiquc  qu'un  meme  intervalle 
de  temps  s'est  ecould  et  la  distance  entre  les  points  represente  la  distance  parcourue  pendant  eel 
intervalle. 

Pour  les  quantitatifs  Tenement  frappant  de  la  Panic  I  (Stait  la  distance  constante.  Plusieurs 
ont  remarqud  avec  les  Wchers  que  {a  "montait  <gal".  II  est  done  possible  que  pour  eux, 
chaque  nouveau  point  indiquc  qu'une  mSme  distance  a  616  parcourue  et  la  distance  entre  les 


Note  1     Notons  que  pour  la  tige  I,  3  groupes  ont  percu  une  vitesse  lente  puis  rapide  alors 
qu'il  s'agissait  d'une  vitesse  constante. 
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points  indique  le  temps  pris  pour  parcourir  cette  distance.  Nous  ne  prdtendons  pas  que  les 
enfants  soicnt  conscients  de  ce  thdoreme  en  acte,  mais  il  est  tout  de  mime  possible  qu'ils 
l'utilisent. 


Un  cbangtnitnt  d'axtela 
indique  un  cfcingens*  m 
de  vi«ws«. 


Un  autre  graphique  intdressam  obtenu  a  l'dpreuve  des  tiges  est  celui  ou  un  changement 
d'angle  dans  la  courbe  indique  un  changement  de  vitesse.  Dans  un  cas  comme  celui-ci  lc 
temps  et  la  distance  n'interviennent  plus  du  tout  en  aucune  maniere.  On  ne  considers  que  la 
vitesse.  On  retrouve  encore  ce  phdnomene  dans  un  autre  graphique  ou  la  vitesse  lente  est 
Ulustree  par  des  traits  et  la  plus  rapide  par  des  points.  Dans  ce  dernier  cas,  il  s'agit  presquc 
d'une  photo,  d'une  reproduction  de  ce  qui  est  vu  a  l'dcran.  En  effet,  la  tige  a  l'ordinateur  dtait 
formic  de  petites  lignes  semblables  a  celles  dessindes  par  les  dleves. 

Toutes  ces  strategies  se  retrouvent  a  l'dpreuve  des  populations,  soit  telles  quelles,  soit  sous 
d'autres  formes. 

Populations  I  et  TJ 

On  observe  pour  les  population;,  en  plus  des  types  de  reponses  ddcrits  pour  les  tiges  I  et 
n,  un  nouveau  graphique  pour  la  population  I.  II  s'agit  de  la  rdponse  dite  de  Fechner. 

CFtctaer 
Consideration  de  1' augmen- 
tation per  rapport  au  tout  at 
non  pour  el]i-m«»». 

Cette  rdponse  rcflete  une  conception  du  mouvement  prdsentd  ou  chaque  nouvelle 
augmentation  de  population  est  eonsiddrde  par  rappon  a  cc  qui  est  ddja  rempli  plutot  que  pour 
eiie-meme.  Ainsi,  au  depart,  les  premiers  cants  qui  apparaissent  font  augmenter  de  beaucoup 
la  population,  puis,  plus  il  y  a  de  carrds,  moins  chaque  nouveau  carrd  a  d'importance  par 
rapport  a  ce  qui  est  ddja  la.  Cest  de  cette  stratdgie  que  provient  ce  graphique  dit  de  Fechner. 
On  ne  retrouve  plus  cette  rdponse  a  la  population  II,  elle  a  dtd  remplacdc  par  D-V-T, 
probablement  a  cause  de  la  vdrification  qui  prdsentait  une  droite.  Les  enfants  ont  essayd  de 
produire  un  graphique  se  rapprochant  plus  de  ce  qui  dtait  "bon". 

Trois  dquipes  ont  rdpondu  aux  deux  populations  par  une  photo  ou  une  reproduction  du 
phdnomene.  Dans  ce  cas,  ni  le  temps,  ni  la  distance,  ni  la  vitesse  ne  sont  reprdsentds.  On  n'a 
fait  que  rcproduire  cc  qui  dtait  vu  a  l'dcran. 


Les  lignes  indiquenl  vine 
vittsse  lente.  Its  points 
una  plus  rapide. 


a  D  Phots 

□  Reproduction  du 

□      a  phenomine  phrfii  <iue  s» 

d     na  representation. 
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CONCLUSION 


La  conception  globale  dc  la  vitessc  qu'ont  plusieurs  enfants  fait  obstacle  a  une 
representation  de  la  hauteur  en  fonction  du  temps.  Les  Aleves  concoivent  souvent  la  Vitesse 
comme  une  qualite,  une  entite\  et  non  comme  un  rapport  distance/temps.  lis  ne  peuvent  done 
considercr  le  lien  fonctionnel  entre  distance  et  temps. 

De  plus,  certains  graphiques  des  enfants  (cf.  riponse  de  Fechner)  nous'  incitent  a  nous 
questionner  sur  leurs  interpretations  du  mouvement  et  du  changement  qualitatif  ou  quantitatif. 
Nous  avons  vu  qu'ils  consideraient  parfois  un  accroissement  par  rapport  a  l'6tat  precedent  de 
1'objet  qui  varie,  plutot  que  pour  sa  valeur  pure. 

Ces  conceptions  du  temps  et  de  la  vitessc  nous  semblent  tres  interessantes  d'un  point  de 
vue  psychologique.  Plusieurs  etudes  ont  €\t  r6alisees  sur  ce  sujet,  dans  des  cadres  difttrcnts, 
entre  autre  par  Piaget  et  Crepault.  Cet  obstacle  des  relations  distance-vitesse-temps  s'est  fait 
moins  sentir  Chez  les  qualitatifs  que  chez  les  quantitatifs.  Bien  que  nous  n'ayons  6tudie  qu'un 
petit  nombre  d'eiives,  il  semble  que  l'importance  accordee  au  temps  dans  l'approche 
qualitative  puisse  fctre  responsable  de  leur  meilleure  performance. 

Malgrf  cela,  nous  croyons  que  la  conception  quantitative  du  mouvement  teste  indispensable 
a  une  bonne  conception  de  la  fonction  afin  de  pouvoir  traduire  prtcis6ment,  de  facon 
numeriquc,  les  liens  fonctiotuiels.  En  fait,  e'est  par  une  interaction  entre  les  approches 
qualitative  et  quantitative,  qu'l  notre  avis,  les  notions  de  fonction  et  de  variable  peuvent  etre 
constniites;  l'approche  qualitative  aidant  a  bien  saisir  l'aspect  de  variabilis,  de  continuitd  du 
phenomene  et  le  quantitatif  permettant  de  preciser  la  loi  de  dependance. 
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TUP  CONCEPTION1*  OF  MATHEMATICAL  NOTIONS! 
OPERATIONAL  AND  STRUCTURAL 

Ann*  Sfard 
Thi  HfbriM  Univirtlty  of  Jerusalss 


An  analysis  of  dif-ferent  mathematical  definitions 
and  repretmtations  brings  us  to  the  conclusion 
that  abstract  notions,  such  as  function  or  set, 
can  be  conceived  either  structurally  (as  static 
constructs)  or  operationally  (as  processes  rather 
than  objects).  On  the  grounds  o-f  historical 
examples  and  In  the  light  o-f  the  cognitive  schema 
theory  *e  claim  that  an  operational  conception  Is 
for  mot.c  people  the  -first  step  In  acquisition  o-f  a 
new  mathematical  idea.  This  supposition  Is 
confirmed  by  the  results  of  our  two  experimental 
studies,  which  show  significant  predominance  of 
the  operational  conceptions  over  the  structural  In 
secondary  school  students. 

When  a  math  teacher  talks  to  her  students  about  nuebers,  function! 
or  sets  -  what  do  all  thiti  Hords  cean  to  htr?  And  do  thiy  mean  thi  same 
to  htr  students? 

Son  piopli ,  especially  profatslonal  eatheeatlcians,  refer  to 
abitract  concept*  as  If  thiy  win  rial  objict* ,  existing  outside  thi 
huian  aind.  Indisd ,  aott  mathematician*  havi  a  Kind  of  static  Image  of 
aati  and  functions  and  talk  about  thiir  properties  In  tuch  the  taai  way 
at  a  tclentltt  tiUi  about  the  structural  of  atom  and  crystals.  We 
shall  say  that  thtie  mathematicians  have  divalopid  structural 
conception!  of  the  aatneaatical  notions. 

There  ara  however  accepted  mathematical  definitions  which  ravaal 
another  kind  of  conception.  Function  can  be  defined  not  only  as  a  set  of 
ordered  pairs,  but  also  as  a  "method  for  getting  fro*  one  systee  to 
another"  (Skeap ,  1971).  Symmetry  can  be  conceived  as  a  static  property 
of  geoaatrlcal  fore,  but  also  as  a  kind  of  transforation.  The  latter 
type  of  description  speaks  about  processes  and  actions  rather  then  about 
objects.  Me  shall  say  therefore,  that  It  reflects  an  operational 
conception  of  a  notion. 

These  claims    about    tno  nature  of  mathematical  perception  can  have 
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imoortant  •duc»tion»l  Implications.  Our  current  research  deals  with  thii 
issue  both  fro*  theoretical  and  practical  points  of  view. 

THEORETICAL  ANALYSIS  OF  THE  ROLE  OF  OPERATIONAL  AND 
STRUCTURAL  CONCEPTIONS  IN  DEVELOPMENT  OF 
MATHEMATICAL  NOTIONS 

Of  tht  two  kinds  of  mathematical  definitions,  the  structure 
descriptions  seta  to  be  more  abstract.  Indeed,  In  order  to  speak  about 
mathematical  objects,  we  must  be  able  to  deal  with  products  of  sose 
processes  without  bothering  about  the  processes  themselves.  In  the  case 
of  functions  and  sets  (In  their  modern  sense)  we  are  even  compelled  to 
ignore  the  very  question  of  their  constructivity.  According  to  this  we 
claim  that  the  structural  approach  should  be  regarded  as  the  most 
advanced  stage  of  concept  development. 

Careful  analysis    of    several    historical    examples  confirmed  us  in 
this  opinion.     It    brought    us    to  the  conclusion  that  most  mathematical 
notions  had    been    conceived    operationally  long  before  their  structural 
definitions  and    representations    were    formulated.  For  instance,  let  us 
consider  the    notion    of    number.    The    meaning  of  this  concept  has  been 
broadened  several    times  In  the  course  of  the  last  three  thousand  years. 
For  long    periods    mathematicians  did  perform  some  special  manipulations 
with  already  known  nuabers,  before  they  were  able  to  accept  the  products 
of  these    manipulations  as  a  new  kind  of  mathematical  objects.  Indeed,  a 
ratio  of    two    Integers    was    first    regarded    as  a  short  description  of 
aeasuring  process,    rather    then    as    a    number.    Analogically,  the  term 
"negative  number"      was      Initially    considered    nothing    more    than  an 
abbreviation  for    certain  "meaningless"  numerical  operations.  It  came  to 
designate  a    full-fledged    mathematical  objact  only  after  mathematicians 
got  accustomed  to  this  strange  but  useful  kind  of  computation.  (Cardan's 
prescriptions  for    solving  cubic  equations  involved  subtracting  positive 
ratlonals  from    smaller    ones    and    even    finding  roots  of  what  is  today 
called  negative    numbers)    despite  the  widespread  use  of  this  algorithm, 
mathematicians  refused    to  accept  its  by-products  and  for  some  centuries 
refered  to  them  as  "absurd"  or  "lmagipary"t  see  Cajorl,  19BS). 

In  the  light  of  this  and  many  other  examples  we  conclude  that  «ost 
(If  not  all)  of  contemporary  structural  definitions  evolved  gradually 
from  operationally  conceived  notions.  On  the  grounds  of  the  cognitive 
schema  theory  wb  conjecture,  that  learning  processes  must  follow  a 
similar  pattern.    Procedures,    which    can    be    actually  performed  by  the 
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lurnir  hleself ,  are  no  doubt  auch  eore  tinglbla  thin  'ibitrict 
eatheeatlcal  constructs.  It  tenet  plausible,  therefore,  that  foreatlon 
of  an  operational  conception  la  for  aost  paopla  tha  inevitable  fint 
■tap  in  tha  acquieltion  of  a  new  notion.  In  ^any  cases  it  aay  be  also 
tha  last. 

Apparently,  there  is  nothing  wrong  with  tha  purely  operational 
approach  to  aathaaatics.  The  'operational*  knowledge,  however,  although 
seeelngly  sufficient  for  problem  aolvlng,  can  not  be  easily  procssted  by 
tha  learner.  This  kind  of  knowledge  can  only  be  stored  In  unstructured, 
sequential  cognitive  schaeas,  which  are  Inadequate  for  tha  rather  aodest 
dlaenslons  of  huaan  working  eeaory.  Consequently,  tha  purely  operational 
ideas  eust  ba  processsd  in  a  pieceeeal ,  cusbersoae  aanner,  Hhich  eay 
lead  to  a  great  cognitive  strain  and  to  a  disturbing  feel lng  of  only 
local  -  thus  Insufficient  -  understanding.  Also,  In  the  sequential 
cognitive  scheeas  thare  Is  hardly  a  place  for  assignation  of  a  new 
knowledge,  or  for  what  is  usually  called  eeanlngful  learning. 

It  Is  ihe  static  object-like  reprasentatlon  which  squeezes  the 
operational  lnforeation  into  a  coepact  whole  and  turns  the  cognitive 
schnea  into  eore  convenient,  hierarchical  structure.  The  structural 
represantatlons  constitute  the  upper  levels  of  such  a  hierarchy  (the  top 
of  a  pyraelde) ,  while  the  operational  inforaatlon  is  stored  at  its 
bottoe.  The  deeper  and  narrower  the  hierarchy,  tha  greator  the  capacity 
of  the  scheea.  Thus  within  the  structural  approach  there  Is  euch  (tore 
rooa  for  neanlngful  learning.  Also,  problea  solving  processes  becoae 
eore  effective,  when  thay  can  be  "navigated"  by  the  help  of  coapact,  If 
not  detailed,  overall  representations.  To  sue  up,  transition  froa  an 
operational  to  a  structural  conception  Is  a  qualitative  change,  which 
renders  all  the  cognitive  processes  euch  acre  effoctive  and  thus 
enhances  a  person's  feeling  of  understanding  aethoaatics. 

OPERATIONAL  VS.  STRUCTURAL  CONCEPTIONS  IN  SECONDARY  SCHOOL 

In  the  two  experiaental  studies,  that  will  be  now  described  in 
detail,  we  tried  to  find  out  which  kind  of  conception  prevails  In 
secondary  school  students.  On  the  grounds  of  our  theoretical  assueptionE 
we  expected  to  find  that  amy  pupils  conceive  eathaeatlcs  operationally 
rather  then  structurally. 


-  165  - 


First  studyi  tha  notion  of  function 

Hodern  aathsaatlcal  textbook!  define  function  is  *  correspondence 
between  two  utt  -  ii  an  aggregate  of  ordirad  pairs.  This  structural 
definition,  however,  it  relatively  new.  Until  the  second  hilf  of  the 
nineteenth  century  function  his  been  conceived  aainly  as  in  "analytical 
expression"  (Euler,  1743),  representing  in  algorith*  for  computing  one 
changing  sagnitude  by  the  help  of  another.  Our  conjecture  Has  that 
despite  the  intentions  of  eodern  curricula,  similar  operational 
conception  Bay  still  be  found  In  today's  schools. 

To  test    our    supposition    we    presented  60  secondary  school  pupils 
(Sii  age    16,    N»31j    Sit    age    18,    N«29)    with  the  questions  given  in 
Box  1.    At  the  tlae  of  the  experiaent  all  our  subjects  Hare  already  wall 
acquainted  with    the    notion    of  function  and  with  its  foraal  structural 
definition. 

The  results  of  our  exploration  are  presented  in  Box  2.  The  response 
to  the  first  question  clearly  shows  that  the  aajonty  of  the  pupils 
conceive  function  as  a  process  rather  than  as  a  static  construct.  This 
conclusion  finds  its  further  confireition  in  the  answers  given  to  the 
second  questioni  literally  every  subject  responded  affirmatively  either 
to  2a  or  to  2b.  Thus  all  the  pupils  felt  that  there  Bust  ba  certain 
algorlthaic  process  behind  every  function.  I  Ue  were  soaewhat  puzzled  by 
the  answer  "no"  to  2a,  accoapanled  by  the  answer  "yes"  to  2b.  This 
strange  Inconsistency  aay  be  due  to  a  contradiction  between  the 
teacher's  claiss  and  the  student's  own  convictions. 3  Tha  lntresting 
thing  is,  that  according  to  the  nuabers  these  conclusions  apply  to  the 
older  students  even  aore  than  to  the  younger.  The  operational  conception 
aay  strenghten  with  tiae  as  a  result  of  a  long  experience  with  only  one 
kind  of  function  (the  nunerlcal  functions  given  by  equations). 


1.   Which     one  of   the  following  sentences  1b,    In  your  opinion, 
the  better  description  of  the  notion  of  function? 


a.  Function   Is  a  computational  process  which  produces 
Qome  valuet  of  one  variable   (y)    from  any  given  value 
of   another  variable  <x). 

b.  Function   is  a  kind  of  a   (possibly   infinite)  table 
in  which  to  every  value  of  one  variable  (x) 
corresponds  curtain  value  of  another  variable  <y>. 


a.  Evary  function  expresses  a  certain  regularity  (the 
values  of  x    *nd  y  can  not  be  matched   in  a  completly 
arbitrary  manner). 

b.  Every  function  can  be  expressed  by  a  certain 
computational    formula    (e.g.   y=2x+l  or  y=3s 1 n  < n  +  w ) ) . 


Box   1:   Questionnaire  on  function 


2. 


True  or  false? 
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Box  2:  Percentages  of  different  answers 


Question  1 


Question  2 


SI 

S2 

b 

SB 
42 

79 
21 

SI:    N=31,     22:  N=29 


[> 

b 

SI 

S2 

yes 

y&B 

33 

79 

y«» 

no 

45 

no 

yi?c 

20 

21 

no 

no 

Second  studyi  algebraic  notation 

Two  different  approach!*  to  mathematics  -  operational  and 
structural  -  can  be  found  not  only  In  concepts'  definitions  but  also  in 
various  kinds  of  mathematical  representations.  The  modern  algebraic 
notation,  taught  at  school,  supports  the  structural  approach.  Indeed,  to 
translate  a  "real  life"  problem  Into  an  equation  the  student  has  to 
cosbine  several  changing  aagnitudes  into  one  static  whole.  Let  us  remind 
ourselves,  that  the  algebraic  symbolism  is  not  such  older  than  the 
■odern  definition  of  function.  Medieval  Arabic  and  Italian  scholars 
described  all  kinds  of  computational  processes  only  verbally.  The 
transition  froa  "rhetorical"  to  "syncopated"  to  syabolic  algebra,  which 
was  coapleted  in  seventeenth  century,  was  an  iaportant  stage  in 
developaent  of  a  structural  approach  to  computational  mathematics. 

Everyday  classroo*  experience  (as  wall  as  some  recent  research, 
e.g.  Mayer,  19B3)  shows,  that  aany  pupils  can  handle  the  algebraic 
syabols  only  with  great  difficulty.  As  has  been  recently  shown  by 
Soloway  et  al. (19B2) ,  these  students  nay  still  be  able  to  cope  with  word 
problems  by  writing  short  computer  programs.  These  facts  can  bo  regarded 
as  the  first  evidence  for  the  predominance  of  operational  conceptions. 

In  our  experiaent,  96  eeccondary  school  pupils  (Sit  ages  14-19, 
N-44;  S/s  ages  16-17,  N-321  were  asked  to  translate  four  simple  word 
problems  into  equations.  In  another  multi-choice  questionnaire  they  were 
required  to  find  verbal  prescriptions  (algorithms)  for  calculating  the 
solutions  of  the  same  problees  (for  the  second  questionnaire  we  altered 
the  numerical  data  of  each  problem).  Each  age-group  was  divided  Into 
halves  and  the  two  questionnaires  were  administered  to  the  sub-groups  in 
reverse  order.  Two  sample  problems  together  with  their  operational  and 
structural  solutions  are  given  in  Box  3. 

The  table  in  Box  4  shows  how  many  right  answers  were  given  to  the 
different  questions    by    the    two    groups.    Both  groups  succeeded  in  the 
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BOX  3:   batnpits  p.  .  ili-'w 


Problem 

Opnr at  tonal  solutions 

Structural  ao)  it  ioiu| 

1.    In  a  class 
the  boyn  out- 
numbsr  the 

y  ir  !■  ■>  y 

To  ■find  the  number 
o'f  girls  we  havt  to: 

a.  add  4  to  the 
number  of  boys 

b.  subtract  4  -from 
the  number  of  boys 

c:.  none  of  the  above 

k  *  nunibt;/   of  :/ti"ls  | 
y  a  nurabar  of    .  o/c.  1 

a.  x  *  4  c  y 

b .  x  ^  y  *■  4 

c .  y  >  x  *  4 

2.   The  number 
x  is  3.3  times 
as  big  »«  y. 

To  find  y  we  have  tos 

a.  multiply  x  by  3.S 

b.  dlvld*  x  by  3.5 

c.  none  of  the  above 

a.  3. fin  >  y 

b.  3.3x  »  y  j 

c .  x  «  3 . 5y  1 

BOX  4:   Scores   in  groups 


Problem 

51, 

N-44 

S2, 

N=32 

Total,  V. 

j 

0 

S 

□ 

S 

0 

"3 

1 

37 

2B 

5 1 

42 

92 

73 

2 

32 

22 

43 

33 

7B 

57 

37 

21 

42 

36 

82 

59 

! 

26 

20 

30 

36 

67 

53 

average,  V. 

75 

52 

B4 

70 

90 

62 

a  -  number  of  right  answers  on  operational  task, 
G  -  number  of  right  answers  on  structural  task 
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SI 
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1 

4 

rJ 

4 

2 

3 

i 

1 

BOX  5:   Individual  scores 


0  12  3  4 


S2 


Both  groups 


4 

3 

131 

4 

3 

SJ 

TT 

3 

2 

_1_ 

6 

2 

2 

/ 

1 

0 

/ 

1 

0 

o 

0 

1 

2 

3 

4 

0 

4 

20' 

1 

i 

fP 

£> 

4* 

1 

H 

0  1 


3  4  O 


o  -  Individual  score  on  operational  task 
s  -  individual   score  on  structural  task 
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operational  taiki  (verbal  prescriptions)  ■uch  better  thin  in  the 
structural  (equations) .  According  to  our  expectations,  in  each  group  and 
In  every  problea  the  gap  between  tha  two  icon*  was  daflnltaly 
significant,  even  if  in  the  ncond  group  this  gap  Mat  usually  auch 
■aallar  than  in  tho  first  (which  is  also  consistent  with  our  theoretical 
claim). 

Tha  diagrass  in  Box  S  present  tha  individual  scores  obtained  by  our 
subjects  in  the  two  queatinnairts  (p  and  s  are,  respectively,  the 
nuabers  of  the  right  "operational"  and  "structural"  answers  given  by  a 
subjtcti  every  square  of  a  dlagraa  corresponds  to  a  certain  pair  (p,s)| 
a  nueber  in  a  square  shows  how  aany  subjects  belong  to  this  square 
according  to  their  scores).  Since  alaost  all  the  data  concentrate  in  the 
lower  right-»ida  half  of  the  diagrass,  tha  advantage  of  the  operational 
approach  becoMs  even  eora  obvious. 


Conclusions 

Our  results  aay    sees    quite  surprising,  considering  the  fact  that 

the  operational  representations    were    never    explicitly    taught  to  our 

subjects.  If  so,  these  findings  provide  all  the  aore  convincing  evidence 
for  our  clalast  they  show  that  the  operational  conceptions  develop  at  an 

early  stage  of  learning  even  if  they  are  not  delibarataly  fostered  at 
school . 


"OPERATIONAL"  APPROACH  TO  TEACHING  MATHEMATICS 


The  results  of  our  experiaent  invoke  soae  important  questions  about 
the  traditional  ways  of  teaching  aatheeatics.  The  syabols  and  the 
definitions  taught  at  schools  are  clearly  structural,  not  operational 
(not  surprisingly  so,  as  the  structural  approach  obviously  predominates 
in  the  aost  developed  branches  of  contemporary  satheaatics) .  Pupils  are 
required  to  absorb  the  structural  definitions  of  new  notions  before  they 
becoee  fully  aware  of  tha  processes  and  algorithes  underlying  these 
notions. 

In  the  light  of  our  foraer  claias,  this  aethod  of  teaching  is  not 
necessarily  the  aost  effective.  If  an  operational  conception  is  indeed 
the  necessary  first  step  in  an  acquisition  of  a  new  aatheeatical  idea, 
we  can  probably  precipitate  the  learning  by  fostering  the  student's 
understanding  of  processes  and  algorithas  before  translating  that  into 
structural  definitions.  This  can  bie  done  by  incorporating  coeputer 
prograeaing  into    natheeatics  courses.  Indeed,  aany  experiamtal  studies 
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(i.g.  Johnson  and  Harding,  1979)  have  already  shown,  that  tn  aatheaatics 
"a  cosputlng  experience  can  be  consitfared  highly  beneficial"  -for  tht 
liarnir. 

Our  own  teaching  experiments  (which  can  not  be  presented  htrt  in 
detail)  confiraed  tht  advantage  of  the  "operational"  approach.  In  one  of 
this*  experiaents  we  have  developed  a  teaching  unit  or.  eatheaatical 
induction.  According  to  our  prograa,  at  tht  first  stage  of  learning  the 
pupils  gtt  acquainted  with  aany  kind»  of  recursive  processes.  Tht 
student's  task  it  not  only  to  understand  and  to  execute  recursive 
calculations,  but  also  to  foraulate  ricurslvi  algorithms  explicitly  in  a 
staple  foraal  language.  The  principle  o-f  aatheaatical  induction  is  than 
foraulated  in  "operational"  teras  (wa  speak  about  equivalence  of 
algorithas  instead  of  dealing  with  equality  of  infinite  sets).  Our 
aaterial  on  induction  has  been  taught  to  three  qroups  (55  students)  in 
the  Centre  for  Pre-acadeaic  Studies  at  the  Hebrew  University.  At  final 
exaas  on  Induction  the  participants  of  the  experisent  did  auch  better 
than  the  control  group  (who  learned  the  subject  fro«  a  traditional 
textbook),  while  solving  either  standard  or  non-routine  problees. 


Alaost  every  chapter  of  school  aatheeatics  can  be  taught  in  the 
"operational"  aanner.  This  special  approach  is  certainly  proaising 
enough  to  deserve  further  investigation. 
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ATTRACTIVE  FIXED  POINTS  AND  HUMANITIES  STUDENTS 

Anna  Sierpinska 
Institute  of  Mathematics,  Polish  Ac.  of  Science 


Abstract.  The  research  reported  in  the  paper  aims  at  elabora-1 
ting  didactical  situations  favouring  the  overcoming  of  epis  - 
temological  obstacles  relative  to  functions  in  16-17  y.o.  hu- 
manities students.  It  concerns  a  series  of  situations  in  the 
context  of  iterations  of  functions  and  fixed  points,  it  is 
conjectured  that  the  visual  presentation  of  the  idea  of  an  a- 
t tractive  fixed  point  deepened  the  "geometrical"  obstacle  in 
students  and  weighed  heavily  on  their  disposition  to  discour- 
sive  thinking.  The  topic,  although  rather  difficult  for  huma- 
nities students  had  the  advantage  to  reveal  all  their  obsta- 
cles. It  also  offered  them  an  opportunity  to  get  involved  in 
a  genuine  mathematical  activity. 

This  is  a  part  of  a  wider  research  aiming  at  exploring  the  possibi- 
lity of  elaborating  didactical  situations  favouring  the  overcoming  of  e- 
pistemological  obstacles  relative  to  limits  in  15-17  years  old  students. 
It  concerns  two  groups  of  16  and  17  years  old  humanities  students  (ZII 
and  ZIII,  resp. )  and  a  series  of  situations  in  the  context  of  iterations 
of  functions  and  fixed  points.  This  context  was  meant  to  help  the  stu- 
dents to  overcome  e.o.  relative  to  functions  which  are  at  the  source  of 
e.o.  relative  to  limits.  The  students  of  these  groups  had  previously  par- 
ticipated in  a  series  of  sessions  on  inf inite  suns  and  decimal  expansions 
of  real  numbers  (partly  described  in  Sierpinska,  1986).  It  was  observed 
at  the  end  of  these  sessions  that,  in  the  students'  conceptions  of  limit 
the  notion  of  function  is  either  absent  or  hidden  in  the  idea  of  time  ne- 
cessary to  make  a  construction  (e.g.  to  compute  the  terms  of  an  infinite 
sequence) .  Some  students  preferred  to  think  in  terms  of  sets  rather  than 
function,  and  thus  speak  about  e.g.  the  number  0.999...  as  "an  infinity 
bounded  by  0  and  1"  rather  than  an  infinite  sequence  approaching  1. 
Therefore  the  important  problem  seemed  to  make  the  notion  of  function  ap- 
pear in  the  students'  conceptions  of  limit. 

1.-  Description  of  sessions  (fragments) 
Session  1 1 .  A  computer-aided  lecture  by  A.S..  A  question  is  formulated: 
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given  a  mapping  f :  A  — >  B,  what  happens  with  an  x*A  if  we  iterate  the 
mapping   f    infinitely  many  times:  x  ~*  x  ->  x"  — *  ...  .  Exanples  of 
iterations  of  several  mappings  are  given.  The  fixed  point  is  introduced 
as  an  argument  that  does  not  change  under  the  mapping.  One  names  of 
"attractive"  and  "repulsive"  fi»d  points  are  suggested  without  defini- 
tions being  expUdtely  given.  Students  are  asked  to  describe  the  beha- 
viour of  sequences  with  their  own  words.  Exanples  of  plane  mappings  were 
not  included  in  the  lecture  for  the  group  ZII  (mare  details  in  the  Appen- 
dix). „  , 
Session  12.  A  problem  to  solve  in  subgroups.  Both  in  ZII  and  ZIII  there 
were  two  subgroups  of  three  persons:  Monika,  Darek,  Konrad  and  Aga,  Gu- 
tek,  Iukas  in  ZII, and  Anita,  Ewa,  Agnes  and  Thomas,  Przemek,  Jacek  in 
ZIII.  The  problem:  find  a  real  function  such  that  x=2  gives  rise  to  the 
sequence  2  — ►  3  — *  2  -*  3      ...»  and  have  an  attractive  fixed  point  in 
the  interval  (2, 3) .  How  many  such  functions  are  there? 

In  both  groups,  the  name  "fixed  point"  stood  for  the  intersection 
point  of  the  graph  of  the  function  and  the  line  y=x-  Moreover,  in  my  dis- 
course, the  "attractiveness"  and  "repulsivenesa"  were  properties  of  the 
fixed  point.  But  the  students  would  say  either  "it  attracts"  (just  as 
one  would  say  "it  rains")  or  "she  is  attractive",  the  "she"  standing  for 
"the  function"  which  is  feminine  in  Polish  ("point"  is  masculine) .  In 
the  group  ZIII  the  first  expression  was  prevalent,  in  ZII  -  the  second. 
In  the  first  case,  the  "attractiveness"  is  perceived  as  dynamic  pheno- 
nenon,  in  the  second  -  it  is  the  property  of  the  function  (cf .  Granas, 
1983) . 

ZII:  the  first  idea  in  both  subgroups  is  to  "dratf  any  function"  and 
experiment  on  it  by  imitating  the  movement  on  the  screen.  If  it  "closes 
over  itself"  oar  "turns  around"  then  it  is  O.K. .  Consecutive  trials  in 
both  subgroups  are  shown  in  Figures  6,7*8  . 

ZIII:  the  plane  transformations  must  have  impressed  very  much  the 
students.  The  first  idea  in  both  subgroups  was  to  find  a  hero  the  ty  or  an 
axial  symmetry  or  soma  combination  of  the  two  to  transform  2  into  3  and 
vice  versa.  The  "2"  and  "3"  appeared  in  the  students'  discourse  to  de- 
note points  rather  than  nuwbers.  The  problem  that  Agnes  wanted  finally 
to  discuss  was  to  find  a  ratio  of  a  hemothety  that  would  send  the  point 
distant  by  two  from  the  centre  onto  a  point  distant  by  3  from  the  centre. 
It  turns  out  to  be  difficult  to  find  such  a  ratio  but  she  feels  satis- 
fied with  two:  H3/'2(2)'=3,  H2/'3(3)=2.  There  are  two  ratios  but  the  map- 
ping is  the  3ame;  it  is  a  honothety,  so  everything  i3  O.K..  Ewa  is  not 
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happy  with  this  solution,  and  she  Looks  for  a  mapping  that  would  send  the 
point  (2,2)  onto  (2,3),  (2,3)  onto  (3,3),  (3,3)  onto  (3,2),  (3,2)  onto 
(2,2)  in  order  to  obtain  a  square  like  those  shown  on  the  oortputer.  The 
problem  was  never  read  to  the  end  in  the  group  of  girls. 
Session  14.  Which  linear  functions  have  an  attractive  fixed  point?  A 
problem  to  be  solved  in  groups. 

7.1 1  found  a  correct  solution  in  a  quarter  of  an  hour. 

ZIII;  Anita,  Agnes,  EWat  they  start  by  considering  a  homathety, 
find  a  sequence  convergent  to  zero:  (-1/2) n  ,  and  then  look  for  a  func- 
tion (not  necessarily  linear)  that  would  give  such  a  sequence.  They 
cane  to  y=>-1/2  x.  I  suggest  to  find  conditions  on  the  coefficients  a  and 
b  of  the  general  formula  of  the  linear  function  y=axtto  that  would  gua- 
rantee that  the  function  have  an  attractive  fixed  point,  the  girls  con- 
jecture that  a  be  negative  and  bO.  They  verify  the  conjectures  and 
find  out  that,  indeed,  a   cannot  be  positive  (in  one  of  the  further 
sessions,  Ewa  made  it  explicit  that  she  considers  the  "spiral"  repre- 
sentation as  a  necessary  condition  for  a  fixed  point  to  be  attractive) , 
and  b  nay  be  different  from  zero  -  this  changes  only  the  position  of 
the  fixed  point. 

Thomas,  Przenek  and  Jacek:  the  boys  experiment  with  f  (x)=2x+1, 

4-|>-  Thomas  says  it  does  not  make  sense  in  the  last  case,  and  fi- 


nally Praemek  tries  a  constant  function.  The  boys  say  that     ce  it  gets 
inroediataly  into  the  point.  They  laugh  because  they  find  the  example 
trivial.  So  Przenek  proposes  to  incline  the  line  a  little,  then  perhaps 
it  wrill  not  hit  the  point  so  quickly.  They  experiment  with  one  position 


sion  that  the  attractiveness  of  the  fixsd  point  depends  upon  the  incli- 
nation of  the  line.  Now  Thomas  starts  asking  questions  that  nay  lead 
him  to  the  understanding  of  tns  linear  function,  of  the  role  of  coeffi- 
cients in  the  formula,  and  of  its  graph.  He  asks  about  the  inclination: 
relatively  to  what  should  this  inclination  be  considered. 
Session  15.  ZIII  only.  A  regular  lesson  by  A.S.:  recapitulation  of  the 
previous  sessions,  exchange  of  criticisms,  development  and  justifica- 
tion of  conjectures  conoarrdng  attractiveness  in  linear  functions. 
Session  18.  Problem:  oonmunicate  in  written  form,  without  using  draw- 
ings, the  idea  of  the  attractive  and  repulsive  fixed  points  to  someone 
who  was  absent  from  the  last  sessions.  The  problem  was  given  to  the 
group  of  girls  in  ZIII.  In  ZII  two  groups  were  working:  Darek  and  Monika, 
and  Aga,  Gutek.  There  were  two  kinds  of  attitudes  towards  the  task:  one 


of  xQ  and  conclude  that  it  is  all  right  now.  Thexy  come  to  the  conclu- 
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(ZIII,  Darek,  Gutek)  tending  to  formulate  a  general  definition  of  an  at- 
tractive fixed  point;  and  a  second  (Monika,  Aga)  aiming  at  giving  a 
practical  method  of  checking  whether  a  particular  fixed  point  is  attrac- 
tive. Gutek's  first  attempt  of  formulation:  "The  fixed  point  is  contrac- 
tive if,  by  consecutive  transformations,  any  point  of  OX, except  the  va- 
lue of  the  fixed  point, gets  closer  and  closer  ...  until  infinity  ... 
And  we  should  get  the  fixed  point'*.  Darek  and  Monika' s  final  text:  "If 
on  the  plane  there  exists  a  rectangular  coordinate  system  and  an  arbi- 
trary function  ha3  been  traced  in  it  /  To  find  the  fixed  points,  the 
function  given  by  the  formula  y=x  has  also  to  be  traced.  The  common  po- 
ints of  the  function  y=x  and  the  given  one  are  the  fixed  points  /  All 
fixed  points  are  divided  into  two  groups  :  the  attracti'.e  fixed  points 
and  the  repulsive  fixed  points.  To  check  what  group   does  the  determined 
fixed  point  belong  to,  it  is  necessary  /  1°  to  choose  an  arbitrary  point 
G  on  CK  and  execute  the  transformations:  /  xQ  /  x^=f  (xQ)  /  X2=f  (x1)  = 
ff  (xQ)  /  x3=f  (x-,)  =f f f  (xQ)  etc.  /  That  is  to  say,  /  draw  a  road  from  the 
chosen  point  G  parallel  to  the  axis  OY.  until  the  point  on  the  graph  of 
the  function.  From  this  point  draw  a  road  parallel  to  OX  until  the  graph 
of  the  function  y=x  /  Go  on  further  analoguously  /  Remark  that  the 
road  of  this  sequence  may  run  away  or  care  closer  and  closer  to  the 
fixed  point.  If  it  is  running  away  then  the  fixed  point  is  called  a 
repulsive  fixed  point,  and  if  it  is  coming  closer  and  closer  to  it  then 
it  is  an  attractive  fixed  point".  Final  text  in  ZIII:  "0°-45°  -  attrac- 
tive point  /  45°-l35°  -  repulsive  point  /  135°--180°  -  attractive  point/ 
forget  it  /  Attractive  point  -  the  point  of  intersection  of  the  graph 
of  the  function  with  the  auxiliary  line  y=x  to  which  tend  the  values 
of  the  function  trying  to  reach  it.  In  our  opinion,  they  will  never 
reach  it  because  they  run  to  infinity.  Repulsive  point  -  the  point  of 
intersection  (...)  from  which  the  values  run  away  to  infinity  /  Would 
you  wish  to  make  a  graph,  then,  in  the  formula  of  the  function,  if  the 
sign  of  the  coefficient  of  the  function  is  negative  then  the  values 
readied  by  this  function  are  alternatively  negative  and  positive  /  The 
distance  of  the  points  on  the  graph  of  the  function  from  the  attractive 
point  tends  to  zero". 
Session  19.  Confrontation 

ZII.  Confrontation  with  Irena.  Irena  and  the  group  ZII  are  sit- 
ting opposite  one  another  separated  by  a  curtain.  After  Irena  has  read 
and  discussed  the  uomimnications  with  the  group,  she  is  given  several 
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functions  to  examine.  The  first  is:  f:R      R,  x    »  -2x+1.  She  transmits 
the  function  to  the  group  and  solves  it  by  herself.  On  the  other  side 
of  the  curtain,  Darek  copes  to  the  conclusion  that  the  solution  depends 
upon  where  you  go  from  the  starting  point:  "You  say  it  is  repulsive 
because  you  have  started  by  going  down.  If,  at  the  beginning  you  go  up 
then  the  point  is  attractive.  Go  up  now,  Irena!".But  Irena  KNOWS  BETTER 
now:  "No,  listen,  you  are  wrong!  Your  reasoning  is  wrong  because  we  have 
a  graph  of  a  concrete  function  . . .  -2x+1 .  If  you  take  a  point  xQ  ...  it 
is  some  real  number  . . .  and  you  put  it  in  place  of   x    in  the  formula 
and  you  catputel  And  if  you  take  xQ=1  then  you  don' t  get  +1  but  -1 !  And 
you  are  bound  to  go  down!".  Darek:  "AAAAaaa!" 
Session  20.  The  magnifying  glass  criterion 

ZIII.  A  regular  lesson  by  A.S..  I  suggest  the  following  criterion 
which,  I  say,  might  describe  the  idea  of  the  attractive  fixed  point: 
Icte  a  magnifying  glass  and  keep  its  centre  over  the  fixed  point.  If 
the  fixed  point  is  attractive  then  whatever  the  radius  of  the  magnifying 
glass  and  whatever  the  initial  point  of  the  sequence,  you  should  see  i 
through  it  almost  all  terms  of  that  sequence.  An  example  is  given  to 
stress  that  "almost  all"  does  not  mean  "infinitely  many".  But  Biotas, 
who,  all  this  time,  with  his  colleagues,  was  trying  hard  to  rebuild 
(or,  rather,  to  build  by  himself)  the  criterion  for  a  linear  function 
to  have  an  attractive  fixed  point,  says:  "What's  the  use  of  such  a  cri- 
terion!? With  it  I  can  only  prove  what  I  know  already!  what  I  need  is 
a  criterion  that  would  tell  me  what  are  the  functions  that  have  an  at- 
tractive fixed  poi.it  and  what  not! " 

2.-  Soma  remarks 

R1.  At  the  example  Bb.  in  Session  11  the  formula  of  the  function  was 
neither  shown  on  the  screen  nor  told  to  the  students.  It  was  done  inten- 
tionally to  stress  the  graphic  method  of  "finding  values  of  the  func- 
tion". But,  as  I  understood  only  much  later,  this  last  expression  might 
nave  had  no  meaning  for  the  students  in  this  context.  When  talking  to 
each  other,  the  students  would  rather  say  "put  ...  in  place  of   x  in 
the  formula  and  compute".  Therefore  they  might  have  not  associated  the 
operation  on  the  graph  with  finding  the  value  of  the  function.  It  is 
possible  that  the  graph  is  for  them  not  a  set  of  points  (x,f  (x))  but 
a  line  obtained  by  taking  different  x's  and  calculating  the  y's. 
R2.  One  aspect  of  the  notion  of  function  seems  to  be  missing  from  the 
students'  image  of  it:  the  function  as  a  dependence  between  variables. 
It  is  a  pity,  because  this  historically  important  aspect  is  capable  of 
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leaking  the  link  In  the  students'  minds  between  all  the  other  aspects: 
algorithmic,  algebraic,  geometrical  ... 

R3.  Didn' t  the  early  introduction  of  geometrical  representation  deepen 
the  obstacles  in  the  students?  Hie  visual  presentation  made  them  grasp 
the  idea  of  the  attractive  fixed  point  in  an  immediate,  intuitive,  glo- 
bal way  which  seared  to  block  their  discoursive  thinking.  After  Irena's 
brilliant  performance  at  Session  19,  one  wonders  whether  it  would  not 
be  better  to  start  by  asking  the  students  to  find  or  propose  their  own 
geometrical  representations  of  the  sequence  of  iterations  . 

3.-  Sane  general  conclusions 
CI.  Ihe  topic  nay  seem  boo  difficult  for  humanities  students.  But  it 
certainly  has  the  advantage  to  surface  all  their  ndsunderstandings  and 
obstacles  relative  to  the  notion  of  function,  thus  giving  the  opportu- 
nity for  the  teacher  to  help  his  students  to  overcome  than.  Simple 
exercises  like  sketching  graphs  out  of  a  formula  don't  seem  to  have 
taught  them  much  and,  worse,  kept  hidden  all  their  difficulties. 
C2.  It  is  perhaps  not  the  main  goal  in  teaching  mathematics  to  humani- 
ties students  to  make  them  become  acquainted  with  mathematical  results: 
definitions,  theorems,  theories,  algorithms.  It  is  highly  probable  that 
they  will  not  need  these  in  their  adult  lives.  But  they  will  most  cer- 
tainly need  some  intellectual  training  like  conjecturing,  verifying 
hypotheses,  finding  rational  arguments,  formulating  ideas.  The  girls  in 
zm  have  Involved  thafiselves  in  such  activities,  and  perhaps  it  does 
not  matter  very  much  that  they  arrived  to  false  conclusions.  The  tea- 
cher may  feel  that  it  is  necessary  to  correct  the  error  but  this  may 
result  merely  in  calming  down  his  own  conscience  while  the  student 
would  remain  in  his  error:    will  he  or  she  remember  the  conclusions 
that  are  not  his  or  her  own?  Ihanas,  Bwa  and  Agnes  did  not. 
C3.  Ihanas'  last  remark  taught  me  one  important  lesson:  "Never  cone  up 
with  general  and  formal  definitions  when  important  problems  still  wait 
to  be  solved.  Precising  definitions  and  axioms tising  are  activities  of 
putting  into  order  a  wealth  of  results,  facts  already  discovered;  they 
do  not  make  sense  if  there  is  little  or  nothing  to  order" .  The  history 
of  calculus  from  Newton  to  Cauchy  should  have  taught  me  that.  But  it 
did  not.  I   also,  learn  by  my  own  experience. 
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Appendix:  Session  1 1 .  Description  of  examples . 

A.  Plane  mappings  (ZIII  only) .  a^  Axial  synmetry.  It  is  observed,  among 
others,  that  points  on  the  axis  are  not  moved  by  the  mapping  (Fig.  1 ) . 
bj-lcmotheties  with  ratios  greater  and  smaller  that  1 .  Students  are  a- 
sked  to  comment  on  the  behaviour  of  the  points.  The  names  of  "attrac- 
tive and  "repulsive"  fixed  points  are  proposed.       Compositions  of  ax- 
ial symmetries  and  hcmotheties  with  different  ratios  (Fig. 2) . 

B.  Real  functions,       f (x)  =2x+1.  The  formula  is  shown  on  the  screen. 
Soma  iterations  of  f  are  performed  mentally  starting  with  different  x  . 
Also  for  x q=-1.  It  is  observed  that.  -1  is  not  changing  under  the  map-° 
ping  and  it  is  called  the  fixed  point  of  f.    b;_  f:  (-1,4)  -4  R,  f  (x)  = 
(1-x)x/3+3  .  Oily  the  graph  is  shown.  It  is  said  that  given  a  graph  of 

a  real  function,  the  iteration  has  an  interesting  graphic  representation. 
Tne  construction  of  it  is  shewn  s Jowly  on  the  screen  and  explained 
with  x  =2  (Fig.  3) .  The  role  of  the  line  is  explained,  and  it  is  said 
that  the  intersection  of  this  line  with  the  graph  of  the  function  shows 
us  that  the  function  has  a  fixed  point  and  tells  us  what  is  its  appro- 
ximate value.  Next,  nunerical  values  of  100  terms  of  the  sequence  with 
xQ-2  are  shown  on  the  screen.  It  is  observed  that  the  sequence  splitts 
into  two  subsequences,  one  tending  to  1 ,  the  other  to  3.  Hie  fixed  po- 
int is  not  attractive  in  this  case,  it  is  said,    c^  f(x)=.75x-1,  x«R 
(Fig. 4).  A  graph  is  drawn  on  the  screen.  Numerical  sequences  for  dif- 
ferent x  '  &.  are  shown.    o\  f  (x)=-x+1,  x»R.  The  graphic  representation 
of  the  iteration  is  observed  and  it  is  proved  (on  the  blackboard)  that 
wherever  we  start,  we  get  a  sequence  of  a  repetitive  kind,        f  (x)  = 
2x+1,  x«R  .  It  is  observed  graphically  and  numerically  that  sequences 
run  away  from  the  fixed  point,    f.  f(x)=-5x+8  for  xt9/7,  and  f  (x)  = 
-1/3  x+2  for  x>9/7  .  some  students  say:  "0,  but  here,  there  are  two 
functions!".  Discussion  follows.  It  is  observed  that  the  function  has 
a  periodic  sequence    1  ->  3       1  . . . ,  and  that  if  x    is  outside  the  i- 
ntarval  [1,33  then  the  sequence  runs  away  from  the  ?ixed  point,  and  if 
it  is  inside,  then  the  sequence  comes  closer  and  closer  to  the  fixed 
point    (Fig.  5). 
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CONTINUOUS  FUNCTIONS  -  IMAGES  AND  REASONING 
IN  COLLEGE  STUDENTS 

Shlomo  Vinner,  Hebrew  Univeroity  Jerusalem 

This  study  investigates  the  concept  of  continuous  functions 
in  Science  students  at  college  level.  Students  were  asked  to 
identify  continuous  and  discontinuous  functions  and  to 
justify  their  answers.     It  turns  out  that  although  they 
succeed  in  the  identification  task  in  the  common  cases  they 
fail  very  often  to  justify  their  answers.    40%  use  the 
argument  "the  function  is  defined  for  every  number"  in 
ordsr  to  establish  the  function  continuity.    Their  use  of 
the  limit  concept  is  quite  fuzzy  and  they  often  rely  on 
nonrelevant  arguments.    Altogether,  the  level  of  their 
mathematical  reasoning  is  quite  inadequate. 

In  1976,  Skemp  suggested  the  distinction  between  knowing  how  and 
knowing  why.    To  know  how  means  knowing  how  to  carry  out  an  algorithm. 
To  know  why  means  knowing  why  the  algorithm  works.   But  knowing  why  can 
be  related  to  additional  situations  in  Mathematics  learning.    We  shall 
distinguish  also  between  knowing  that  this  is  the  case  and  knowing  why 
this  is  the  case.    What  we  have  in  mind  is  the  situation  of  identifying 
examples  and  nonexamples  of  certain  mathematical  concepts.    A  student 
may  identify  successfully  examples  or  nonexamples  of  a  given  mathemati- 
cal concept.    After  doing  it,  we  can  ask  him  why.    Why  is  this  an 
example  or  a  nonexample?    Ke  can  ask  him  to  justify  his  answer.  This 
is  not  necessarily  asking  how  he  made  up  his  mind.    The  act  of  identi- 
fication does  not  have  to  follow  any  process  of  mathematical  reasoning 
in  the  student's  mind.    It  might  be  based  entirely  on  mental  pictures 
or  other  non-verbal  inner  representations-    Nevertheless,  being  asked 
why,  the  respondent  is  forced  to  think  mathematically.    In  order  to 
justify  his  answer  he  has  to  refer  to  some  mathematical  knowledge  that 
he  (hopefully)  has.    He  has  to  give  some  convincing  arguments  to  support 
his  claim  which  was  possibly  made  on  a  nonverbal  ground.    The  purpose  of 
this  study  was,  first,  to  investigate  the  images  of  continuous  functions 
in  college  students  after  this  concept  was  taught  to  them  and,  second, 
to  characterize  their  mathematical  reasoning  in  this  context)  namely,  to 
characterize  the  arguments  they  use  in  order  to  justify  their  answers. 
This  approach  has  already  been  used  in  some  studies  in  geometry  (Vinner 
and  Hershkowitz,  1983  and  Hershkowitz  and  Vinner,  1984).    The  concept  of 
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continuous  functions  was  studied  quite  briefly  in  Tall  and  Vinnsr,  1981. 
It  was  examined  in  Mathematics  majors  arriving  at  university  in  England. 
In  this  study  we  examined  406  Science  students  after  the  concept  had 
been  taught  to  them.    We  used  a  questionnaire  which  was  supposed  to  un- 
cover the  main  images  of  continuous  functions  in  these  students  and 
also  their  mathematical  reasoning  associated  with  this  concept.  For 
some  of  these  Science  students  the  calculus  coursu,  where  we  adminis- 
tered the  questionnaire,  is  the  laet  Mathematics  course  in  their  entire 
life.    Others  will  take  one  or  two  additional  more  advanced  courses. 
But  whether  a  student  completes  his  mathematical  education  with  the 
calculue  course  or  not,  it  is  important  to  know  his  level  of  mathemati- 
cal reasoning.    It  may  help  to  evaluate  the  outcomes  of  the  entire 
enterprise  of  Mathematics  education  of  students  who  do  not  major  in 
Mathematics.    After  all  they  are  the  decisive  majority  of  the  Mathema- 
tics students. 


Sample:    our  sample  consisted  of  406  Science  students  at  the  Hebrew 
University,  Jerusalem.    All  of  them  studied  the  concept  of  continuous 
functions  in  calculus  courses.    Their  mathematical  background  was  rela- 
tively strong.    They  took  a  short  calculus  course  in  high  school.  Most 
of  them  were  immediately  after  their  military  service  (3  years  for  men 
and  2  yeare  for  women)  so  that  they  had  forgotten  a  lot.    Tho  concept  of 
continuous  functions  was  taught  to  them  in  several  ways.    All  the 
teachers  used  the  visual  approach,  speaking  about  the  possibility  of 
drawing  the  graph  without  lifting  the  pen  from  the  paper.    Some  of  the 
teachers  used  alao  the   e,  j  definition,  the  limit    definition  (f(x)  is 

continuous  at  x    if  lim  f(x)  =  f(x  )    and  the  intermediate  value  defi- 
°  j.  ° 

x  ■>  x 

o 

nition  (f(x)  is  continuous  in  [a,  b]  if  for  every  xx ,  x,  such  that 

a  £  x-y  <  Xj  S  b  and  for  any  intermediate  value  c  between  f  txt )  and  f(xa) 

there  exists  C,  Xj  <  C  <  x,  ,  such  that  f (£)  =  c.)    The  differences  in 

tho  formal  definitions  did  not  have  any  impact  on  the  students'  responses, 

therefore  we  do  not  distinguish  between  subgroups  in  our  sample. 

The  Questionnaires    our  questionnaire  had  2  parts.    In  the  first  part  we 

presented  to  the  students  the  following  seven  graphs: 
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Al. 


A2. 


A3. 


A4. 


A5. 


A6. 


» 


A7. 


We  asked  the  students  to  determine  whether  the  corresponding  functions 
are  continuous  or  discontinuous  and  to  explain  their  answers.     In  the 
second  part  of  the  questionnaire  we  presented  to  the  students  5  func- 
tiono  by  means  of  their  defining  formulae  (no  graphs).     They  weres 


Procedure;     The  questionnaire  was  administered  in  the  students'  regular 
classes  a  few  weeks  after  the  concept  of  continuous  functions  was 
taught  to  them.     It  took  20  to  25  minutes  to  complete.     The  explanations 
were  classified  into  10  different  categories.     In  this  paper  wo  will 
relate    statistically  only  to  the  major  categories.     The  small  cate- 
gories did  not  get  more  than  3*  and  we  will  describe  them  very  briefly. 


First,  we  would  like  to  bring  the  distribution  of  the  correct  and 
the  incorrect  answers  in  our  sample.    This  is  shown  in  Tables  1  and  2. 


81.  y  n  1/x*  .  B2.  y  =  |x|/x.B3.  y  =  /[icf 
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Table  1 

Distributions  of  Answers  to  Questions  Al  -  A7 . 
(The  nuebers  indicate  percents.)  N  *  406 


Al 

A2 

A3 

A4 

AS 

A6 

A7 

Correct 

89.9 

86.5 

89.7 

95.6 

86.5 

80.3 

78.6 

Incorrect 

8.1 

10.8 

7.9 

2.7 

10.6 

17.0 

17.7 

No  Answer 

2.0 

2.7 

2.5 

1.7 

2.7 

2.7 

3.7 

Note  that  in  Question*  AS  and  A7  the  functions  are  not  defined  for 
x  -  0.    This  point  ie  usually  considered  as  a  discontinuity  point. 
There  Is,  however,  another  approach  which  associate  neither  continuity 
nor  discontinuity  to  points  at  which  the  function  is  not  defined.  No 
student  In  our  saaple  took  this  approach. 

Table  2 

Distributions  of  Answer*  to  Questions  31  -B5. 
(The  numbers  indicate  percents.)  N  «  406 


Bl 

B2 

B3 

B4 

B5 

Correct 

79.1 

74.1 

83.0 

28.3 

50.7 

Incorrect 

17.0 

19.7 

10.1 

53.2 

24.4 

No  Answer 

3.9 

6.2 

6.9 

18.5 

24.9 

The  reader  should  not  be  Impressed  with  the  high  percentages  of 
success,  especially  in  Questions  A1-A7  since  (as  already  indicated  in 
Tall  and  Vlnner,  1981)  many  students  got  correct  answers  for  wrong 
reasons.    In  order  to  get  the  ri^ht  Impression  one  must  consider  the 
arguments  students  used  to  justify  their  answers.    We  will  relate  to 
the  5  following  categories! 

I      Continuity  is  considered  as  being  defined  and  discontinuity  1b 
considered  as  being  undefined. 

It  is  hard  to  tell  for  sure  the  origin  of  this  confusion  without 
interviewing  some  studentn.    Our  guess,  however,  is  that  students  con- 
clude from  cases  where  being  undefined  (like  y  =  1/x  in  0)  is  consider- 
ed as  discontinuity.    The  "logical  conclusion"  from  this  is  "derived" 
as  follows:     If  f (X)  is  not  defined  at  a  certain  point  then  it  is  dis- 
continuous.   Hence,  if  f (x)  is  defined  at  every  point  then  it  1b  con- 
tinuous.    (This  mistake,  the  false  contraposition,  is  quite  common  in 
college  students  as  reported  in  O'Brien,  1973).    Students  in  this 
category  claimed  for  instance  that: 

"The  function  is  continuous  because  it  is  defined  for  every  x" . 
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"The  function  1b  discontinuous  because  it  is  not  defined  for  every  x". 
II    Continuity  or  discontinuity  a.c  related  to  the  graph. 

Students  in  this  category  referred  to  the  graphs  in  their  explana- 


tions; 


"The  function  is  continuous  because  ltu  graph  can  be  drawn  in  one  stroke" 
"The  graph  has  no  jumps" 
"It  is  in  one  piece" 

"The  function  is  discontinuous  because  its  graph  has  two  parts  which  do 
not  meet" 

"There  is  a  gap  in  the  graph". 

Ill    There  is  a  certain  reference  to  the  concept  of  limit. 

This  category  was  used  much  more  in  Questions  Al  -  A7  than  in 
Questions  Bl  -B5,  where  it  ought  to  be  used.     Our  impression  was  that  it 
was  not  used  in  a  meaningful  way.     For  Instance: 

"The  function  is  continuous  because  it  tends  to  a  limit  for  every  x" 
"The  function  la  continuous  because  11m  f(x)  =  f(xQ)" 


x 


"Tho  function  is  discontinuous  because  11m  f(x)  *=  £(xq) 


x 

o 


The  last  two  statements  were  made  without  any  specification  of  xq  in  the 
particular  questions. 
IV    No  explanation. 

Quito  many  students  gave  no  explanations  in  some  of  their  answets. 
We  believe  that  this  is  a  weakness  that  should  be  noted  since  ve  should 
expect  students  at  this  level  to  be  able  to  justify  what  they  do.  This 
is  part  of  mathematical  thinking  that  we  look  for  so  much,  very  often 
with  very  little  success  (see  for  Instance,  Burton,  1984).     This  cate- 
gory Includes  also  tautological  explanations  like  "this  function  is 
continuous"  or  "this  function  is  discontiguous" . 


V  Other 


Here  we  Included  several  small  categories  that  did  not  get  more  than 
3»  of  the  answers.    Here  we  have  references  to  the  concept  of  one  to  one 
correspondence,  confusions  between  continuity  and  differentiability, 
wrong  applications  of  mathematical  theorems  (like  "  x1Qln(l/x)  is  continu- 
ous because  it  1b  a  product  of  two  continuous  functions"),  the  claim 
that  a  function  like  in  A2  or  BS  is  discontinuous  "because  it  consists  of 
two  functions",  the  claim  that  a  function  is  continuous  "because  it  has 
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no  inflection  points"  and  other  irrelevant  explanations.    Tables  3  and 
4  show  the  distribution  of  explanations  to  the  correct  answers  into  the 
above  categories.    The  nunbers  indicate  percentages  out  of  the  correct 
answers .     (The  percentages  out  of  the  entire  sample  can  be  obtained 
f roa  Tables  1  and  2  by  multiplication.) 

Table  3 

Distribution  of  explanations  to  the  correct  answers  to 
Questions  Al  -  A7.    (The  masters  indicate    percentages  out 
of  the  correct  answers.) 


Al 

A2 

A3 

A4 

AS 

A6 

A7 

I 

46 

44 

20 

32 

47 

22 

50 

22 

22 

33 

21 

20 

35 

21 

III 

15 

15 

17 

13 

15 

13 

4 

IV 

10 

14 

12 

25 

14 

25 

19 

V 

7 

15 

18 

9 

4 

5 

6 

Table  4 

Distribution  of  explanations  to  the  correct  answers  to 
Questions  B1-D5.    (The  nuabers  indicate  percentages  out 
of  the  correct  answers . ) 


Bl 

B2 

B3 

B4 

B5 

I 

82 

69 

60 

25 

46 

II 

2 

8 

4 

7 

3 

III 

4 

4 

4 

22 

8 

IV 

8 

13 

25 

30 

31 

V 

4 

6 

7 

16 

12 

Since  the  success  percentages  in  Questions  B4  and  B5  were  relatively 
low  it  is  interesting  to  sea  also  the  distribution  of  the  explanations 
to  the  wrong  answers  to  these  two  questions.    This  is  shown  in  Table  5. 

Table  5 

Distribution  of  explanations  to  the  incorrect  answers  to 
Questions  B4  and  B5.   (The  numbers   indicate  percentages 
out  of  the  incorrect  answers.) 

I       II     III    IV  V 

B4  48        4        6      36  6 

B5  27      10        8      41  14 

The  reader  can  see  that  something  strange  happened  with  Questions  B4 

a 
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and  B5.    The  percentages  of  the  incorrect  answers  to  B4  is  about  the 
same  as  the  percentage  of  the  cc-rect  answc-      oBS  (about  one  half). 
We  could  expect  that  the  fact  that  both  fun^.  uiuas  are  well  defined 
everywhere  will  cause  about  half  the  sample  to  aay  "continuous"  in  B4 
(wrong  answer)  and  continuous  in  B5  (right  answer).    However  this  is 
not  true.    Only  about  one  quarter  of  the  sample  has  an  incorrect  answer 
to  B4  which  is  Justified  by  Category  I  and  only  about  one  quarter  of 
the  sample  has  a  correct  answer  to  B5 ,  justified  by  Category  I.    We  do 
not  know  yet  whether  these  two  quarters  consist  of  the  same  people. 
Anyhow,  to  claim  about  B4  or  BS  that  the  functions  there  are  not  defin- 
ed for  every  x  shows  inability  to  understand  the  formulation  in  B4  and 
B5.     Luckily  enough,  this  is  true  only  about  6.5»-7%  out  of  the  entire 
sample  as  can  be  deduced  from  Tables  2,  4  and  5.    Note  that  the  in- 
crease of  Categoryllt (the  only  relevant  category)  in  the  correct 
answers  to  B4  is  rather  accidental  since  in  the  answers  to  B5,  which  is 
similar  to  B4 ,  it  went  down  again. 

It  is  worthwhile  to  mention  that  nobody  tried  to  draw  the  graphs 
in  B4  and  B5.     Very  few  (about  2%)  drew  graph3  in  Bl ,  B2  and  B3,  which 
very  often  were  incorrect. 
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LES  DEFINITIONS  COMME  OUTJLS 
DANS  LA  RESOLUTION  DE  PROBLEME 

Nicolas  BALACHEFF 
Equip*  da  dtdactkjua  das  mathamatlquas  al  ds  rlrttotmaliqus 
Univerjlt*  1  da  Otanobta  al  CNRS 


We  give  account  in  this  communication  of  the  analysis  of  pupils' 
behaviour  in  a  problem  solving  activity  with  respect  to  the  problem  of  the 
definition  of  some  mathematical  concepts.  We  have  observed  pupils  13 
years  old  in  two  contexts  for  the  same  problem  :  in  the  first  they  had  no 
information  available,  in  the  second  a  text  provided  them  with  the 
definitions  and  properties  of  the  concepts  concerned.  Our  analysis  gives 
evidence  of  the  way  in  which  pupils  consider  (or  not)  the  problem  of 
definition  and  the  basis  of  the  decisions  they  take. 


L'objet  des  recherches,  dans  le  cadre  desquelles  se  placent  les  resultats 
que  nous  rapportons  ici,  est  ('etude  des  processus  de  preuve  et  du  traitement  d'un 
contre-exemple  dans  la  resolution  d'un  probleme  de  mathematique.  Nous  avons 
ete  conduit  a  developper  particulierement  la  question  de  la  definition  car  alio  est 
soulevee  par  un  des  traitements  possibles  d'un  contre-exemple  :  la  refutation 
d'une  solution  peut  en  effet  avoir  pour  consequence  de  poser  le  probleme  de  la 
nature  des  objets  en  jeu  dans  fa  resolution  d'un  probleme  et  done  de  leur 
definition.  C'est  par  ailleurs  dans  cet  aspect  de  la  dialectique  des  preuves  et  des 
rdfutations  que  Lakatos  (1976)  voit  un  moteur  essentiel  de  revolution  et  de  la 
construction  des  connaissances  mathematiques. 

Nous  prenons  ici  la  notion  de  definition  au  sens  naif,  par  opposition  a  une 
acception  formelle  selon  laquelle  la  definition  est  une  abbreviation  permettant  une 
economic  de  mots.  Cette  acception  que  nous  retenons  pour  la  notion  de  definition, 
que  Vinner  (1976)  appelle  sa  valour  lexicale,  est  vraisemblablement  'a  plus 
repandue  chez  les  etudiants  :  une  definition  explique  un  mot  avec  d'autres  mots, 
•lie  est  un  discours  visant  a  eclairer  et  a  fixer  le  sens  d'un  mot  (Vinner  ibid.).  Ce 
point  de  vue  et  par  ailleurs  coherent  avec  celui  en  vigueur  dans  la  pratique  des 
mathematicians  :  la  definition  permet  que  deux  interlocuteurs  se  comprennent, 
c'est  a  dire  parlent  de  la  meme  chose  (Borel  1948,  p.2070). 

Nous  avons  examine  comment  est  pose  et  resolu  le  probleme  de  la 
definition  par  des  eleves  de  13  ans  (8°  annee  de  I'enseignement  obligatoire  en 
France)  a  propos  du  probleme  suivant :  donner  un  moyen  qui  permette  dds  que 
I'on  connait  le  nombre  des  sommets  d'un  polygone,  de  calculer  le  nombre  de  ses 
diagonales.  L'observation  a  ete  conduite  dans  deux  modalites.  Dans  la  premiere 
le  eleves  ne  disposaient  d'aucun  document,  dans  la  seconde  un  texte  leur  donnait 
la  definition  de  -polygone-,  «polygone  croise»,  «diagonale»  et  do  la  concavite. 
Dans  les  deux  cas  le  dispositif  •xperimental  a  consists  a  demander  a  deux  elev« 
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ds  proposer  un*  solution  common*  4  ce  problem*.  De  tell*  situations  <f  interacSon 
social*  dans  un  context*  d*  communication  invoqu**  nous  donna  raccss,  a 

('occasion  des  debats  entre  les  eluves,  a  la  genese  des  questions  qu'ils  se  posent 
•t  aux  fondements  des  decisions  qu'ils  prennent  (Mugny  1985).  Dans  una 
premiere  phase  de  ('observation,  dont  la  duree  n'est  pas  fixee  a  priori  (les  eleves 
dacident  eux-mfimes  que  le  problems  est  resolu),  i'observateur  n'intervient  en 
aucune  fagon.  Dans  une  seconds  phase  il  soumet  aux  eleves  des 
contre-exempies  (Baiacheff  1985).  Les  Aleves  sont  enregistres.  Les  analyses  ct 
l*s  resultats  que  nous  presenters  ici  sont  tires  des  protocoles  obtenus  lors  de  ces 
observations  dont  la  duree  moyonne  a  ete  de  1  h30. 


PREMIERE  MODALITE : 
LES  ELEVES  NE  DISPOSENT  D'AUCUNE  SOURCE  DOCUMENTAIRE. 


Dans  cette  modalite  nous  avons  observe  14  bindmes  :  6  ne  sont  a  aucun 
moment  entres  dans  une  probiematique  de  la  definition,  2  bindmes  ont  seulemsnt 
•voque  le  problems  de  la  definition  sans  veritabiement  s'engager  dans  son 
trcJtement  (nous  les  considerons  avec  les  precedents),  les  6  autres  bindmes  ont 
sn  revanche  pose  d'emblee  le  problems  de  savoir  ce  qu'est  un  polygons,  un* 
diagonals. 

Les  bindmes  qui  n'entrent  a  aucun  moment  dans  une  probiematique  de  la 
definition  ont  en  commun  le  fait  de  soutenir  une  solution  correcte  au  problems 
propose.  Ces  bindmes  partagent  une  conception  classique  de  polygone  et  de 
diagonale,  lorsqu'il  s'agit  de  potygones  convexes.  Lorsqu'un  polygone  concave  se 
presents,  certains  d'entre  eux  ecartent  la  diagonale  exterieure,  amendant  tour 
solution  d'une  condition  de  convexite  (Geo-Oli,  Lau-Lio,  Nad-Eli).  Dans  certains 
bindmes  un  echange  a  eu  liau  a  propos  de  diagonales  «exterieures»,  mais  cat 
•change  n'a  jamais  conduit  au  probleme  de  I'expression  d'une  definition.  Tout  se 
passe  comme  si  les  eleves  disposaient  de  conceptions  assez  robustes  *t 
pertagees  pour  que  leur  explication  ne  soit  pas  necessaire. 

Pour  les  six  bindmes  qui  ont  pose,  des  les  premiers  Instants  de  la  resolution 
du  probldme,  la  question  de  savoir  ce  qu'est  un  polygone,  ou  ce  qu'est  une 
diagonale.ie  probleme  de  la  definition  a  ensuite  joue  un  rdie  essentiel  a  la  fois 
dans  la  resolution  du  probleme  et  dans  leur  demarche  de  validation.  De  plus,  ces 
six  bindmes,  au  terme  de  leur  activite,  soutiennent  !a  conjecture  que  le  nombre 
des  diagonales  d'un  polygone  est  la  moiti6  du  nombre  de  ses  sommets,  pour  les 
polygenes  ayant  un  nombre  pair  de  sommets,  amendfie  eventuellement  d'une 
solution  spdeif ique  pour  les  potygones  ayant  un  nombre  impair  de  sommets. 

Pour  ces  bindmes  le  probleme  de  la  definition  est  entretenu  par  des  conflhs 
que  les  eleves  ne  parviennent  pas  a  depasser  :  (i)  confllt  entre  l*s 
conceptions  mobilisees  de  "polygone"  et  de  "diagonale*  ;  pour  certains 
bindmes  le  retour  a  I'ethymclogie  du  mot  "polygone"  conduit  a  une  conception 
classique  en  conflit  avec  une  conception  de  "diagonale*  issue  de  I'exemple 
prototy pique  du  parallelogramme  (Ant-Dam,  Pie-Mat,  Bla-lsa)  ;  (ii)  confllt  de 
conception  *ntr*  let  Aleves  (Lyd-Mar.  Pis-Mat)  ;  (iii)  confllt  suscita  par 
un*  refutation  :  pour  sauver  leur  conjecture  los  Aleves  se  placent  sur  le  terrain 
d*  la  definition,  chercnant  ft  ns  rttenir  Que  les  scuts  objets  pour  lesquels  alle  est 
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vsikfe  (Evs-Chr,  Nat'-Val). 

Le  caractere  dominant  do  cette  problernatique  est  parfois  renforce  par  une 
conception  globaie  du  rflle  de  la  definition  dans  une  activite  nathemattque,  ou  par 
la  lecture  du  contrat  experimental  par  les  sieves  :  (i)  la  definition  fixe  des 
bases  communes  pour  la  resolution  d'un  problem e  ;  ainsi  par  exemple  :  faut 
qu'on  leur  expHque  c'que  c'est  pour  nous  un  polygene  [...]  pares  que  dans  e'eas 
la  pour  eux  un  polygons  pour  eux  ga  peut  Stre  pa...  heu...  y'Sa/s  pas  quoi  (Dam 
275-277)  ;  (ii)  la  situation  est  lue  comme  un  ]eu  de  ia  definition  ;  par  exemple  : 
ia  regie  du  jeu  dit  que  c'est  nous  le  professeur.  C'est  eux  [I'observateur  et  une 
autre  personne  pr6sente  durani  I'observation]  on  leur  dit ...  un  pclygone  c'est 
c'qu'on  a  donnd  et  lui  [I'observateur]  doit  trouver  si  notre  d6finition  est  valabta 
(Dam  509). 

Dans  les  bindmes  oil  elles  sont  explicitees,  les  definitions  sont  une  forme 
d'institutionalisation.  Elles  fixent  le  statut  des  conceptions  relativement  a  la 
resolution  du  problems.  Mais  la  recherche  du  contenu  de  la  definition  peut  avoir 
deux  types  fondements  :  (i)  des  fondements  endogenes  :  les  sieves 
cherchent  a  expliciter  une  conception  de  polygons  et  de  diagonale  en  refsrsnce 
sssentisllsmsnt  a  des  exigences  de  fondements  de  la  conjecture  ;  (ii)  les 
fondements  exogenes  :  les  sieves  cherchent  a  reconstituer  des  references 
reconnues  culturellement  ou  par  rapport  au  savoir  scolaire.  En  quelque  sorts,  la 
definition  qu'il  «  faudrait»  connattre. 

Les  marques  principales  de  fondements  exogenes  sont  Is  rscours  a 
I'sthymologie  (Ant-Dam  21 ,  Evs-Chr  ?4,  Pie-Mat  2)  et  le  recours  a  I'exemple 
prototyplque  (Ant-Dam  65  et  70,  Bla-lsa  67,  Eve-Chr  706,  Nai'-Val  10,  Pie-Mat 
15).  Dans  ce  dernier  cas  il  s'agit  d'asseoir  la  conception  de  diagonaie.  L'exemple 
pfototypique  le  plus  souvent  utilise  est  celui  du  parallelogramme.  Notons  que  le 
rscours  a  I'ethymologie  dsvrait  conduire  a  une  conception  classique  de  polygons, 
en  fait,  dans  la  situation  que  nous  avons  observee  il  n'en  est  rien.  Le  prototype  du 
parallelogramme  conduit,  pour  la  diagonale,  au  respect  de  la  contrainte  :  faut 
qu'elles  passent  toutes  par  le  milieu.  Pur  le  mSme  milieu  (Ant  70)  qui  ramene  a  la 
conception  de  polygone  quasi-regulier  et  eventuellomant  regulisr :  on  croyait  que 
ga  f'sait  une  espece  de  roue,  avec  simplement  des  sommets  (Eve  847).  Quant  aux 
fondemsnts  sndogenes,  ils  confirment  la  pregnanes  du  modele  prototypique  du 
parallelogramme  :  en  g6n6ral  ga  coupe  en  un  point  au  milieu  (Val  65),  //  faut 
qu'ga  passe  toujours  au  mime  endroit  pes  diagonales]  (Mat  1 5). 

De  rneme  que  leurs  conceptions,  les  definitions  qu'elaborent  les  eleves  ne 
restent  pas  figees  apres  leur  premiere  fopnulation.  Elles  peuvent  evoluer  dans  le 
cours  de  la  resolution  du  probleme,  notamment  sous  la  prsssion  de  conflits  de 
conceptions  entre  partenaires,  ou  sous  cells  de  refutations  rencontrees  dans  I'une 
ou  I'autre  des  deux  phases. 


SECONDE  MODALITE  : 
LES  ELEVES  DISPOSENT  D'UN  TEXTE  DE  REFERENCE 


Tous  les  binomes  observes,  dans  cette  seconde  modalite,  ont  aborde  la 
resolution  du  probleme  par  une  lecture  prealable  du  Texte  qui  leur  etait  fourni. 
Mais  ce  comportement  peut  tres  bien  etre  interprdte  comme  un  effet  du  contrat 
experimental.  L'usage  qui  en  est  fait  ensurte,  dans  le  cours  de  la  resolution,  a  deux 
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types  d'origlne,  «xogene  ou  endogene,  de  fagon  analogue  avec  ce  que  nous 
avons  releve  pour  I'entree  dans  una  problematiqua  da  la  definition  dans  la 
premiere  modalite. 

Les  origines  endogenes  correspondent  a  un  recours  au  Texte  a  la  suite  de 
questions  soulevees  par  la  resolution  du  problems,  notamment  pour  ce  qui 
concerns  la  definition  de  diagonale,  ou  par  des  conflits  d'interpretation  entre  les 
eleves,  mais  cela  est  beaucoup  plus  rare. 

La  principals  origins  d'un  retour  au  texte  sur  un  problems  de  definition  est  le 
traitement  du  cas  du  triangle.  Dans  la  premiere  modalite  le  fait  que  le  triangle  soit 
un  polygone  a  ete  plusieurs  fois  remis  en  question  pares  qu'il  n'avait  pas  de 
diagonals  (il  etait  alors  soit  rejets,  soit  traits  comma  une  exception).  Dans  la 
seconds  modalite,  {'absence  de  diagonales  est  expliqueo  par  la  definition  fcimie 
par  le  Texte  :  quandy  a  un  triangle... y  a  pas  de  diagonales  parce  que  les  cdt6s 
sent  tous  cons6cutifs  (Rem  500).  Una  tall*"  explication  est  proposee  par  la  moitie 
des  binomes  (Rem-Chr,  Lol-Mar,  Ann-Lau,  Chr-Oli,  Mab-Sih)  Ceci  ecarte  Wen  sur 
le  traitement  du  cas  du  triangle  par  son  rejet  comma  polygons,  il  s'en  suivra  m 
mise  a  I'ecart  comme  exception  ou  par  ('introduction  d'une  condition. 

Les  origines  exogenes  participent  du  contrat  experimental,  elles  attribuent 
au  Texte  une  fin  reiativement  a  la  resolution  du  probleme. 

Certains  eleves  cnt  cherche  les  marques  d'une  intention  des  auteurs 
dirsctement  lies  a  la  resolution  du  probleme  :  le  Texts  doit  bien  servir  a  queique 
chose.  Ainsi  la  mise  en  page,  I'usage  des  italiques,  de  caracteres  gras  ou  d'autrei 
precedes,  la  typographic,  peuvent  etre  pris  par  les  eleves  comma  autant  d'indiees. 
Lm  examples  donnes  dans  le  Texte  prennent  une  valeur  prototypique  tendant  a 
UmKer  le  niveau  des  procedures  de  validation  des  solutions  envisagees. 
Une  figure  (un  polygons  a  7  cotes  concave)  donnes  «en  exemple»  par  le  Texte 
pour  «montrer»  les  difterents  elements  d'un  polygone  :  sommet,  cote,  diagonals, 
•st  utilises  par  la  majorite  des  binomes  comma  un  polygone  quelconque  «type». 
Par  ailleurs,  le  recours  a  la  catte  figure  a  pu  incitnr  certains  eleves  a  ne  pas 
dlstlngusr  Is  cas  des  polygonss  convexes  de  celui  des  concaves,  au  moins  parce 
que  les  diagonales  exterieures  sont  explicitement  admises :  le  segment  AF est  une 
diagonale,  AD  aussl.  Ah  ouais,  done  ga  peut  aussi  6tre  extdrieur  (Rem!  1 5). 

La  distinction  convexe/concavo  est  Dependant  faite  plusieurs  fois  comme 
une  consequence  des  distinctions  apportees  par  leTexfe  au  niveau  des 
definitions.  Ainsi  Stephanie  et  Julie  se  posent  d'emblee  la  question  aprss  la 
lecture  du  Texte  :  'ilestconvexe  ou  non  convexe  le  polygone  ?  '  (Jul  13-15),  pour 
s'en  tenir  d'abord  aux  convexes  :  'd'abord  vaut  mieux  deya  essayer  cTtrouver  avec 
convexe  '  (Syl  342)  st  torsque  leur  solution  sera  refutes  : 

-  //  est  pour  tous  les  convexes,  metis  pas  celui-la,  celui-la,  regarde,  e'est  la 
figure  3.  (Jul  646) 

-  ah  ben  voila  I  (Ste  647) 

-  e'est  un  polygone  crois6  I  (Jul  648) 

-  Ah  ouais,  il  est  pas  pour  les  potygones  croisds  . . .  hen  voila  (Ste  649). 

Reiativement  a  la  definition,  la  fonction  essentieile  du  Texte  est  d'avoir 
lourni  un  point  de  depart  a  la  resolution  du  problems.  La  resolution  a  ensuite  eu 
lieu  sou*  le  controls  de  la  definition  pour  la  plupart  des  binftmes  (Rem-Chr,  LoTc  et 
Marc,  Chr-Oli,  Bsn-San,  Csc-Emm,  Isa-Jul,  Ann-Lau,  B^a-Syl).  Ells  conduit 
sssentiellement  las  eleves  a  analyser  ce  qui  ss  passe  en  un  sommet  d'un 
polygone.  Le  cas  d'&abolle  et  Juliette  en  est  un  bon  exempis  : 

•  alors  on  va  fairs  Iss  diagonales  [...J  done  taut  proedder  par  sommet,  ou 
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prendre  un  sommet ...  (Jul  11-15) 
Puis  olles  revierwwit  a  la  definition  : 

-  regards,  on  appetle  diagonale  un  segment  joignant  deux  sommets  non 
conse'cutits  (Jul  55) 

Elles  recherchent  alors  les  diagonales  sous  le  contrdle  de  cette  definition  : 

-  bon  d'aprds  la  regie  (Jul  1 1 3) 

-  on  appelle  diagonals  un  segment  joignant  deux  sommets  non  consecutifs 
(Isa114) 

-  alors,  definition  d'une  diagonale.. .done  AE,  AD,  AC,  sont  des  diagonales 
(Jul  115) 

-  done  ilya  3  diagonales  issues  d'un  sommet  (Jul  1 1 7) 

-  a  chaque  fois  y  en  aura  pareil  (Isa  1 1 8) 

Cetta  orientation  de  la  resolution  explique  que  la  moitie  des  solutions 
observers  soient  du  type  "le  nornbre  de  diagonales  en  un  sommet  multiplie  par  le 
nombre  des  sommets".  Plusi9urs  bin&mes  s'ecartent  de  cette  voie  parce  qu'ils  sont 
confronted  au  probleme  de  ne  compter  qu'une  fois  chaque  diagonale.  Ce 
problems  apparatt  le  plus  souvent  sous  la  forme  du  probleme  des  «  diagonales 
confondues  »  sur  lequel,  comme  le  dit  Olivier :  'lis  [ies  auteurs]  disent  pas  ".  En 
I'absence  d'elGments  du  Texts  permettant  de  decider,  certains  bin6mes 
accepteront  de  compter  deux  fois  les  diagonales  (Mab-Sih,  Ann-Lau),  d'autres  ne 
trancharont  pas  (Chr-Oli,  Cec-Emm). 


CONCLUSION 


Le  probleme  de  la  definition  se  pose  de  fagon  tres  differente  dans  les  deux 
modalites  de  notre  experience. 

Dans  la  premiere  modalite  une  problematique  de  la  definition  apparait 
nettement  chez  plusieurs  binfimes.  Ce  phenomena  est  moins  lie  a.  la  nature  des 
fondements  rationels  de  la  resolution  du  probleme,  qu'a.  la  robustesse  des 
conceptions  des  eleves.  C'est  ainsi  que  la  moitie  d'entre  eux,  s'appuyant  sur  des 
conceptions  reputees  classiques  de  polygone  et  diagonale,  n'abordera  pas  la 
question  de  la  definition.  En  revanche  tous  ceux  qui  s'appuient  sur  la  conception  « 
fragile  »  type  de  diagonale-diametre  associee  ou  non  a  polygone-rdgulier, 
souleveront  le  probleme  de  la  definition  sous  I'impulsion  soit  d'un  conflit  de 
conception  entre  les  eleves,  soit  de  rdfutations  «  severes  »  (par  exemple  de  la 
conjecture  "le  nombre  des  diagonales  est  la  moitie  du  nombre  des  sommets"  par 
des  polygones  impairs).  La  problematique  de  la  definition,  et  sa  resolution 
eventuelle,  se  developpent  alors  dans  un  systeme  de  contraintes  que  sont :  les 
conceptions  des  6leves,  la  conjecture  en  question,  I'existence  d'un  savoir  ou  de 
pratiques  mathematiquos  do  r6ference. 

Dans  la  seconds  modalite,  les  definitions  qui  ont  ete  donnees  jouent  un  role 
determinant  puisque  nous  voyons  disparaitre  toute  trace  des  conceptions 
orronees  de  polygone  et  diagonale  si  frequentes  dans  la  premiere  modalite.  Des 
conflits  de  conception  surgissent  encore,  par  exemple  a  propos  de  ce  qu'est  un 
polygone  quelconque,  sur  la  nature  du  croisement  en  dehors  de  leurs  8u1r6mit6s 
de  deux  cotes  d'un  polygone  croise,  etc.  ,  mais  ila  ne  conduisent  plus  *  un 
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problame  de  definition  an  tant  que  tal  :  la  definition  est  donnee,  ella  n'est  pas 
remise  en  question.  En  revanche  so  posent  des  problames  d'interpretation  du 
Taxte  qui  pauvent  opposer  les  deux  Slaves  d'un  binome,  et  meme  fairs  apparaTtre 
un  tiers  :  I'auteur  du  Taxte  .  En  effet  dans  un  premiere  phase,  pour  resoudre  un 
conflit  de  conception  ou  un  question  d'interpretation  issue  de  la  resolution  du 
problems,  les  Slaves  paraissent  s'en  tenir  a  ce  que  nous  pourrions  appeler  «  la 
lettre  du  texte  ».  Les  eleves  cherchent  a  com  prendre  le  texte,  ou  encore  a  ajuster 
leurs  conceptions  a  un  sans  du  texte  qui  exiterait  en  soi  et  qu'ils  s'efforcent  de 
reconstruire.  Si  la  pression  se  fait  importante,  par  exemple  parce  que  les  eleves 
ne  debouchent  pas  sur  una  accord  sur  le  sens  du  texte,  alors  sont  prises  en 
compte  les  intentions  de  i'auteur  qui  seront  invoquees  pour  ou  contre  una 
interpretation  donnee. 

En  conclusion,  nous  pensons  que  le  fait  da  fournir  une  information  de 
reference,  s'il  modifie  sensiblement  les  «  performances  »  eventuelles  au  regard  de 
la  justesse  des  solutions  fournies.  en  revanche  il  ne  modifie  pas  sensiblement 
(dans  le  cadre  de  notre  experience)  les  processus  de  preuve  engages  dans  la 
resolution  du  probleme  ;  nous  avons  meme  remarque  ici  le  renforcement  das 
preuves  empiriques  principalement  a  cause  de  la  presence  du  Texte  at  du 
caractere  prototypique  des  exemples  qu'il  fournit. 

Une  recherche  a  venir  sur  ce  theme  devrait  prendre  en  compta  deux  types 
de  phenomenes  dont  nous  avons  ici  observe  des  indices  trop  faibles  pour  una 
conclusion  ayant  une  portee  generate  : 

-  Involution  des  eleves  d'une  lecture  du  texte  comme  porteur  d'une 
signification  «  objective  »,  vers  le  texte  comme  reflet  des  conceptions  de  son 
auteur.  Ou  encore  une  evolution  d'une  problematique  que  peut  traduire  la 
question  «  qu'est-ce  que  cela  veut  dire  ?  »,  vers  une  problematique 
qu'exprimerait  la  question  «  qu'est-ce  que  I'auteur  veut  dire  ?  ». 

•  la  prise  en  compte  du  texte  comme  porteur  d'indications  sur  les  intentions 
da  I'auteur,  ou  peut  etre  de  celui  qui  a  fourni  le  texte,  relativement  au  probleme 
soumis  ou  a  la  situation  dans  laquelle  prend  place  sa  resolution. 

L'hypothese,  que  nous  paraTt  soutenir  notre  experience,  est  que  la 
construction  du  sens  d'un  texte  (la  lecture)  depend  do  la  finalite  de  cette 
elaboration.  II  n'y  aurait  done  pas  un  sens  a  priori  d'un  texte  mathematique 
engage  dans  une  relation  didactique,  mais  un  sens  specifique  a  la  fois  des 
conceptions  du  lecteur  et  des  caracteristiques  de  la  situation  de  lecture 
(notamment  au  sens  du  contrat  didactique). 
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LECTURE  DE  TEXTES  MATHEMATIQUES 
PAR  DES  ELEVES  (14-15  ANS)  :  UNE  EXPERIMENTATION 

PUPILS  READING  MATHEMATICS  :  AN  EXPERIMENTATION 

ColttU  Labcrdo 


Readiny  or  listening  are  fundamental  activities  in  learning  mathematics 
The  object  of  the  present  paper  is  to  study  how  pupils  construct  a 
meaning  of  mathematical  notions  from  written  texts  and  to  investigate  the 
influence  of  the  linguistic  features  of  these  texts  on  the  pupils' 
understanding.  Pupils  of  the  grade  9  were  placed  in  an  experimental 
situation  where  they  were  confronted  with  the  task  of  reading  four 
teaching  texts  Introducing  operations  on  squares  roots.  They  were 
instructed  to  write  a  new  text  presenting  the  same  content  meant  for 
other  pupils  who  have  to  be  introduced  to  this  content.  Pupils  were 
working  in  pairs  and  observed.The  analysis  of  the  observation  and  of  the 
of  the  written  texts  produced  by  the  pupils  gives  insight  on  the  pupils' 
understanding  of  these  texts. 

L'etude  presente  a  ete  menee  par  un  groupe  de  didacticiens  (M.  Dupraz, 
M.  Guillerault,  C.  Laborde)  et  linguistes  (R.  Bouchart,  J.  Lachcar) 
grenoblois. 

Les  recherches  sur  I'apprentissage  des  mathematiques  ont 
essentiellement  porta  sur  les  processus  de  construction  de  connaissances 
ou  d'utilisation  de  connaissances  deja  disponibles  chez  les  eleves.  Mais 
elles  n'ont  pour  ainsi  dire  pas  aborde  la  question  de  la  prise  d'information 
par  les  eleves  comme  si  elle  allait  de  soi.  Or  depuis  une  vingtaine 
d'annees,  le  caractera  natural,  evident  de  la  lecture  ou  de  I'ecoute  est  remis 
en  question,  ces  activites  ne  sont  plus  considerees  comme  un  simple 
transport  d'informations  du  texte  ou  du  discours  a  I'ensemble  des 
connaissances  deja  disponibles  du  sujet  lecteur  ou  auditeur.  Elles  sont 
maintenant  analysees  comme  des  activites  complexes  au  cours  desquelles 
le  lecteur  ou  I'auditeur  s'engage  avec  ses  connaissances. 
La  prise  d'information  est  pourtant  fondamentale  dans  I'enseignement  qui 
sollicite  fortement  des  activites  d'ecoute  ou  de  lecture  de  la  part  de  I'eleve  : 
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ecoute  du  discours  de  I'enseignant  en  classe,  lecture  de  textes  de 
problemes,  de  passages  du  manuel,  d'enonces  ecrits  au  tableau  par 
I'enseignant. 

Cette  etude  concerne  la  lecture  de  textes  mathematiques  par  des  eleves  de 
fin  de  scolarite  obltgatoire  (14-15  ans).  A  ce  niveau  d'enseignement,  la 
prise  d'informations  a  partir  d'un  texte  ecrit  est  consideree  comma  devant 
faire  partle  des  competences  des  eleves.  Selon  un  constat  devenu  banal 
cette  competence  n'est  partagee  que  par  un  nombre  restreint  d'eleves. 
Nous  avons  done  cherche  a  connaitre  les  interpretations  construites  par  les 
eleves  lors  de  la  lecture  de  textes  mathematiques,  et  a  degager  incidence 
des  caracteristiques  linguistiques  des  manuals  de  mathematiques  sur  ces 
interpretations.  Notre  approche  est  experimental  mais  elle  se  situe  au  sein 
d'un  cadre  theorique  et  elle  est  fondee  sur  les  hypotheses  que  nous 
precisons  ci-dessous. 

I.  Cadre  theorlque 

L'analyse  de  I'activite  de  comprehension  d'un  texte  a  pu  etre  centree  sur 
I'apprehension  par  le  lecteur  du  contenu  mathematique  sous-jacent  et 
negliger  les  aspects  linguistiques.  invarsement  d'autres  recherches  n'ont 
pris  en  compte  que  les  aspects  de  surface  du  texte  cherchant  a  definir  des 
criteres  de  lisibilite  independants  du  contenu  et  du  lecteur.  II  nous  parait  au 
contraire  important  de  prendre  en  compte  a  la  fois  ia  complexite  cognitive 
des  contenus  en  jeu  dans  le  texte  ot  sa  complexite  redactionnelle.  Cela 
signifie  que  notre  analyse  des  conduites  de  lecture  prend  en  compte  et  de 
fagon  interdependante  los  elements  suivants: 
-le  contenu  mathematique  sous-jacent 

-le  eujet  lecteur,  ici  I'eleve,  en  tant  que  sujet  cognitif  avec  ses 
conceptions  tant  des  objets  mathematiques  que  de  la  langue  dans  laquelle 
est  redige  le  texte  a  lire 

-le  modele  langagler  en  vigueur  dans  I'enseignement  mathematique  et 

les  caracteristiques  redactlonnolles  du  texte  a  lire 

-la  situation  de  lecture  ;  le  statut  du  texte  pour  le  lecteur,  et  surtout  la 
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finalite  tie  ia  lecture  :  a  quoi  sart  la  lecture,  quelle  activite  ulterieure  lui 
est-elle  subordonnee? 

Dans  ce  schema,  le  sens  voulu  par  I'auteur  du  texte  n'est  pas 
automatiquement  apprehende  par  Is  lecteur  mais  est  reconstruit  par  ce 
dernier  en  fonction  de  ses  conceptions  des  objets  mathematiques  sous- 
jacents,  de  ses  connaissances  linguistiques,  de  ses  representations  de  la 
situation  de  lecture  et  de  sa  finalite  et  des  caracteristiques  linguistiques  du 
texte. 

il.  Method**  d'analyse  des  condultea  de  lecture 

Comment  savoir  'ce  que  le  lecteur  a  compris,  ou  n'a  pas  compris  ?  Une 
observation  directs  d'un  sujet  en  train  de  lire  ne  fournit  guere  de  donnees 
dans  la  mesure  ou  la  lecture  est  une  activite  individuelle  destinee  a  soi- 
meme.  Un  autre  point  que  nous  tenons  a  souligner  concerne  le  caractere 
illusoire  d'une  analyse  de  ces  interpretations  independamment  d'une  prise 
en  compte  de  la  finalite  de  la  lecture. 

Pour  obtenir  des  observables  lies  a  I'activite  de  lecture  nous  avons  done 
cholsi  de  la  finaliser  au  sens  ou  I'activite  de  lecture  a  conditionne  une 
activite  ulterieure  de  formulation  ecrite  de  I'eleve  lecteur.  Nous  avons  done 
en  fait  evalue  la  lecture  en  evaluant  la  production  ecrite  fournie  par  I'eleve 
qui  nous  a  permis  de  degager  des  informations  sur  Interpretation  et  la 
comprehension  du  texte  par  ce  dernier. 

III.  Dlspositlf  experimental 

On  a  donne  quatre  extraits  de  manuels  en  vigueur  actuellement  en  France 
(pour  ia  classe  de  3eme,  eleves  do  14-15ans)  portant  sur  les  operations  sur 
les  racines  carrees  a  deux  eleves  qui  devaient  dans  une  premiere  phase 
les  lire  attentivement  pour  dans  une  deuxieme  phase  ecrire  ensemble  un 
toxte  commun  pour  d'autres  eleves  du  meme  age  ne  connaissant  pas  les 
operations  sur  les  racines  carrees  et  destine  a  leur  permettre  de  les 
apprendre.  Les  eleves  travaillant  a  deux  ont  ete  observes  et  enreglstres.  Le 
travail  durait  environ  deux  houres.  ^experimentation  s'est  deroulee  avec 
douze  paires  d'eleves  qui  avaient  regu  un  enseignement  sur  les  racines 
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carries  six  mois  auparavant. 

IV.  Choix  des  extralts  de  manuals  a  lire 

II  repond  a  notre  objectif  de  reperer  I'effet  des  variables  de  presentation 

d'un  meme  contenu  mathernatiquo  sur  la  comprehension  des  eleves 

lecteurs.En  effet  les  quatre  textes  retenus  ont  ete  choisis  parcoqu'ils 

different  essentiellement  sur  les  six  aspects  suivants  : 

-utilisation  de  dlagrammes,  schemes,  tableaux  :  un  seu!  manue!  en 

utilise 

-choix  du  code  dans  lequel  sont  formulas  les  encnees  recapitulates  des 
propriete;;  sur  les  racines  carrees  :  langue  naturelle,  ecriture  symbolique, 
usage  conjoint  et  plus  ou  rnoirts  imbrique  des  deux  codes.  Ainsi  un  manuel 
Jormule-t-i!  systematiqjement  une  meme  propriete,  une  premiere  fois  en 
langue  naturelle,  une  seoonde  fois  en  ecriture  symbolique  : 
"La  racine  carree  d'un  produit  de  reels  positifs  est  egale  au  produit  des 
racines  carrees  de  ces  reels :  Vab  *  Va~  x  Vb",  a  £  R+,  b  e.  R+ " 
La  meme  propriete  est  ainsi  formulae  par  un  autre  des  4  textes  : 
"Quels  que  soient  les  reels  positifs  a  et  b,  ^  =  Va" .  ^Ib " 
Le  premier  manuel  enonce  volontairement  deux  formulations  redondantes 
mais  chacune  homogene  du  point  de  vue  du  code  utilise;  le  second  manuel 
a  recours  aux  deux  codes  au  sein  d'un  enonce  unique  heterogene. 

-  existence  de  demonstrations  des  proprietes  des  racines  carrees  :  un 
seul  manuel  ne  fait  aucune  demonstration 

-  le  type  d'objets  sur  lesquels  porte  la  demonstration  :  nombres  fixes  cu 
nombres  indetermines  d6slgnes  par  des  lettres  ou  les  deux  types  a  la  fois. 

-  importance  en  nombre  et  place  des  examples 

-  existence  d'exerclces  soit  d'application,  soit  introductifs  a  une  propriete. 

V.  Analyse  de  la  tache  a  laquelle  sont  controntas  les  eleves 

Dans  cette  tache  la  lecture  est  finalisee  par  I'activite  de  production  qui  la 
suivra;  puisque  dans  cette  derniere  les  eleves  ont  a  s'exprimer  pour  des 
pairs,  on  peut  parser  qu'ils  vont  retenir  les  informations  qu'ils  jugent 
importantes  et  qu'ils  vont  les  transmettre  sous  la  forme  qu'ils  pensent  la 
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plus  accessible  pour  eux  memes.  On  pourra  aussi  avoir  acces  a  leurs 
interpretations  des  textes  a  lire,  dans  la  mesure  oil  ils  vont  developper  a 
I'intention  des  eleves  lecteurs  de  leur  production  des  explications 
susceptibles  d'aider  a  la  comprehension  du  contenu. 
Le  travail  a  deux  permet  I'exteriorlsation  des  demarches  de  pensee  de 
chacun  des  partenaires  grace  aux  echanges  verbaux;  la  confrontation  des 
points  de  vue  des  deux  partenaires  est  aussi  un  element  qui  contribue  a  la 
dynamique  de  I'activite. 

Le  choix  de  donner  a  lire  quatre  textes  rend  la  tache  particulierement 
complexe.  II  a  ete  congu  pour  nous  permettre  de  reperer  I'effet  des 
variables  de  presentation  d'un  meme  contenu  en  particulier  au  niveau  des 
choix  faits  par  les  eleves  pour  la  presentation  qu'ils  adoptent  dans  leur 
texte.La  lecture  de  plusieurs  textes  exige  une  plus  grande  activite  de 
construction  de  la  part  des  eleves  et  evite  une  recopie  possible  s'ils 
n'avaient  eu  qu'un  texte  a  lire. 

VI.  Analya*  da  qualques  donnees  de  ('experimentation 
.  1  .Representation  globale  des  textes 

La  comprehension  d'un  texte  ne  consiste  pas  seulement  en  I'extraction 
d'intormations  mais  en  la  construction  d'une  representation  generale  du 
texte  et  de  son  articulation  globale  entre  ses  differents  elements 

-  identification  d'un  contenu  commun  aux  quatre  textes 

II  semble  que  la  majorite  des  eleves  aient  reconnu  que  tous  les  textes 
portaient  sur  les  memes  proprietes  des  racines  carrees  :  seules  trois  paires 
d'eleves  sur  les  12  observees  n'ont  pas  toujours  reconnu  le  meme  contenu 
dans  ces  textes 

Deux  paires  d'eleves  ont  repete  deux  lois,  dans  le  texte  qu'ils  ont  toil,  les  regies  de  calcul 
do  produit  et  du  quotient,  prises  a  chaque  lois  a  partir  d'un  texte  dillerent  car  ils  ne  los 
avaient  pas  interpretees  comme  la  meme  regie. 

Une  autre  paire  d'eleves  a  tire  deux  Informations  contradictors  du  meme  texte  et  los  a 
consignees  dans  son  texte  ecrtt : 

•V5£i  .  VB+^accompagneo  de  la  mention  "on  omploie  la  meme  methods  pour  les  4 
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fonctlons"  et  plus  bas  "V2+V8  *  V2+8 ". 

On  peut  Denser  que  la  coexistence  des  deux  propositions 

V5+4  .  Vs+VTet  VjT+VaT*  >J2  +8  ne  revSt  pas  pour  ce»  eleves  le  caractere  contradictoire 
qu  ell*  presents  pour  nous.  Chacune  de  ces  propositions  est  interpretee  par  les  Aleves 
comme  valide  dans  son  contexte  denunciation,  les  eleves  n'ayant  pas  reconnu 
I'actualteatlon  dans  chacun  de  ces  contextes  d'une  regie  generals  sur  la  somme  de  racines 
carries. 

-  structuratlon  du  texts  et  contrat 

II  est  apparu  que  la  struduration  du  texte  a  une  incidence  sur  le  statut 
accorde  par  I'eleve  lecteur  a  ce  qu'il  lit.  II  semblerait  qu'un  contrat  se  noue 
entre  auteur  et  lecteur  en  particulier  au  niveau  des  titres  de  paragraphs  ou 
de  la  place  dans  la  page  et  de  la  typographic.  Par  exemple,  les  enonces  en 
plus  petits  caracteres  ou  en  marge  du  texte  memo  peuvent  etre  consideres 
comme  episodiques  et  n'ayant  pas  d'incidence  sur  le  contenu  du  texte 
central. 

Le  titre  d'un  paragraphe  annonce  le  contenu  du  paragraphe  et  coriditionne 
deja  I'interpretation  que  le  lecteur  va  faire  de  ce  contenu.  Une  rupture  non 
explicitee  du  cont'at  annonce  par  le  titre  de  paragraphe  d'un  manuel  a 
conduit  ainsi  a  plusieurs  interpretations  erronees. 

Un  texte  annonce  en  titre  de  paragraphe  :"Transformer  des  ecritures  contenant  des 
radicaux"  et  commence  immediatement  par  un  avertissoment  vague  sur  les  sommes  de 
radlcaux  puis  continue  par  une  remarque  de  notation  sur  la  suppression  possible  du  signs 
de  multiplication  dans  une  ecriture  algobrique  et  termlne  enlin  par  les  regies  de  calcul  sur 
produit  et  quotient  de  radicaux.  Certains  eleves  ont  alors  interprets  la  remarque  de  notation 
comme  uno  transformation  cfecrilure  et  ont  alors  attribue  aux  regies  de  calcul  sur  les  radicaux 
!e  mflmo  statut  de  notation.  II  sullit  de  doplacer  les  signes  V  dans  les  ecritures  de  produils  et 
de  quotients. 

-  I'homoginiitt  du  texte 

L'homogeneite  d'un  texte  porte  a  plusieurs  niveaux;  elle  peut  etre  relative 
au  decoupage  du  contenu  en  parties  d'organisation  interne  semblables. 
Le  texte  peut  etre  decoupe  en  paragraphes,  chaque  paragraphe  etant 
relatif  a  une  operation  sur  les  racines  carrees,  ('organisation  de  chacun 
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d'entre  eux  restant  du  meme  type  comme  par  exemple,  demonstration, 
enonce  de  propriete,  examples,  exercicesrhomogeneite  peut  descendre  a 
un  niveau  plus  piofond,  par  exemple  sur  le  deroulement  des 
demonstrations  et  le  type  d'objets  utilises. 

En  partlculier  una  demonstration  fails  par  un  d«>  manuals  potait  d'abord  sur  un  exemple 
numdrique  puis  sur  le  cas  Qeneral  a  rald«  d«  nornbfes  deslgnes  par  des  teltres.  Ella  a  en 
general  4te  trss  mal  comprise,  les  sieves  n'ayart  pas  reconnu  qu'il  s'aglssait  de  la  meme 
demonstration  conoWsan!  au  m*ms  resuttat. 

Deux  des  textes  proposes  presentent  une  plus  forte  homogeneite  :  ils  ont 
davantage  ete  utilises  par  les  eleves  pour  produire  leur  propre  texte  et  les 
eleves  ont  a  Tissue  de  leur  travail  clairen.ent  exprime  leur  preference  pour 
ces  deux  textes. 

2.Usage  des  deux  codes   langue  naturelle  et  ecrlture 
symbolique 

Les  enonces  des  proprietes  des  racines  carrees  presents  dans  les  textes 
des  eleves  font  plus  fortement  appel  a  I'ecriture  symbolique  que  ceux  des 
manuels.  Certains  eleves  ne  retiennent  que  les  regies  de  calcul  sans  les 
conditions  de  validite  dont  I'expression  necessite  soil  un  enonce  en  langue 
naturelle,  soit  un  enonce  heterogene  dans  les  deux  codes.  Par  exemple,  ils 
ont  seulement  ecrit :  "Va  -Jb  =  Vab" 

Le  faible  usage  de  la  langue  naturelle  est  du  aussi  dans  les  productions 
des  eleves  a  la  relative  absence  de  meta-discours  explicatif  ou  introductif 
malgre  la  consigne  d'ecrire  un  texte  qui  permette  a  dautres  eleves  de 
comprendre  les  proprietes  des  racines  carrees.  De  I'ensemble  du  contenu 
presente  dans  les  textes  les  eleves  ont  retenu  les  regies  de  calcul  sous 
forme  symbolique  et  juge  important  de  les  transmettre. 
.  3.R6I*  des  exercices 

Le  type  de  presentation  par  exercices  n'a  pas  ete  retenu  par  les  eleves.  On 
percoit  tres  nettement  au  contraire  le  choix  par  les  eleves  deposition 
institutionnalisant  clairement  la  propriete  a  retenir  sur  la  somme  des  racines 
carrees.  Seul  un  manuel  indique  la  propriete  Va  Wb  *  >/a~7b,  les  autres  ne 
donnant  que  des  exercices  ou  des  exernples  numeriques.  C'est  ce  texte  qui 
a  inspire  massivement  les  productions  des  eleves. 
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A  YEAR  IN  THE  LIFE  OF  A  SECOND  GRADE  CLASS:     COGNITIVE  PERSPECTIVE 
Paul  Cobb,  Purdue  University 

The  paper  first  outlines  the  organization  of  a 
conotructlvlBt  second  grade  research  and  development 
project  that  focuses  on  a)  Individual  children  s  cognitive 
developnent  in  the  context  of  claBBrooa  Instruction,  b) 
small  group  Interaction  patterns ,  and  c)  whole  cIbbs 
Interaction  patterns.  The  cognitive  goalB  of  the 
experimental  curriculum  are  then  dlBCUBBed.  Finally,, 
attention  1b  given  to  the  ways  that  models  of  children  a 
conceptual  developnent  are  applied  to  Instruction.  TheBe 
Include  a)  guiding  the  development  of  Instructional 
actlvltleo,  bT  assessing  the  pedagogical  value  of 
particular  activities,  and  c)  accounting  for  the  children  s 
mathematical  learning. 

I  and    my  colleagues  Erna  Yackel,  Terry  Wood,  and  Grayson  Wheatley 
are  In    the  second    year  of    a    three    year    research    and  development 
project.      The  conBtructlvlst    theory  of    knowledge  In    general  and  the 
theory  of  children's  counting  types  (Steffe,  von  Gl'aaerefeld,  RlchardB, 
&  Cobb,     1983)  and    ltB  extension    to  thinking    strategies    and  child- 
generated  algorithms    (Steffe,    Cobb,    &    von    Glaoersfeld,    In  presB) 
constitute  the  theoretical  framework  of  the  project.     Ab  conBtructlvlBm 
appears  to    Bean  a    variety  of    different  things    to    different  people 
(Kllpatrlck,  1986),     it  is    as  well  to  BtreSB  that  the  variant  to  which 
we  subscribe    rejectB  the    notion  that    cognitive  reorganizations  occur 
when  BtudentB    Bomehow  apprehend    or  intuit    the  structures    said  to  be 
found  In    problemB.      Consequently,      the  curriculum    activities  we  are 
field-testing  are  not  designed  to  present  mathematical  relationships  in 
an    Implicit      or    "transparent'      form    (cf.    Resnlck,     1983,    for  an 
alternative  view).      For    ub,  the    procesB  of    BubBtantlve  mathematical 
learning  and    of  constructing    a  mathematical    reality  are    one  and  the 
same  (Plaget,    1980;  von    GlaBersfeld,  1984).      They    are  but  different 
aspects  of    the  reflective    abstractions  students    that    make    as  they 
reorganize  their    senBory-motor  and    conceptual    activity.        From  the 
researcher's  point  of  view,  the  result  1b  new,  more  powerful  conceptual 
structure.      For  the    child,     it    1b    a    mathematical    object    that  Is 
experienced  as    though  It  were  there  all  along.     In  short,  mathematical 
structures    are      given    to    rather    than    extracted    from  problematic 
situations. 

Ttle  prelect  dtflcUflge-d  in  this  paper  was  supported  by  the  National 
Science  Foundation  under  grant  No.  MDR  8470400.     All  opinions  expressed 
are,  of  course  Bolely  those  of  the  author. 
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Current  Activities 


We  are  currently  developing,  implementing,  and  refining 
prototypical  instructional  activities  in  a  second  grade  classroom  for 
the  entire  school  year.  Although  the  Implemented  curriculum  consist* 
of  both  whole  class  and  snail  group  problem  solving  activities,  lessons 
do  not  fit  the  typical  revlsv-dsvmlopment-seatwork  format  (Good, 
Grouws,  &  Ebmeier,  1983).  Instead,  the  children  attempt  to  solve 
problema  and  than  the  teacher  leads  a  discussion  of  their  solutions. 
No  attempt  Is  made  to  evaluate  students'  contributions  or  to  "steer" 
them  to  a  desired  official  solution.  The  general  Instruction  format  of 
activlty-dlscusslon  is  used  In  all  curriculum  areas  including 
arithmetical  computation. 

All  lessons  are  video-taped  and  eight  children  have  been  selected 
for  intensive  study  as  they  interact  In  small  groups.  The  project 
staff's  Individual  recponalblllties  are: 

Cobb:  document  and  account  for  the  target  children's  construction 
of  arithmetical  knowledge. 

Yackel:  document  and  account  for  a)  the  target  children's  beliefs 
about,  attitudes  towards,  and  motivations  for  doing  mathematics  and  b) 
the  changing  nature  of  the  small  group  Interaction  patterns  they 
establish. 

Wood:  document  and  account  for  a)  the  nature  of  the  total  class 
Interaction  patterns,  focusing  particularly  on  how  a  "problem  solving 
atmosphere"  is  created,  and  b)  the  dynamic  relationship  between  the 
teacher's  knowledge  and  her  practice. 

Teacher:  a)  develop  and  teach  lessons,  and  b)  keep  diary  of 
classroom  life  from  the  practitioner's  perspective. 


To  put  it  simply  but  vaguely,  the  cognitive  goal  of  the  curriculum 
is  to  encourage  the  construction  of  powerful  conceptual  operation. 
When  we  negotiated  with  the  cooperating  school  corporation,  we  agreed 
to  address  all  their  stated  second  grade  mathematics  objectlv  i.  As  an 
example,  one  of  these  is  to  add  and  subtract  two-digit  numbers  with 
regrouping.  Interviews  conducted  during  the  first  year  of  the  project 
Indicated  that  only  children  who  have  constructed  a  system  of 
conceptual  operations  that  wc  call  the  part-whole  system  can  construct 
their  own    efficient  algorithms    of  this    type    (Cobb,     1987).  These 
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conceptual  operations    are  also    crucial  to  activities  that  are  treated 
as  separate    topics  In  traditional  Intended  curricula  (e.g.,  elementary 
multiplication  and    division,  money,    estimation).      Consequently,  the 
conetructlon  of    this  system    of  operations    Is  a    central  goal    of  the 
curriculum.      We  are    attempting  to    achieve  thlo    and  other  cognitive 
goals  by    Implementing  curriculum    activities  that  give  rise  to  genuine 
mathem»tlcal  problems  for  the  children.    Just  as  scientific  progress  Is 
precipitated  by    the  perception    of  anomalous    phenomena,  ue  expect  the 
children    to      make    progress      by    reflecting    In    either  problematic 
situations  or  situations  In  which  two  solution  activities  are  "seen"  to 
give  rise    to  the    same  conceptual    result.     In  both  cases,  the  crucial 
element  Is    that  of  surprise — surprise  at  encountering  an  unanticipated 
difficulty  or    at  two  apparently  different  ways  of  operating  leading  to 
the  same    result.      Both  situations    give  the  children  opportunities  to 
reflect  and    reorganize    the    conceptual    base    of    their  mathematical 
actions.      The  Instructional    activities  can    be  solved  In  a  variety  of 
different  ways    by  children    at  different    conceptual  levels    ar.d  thus 
attempt  to    take  account    of  Individual    differences.    Their  design  and 
Implementation  Is    guided  by    models    of    early    number    learning  that 
specify  the  senaory-motor  and  conceptual  activities  that  young  children 
might  be    able  to    reflect  upon  and  by  the  on-going  Initial  analysis  of 
the  video-recordings.    Thus,  the  cognitive  aspect  of  the  project  is,  In 
part,  a    process  of    formative  assessment    that  attempts    to  Judge  the 
pedagogical  value    of    specific    Instructional    activities.  Criteria 
Include  a)    the  reflectiveness  of  the  children's  mathematical  activity, 
b)  opportunities    for  dialogue    about    mathematics    that    arise  within 
groups  and    during  whole    class  discussion    from    the    construction  of 
alternative    and,    at    times,     conflicting    solution    methods,    c)  the 
acceptance  of    a  difficulty    as  personally    challenging  problem  (I.e., 
persistence),  and    d)  personal    satisfaction  achieved    by    resolving  a 
difficulty  or    accounting  for    an  unanticipated  convergence  of  results. 
In  short,  the  value  of  Instructional  activities  Is  assessed  In  terms  of 
the  quality    of  Individual    children's  problem  solving  activity  and  the 
quality  of  dialogue.     (Clearly,  these  qualities  depend  on  far  more  than 
just  the  Instructional  activities  and,  as  Volgt  (1985)  noted,  attention 
must  also  be  given  to  the  social  context  within  which  the  children  give 
meaning  to  the  activities.) 
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The  Role  <"l  Cognitive  Models 


As  Romberg  and  Carpenter  (1985)  observed,  "we  currently  know  a 
great  deal  aore  about  how  children  learn  aatheaatlcs  that  we  know  about 
how  to  apply  thla  knowledge  to  Instruction"  (p.  859).  Although  we  are 
far  froa  achieving  a  satisfactory  resolution  of  this  Issue,  some 
Initial  reflections  on  the  role  that  cognitive  aodels  plsy  in  our 
current  work  can  be  offared. 

We  had  anticipated  that  the  tescher  would  construct  an 
understanding  of  the  aodels  of  children's  counting  types,  thinking 
strategies,  and  self-generated  algorithms  as  she  Interacted  with  other 
aeabers  of  the  project  staff  and  use  this  knowledge  to  guide  her 
Interactions  In  the  classrooa.  During  the  induction  process,  she 
viewed  video-recordings  of  children  solving  probleas  using  a  vsrlety  of 
self -generated  aethods  snd  disi.  issed  the  various  conceptual  levels  at 
which  they  were  operating.  Further,  the  teacher  frequently  asks  about 
the  levels  at  which  the  eight  target  children  are  operating  and  asks 
clarifying  questions  during  weekly  project  meetings.  Koowl-dge  of 
these  levels  In,  however,  coapletaly  lrrelevsnt  to  her  as  she  interacts 
with  children.  There  Is  no  Indication  that  she  uses  the  constructs  of 
the  theory  In  an  atteapt  to  build  aodels  of  Individual  children's 
aatheaatlcal  thinking.  This,  we  believe,  tells  us  aore  about  the 
proposal  that  teachers  should  develop  such  aodels  In  the  classrooa  than 
It  does  about  the  project  teacher.  A  conviction  that  children  can 
construct  mathematical  knowledge  for  theaselves  coablned  with  a  desire 
to  find  out  how  they  are  atteapting  to  solve  probleas  seen  sufficient 
for  her  to  cake  appropriate  Interventions. 

Nonethelaas,  the  aodels  are  proving  Invaluable  In  a)  guiding  the 
developaent  of  instructional  activities,  b)  assessing  the  pedagogical 
value  of  particular  Instructional  activities,  and  c)  accounting  for  the 
children's  aatheaatlcal  learning.  In  contrast  to  aost  recommendations , 
we  are  not  atteapting  to  explicitly  teach  children  aethods  or 
strategies  associated  with  more  sophisticated  conceptual  levels  (e.g., 
Case,  1983).  Although  children's  problea  solving  activities  do  express 
their  current  understandings,  the  relationship  between  concepts  and 
solution  aethods  Is  aany-to-raany.  Consequently,  children  who  have  been 
successfully  taught  to  use  a  particular  method  to  solve  a  certain  range 
of  tasks  have  not  necessarily  constructed  the  Intended  concepts. 

As  an  example,  consider  again  the  case  of  constructing  efficient 
algorithms  for    adding  and    subtracting  two-digit    numbers.  Typically, 
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textbook  Instruction  first  attempts  to  teach  place  value  concepts  and 
then  Introduces  the  standard  algorithms.  Unfortunately,  this  approach 
assumes  that  the  construction  of  a  place  value  numeration  system  Is  a 
matter  of  empirical  abstraction  and  flgural  representation  rather  than 
reflective  abstraction  from  and  reorganization  of  problem  solving 
activity  (Katall,  1986;  Steffe,  1983).  As  a  consequence,  most  children 
construct  ten  as  an  abstract  singleton,  If  that  Is  not  a  contradiction 
In  terras  (Cobb,  1987;  Ross,  1986).  In  other  words,  54,  say,  Is 
composed  of  five  singletons  of  one  type  called  "tens"  and  4  unrelated 
singletons  of  another  type  called  "ones."  The  so-called  "teno"  are 
distinguished  from  the  "ones"  In  terms  of  flgural  Imagery — they  are  not 
composite  structures  composed  of  units  of  one. 

Happing  instruction  In  which  children  are  taught  standard 
algorithms  by  manipulating  blocks  In  parallel  with  writing  symbols  has 
also  been  of  limited  success  (Nesher,  1987).  Once  again,  the  emphasis 
In  on  flgural  representation  and  children  are  somehow  expected  to  "take 
In"  place  value  knowledge  from  physical  objects  that  the  adult  can 
"see"  as  expressions  of  his  or  her  own  understanding.  This  and  other 
evidence  leads  Nesher  (1987)  to  conclude  that  "no  one  has  succeeded  In 
demonstrating  that  understanding  Improves  algorithmic  performance"  (p. 
6).  The  question  that  Immediately  comes  to  mind  Is  whether  researchers 
who  believe  they  have  taught  children  to  understand  have  In  fact  done 
so.  Frose  the  perspective  of  Piagetlan  constructivism,  there  In  no 
reason  to  assume  that  they  have. 

The  one  exception  to  the  finding  thnt  algorithmic  performance  does 
not  necessarily  depend  on  understanding  Is  that  of  counting. 
Researchers  operotlng  within  a  variety  of  different  paradigms  have  all 
argued  that  the  construction  of  counting  methods  is  related  to 
conceptual  development.  Further,  none  has  suggested  that,  this  la 
merely  a  matter  of  empirical  abstraction  and  flgural  representation. 
It  appears  that  conceptual  development  and  the  construction  of 
Increasingly  sophisticated  counting  methods  go  hand  In  hand  and  the 
opportunities  for  children  to  solve  problems  by  using  their  current 
counting  methods  are  essential  to  those  developments.  From  this,  ue 
derive  the  general  contention  that  the  relationship  between  conceptual 
understanding  and  observable  problem  solving  behavior  Is  analogous  to 
that  between  theory  and  experimentation  in  science — It  is  dialectical. 
Problem  solving  activity  lc  an  expression  of  and  Is  constrained  by 
current  concepts.  On  the  other  hand,  the  activity,  as  an  Instantiation 
of    understanding,      makes      possible      unanticipated      surprises  and 
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constitutes  material  upon  which  to  reflect.  The  activity  is  therefore 
essential  for  and  constrains  subsequent  conceptual  developments.  The 
value  of  the  models  of  counting  types,  thinking  strategies,  and  self- 
generatad  algorlthaa  resides  in  the  unique  emphasis  they  place  on 
sanaory-aotor  and  conceptual  activity  (Cobb,  in  press).  The  aodela 
trace  the  eventual  object  If lcatlon  of  particular  arithmetical  concepts 
fro*  their  sources  In  activity.  Colloquially,  these  Initial  beginnings 
sight  be  called  concepts-ln-actlon .  In  Searle's  (1980)  terns,  the 
child's  Intentions  are  In  and  cannot  be  separated  from  his  or  her 
activity  and  the  child  acts  in  order  to  create  aeaning.  This  In  no  way 
implies  that  the  child's  activity  Is  Meaningless  or  that  the  child  is 
■erely  performing  a  rote  procedure.  Instead,  the  meaning  ia  an 
integral  part  of  and  can  only  be  analyzed  In  conjunction  with  the 
activity.  Meanings  of  thla  sort  are  rarely  captured  by  cognitive 
models,  particularly  those  produced  by  researchers  who  strive  for  the 
stamp  of  scientific  rospectabll lty  by  limiting  themselves  to  the 
fornalisms  of  currently  available  computer  languages. 

Meanings- in-act loo  should  not  he  confused  with  performing  an 
activity  that  one  lias  been  taught  to  use.  Activities  of  the  latter 
type  can  be  matheaatlcally  Meaningless  (lllebert  &  Wearne,  1983).  It  Is 
a  Matter  of  trying  to  remember  what  an  authority  told  thu  students  they 
are  supposed  to  do  rather  than  acting  with  Meaning.  It  night  well  be 
that  the  failures  to  demonstrate  that  understanding  improves 
algorithmic  perfornance  tell  us  more  about  Instruction  that  Ignores 
students'  reflections  on  their  meanings -In -act ion  than  It  does  about 
the  process  of  constructing  algorithms. 

Our  approach  to  helping  children  invent  algorithms  for  adding  and 
subtracting  two-digit  numbers  has  been  to  try  and  build  on  the 
children's  moanings-ln-act Ion.  The  models  we  are  using  specify  both 
the  activities  from  which  children  might  abstract  and  the  activities 
thut  might  be  objects  of  reflection  for  children  at  particular 
conceptual  levels.  We  have  simply  developed  instructional  materials 
that  the  children  typically  attempt  to  solve  by  engaging  In  these  types 
of  activities.  At  the  same  time,  we  have  tried  to  ensure  that  the 
construction  of  undesirable  concepts  such  as  ten  as  an  abstract 
singleton  lead  to  contradictions.  The  activities  we  are  currently 
interested  In  are  a)  counting  by  ones,  which  can  be  segmented  Into 
modules  and,  eventually,  units  of  ten,  b)  making  finger  patterns  such 
as  two  open  hands  as  embodiments  of  the  result  of  counting  ten  one's  or 
one  ten,    and    c)    recognizing    and    visualizing    spatial    patterns  as 
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embodiments  of  counting  ton  ones  or  one  ten.  Materlale  such  nn 
hundreds  boards  und  multlllnks  arranged  in  bars  of  ton  are  always 
available  If  a  child  chooses  to  use  them,  However,  the  children 
reflect  on  and  abotract  from  their  activity  of  counting  with  these 
materials  to  solve  problems,  not  froa  the  materials  themselves. 

The  next  phase  of  the  cognitive  aspect  of  the  project  Is  to 
construct  detailed  noclele  of  the  target  children's  learning  In  the 
classroom. 
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A  YEAR  IN  TIIK  LIFE  OF  A  SECOND  GRADE  CLASS:     A  SMALL  GROUP  PERSPECTIVE 
Erna  Kackel,  Purdue  University 


Preliminary  Indications  arc  thnt  use  of  a  problem-centered 
mathematics  curriculum  In  a  second  grade  class  results  In 
devoloptaent  of  morel  and  Intellectual  autonomy.  Children 
have  developed  relational  rather  than  Instrumental  beliefs 
about  aatlieaatlcs,  arc  task-  rather  than  ego-lnvolvod ,  vleu 
problems  «•  challenges,  persist  in  problon  aolvlng  and  are 
aware  of  their  cognitive  capabilities.  Further,  tiiey  are 
able  to  establish  productive  cooperotlvc  working 
relationships  with  each  other,  taking  others'  viewpoint* 
into  consideration  and  are  successful  in  resolving 
conflicts. 

Recently  aatheaailcs  educators  have  posited  that  students' 
mathematical  performance  and  learning  are  Influenced  by  their  attitudes 
toward  and  beliefs  about  aatheaatlcs  (Cobb,  1903;  HcLeod,  1966;  Silver, 
1985;  Wheatley,  1984).  Closely  related  factors  Include  motivation  for 
engaging  In  activity,  the  nature  of  the  learning  environment  and  the 
social  context  In  which  learning  takes  place.  The  putpose  of  this 
paper  in  to  discuss  observations  about  the  attitudes  toward  and  beliefs 
about  aatheaatlcs  and  the  nature  of  snail  group  interactions  from  a 
eocond  grade  classroom  using  h  problea-contered  mathematics  curriculum. 
The  study  discussed  here  la  part  of  the  Purdue  Mnthcmatlcn  Pr jblea- 
Coatored  Currlculua  Project  for  aocond  grade,  a  comprehensive  project 
which  lncludeu  investigation  of  individual  children's  conotructlon  of 
ma t helm t leal  knowledge,  Investigation  of  the  total  clano  interaction 
patterns  including  establ  inline  nt  of  a  non-evaluative,  risk-free, 
problem  aolvlng  environment,  and  Investigation  of  non-cognltlve  growth 
thut  results  froa  use  of  a  problcm-cotitore.d  curriculum,  In  addition  to 
development  of  the  curriculum  activities.  The  constructlvlst  theory  of 
knowledge  and  recent  studies  in  achievement  motivation,  cooperative 
learning  and  students'  mathematical  beliefs  and  attitudes  form  the 
theoretical  basis  for  this  study. 

Classroom  learning  occurs  within  the  context  of  on-going  social 
interactions,  Consequently,  children  do  such  more  than  learn 
mathematics  as  they  attempt  to  make  sence  of  the  instruction  they 
receive.  They  develop  general  beliefs,  attitudes,  and  affective 
feelings  about  msthematlca  and  themselves  as  students  and  construct 
expectations  for    their    own    and    the    teacher's    role.  Traditional 

"ihe  project  discussed  in  this  paper  wos  supported  by  the  National 
Science  Foundation  under  grant  No.  NOR  8170400 .    All  opinions  express 
are,  of  course,  solely  those  of  the  author. 
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curriculum  denlgners'  tolluro  to  consider  tbmn  developments  hun 
resulted  In  the  unanticipated  and  usually  undcalrablo  slde-af tecld  of 
lnutructlon  that  are  documented  in  the  literature  (e.g.,  lnatrumental 
beliefs,  mathematics  anxiety,  negative  attitudes  townrdu  mntliomatlcu, 
loarned  helpleaanese ) .  Simply  atat.od,  the  non-cognlt lve  goals  of  thin 
project  nre  Intel Inctuol  and  moral  autonomy.  Autonomy  mejnc  governing 
oneafilf,  Thus  moral  autonomy  ndans  "the  ability  to  make  moral 
judgments  and  decisions  for  oneself,  Independently  of  the  reward 
syotem,  by  taking  Into  account  Che  polnto  of  view  of  the  other  people 
concerned"  (Kami I,  1985,  p.  4U).  Intellectual  autonomy  rcter*  to 
making  Judgments  for  oneself  In  the  Intellectual  realm.  Those 
constructs  subsume  audi  notions  ao  relational  bellefo  (Skemp,  IS76), 
task-  rather  than  cgo-luvolv.'iiient  (Ntcholla,  1963),  viewing  problem!)  as 
challengeo,  gaining  persona)  oatlalactlon  by  aolvlng  a  problem  for 
oneaolf,  persisting  on  challenging  problema,  taking  others"  viewpoints 
Into  coneldaratlon,  and  being  aware  of  ono'r.  cognitive  capabilities, 

The  Implications    lor  the    curriculum  ot  these  nou-cognltlvc  goalc 
concern  tho    proccoo  of    Implementing  the    liuitructlonul  activities  ao 
well  as    tho    actlvltlea    per    uo .       Specifically,    the  Instructional 
utrntogy  nuat    eatabllah  condltlonu    which    encourage    construction  of 
knowledge  and  result.  In  cruatlon  of  a  non-evnluail'.'C,  risk-free  Bolting 
In  which  cfllldrun'a  Ideas  and  aolutlon  uttotnptu  are  valued  over  correct 
anBwers  and    numbers  of    problems  aolved.      Small  group  problem  solving 
has  the    potential  for    eatabllatilng  these    conditions.      In    a  recent 
review    of      the    literature    on    small    group    (cooperative  learning) 
Instructional    methods,      Slavln    (1986)    has    Identified    two  general 
Instructional    techniques    that    expresa    differing    perspective!;,  tins 
developmental    perspective    nnd    the    motivational    perspective.  The 
developmental  perspective,     baaed  on  Plagetlan  and  Vygotsklan  theories, 
holds  that    "task-focused  Interaction    a'noiig  students  enhances  learning 
by  creating  cognitive  conflicts  which  they  must  resolve  and  by  exposing 
students  to    higher  quality  thinking  that  Is  within  their  proximal  zone 
of  development"     (p.  1).    Our  approach  to  small  group  Instruction  falls 
within  this    category.    The  motlvatlonallst  approach,  which  la  based  on 
reward  structures    which  emphasize    extrinsic  rewards,     Is  Incompatible 
with  our    non-cognltlve  goals.      Slavln    reported  that  the  motivational 
approach  has    been    more    successful    in    field    experiments    than  the 
developmental  approach.    However,  the  curricula  that  were  uaed  In  those 
studies  follow    the  traditional    pattern    of    presenting    knowledge  as 
Isolated  facta    and  sets    of  rules    and  procedures  that  emanate  from  an 
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authority  and  are  to  be  acquired  by  repetitive  practice.  The 
curriculum  activities  In  this  project  are  not  of  this  traditional 
nature,  Instead  they  are  designed  to  present  students  with  problematic 
situations.  As  students  work  in  groups  to  solve  the  problems, 
cognitive  conflicts  arise  both  because  of  the  problematic  situations 
themselves  and  also  when  partners  use  different  solution  methods  or 
arrive  at  different  answers.  Resolution  of  conflicts  between  partners 
has  the  potential  of  resulting  In  significant  learning  as  partners 
roilcct  on  th*lr  own  and  other  solution  methods. 


ORGANIZATION  OF  THE  PROJECT 


This  project  Involves  development  and  field-testing  of  a  complete 
second  grade  mathematics  curriculum.  The  curriculum  la  field-tested  in 
a  classroom  wlc-h  20  students.  Project  staff  observe  and  vldeo-tepe 
every  mathematics  laasou.  Video-tapes  are  analyzed  from  three 
different  perspectives,  a)  cognitive  growth  and  conceptual  development 
of  the  students,  b)  the  nature  of  r.f>scher-student  Interaction  patterns 
and  the  implementation  of  the  curriculum  by  the  teacher,  and  c)  non- 
cognitive  growth  which  Includes  the  nature  of  small  group  Interactions 
and  students'  attitudes  and  beliefs.  The  classrooa  teacher 
participates  In  weekly  meetings  in  which  activities  are  designed  and 
sequenced  and  the  previous  weeks'  activities  are  discussed. 

The  primary  instructional  strategy  used  In  the  project  is  small 
group  problem  solving  followed  by  class  discussion.  Students  work  in 
teacher-assigned  groups  of  two  or  three.  Typically  students  work  with 
the  same  partner  for  several  months  at  a  time.  Four  pairs,  identified 
for  in-depth  study,  kept  their  same  partners  for  the  majority  of  the 
school  year. 


STUDENTS'  ATTITUDES  AND  BELIEFS 

Preliminary  ieauli.3  Indicate  that  students  attitudes  towards 
mathematics  have  become  much  (sore  positive,  as  assessed  by  a 
questionnaire.  Students'  attitudes  towards  mathematics  reflect  their 
beliefs.  Consequently,  observations  concerning  children's  attitudes 
lead  to  consideration  of  their  beliefs. 

The  Impact  of  the  problem-centered  mathematics  instruction  on 
students'  beliefs  about  what  mathematics  is,  what  It  means  to  "do" 
mathematics,  and    how  mat hematics    is  learned    are  being  investigated. 

o 
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Observations  to  date  Indicate  a  number  of  changes  in  the  children's 
beliefs.  First,  the  children  ara  Iobs  dependent  on  the  teacher.  At 
the  beginning  of  the  year  children  expected  the  teacher  to  tell  them 
what  to  do  In  order  to  complete  tasks.  Such  behaviors  reflect  the 
childrens'  beliefs,  based  on  their  first  grade  experiences,  of  how 
aathenatics  is  to  be  taught  and  learned.  This  expectation  is 
illustrated  by  Amy  when  she  and  her  partner  encountered  the  problem  of 
deciding  i  bat  number  goes  in  the  e_ipty  box  In  the  example  below. 


18 


30 


Amy:  "I'm  going  to  ask  Mrs.  M  if  we're  supposed  to  add  or  subtract." 
Now  it  is  common  to  hear  students  say,  "We  don't  need  help.  We  con 
figure  it  out  ourselves"  or  "It  won't  help  to  ask  Mrs.  H.  She  won't 
tell  us.    We're  going  to  have  to  figure  it  out.  for  ourselves." 

Persistence  has  increased  greatly.  Recently  almost  all  of  the 
children  spent  two  class  periods  of  one  nour  each  working  on  one 
particularly  challenging  problem.  There  are  numerous  other  examples  in 
which  one  member  of  a  pair  tenaciously  insists  that  they  not  go  on  to 
another  problem  until  s/he  has  a  solution  method  that  makes  sense  to 
her/hia.  Their  growing  persistence  and  self-reliance  Indicates 
progress  toward  the  goals  of  intellectual  and  moral  autonomy.  These 
appear  to  be  a  direct  consequence  of  the  Instructional  setting  that  has 
been  created  In  the  classroom. 

Competition  between  groups  and  between  children  within  groups 
which  was  common  at  the  beginning  of  the  year  has  almost  disappeared. 
At  the  beginning  of  the  year  many  students  put  up  large  folders  on 
their  desks  as  screens  to  prevent  others  from  seeing  their  work  or 
finding  out  which  problem  they  were  on.  Students  were  concerned  with 
how  many  problems  or  activity  sheets  they  had  completed  In  comparison 
with  others.  In  one  extreme  case,  one  member  of  a  pair  spent  all  of 
his  time  finding  out  how  many  proUeran  other  groups  had  completed  and 
telling  his  partner  to  "Hurry  up."  He  spent  no  time  on  the  mathematics 
tasks  themselves.  In  fact,  he  did  not  even  read  them.  Now  the  norm  is 
that  students  arc  relatively  unconcerned  with  how  many  problems  they 
have  completed  in  comparison  to  others.  It  is  not  uncommon  for 
children  to  report  in  the  group  discussion,  "We  didn't  get  to  that 
problem.    We  got  only         problems  done." 
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Competition  due  to  ego-involvement  Is  illustrated  by  the  following 
example.  At  the  beginning  of  the  year  one  child  was  difficult  to  work 
with  for  any  partner  because  she  insisted  on  dominating  the  group  work. 
Frequently  she  would  not  even  let  her  partner  see  or  touch  the  paper 
that  described  activities  and  on  which  solutions  were  to  be  v  itten. 
Her  doalnance  resulted  f roa  extreme  ego-Involvement  that  required  that 
she  expend  maximum  effort  to  insure  Chat  a  large  number  of  problems 
were  completed  with  a  high  probability  of  success.  She  would  not  take 
time  to  consider  her  partner's  views  or  to  engage  in  reflective 
activity.  Further  evidence  of  this  student's  extreme  ego-involvement 
at  the  beginning  of  the  year  Is  shown  by  a  video-taping  episode.  When 
the  camera  was  directed  on  her  group  as  they  were  engaged  In  a  problem 
solving  task  she  suggested  that  they  trade  in  the  problem  for  one  they 
had  previously  solved  "because  we  did  that  one  the  best."  This  student 
now  freely  admits  In  the  total  class  discussion,  "I  did  it  wrong  at 
first"  or  "My  partner  and  I  disagreed  but  after  she  explained  it  to  me 
I  found  out  that  I  was  wrong."  This  decrease  in  competition  Indicates 
that  the  children  are  becoming  more  task-Involved.  Further  evidence  of 
task-involvement  is  the  fact  that  pairs  often  continue  working  on  the 
activities  after  the  class  discussion  has  begun.  In  some  cases  they 
quietly  continue  their  discussions  and  collaboration,  pausing  now  and 
then  to  participate  in  the  class  discussion. 

Virtually  all  competition  within  groups  has  disappeared.  For  the 
most  psrt  pairs  view  themselves  as  a  single  unit.  When  one  member  of  a 
pair  is  called  on  to  provide  an  explanation  the  partner  frequently 
assists  either  by  directly  joining  in  the  discussion  or  by  prompting 
the  partner.  Students  often  go  to  the  front  of  the  room  to  explain 
their  solutions.  Uhen  one  member  of  a  pair  Is  called  on  the  partner 
usually  follows  along  to  the  front  of  the  class.  Unity  Is  usually 
demonstrated  in  such  solution  explanations  even  when  there  was 
considerable  disagreement  between  partners  while  they  were  completing 
the  task. 

Further  evidence  of  changes  in  student  beliefs  Indicate  that,  in 
comparison  with  the  beginning  of  the  school  year,  now  mathematics  has 
less  to  do  with  getting  done  or  generating  correct  answers  than  it  does 
with  thinking  things  through  for  oneself.  Initially  children  made 
excuses  when  they  came  up  with  wrong  answers,  such  as,  "I  couldn't  see 
the  picture  from  where  I  was  sitting"  or  "1  said  it  wrong."  Having  the 
answer  correct  was  very  Important.  This  is  In  contrast  to  a  recent 
episode  In  which  one  student  told  another  pair  the  answer  to  a  problem. 
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The  pair  was  very  disappointed  because  they  had  been  deprived  of  the 
opportunity  to  figure  It  out  for  themselves.  In  a  traditional 
classroom  atudentB  are  happy  to  get  answers  from  one  another  because 
their  goal  1b  to  get  finished.  Ir.  thlB  caBe  the  disappointment  of  the 
pair  wbs  bo  great  that  they  reported  It  to  the  teacher. 

SMALL  GROUP  INTERACTIONS 

Initially,  the  children  typically  divided  up  assigned  activities 
and  then  worked  separately  on  particular  problems.  For  example,  some 
children  agreed  that  they  would  Bolve  alternate  problems.  HoBt  of  the 
conflicts  observed  resulted  from  one  child  giving  an  answer  to  a 
problem  they  previously  agreed  would  be  Bolved  by  the  other  child.  Now 
thlB  division  of  problems  is  rare.  Children  either  assume 
complementary  roleB,  for  example  one  child  physically  operates  with 
manlpulatlves  while  the  other  child  observes  and  checkB  the  solution, 
the  children  Bolve  the  Barae  problem  using  their  own  methodB  and  compare 
answers  and  solution  methods,  or  they  work  cooperatively  to  solve  the 
problem . 

ConfllctB  arise,    primarily  when    one  child    dominates  the  activity 
either  by    not  allowing    the  other  child  to  see  and  handle  the  activity 
oheets,  when    one  child    does  not    wait  for    a  partner    who  Is  using  an 
alternative  Bolutlon    method,  or    when  partners    disagree  on  a  solution 
method  or    an  answer.       In    the  four    pairs    being    studied     In  depth, 
domination  of    the  activity    Bheet  occurs  when  one  child  perceives  that 
the  partner    does  not  want  to  work  or  when  one  child  thinks  that  he/she 
Is  "smarter"  than  the  other.    The  experience  of  this  project  1b  that  In 
moBt  cases    the  child    tl  at  doeB    not  have  acceBs  to  the  activity  sheet 
protests  to    the  partner    and  they  mutually  resolve  the  conflict.  Only 
In  the     caBe  of    one  pair    are  protestB  frequently  made  to  the  teacher. 
The  teacher's    typical  response  to  a  protest  Is,  "What  are  you  going  to 
do  about  It?"     This  response  1b  consistent  with  the  goal  of  development 
of  moral    autonomy.      Conflicts  that  arise  when  one  child  doeB  not  wait 
for  the    partner  who    may  be    UBlng  a    different    Bolutlon    method  are 
usually  resolved  In  a  Blmllar  faBhlon. 

The  third  type  of  conflict  Is  commonly  observed  In  the  project 
classroom.  Such  opportunities  for  peer  challenge  typically  elicit 
extensive  dialogue,  BometimeB  with  very  determined  exchanges  of  IdeaB. 
Our  experience  1b  that  almost  Invariably  the  partners  achieve  a  mutual 
understanding  of  the  problem  and  agree  on  a  Bolutlon. 
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CONCLUSION 

Preliminary  evidence  Is  that  students  who  participated  In  the 
second  grade  problea-centered  a.theaatlcs  curriculum  project  believe 
that  aachtoatlcs  makes  sense,  It  consists  of  Ideas  and  relationships 
that  can  be  figured  out,  mathematics  Is  learned  by  solving  problems, 
and  that  they  are  capable  of  constructing  mathematical  knowledge  for 
themselves.  As  early  ss  second  grade,  children  are  able  to  form 
productive  cooperative  working  relationships  which  facilitate  their 
learning.  The  non-cognltlve  goals  of  development  of  moral  and 
Intellectual  autonomy  are  attainable  with  appropriate  curriculum 
activities  and  Instructional  strategies. 
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MEANING  CONSTRUCTION  IN  MATHEMATICAL  PROBLEM  SOLVING 
Lauren  B.  Resnlck  ud  Sharon  Netaon-Le  Gall 
University  of  Pittsburgh 


This  paper  reports  early  results  M  a  program  of  research  that  alms  to  Improve 
children's  mathematics  learning  by  developing  attitudes  and  strategies  that 
support  processes  of  Interpretation  aad  meaning  construction  In  mathematics. 
We  are  examining  processes  of  socially  shared  problem  solving,  In  which  an 
adult  and  other  children  provide  scaffolding  for  Individuals'  early  problem 
solving  efforts.  Different  ways  of  scaffolding  problem  solving  efforts  and 
building  self-monitoring  strategies  are  explored  In  early  studies.  These  studies 
also  show  that  the  Intimate  relationship  between  conceptual  knowledge  and 
problem-solving  In  mathematics  sets  special  constraints  for  Instruction  and 
learning. 

Considerable  research  now  shows  that  many  children  learn  mathematics  as  symbol 
manipulation  rules.  They  do  not  adequately  link  formal  rules  to  mathematical  concepts- 
often  Informally  acqulred-lhat  give  symbols  meaning,  constrain  permissible 
manipulations,  and  link  mathematical  formalisms  to  real-world  situations  (Resnlck,  In 
press  a).  Widespread  Indications  or  this  problem  Include  buggy  arithmetic  algorithms, 
algebra  malrules,  and  a  general  Inability  to  use  mathematical  knowledge  for  problem 
solving.  However,  hints  exist  that  strong  mathematics  students  are  less  likely  than  other 
students  to  detach  mathematical  symbols  from  their  referents.  These  students  seem  to 
use  Implicit  mathematical  principles  and  knowledge  of  situations  Involving  quantities  to 
construct  explanations  and  Justifications  for  mathematics  rules-even  when  such 
explanations  and  Justifications  are  not  required  by  teachers. 

This  conjecture  Is  supported  by  research  In  other  fields  of  learning.  For  example,  It  has 
been  shown  that  good  readers  are  more  aware  of  their  own  level  of  comprehension  than 
poor  ones;  good  readers  also  do  more  elaboration  and  questioning  to  arrive  at  sensible 
Interpretations  of  what  they  read  (e.g.,  Brown,  Bransford,  Ferrara,  St  Camplone,  1083). 
Good  writers  (e.g,  Flower  &  Hayes,  1080),  good  reasoners  In  political  science  and 
economics  (e.g.,  Voss,  Greene,  Post,  &  Penner,  1083),  and  good  science  problem  solvers 
(e.g.,  Chi,  G laser,  *  Rees,  1682)  all  tend  to  treat  learning  as  a  process  of  Interpretation, 
Justification  and  meaning  construction.  In  a  few  Instances  Intervention  programs  have 
Improved  both  the  tendency  and  the  ability  of  students  to  engage  In  meaning 
construction.  The  best  developed  line  of  such  research  Is  In  the  field  of  reading.  Pallncsar 
and  Brown  (1084),  broadly  following  a  Vygotsklan  analysis  of  the  development  of 
thinking,  proposed  that  extended  practice  In  communally  constructing  meanings  for  texts 
should  eventually  Internalize  the  meaning  construction  processes  within  each  Individual. 
Their  Instructional  experiments,  in  which  small  groups  of  children  worked  cooperatively  to 
interpret  a  text,  showed  broad  and  long-lasting  effects  on  reading  comprehension. 

Wc  report  here  on  a  program  of  research  that  Is  aiming  to  Improve  children's 
mathematics  learning  by  developing  attitudes  and  strategies  that  support  processes  of 
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interpretation  and  meaning  construction  In  mathematics.  Our  choice  of  collaborative 
problem- solvlnc  as  a  means  for  meeting  this  goal  reflects  an  analysis  or  the  nature  of 
cognition  that  we  share  with  &  small,  but  growing  number  of  psychologists, 
anthropologists,  linguists  and  sociologists  who  have  been  analysing  socially  distributed 
cognition  In  various  applied  and  school  settings  (see  Resnlck,  In  press  c,  for  a  review  and 
Interpretation  of  some  of  this  research). 

Socially  shared  problem-solving  sets  up  seven)  conditions  that  may  be  Important  In  the 
development  of  mathematical  competence.  The  social  setting  provides  occasions  for 
modtlint  effective  thinking  strategies.  Thinkers  with  more  skill  (often  the  Instructor,  but 
sometimes  more  advanced  fellow  students)  can  demonstrate  desirable  ways  of  attacking 
problems  and  constructing  arguments.  It  also  permits  m'liguitif  and  tkapini  of  thinking 
because  processes  of  thought  as  well  as  results  become  visible.  The  social  setting  Is  also 
mctivutinf,  through  encouragement  to  try  new,  more  active  approaches,  and  social 
support  even  for  partially  successful  efforts,  students  come  to  think  of  themselves  as 
capable  of  engaging  In  Interpretation  and  meaning  construction.  Finally,  collaborative 
problem  solving  can  provide  a  kind  of  tea/folding  for  an  Individual  learner's  Initially 
limited  performance.  Instead  of  practicing  small  bits  of  thinking  In  Isolation,  so  that  the 
significance  of  each  bit  Is  not  visible,  a  group  solves  a  problem  together.  In  this  way, 
extreme  novices  can  participate  In  actually  solving  the  problem  and  can,  If  things  go  well, 
eventually  take  over  all  or  most  of  the  work  themselves. 


Our  Initial  efforts  were  aimed  at  examining  the  extent  to  which  the  method  of  reciprocal 
teaching,  developed  by  Pallucsar  and  Brown  to  teach  reading  comprehension  skills,  could 
be  applied  to  mathematics  learning.  Pallncsar  and  Brown  use  -  highly  organlted  small- 
group  teaching  situation,  In  which  children  took  turns  playing  the  role  of  teacher,  a  role  In 
which  they  pose  questions  about  texts,  tummarlte  them,  offer  clarifications  and  make 
predictions.  These  four  activities  are  thought  to  induce  the  kinds  of  self-monitoring  of 
comprehension  that  are  characteristic  of  good  renders.  The  adult's  role  In  these  sessions, 
In  addition  to  keeping  the  general  process  flowing  smoothly,  Is  to  model  problem-solving 
processes  (Including  encountering  and  overcoming  difficulties);  to  provide  careful 
reinforcement  for  successively  better  approximations  to  good  meaning  construction 
behaviors  on  the  part  of  the  children;  and,  above  all,  to  provide  scaffolding  for  the 
children's  problem-solving  efforts. 

Knowledge-dependence  of  Mathematical  Problem-solving 

We  began  with  a  series  of  four  sessions  with  a  group  of  five  fifth  grade  children.  In  these 
sessions,  word  problems  Involving  some  aspect  of  rational  numbers  were  to  be  solved 
collaboratively,  with  children  taking  turns  serving  as  leader  of  the  discussion.  Sessions 
were  tape  recorded  and  full  transcriptions  prepared.  Study  of  the  protocols  revealed  two 
fundamental  problems  that  would  have  to  be  met  In  adapting  the  principles  of  reciprocal 
leaching  to  mathematics.  Both  are  rooted  In  the  fact  that  mathematics  problem-solving  Is 
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more  strictly  knowledge-dependent  than  Is  reading. 

FlrjJ,  In  our  problem-solving  sessions,  children  frequently  foundered  on  sheer  lack  of 
knowledge  of  relevant  mathematical  content—despite  our  having  chosen  rational  number 
problems  In  order  to  match  our  sessions'  content  to  what  children  were  studying  In  their 
regular  mathematics  class.  This  contrasts  sharply  with  conditions  la  reciprocal  teaching 
groups  In  reading,  where  children  are  rarely  outright  wrong  In  their  summaries  and 
questions;  their  responses  may  not  enchase*  comprehension  very  much,  but  they  do  not 
drive  It  off  course,  either.  An  example  of  the  dramatic  ways  In  which  Insecure  basic 
mathematical  knowledge  blocked  successful  problem  solving  Is  a  situation  In  which  the 
children  had  drawn  a  "plzia"  and  divided  It  Into  six  parts,  each  called  "a  sixth";  they 
then  shaded  three  parts,  after  which  they  asserted  that  each  shaded  part  was  "a  third." 
In  situations  like  this,  the  adult  must  choose  between  Interrupting  attention  to  problem- 
solving  processes  to  teach  basic  mathematics  concepts  and  attempting  to  continue 
problem-solving  with  fundamental  errors  of  Interpretation.  Neither  choice  seems  likely  to 
foster  the  development  of  appropriate  meaning  construction  abilities. 

Second,  part  of  what  makes  reciprocal  teaching  work  smoothly  In  reading  Is  that  the  same 
limited  set  of  activities  (summarlilng,  questioning,  predicting,  clarifying)  Is  carried  out 
again  and  again.  It  Is  not  as  easy  to  find  repeatable  activities  of  this  kind  for  mathematics, 
because  specific  knowledge  plays  such  an  Important  role  In  solving  each  problem.  We 
used  some  very  general  repeated  questions-Introduced  and  repeated  by  the  adult  leading 
the  sessions-such  as  "What  Is  the  question  we  are  working  on?"  "Would  a  diagram 
help?"  "Does  that  [answer)  make  sense?"  or  "What  other  problem  Is  like  this  one?" 
However,  as  Is  also  often  the  case  for  more  mathematically  sophisticated  Polya-llke 
heuristics,  these  appeared  too  general  to  adequately  constrain  the  children's  efforts.  For 
example,  they  did  not  know  what  diagram  to  draw  (or  drew  It  Incorrectly),  or  could  not 
decide  whether  an  answer  was  sensible  because  they  had  misunderstood  basic  concepts. 

Using  Strategics  Veraut  Talking  About  Them 

In  a  second  effort,  w«  attempted  to  respond  to  each  of  these  problems  In  a  systematic 
way.  The  children  were  fourth  graders;  they  worked  In  a  group  of  five  for  13  sessions, 
each  led  by  the  same  adult.  To  control  for  children's  lack  of  specific  relevant 
mathematical  knowledge,  we  chose  problems  that  Invoked  concepts  from  the  previous  year 
of  mathematics  Instruction  rather  than  the  current  year.  This  control  for  unmastered 
mathematical  content  was  successful.  We  encountered  very  few  occasions  In  which 
fundamental  mathematical  errors  or  lack  of  knowledge  Impeded  problem  solving. 

On  the  basis  of  cognitive  theories  of  problem  solving,  we  Identified  four  key  processes  that 
should  be  repeated  In  each  new  probicm-solvIng  attempt.  These  functions  are  (1) 
plannlng-I.e.,  analyzing  the  problem  to  determine  what  kinds  of  procedures  arc 
appropriate;  (2)  organizing  the  steps  for  a  chosen  procedure;  (3)  carrying  out  the  steps  of 
the  procedure;  and  (4)  monitoring  each  of  the  above  processes  to  detect  errors  of  sense 
and  of  procedure.  For  each  problem  to  be  solved,  the  four  functions  were  assigned  to  four 
different  children.  The  Planner  was  to  take  responsibility  for  leading  a  discussion  of  the 
problem,  In  order  to  decide  what  particular  strategies  and  procedures  should  be  applied. 
Once  a  procedure  was  cbT3en  by  the  group,  the  Director's  task  was  to  explicitly  state  the 
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sups  In  the  procedure.  These  steps  were  to  be  carried  out  by  the  Doer  at  a  publicly  visible 
board.  The  Critic  was  to  Intervene  whenever  an  unreasonable  plan  or  an  error  In 
procedure  was  detected. 

The  tactic  of  dividing  mental  problem-solving  processes  Into  overt  social  roles  was  not 
Initially  a  success.  The  research  community  has  shared  meaning  for  terms  such  as 
planning,  directing  and  crltlqulng/monltorlng.  But,  with  the  exception  of  the  Doer  role, 
these  meanings  were  not  conveyed  to  children  by  the  labels,  and  we  were  not  successful  In 
verbally  explaining  them  to  the  children.  Ai  a  result,  the  roles  became  Instruments  for 
controlling  turn-taking  and  certain  other  social  aspects  of  the  sessions,  but  they  did  not 
successfully  give  substantive  direction  to  problem-solving.  Children  discussed  the  roles  a 
great  deal,  but  they  did  not  become  adept  at  performing  them.  This  points  to  a 
fundamental  problem  with  certain  metacognltlve  training  efforts  that  focus  attention  on 
knowledge  stout  problem  solving  rather  than  on  guided  and  constrained  practice  In  doing 
problem-solving.  Such  efforts  are  more  likely  to  produce  abilities  to  talk  about  processes 
and  functions  than  to  actually  perform  them. 

In  session  a,  we  attempted  a  modification  of  one  of  the  roles,  the  Critic,  In  order  to  deal 
with  this  problem.  The  critic's  function  was  distributed  to  two  children,  who  were  each 
given  "cue  cards"  that  they  were  to  us*  to  communicate  their  criticisms.  The  cue  cards 
read: 

1.  "Why  should  w*  do  thatf"  [request  for  Justification  for  a  procedure] 

2.  "Are  you  sure  we  should  be  adding  (subtracting,  multiplying,  dividing)?" 
[request  for  Justification  of  a  particular  calculation! 

3.  "What  are  we  trying  to  do  right  nowf "  [request  for  clarification  of  a  goal| 

i.  "What  do  the  numbers  meant"  (Insistence  that  attention  focus  on  meanings 
rather  than  calculation  and  symbol  manipulation] 


The  cue  cards  served  to  scaffold  the  critic  function  by  providing  language  for  a  limited  set 
of  possible  critiques.  At  first  the  children  used  the  cue  cards  more  or  less  randomly  and  In 
a  rather  Intrusive  fashion.  However,  during  the  course  of  the  succeeding  seven  sessions, 
children's  use  of  the  cue  cards  became  more  and  more  refined,  so  that  tbey  used  them  on 
appropriate  occasions  and  In  ways  that  enhanced  rather  than  disrupted  the  group's  work. 


CURRENT  AND  PLANNED  STUDIES 

In  studies  currently  underway  and  planned,  we  are  examining  more  restricted  forms  of 
shared  problem-solving.  In  order  to  gain  greater  experimental  and  analytical  control.  We 
will  study  groups  engaged  In  collaborative  solution  of  various  classes  of  mathematics 
problems.  We  will  also  study  groups  whose  task  is  to  construct  story  situations  that  could 
generate  particular  arithmetic  expressions  or  equatlous  (cf.  Resnick,  Cauzlnllle  &  Mathlcu, 
■n  press;  Putnam,  Lesgold,  Resnick,  and  Sterret,  this  volume).  Finally,  we  will  study 
grcups  whose  task  Is  to  Instruct  new  (to  them)  mathematical  procedures  and  algorithms. 
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Planning  and  Means-Ends  Analyst* 

A  study  currently  underway  examines  pairs  of  children  solving  problems  that  are 
particularly  suited  to  classical  "means-ends"  problem-solving  strategies  (cf.  Newell  & 
Simon,  1072).  Participants  In  the  study  were  12  pairs  of  children,  3  pairs  eacts  In  grades 
4,  5,  6  and  7.  Each  pair  of  children  met  three  time*  for  40  minutes  and  solved  two  to  six 
problems. 

To  scaffold  the  means-end  problem-solving  strategy,  children  were  given  a  Planning  Board 
to  work  with.  The  board  provides  spaces  for  recording  what  Is  known  (either  given  In  the 
problem  statement  or  generated  by  the  children)  and  what  knowledge  Is  needed  (goals  and 
subgoals  of  the  problem).  Using  the  board,  children  can  work  both  "bottom-up" 
(generating  "what  we  know"  entries)  or  "top-down"  (generating  "what  we  need  to  know" 
entries).  A  space  at  the  bottom  Is  provided  for  calculation.  Each  child  writes  with  a 
different  color  pen,  so  that  we  can  track  who  Is  responsible  for  each  entry.  Full  verbal 
transcripts  of  each  session  are  also  prepared. 

At  each  grade  level,  one  pair  of  children  was  assigned  to  each  of  three  conditions.  The 
conditions  were: 

1.  Planning  Board  With  Maximum  Instruction.  The  children  solved  problems 
using  the  planning  board.  During  the  first  session,  the  adult  demonstrated  use 
of  the  planning  board,  and  then  participated  In  the  first  two  sessions  as  a 
provider  of  hints  and  prompts  to  further  scaffold  the  problem  solving  process 
and  the  use  of  the  board. 

2.  Planning  Board  With  Minimum  Instruction.  The  children  solved  problems 
using  the  planning  board.  The  adult  demonstrated  the  boaru  and  provided 
hints  and  prompts  during  the  first  session  only. 

3.  Control.  The  children  solved  problems  without  the  planning  board  during  all 
three  sessions. 

Preliminary  Inspection  of  the  data  suggest  that  older  children  and  children  with  more 
training  come  to  use  the  board  more  efficiently.  They  also  generated  more  goals  and 
Inferences  on  the  board.  However,  In  three  sessions,  there  was  no  efrect  on  accuracy  of 
solutions. 

Protocols  of  the  sessions  are  now  being  coded  In  a  form  that  allows  us  to  plot  the  logical 
structure  of  the  Joint  problem-solving  effort~l.e.,  what  goals  are  generated  and  In  what 
order,  what  Inferences  are  made  from  data  that  Is  given  In  the  problem  statement,  how 
what  Is  known  Is  mapped  to  goals.  Our  coding  will  also  permit  us  to  examine  the  nature 
of  the  social  sharing  of  the  problem-solving  effort.  For  example,  we  will  be  able  to 
determine  whether  the  two  children  work  together  on  a  particular  goal  or  whether  they 
work  In  parallel;  and  whether  role  speclalliatlons  arise,  such  as  one  child  working  "bottom 
up"  and  the  other  "top  down." 
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The  us*  of  a  social  setting  for  practicing  problem  solving  Is  shared  by  a  number  of  other 
Investigators,  Including  some  In  the  field  of  mathematics  (see  Resnlck,  In  press  b). 
Lampert  (IBM)  conducts  full-class  discussion  In  which  children  Invent  and  Justify  solutions 
to  mathematical  problems.  Lampert's  discussions  are  like  those  of  reciprocal  teaching  In 
that  they  are  carefully  orchestrated  by  the  leather,  and  Include  considerable  modeling  of 
Interpretive  problem-solving  by  the  teacher.  Sehotnfeld's  (1085)  work  with  college 
students  shares  many  features  of  the  Lampert  class  lessons,  but  with  considerably  more 
focus  on  overt  discussion  of  general  strategies  for  problem  solving  than  Lampert  uses.  Lesh 
(1082),  by  contrast,  shares  reciprocal  teaching's  small-group  format  for  collaborative 
problem  solving,  but  has  bo  teacher  preseut.  This  means  that  Lesb's  problem  solving 
groups  benefit  from  the  debate  and  mutual  critiquing  that  children  give  each  other,  but 
do  not  have  the  opportunity  to  observe  expert  models  engage  In  the  process  and  are  not 
taught  any  specific  techniques  for  problem  analysis  or  solution.  Scaffolding  will  also  be 
limited  to  what  children  are  able  to  provide  spontaneously  for  one  another.  The  kinds  of 
analyses  that  we  are  developing  for  our  data  could  also  be  applied  to  problem-solving 
groups  functioning  In  these  alternative  modes.  Eventually,  comparative  studies  should 
help  us  understand  more  how  these  alternative  approaches  to  collaborative  problem- 
solving  txtually  function  In  supporting  and  developing  mathematical  competence. 
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I'INGENIERIE  DIDACTIQUu.UN  INSTRUMENT  PRIVILEGE  POUR  UNE  PRISE 
E!J  COMPTE  OE  LA  COHPLEXITE  DE  LA  CLASSE 


Abstract:  Dtdoctlcel  engineering  is  one  of  the  components  of 
a  methodology  which  takes  the  classroom  as  an  object  of 
study.  For  this  It  Is  necessary  to  define  the  posslblo  means 
of  action  of  the  teachers  andlo  determine  the  controlnts  to 
which  theu  are  subject.  The  problem  Is  to  delimit  o  small  but 
significant  part  of  a  very  complex  sustom.  We  propose  a 
methodology  In  three  stages.  First,  there  Is  an  a-prlorl 
analysis.  As  an  exemple  ffArtlgue  presents  a  study  of  the 
role  of  the  differential  equations  In  scientific  knowledge 
Us  teaching  until  now,  and  the  gap  between  the  two.  In  (he 
second  stogo  didactical  hypotheses  are  mode,  and  a  teaching 
process  based  on  these  is  conceived.  This  process  is  then 
realized  In  the  classroom.  The  final  stage  consists  of  an 
analysis  and  critique  of  the  results  of  stage  two.  C.Comltl 
will  present  an  example  Illustrating  some  didactical 
problems  which  aro  encountered  when  teachers  cittempt  to 
construct  and  Interpret  a  didactical  sequence. 


L'un  des  objectlfs  de  la  recherche  en  dldoctlque  est  de  produlre  des 
connolssonces  sur  le  systems  dldactlque  6  tous  les  nlveoux  de 
I'ensolgnement,  qu'll  solt  obllgatolre  ou  postobllgotolre.  La  classe  est  un 
llou  de  vie  ou  se  nouent  des  relations  complexes  entre  le  mnltre  et  les 
eleves  donl  1'enjeu  est  le  savolr  que  l'un  a  la  charge  de  transmettre  et  que 
les  autres  dolvent  s'approprler.  Des  focteurs  d'ordres  dlfferents  Influent 
sur  ces  relations  parfols  de  focon  contradlctolre.  On  y  distingue  des 
controintes  expllcltes  -programme,  horalra,  nombre  d'eleves-  des  facteurs 
dont  I'ensetgnont  dolt  tenlr  compte  -1'oUcnte  des  parents,  des  Inspecteurs, 
des  eleves  eux-memes,  les  coutumes  dldactlques  de  Venvlronnement 
professlonnel-  mats  eussl  des  marges  de  manoeuvre  quant  au  decoupege  des 
savolrs,  a  leur  forme  de  presentation  (transposition  dldactlque),  quant  6  la 
repartition  des  responsabllites  entre  l'enselgnant  et  los  eloves  et  ausst  aux 
regies  qui  vont  reglr  les  interactions  maitre-eleves  ou  eleves-eleves  au 
sein  de  le  classe  a  propor.  des  contenus  de  savolrs  selectionn&s  (controt 
dldoctlque),  quant  a  la  prise  en  compte  des  diversites  cognltives  et  plus 
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lorgoment  de  Vh6terog6neit6  clos  fe'^veo  (point  do  vuo  soclo-coflnltlf J. 

Sltuer  les  marges  de  tnonoeuvre  dun  meitre  dons  se  classe  compte  tenu 
de  I'ensemble  des  contreintes  auquelles  II  est  soumts,  determiner 
l'exploltatlon  qui  peut  en  6tre  fotte  pour  obtanlr  un  resultat  desire  ou 
niveau  de  l'epprontlssage  des  sieves,  volla  des  questions  que  le  cbercheur 
en  dldoctlque  vo  pouvolr  eborder  par  une  rnethodologle  d'lngenlerle 
dldactlque.  Pour  cele,  II  dolt  preciser  ses  questions,  les  transformer  en 
hypotheses  se  sltuant  dons  un  cadre  theorlque  eprcuve  de  menlere  6  pouvolr 
construlre  une  experience  les  prenont  en  compte  et  confronter  les  resultats 
de  I'expei-lence  eux  previsions. 

2  -  Probl6matfqua 

2-1  PjMJAn^BlsJLfemjaB9)^ 

Avant  de  presenter  notre  cadre  theorlque,  nous  folsons  I'hypothese 
prfeoloble,  qu'au-dela"  des  dlversltfes  des  eleves  et  des  situations,  11  m'stt 
des  regularity  dans  les  processus  dapprentissage  scolaire(  y  comprls 
unlversltoire,  mah  les  regulerltfes  no  sont  pas  necesselrement  les  memos) 
qu'll  est  possible  de  construlre  des  ensolgnaments  les  prenant  en  compto  et 
que  ces  enselgnemonts  emellorent  I'efflcaclte  des  acquisitions  pour 
beeucoup  d'eleves.  Par  allleurs,  pour  des  relsons  eptstemologlquos  Issues  de 
I'hlstolre  possee,  rfecente  ou  de  la  vie  sclentlflque  actuelle,  nous  adoptons 
la  point  de  vue  oelon  lequel  lactivite'  mathamatigue  a  essentiellement pout 
but  de  resoudre  des  probfemes  et  de  poser  de  nouvelles  Questions  Aussi 
dirons-nous  qu'///?  elive  a  acquis  des  connoissonces  en  rnathematigues  s'ii 
est  capable  d'en  provoguer  le  fonctionnement  dans  ties  problernesK^\xA  de 
vuo  will),  que  l'6nonce  y  r&fere  expllcltement  ou  non,  pourvu  qu'll  s'aglsse 
d'outils  adapter,  de  resolution.  Nous  retenons  aussi  que  des  periodes 
fondementales  de  la  vie  methemetlque  ont  ete  consecress  6  reorqanlsar  les 
connalssances,  6  construlre  des  theories  et  a  assurer  les  fondements  (point 
de  vue  objet). 

2-2  j^rjJJitolAifl 

Nous  nous  sltuons  dans  le  cadre  de  le  theorle  constructlvlste  de  Plaget. 
Nos  references  theoriques  sont  les  sulvantes:  transposition  didoctigut 
(Y.Chevallard  1965),  central  didactigue.  caracttiristiques  -  action, 
formulation,  validation  et  nussl  Instltutlonnallsotlon-  des  situations ,  les 
concepts  de  variable  didactigue,  saut  informotionnel  (G.Brousseau  1986), 
organisation  de  lenseignement ,  6  partlr  de  problemes  de  mothematlques 
repondant  a  certalnes  exigences,  par  dialect igue  out il-objet  dont  la  phase 
"recherche"  est  ectlvee  par  des  jeux  de  cadres  (R.Douedy  1985),  effet 
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producteur  des  conflits  cognitifs  ,  en  situation  de  communication 
(A.N.Perret-Clermont  1979,  A.Robert  et  I.Teneud  1987,  RDouadu  et 
rUPerrin  1987). 

2-3  Exemples  de  prohlRmes  dldactloues 

Les  problemes  dldectlques  qu'un  chercheur  est  amene  6  etudler  ne 
relevent  pas  tous  d'une  methodologle  d'lngenlerle  dldactlque,  tant  s'en  faut. 
Nous  ellons  donnerdes  examples  d'etudes  dldactlques  qui  relevent  de  cette 
methodologle  et  plus  preclsement  d'une  mocro-ingSnitirie,  c'est  i  dire  d'une 
ingenleiie  portent  sur  beeucoup  de  seances  car  la  duree  est  un  perometre 
signlficotlf  pour  ce  qu'on  veut  observer. 

line  c'otegorle  concerne  1'etude  des  processus  d'apprentlssoge  d'un 
concept  donne.  citons  par  example  la  numeration  en  debut  d'ecole  prlmalre 
(A.Bessot,  C.Comltl  1985  p.305-345),  les  aires  de  surfaces  planes  en  fin 
d'ecole  prlmalre  et  debut  du  college  (R.Douady  st  rU.Perrln  1987),  les 
equations  differentlelles  en  debut  d'unlverslte  (M.Artlgue  PME1 1,1987). 
D'autres  etudes  sont  tronsverses  aux  contenus:  apprentlssage  de  methodes 
portent  sur  un  domalne  comme  1e  geomethe  (en  termlnele  C  section 
mathematlque  ou  an  4eme  ennee  d'unlverslte  preporetlon  6  un  concours  de 
recrutement  de  I'enselgnement  secondelre)  ou  d'un  mode  de  trevell  en 
situation  scolalre  ou  unlversltalre  comme  1e  travail  en  groupe  (qu'11  ve  blen 
fellolr  etudler  6  trovers  1'opprenllssege  de  quelquechose:  c'est  ce  qu'etudle 
A.Robert  en  coHaboretlon  evec  I.Teneud  i  1'occeslon  d'un  enselgnement  de  1e 
gfeometrle).  Dens  cette  dernlere  recherche,  A.Robert  et  I.Teneud  mettent  en 
evidence  qu'un  chengement  du  contret  de  clesse  entre  I'enselgnant  et  les 
eleves  change  de  fecon  quelltetlve  les  comportements  et  per  suite  les 
productions.  Preclsons  per  un  de  leurs  examples.  Une  des  hypotheses  etolt: 
le  trevall  en  petlts  groupes  sur  des  problemes  de  geometrle  cholsls  pour 
etre  resolubles  de  multiples  menleres  permet  de  felre  fructlfler  les 
dffferentes  conceptions  des  eleves  en  presence  et  fovoiise  le 
developpement  de  preuves  pour  containers  f'autro  .  Premier  contret:  ou 
cours  du  travel),  1'enselgnente  clrcule  dans  les  rengs  et  demande  eux  eleves 
ou  lis  en  sont.  Les  eleves  6  1'epproche  du  professeur  s'arrfitent  de  trevelller. 
Elle  decide  de  chenger  de  contret  et  l'onnonce.  Deuxleme  contret: 
1'enselgnente  ne  vient  que  si  le  groupe  l'eppelle  en  cas  de  confllt.  Elle 
constate  elors  que  chacun  reste  sur  ses  positions  en  comptent  sur  le 
professeur  pour  apporter  le  veiite.  Trolsleme  contret:  1'enselgnente 
demende  qu'on  ne  l'eppelle  qu'epres  evolr  resolu  et  prouve  quelque  chose. 
C'est  seulement  a  ce  moment  que  les  preuves  et  demonstrations  sont 
epperues  dens  leur  fonctlonnellte.  Neenmolns  nous  estlmons  que  ces 
contrets  locaux  prennent  leur  sens  eu  seln  d'un  contret  plus  globe!  etteche  i 
1o  clesse,  ce  qui  rend,  entre  autres  elements,     Incontourneble  le 
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developpement  cte  recherches  experlmentoles  sur  le  terrain. 

Le  probleme  auquel  s'est  attaque  M.Artlgue  et  qu'elle  va  vous  presenter 
dons  so  communication,  est  celul  de  1'odaptotlon  d'un  enselgnement 
obsolete,  en  debut  d'unlverslte  de  lo  theorle  des  equations  dlfferentlelles,  6 
revolution  sclentlflque  et  technique.  Generalement,  le  point  de  vue  adopte 
est  celul  d'un  apprentlssoge  dans  le  cadre  algebrlque,  lequel  permet  de 
resoudre  certalnes  equations  dlfferentlelles  en  exhlbant  des  formules.  Or 
le  cadre  quolltatlf,  qui  offre  des  methodes  qualltatlves  d'etude,  enrlchlt 
conslderablement  le  chomp  des  equations  dlfferentlelles  susceptlbles 
d'fitre  traltees.  L'lngenlerie  construlte  por  M.Artlgue  o  porml  ses  objectlfs 
de  cerner  lo  contribution  que  cheque  codre  -  algebrlque,  Informotlque 
qualitetlf  -  peut  apporter  6  1'etude  des  equations  dlfferentlelles  non 
resolubles  et  de  preclser  lo  gestlon  dldoctlque  qui  peut  §tre  folte  des 
chongements  de  codres  pour  qu'lls  solent  un  Instrument  producteur 
d'lnformotlon  entre  les  molns  des  etudlents.  Qu'est  ce  que  les  etudlants 
dolvent  savolr  ou  sovolr  folre  dons  cheque  codre,  pour  que  la  moblllte 
pulsse  devenlr  une  hobltude  et  qu'lls  n'olent  plus  qu'6  se  soucler  de 
l'efflcaclte  qu'elle  peut  produlre?  Quels  contrfiles  peuvent-lls  avoir  sur 
leurs  conjectures  et  convictions?  Pour  d'outres  problemes,  une 
mlcro-lngenlerle  (portent  sur  une  ou  un  petit  nombre  de  seances)  plus 
legere  de  mlse  en  oeuvre  et  plus  alsement  contr6loble  peut  fetre  lo 
methcdologle  odoptee . 


La  methodologle  se  d6compose  en  trols  temps.  D'obord,  une  analyse  t 
priori  qui  dolt  perrnettre  de  formuler  des  hypotheses  cognltlves  et 
didactlques.  Ensulte,  lo  conception $ur\  enselgnement  qui  les  mettent  en 
oeuvre,  puis  lo  rfolisotfon  et  X observation  des  sequences  construltes. 
Enfln  1" analyse  et  lo  critique  des  productions  par  rapport  a  lo 
problemotlque  de  deport. 

3-1  Analyse  o-prlorl 

Elle  est  un  point  cle  de  la  methodologle  pour  elaborer  des  s6quences 
d'apprentlssage  pertlnentes  vis  a  vis  a  la  fols  des  eleves  et  du  probleme 
dldoctlque  pose.  Cette  anolyse  comporte  plusleurs  composontes: 

o)  une  etude  epistemo/oyioue: caroclBriser  lo  ploce  du  concept  dons  so 
genese  hlstohque,  so  ploce  octuelle  dons  lo  dlverslte  des  problemes  oil  11 
Intervlent  comme  outil  odopte,  reperer  les  autres  concepts  ovec  lesquels  11 
entre  en  interoctton  dons  les  problemes  retenus  et  qui  contrlbuent  a  lul 
donner  de  lo  signification,  les  cadres  utilises  et  lo  fapon  dont  lis  sont 
exploltes. 
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b)  la  signification  mothemaii que:  point  de  vue  objet. 

c)  une  etude  du  point  de  vue  general ement  adopts  dans  I'enseignement, 
voire  de  son  evolution  a  travers  les  chengements  de  programme. 

d)  un  releve  des  conduites  des  eldves  compte  tenu  de  I'enseignement 
hebltuel:  reperege  des  erreurs,  lien  eventuel  avec  I'enseignement  recu  au 
moins  au  niveau  d'une  hypothese,  reperege  des  procedures,  des  conceptions, 
des  performances. 

3-2  Incienierie  didactlaue  proprement  dlte 

a)  elaboration  de  sequences  les  etudes  precedentes  (  dont  11  s'aglt 
d'evaluer  pour  cheque  recherche  la  pertinence  compte  tenu  du  cout) 
permettent  de  corner  des  variables  potentlelles  sur  lesquelles  1'enselgnant 
peut  aglr  (variables  didactlques).  Elles  fournlssent  les  moyens  de  poser  des 
hypotheses  a  partlr  desquelles  se  font  des  cholx  didactlques  (controlntes  et 
veleurs  de  variables  didactlques,  cadres  de  travail...)  qui  debouchent  sur  la 
conception  de  sequences  d'apprentlssege  les  mettent  en  oeuvre  et 
setisfjisant  les  contraintes  de  1e  clesse,  notemment  en  ce  qui  concerne  ie 
temps  et  l'heterogeneite  des  eleves.  Elles  permettent  de  felre  des 
previsions  sur  les  comportements  des  eleves. 

b)  realisation  des  sequences  et  observation  des  eleves,  de  ce  que  dlt  ou 
felt  1'enselgnant  et  quend.  Est  ce  bien  1e  seance  prevue?  slnon  en  quol 
differe-t-elle?  pourquol?  Quel  contret  regie  les  echenges  entre  les 
dlfferents  ecteurs  de  la  clesse?  Peut-on  reperer  des  regies  stables 
(coutumes)  et  des  regies  veriebles  et  elors  en  fonctlon  de  quoi? 

On  se  rend  compte  que  les  representations  des  ensetgnents  sur  les 
methematlques,  sur  ce  qu'est  l'ectlvlte  methemetlque,  sur  l'ecces  au  savolr 
parfols  module  selon  1e  profil  qu'lls  concolvent  de  leurs  eleves,  comme 
d'ellleurs  les  representations  des  eleves  eux-m§mes  sur  ces  mSmes 
fecteurs,  interferent  fortement  evec  les  conditions  de  deroulement  prevues 
pour  la  situation.  D'ou  de  nouvelles  hypotheses  A  tester  dens  de  nouvelles 
recherches  selon  une  methodologle  i  determiner.  Je  f els  la  reference  i  des 
recherches  recentes  d'A.  Robert  sur  les  representations. 

c)  evaluation  des  ^^.  confrontation  des  comportements  inltleux 
evec  ceux  en  cours  d'epprentlssege  et  a  la  fin,  per  epreuves  ecrltes  et/ou 
per  entretiens  indlvl duels  ou  a  deux  selon  qu'on  envisage  la  possibility  de 
confllts  cognitlfs  et  qu'on  veut  les  observer  et  en  anelyser  les  effets. 

3-3  Analuse  des  orpduits  de  l'experlertce 

Le  metehel  experimentel  soumls  a  l'analyse  est  constltue  de  la 
description  des  sequences  telles  qu'elles  ont  ete  prevues  en  fonctlon  de 
l'enelyse  e-priori,  des  chroniques  de  classe  redigees  per  des  observeteurs, 
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des  transcripts  d'enregistrements  oudlo  ou  video,  des  productions  des 
eleves  en  cours  d'apprentlssage  et  en  epreuves  devaluation.  II  se  peut  que 
pour  un  corpus  donne  une  methodologie  portlculiere  d'exploltotion  solt  a 
deflnlr:  par  exemple,  grille  de  depouillement  de  copies,  decoupage  du  texte 
des  transcripts  en  reference  aux  concepts  dldactlques  du  cadre 
theoiique...1'anslyse  dolt  prendre  en  compte  a  la  fols  1'analyse  a-prlorl  et 
les  conditions  reelles  de  realisation  de  ^'experience. 

3-4  Interpretation  des  resultats  et  retour  sur  l'inqenlei  ie  didactlaue. 

II  se  peut  qu'opperelssent  des  phenomenes  qui  obllgent  a  modifier  la 
premiere  elaboration  et  peut-etre  de  facon  fondamentale.  Cltons  a"  ce 
propos  rimportance  des  situations  d'lnstltutlonnallsatlon,  celle  du  contrat 
dldactlque.  II  se  peut  que  les  observations  conflrment  les  hypotheses.  On 
peut  alors  esperer  tenlr  de  bonnes  conditions  de  reproductiblllte  . 

4  -  Evaluation  et  llmftes  de  cette  methodologlo 

Elle  est  Ires  lourde  et  ne  peut  etre  que  le  travail  d'une  equlpe.  Elle  est 
done  a  economiser  en  l'assoclant  a  d'outres  methodes  telles  que  ent'-etlens, 
questionnaires,  6tudes  statlstlques,  mals  aussi  simulation  de  classes  par 
ordlnateur.  Par  allleurs,  elle  ne  permet  de  tester  que  des  hypotheses 
composees  avec  des  facteurs  dont  certains  ne  peuvent  Stre  controles  lors 
de  la  realisation.  Toutefols,  si  les  rerultats  analyses  de  1'observetion 
grosslssent  durablement  les  effets  attendus,  on  peut  estlmer  que  les 
hypotheses  sont  valtdees.  Par  allleurs,  on  peut  trouver  des  elements  de 
conviction  dens  la  convergence  de  resultats  experlmentaux  varies,  dans  la 
coherence  entre  des  resultats  nouveaux  et  des  resultats  plus  anciens,  mals 
surtout  dans  la  reproductiblllte  quand  u'est  possible. 


Les  outlls  forges  pour  les  besoins  de  I'ingenlerie  dldactlque  ou  Issus  des 
resultats  des  dlfferentes  recherches  y  recourant,  sont  des  instruments 
precieux  pour  expliquer  des  comportements  d'eleves  dons  une  situation 
mise  en  place  par  un  enselgnant  dans  sa  classe  en  dehors  de  tout  contexte 
experimental.  C.Comltl  dans  son  Intervention,  va  vous  presenter  une 
analyse  des  comportements  d'un  enseignant  et  des  eleves  d'une  classe  de 
grade  10  (classe  de  seconde  en  France)  dans  une  situation  d'etude  de  la 
pertinence  rnethemetlque  d'une  representation  graphique  de  phenomenes 
economlques.  On  reconnaitra  au  deroulement  de  la  sequence  les  dlfferentes 
phases  de  la  dlalectlque  outll-objet  s'appuyant  sur  une  sltuetlon-probleme 
repondent  aux  conditions  quelle  demande.  On  reconnaitra  dans  les 
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proDI ernes  qui  ont  opparu  *u  cours  du  deroulement  ceux  poses  par  la 
transposition  dldactlque  et  le  temps  dldactlque  ,  par  le  contr&t  dldactlque, 
devolution  du  problems,  representations  des  el  eves  et  de  l'enseignent  sur  ce 
qu'est  l'actlvlte  methematique... 

6  -  Conclusion 

SI  lourd  et  embltieux  que  soil  l'instrument,  c'est  le  seul  qui  prenne  en 
charge  l'ensemble  des  composentes  du  systems  educatif.  II  est 
Indispensable  pour  etudier  ce  qui  est  propre  a  la  classe,  a*  savoir  le  foil 
collect//,  et  ce,  a*  deux  nlveeux:  entre  pairs  et  entre  maltre  et  sieves.  Nous 
reperons  un  point  sensible  de  la  responstiblllte  du  meltre  et  pourtant 
crucial  par  ses  consequences:  c'est  l'artlculetlon  entre  les  actlvltes  des 
sieves  et  le  cours  du  maltre,  l.e,  ce  que  le  mattre  Instltutionnallss  et  Is 
moment  qu'11  cholslt  pour  csla.  Un  autre  point  sensible,  mals  de  la 
responseblllts  des  eleves  est  l'artlculatlon  entre  savoir  de  la  classe  dans 
son  ensemble  et  appropriation  Indlvlduelle.  Un  problems  peu  etudle  jusqu'lcf 
est  la  construction  du  savoir  de  chacun  dans  le  temps  rial  de  la  classe. 
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ANALYSIS  OF  A  CLASS-SBSSION  FOCUSING 
ON  THB  MATHEMATICAL  RBLBVANCB  OF  A 
CHART  ILLUSTRATING  BCONOMIC  DATA 


Claude  COM1TI,  Instltut  de  Formation  deB  Maltres,  UN1VERS1TE  GRENOBLE  1 


Starting  with  the  analysis  of  a  claes-sesslon  (15  yesrs-old)  focusing 
on  the  mathematical  relevance  of  a  chart  concerning  the  distri- 
bution of  local  taxes  (see  the  last  page),  a  demonstration  will 
be  made  of  how  didactic  research  tools  developed  within  the 
framework  of  "didactic  engineering"  can  provide  valuable  support 
In 

.  explaining  learner  behaviour  on  a  normal  classroom  situation 
.  facilitating  teacher  awareness  of  the  different  learner  appro- 
priation levels  of  a  given  mathematical  concept  and  at  the 
same  time  of  the  different  cognitive  paths  to  be  taken  in  consi- 
deration In  the  collective  elaboration  of  a  new  knowledg-s. 


ANALYSB  D'UNB  SITUATION  DB  CLASSB  PORTANT  SUR 
L'BTUDB  DB  LA  PBRTINBNCB  MATHBMATIQUB  D'UNE 
RBPRBSBNTATtON  GRAPH1QUB  D'UN  PHBNOMBNB  BCONOMIQUB 

A  partlr  de  1'analyse  d'une  situation  de  classe,  portant  sur  l'etude, 
par  des  eleves  de  15  ans,  de  la  pertinence  mathematlque  d'une 
repr6sentation  graphlque  pr6sentant  la  repartition  de  l'lmpot  local 
(voir  dernlere  page),  on  montrera  comment  les  outlls  forges  pour 
les  besolns  de  la  recherche  en  didactlque  sous  le  nom  d'lngenlerie 
dldactlque  peuvent  etre  des  Instruments  precieux  pour 
.  expllquer  des  comportements  d'eleves  dans  une  situation  de 
classe  mlse  en  place  hors  de  tout  contexte  de  recherche 
.  permettre  a  l'enseignant  une  mellleure  prise  de  conscience 
des  dlfferents  nlveaux  d'approprlatlon  par  les  eleven  d'un  concept 
mathematlque  donne  et  par  la  meme  de  la  dlverslte  des  chemlns 
cognltlfs  des  eleves  a  prendre  en  compte  lors  de  la  construction 
collective  de  la  connalssance. 


Le  travail  qui  est  presente  lcl  est  le  resultat  d'une  collaboration  entre 
enselgnants  de  lycee  et  chercheur  en  dldactlque,  collaboration  qui  s'est 
Instauree  a  la  suite  d'une  demande  de  deux  enselgnants  de  mathematlques 
de  classe  de  Seconde  (Grade  10).  Ces  enselgnants  avalent  essaye,  les  annees 
prec6dentes,  de  mettre  en  place,  en  liaison  avec  un  professeur  d'hlstolre- 
geographle  et  un  professeur  d'economle,  une  innovation  dont  les  objectlfs 
etulent  les  sulvants  : 
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*  declolsonner  l'enselgnement  dec  mathematlques  par  une  prise  en 
compte  de  l'envlronnement  des  eleves, 

*  dlverslfler  lee  chemlnements  possibles  de  l'apprentlssage  afln  de 
mleux  prendre  en  compte  l'heterogenelte  des  classes, 

*  favorlser  l'approprlatlon  par  les  eleves  des  concepts  de  crolscance, 
de  proportlonnallte, 

*  les  rendre  capables  de  comprendre,  construlre  et  utlllser  comme 
base  d'argumentatlon  del  tableaux  ou  graphlques. 

La  demande  des  enselgnants  de  mathematlques  repondalt  a  un  besoln 
de  prise  de  recul  par  rapport  aux  pratiques  mlses  en  place  en  liaison  avec 
cette  Innovation  ;  elte  mettalt  l'accent  sur  une  volonte  de  recherche  d'outlls 
methodologlques  permettant  d'objectiver  leurs  pratiques,  de  mettre  en 
evidence  les  mode*  d'apprehenslon  par  les  eleves  des  situations  proposees, 
de  mesurer  les  apprenttstages  effectues  au  cours  de  ces  situations. 

Au  dela  de  cette  demande  precise,  se  profllalt  un  questlonnement 

-  sur  le  role  alnsl  que  la  place  des  problemes  ouverts  et  des  travaux  en  petlts 
groupes  dans  une  construction  et  une  structufatlon  du  savolr  par  les  eleves 
qui  prennent  en  compte  la  dlverslte  des  chemlns  cognltlfs  de  chacun, 

-  sur  la  mellleure  fagon  pour  le  maltre  de  gerer  les  rapports  entre 
constructions  lndlvlduelles  et  construction  collective  des  connalssances. 


U  s'aglssalt,  pour  le  cbercbeur,  dc  mettre  a  U  disposition  des  enselgnants 
lea  concepts  et  outUs,  forges  pour  le*  besolns  de  la  recherche  en  didactlque 
sous  le  nom  d'lngenl£rie  didactlque,  de  facon  a  permettre  aux  enselgnants 
d'ela borer  eux-memea  des  reponses  a  leurs  proprea  questions  en  les  amenant  a 

*  une  expllcltatlon  des  cholx  theorlques  sous-Jacents 

*  une  analyse  des  situations- problemes  retenues  par  eux,  en  ce  qui 
concerne  les  contenus  mathematlques  en  Jeu,  les  condultes  et  procedures 
attenducs  chez  les  eleves,  leur  propre  role... 

*  une  mice  en  place  d'outlls  d'enreglstrement  et  d'observatlon  des 
conduttcs  d'actlon,  de  formulation  el  de  validation  de  eleves  au  seln  de  chaque 
groupe  de  travail 

*  une  confrontation  du  deroulement  effectlf  des  seances  avec  les 
previsions  effectuees  avant  la  realisation  de  la  sequence 
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LBS  CHOIX  THBORIQUBS  SOUS-JACBNTS 


Un  travail  prealable  a  permls  une  clarification  des  hypotheses  retenues 
en  ce  qui  concerne  la  construction  de  la  connalssance  mathematlques  chez 
let  Aleves  : 

1)  accord  sur  les  hypotheses  constructlvlstes  et  sur  la  theorle  des  r6equl- 
llbratlong :  la  connalssance  se  constrult  dans  Taction  qui  se  tradult 
eesentlellement  en  mathematlquee  par  la  r6solutlon  de  problemes  ou 
les  Interactions  entre  sujet  et  sltuatlons-problemes  Jouent  un  role  fonda- 
mental  ; 

2)  existence  de  dlversltes  de  chemlnements  cognltlfs  des  eleves  dans 
l'acqulsltlon  d'un  concept  mathematlque  donne  et  role  fondamental,  dans 
Impropriation  des  connalssances  par  l'6leve,  des  Interactions  et  des 
confllts  soclo-cognltlfs  entre  pairs. 

PRESENTATION  DB  LA  SITUATION  DE  CLASSB  RBTBNUB 

La  classe  concernee  etant  une  classe  de  36  eleves,  l'emplol  du  temps 
prevoyalt  une  seance  hebdomadalre  dedoublee.  C'est  cette  seance  de  lh  i 
en  deml-classe  qui  a  et6  utlllsee  pour  l'exp6rlmentatlon.  Au  seln  de  chaque 
deml-classe,  les  eleves  ont  ete  r6partls  par  groupes  de  trols  ou  quatre. 

La  sltuatlon-probleme  retenue  conslste  en  1'etude  d'une  page,  Issue 
du  Journal  Municipal  de  Grenoble,  presentant,  sous  le  tltre  "Ou  va  l'lmpot" 
une  representation  graphlque  de  la  repartition  de  l'lmpot  local  (voir  dernlere 
page). 

La  conslgne  donnee  etalt  la  sulvante  : 
"vous  allez  lire  une  page  du  Journal  de  la  vllle  de  Grenoble,  Grenoble  Actuallte. 
II  s'aglt,  non  pas  de  dlscuter  comme  le  feralt  le  professeur  d'economle, 
pourquol  si  peu  a  la  culture...  ?  Mais,  les  chlffres  etant  ce  qu'lls  sont,  11 
s'aglt  de  refl6chlr  sur  le  dessln,  c'est-a-dlre  sur  l'lllustratlon  graphlque  qui 
a  ete  falte  de  ces  chlffres.  SI  vous  n'etes  pas  d'accord  avec  ceux  qui  ont 
fait  ce  Journal,  vous  cherchez  tous  les  d6fauts  !  A  vous  de  proposer,  si  vous 
le  souhaltez,  une  autre  Illustration.  Je  vous  lalsse  vous  debroulller  :  vous 
etes  dea  critiques  de  Journaux". 


Cette  situation  a  ete  cholsle  car  11  s'aglt  d'une  sequence  d'enselgnem 
u  l'enselgnant  n'apporte  pas  de  connalssances  dlrectcment,  mals  prend 
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charge  la  construction  et  la  structuration  d'un  certain  savolr  par  les  eleves 
eux-meme*. 

thi  point  de  vue  cognitif,  U  c'aglt  de  mobUlaer  lea  coonataiaace* 
amerleure*  de*  fclives  en  ce  qui  coaceme  lea  notion*  de  pourceatagc,  de 
crolaauce  et  de  proportionality  pour  engager  une  procedure  de  rSsolution 
de  problems  dans  un  cadre  different  de  celul  dans  lequel  ces  notions 
fonctlonnalent  Jusquc  la  :  celul  des  representations  graphlques  de  phenomenes 
economlques.  Sont  de  plus  en  jeu  dans  cette  sltuatlon-probleme  des  notions 
de  geomStrte  (carre,  triangle,  quadrllatere),  la  mesurc  des  angles,  le  calcul 
d'alres.  Bnfln  la  situation  se  prete  a  la  mlse  en  place  de  demonstration  par 
contre  exemple. 

Du  point  de  tuc  des  rapports  de*  6le>e*  a  la  sltuatlon-probleme.  le 
probleme  propose1  eat  un  probieme  ouvert  par  la  diversity  de*  queatlona  et 
dea  strategies  poasiUea  et  par  r Incertitude  qui  en  resulte  pour  Vettve,  un 
probleme  sufflsamment  rlche  pour  que  tous  les  concepts  6num6r6s  cl-dessus 
pulssent  y  etre  lmpllqu6s  mals  pas  trop  pour  que  les  Sieves  pulssent  en  gSrer 
la  complexltS.  l.a  resolution  de  ce  probleme  dolt  amener  les  Sieves  a  produlre 
des  actions  dans  leur  recherche  de  solution,  a  crier  dec  slgnlflants,  un  langage, 
pour  assurer  l'echange  avec  leurs  camarades,  avec  le  maitre,  enfln  a  prouver 
leurs  affirmations  pour  convaincre  leurs  pairs  et  le  maitre  de  leur  Justesse 
(phases  d'actlon,  de  formulation  et  de  validation). 

Du  point  de  rue  de  contrat  dldactique,  le  dSroulement  de  la  seance 
dSpend  eaacntiellement  de  I'actlvltS  que  d&plolent  les  groupe*  d'6l£ve«  et 
de*  conoalasance*  antSrleurea  qu'U*  moblllsent.  Le  travail  est  proposS  avant 
tout  cours  et  sans  rappel  antSrleur  sur  les  notions  mathematlques  en  Jeu. 
Chaque  SISve  travalllc  a  son  propre  rythme.  Le  maitre  est  dans  une  position 
d'asslstant,  11  passe  de  groupe  en  groupe,  pose  des  questions,  demande  des 
explications,  dSbloque  par  des  Interrogations  certalnes  situations... 
Cecl  crSe  des  modifications  lmportantes  en  ce  qui  concerne  le  contrat  dldac- 
tique : 

-  pour  les  eleves  :  il  n'est  plus  question  pour  eux  d'appllquer  des  rSsultats 
du  cours  ou  de  rSpondre  a  des  questions  posies  par  le  maitre,  11  leur  faut 
icl  trouver  cux-memes  les  questions  auxquelles  Us  dolvent  rSpondre  pour 
dSclder  de  la  correction  mathSmatlque  du  graphlquc. 

-  pour  le  maitre  :  11  ne  connalt  pas  a  l'avance  les  directions  de  travail  que 
prendront  les  Sieves,  ce  qui  cree  chez  lul  une  Incertitude  en  ce  qui  concerne 
le  deroulement  de  la  seance  et  les  activltep  produltes  par  les  eleves  ;  cecl 
modifle  profondement  le  contrat  habltuel  ou  c'est  lul  en  general  qui  guide 
les  Sieves  en  imposant  un  rythme  commun  a  tous. 
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Ce  cbolz  de  situation  neceailte  par  la  suite  une  stance  collective 
d'lnatitutkmnalUatlon  oont  les  objets  dcpendront  du  deroulement  effectif 
de  la  lere  seance  et  des  divers  chemlnernents  mis  en  place  au  seln  de  chaque 
groupe  de  travail. 


Biles  peuvent  etre  regroupces  en  trols  grandes  categories,  qui  concernent 
.  la  phase  d'entree  dans  le  probleme  : 

Comblen  de  temps  faudra-t-U  aux  sieves  pour  falre  le  tour  du  probleme 
et  entrer  dans  l'actlon  ?  Les  eleves  s'arreteront-lls  a  des  remarques  d'ordre 
general  (sur  le  centre  du  carre,  la  somme  de  pourcentages...)  ou  s'lnteresse- 
ront-lls  a  la  proportlonnallte  de  la  figure  aux  pourcentages  ?  Porteront-lls 
alors  leur  attention  aux  angles  ou  aux  surfaces  ? 
.  le  travail  de  groupe  lul-meme  : 

Atdera-t-11  les  eleves  les  plus  falbles  a  comprendre  et  a  resoudre  le  probleme 
pose  ?  Permettra-t-11  au  maltre  de  d6couvrlr  des  dlfflcultes  lnsoupconnees 
chez  un  eleve  donne  ?  Suscltera-t-U  l'emergsnce  de  questlonnements  nouveaux 
chez  certains  eleves  ? 

.  la  mobilisation  Ac*  notions  mathcmatlques  en  jftxx : 

Comment  les  eleves  maltrlseront-lls  les  notions  geom6trlqueo  en  Jeu,  les 
problemeo  de  mesure  d'angles,  de  calcul  d'alres  ?  Utlllseront-lls  le  mot 
"proportlonnel"  1  N'y  aura-t-11  pas  contusion  entre  proportlonnallte  et 
crolssance  ?  Y  aura-t-U  recherche  de  contre  exemple  ? 

LBS  PRINCIPAUX  APPORTS  DB  L'BXPBRIMBNTATION 

L'analyse  du  deroulement  du  travail  de  chaque  groupe  a  ete  basee 
sur  'etude  des  protocoles  obtenus  par  depoulllemcnt  des  feullles  d'observatlon 
et  des  cassettes  enreglstrees  (un  magnetophone  par  groupe  d'eleves  avalt 
ete  utilise  lors  du  deroulement  de  la  seance).  Le  deroulement  reel  a  alnsl 
pu  etre  confronte  aux  previsions  effectuees  anterleurement  par  les  ensel- 
gnants  alnsl  qu'a  leurs  Interrogations  de  d6part.  Nous  en  donnerons  des  exam- 
ples precis  lors  de  l'expose  oral.  Nous  nous  contenterons  lcl  de  lister  les 
prlnclpaux  apports  reperes  par  les  enselgnants  eux-memes,  a  la  suite  des 
analyses  effectuees  : 

-  remise  en  question  de  leurs  representations  lndlvlduelles  des  eleves,  du 
degre  d'attentlon  de  ces  dernlers,  du  sens  qu'lls  accordent  aux  paroles  du 
maltre,  de  leur  lnteret  pour  une  actlvlte  mathematlque... 
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-  prise  de  conscience  : 

.  du  rait  que  lei  6leve«  deploient  une  actlvtte  effective  et  soutenuc  tout 
au  long  de  la  i6ance,  n'h6iltent  pai  a  demander  aux  autrei  membrei  du 
groupe  les  explication!  qui  leur  sont  necessalrcs  et  qu'ili  n'oseralent  Jamais 
demander  au  malt  re  en  situation  de  claste  habltuelle,  a  qui  favorlse  leur 
appropriation  indivlduelle  des  notions  en  jeu, 

.  du  role  de  cette  activite  det  eleves  dans  le  travail  de  transposition,  la 
tache  proposee  par  1'enselgnant  etant  en  fait  transformer  par  les  connals- 
sances  effectives  qu'y  Investlssent  les  eleves, 

.  de  1'llluslon  qui  est  celle  de  la  plupart  del  enselgnants  en  ce  qui  concerne 
la  transparence  de  certain  es  formules  ou  encore  l'evldence  de  certalne* 
proprl6tes..., 

.  du  dicalage  entre  le  projet  dldactlque  de  depart  et  ce  qui  est  effectlve- 
ment  realise. 


Six  mole  apres  la  fin  de  ('experimentation,  les  enselgnants  preclsent 
comme  suit  les  prlncipaux  changementa  qu'lls  estlment  observer  dans  leur 
propre  pratique  : 

-  6coute  nouvelle  par  I'enselgnant  de  ses  propres  dlscours 

-  Scoute  dlfferente  des  Interventions  ct  questions  des  eleves,  dans  le  but 
de  deceler  ce  qui  fait,  cheas  chaque  6leve,  obstacle  a  la  construction  du 
savolr  en  Jeu, 

-  prise  en  consideration  des  erreurs  des  6leve«  non  plus  comme  slgne  d'ln- 
comprihenslon  ou  de  travail  Insuffleant  mats  comme  element  a  utilises 
dans  la  construction  me  me  de  la  connalssance 

-  mlse  en  memolre  des  dlfflcultes  de  chaque  eleve  donnant  lieu  a  un  essal 
de  sulvl  lndlvlduel  parallels  a  la  condulte  collective  de  la  classe. 

Comment  evoluera  dans  1'avenlr  la  pratique  professlonnelle  de  ces 
enselgnants  ?  Parvlendront-lls  a  gerer  d'une  manlere  plus  satlsfalsante  a 
leurs  ycux  la  construction  collective  du  savolr  tout  en  prenant  davantage 
en  comptc  la  construction  Indivlduelle  de  ce  savolr  par  chaque  eldve  t 

Ne  peut-on  esperer  qu'apres  s'etre  ttouvis,  pour  repondre  a  leurs  propres 
questions,  utlllsateurs  actlf  de  la  dldactlque,  Us  seront  motives  pour  une  for- 
mation plus  approfondle  en  dldactlque  et  pourralent  alors  devenlr  un  relal 
prlvllegle  entre  la  recherche  en  dldactlque  et  leurs  collegues  enselgnants  ? 


KM  GUISE  DB  CONCLUSION 


-  235  - 


L'IMPOT  LOCAL 


Cultural  rttfrWKe*       .  ^txr^"  MwVwiAtaisi 

JJ.U-f.Ml  F 


J8.iW.JM  P 


A4*iwucrtt»£ 


Teacher  Instructions  :  "This  is  u  pnjje  from  a  town  council  newsletter.  You 
are  not  expected  to  hold  discussions  on  the  municipal  budget  like  the 
economics  teacher  might  ask  you  to  do.  What  1  want  you  to  do  Is  to  look 
carefully  at  this  chart,  l-ci,  the  graphical  presentation  of  these  figures. 
Assuming  you  don't  agree  with  the  people  who  made  up  this  news  sheet, 
try  and  find  ull  the  mistakes  you  can  and  then  sugget  another  way  of  doing 
It.  Right,  off  you  go.  Just  Imagine  that  you  are  newspaper  critics." 
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INGENIERIE  OIDACTIQUE  A  PROPOS  D'EQUATIONS  DIFFERENTIELLES 
M.ARTIGUE  UNIVERSITE  PARIS  7  -  I  REM  PARIS  7 

DIDACTICAL  ENGINERY  ABOUT  DIFFERENTIAL  EQUATIONS 
The  report  will  be  given  in  English 


Abstract  •  In  France,  teaching  about  differential  equations  for 
undergraduate  students  has  not  been  Influenced  by 
mathematical  and  technological  developments.  As  a  result 
this  teaching  is,  at  the  present  time,  obsolete  The  research 
reported  here  is  concerned  In  its  renewal,  specially  in  the 
viability  of  a  qualitative  approach  at  this  level.  After  an 
eplstemological  study,  the  research  v  as  led  devising  and 
experimenting  a  didactical  enginery  In  this  conceptual  field, 
using  microcomputers.  We  present  this  methodology  in  a  fairly 
detailed  way  and  analyse  the  first  experimental  results  They 
show  partial  viability  but,  at  the  same  time,  stronq 
d  fflcultles  related  to  qualitative  proofs.  The  conclusions 
given  then  concern  both  this  specific  didactical  enqinery  and 
the  whole  methodology  ' 

I  -  INTRODUCTION 

idJLlyoiutiyn  du.,ctojp_scjejiiLfiflya 

La  theorle  des  equations  dtfferentlelles  s'est  d6veloppee  depuls  le  1 7eme 
siecle  dans  plusieurs  cadres,  au  sens  defini  par  R.  Douady  [I] :  le  cadre 
'algebrlque"  de  la  resolution  exacte,  le  cadre  "numerique"  de  la  resolution 
approchee,  le  cadre  "qualltatlf"  enf  in  qui  vise  letude  globale,  geometrlque 
du  riot  des  equations. 

II  est  blen  connu  que  le  cadre  algebrlque  a  domlne  pendant  plusieurs 
siecles  ce  champ  scientlf Ique  et  que  le  cadre  qualltatlf  tie  s'est  developpe 
qu'i  partir  du  debut  de  ce  slecle  avec  les  travaux  de  H.  Polncart.  Mais  II 
est  clalr  que  la  theorle  des  systemes  dynamlques  (du  point  de  vue 
mathematlque),  Ic  developpement  des  moyens  Informatlques  xd'un  point  de 
vue  technologlque)  ont  remodele  profondement,  ces  vlngt  dernleres 
annees,  le  paysage  de  ce  champ  sclentlflque  au  profit  des  cadres 
qualltatlfs  et  numerlques. 

1-2  La  stabile  dg  I'gnselgnement 
L'enselgnement  superleur  elementalre  (leres  annees  d'unlverslte),  en 
France,  n'a  pas  suivi  cette  evolution.  II  reste  centre  sur  le  cadre 
algebrlque  :  Integration  des  cas  classlques  integrables,  developpement  en 
serle  de  solutions  a  l'occaslon  de  I'etude  des  series  entteres  ou  des  series 
de  Fourier.  Le  probleme  didactlque  auquel  nous  nous  sommes  attaquee 
dans  cette  recherche  est  done  celul  de  I'adaptatlon  d'un  enseignement 
obsolete  a  revolution  sclentlflque  et  technologlque. 
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II  -  LES  DEBUTS  DE  LA  RLLHtHLHt 


Notre  problematique  relevalt  en  premier  lieu  du  processus  de 
transposition  didacttoue  (Y  Chevallard  12]) :  identification,  dans  le  savoir 
constltue  et  les  pratiques  mathematlciennes,  des  objets  et  outils  au 
coeur  du  champ  conceptuel  considers  et  mise  en  forme  de  ces  objets  et 
outils  pour  l'enseignement,  en  fonction  du  public  vise.  Cette  phase 
eplstemologique  fut  menee  au  debut  des  annees  1980  avec  le  concours 
d'experts  mathemstlclens  (M.  Artlgue,  V.  Gautheron  [3]). 

Cette  premiere  phase  fut  suivie  ^experimentations  empiriques  ayant  pour 
e-bjectif  d'explorer  )a  vlablllte  d'un  tel  enseignement.  Les  difficulty 
rencontrees  dans  cette  seconde  phase  nous  convainqulrent  d'une  telle 
vlablllte  n'etait  pas  evidente,  du  fait  de  Interaction  de  differentes 
contralntes  :  contraintes  d'ordre  cognltlf  mais  aussi  contraintes  llees  a 
la  gestlon  du  temps,  aux  ccutumes  dldactlques  et  aux  representations  des 
enselgnants.  Mais  il  nous  apparut  aussi  qu'une  utilisation  adequate  de 
I'outil  informatique  pouvait  modifier  suffisamment  certalnes  de  ces 
contraintes  pour  autorlser  un  autre  point  d'equllibre  que  celul  de 
I'ensetgnement  tradltlonnel. 

C'est  cette  hypothese  que  nous  avons  cherche  a  tester  dans  la  trolsieme 
phase  de  la  recherche  que  nous  pr6sentons  ici.  Ceci  necessltait  un  cadre 
experimental  qui  n'evacue  par  la  complexity  du  systeme  dldactlque  ,  d'ou 
le  chotx  effectue  d'une  methodologle  d'lngenlerle  dldactlque,  se  situant 
dans  le  cadre  theorique  presente  Ici  meme  par  R.  Douady  14 

111  -  L'INGENIERIE  DIDACTIQUE 

III- 1  Les  chotx  didac_tj_gge_s 
Vue  notre  problematique  :  adaptation  d'un  objet  d'enseignoment  obsolete 
au  developpement  sclentiflque  et  technologique,  deux  points  nous  ont 
semble  fondamentaux : 

a)  concevoir  des  le  premier  contact  avec  la  notion  un  enseignement  dam. 
les  diffirents  cadres  repertories  et  organiser  entre  ces  cadres  un  reseat 
relationnel. 

b)  se  situer  dans  une  problematique  generate  de  production,  prevision  et 
contrdle  de  traces  de  solutions  sur  micro-ordinateurs. 

*  Pour  prendre  en  compte  le  point  a)  nous  av<  is  elabore  un  enchainement 
de  situations  didactiques  favonsant  les  Jeux  de  cadres,  notamment 
I'lnteractlon  algebrlque/qualltatlf. 

»•  Pour  prendre  en  compte  le  point  b),  nous  avons  eu  recours  a  une 
utilisation  Interactive  et  une  utilisation  dlfferee  de  i'outil  informatique, 
I'utllisatlon  dlfferee,  c'est  a  dire  le  travail  sur  des  traces  fournls,  etant 
privileglee,  dans  les  phases  de  justification  et  de  contrdle,  compte-tenu 
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des  contralntes  de  temps  et  de  materiel. 

II  faut  soullgner  que  I'outll  Informatlque  a  ete  aussi  utilise  pour  decouper 
et  require  la  complexity  des  taches.  En  effet,  une  etude  qualitative 
d'equatlon  dlfferentlelle  "a  la  main"  suppose  le  trace  d'isoclines,  le 
reglonement  du  plan  sulvant  le  signe  de  y'....Les  experimentations  de  la 
phase  2  avalent  montre  que  les  capacites  limitees  des  etudiants 
debutants  dans  le  domaine  graphique  constituaient  un  obstacle  a  la 
vlabtllte  des  approches  qualltatlves  a  ce  niveau.  L'utilisation  de  l'outll 
informatlque  nous  a  permis  de  dissocler  les  differentes  etapes  de 
I'approche,  done  de  modifier  sensiblement  ce  type  de  contrainte. 
1 11—2  L'lnteractlon  ouaHtatlf/alaebriQue  dans  I'inoenierie 
Les  etudes  prSllmlnaires  lalssaient  prevolr  que  le  point  sensible  de 
I'ingenlerie  dldactique  concernerait  i'approche  qualitative  et  ses 
relations  avec  I'approche  algebrlque.  C'est  done  cette  partie  que  nous 
avons  choisl  de  presenter  id.  Elle  est  organist  en  quatre  phases  : 

-  phase  I  .  introduction  a  la  problematique  de  I'approche  qualitative  ; 
mlse  en  place  d'outlls  qualitatlfs  elementaires  (Isoclines,  regionement 
assocl6  au  sens  de  variation  des  solutions,  imparlances  par  symetries, 
translations) ;  Interpretation  dans  le  cadre  algebrlque. 

Situation  support :  trace  de  champs  de  tangentes  pour  des  equations  tres 
simples  ;  exploitation  pour  le  trace  de  solutions  ;  association  entre  des 
traces  de  champs  foumls  et  des  equations  donnees. 

-  phase  2  :  exploitation  des  notions  et  relations  introduces  ; 
Institutional  Isatlon. 

Situation  support :  association  de  traces  de  families  de  solutions  fournis 
et  des  Equations  donnees. 

-  phase  J :  comparalson  des  moyens  d'action  respectifs  des  approches 
qualitatives  et  algebriques. 

Situation  support  .  prevision  de  Failure  des  solutions  de  l'equatlon 
Integrate  y'-(x-2)(y*y- 1). 

-  phase  -/  notions  et  theoremes  fondamentaux  de  I'approche  qualitative 
elementaire  (barrieres,  zones  pieges,  entonnoirs  et  anti-entonnoirs  ). 
Situations  support :  justifications  puis  previsions  de  traces. 

Ou  point  de  vue  de  la  gestion,  les  phases  de  recherche  sont  prevues  sous 
forme  de  travail  en  petits  groupes,  et  ce  pour  prendre  er>compte  au  niveau 
experimental  les  hypotheses  theoriques  concernant  le  fait  collectif. 
1 1  i — 3  .  Un  exemple  d'analvse  a  priori  de  situation  didactiaue 
Nous  voudrions,  a  la  suite  de  cette  presentation  d' ensemble,  illustrer  par 
l'analyse  a  priori  d'une  situation  la  methodologie  didactique  de 
l'ingeniene.  En  effet,  un  element  clef  de  cette  methodologie  est  l'analyse 
a  priori  des  situations  didactiques,  precisant  et  hierarchisant  le  champ 
des  possibles.  C'est  par  rapport  a  cette  analyse  que  sont  ensuite 
analysees  et  interpretees  les  observations,  dans  un  processus  qui  vise,  a 
travers  la  validation  de  l'analyse  a  prion,  la  validation  indirecte  des 
hypotheses  qui  la  fondent. 
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Nous  avons  cholsl  la  phase  2  du  processus. 

La  situation  probleme  support  de  cette  situation  didactique  est  la 
suivante  :  on  fournlt  aux  groupes  d'etudiants  n  traces  de  families  de 
solutions  d'equations  differentielles  et  une  liste  de  p  equations  II  s'agit 
pour  eux  d'assocler  equations  et  traces  en  justifiant  par  ecnt  les  choix 
realises.  Apr&s  une  phase  de  recherche  par  groupes,  les  productions  sont 
regroupSes  et  analysees  et  utilisees  pour  l'institutionnalisation  prevue. 
L  'analyse  a  priori  de  la  situation  prevoit  : 

-  la  determination  des  variables  didactiques  de  la  situation  (nombre  dt 
trace's,  d'equations,  complexites  respectives,  caracteristiques....),  lei 
choix  effectues  et  leur  motivation  ; 

-  la  determination  des  procedures  de  resolution  possibles,  une  estimatior. 
de  leurs  couts  respectifs,  les  procedures  attendues,  correctes  oc 
erron4es, 

-  des  previsions  sur  les  dynamiques  de  classe  possibles,  sur  le  role  dei 
interactions  eleves/eleves  et  enseignant/e  lives  dans  leur  evolution. 
Pour  la  situation  etudiee  ici,  resumons  en  brievement  les  donnees. 

Le  nombre  de  traces  est  de  8,  celui  d'equations  de  7,  deux  traces 
correspondant  a  la  meme  equation,  avec  deux  cadrages  differents  (cf. 
figure  I  cl-dessous).  Ce  nombre  est  un  compromis  entre  des  contraintes 
diverses  :  rendre  la  situation  d'associatlon  reellement  problematique, 
fournir  un  eventail  suffisamment  large  de  traces  et  equations  pour  que 
les  criteres  d'associatlon  vises  aient  chacun  une  occasion  d'emploi  de 
cout  faible,  permettre  d'autre  part  aux  groupes  d'aboutlr  en  un  temps 
ralsonnable. 

Les  caracteristiques  de  l'ensemble  des  traces  sont  choisies  pour  rendre 
difficile  des  associations  par  simple  analogle  de  formes  (deux  cadrages 
pour  une  des  equations,  trois  equations  presentant  des  expressions 
trlgonometriques,  deux  presentant  des  singularites  pour  x-l  et  x—  I  par 
exemple)  et  favorlser  des  argumentations  mathernatiques  variees. 
Enfln  la  complexite,  autorlsee  par  l'utillsatlon  de  l'outll  informatique, 
joue  aux  niveaux  precedemment  decrits  mats  aussi  au  niveau 
psychologique  :  Interet  esthetique,  satisfaction  retiree  de  la  maltrlse 
d'une  situation  d'apparence  complexe.   


figure  I  ;  traces  corresoondant  a  reouation  v'-sin(xv) 
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Les  prtnctpaux  criteres  d'associatton  retenus  dans  I'analyse  sont  les 
sutvants : 


On  fait  I'hypothese  de  I'apparttion  spontanee  de  ces  differents  criteres, 
vu  les  traces  et  equations  retenus,  chacun  etant  d'un  cout  raisonnable 
pour  au  moins  deux  equations. 

Du  point  de  vue  de  la  gestion,  on  fait  I'hypothese  qu'une  gestion 
quasi-isolee  de  I'enseignant  est  possible  pendant  la  phase  de  recherche. 


Cette  ingenierfe  didactique  a  ete  experimentee,  en  Janvier  1987,  dans  le 
cadre  d'un  enseignement  de  premiere  annee  a  l'Universite  de  Lille  I,  avec 
90  etudiants  repartis  en  trois  groupes  pour  les  travaux  diriges.  Elle  a 
occupe  quatre  semaines  d'enseignement  c'est  a  dire  32  heures.  Elle  avait 
ete  preparee  par  un  travail  sur  les  representations  graphlques  de 
fonctions.  Poor  ce  qui  concerne  I'approche  qualitative  decrite  en  111-2,  lea 
conditions  experimentales  ont  ete  globalement  respectees,  la  phase  4 
etant  toutefois  limitee  pour  des  raisons  de  temps. 
IV-1  :  les  observations 

L'observation  des  sequences  didactiques  confirme  dans  ses  grandes  lignes 
I'analyse  a  priori  menee  pour  les  phases  I  et  2,  en  particulier  la  viabilite 
des  sequences  dans  les  cadres  de  gestion  decrits.  Les  criteres 
d'associatton  repertories  apparaissent,  avec  une  dominante  de 
formulation  geometrique.  On  note  egalement  1'utilisation  de  criteres  plus 
locaux  comme  la  valeur  ou  le  signe  de  y'  en  des  points  particuliers, 
souvent  lies  a  des  strategies  consistant  a  operer  une  premiere 
classification  grosslere,  puis  a  trier  a  I'tnterieur  des  classes  ainsi 
creees.  Les  solutions  particulieres  sont  peu  utilisees. 
En  revanche,  des  difficultes  sous-estimees  apparaissent  des  la  phase  3. 
Le  jeu  collectif  ne  suffit  pas  a  garantir  la  viabilite  quasi-isolee  de  la 
phase  de  prevision  et  I'enseignant  doit  d'autre  part  prendre  en  charge 
toutes  les  justifications  concernant  le  comportement  asymptotique  des 
solutions.  Au  cours  de  la  phase  4,  la  situation  s'ameliore  concernant  les 
previsions  mais  demeure  critique  au  niveau  des  justifications.  Ceci  est 
confirme  par  les  resultats  des  etudiants  a  l'examen  passe  a  la  fin  de  cet 


cadre  qua! i tat  if 
Invariance  par  translation 
invariance  par  symetrie 
tangentes  verticales 
isoclines  horizontales 
trace  ondulant 
solutions  particulieres 
sens  de  variation  des  solutions 


cadre  algebrique 
y'  ne  depend  pas  de  x  ou  de  y 
y'  fonction  impaire  de  x  ou  de  y... 

y'  n'est  pas  definie  pour  

y'"0  pour  

presence  de  sinus  ou  de  cosinus 
la  fonction  ....  est  solution 
signe  de  y' 


IV  -  LES  PREMIERS  RESULTATS  EXPERIMENT AUX 
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ense  tenement. 

IV-2  :  Les  rcsultats  de  Texamen 

Cet  examen  comportait  notamment  une  resolution  algebrique  d'equation 
differentlelle  llnealre  et  I'etude  qualitative  de  I'equation 
y*=(!/l*x2)2-y2.  On  demandait :  1*  de  regioner  le  plan  suivant  le  sens  de 
variation  des  solutions  et  de  tracer  I'isocline  horizontal  ;  2*  de  tracer 
sans  justification  les  solutions  C0,CI,C2,  passant  par  les  points  (0,0), 
(-2,1)  et  (0,2)  (cf. figure  2) ;  3'  de  montrer  que  si  une  solution  f  definle 
sur']a,*<»[  verifie  :  Urn  f"(x)*-l  en  ♦«  avec  1>0,  alors  11m  f(x)=-«  en  ; 
4*  de'justifier  le  trace  de  CI  sur  ]-2,*~[ ;  5'  de  determiner  s'il  existait 
une  transformation  geometrique  simple  conservant  la  famille  d« 
solutions.  Les  resultats  (cf.  tableau  I )  sont  eloquents. 


*   

— ^  © 

Figure  2  :  prevision  asy^p  *  Tenuatlon  de  1'examen 

Groupe  K29)|Group2  2(30)|Groupe  3(30)  [Total  (89) 


Resolution  equation 
Regionement 
Isocline  horizontale 
Au  moins  deux  traces 
Prevision  correcte 
jmite  de  f(x) 
Justifications  partielles 
Zomportement  en  ♦«> 
5y m e trie  famille  


18 

23 

26 

25 

28 

27 

22 

25 

13 

17 

3 

6 

1 

4 

0 

6 

14 

16 

21 

62 

24 

75 

27 

82 

18 

65 

9 

39 

0 

9 

4 

9 

0 

6 

17 

47 

Tableau  I  .  Reussltes  a  lexamen  final 

Par  prevision  correcte  nous  designons  un  trace  equivalent  a  celui  de  la 
figure  I.  II  faut  noter  que  27  etudiants  seulement  ne  respectent  pas  le 
sens  de  variation  des  solutions  ou  les  font  se  croiser.  Par  justification 
partielle  nous  entendons  les  justifications  concernant  les  positions 
respectives  de  CI  et  de  Tisocline  horizontale.  Sont  comptes  ici  les 
etudiants  ayant  a  peu  pros  reussl  deux  justifications  sur  les  4  attendues. 
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V-  CONCLUSION 


Au  niveau  de  cette  ingenierie  particuliere  : 

L'expenmentation  menee  nous  a  permis  de  mieux  cerner  les  problemes 
Initialement  poses,  notamment  les  possibility  offertes  par  le  jeu 
collectif  et  leurs  limites.  Les  resultats  obtenus  tendent  a  prouver  que, 
sous  des  contraintes  com  parables,  le  point  critique  concerne  non  pas 
toute  la  phase  qualitative,  mats  la  composante  justification  de  cette 
phase.  El  le  nous  aide  egalement,  a  travers  l'analyse  du  comportement  des 
etudiants,  des  enseignants  et  de  leurs  relations,  a  comprendre  la  nature 
des  difficultes  rencontrees.  Dans  les  phases  1,2  et  meme  dans  la 
prevision  des  traces,  les  traces  de  fonctions  sont  geres  suivant  les  regies 
usuelles  :  le  trace  est  toujours  le  plus  simple  possible  repondant  a  un 
ensemble  de  contraintes.  La  problematique  de  la  justification  est 
opposee:  il  s'agit  de  prevotr  toutes  les  possibility  compatibles  avec  les 
contraintes  Initiates  et  done  de  mettre  en  doute  les  previsions  faites 
suivant  les  regies  usuelles.  Comment  instaurer  une  confiance  suffisante 
dans  les  traces  pour  rendre  I'approche  qualitative  operationelle  et  en 
meme  temps  ne  pas  sacrifier  la  rigueur  ? 
Au  niveau  general  de  la  methodologie 

Dans  la  problematique  qui  etalt  la  notre  ici  et  au  point  ou  nous  en  etions 
de  la  recherche,  rtngenierle  didactique  nous  est  apparue  comme  une 
methodologie  incontournable  pour  prendre  en  compte  la  complexite  du 
systeme  didactique,  notamment  au  niveau  du  jeu  collectif  et  de  la  gestton 
du  temps.  Mais  il  faut  souligner  que  e'est  une  methodologie,  difficile  a 
mettre  en  place  et  a  gerer.  Elle  veut,  par  exemple,  prendre  en  compte  la 
complexite  de  la  classe  de  facon  controlable.  Elle  contraint  de  ce  fait  son 
fonctionnement  dans  un  cadre  qui,  par  le  bials  de  l'analyse  a  priori, 
permette  ce  contr6le.  Mais  ce  faisant,  ne  court-elle  pas  le  risque  de  tuer 
la  vie  complexe  qu'elle  pretend  etudier  ?  Nous  pensons  que  ce  sera  le  cas 
si  I'ingenierie  ne  menage  pas  un  espace  de  liberte  suffisant  a  l'enseignant. 
Comment  alors  gerer  cette  liberte  ?  II  s'agit  enfin  d'une  methodologie 
lourde  qui  doit  pouvotr,  pour  etre  rentable,  s'appuyer  sur  et  etre  relayee 
par  d'autres  approches  notamment  epistemologiques  et  cognitives. 
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MATH  A  AND  ITS  ACHIEVEMENT  TESTING 


J.  dc  Lange  Jzn  and  H.B.  Verhagc 
OW  &  OC  Research  Group,  Utrecht  University 


Summary 


In  1985  a  new  curriculum  in  the  Netherlands  for  upper  secondary  education  was 
introduced  aiming  at  non-mathematical  majors. 

In  this  article  we  analyze  this  curriculum,  discuss  its  consequences  for  achievement 
testing  and  present  results  on  an  explorative  study  to  'other  ways'  of  achievement 
testing. 

1.  Introduction 

In  August  1985  a  new  curriculum  was  introduced  in  the  Netherlands  at  upper  secon- 
dary level  by  means  of  the  Hewet-project:  Mathematics  A.  This  curriculum  was  aim- 
ing at  students  that  were  preparing  for  a  study  at  university  in  psychological,  social 
and  economical  sciences.  A  curriculum  that  was  considered  by  many  as  a  revolution 
because  it  broke  away  from  traditions  in  math-instruction.  (See  these  proceedings 
Verhagc;  Dc  Lange;  [1]). 

"The  most  important  subjects  from  an  applied  point  of  view  are:  calculus,  linear 
algebra  and  geometry,  probability  and  statistics,  computers.  These  topics  should  be 
treated  extensively.  They  must  be  integrated  into  one  coherent  course." 

This  was  pronounced  by  Engel  in  1967  and  shared  by  Pollak.  [2] 
It  is  remarkable  how  closely  the  Hewet  report  approached  what  after  years  of 
research  came  out  to  be  that  kind  and  level  of  mathematics  as  used  as  a  tool  in  the 
'soft'  disciplines. 

The  Hewet-report  recognizes  that  at  first  sight  the  broad  program  may  look  confus- 
ing, but  it  argues  that  the  unity  of  this  curriculum  is  routed  in  its  applications. 
In  an  even  stronger  way  Klamkin  [3]  claims  that  one  of  the  reasons  why  students 
have  difficulty  in  applications  is  that  most  of  mathematics  is  learned  'vertically',  that 
is  that  its  various  subjects  are  taught  separately,  neglecting  the  cross-connections. 
Usually  in  applications  one  needs  more  than  just  algebra  alone  or  geometry  alone. 
Consequendy,  courses  should  be  designed  'horizontally'  cutting  across  several  dif- 
ferent mathematical  branches. 
Or,  as  Hilton  stated: 

"We  must  break  down  artificial  barriers  between  mathematical  topics  throughout 
the  student's  mathematical  education."  [4] 

According  to  the  Hewet  report  the  unity  in  the  mathematics  A  program  should  be 
aspired  at  via  its  applications. 

2.  Analysis  of  Math  A 

Analyzing  the  experimental  material  is  a  very  complex  task,  but  one  can  delineate  a 
rough  schema  that  represents  the  main  aspects  of  the  Math  A  curriculum  as  opera- 
tionalized  in  the  experimental  material. 

One  thing  is  clear  in  all  materials:  the  large  role  played  by  the  context. 

The  role  of  the  context  is  two-fold:  the  start  of  any  sub  curriculum  takes  place  in 

so.nc  real  world  situation.  This  real  world  is  not  restricted  to  the  physical  and  social 

world. 

Also  the  'inner'  reality  of  mathematics  or  the  real  world  of  the  students  imagination 
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provides  sources  for  developing  mathematical  concepts. 

The  second  role  for  the  context  is  in  the  applications:  they  uncover  reality  as  source 
and  domain  of  application. 

The  real  world  situation  or  problem  is  explored  intuitively  in  the  first  place,  with  the 
view  on  matheraatizing  it.  This  means  organizing  and  structuring  the  problem,  trying 
to  identify  the  mathematical  aspects  of  the  problem,  to  discover  regularities. 
This  initial  exploration  with  a  strong  intuitive  component  should  lead  to  the  develop- 
ment, discovery  or  (re)invendon  of  mathematical  concepts. 

As  our  classroom  observations  made  clear  depending  on  such  factors  as  interaction 
between  students,  between  students  and  teachers,  the  social  environment  of  the  stu- 
dent, the  ability  to  formalize  and  to  abstract,  the  students  will  sooner  or  later  extract 
the  mathematical  concepts  from  the  real  situation.  This  phase  we  like  to  refer  as  con- 
ceptual mathema&zatlon. 

At  the  same  time  reflexion  on  the  process  of  mathemaiizaiion  is  essential. 

The  next  phase  recognizable  in  the  material  is  the  description  of  the  desired  and 

resulting  mathematical  concepts,  followed  by  a  more  strict  and  formal  definition. 

We  can  put  it  another  way: 

In  the  first  stage  of  nmhematization  we  develop  our  tools,  and  after  formalization  we 
use  them  in  the  second  stage.  And  by  applying  the  concepts  to  new  problems  one  of 
the  main  results  is  reinforcement  of  the  concepts  and  developing  mathematization 
skills. 

Finally,  at  the  other  hand  problems  solved  will  influence  the  siudent's  view  on  the 
real  world. 

3.  Mathematization  in  Math  A 

Mathcmatizing  is  an  organizing  and  structuring  activity  according  to  which  acquired 
knowledge  and  skills  are  used  to  discover  unknown  regularities,  relations  and  struc- 
tures. 

We  may  distinguish  two  components  in  mathematization,  according  to  Treffers  and 
Goffrec  [5J:  the  horizontal  and  vertical  components. 

First  we  can  identify  that  part  of  mathematization  that  is  aiming  at  transferring  the 
problem  to  a  mathematically  stated  problem.  Via  schematizing  and  visualizing  we  try 
to  discover  regularities  and  relations,  for  which  it  is  necessary  to  idendfy  the  specific 
mathematics  in  a  general  context. 
Activities  with  a  strong  horizontal  component  fire: 

-  identifying  the  specific  mathematics  in  a  general  context; 

-  schematizing; 

-  formulating  and  visualizing  a  problem  in  different  ways; 

-  discovering  relations; 

-  discovering  regularities; 

-  recognizing  isomoiphic  aspects  in  different  problems; 

-  transferring  a  tea!  world  problem  to  a  mathematical  problem; 

-  transferring  a  red  vvorld  problem  to  a  known  mathematical  model. 

As  soon  as  the  ;;;-»blem  has  been  transferred  to  a  more  or  less  mathematical  problem 
this  problem  can  be  attacked  and  treated  with  mathematical  tools:  the  mathematical 
processing  and  refurbishing  of  the  real  world  problem,  transformed  into  mathematics. 
Some  activities  that  have  a  strong  vertical  component  as: 

-  representing  a  relation  in  a  formula; 

-  proving  regularities; 

-  refining  and  adjusting  models; 
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-  using  different  models; 

-  combining  and  integrating  models; 

-  formulating  a  new  mathematical  concept; 

-  generalizing. 


Generalizing  may  be  seen  as  the  top  level  of  vertical  mathematization.  We  mean 
with  Hilton,  that  when  we  are  reasoning  within  the  mathematical  model  we  may  feel 
compelled  to  construct  a  new  mathematical  model  which  embeds  our  original  model 
in  a  more  abstract  conceptual  way.  [6] 

Mathematization  always  goes  together  with  reflexion.  Tins  reflexion  has  to  take  place 
in  all  phases  of  mathematization.  The  student  has  to  reflect  on  his  personal  process  of 
mathematization,  discuss  his  activities  with  other  students,  has  to  evaluate  the  product 
of  his  mathematization,  and  to  interpret  the  result. 

Horizontal  and  vertical  mathematizing  comes  about  by  students  actions  and  their 
reflexions  on  their  actions. 

4.  The  learning  cycle 

The  learning  cycle  for  Mathematics  A  may  be  described  in  the  following  way: 

Real  Worlds  . 

/  Conceptual 
Mathemaiizing  in  Mathemalizing  & 

Applications  Reflexions 

VVV^  Abstraction  &. 
Formalization 

In  this  way  the  learning  cycle  shows  a  remarkable  similarity  with  the  Experiental 
Learning  Model  of  Lewin.  [7] 

Concrete  Experience  --j. 


Testing  implications  Observations  * 

of  concepts  in  Rcflex.ons 


new  situation 


Formation  of  abstract 
concepts  and  generalization 


Two  aspects  of  this  learning  model  are  particularly  noteworthy: 

Rrst  its  emphasis  on  concrete  experience  to  validate  and  test  abstract  concepts. 

iTmathematics  A  this  is  the  phase  of  applied  mathematization  in  the  problem  solving 

Second  the  feedback  principle  in  the  process.  Lewin  used  the  concept  of  feedback  to 
dSfsocial Bng  and  problem  solving  process  that  generates  vahd  informa- 

?*"<£S^^  *  mathematics  A.  The  weakest  link  in 

h Vyci™ Z  *  the  active  experimentation.  Students  do  work  with  real  wor  d 
nroblems  But  it  see™  worthwhile  to  consider  measures  to  improve  this  ink.  One 
wTv  to^chievi  hi^SL  to  have  students  make  more  productions  -  not  only  menta 
Contributions  As  wfwlu  point  out  later,  when  describing  the  results  and  products  of 
ahemative  mks.  this  production  seems  to  have  a  very  beneficial  aspect  on  the  learn- 
ing process.  This  point  is  also  stressed  by  Trcffers.  [8] 
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He  stresses  the  fact  that  by  producing  simple,  moderate,  complex  problems  the  stu- 
dent reflects  on  the  path  he  himself  has  taken  in  his  learning  process,  and  the  same 
time  anticipates  its  continuation. 

We  conclude  this  pan  of  our  framework  with  Kolb's  definition  of  learning: 
Learning  is  the  process  whereby  knowledge  is  created  through  the  transformation 
of  experience. 

For  a  description  of  a  framework  for  instruction  theory  we  refer  to  the  contribution  of 
Graveroeijer.  (These  proceedings  [9]). 

5.  Achievement  Testing 

During  the  teacher  training  courses  it  became  clear  that  testing  Math  A  involved 
many  problems. 

Typical  questions  from  teachers: 

•  How  to  prepare  students  properly  for  the  exam? 

•  How  to  know  what  to  test? 

(What  goals  should  I  try  to  operationalize?) 

•  Should  the  role  of  the  test  differ  from  the  traditional  one? 

This  last  question  arose  when  teachers  found  out  that  they  needed  the  test  as  an 
integral  part  of  the  learning  process.  Rather  than  'sampling'  marks  to  give  a  judge- 
ment at  year's  end,  the  teachers  should  see  to  it  that  the  students  learned  tlirough  the 
tests  as  did  the  teacher.  Achievement  testing  slsould  be  a  learning  aid,  as  formulated 
by  Gronlund.  [10] 

On  the  other  hand  the  He  wet  team  posed  themselves  the  question: 

•  Are  our  goals  for  Math  A  manifest  in  the  experimental  textbooks? 

•  Knowing  the  limitations  of  the  restricted-time  written  tests  like  those  at  the  exam 
how  do  we  prevent  this  exam  from  dictating  the  program  (and  the  intermediate 
tests)? 

A  good  answer  on  this  last  question  is  essential  for  the  survival  of  Math  A  if  the  ori- 
ginal intentions  of  the  curriculum  are  to  be  met 

Our  research  shows  that  from  the  tests  designed  by  teachers  (restricted-time  written 
tests)  roughly  80%  of  the  exercises  looks  more  or  less  alike  the  exercises  in  the 
student-booklets.  That  means  that  only  20%  of  the  exercises  try  to  test  higher 
(process-oriented)  goals  of  Math  A. 

From  our  analysis  of  tests  of  twelve  schools  it  is  clear  that  testing  tends  to  emphasize 
the  'lower'  behaviour  levels,  such  as  computation  and  comprehension.  This  is  not  a 
specific  Math  A  problem.  As  Wilson  states: 
"Mathematics  teachers  often  state  their  goals  of  instruction  to  include  all  cognitive 
levels.  They  want  their  students  to  be  able  to  solve  problems  creatively.  But  too 


much  of  their  testing  consists  only  of  recall  of  definition,  facts  and  symbolism." 
[ID 


But  in  Math  A  the  problem  is  even  more  serious  because  of  its  quite  specific  goals. 
Mathcmatization,  Reflexion,  Inventivity  and  Creativity  are  essential  activities  in  Math 
A  which  are  hard  to  be  tested  in  the  restricted-time  written  test. 

The  teachers  in  the  experimental  schools  were  hindered  in  several  ways.  In  the  first 
place  the  goals  of  Math  A  had  not  been  clearly  stated,  which  made  teachers  rely 
heavily  on  the  textbook  materials. 

In  the  second  place  no  good  exercises  outside  the  booklets  were  available  and  only 
few  teachers  created  'new'  exercises  as  we  noticed. 

In  the  third  place  the  teachers  were  under  heavy  time  pressure  as  there  were  hardly 
any  provisions  for  teachers'  participation  in  the  experiment:  preparations  for  teaching 
Math  A  took  much  time,  compared  with  the  old  program. 
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In  the  fourth  place  the  tradition  of  testing  mathematical  skills  in  Dutch  schools  did 
not  inspire  teachers  to  get  involved  in  tests  other  than  those  similar  to  the  textbooks. 

During  die  experiment  the  goals  of  Math  A  showed  up  more  clearly,  as  did  the  prob- 
lem of  assessment  testing.  The  demand  of  the  Cockcroft  report  that  assessment  (at 
16*)  is  to  reflect  as  many  aspects  as  possible,  including  those  which  need  other  means 
of  assessment  than  restricted-time  written  tests,  was  taken  seriously  by  the  He  wet 
team  as  well  as  by  some  teachers.  [12] 

The  team  that  carried  out  the  experiments,  aided  by  teachers,  tned  to  counter  the 
problems  as  follows. 

In  die  first  place  an  attempt  was  made  to  clarify  the  goals  of  Math  A.  .... 
Secondly,  and  of  more  direct  help  to  the  teachers,  exercises  were  sampled  and  distri- 
buted in  order  to  confront  teachers  with  new  exercises.  The  effect  was  positive  as 
well  as  negative:  the  pressure  on  the  teachers  was  softened,  but  at  the  same  time 
teachers  fell  back  on  the  new  exercises  rather  than  creating  their  own  ones. 
Thirdly  a  discussion  with  the  teachers  was  initiated  about  validity  and  limitauons  of 
written  timed  test,  eventually  resulting  in  the  development  of  alternative  tasks. 

6.  Alternative  Tasks 

The  alternative  tasks  were  developed  with  the  following  principles  in  mind: 

1  Tests  should  improve  learning.  . 

2  Tests  should  allow  the  candidates  to  show  what  they  know  (positive  testing). 
3lTesK$hcmldoperationalizeths  goals  of  the  Matii  A  cumculum. 

4.  Test-quality  is  not  in  the  first  place  measured  by  the  accessibility  to  objective  scor- 
ing. 

5.  Tests  should  fit  into  the  usual  school  practice. 

Alternative  tasks  that  were  developed  were: 

-  take  home  task; 

-  two-stage  task; 

-  oral  task; 

-  essay  task. 

Our  research  led  to  the  following  conclusions: 

1.  Girls  perform  less  than  boys  in  restricted-time  written  tests. 

2.  Girls  perform  more  or  less  the  same  as  boys  on  oral  tasks  or  take-home  tasks. 

3.  From  the  above  one  is  tempted  to  advise  more  oral  and  take-home  tasks  in  order  to 

4.S£  Sts^havTa  somewhat  higher  correlation  with  restricted-time  written 
test  results  than  take-home  tasks.  .,„,._ 

5  Students  perform  best  with  take-home  tasks.  The  constructive  and  productive 
asp«t  seems Toffer  students  a  fair  chance  to  show  their  abilities  (creauv.ty, 
reflexion,  etc.).  Positive  testing  is  at  its  maximum  in  this  way. 

As  we  have  pointed  out  we  started  our  explorative  study  to  alternative  tasks  because 
of  the  fact  thaTrestricted-time  written  tests  as  carried  out  by  the  teachers  did  not  meet 
°he  intentions  and  goals  of  Math  A.  Not  only  did  the  teachers  stay  very  close  to  the 
«erris«in  the  book,  but  when  they  did  not  they  ran  into  trouble  because  of  ume- 
restrictions  encountered  with  those  timed  tests. 

Mathematics  A  is  strongly  process-oriented;  the  mathematization  process  needs  time 
to  develop,  time  to  reflect,  time  to  generate  creative  and  constructive  thoughts. 
Those  'higher'  goals  arc  not  easily  operationalized  with  timed-tests. 
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0.1  the  other  hiind  it  is  our  opinion  that  the  tests  or  tasks  should  play  a  more  con- 
st! jctive  and  productive  role  in  the  learning  process.  Especially  formative  tests  are 
well  suited  to  improve  the  learning  process. 

Furthermore  we  should  try  to  offer  the  students  ample  opportunities  to  show  their 
abilities.  In  timed  tests  we  usually  notice  negative  testing. 

In  our  efforts  to  find  other  ways  of  assessment  testing  we  should  not  tie  hindered  by 
the  strict  rules  of  objective  or  even  mechanic  scoring.  Too  often  the  influence  of 
those  rules  has  a  very  negative  effect  on  the  way  of  testing. 

Finally  teachers  should  be  given  the  opportunity  to  carry  out  those  task  without  dis- 
rupting schoolpractice  too  much;  such  tasks  should  be  developed  by  a  central  institu- 
tion with  help  of  teachers. 
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THE  HE  WET  PROJECT 
The  psychological  aspects  of  a  large  scale  innovation  project. 

H.B.  Vcrhage  and  J.  de  Langc  Jzn, 
OW  &  OC  Research  Group,  State  University  of  Utrecht. 


In  tlie  Netherlands  recently  a  new  math  curriculum  based  on  Die  philosophy  of  realis- 
tic maih  education  has  been  introduced  at  upper  secondary  level.  Real  life  situations 
are  not  only  used  for  doing  applications,  but  also  for  developping  new  mathematical 
concepts. 

One  of  the  main  problems  of  the  implementation  of  the  new  syllabus  was  how  to 
change  the  attitude  of  the  teachers,  because  the  teachers  had  to  change  their  image 
of  mathematics. 


Rccendy  the  mathematics  curriculum  of  upper  secondary  level  (age  group  16-18,  fifth 
and  sixth  grade)  in  the  Netherlands  has  been  changed  in  a  radical  way.  At  this  level 
math  is  optional  and  the  students  can  choose  between  two  different  courses:  math  A 
and  math  B.  There  was  a  growing  need  for  a  math  course  for  non-science  students  at 
pre-university  level.  For  this  reason  the  new  math  A  course  has  been  developed. 
The  math  A  curriculum  i«  based  on  the  philosophy  ot  the  so  called  Realistic  Maih 
Education.  Some  characteristics  of  math  A  are: 

—  Modelling  and  applications; 

—  Introduction  of  new  math  concepts  by  real-life  situations; 

—  Horizontal  structure,  unified  approach; 

—  Integrated  use  of  computers; 

—  Collaboration  and  interactivity; 

—  No  unique  right  answers. 

The  new  syllabus  has  been  developed  and  tried  out  in  an  experimental  setting  during 
five  years:  the  Hewct  project.  The  innovation  started  in  1981,  when  two  schools 
started  experiments  with  the  new  materials.  These  materials  were  developed  by  a 
small  team  of  math  educators  of  the  research  group  OW  &  OC  of  Utrecht  University. 
During  the  next  five  years  step  by  step  the  implementation  of  the  new  course  took 
place.  During  the  experiments  all  lessons  were  observed  by  the  team  members.  Dis- 
cussions with  students  and  teachers  led  to  adjustment  of  the  materials.  After  two 
years  the  experiment  spread  to  another  ten  schools;  these  were  joined  by  another  40 
the  next  year.  In  1985  all  schools  starteJ  with  the  new  math  curriculum  and  in  1987 
the  first  final  examinations  will  take  place  all  over  the  country. 
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Basically  we  have  the  following  schema  of  the  project: 
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Realistic  math  education. 

In  the  Netherlands  math  education  is  dcvelopping  in  the  direction  of  realistic  math 
education.  Real  life  situations  are  used  both  for  dcvelopping  new  concepts  and  for 
doing  applications. 

The  relation  between  lhe  world  around  us  and  math  education  according  to  die  philo- 
sophy of  realistic  math  education  can  be  schematized  as  follows: 


There  is  an  important  difference  between  realistb  math  and  applied  math.  In  the 
latter  case  math  is  used  to  do  some  (real  life)  applications  in  the  final  stage  of  the 
learning  process,  but  it  is  not  an  aim  to  use  real  world  situations  while  dcvelopping 
new  concepts.  The  sophisticated  use  of  real  life  situations  (contexts)  is  one  of  the 
characteristics  of  a  realistic  math  curriculum.  An  other  aspect  can  be  found  in  the 
way  in  which  the  students  are  involved  in  their  learning  process.  They  make  large 
contributions  to  the  course  by  their  own  productions  and  constructions. 

The  content  of  the  math  A  syllabus. 

Very  few  among  the  students  who  take  the  math  A  course  will  become  professional 
mathematicians.  Many  of  them,  however,  will  specialize  in  economics,  social  sci- 
ences, medicine  and  will  use  mathematics  as  a  tool.  This  means  that  at  any  time  the 
usefulness  of  mathematics  should  be  preponderant. 
The  three  main  streams  of  the  syllabus  are: 

•—  applied  calculus 

—  matrix  algebra  and  linear  programming 

—  probability  and  statistics 


o 
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The  use  of  the  computer  has  been  integrated  in  this  subjects. 
Example  1 

Very  important  within  math  A  is  the  activity  of  mathematising  and  modelling.  This  is 
a  complex  and  difficult  matter  and  offers  lots  of  discussions. 
The  following  example  of  this  process  has  been  taken  from  the  subject  periodic  func- 
tions, part  of  the  applied  calculus. 

The  yearly  average  tide-graph  of  i  coastal  town  in  the  Netherlands  (Vlissmgcn)  is  given  by  this 
graph: 


$CrH90sin-j->.'+8 

0.x 

Of  course  a  lively  discussion  wis  the  result: 

f(x),  that  wn  clear  was  a  very  tough  model:  the  amplitude  was  'more  or  te  equal  to  two 
meters'  and  the  period  was  4k  or  12.56  which  is  not  'Ear  away'  from  12  hours  25  minutes. 

g(x),  as  the  girl  explained,  was  better  in  respect  to  the  amplitude:  the  amplitude  of  190  cm, 
together  with  a  vertical  translation  of  8  cm  gave  exactly  the  proper  high  and  low  tides, 
which  was  very  relevant  to  her. 

h(x),  was  more  precise  about  the  period.  This  boy  considered  the  period  more  relevant  'because 
you  have  to  know  when  it  is  high  tide.'  The  period  proposed  by  this  model  was  12  hours 
and  24  minutes,  which  really  is  very  close. 

After  a  long  discussion  it  was  agreed  that: 


/ 
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The  question:  Find  a  simple  (gouiomctric)  model  to  describe  the  tidal  movement. 
Initially  three  rather  different  models  were  found  by  the  students  (17  yean  of  age): 
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6,2 

was  k  nice  model  aUboug b  some  students  still  wanted  to  make  the  period  more  precise. 

The  gonioruetric  functions  are  embedded  in  the  more  general  periodic  functions  and 
used  to  model  real  life  situations.  Prom  the  experiments  we  got  the  impression  that 
this  makes  the  subject  much  more  motivating  to  the  students. 

Example  2 

As  mentioned  before,  new  math  concepts  are  introduced  by  real-life  situations.  This 
can  be  illustrated  by  the  following  example,  taken  from  the  booklet  'Matrices'.  The 
mathematical  concept  of  the  multiplication  of  two  matrices  is  introduced  by  means  of 
the  context  of  a  jeansshop. 
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>  77.  Ctnputa  tk«  total  atttria:  profit, coatprica  aad  aalling  prica  par 

aire. 

>  7t.  Om  ufcat  condition  (or  tha  oraart  can  you  Multiply  uatricaa  la  thia 

way? 


Tlie  result  of  the  multiplication  is  a  matrix  with  the  profit,  costprice  and  selling  price 
per  size.  Within  the  context  of  the  jeansshop  this  way  of  multiplying  matrices  is 
very  natural  and  meaningful. 

A  context  meant  to  introduce  a  new  concept,  has  to  be  chosen  very  carefully.  Finally 
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the  mathematical  concepts  and  the  formal  methods  have  to  be  dear  without  the  con- 
texts, but  a  well  chosen  context  makes  it  possible  to  the  students  to  reconstruct  the 
concept  again  themselves  if  necessary. 

The  innovation  strategy. 

Text-books  is  a  variable  that  we  -  as  math  educators  •  can  influence  easily.  This  is 
supported  by  the  fact  that  the  commercially  developed  text  books  are  very  close  to 
the  materials  developed  during  the  experiments. 

But  a  new  curriculum  cannot  be  implemented  by  new  text  books  only.  A  very 
important  but  less  easy  to  influence  variable  is  the  attitude  of  the  math  teacher.  For 
many  teachers  the  new  math  A  course  did  not  fit  in  with  their  image  of  mathematics, 
at  least  in  the  beginning.  Math  A  appears  to  be  intuitive,  realistic  and  subjective 
instead  of  axiomatic,  formal  and  objective. 

So  how  to  overcome  the  resistance  the  teachers  will  probably  have?  The  teachers 
have  to  be  convinced  that  although  math  A  is  different,  it  is  still  mathematics.  It 
appeared  to  be  very  important  to  keep  the  distance  between  the  Hewet-team  and  the 
teachers  as  small  as  possible,  so  it  was  a  matter  of  great  concern  how  to  keep  in 
touch  with  them.  At  the  2-school  level  this  was  no  problem:  all  lessons  were 
observed  For  the  10  schools  the  distance  was  close  as  well:  the  teachers  of  this 
schools  followed  an  inservice  teacher  training  course  organised  by  the  team 
members.  The  teachers  of  the  remaining  schools  (40  +  430)  followed  a  course 
organised  by  the  regular  teacher  trainers.  Generally  spoken,  during  this  courses  the 
attitude  of  the  teachers  changed  from  waiting  to  positive. 

A  lot  of  articles  about  the  progress  of  the  project  and  the  classroom  experiences  were 
published.  It  appeared  that  written  information  only  was  not  enough  to  inform  the 
teachers  well,  it  was  necessary  to  have  personal  contact  with  as  many  teachers  as 
possible.  For  this  reason  a  number  of  activities  like  hearings,  conferences  and 
workshops  were  organised  by  the  team.  Because  we  have  a  small  country,  it  was 
possible  indeed  to  have  personal  contact  with  teachers  of  most  of  the  schools. 

Student  reactions. 

Another  variable  of  importance  is  the  student.  How  did  they  react  on  the  new  curri- 
culum? In  the  beginning  they  had  partly  the  same  problems  as  the  teachers,  for 
example  with  the  characteristic  'no  unique  right  answer'.  But  very  soon  they  were 
used  to  these  changes. 

During  an  inservice  teacher  training  in  the  second  year  of  the  experiments  teachers 
interviewed  a  panel  of  students  of  the  first  two  schools.  This  discussion  was  video- 
taped. 

The  following  was  said  about  the  use  of  contexts  and  mathematization: 

Teacher:  "Math  A  coniains  many  more  of  those  slory-sums,  compared  with  how  it  used  lo  be. 
With  slory-sums  you  often  get  a  long  text  lo  read,  and  tfian  you  have  lo  do  somclhing  wilh  it.  We 
often  hear  the  complainl  lhal.  allhough  it's  fun,  you  have  to  read  lots  of  those  stories  before  you 
gel  enough  practice.  I've  noliccd  thai  none  of  you  have  mcnuoncd  lhal  -  have  you  had  enough  of 
dial  to  be  able  lo  say  -l  understand  lhal  sccuon'  V 

Marius:  "Well,  it's  not  iruc  lhal  ihcrc  arc  pages  and  pages  of  text,  there's  jusl  a  short  introductory 
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text  It's  not  true  that  reading  lakes  so  much  time  that  we  don't  get  around  to  the  theory." 

Judith:  "With  normal  math  you  first  got  the  theory  and  then  the  suras.  Here  you  usually  begin 
directly  with  a  sum  and  a  story,  but  the  fust  sum  is  usually  pretty  easy.  Then  they  build  it  up 
without  you  noticing  so  that  the  difficult  things  emerge  naturally " 

Annemarie  The  way  to  do  it,  if  you  know  that  -  the  method  -  then  you  can  do  it  if  you  ask  me." 

Jaa:  Tim  of  alt,  it's  great  that  you  don't  have  to  do  one  sum  after  another,  it's  kind  of  relaxing  if 
you  get  a  story  once  m  a  while,  then  you're  not  working  so  intensively  all  the  time.  It's  less  tiring. 
When  you  get  those  stories  aU  the  time  you  get  practice  in  searching  out  the  essential  bets." 

Wim  (the  teacher  of  the  students):  "If  you  look  at  this  morning']  sum,  with  the  proceeds  and 
prices,  do  you  find  it  difficult  because  it's  a  story  or  do  you  say  that's  not  so  bad?" 

Jan:  "It's  not  so  bad  at  all  Maybe  it's  kind  of  awfusing  now  and  then,  but  I  think  it's  a  good  idea 
to  learn  to  separate  the  main  issues  from  the  side  issues  in  those  stories. 

(...) 

Laura:  "It's  because  of  those  stories  that  it's  clear  to  me  what  the  idea  is,  what  it's  about  In  my 
case  the  lack  of  anything  being  told  was  why  I  didn't  understand  it.  I  didn't  know  what  it  was 
about  and  had  to  learn  it  by  heart  Here  there's  a  stay  around  it  and  it  just  happens  as  a  m-iyr  of 
course." 

Marius:  H'a  just  a  lot  more  appealing.  Far  instance,  in  tenth  grade  we  htd  logarithms.  You 
learned  it,  but  I  couldn't  follow  it  very  well  in  class  because  it  just  didn't  interest  me.  while  now  it 
does.  Logariuirot  berame  much  mare  clear  through  the  exampiej." 

Later  on  it  appeared  (hat  the  questions  of  this  teachers  as  well  as  the  reactions  of  the 
students  were  paradigmatic  for  nearly  all  teachers  and  all  students. 

Conclusion. 

Altogether  the  Hewet  project  appeared  to  be  rather  successful.  Due  to  math  A  the 
math  courses  are  more  popular  now:  in  the  new  situation  about  85  to  90%  of  the  stu- 
dents chooses  math,  in  the  old  situation  this  was  72%.  Especially  the  percentage  of 
girls  choosing  math  has  risen  considerably. 

But  two  aspects  of  the  irnplemcttuuion  of  the  new  curriculum  has  been  underes- 
timated: 

-  the  problem  of  changing  the  attitude  of  the  teachers; 

-  the  problem  of  developping  achievement  tests:  how  can  the  higher  goals  of  math  A 
be  tested? 

During  the  five  years  of  the  project  the  team  members  learned  a  lot  about  these  two 
problems. 

At  the  moment  two  other  large  scale  innovation  projects  are  started  The  arc  both 
based  on  the  same  philosophy  of  realistic  math  education.  The  experiences  of  the 
Hewet  project  will  be  used  is  these  new  projects. 
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IBM  IWLXWtNTATIOH  OF  MALISTIC  MATBKMA3ICS  COJUUCULJL. 

Koeno  P.E.  Gravemeijer 
Research  Group  on  Mathematics  Education  and  Educational 
Computer  Centre   (OW  i  OC) ,   State  University  of  Utrecht. 

abstract .     About  50%  of  the  Dutch  primary  schools  is 
implementing  realistic  mathematics  curricula.  This  means  a 
far-reaching  change,  because  the  teachers  were  used  to 
mechanistic  mathematics  instruction.  On  the  basis  of  the 
characteristics  of  realistic  mathematics  instruction  is  shown 
that  the  change  to  realistic  mathematics  instruction  implies  a 
change  in  the  role  and  beliefs  of  the  teachers.  A  framework  of 
an  in-service  program  is  presented.  This  program  takes  into 
account,  both  the  development  of  the  levels  of  use  of  the 
innovation  and  the  necessary  change  in  teacher  beliefs. 


Introduction 

The  launching  of  the  Russian  Sputnik  invoked,  as  we  all  know,  the  New 
Math-movement  in  the  US,  which  spread  all  over  the  world.  This  New 
Math-wave  however  never  reached  the  Netherlands.  This  was  mainly  the 
result  of  the  dikes  built  against  this  wave  by  the  Dutch  Wiskobas-group . 
This  Wiskobas-group  also  saw  the  necessity  of  the  development  of  an 
alternative  for  the  proposed  renewal  of  the  math  curriculum. 
The  research  and  development  started  in  the  early  seventies  and  was 
carried  out  at  the  IOHO  (Institute  for  the  Developement  of  Mathematics 
Education)  .  This  resulted  in  the  so  called  Wiskobas  program  for  the 
primary  school,   which,   a  decade  later,  highly  influenced  the  modern 
textbooks  in  mathematics  education.  Now  there  are  several  programs  of  a 
'realistic'  signature  commercially  available.  These  new  programs  are 
already  tieing  implemented  in  about  50%  of  the  primary  schools. 
But  these  schools  were  used  to  completely  different  programs.  Since  the 
start  of  the  IOWO  more  than  15  years  passed  and  the  schools  aticked  to 
their  programs  during  this  period.  However,   the  way  the  traditional 
textbooks  were  used  changed  over  time:   it  went  towards  a  so  called 
mechanistic  approach.  So  there  is  a  sharp  discrepancy  between  the 
traditional  math  education  the  teachers  are  used  to  and  the  new  math 
curriculum  now  implemented. 

This  indicates  the  need  of  an  in-service  training.   Defore  discussing  the 
in-service  training,  we  will  first  take  a  closer  look  at  the  innovation 
to  get  a  beter  idea  of  the  consequences. 
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characteristics  of  realistic  ■■Hi— atfrs  education 

The  Niskoba.t  program  is  baaed  on  Freudsnthal '  a  view  on  mathematica  and 
mathematics  education.  Freudsnthal  (1970)  diatinguiahea  the  idea  of 
mathematica  as  a  human  activity  from  the  image  of  mathematica  aa  a 
complete  ready-made  ayatem.  For  mathematiciana  mathematica  ia  an 
activity  and  the  main    part  of  it  is  organizing. 

"This  can  be  a  matter  from  reality  which  haa  to  be  organized 
according  to  mathematical  patterns  if  problems  from  reality  have  to 
bo  aolved.  It  can  alao  be  a  mathematical  matter,  new  or  of  reaulta, 
of  your  own  or  of  othera,  which  have  to  be  organized  according  to 
new  ideaa,  to  be  better  understood,  in  a  broader  context,  or  by  an 
axiomatic  approach.*     (Freudsnthal; 1970; 414) 
Treffers  (1987)  ahowa  that  it  ia  useful  to  diatinguiah  horizontal  and 
vertical  mathematiaation  in  order  to  account  for  the  difference  between 
tranaforming  a  problem  field  into  a  mathematical  problem  on  one  hand, 
and  processing  within  the  mathematical  ayatem  on  the  other  hand.  With 
the  help  of  thia  distinction  it  ia  possible  to  describe  four  trends  in 
mathematics  education,  according  to  the  extent  that  the  horizontal  and 
vertical  aspects  of  aathematiaing  are  present. 

 Trunrt.l   )n  H.I-h.m«Hi;>l  ErtlirjlUnn 

trend  aspects  of  mathematizing 

 horii.  vert.  

realistic  +  + 

atructuraliatic        -  + 
empiricist  + 

nwfhjin  4  «t*  ^  f!  -  —  


The  mechaniatic  approach  appears  to  be  the  oppoaite  of  the  realiatic 
approach,  it  ia  characteriaed  by  the  weakness  of  both  the  horizontal  and 
the  vertical  component . 

In  realiatic  mathematics  instruction  both  the  horizontal  and  tho 
vertical  component  of  mathemotising  are  used  to  shape  the  process  of 
progressive  mathematiaation.  How  these  components  are  combined  is 
described  by  the  five  tenets  of  the  process  of  progressive 
mathematising  (Treffers;  1987,  Treffers  t  Goffree;  1985)  : 
2.  phenomenoiog-ical  exploration;  The  real  phenomena  from  which  the 
mathematical  concepts  and  structures  arise  are  explored  to  acquire  a 
rich  collection  of  intuitive  notions.  In  thia  way  the  essential  aspects 
of  concepts  and  structures  are  constituted.  This,  then,  is  laying  the 
basis  for  concept  formation. 

2.  bridging  by  vertical  instruments;  A  variety  of  'vertical'  instruments 
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3uch  as  models.  ach.ua.  diagrams  and  symbols  are  offered,  explored  and 
developed.  Thia  ia  done  to  bridge  level-difference  between  the  context 
bound  operation  the  firat  Van  Hiele  level  and  the  reflective,  formal 
systematic  one  on  the  third  Van  Kiele  level. 

3.  amXtrmlianoml  pupils'  own  construction,  and  productions:  The  children 
make  an  active  contribution  to  the  course  by  their  own  productions  and 
constructions.  The  individual  solutions  to  contextproblems,  notation 
patterns,  short  cuts  etc.  determine  the  progression  in  the  learning 
process . 

4.  interactivity:  The  pupils  informal  methods  are  used  as  a  lever  to 
attain  tha  formal  ones.  Such  a  teaching  method  requires  a  specific 
didactical  shaping  of  interactive  instruction,   in  which  individual  work 
is  combined  with  consulting  fellow  students,  etc. 

5.  intertwining:  The  contextbound  introduction  of  mathematical  concepts 
and  structures  implies  an  intertwining  of  related  learning  strands, 
because  of  the  interrelatedness  of  different  mathematical  domains  in 
reality. 

From  the  characteristics  described  above  emerges  a  constructivistic 
conception  of  mathematics  instruction.  Treffers  (1987)  shows  that  the 
Wiskobas  program  fits  into  a  global  framework  for  instruction  theory, 
built  by  the  level-theory  of  Van  Hiele   (1973)  and  the  didactical 
phenomenology  of  Freudenthal   (1983)  .  This  global  theoretical  framework 
corroborates  the  impression  of  a  constructivistic  view.  We  stress  this 
constructivism  because  it  has  important  consequences  for  the  role  of  the 
teacher  in  the  learning  process. 

The  main  point  is  the  active  contribution  of  the  pupil  to  his  own 
learning  process.  The  teacher  has  to  support  the  developement  of 
mathematical  concepta  and  structures  in  the  above  described  interactive 
instruction.  This  means  that  the  teacher  has  to  be  able  to  anticipate  on 
the  solutions  and  constructions  of  the  pupils.  He  has  to  be  able  to 
evaluate  them;  to  give  the  kind  of  hints  etc.,  that  will  help  the  pupils 
to  elaborate  their  own  findings. 

It  is  impossible  to  embody  the  required  teaching  strategies  in  teacher 
guides.  So  the  role  of  the  teacher  is  much  more  complicated  and  much 
more  important,  than  in  mechanistic  mathematics  instruction. 

the  b«lieC»  of  math  teach«ra 

The  research  of  Thompson   (1984)   under  math  teachers  shows  a  remarkable 
agreement  between. the  teachers'  views  on  mathematics  education  and  their 
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instructional  practices.  And  these  views  appear  to  fit  into  the 
classification  of  four  tenets  in  mathematics  instruction,  which  Treffers 
found  in  textbooks . 

Following  ti.ia  line  of  thought  we  nay  expect  to  find  a  lot  of  teachers 
with  a  mechanistic  view  on  mathematics  instruction,  who  are  working  with 
realistic  textbooks.  According  to  the  findings  of  Thompson  we  nay 
presume  that  these  teachers  will  uae  the  realistic  textbooks  in  a 
mechanistic  wey.  So  we  meet  the  question  of  how  to  bring  these  teachers 
to  waya  of  uae  that  will  be  in  harmony  with  the  ideas  underlying  the 
textbooks . 

It  will  be  quite  clear  that  this  change  will  not  be  reatricted  to 
external  characteristics.  The  idaaa  of  the  teachers  have  to  change  as 
well.  Fullan  (1983)  indicatea  that  there  are  at  least  three  dimensions 
at  stake  in  implementing  any  new  program.  They  involve  the  possible 
alternation  or  use  of  new: 

-  materiaia:  the  use  of  new  or  revised  instructional  materials  or 
technologies; 

-  teaching  approaches:  new  strategies,  activities,  practices,  etc. 
engaged  in  by  the  teacher. 

"  bmliata:  pedagogical  assumptions  and  theories  underlying  new  policies 
or  programs. 

Fullan  stresses  the  importance  of  the  change  in  beliefs: 

"...  a  teacher  could  use  new  materials,  alter  some  teaching 
practices  or  behaviors  without  coming  to  grips  with  the  conceptions 
or  beliefs  underlying  the  change."       (Fullan;  1983M54) 
The  importance  of  coining  to  grips  with  the  beliefs  underlying  the  change 
is  supported  by  Leithwood's  analysis  of  curriculum  dimensions.  Leithwood 
(1981)  indicates  that  the  apropriateness  of  teaching  strategies  depends 
on  a  number  of  situational  factors.  This  means  that  the  teacher  has  to 
make  his  own  decisions  on  the  spot. 

These  decisions  will  be  based  on  the  beliefs  of  the  teacher.  Fullan  £ 
Pomfret  (1977)  distinguish,  among  other  things,  the  variables  'knowledge 
and  understanding  of  the  renewal'  and  'value  internalization'.  The  first 
variable  describes  a  rather  technical  knowledge  of  the  renewal,  while 
the  second  is  connected  with  accepting  the  goals  of  the  change.  In  our 
opinion  the  concept  'beliefs'  goes  deeper.  It  includes  convictions; 
views  on  teaching  and  learning,  views  on  the  essence  of  the  subject  of 
the  course,  etc.  in  the  end  it  will  be  these  beliefs  that  will  determine 
the  way  the  teacher  arranges  his  instruction. 

It  is  clear  that  it  will  not  be  easy  to  change  the  beliefs  of  the 
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teachers.  It  is  not  a  simple  matte'-  of  telling  them  what  it's  all  about. 
So  we  have  to  follow  Fullan  in  his  conclusion  that 

"...  educational  change  along  three  dimensions  -  in  materials, 
teaching  approaches,  beliefs  -  involves  changes  in  what  people  do 
and  think  and  as  such,   it  represents  a  complex  adult  learning 
experience."       (Fullan; 19B3, 455) 
The  nest  question  is  how  to  support  this  learning  process  of  the  teacher 
in  such  a  way  that  there  is  an  optimal  chance  for  the  desired  change. 
In  doing  so  we  will  have  to  consider  the  fundamental  difference  between 
pre-service  and  in-service  teachertraining.   In  the  case  of  in-3ervice 
training  we  are  dealing  with  experienced  teachers.  They  want  to  be 
aknowledged  in  their  expertise  and  their  responsability  for  their  own 
teaching.  This  implies  some  specific  constraints  for  the  form  and 
content  of  the  in-service  program. 

atagaa  in  thm  procaaa  of  Imp lamenting  a  naw  curriculum 
If  we  want  to  establish  the  learning  process  indicated  above,   we  will 
have  to  take  into  account  how  the  process  of  implementing  a  new 
curriculum  develops  over  time.  Fullan   (1984)   takes  up  the  position  that 
-  in  contrast  with  the  usual  idea  of  adoption  as  a  solitary  decision  - 
adoption  has  to  be  seen  as  a  prolonged  process  of  choosing.  Th<s  longer 
the  new  program  is  in  use,  the  more  the  teacher  knows  and  the  better  the 
teacher  can  see  what  he  is  choosing  for  (or  does  not  want  to  choose) . 
Now  the  process  of  implementing  a  new  curriculum  can  be  seen  as  a 
process  of  learning  and  choosing.  Thi3  corresponds  with  the  findings  in 
research  that  show  that  there  are  several  levels  of  use  of  a  new 
curriculum,   which  Hall  4  Loucks   (1977)     label  as:   non-uae;  orientation; 
preparation;  mec/ianical  use;  routine;  refinement;  integration;  and 
renet/al. 

Research,   likG  the  research  of  Hall  &  Loucks   (1981)   and  from  Van  den 
Berg  t  Vandenberghe  (1981),   shows  that  these  levels  of  use  can  be  seen 
as  different  stages  in  the  implementation  proces. 

In  the  first  stage  when  the  curriculum  is  rather  unknown  to  the  teacher, 
the  teacher  will  follow  the  teacher  guide  rather  mechanical,  without 
understanding  the  meaning  of  activities  completely.  After  3ome  time  the 
familiarity  with  the  curriculum  grows,   which  gives     the  teacher  the 
possibility  to  change  small  parts  of  the  curriculum  to  adjust  them  to 
the  actual  situation   (routine) .  A  growing  understanding  of  the  concepts 
underlying  the  practices  of  the     curriculum  will  enable  the  teacher  to 
come  to  a  more  flexible  U3e  of  the  curriculum.  In  the  end  this  will  load 
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to  adaptation  of  the  curriculum  on  basis  of  the  gained  insight  and 
experience  (renewal) . 

This  sequence  is,  of  course,  an  ideal  one.  Not  all  teachers  start  at  the 
same  level,  and  there  are  differences  in  the  development  towards  the 
higher  levels  of  use.  But,  nevertheless,  the  research  evidence  still 
reveals  a  learning  process  of  the  teacher.  It  also  shows  that  this 
learning  process  needs  some  support. 

guiding  the  learning  proceea  of  the  teacher 

The  in-service  training  has  to  level  out  with  the  stage  of 
implementation  of  the  new  curriculum.  The  focus  will  be  on  the  use  of 
the  new  materials  in  the  first  phase.  In  the  following  phase  a  change  of 
teaching  strategies  is  at  stake.  The  teachers  will  have  to  be  informed 
about  the  teaching  strategies  and  their  theoretical  background.  These 
teaching  strategies  are  at  last  legitimated  by  the  views  on  learning  and 
instruction. 

In  the  case  of  a  change  from  mechanistic  mathematics  education  to 
realistic  mathematics  education  the  main  piont  is  the  opposition  between 
a  task  analytical  approach  and  the  idea  of  progressive  mathematising, 
based  on  -:he  active  contribution  of  the  children.  This  implies  a  choice 
with  regard  to  the  way  children  should  learn  mathematics;  a  choice 
between  learning  mathematics  by  copying  adults,  or  learning  mathematics 
on  ones  own  legs  (by  'taking  responsibility';  Whitney; 1985) . 
The  position  taken  by  the  realistic  trend  is  quite  clear.  It  is  also 
obvious  that  it  will  not  be  sufficient  to  tell  this  to  the  teachers, 
they  have  to  be  convinced.  He  think  that  the  best  way  to  do  so,  ia  to 
give  the  teachers  the  opportunity  to  find  out  for  themselves. 
He  developed  an  in-service  program  that  is  so  designed,  that  it  will 
provoke  this  kind  of  learning.  He  try  to  make  the  teachers  aware  of  the 
possibilities  and  desirability  of  interactive  instruction.  In  doing  so, 
several  ingredients  are  being  used.  We  will  discus  the  following 
ingredients; 

-  working  on  problems; 

-  being  informed; 

-  becoming  conscious. 

Working  on  problems  the  teachers  find  out  that  they  all  use  different 
strategies  to  solve  the  same  arithmetic  problems.  It  also    appears  that 
most  of  these  strategies  differ  from  the  strategies  that  have  been 
learned.  He  hope  that  the  teachers  will  get  interested  in  solution 
procedures,  and  especially  in  reference  to  the  solution  procedures  of 
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children . 

They  ace  bming  informed  of  the  strategies  of  children  found  in  research. 
And  they  axe  stimulated  to  investigate  if  the  children  of  their  classes 
use  the  iu*  scrategies. 

They  are  also  informed  about  the  bad  results  of  the  traditional 
mathematics  education,  that  coma  forward  in  national  and  international 
assessments . 

And  they  are  informed  on  learning  theories  that  support  the  realistic 
approach,  based  upon  the  own  constructions  of  the  students. 
The  laat  point  concerns  the  question  for  remedial  strategies,  which  is 
elaborated  in  such  a  way  that  the  teachers  become  conciouj  of  their  own 
theories,  or  beliefs. 

The  aim  of  these  activities  is  to  give  the  teachers  more  insight  in  the 
different  views  on  mathematics  education,   in  connection  with  the 
possible  teaching  practices.  Me  hope  to  give  the  teachers  the 
opportunity  to  make  their  own  choices  about  the  implementation  of 
several  aspects  of  the  innovation.  He  found  that  the  learning  process 
which  we  try  to  set  going,  shows  a  great  similarity  with  the  learning 
process  of  the  pupil  in  realistic  mathematics  education. 
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OBSTACLES  CONFRONTING  THE  IMPLEMENTING  OF  CONSTRUCT  I  VST 
INSTRUCTION  ANO  THREE  MODELS  FOR  ADDRESSING  THESE  OBSTACLES 

Thomas  J.  Bassarear,  Keene  State  College 


The  paper  has  two  main  objectives.  The  first  objective  is  to 
outline  some  or  the  difficulties  involved  In  implementing 
construct ivlst  instruction  in  secondary  and  college  classrooms. 
The  second  objective  Is  to  bring  into  the  realm  of  mathematics 
education  three  models  which  can  be  useful  in  minimizing  these 
obstacles.  Each  model  offers  a  different  perspective  through 
which  to  understand  the  dynamics  involved  in  implementing  a  new 
method  of  instruction.  Each  model  focuses  on  a  key  Issue: 
components  of  "personal  Investment"  In  learning,  teaching  as  a 
developmental  process,  and  significant  events  during  the  course  or 
a  semester. 


Much  attention  has  been  devoted  to  understanding  how  students 
construct  their  understanding  of  mathematics  and  to  describing 
constructive  Instruction.  However,  less  attention  has  been  devoted  to 
examining  some  or  the  difficulties  commonly  encountered  when  teachers 
attempt  to  Implement  this  unorthodox  mode  of  instruction  In  their 
classrooms.  This  paper  will  first  focus  on  various  obstacles  racing  the 
secondary  or  college  level  teacher.  The  paper  will  then  rocus  on  three 
models,  developed  In  other  disciplines,  which  can  enhance  the  teacher's 
Implementation  of  constructlvlst  instruction 

The  challenge  such  a  teacher  races  13  analogous  In  many  ways  to  that  or 
a  new  baseball  coach  Introducing  a  rather  dlf  rerent  system.  A  major  goal  of 
the  coach  is  to  teach  new  skills  and  strategies.  However,  the  coach  will 
invariably  encounter  players  who  resist  the  new  system  and  continue  to  run 
or  to  bat  or  to  field  in  old  ways.  The  coach  will  also  encounter  some  players 
who.  despite  liking  the  new  system,  rind  It  difficult  to  break  old  habits. 
The  underlying  theme  of  this  paper  is  that  a  thorough  understanding  of 
constructlvlst  principles  alone  does  not  ensure  a  successful  classroom.  In 
other  words,  the  teacher  must  necessarily  focus  on  both  cognitive  and 
afrective  Issues. 

OBSTACLES  TO  CONSTRUCT  I VI  ST  INSTRUCTION 

Berore  examining  various  obstacles  racing  the  teacher,  let  us  examine 
some  common  characteristics  of  constructlvlst  instruction  which  differ 
from  traditional  Instruction:  the  teacher  does  less  explaining  and  "showing" 
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and  more  questioning,  more  attention  is  given  to  the  processes  involved  In 
solving  problems,  students  do  most  of  the  talking  and  writing,  and  the 
teacher  challenges  the  usage  by  students  of  rotely-leamed  terms,  rules  or 
algorithms  (Confrey,  1984).  Such  a  departure  from  traditional  teaching 
practices  Is  often  met  with  varying  amounts  of  resistance  (active  and/or 
passive)  on  the  part  of  the  students.  For  example,  some  students  may 
Insist  that  that  they  caonot  explain  how  they  got  their  answers  and  that 
they  should  get  credit  as  long  as  their  answers  are  correct.  Four  kinds  of 
obstacles,  considered  together,  help  to  explain  why  the  implementation  of 
constructive  instruction  can  be  difficult:  students'  attitudes  toward 
learning,  in  general;  students'  attitudes  toward  learning  mathematics, 
systemic  constraints;  and  students'  cognitive  limitations. 

Obstacles  arising  from  students'  attitudes  toward  learning  include 
( i )  resistance  because  this  represents  a  new  way  of  learning  (students  are 
often  reluctant  to  give  up  old  ways  for  a  p*w  and  untested  way);  (2)  the 
perception  that  such  a  teaching  approach  represents  more  work  on  the  part 
of  the  student  ("it's  like  we  have  to  teach  ourselves");  and  (3)  the  fact  that 
the  teacher,  at  first,  Is  generally  not  as  polished,  consistent,  and 
authoritative  as  when  teaching  In  a  more  traditional  mode. 

Obstacles  arising  from  students'  attitudes  toward  learning 
mathematics  Include:  (1)  attitudes  about  the  nature  of  mathematics  ("this 
lo  a  math  class,  not  a  problem  solving  class"),  (2)  anxieties  about  word 
problems,  especially  for  slower  students  who  may  see  even  the  brighter 
students  struggling,  at  least  at  first,  with  problems  requiring  higher  order 
thinking  skills;  and  (3)  concerns  about  evaluatlon-the  different  format  of 
tests,  tww  the  grade  will  be  determined,  etc. 

Systemic  constraints  Include:  ( I )  heavy  content  pressure  (i.e.,  pressure 
to  cover  the  whole  book);  (2)  more  remedial  students,  anxious  students,  and 
struggling  students  than  at  the  lower  grades,  (3)  very  often  little  support, 
or  even  resistance,  from  colleagues,  administrators,  and  parents;  and  (4) 
Inadequate  curriculum  materials;  in  fact,  conventional  or  required  texts 
often  run  counter  to  constructive  principles. 

Cognitive  limitations  have  been  well-documented:  the  robustness  of 
students'  algebraic  misconceptions  (Rosnlck  &  Clement,  1980),  poorly 
developed  diagram  drawing  skills  (Slmon,l986),  and  poorly  developed 
metacognltlve  skills  (Schoenfeld,  1985),  to  name  but  a  few. 

The  point  Is  that,  partly  because  It  represents  a  change  and  partly 
because  It  Is  more  work  for  the  student,  the  teacher  Implementing  such  a 
different  method  of  teaching  is  likely,  at  least  at  first,  to  encounter  varying 
degrees  of  resistance.  Realizing  that  such  resistance  is  not. uncommon  can 
enable  the  teacher  to  anticipate  and  act  rather  than  react.  Being  aware  of 
the  different  kinds  of  obstacles  can  enable  the  teacher  to  direct  his/her 
energies  more  effectively. 
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A  MOTIVATIONAL  MODEL 

For  constructlvlst  Instruction  to  be  successful,  the  students  must 
function  at  significantly  higher  levels  of  cognitive  activity  than  are 
normally  found  In  classrooms.  Therefore,  a  first  task  for  the  teacher  Is  to 
convince  the  students  that  this  way  of  learning  mathematics  Is  more 
effective,  more  powerful  than  the  ways  to  which  they  are  accustomed. 
Although  the  value  of  constructive  instruction  may  be  clearly  meaningful 
to  the  teacher,  this  Is  not  necessarily  so  'or  the  students. 

Maehr  (1984)  asserts  that  meaning  is  the  critical  determinant  of 
motivation.  Each  student  comes  to  the  classroom  with  a  package  of 
meanings  derived  from  past  experiences.  Whether  or  not  the  students  will 
invest  themselves  In  a  particular  activity  depends  on  what  the  activity 
means  to  them.  According  to  Maehr,  the  extent  to  which  students  will 
Invest  themselves  depends  on  several  Interrelated  factors:  (I)  Judgments 
about  self,  especially  beliefs  about  one's  competence  or  ability  to  master 
the  material,  (2)  their  perceived  goals,  (3)  the  subjective  cost  of  success, 
and  (4)  Judgments  about  the  options  or  alternatives  available  for  reaching 
these  goals.  In  Figure  I,  these  factors  have  been  characterized  with  respect 
to  the  issues  and  questions  they  raise. 


issue  Question 

1.  competence  Can  I  do  It? 

2.  goals  What  will  I  get  out  of  this  activity? 

3.  cost  Will  It  be  worth  the  effcx  t? 

4.  autonomy  Will  It  be  my  learning? 


Figure  I.  Components  of  personal  Investment. 

The  desire  for  competence  has  long  been  established  as  an  essential 
motivating  element  In  the  learning  process  (White,  1 959). This  was  brought 
home  to  me  curing  my  first  year  of  teaching.  So  many  of  my  pre-algebra  and 
algebra  I  students  who  plaintively  asked,  "Why  do  we  have  to  learn  this?" 
stopped  complaining  when  they  were  able  to  master  the  material. 

The  term  goal  refers  to  the  motivational  focus  of  the  activity.  Maehr 
discusses  four  categories  of  goals:  task  goals  (e.g.,  becoming  competent), 
ego  goals  (e.g.,  performing  better  than  others),  social  solidarity  goals  (e.g., 
pleasing  one's  parents)  and  extrinsic  goals  (e.g.,  grades).  He  asserts  that  "to 
create  the  kind  of  spontaneous  learning  pattern  of  continuing  motivation,  a 
task-goal  orientation  must  be  fostered.  Only  as  one  Is  oriented  toward 
doing  a  task,  apart  from  the  evaluation  placed  on  It  by  others,  will  one 
continue  doing  It  when  there  are  no  othars  evaluating  it"  (Maehr,  1984,  p. 
130). 

The  cost  of  attaining  the  goals  Is  also  Important.  If  the  cost  Is  very 
low,  students  tend  to  become  bTed  and  dissatisfied;  If  the  cost  Is  very 
high,  students  tend  to  become  frustrated  and  discouraged.  Furthermore, 
those  who  are  less  sure  of  their  competence  need  special  encouragement  If 
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they  are  to  confront  tlie  challenges  presented.  This  is  especially  true  at  the 
beg'  irvrwj  of  the  year  cr  semester. 

Finally,  with  respect  to  autonr.my,  a<»  the  Individual  sees  herself  as  the 
Initiator  or  causo  of  -\er  cwn  behavior,  she  will  more  likely  find  her  own 
re<>  ;>rs  for  engaging  n  ore  Jeeply  in  the  activity.  This  Is  one  of  the  reasons 
for  ncre  attention  to  "-eat"  probbms  In  mathematics  classes  nowadays. 

A  high  degree  of  personal  Investment  produces  a  student  characterized 
by  Milruiing  motivation,  as  op^sed  to  the  more  common  stop-start  cycle 
of  mi.'1  ivatlon  exhlbltec  by  man';  students.  It  is  Important  that  the  teacher 
fc  us  a:\  wturlng  and  developing  continuing  motivation,  for  this  kind  of 
rn..i  Ivstsurt  Is  not  corrwrmr-ly  se<:n  in  traditional  classrooms  and  Is  crucial  In 
th2  constructlvlslt  classroom  with  Its  higher  focus  on  problem  solving  and 
o  :her  hlghw  order  thinking  skills. 

Maehrs  motivational  model  has  much  to  offer  the  construct Ivlst 
toacher  First,  It  educates  the  teacher  out  of  the  commonsense  notion  of 
mDtlvatlor  as  a  monolithic  construct.  Attending  to  motivation  means  more 
tla.i  simply  getting  trie  students  to  see  tha  new  mode  of  learning  as 
meaningful.  It  also  means  addressing  Issues  of  competence,  goals,  cost,  and 
autonomy.  Second,  the  model  explains  the  need  for  attending  to 
motivational  issues:  a  high  degree  of  personal  Investment  Is  essential  for 
meaningful  learning  to  occur,  especially  In  the  constructive  classroom 
where  ther  Is  greater  focus  on  higher  order  thinking  skills. 

A  DEVELOPMENTAL  MODEL 

A  common  mistake  made  by  teachers  Implementing  constructive 
Instruction  Is  to  try  to  do  it  all  at  once,  especially  If  the  teacher  had  a  very 
positive  experience  in  a  workshop  or  In  a  summer  program.  The  teacner 
may  forget  that  the  students  have  not  been  similarly  changed.  Rather,  the 
students  see  the  teacher  behaving  In  unfamiliar  ways.  However,  Just  as  the 
construction  of  one's  understanding  of  mathematics  must  develop,  so  too 
construction  of  new  ways  of  learning  (and  teaching)  need  time  to  develop 

For  many  students,  there  Is  an  enormous  difference  between  their 
present  beliefs  and  attitudes  toward  learning  and  what  we  would  term 
mature  beliefs  and  attitudes.  The  figure  below,  adapted  from  Argyrls' 
(1957)  characterization  of  the  difference  between  the  Immature  and  mature 
worker,  Illustrates  the  differences. 

lmatatot  ttatoL 

Passive  Active 

Dependent  Independent 

Behaves  In  few  ways  Capable  of  behaving  In  many  ways 

Erratic  shal  low  Interests  Deeper  and  stronger  Interests 

Short  time  perspective  Long  time  perspective 

Lack  of  awareness  of  self  Awareness  and  control  over  self 

Figure  2.  Differences  between  Immature  and  mature  students 
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After  eight  to  twelve  years  of  schooling,  many  students  have  become 
conditioned  to  "learning"  In  passive  and  dependent  ways.  They  are  not 
flexible  learners  but  rather  have  become  accustomed  to  doing  math  In  few 
ways,  mostly  focusing  on  learning  the  "correct"  procedures  In  the  "correct* 
ways.  For  a  variety  of  reasons  (e.g.,  little  relevance  to  their  lives  and  the 
greater  focus  on  extrinsic  than  intrinsic  goals),  their  interests  in 
mathematics  have  become  shallow  and  focused  on  the  short-term  (e.g.,  the 
next  test  and  the  final  grade).  In  order  for  a  constructivlst  teacher  to  be 
successful,  (many  of)  the  students  must  make  the  large  jump  from  Immature 
to  mature  learner  In  many  respects,  the  task  of  such  a  teacher  Is  similar  to 
the  task  of  a  physical  therapist  working  with  a  stroke  victim.  At  first,  the 
therapist  must  be  very  directive  and  supportive,  not  only  providing  words  of 
encouragement  but  also  providing  explicit  instruction  on  how  to  releam  to 
use  the  paralyzed  portion  of  the  body. 

The  situational  leadership  model  (Hersey  &  Blanchard,  1982),  developed 
for  use  In  ail  types  of  organizations,  incorporates  these  ideas  Into  a 
developmental  framework  which  enhances  the  teacher's  ability  to  pass 
through  the  transition  from  traditional  to  constructivlst  instruction  more 
effectively.  Although,  it  Is  beyond  the  scope  of  this  paper  to  give  a  thorough 
treatment  of  this  model,  the  basic  features  can  be  outlined  and  the 
relevance  for  constructivlst  Instruction  discussed. 

The  model,  as  adapted  to  the  classroom,  consists  of  four  teaching 
styles  on  a  continuum  from  most  to  least  directive  and  four  developmental 
levels  of  the  student,  also  represented  on  a  continuum.  The  terms  for  each 
teaching  style  In  the  figure  below  are  intended  to  give  a  feeling  for  what 
each  level  "looks  like."  As  one  goes  from  SI  to  S4,  the  amount  of  student 
autonomy  and  choice  Increases.  Another  way  of  saying  this  is  that  the 
amount  of  one-way  communication  (I.e..  the  teacher  spelling  out  the 
students'  role  and  telling  the  students  what  to  do)  decreases  and  the  amount 
of  two-way  communication  Increases.  The  choice  of  teaching  style  is 
determined  by  the  students'  developmental  level  which,  In  turn,  Is 
determined  by  examining  two  factors:  (I)  ability— do  the  students  have  the 
necessary  knowledge  and  skills  to  perform  at  the  desired  level,  and  (2) 
motivation— do  the  students  have  the  necessary  confidence  and  willingness 
to  perform  at  the  desired  level? 


) eacher 


Students. 

Ability 

Motivation 


SI 

directing 

showing 

telling 


lower 
lower 


S2 

consulting 

guiding 

coordinating 


lower 
higher 


S3 

participating 
coaching 


higher 
lower 


S4 

facilitating 
collaborating 


higher 
higher 


Figure  3   Teaching  styles  and  developmental  levels  of  the  students 
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A  basic  principle  of  this  model  is  that  the  teaching  style  must  be 
consistent  with  the  developmental  level  of  the  students.  If  the  teacher  is 
too  directive  (as  Is  often  the  case  in  classrooms),  the  students  can  become 
bored,  and  motivation  is  likely  to  be  low.  On  the  other  hand,  If  the  teacher 
moves  too  quickly  in  the  other  direction,  there  may  be  much  frustration  and 
dissatisfaction  on  the  part  of  the  students.  For  example,  the  teacher  might 
Introduce  significantly  more  difficult  problems  before  the  students' 
problem  solving  skills  have  sufficiently  developed. 

Like  Maehr's  motivational  model,  the  Hersey-Blanchard  model  has  much 
to  offer  the  teacher.  First,  the  model  serves  to  expand  the  teacher's  focus 
from  cognitive  Issues  to  affective  Issues  which  can  affect  the  amount  of 
time  and  energy  which  the  student  brings  to  bear  on  learning  mathematics. 
Second,  the  model  focuses  on  the  distance  between  the  present 
developmental  levels  of  the  students  (knowledge,  skills,  confidence,  and 
willingness)  and  the  desired  levels.  Such  a  perspective  can  enable  both  the 
teacher  and  the  students  to  realize  that  the  transition  from  immature 
learner  to  mature  learner  does  not  happen  Immediately.  Finally,  the  model 
offers  both  the  structure  and  the  vocabulary  to  assist  the  teacher  in  the 
transition  process.  The  teacher  can  minimize  student  resistance  by 
providing  support  for  the  students,  who  are  learning  to  take  more  active 
responsibility  for  their  learning. 

THE  CRITICAL  INCIDENT  MODEL 

The  third  model  comes  from  the  field  of  organizational  development  in 
which  the  dynamic  nature  of  groups  (of  all  kinds)  has  been  widely  studied.  A 
major  contribution  from  this  field  is  the  realization  of  the  group  as  an 
entity  In  Its  own  right,  as  opposed  to  simply  being  a  collection  or 
Individuals  (I.e.,  the  whole  being  greater  than  the  sum  of  Its  parts).  A 
negative  way  atlng  this  is  that  the  effectiveness  of  the  leader  or 
teacher  who  li,  *  sensitive  to  the  dynamics  operating  In  a  group  is  often 
seriously  diminished. 

The  critical  Incident  model  (Cohen  &  Smith,  1976),  derives  from 
observations  that  certain  critical  Incidents  (significant  events)  can 
substantially  affect  the  development  of  a  group  (class).  The  critical 
Incident  concept  evolved  with  the  observation  that  certain  critical 
situations  emerge  and  repeat  themselves  time  and  again  In  different  groups 
and  at  different  developmental  stages.  The  manner  In  which  the  leader 
(teacher)  responds  generally  has  a  large  Influence  on  the  direction  and  the 
development  of  the  group  (class). 

With  respect  to  mathematics  classes,  there  are  several  critical 
Incidents  to  be  aware  of:  at  the  beginning  of  the  semester— when  the 
teacher  sets  the  tone  for  the  semester;  just  before  first  test— when  the 
teacher  can  stress  how  to  study  and  perhaps  ofrer  a  make-up  test  for  the 
first  test  or  two  In  this  new  way  of  instruction;  and  Just  after  the  first 
test— especially  for  students  who  did  poorly.  A  skillful  teacher  will  make 
good  use  of  these  situations  to  maximize  the  students'  continuing 
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motivation  and  to  deepen  the  students'  understanding  this  new  way  of 
learning—what  is  expected  of  the  students  and  how  the  students  can 
develop  new  skills. 

The  main  value  of  the  critical  Incident  model  lies  In  its  Interaction 
with  the  previous  models,  with  respect  to  motivational  Issues,  the  focus 
on  critical  incidents  can  enable  the  teacher  to  respond  (with  the  class  as  a 
whole  or  with  individuals)  to  motivational  issues  at  appropriate  or  "ripe- 
times.  With  respect  to  developmental  Issues,  the  focus  on  critical  incidents 
can  keep  the  teacher  sensitive  to  the  developing  skills  and  motivation  of  the 
students. 


Implementing  constructtvist  instruction  in  our  mathematics  courses  is 
not  an  easy  task.  In  this  paper,  a  number  of  obstacles  confronting  the 
teacher  have  been  discussed  Three  models  from  other  disciplines  have  been 
explicated  and  their  relevance  to  mathematics  classroom  discussed.  Each 
model  focuses  on  a  key  Issue,  components  of  "personal  Investment"  In 
learning,  teaching  as  a  developmental  process,  and  significant  events  during 
the  course  of  a  semester. 


Cohen,  A.  M.,  8,  Smith,  R.  D.  (1976).  The  critical  incident  In  growth  groups: 
Theory  and  technique.  San  Diego:  University  Associates. 

Confrey,  J.  (1984).  Towards  a  framework  for  constructivlst  intervention. 
In  Proceedings  of  the  Seventh  Annual  Meeting  of  PMF-NA. 

Hersey,  P,  8,  Blanchard,  K.  H.  (1962).  Management  of  organizational 
behavior:  Utilizing  human  resources.  Englewood  Cliffs,  NJ.  Prentice- 
Hall. 

Maehr,  M  L.  (1984).  Meaning  and  motivation:  Toward  a  theory  of  personal 
investment.  In  R.  Ames  &  c.  Ames  (Eds.),  Research  on  motivation  in 
education  (Vol.  I,  pp.  115-144).  Orlando,  FL.  Academic  Press. 

Rosnick,  P,  &  Clement,  J.  (1980).  Learning  without  understanding:  The 
effect  of  tutoring  strategies  on  algebra  misconceptions.  Journal  of 
Mathematical  Behavior  3(1)  3-27. 

Schoenfeld,  A  (1985).  Mathematical  problem  solving.  Orlando,  FL: 
Academic  Press. 

Simon,  M.  (1986).  Components  of  effective  use  of  diagrams  in  math  problem 
solving.  In  Proceedings  of  the  Ninth  Annual  Meeting  of  PME-NA. 

White,  R.  (1959).  Motivation  reconsidered.  The  concept  of  competence. 
Psychological  Review.  6JL  297-323. 


SUMMARY 


REFERENCES 


Argyrls,  C.  (1957). 


New  York:  Harper  8>  Row. 


ERIC 


1223 


-  269  - 


INSTRUCTIONAL  STRATEGIES  AND  ACHIEVEMENT  IN  GRADE  8 


Gila  Hanna 
The  Ontario  Institute  for  Studies  in  Education 


This  study  sought  to  identify  teaching  behaviours  which  are  related  to 
significant  gains  in  mathematics  achievement  over  the  grade  8  school 
year.  Of  23  classes  studied,  two  were  found  in  which  the  mean  student 
achievement  gain  was  significantly  greater  than  in  other  classes  with 
comparable  pretest  achievement.  Analysis  indicated  that  the  significant 
gain  in  mathematics  achievement  in  these  two  classes  could  not  be 
attributed  to  differences  in  factors  such  as  students'  home  background, 
class  size,  number  of  lessons  per  week  or  teacher  workload.  From  the 
aspect  of  instructional  strategiss,  however,  analyses  of  teacher 
questionnaires  and  classroom  observations  revealed  differences  between 
the  two  effective  teachers  and  their  less  effective  colleagues.  Approaches 
which  emphasized  an  organized  presentation  of  new  material  followed  by 
extensive  practice  in  its  application  to  new  situations  seemed  to  have 
contributed  most  to  greater  achievement  gains. 

This  study  builds  upon  previous  empirical  research  on  teacher  effectiveness 
(Berliner,1976;  Brophy,  1979;  Treiber,  1981)  that  hr-,  shown  consistent  relationships 
between  certain  teacher  behaviours  on  the  one  hand  and  student  involvement  and 
achievement  on  the  other.  Its  primary  objective  was  to  identify  those  patterns  of 
behaviour  in  the  teaching  of  mathematics  which  are  associated  with  significant 
gains  in  student  achievement. 


The  study  examined  mathematics  instruction  in  23  classes,  using  data  collected  in 
the  Ontario  IEA  Classroom  Environment  Study.  The  data  consisted  of  direct 
observations  of  teacher  behaviour  in  the  classroom,  teacher  responses  to 
questionnaires  and  the  results  of  a  student  achievement  test. 
The  observation  component  of  this  IEA  study  focussed  on  the  direction  of  classroom 
interaction  (e.g.,  teacher  to  group,  individual  student  to  teacher);  the  context  of  the 
interaction  (e.g.,  small  group,  large  group,  private);  the  nature  of  the  interaction 
(e.g.,  asks  high-order  questions,  gives  directives,  manages  only)  and  the  event  (e.g., 
instruction,  question,  feedback).  These  observational  data  were  collected  in  each 
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class  on  eight  different  occasions.  On  each  occasion,  records  were  made  of  the 
interactions  that  occurred  during  each  of  five  different  five-minute  intervals,  one  at 
the  beginning  of  the  class  period,  one  at  the  end,  and  three  spaced  more  or  less  evenly 
over  the  rest  of  the  period. 

The  teacher  questionnaire  consisted  of  106  questions  on  such  matters  as  classroom 
organization,  teacher  strategies,  testing  procedures,  use  of  curriculum  materials,  and 
the  proportion  of  time  spent  on  various  activities. 

The  achievement  test  consisted  of  a  40-item  multiple-choice  mathematics  test 
administered  as  a  pretest  at  the  beginning  of  the  school  y^ar  and  as  a  posttest  seven 
months  later. 

Method  and  Results 
1.  Identification  of  Effective  Teachers 

Since  the  objective  of  the  study  was  to  find  teaching  patterns  associated  with 
significant  student  achievement  gains,  it  was  first  necessary  to  identify  classes 
showing  such  gains  during  the  school  year. 

Complicating  this  identification  were  the  differences  among  thi  23  classes  with 
respect  to  initial  achievement  level.  To  take  this  factor  into  account,  the  23  classes 
were  separated  into  homogeneous  groups  on  the  basis  of  their  mean  score  on  the 
pretest,  after  ascertaining  through  analyses  of  variance  carried  out  for  each  group 
separately  that  there  were  no  differences  among  the  classes  within  each  group.  There 
were  three  homogeneous  groups:  (1)  low  entry  (5  classes),  (2)  average  entry  (7 
classes),  and  (3)  above-average  entry  (6  classes).  (The  remaining  five  classes  were 
eliminated  from  further  study,  since  they  could  not  be  added  to  any  of  the  groups,  nor 
could  they  form  a  separate  grouping  with  similar  pretest  achievement  scores.) 

Within  each  of  the  three  groups,  additional  analyses  of  variance  were  carried  out  on 
the  posttest  results  to  identify  those  classes  for  which  the  achievement  gain  was 
larger  than  for  the  other  classes  in  the  same  group.  In  each  of  the  first  two  groups 
there  was  one  class  with  a  significantly  higher  posttest  mean.  As  shown  in  Table  1, 
the  students  in  Class  331  exhibited  a  gain  of  15.6  at  the  end  of  the  school-year,  well 
above  the  average  gain  of  7.2  for  the  other  four  classes  of  the  low  entry  group. 
Similarly,  class  101  had  the  highest  gain  in  the  average-«ntry  group.  Iu  the  third 
group  there  were  no  differences  in  posttest  achievement  among  the  classes. 
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Table  1 

Mean  Pr.  and  Posttest  Mathematics  Achievement  Scores  by  Classroom 
within  Etch  of  Three  Groups  Identified  on  the  Basis  of 
Equivalent  Student  Entry  Performance 


Mean  Pretest    Mean  Posttest  Mean 
Classroom  Group         Class       Mathematics     Mathematics  Achievement 
N„mher         Score  Score,  


Group  l:  U*  Entry                 201  Ul  218  T* 

Performance               222  14.0  [»  60 

312  14.1  18  2  4  1. 

331  13.6  29-2  '5.6 


Mean  of  Means 


13.8  21  1  72 


Mean  of  Means 


111  16.8  21.3 

112  16.4  22.2  5  7 
151  16.5  20.6  4.0 
202  15.1  23.0  8  0 
302  15.0  18.5  3.5 
421  16.9  22.5  5.6 

16.2  22.1  5.9 


Group3:  Above  Average  121  2q 

Entry  Performance        13,  18.5  25.5  ,0 

161  18.0  23.7  5.7 

311  19  8  24.8  4  9 

4U  19  8  24  2  4.4 


Mean  of  Means 


18.8  23.9 


2.  Background  Variables 

To  identify  any  differences  in  achievement  gains  from  pretest  to  posttest  which 
might  be  attributed  to  factors  other  than  teaching  effectiveness,  background 
variables  relatine  to  student  characteristics  and  classroom  conditions  were 
examined. 
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2.1.  Student  Characteristics 

A  comprehensive  set  of  40  student  characteristics  was  employed,  including  the  socio- 
economic status  of  the  parents,  the  father's  and  mother's  educational  level,  the 
language  spoken  at  home,  the  student's  attitude  toward  mathematics,  the  student's 
perception  of  abilities  in  mathematics,  and  the  teacher's  assessment  of  the  number  of 
students  needing  remedial  help.  There  were  no  differences  among  the  classes  with 
respect  to  these  characteristics. 

2.2.  Classroom  and  Teacher  Characteristics 

A  comprehensive  set  of  20  classroom  and  teacher  characteristics  was  also  studied, 
including  class  size,  time  allocated  for  instruction,  proportion  of  girls  and  boys  in  the 
class,  amount  of  homework  assigned,  teaching  experience,  teaching  workload,  and 
number  of  subjects  other  than  mathematics  taught  by  the  teacher.  There  were  no 
differences  among  the  classes  with  regard  to  these  characteristics. 

3.  Instructional  Strategies 

Both  the  classroom  observational  data  and  the  teacher  questionnaire  data  were  then 
examined  for  possible  identification  of  effective  teaching  strategies.  In  particular,  the 
study  compared  the  behaviour  of  each  of  the  two  teachers  whose  classes  displayed 
exceptional  achievement  gains  to  that  of  the  other  teachers  in  their  respective 
groups. 

3.1.  Time  Allocated  to  Various  Instructional  Practices 

On  a  four  point  scale  (no  time,  a  little,  a  fair  amount,  and  a  great  deal)  the  teachers 
reported  the  amount  of  time  they  allocated  to  the  following  six  instructional  and 
managerial  practices: 

1.  Questions  directed  to  the  whole  class 

2.  Monitoring  or  giving  help  to  individual  students 

3.  Teaching  the  whole  class 

4.  Teaching  small  groups 

5.  Monitoring  while  students  work  in  small  groups 

6.  Disciplining  students 

Teacher  331  spent  much  more  time  on  activities  I,  2,  3,  and  5  than  did  the  other 
teachers  in  Group  1.  However,  this  was  not  the  case  for  Teacher  101,  who  did  not 
differ  from  the  other  teachere  in  Group  2  on  any  of  these  activities. 
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3.2.  Planned  Lesson  Emphases  and  Lesson  Intentions 

The  teachers  were  asked  to  state  the  frequency  with  which  they  made  use  of  four 
specified  emphases:  (a)  introduction  of  new  material,  (b)  extension  of  new  material, 
(c)  review  to  refresh  memory,  and  (d)  review  to  correct  misunderstanding.  The  first 
two  emphases  were  used  much  more  frequently  by  the  effective  teachers  (about  80  to 
100  percent  of  the  time)  than  by  the  others  (about  50  percent).  Emphases  (c)  and  (d) 
were  seldom  used  by  the  successful  teachers,  but  were  used  about  50  percent  of  the 
time  by  the  others. 

Four  les3on  intention  were  investigated:  (a)  comprehension  of  a  concept,  (b)  teaching 
rules,  (c)  applying  previous  learning  to  new  situations,  and  teaching  social  and 
interpersonal  skills.  The  two  effective  teachers  reported  a  highsr  frequency  of  use  of 
(a)  and  (c),  and  a  lower  use  of  (b),  than  did  the  other  teachers.  None  of  the  teachers 
reported  using  (d). 

The  lesson  emphases  and  intentions  used  by  the  effective  teachers  appear  to  reflect  a 
teaching  model  that  emphasizes  the  presentation  of  new  material  followed  by  a  great 
deal  of  application  of  that  new  material  to  ensure  that  the  students  have  grasped  its 
content. 

4.  Classroom  Interaction 

Data  pertaining  to  classroom  interaction  had  been  collected  through  the  Five  Minute 
Interaction  (FMI)  observational  instrument,  on  eight  different  days  or  observation 
occasions.  To  cast  this  large  and  unwieldy  volume  of  data  into  a  form  more  amenable 
to  display  and  analysis,  the  original  interaction  categories  were  grouped  into  four 
major  interaction  types:  (1)  Classroom  Management  (4  categories);  (2)  Instruction  (6 
categories);  (3)  Teacher/Student  Exchanges  (12  categories);  (4)  Seatwork  (2 
categories). 

These  four  interaction  types  were  then  graphed  as  a  function  of  time  (strictly 
speaking,  as  a  function  of  the  ordinal  number  of  the  observation  record  within  each 
observation  period).  The  resulting  graphs  proved  very  effective  in  presenting  a  large 
amount  of  information  in  a  small  space  (Hanna,  Postl.Truab,  and  Wolfe,  1986). 

To  assess  the  bearing  of  observed  classroom  interaction  on  achievement,  the  two 
classes  with  high  gains  (classes  331  and  101)  were  compared  to  the  two  corresponding 
classes  with  the  lowest  gains,  (classes  222  and  302). 
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For  both  of  the  achieving  teachers,  the  patterns  of  observation  showed  considerable 
inconsistency  from  one  observational  occasion  to  another.  There  were  in  fact,  more 
similarities  among  the  four  teachers  than  there  were  among  the  various 
observational  occasions  for  any  individual  teacher.  In  sum,  there  was  nothing  in  this 
display  of  the  observational  data  that  could  have  predicted  the  differences  in  mean 
achievement  gains. 

Summary 

The  significantly  greater  gains  in  mathematics  achievement  in  the  two  classes  with 
the  largest  gains  could  not  be  attributed  to  factors  other  than  teacher  behaviour. 
Analysis  of  teacher  questionnaires  revealed  differences  between  the  effective 
teachers  and  their  less  effective  counterparts.  The  teaching  strategies  that  seemed  to 
have  contributed  most  to  greater  achievement  gains  were  (a)  an  extremely  organized 
approach  to  teaching,  wherein  material  is  taught  until  the  teacher  feels  it  is 
mastered,  thus  reducing  the  need  for  frequent  review,  and  (b)  an  approach  in  which 
every  presentation  of  material  is  followed  by  extensive  practice  in  applying  the 
material  to  new  situations. 

Analysis  of  the  classroom  observations,  on  the  other  hand,  did  not  yield  any  insight 
into  the  influence  of  classroom  interaction  on  achievement  gains. 
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THE  USE  OF  EXPLICITLY  INTRODUCED  VOCABULARY 
IN  1TBLPING  STUDENTS  TO  LEARN,  AND  TEACHERS  TO  TKACH 
IN  MATHEMATICS 


John  Mason,  Open  University 
Joy  Davis,  Rumney  College 


Abstract 


He  claim  thnt  explicit  use  of  terms  for  technical  aspects  of 
mathematical  thinking  and  teaching  can  help,  and  we  describe 
the  activities  which  led  us  to  this  conclusion.  Kore 
Importantly,  we  describe  our  way  of  working  and  justify  our 
claim  by  reference  to  It,  by  expecting  our  readers  to 
recognise  what  we  are  saying  In  their  own  situation,  and 
thereby  Informing,  clarifying,  and  perhaps  altering  their 
own  activity. 

THE  PROBLEM 

When  teachers  are  invited  to  talk  about  their  teaching,  they  tend 
to  focus  on  lesson  content  and  to  shy  away  from  discussing  techniques, 
tensions  and  difficulties.  As  one  tutor  said  at  one  of  our  meetings, 
"People  want  to  talk  about  teaching,  but  they  don't  have  the  vocabulary 
for  it.  So  It  comes  over  that  they  don't  want  to.  "  In  the  related 
domain  of  feelings,  Lewis  and  Michelson  (1903)  note  that  although  some 
studies  have  focussed  on  how  children  and  adults  talk  about  their 
feelings,  very  little  Is  known  about  how  labels  are  actually  acquired 
for  feelings. 

The  problem  therefore,  is  how  to  improve  the  effectiveness  of 
teachers'  discussions  of  their  teaching,  and  correspondingly,  of 
students'  discussion  of  their  learning.  Our  belief  is  that  these  two 
domains  are  connected,  and  that  a  sensible  place  to  begin  is  to  work  on 
helping  teachers  to  talk  effectively  with  their  students  about  the 
learning  of  mathematics. 

Scardamalia  and  Bereiter  (1983)  suggest  that   (many)  students  are 
interested  In  analysing  their  cognitive  processes,  and  propose  some 
techniques  for  generating  reflection  in  children.  Our  approach  with 
adults,   is  to  develop  and  introduce  meaningful  vocabulary  for  the 
learning  and  doing  of  mathematics,  as  well  as  strategies  for 
negotiating  or  rejecting  that  vocabulary.  However,  words  in  themselves 
do  not  carry  meaning.  Meaning  arises  in  an  individual  as  a  result  of  a 
desire  to  make  seriBe,  which  acts  upon  some  recent  or  vivid  experiences, 
and  which  is  integrated  by  a  crystallizing  word  or  phrase.  For  example, 
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■ost  students  have  found  themselves  stuck  on  a  mathematics  problem  at 
some  t lac.  They  have  plenty  of  experience  of  getting  unstuck,  as  well, 
through  teacher  or  peer  questions  or  suggestions.  The  single  word 
STUCK,  used  as  an  acknowledgment  of  a  state,  can,  we  claim,   integrate  a 
number  of  vivid  experiences  of  being  stuck,  and  aid  rocall  of 
strategies  for  getting  unstuck  that  have  worked  in  the  past. 

HTPOTHSSRS 

1.     People  can  develop  their  mathematical  thinking,  learning,  and 
teaching  by  reflecting  on  their  experience; 

Comment:  Despite  the  adage,  experience  alone  is  insufficient  to 
guarantee  learning.  Play  with  Oienes  blocks  does  not  automatically  lead 
to  a  deep  tense  of  base  ten  notation.  As  Brophy  (1986)  observes,  "Mere 
engagement  in  activities  will  not  facilitate  learning,  of  course 
Bart  (1985)  studied  transitions  between  practical  activity  and 
f ormalimt  ion,  found  enormous  gaps,  and  questioned  the  myth  that 
' practice',  work  is  a  good  thing'   in  and  of  itself.  Schon  (1983)  and 
Kllpatrick  (1986)  highlight  the  role  of  reflection  in  learning  from 
experience . 

Z.     Even  where  change  in  behaviour,  attitude  and  perspective  takes 
place  without  conscious  overview,  it  follows  a  definite  pattern 
which  is  elaborated  in  Mason  (1984)  and  Mason  (1986),  but  can  be 
briefly  described  aa  follows: 

♦  Attontion  is  focussed  on  some  aspect  of  teaching,  or  learning,  or 
mathematics,  as  a  result  of  reading,  discussion,  or  observation 

( Attending) ; 

»  That  aspect  seems  to  make  sense  in  terms  of  past  experience 
( Resonating) ; 

•  Subsequently,  that  aspect  comos  to  attention  in  or  soon  after  an 
event,  either  spontaneously,  or  as  a  result  of  intentionally 
looking  out  for  it  (Noticing); 

*  An  alternative  behaviour-response  is  triggered  as  a  result  of 
noticing  an  opportunity  (Choosing). 
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Comment!  Our  radical  construct ivist  perspective  (Mason  and  Davis 
(1987),  von  Glascrsfeld  (1984))  leads  us  to  concentrate  on  studying  how 
we  and  other  people  construe  and  reconstruct  ideas  for  ourselves,  so 
that  ideas  become  'our  own'  and  integrated  into  our  behaviour, 
attitudes  and  perpsective.  Being  involved  in  in-service  and  mathematics 
teaching,  we  act  upon  our  our  bcliefB  by  constructing  events,  both 
faco-to-face  and  at  a  distance,  which  are  designed  to  foster  and 
support  senBe-mak ing . 


DEDUCTION 


Assuming  Hypothesis  2,   it  makes  sense  to  invoke  the  same  pattern  to 
investigate  Hypothesis  1.  Baldly  described,  our  method  is 

•  Offering  activities  (Wertsch  1981)  or  tasks  in  which  a  potent 
distinction  Is  often  noticed,  or  to  which  attention  can  be  drawn 
(Engaging) ; 

•  Drawing  attention  to  such  a  distinction  (Attending); 

•  Asking  people  to  interrogate  their  experience  and  see  if  they 
recognise  the  distinction  (Hesonating  with  awn  experiences) ; 

•  Inviting  people  to  sot  themselves  to  notice  the  distinction  and  to 
report  such  noticinga  vividly  to  colleagues  (Noticing); 

•  Suggesting  or  identifying  specific  teaching  techniques  or 
mathematical  processes  which  may  be  effective  or  appropriate  in  such 
situations  (Choosing); 

•  Inviting  people  to  share  vivid  reports  o£  the  use  of  such  techniques 
or  processes  as  part  o£  negotiating  and  enriching  the  meaning  tot 
vocabulary  (Deepening  through  Resonating  with  others). 

For  example,  no  a  result  o£  our  teaching  t.-skr.,  we  were  led  to  a 
particular  case  of  Hypotheses  1  and  '/■•■ 


THESIS 


Teachers  and  adult  students  can  improve  the  effectiveness  of  their 
reflection  by  being  encouraged  to  adopt  a  vocabulary  for  significant 
thinking  processes,  such  as  the  use  of 

Specialising  to  refer  to  a  wide  range  of  acta  in  which  abstract  and 
general  statements  are  particularised  to  concrete,  specific,  confidence 
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inspiring  examples  (all  relative  to  the  individual  of  course),  both  in 
mathematics  and  in  mathematics  education,  and  summarised  in  the 
expression,  Seeing  the  Particular  in  the  General. 

Generalising  to  refer  to  the  act  of  focussing  on  similarities  in 
several  situations,  leading  to  a  sense  commonality  and  generality,  and 
summarised  in  the  expression,  Seeing  the  General  in  the  particular . 

KNOW  and  HANT  to  refer  to  the  act  of  crystallising  and  recording 
what  you  know  that  is  relevant  to  the  problem,  and  what  you  want.  These 
tend  to  change  as  you  begin  to  make  progress. 

An  elaboration  of  th*  technical  uses  of  these  and  other  words,  and 
the  way  euch  technical  usee  are  introduced  in  a  manner  corresponding  to 
Hypothesis  2,  can  be  found  in  Mason  et  al  (1982)  and  Mason  (1984). 
Michener  (1978)  offers  additional  vocabulary,  but  does  not  elaborate 
particularly  on  a  method  of  introducing  the  vocabulary  to  students. 

COLLECTION  OF  EVIDENCE 

The  context  of  our  activities  consists  of  students  otudying  Open 
University  courses  and  of  running  in-service  workshops  for  O.U.  tutors, 
and  for  advisory  teachers,  teachers,  and  pupils.  One  0.0.  course  iB  in 
Mathematics  (3500  students  per  year),  and  two  others  are  in  Mathematics 
Education  (300  studentB  each  por  year).  These  are  studied  at  home  by 
correspondence,  supported  by  television  and  radio  broadcasts, 
tutorials,  and  in  the  case  of  mathematics,  a  week  long  summer  school  in 
the  middle  of  the  course.  Since  1982  wo  have  engaged  in  the  following! 

Activity  1  Informal  discussions  with  O.U.  students  about  learning 
na  Haematics. 

Activity  2  Meetings  with  O.U.  tutors  to  stimulate  reflection  on  and 
questioning  of  their  tutoring,  especially  with  regard  to 
conducting  mathematical  investigations  with  students,  and  to 
suggest  vocabulary  as  indicated  above,  for  use  by  them  with 
students.  The  meetings  were  conducted  along  the  lines 
indicated  in  Hypothesis  2. 

Activity  3  Structuring  of  investigative  workshops  for  O.U. 

undergraduates  at  face-to-face  summerschoolG  (3500  students 
each  for  a  week  at  one  of  3  sites  over  a  10  week  period)  in 
a  style  corresponding  to  Hypothesis  2. 
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Activity  4  Conducting  INSET  workshops  tor   teachers,  and  workshops  for 

pupils  in  the  same  style. 
Activity  5  Course  texts  written  for  adult  O.U.  students,   in  the  style 


Activity  6  Course  texts  were  written  for  mathematics  teachers  (300  pet 
year)   in  the  style  of  Hypothecs  2  (O.U.  1980). 

Information  and  evidence  was  collected  in  a  disciplined  (Mason  1984) 
but  informal  manner  as  follows: 

1.  Audio  recordings  were  made  of  meetings,   fron  which  pertinent 
anecdotes  and  quotations  were  selected,   to  use  as  stimuli  in 
subsequent  meetings.  For  example,  one  student  said  "1  study  a  text 
for  4  neck,  do  the  assignment,  score  well,  but  three  weeks  later  I 
can't  remember  anything  about  it."  We  have  found  that  when  quoted  to 
students  at  suMm*rochool ,  there  is  an  Imcxdiate  moan  of  recognition, 
and  a  sense  that  they  appreciate  that  we  understand  something  of 
what  it  is  like  to  be  an  O.U.  student.  This  is  a  good  example  of 
resonance,  and  its  use  to  communicate  effectively  with  people. 

2.  Audio  recordings  were  made  and  used  analogously  to  activity  1. 

3.  Anecdotal  but  unsystematic  observation  suggests  that  over  the  four 
years  since  we  began,   tutor  and  student  attitude  to  investigations 
has  changed  markedly  from  negative,  barely  tolerant  to  accepting  or 
even  enthusiastically  positive,  as  reported  in  Davis  and  Mason 
(1984).  Tutors  are  found  using  the  suggested  vocabulary,  not  just  in 
investigation  sessions,  but   in  lectures  and  tutorials;  course 
authors  have  picked  up  the  vocabulary  and  used  it  in  subsequent 
redrafts  of  mathematics  texts  ft>r  students. 

4.  He  use  live  workshops  for  the  honinq  and  precising  of  activities 
which  are  then  used  in  texts  as  described  in  the  DEDUCTION.  A  major 
force  in  our  methodology  is  the  search  for  resonance  -  first   in  past 
experience,  and  then  subsequently   in  noticing  that  aspect   in  new 
situations.   (See  O.U.  1982  for  examples.) 

5.  He  look  for  spontaneous  utterances  from  students  at  summerschools 
during  the  particular  or  subsequent  courses.  For  example,  Davis 
reported  a  student   in  a  tutorial  group  for  an  advanced  O.U. 
mathematics  course  as  follows: 


of  Hypothesis  2.  Our  main  study  coincided  with  the  redraft 
of  the  original  text  (Mason  (1980),  and  strongly  influenced 


the  new  version  (Mason  1984). 
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■:ne  student  was  invited  f  go  to  the  board  and  co-ordinate 
suggestionsfrom  the  others.    ...   Then  he  said  out  loud,   and  wrote,  "I 


of  one  of  our  frameworks  which  I  had  not  yet  myself  used  with  this 
oroup,   and  asked  him  where  he  had  come  across  this  approach.    "Oh,  I 
found  it  some  years  ago  in  a  book  (the  O.U.   text   (19B0)  referred  to 
earlier),   and  I've  used  it  ever  since  because  it's  so  useful.  It 
helps  me  to  get  started  on  questions,    to  organise  my  thinking,  and 
to  get  me  out  of  being  stuck. " 

The  spontaneity  and  richness  of  experience  suggested  by  the  remark  Is 
most  gratifying.  Our  criteria  for  success  do  not  depend  on  achieving 
any  particular  density  of  spontaneous  uses  of  the  suggested  vocabulary, 
because  ue  do  not  want   to  get   trapped  into  trying  to  prompt  students  to 
'give  us  vhat  we  want  to  hear'.  We  have  recorded  enough  such  utterances 
to  convince  ourselves  that  students,   and  teachers  can  become  more 
reflective  and  more  effective.  We  make  no  claims  of  necessity. 

[>.   Remarks  under  5  apply  to  activity  6  as  well.   In  November   1986  we 
conducted  a  survey  of  ex-students  on  the  mathematics  education 
courses.  Of   the  896  students  approached,   replies  were  received 
from  625   (69%).  Of  these 

40*  said  they  now  use  Do,   Talk,  Record  (one  of  the  course 

frameworks),   most  of  the  time; 
92%  said  they  now  use  It  some  or  most  of  the  time; 
56%  said  they  were  using  one  or  more  of   the  frameworks 
explicitly  with  their  pupils. 
On  the  surface,   such  responses  seem  encouraging,   but  whether  the 
respondents  all  mean  the  same  thing  by  "use  most  of  the  time",  is 
impossible  to  tell,   and   rather  unlikely.  We  choose  to  Interpret  the 
results  simply  as   indication  that  there  may  be  some  potential  In 
our  approach.  Our  methodology  validates   its  findings  In  other  ways. 

VALIDATION 

Our  Radical  Cons t r uct lv 1 s t   approach  loaves  valid  'y  to  the 
practitioner.   We  neck   resonance   in  those  we  work  with  face-to-face.  We 
then  write  our   textr.   in  a  coi  respond  iny  marmot;  to  try  to  promote 
remnance  anti  pflective  reflection.  This  report    is  not   presented   in  as 


KNOW 


1  WANT 


I  was  surprised  to  observe  such  explicit  use 
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self-consistent  a  style  as  we  would  wish,  due  to  limitations  of  space 
and  in  order  to  meet  the  usual  research  requirements.  Our  preference, 
and  our  methodology,   require  us  to  present  exercises  through  which 
readers  might  attend  to  some  pertinent  noticing,   recognise  it  in  their 
experience,  and  so  be  moved  to  notice  something  in  the  future  which 
otherwise  might  have  gone  unnoticed.  Validation  of  our  thesis  resides 
for  each  person  in  the  extent  to  which  they  recognise  soaething  of  what 
we  describe,   in  their  own  situation,  and  find  their  own  experience 
enriched  or  clarified  as  a  result  of  trying  to  construe  our  report. 
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YOUNG  CHILDREN'S  UNDERSTANDING  OF  NUMBER  AND  UNIT  IN  A  CONTINUOUS  DOMAIN 
Patricia  F.  Campbell,  Greta  G.  Fein,  and  Shirley  S.  Schwartz 
University  of  Maryland,  College  Park 


Kindergarten  and  first-grade  children's  developing  con- 
ceptualization of  number  and  unit  in  the  domain  of  length 
was  assessed  using  a  computerized  estimation  game  format. 
Assessment  occurred  after  2,  4,  and  6  hours  of  Logo  keyboard 
experience.    Preliminary  results  indicate  significant  effects 
due  to  grade,  unit  of  measure  and  magnitude. 

Much  research  has  focused  on  the  development  of  counting  skills 
(Fuson,  Richards  &  Briars,  1982;  Gelman  &  Gallistel,  1978)  and  the 
importance  of  counting  in  mathematical  development  (Carpenter  &  Moser , 
1984;  Fuson,  1982,  1984).    However,  number  in  its  most  general  form  is  a 
measure  of  quantity.    What  distinguishes  number  from  sequencing,  as  in 
rote  counting,  is  a  unit  of  measure.     In  assigning  a  number  to  a 
collection  of  discrete,  discontinuous  items  via  counting,  the  units  are 
the  individual  items  in  the  collection.    In  that  case,  quantity  is 
determined  only  by  the  number  of  unit  entities,  regardless  of  their 
size.    However  in  the  most  general  case  of  measure,  quantity  is  a 
function  of  both  the  number  of  units  and  the  size  of  the  units. 
Further,  different  units  may  be  utilized  when  determining  quantity. 
Accordingly,  in  this  domain,  the  effect  of  unit  transformation  is  much 
more  complex.    Young  children  appear  to  understand  measurement  as  a 
relationship  between  increased  quantity  and  increased  unit  numerosity. 
However  the  inverse  relationship  between  unit  size  and  the  number  of 
units  is  difficult  for  young  children  (Carpenter  1975;  1976;  GaTperin  S 
Ceorgiev,  1969;  Hiebert,  1981). 

In  their  information-processing  model,  Klahr  and  Wallace  (1976) 
hypothesize  that  individuals  generate  an  internal  representation  of  a 
component  of  the  total  space  or  quantity  to  be  measured.  This 
representation  serves  as  an  internal  unit;  numerical  values  may  be 
associated  with  it.    Further  research  is  needed  to  determine  how 
children  determine  unit  size,  coordinate  number  words  with  unit 

The  project  reported  herein  was  performed  pursuant  to  Grant  No.  MSMA  1 
R03  42345-01  from  National  Institute  of  Mental  Health  to  the  first 
author.     Any  opinions,  findings  and  conclusions  are  those  of  the  authors 
and  do  not  necessarilty  reflect  the  position  or  policy  of  the  National 
Institute  of  Mental  Health. 
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iteration,  and  maintain  consistent  unit  sizes  during  measurement  and 
estimation  tasks. 

Logo  provides  an  arena  in  which  young  children  may  define,  create 
and  manipulate  units,  maintain  or  predict  unit  size,  and  create  length 
rather  than  end  point  representations  through  either  iterative  or 
numeric  distance  commands.    Further,  Logo  permits  a  child  control  of 
transformations  of  unit  size  and  number  without  the  distracting 
processing  and  dexterity  demands  associated  with  measuring  instruments 
and  physical  quantity.    This  study  utilized  Logo  as  a  controlled  setting 
in  which  young  children's  developing  understanding  of  distance  and  the 
inverse  relationship  between  unit  size  and  number  was  examined. 

METHODOLOGY 

Sub  lects.    The  subjects  for  this  study  were  26  kindergarten  and  23 
first-grade  children  from  a  diverse  racial  and  ethnic  population  of 
middle/upper-middle  class  socio-economic  status. 

Experimental  Design.    The  dependent  variables  were  children's 
understanding  of  distance  in  terras  of  a  unit  of  measure  and  children's 
conceptualization  of  the  inverse  relationship  between  the  number  of 
units  and  unit  size.    These  variables  were  measured  by  an  Estimation  of 
Distance  task  that  varied  both  unit  size  and  partitioning  constraints. 
The  independent  variables  were  grade,  Logo  experience  and  the  spatial 
factors  inherent  to  distance  representation  (the  length  to  be  measured 
[long  or  short]  and  the  orientation  of  the  distance  path  in  the  plane 
[horizontal,  vertical  or  oblique]). 

Procedure.    Each  of  the  first-grade  children  received  Logo 
instruction  in  small  groups  of  12  children  during  one-hour  sessions  once 
a  week.    Each  of  the  kindergarten  children  received  Logo  instruction  in 
small  groups  of  six  children  during  15-  to  20-rainute  sessions 
approximately  two  to  three  times  per  week.    Following  each  instructional 
session,  the  Logo  instructors  recorded  the  number  of  minutes  of 
individualized  Logo  exploration  keyboard  time  made  available  for  each 
child. 

Logo  instruction  for  the  first-grade  children  utilized  the  Turtle 
Graphics  component  of  Logo;  the  kindergarten  children  utilized  a  version 
of  Instant  Logo  which  required  the  RETURN  key  to  be  struck  with  each 
single  keystroke.    The  kindergarten  children  spent  approximately  two 
months  completing  pre-Logo  movement  activities  followed  by  exploration 
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with  a  Logo  robot  prior  to  introduction  to  the  triangular  cursor  on  the 
monitor  screen. 

Estimation  of  Distance  Task.    The  Estimation  of  Distance  Task 
utilized  a  hypothetical  setting  that  required  the  child  to  move  the 
triangular  cursor  from  an  initial  location  to  a  targeted  position  on  the 
monitor  screen  in  either  one  move  (go  all  the  way  to  the  target)  or  in 
two  moves  (first  go  half  way  to  the  target,  then  go  the  rest  of  the 
way).    Because  this  assessment  was  to  neasure  only  distance  estimation, 
not  direction  estimation,  the  initial  heading  of  the  cursor  wa3  always 
positioned  toward  the  target.    A  line  segment  representing  the  distance 
traversed  by  a  single  forward  unit  was  visible  during  each  item 
presentation. 

Each  of  the  three  Estimation  of  Distance  assessments  were 
individually  administered  in  two  15-20  minute  sessions.    The  two 
sessions,  each  presenting  24  items,  were  conducted  within  a  one  week 
period  after  2,  4  and  6  hours  of  individualized  Logo  keyboard  time.  The 
first  12  items  in  each  session  consisted  of  12  targets  whose  distances 
were  to  be  estimated  using  a  unit  length  of  10  turtle  steps  (Ui).  The 
next  12  items  in  the  session  utilized  a  forward  unit  length  which  was 
either  half  (Ult)  or  double  (Ui)  the  original  unit.    Children  in  each 
grade  were  randomly  assigned  to  either  the  Ui  Ufc  or  the  Ui  Ui  condition. 
During  the  second  testing  session  of  each  assessment,  the  last  12  items 
were  estimated  using  the  other  unit  length.     In  both  testing  sessions, 
the  items  alternated  between  the  Single  Move  and  the  Two  Moves 
condition . 

Fcr  half  of  the  items,  the  distance  to  the  target  was  short  (6,  8, 
or  10  Ul  units);  for  half  of  the  items  the  distance  was  long  (12,  16  or 
20  Ul  units).    Children  in  each  grade  were  randomly  assigned  to  one  of 
12  distance  presentation  patterns. 

The  path  between  the  initial  cursor  position  and  the  target 
location  was  either  a  horizontal,  vertical  or  oblique  directed  line 
segment.    Children  in  each  distance  pattern  were  randomly  assigned  to 
one  of  six  possible  patterns  for  orienting  the  target  path  on  the  plane 
of  the  monitor  screen.    Because  pairs  of  items  were  balanced  for  the 
three  angles  of  orientation,  this  assignment  controlled  for  the 
representation  of  the  Move  condition  across  alternating  items.  In 
addition,  each  path  orientation  occured  for  both  long  and  short 
distances.    Each  student's  path/distance  pattern  for  the  first  12  items 
was  repeated  for  items  13-24. 
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ANALYSIS  AND  RESULTS 


The  following  repeated  measures  analyses  reflect  data  collected 
after  2  and  A  hours  of  Logo  keyboard  time.    Two  dependent  measures  were 
utilized.    The  Numerical  Estimate  of  Distance  measure  is  the  number  of 
units  entered  as  the  initial  estimate  of  distance  in  response  to  each 
item  in  the  U    condition.    The  Estimation  Accuracy  measure  is  the  ratio 
of  the  number  of  units  initially  estimated  to  the  correct  number  of 
units.    This  measure  was  calculated  for  each  item  under  all  three  unit 
conditions  (Ul,  Ujt,  U»).    Both  of  these  measures  were  analyzed 
separately  across  the  Move  conditions.     In  each  analysis  the  covariance 
structure  was  checked  to  determine  if  assumptions  for  repeated  measures 
was  satisfied;  if  necessary,  adjusted  JJ  values  were  computed  using  the 
Greenhouse-Geiaser  correction. 

The  initial  analysis  sought  only  to  determine  if  the  children  did 
in  fact  estimate  different  lengths  with  differing  numbers.  This 
analysis  utilized  the  Numerical  Estimate  of  Distance  measure  with  a 
Grade(2)  x  Time(2)  x  Session(2)  x  Length(6)  ANOVA  with  repeated  measures 
on  the  last  three  factors.    Under  the  Single  Move  condition,  significant 
effects  due  to  grade  (F(l,  47)  -  9.75,  s.  -  .003)  and  length  (F(5,235)  = 
26.06,  j)  <  .0001)  were  noted.    The  first-grade  children  were  more 
accurate  estimators  overall;  as  the  distances  increased,  the  children 
estimated  the  length  with  larger  numbers.    No  significant  grade  effect 
was  noted  in  the  data  collected  under  the  Two  Moves  condition.  The 
significant  effect  due  to  length  noted  under  the  Single  Move  condition 
was  also  present  under  the  Two  Moves  condition  (£(5,235)  ■  20.79,  j)  < 
.0001).    Under  the  Single  Move  condition,  the  children  generally  tended 
to  underestimate  the  total  distance  to  the  target;  when  estimating  half 
the  distance  to  the  target,  the  children  tended  to  overestimate  the 
distance. 

Subsequently,  a  Grade(2)  x  Time(2)  x  Session(2)  x  Orientation  in 
the  Plane(3)  x  Distance(2)  ANOVA  with  repeated  measures  on  the  last  four 
factors  was  completed  using  the  Estimation  Accuracy  data  collected  under 
the  Ul  condition.    Because  the  ratios  of  the  children's  initial 
estimation  of  length  to  the  actual  length  were  not  normally  distributed, 
this  analysis  was  completed  on  the  logarithms  of  the  ratios  in  order  to 
yield  homogeneity  of  variance.    Because  of  the  use  of  logarithmic  data, 
geometric  means  were  computed. 
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Under  the  Single  Move  condition,  significant  main  effects  due  to 
time  (F(l,47)  =  5.3,  £  -  .0259)  and  grade  (F  (1,47)  =.  18.37,  &  <  .0001) 
were  noted.    Significant  interactions  were  also  indicated  between  time 
and  distance  (£(1,47)  =  6. 07,  j,  =  .0174)  and  between  orientation  and 
distance  (F(2,94)  »  3.77,  £  =  .0346).    The  first-grade  children  were 
more  accurate  than  the  kindergarteners  with  accuracy  for  all  children 
improving  over  time.    After  two  hours  of  Logo  keyboard  time,  the 
children  tended  to  underestimate  the  distance  to  the  target  by  322; 
after  four  hours  of  Logo  keyboard  time,  the  children  were 
underestimating  the  distance  by  24%.    Examination  of  the  time  x  distance 
interaction  means  revealed  that  after  two  hours  of  Logo  keyboard  time, 
the  children  were  underestimating  the  longer  distances- by  38%  and  the 
shorter  distances  by  27%.    However,  after  four  hours  of  Logo  keyboard 
time,  both  longer  and  shorter  distances  were  being  underestimated  by 
24%.    The  interaction  means  also  indicated  that  while  longer  distances 
were  more  difficult  to  estimate  than  were  shorter  distances  when 
positioned  as  either  horizontal  or  vertical  lines,  this  pattern  reversed 
for  oblique  lines.    A  significant  time  x  distance  x  grade  interaction 
was  also  indicated  (F(l,47)  -  5.12,  £  -  .0283).    Under  the  Two  Moves 
condition,  the  grade  effect  persisted  (F(l,47)  »  8.5,  £  -  .0054)  along 
with  a  significant  effect  due  to  distance  (F(l,47)  »  14.06,  £  =  .0005). 
As  the  distance  to  the  target  increased,  so  did  the  children's 
underestimation  of  half  of  that  length.    The  shorter  lengths  were 
underestimated  by  7%;  the  longer  distances  were  underestimated  by  20%. 

The  analyses  thus  far  have  considered  children's  ability  to 
associate  a  numeric  value  with  either  a  total  or  a  partitioned  distance 
for  a  fixed  unit  (Ui)  of  length.     In  addition,  the  children  also 
estimated  the  lengths  of  these  same  distances  when  the  unit  of  measure 
was  either  doubled  (Ul)  or  halved  (U)i).    The  Estimation  Accuracy 
measures  under  these  conditions  were  evaluated  with  a  Grade(2)  x  Time(2) 
x  Unit  Size(2)  x  Orientation  in  the  Plane(3)  x  Distanced)  A  NOVA  with 
repeated  measures  on  the  last  four  factors.    Under  the  Single  Move 
condition,  significant  main  effects  due  to  grade  (F(l,47)  =  11.46,  £  = 
.0014)  and  unit  (F(l,47)  =  145.99,  £  <  .0001)  were  indicated  us  was  a 
significant  interaction  of  unit  with  grade  (F(l,47)  =  11.82,  £  -  .0012). 
Overall  the  children  tended  to  overestimate  the  distance  to  the  target 
by  approximately  2%  when  using  the  doubled  unit  (Ul);  however,  with  the 
halved  unit,  the  children  underestimated  the  length  to  the  target  by 
approximately  50%  (62%  for  kindergarten  children;  35%  for  first 
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graders).    When  the  doubled  unit  was  present,  the  kindergarten  children 
were  very  accurate,  averaging  only  a  3Z  underestimation.  Conversely, 
the  first-grade  children  tended  to  overestimate  with  the  doubled  unit  by 
about  9Z.    A  tine  x  unit  x  grade  interaction  was  also  significant 
(£(1,47)  =  4.88,  £  »  .0321).    Under  the  Two  Moves  condition,  the 
significant  main  effect  due  to  unit  aize  persisted  (£(1,47)  »  111.76,  £ 
<  .0001)  as  did  the  unit  x  grade  interaction  (F  (1,47)  -  6.53,  £  - 
.0139);  however,  the  overall  level  of  accuracy  diminished.    Under  the 
halved  unit  condition,  the  children  tended  to  underestimate  the  position 
half  way  to  the  target  by  about  422  (50Z  for  kindergarteners;  3lX  for 
first-graders)  while  they  overestimated  the  half-way  position  with  the 
doubled  unit  by  approximately  10Z  (9Z  for  kindergarten  children;  12Z  for 
first-grade  children).    In  addition,  a  significant  main  effect  due  to 
distance  was  indicated  under  the  Two  Moves  condition  (F(l,47  »  38.65, 
-  .0001)  as  was  a  distance  x  grade  interaction  (F(l,47)  -  8,42,  &  « 
.0056).    The  partitioning  of  longer  distances  was  underestimated  by 
about  30Z  (40Z  for  kindergarten  children;  18Z  for  first-grade  children) 
while  the  partitioning  of  shorter  distances  was  underestimated  by  only 
8"  (10Z  in  the  kindergarten;  5Z  in  the  first  grade). 


The  analysis  described  above  is  preliminary  as  data  from  the  third 
assessment  period  is  currently  being  collected;  however,  some  trends 
seem  to  be  present.    The  children  did  understand  that  a  distance  could 
be  traversed  by  iterating  a  given  unit  of  measure;  as  the  unit  of 
measure  decreased  in  size,  the  estimation  task  became  more  difficult. 
The  children  did  understand  that  a  compensatory  relationship  existed 
between  the  unit  size  and  the  number  of  defining  units.  Further 
analysis  is  planned  to  examine  whether  the  children's  estimations  reveal 
application  of  the  inverse  relationship  between  unit  size  and  unit 
nuoerosity  and  whether  the  children  realize  that  equal  distances  remain 
equal  when  they  are  measured  with  a  different  number  of  units  (Carpenter 
&  Lewis,  1976). 

Although  longer  distances  were  more  difficult  to  estimate,  the 
children  gained  proficiency  over  time.    Further  analysis  is  planned  to 
investigate  whether  having  visible  versus  invisible/self-determined 
targets  (Single  Move  versus  Two  Move  condition)  influences  the  length 
effect.    Even  the  kindergarten  children  understood  that  a  distance  could 
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be  partitioned  into  two  components  and  that  the  numeric  value  £or  length 
assigned  to  any  one  component  would  be  less  than  the  numeric  length 
value  assigned  to  the  original  distance.    Howver,  many  of  the  children 
had  difficulty  determining  what  that  smaller  numeric  value  should  be. 

Although  significant  main  effects  due  to  Logo  keyboard  time  are 
indicated  in  these  results,  further  analysis  is  pending.    A  control 
group  of  first-grade  children  who  have  had  no  Logo  experience  will  be 
administered  the  Estimation  of  Distance  Task  at  the  time  that  the 
first-graders  with  Logo  are  completing  their  third  assessaent. 
Subsequent  comparison  of  these  two  sets  of  first-grade  data  will  serve 
to  control  the  confounding  effect  of  development  and  maturation. 
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MECHANISMS  OF  TRANSITION  W  THE  CALCULATION  OF  VOLUME  DURING 
THE  CONCRETE  SYMBOLIC  MODE 
K.F.  Collla  and  K.J.  Campbell 
university  of  Tasmania 


Forty  Eight  primary  school  children  were  tested  Individual- 
ly on  a  series  of  tasks  related  to  the  calculation  of  the 
volume  of  physical  or  pictured  rectangular  solids,  some 
constructed  from  individual  cubea.  others  undivided.  A 
developmental  sequence  was  found  which  was  analysed  using 
the  SOLO  Taxonomy.    This  showed  clearly  how  the  young  child 
starts  by  focusing  on  the  external  aspects  of  the  figure 
and  gradually  moves  to  an  appreciation  of  its  internal 
structure.    The  results  could  not  be  explained  simply  bw 
the  child's  number  skills,  and  the  developmental  sequence 
was  justified  by  a  Guttmann  reproducibility  coefficient  of 
r  »  0.90.  obtained  over  several  tasks.    The  results  were 
related  to  performance  on  transformation  tasks  used  by 
Piaget  et  al.  (1960)  and  Lunzer  (1960)  in  order  to  clarify 
questions  raised  by  Lunzer  concerning  Piaget 'a  theory  of 
the  primacy  of  topological  notions  of  volume. 


INTRODUCTION 

The  aim  of  this  study  was  to  validate  and  to  extend  the  theory  of  the 
SOLO  Taxonomy  (Biggs  and  Collis.  1982)  through  its  application  to  a  new 
set  of  mathematical  data,  and  to  analyse  the  transition  mechanism  by 
which  children  move  between  successive  levels  of  development.    A  pilot 
study  involving  detailed  examination  of  some  of  the  doled  format  math- 
ematics items  used  by  Co Ills,  Romberg  and  Jurdak  (1986)  revealed  an 
Interesting  sequence  of  development  on  a  series  of  questions  related  to 
the  volume  of  pictured  three  dlmenaional  rectangular  solids  constructed 
from  Individual  cubes.    A  sequence  of  changes  in  the  way  in  which  child- 
ren organised  individual  cubes  for  counting  appeared  to  reflect  suc- 
cessive steps  in  their  ability  to  conceptualise  and  Integrate  the  three 
dimensions.    This  developmental  sequence-  proved  amenable  to  analysis 
using  the  SOLO  Taxonomy,  and  allowed  Investigation  of  the  way  in  which 
children  come  to  use  the  three  dimensions  in  understanding  volume. 
This  latter  is  a  subject  of  long-standing  controversy  between  Piaget. 
Inhelder  and  Szeminaka  (1960)  and  Lunzer  (1960).    Piaget  et  al.  contend 
that  the  child's  first  understandings  of  volume  are  topological.  Lunzer 
(1960),  who  replicated  the  general  stages  of  development  discovered  by 
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Piaget  et  al. ,  disputed  the  theory  of  the  primacy  of  topological  no- 
tions.   The  present  research  examines  the  mechanisms  involved  and 
providea  some  further  insights  into  the  child's  understanding  of  the 
concept  of  volume. 


Forty  eight  primary  school  children  in  grades  2  to  6,  and  from  middle 
class  areas  of  Hobart,  were  tested  individually  on  a  series  of  tasks 
related  to  the  calculation  of  volume.    The  same  testing  procedure  was 
used  with  each  child.    The  items  Included: 

(A)  Pictured  constructions:    Three  sets  of  questions  in  the  format  de- 
veloped by  Collia,  Romberg  and  Jurdalc  (1986)  required  the  child  to  cal- 
culate the  number  of  cubes  used  to  build  pictured  constructions  made 
from  individual  cubes. 

(B)  Transformation  tasks:    Four  transformation  tasks  were  used.    Two  In- 
volving physical  Constructions  were  those  used  by  Piaget  et  al.  (I960) 
and  Lunzcr  ( I960) .    In  the  Piaget  et  al .  task  children  had  to  build  on 

a  2x2  base,  a  tower  made  with  the  same  number  of  cubes  as  a  3x3x4  con- 
struction also  made  from  individual  cubes.    In  the  task  developed  by 
Lunzer,  the  original  construction  (equivalent  to  4x4x3  cubes)  had  no 
visible  divisions  into  Individual  cubes,  but  one  row  or  column  of  cubes 
was  placed  along  each  dimension.    Children  had  to  use  this  Information 
to  calculate  the  number  of  cubes  needed  to  construct  the  whole  figure, 
and  to  build  a  new  tower  of  equal  volume,  but  on  a  2x3  base.  Equivalent 
pictorial  representations  of  these  two  transformation  tasks  were  also 
included. 

In  addition  several  other  tasks  were  included  to  throw  more  light  on 
the  behaviours  under  examination.    These  were:  - 

(i)  Conservation  of  Interior  volume:    A  3x3x4  "house"  was  transformed 
into  a  1x36x1  "bungalow",  and  appropriate  conservation  questions  asked. 

(II)  Invisible  cubes:  Children  who  did  not  include  invisible  cubes  when 
counting  a  pictured  construction  were  asked  (a)  vhether,  if  they  were 
to  build  the  item  with  real  cubes,  they  would  need  to  use  any  cubes  not 
shown  in  the  picture;  (b)  whether  any  cubes  would  be  needed  under  the 
back  corner  cube,  and  if  so,  how  many. 

(III)  Faces   and  cubes:    All  children  were  asked  about  how  individual 
pictured  faces  combined  to  form  cubes,  and  to  give  an  opinion  about  an 
inappropriate  combination  of  faces. 

(lv)  Impossible  figure:  The  final  pictured  construction  was  an  "imposs- 
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lble"  figure  In  that  two  elevated  cubes  were  depleted  with  no  support- 
ing cubes.    Children's  reactions  were  gauged  aa  they  were  asked  to 
count  the  cubes,  and  then  make  the  construction. 

(v)      Memory  questions;    Children  were  asked  to  memoriae,  and  then  to 
build  f ro»  individual  cubes,  immediately  upon  removal  of  the  original, 
four  constructions,  each  presented  Individually.    Two  were  easy  and  two 
more  difficult.    Two  were  presented  physically,  two  plctorlally. 
(vl)    Number  skills;    To  Investigate  the  relationship  of  numerical 
skills  to  ability  to  calculate  voluaa,  children  were  asked  to  solve,  at 
the  start  of  the  interview,  equivalent  numerical  items  which  contained 
no  reference  to  the  counting  of  cubes  in  three  dimensional  construct- 
ions. 


The  results  will  be  discussed  In  three  parts:-  (A)  The  developmental 
sequence  observed  on  the  pictured  constructions;  (B)  The  transformation 
tasks;  and  (C)  Numerical  items. 

(A)  Pictured  Constructions.    The  following  sequence  of  development  in 
counting  the  cubes  used  in  pictured  constructions  was  observed.  The 
developmental  sequence  is  described  in  terms  of  the  SOLO  Taxonomy  and, 
based  on  two  criteria,  all  steps  are  within  the  concrete  symbolic  mode: 
(i)  All  children  conserved  interior  volume;  (ii)  The  tasks  Involve 
quantitative  abilities. 
Steps  within  the  Unlstructural  Level. 

(1)  Visible  cubes  only  are  counted.  Individually,  and  In  a  relatively 
disorganised  manner. 

(2)  Visible  cubes  are  counted,  Individually ,  but  organised  into  (the 
visible  aspects  of)  raws,  columns  or  layers. 

(3)  Visible  cubes  are  counted  first,  individually;  some  Invisible  cubes 
are  included  afterwards  -  Incorrectly  and  In  a  disorganised  manner. 
Steps  within  the  Multlstructural  Level. 

(4)  Visible  and  invisible  cubes  are  organised  together  in  a  non-optimal 
way,  and  are  counted  Individually. 

(5)  Visible  and  Invisible  cubes  are  still  counted  Individually ,  but 
they  are  well  organised  into  a  consistent  arrangement  of  rows,  columns 
or  layers,  which  reflects  the  Internal  structure  of  the  building. 

(6)  Visible  and  Invisible  cubes  are  chunked  together  within  a  group 
(that  is  a  row,  column  or  layer),  and  successive  chunks  are  added. 

(7)  Doubling  is  used  to  combine  two  similar  layers. 
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(8)    Multiplication  is  used  to  find  the  total  number  of  cubes  in  several 
similar  groups. 

Some,  but  not  all  of  the  children  who  multiplied  had  reached  the  relat- 
ional level.    The  criterion  of  relational  level  ability  used  here,  is 
the  generalisation  of  these  multiplication  skills  to  constructions  where 
the  individual  units  (division  into  cubes)  are  not  shown. 
Identical  sequences  of  development  were  found  for  constructions  made  of 
physical  cubes,  except  in  these  cases  "visible"  cubes  corresponded  to 
all  the  cubes  which  i'ould  be  seen  on  the  outside  of  the  construction. 
This  would  seem  equivalent  to  the  topological  appreciation  of  the  object 
described  by  Pxaget. 

Coping  with  Invisible    Cubes.     Some  additional  tasks  were  included  to 
investigate  why  children  at  the  earliest  stages  fail  to  include  invisible 
cubes.    First,  in  77%  of  caseB  wbare  invisible  cubes  were  not  included 
the  child  later  stated  that  cubes  which  could  not  be  seen  in  the  picture 
would  be  required  to  construct  the  building.    In  addition,  in  792  of 
these  cases,  children  could  give  the  correct  number  of  cubes  needed 
under  the  beck  corner  cube.    When  asked  why  these  cubes  were  not  incl- 
uded in  their  calculations  they  replied  "I  forgot"  or  "I  didn't  realise 
I  hud  to"  etc.;  but  when  asked  to  recount  the  cubes,  many  still  omitted 
the  invisible  ones,  or  at  most  moved  to  step  3  in  the  unistructural 
level.    Thus,  ia  general,  children  who  do  not  include  invisible  cubes 
when  counting  the  total  construction,  can  focus  correctly  on  them  when 
asked  about  a  particular  part  of  the  construction.    This  is  typical 
uniotructural  behaviour.    What  they  cannot  do,  is  remember  the  parts 
sequentially  to  provide  a  "construction"  of  the  whole.    This  is  a  multi- 
structural  ability. 

The  ability  to  operate  correctly  on  part  of  the  construction  is  also 
apparent  in  the  results  from  the  "Impossible"  figure.    All  children 
showed  by  questions  or  exclamations  while  ccuntlng  or  building  the  item, 
that  they  recognised  the  need  for  supporting  cubes.    In  addition,  on 
questions  about  the  faces  of  a  pictured  cube,  all  children  showed  appre- 
ciation of  how  faces  combined  to  form  cubes.    No  child  agreed  with  a 
statement  proposing  an  alternative  structuring  of  faces  into  different 
cubes. 

Finally,  on  the  memory  items  94%  of  children,  including  all  children 
responding  at  the  unistructural  level,  solved  the  two  physical  memory 
items  correctly.    Eighty  percent  of  children  operating  purely  within 
'he  unJ structural  level  (Steps  1,  2  and  3)  failed  both  pictured  memory 
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items.    No  other  children  failed  the  easy  pictured  memory  item, 
although  there  was  a  progressive  ability  to  solve  the  difficult  pictur- 
ed memory  item  with  developmental  level.    It  would  seem  that  all  the 
children  in  the  sample  could  form  an  image  of  a  physical  construction 
with  which  tc  guide  building  from  memory.    Often  children  were  not 
accurate  on  their  first  attempt,  and  altered  their  construction  until  it 
"looked  right".    This  indicates  probable  use  of  the  Ilconic  mode  of  oper- 
ation.    In  contrast  on  the  pictured  memory  items,  children  responding 
unistructurally  could  not  use  the  pictured  information  to  form  a  suit- 
able representation  in  memory  of  either  the  easy  or  difficult  items; 
while  children  in  the  early  stages  of  the  multiatructural  level  continue 
to  have  problems  with  the  difficult  pictured  memory  item. 
(B)    Transformation  Tasks.    A  regular  sequence  of  development  was  found 
across  the  four  transformation  tasks.    Their  order  of  difficulty  for  44 
of  the  48  children  tested  was: 

(a)  physical  transformation  task  -  lrdividual  cubes; 

(b)  pictured  transformation  task  -  individual  cubes; 

(c)  physical  and  pictured  transformation  tasks  -  undivided  solids; 
solved  simultaneously. 

This  sequence  occured  because  the  first  two  transformation  tasks  could 
be  solved  by  multiatructural  level  strategies;  while  the  tasks,  involving 
undivided  solids  could  only  be  solved  at  the  relational  level,  as  defined 
for  this  project. 

(i)      Physical  transformation  task  -  individual  cubes;    Thirty  one 
children  in  the  sample  (65Z)  solved  this  taak  correctly.  Incorrect 
strategies  Included  building  the  new  tower  higher  than  the  original  with- 
out counting  cubes,  and  the  counting  of  "curtain  walls".    All  children 
at  the  unlstructural  level  in  Part  A  used  such  incorrect  strategics. 
Correct  strategies  reflected  the  previously  established  developmental 
sequence.    First  the  cubes  in  the  original  construction  were  counted 
individually,  then  by  successive  addition,  and  finally  by  multiplication, 
(11)    Pictured  transformation  task  -  individual  cubes:    Twenty  two 
children  in  the  sample  (46Z)  solved  this  task  correctly.    No  children  at 
the  unlstructural  level  (steps  1,  2  and  3)  were  able  to  develop  an 
appropriate  strategy  to  find  the  height  of  a  building,  built  on  a  2x2 
base  with  the  same  number  of  cubes  aa  a  pictured  3x6x2  construction. 
Once  children  gave  multiatructural    level  responses  in  part  A,  they 
attempted  to  calculate  the  height  by  counting  successive  groups  of  4 
cubes,  usually  by  dividing  the  original  buildi'.g  into  groups  of  4 
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cubes  and  counting  the  number  of  groups.     Children  in  the  early  sta  es 
of  the  multistructural  level  (Steps  4,  5  and  6)  lost  track  when  apply- 
ing this  strategy,  and  only  at  the  final  stages  of  the  multistructural 
level  could  this  strategy  be  followed  through  successfully.     It  was 
succeeded  by  the  use  of  multiplication. 

(Hi)    Physical  transformation  task  -  undivided  solid:    Thirteen  child- 
ren in  the  sample  (27%)  solved  this  task,  correctly.     No  children  at  the 
unistructural  level  in  Part  A  had  any  appropriate  idea  of  how  to 
calculate  the  number  of  cubes  equivalent  to  the  solid.     Many  children 
responding  multistructurally  in  Part  A  counted  "curtain  walls",  where 
the  four  side  walls  only  were  counted,  with  corners  included  twice.  A 
progression  of  strategies  was  used  from  counting  imaginary  cubes  indiv- 
idually, to  sequential  addition  and  then  multiplication  for  the  four 
walls.     The  next  step  was  for  the  child  to  realise  the  inadequacies  of 
the  "curtain  wall"  approach,  and  to  modify  the  calculation  to  include 
the  middle,  or  to  count  corners  once  only;  inevitably  a  cumbersome  and 
inaccurate  procedure.    Finally,  children  who  imposed  an  appropriate  3 
dimensional  structure,  used  a  correct  multiplication  strategy. 
(lv)     Pictured  transf onaation  task  -  undivided  solid:  Twelve  children 
in  the  sample  (25%)  solved  this  task  correctly.    Children  responding 
unistructurally  in  Part  A  had  no  idea  how  to  start  solving  the  problem, 
while  children  at  the  multistructural  level  attempted  to  calculate 
aspects  of  the  outside  of  the  figure  only  -  either  adding  edges  or  surf- 
ace areas.     A  correct  solution  was  only  achieved  by  multiplication  of 
the  three  dimensions. 

Developmental  Sequence.    The  results  of  both  Parts  A  and  B  present  a 
clear  developmental  sequence  which  can  be  tested  empirically,  using  a 
Guttroan  reproducibility  coefficient.     This  sequence  can  be  represented 
as  follows: 

Concrete  symbolic  mode 

(a)  No  transformation  task  solved  correctly:  this  group  included  all 
children  classified  as  operating  at  the  unistructural  level  in  Part  A. 

(b )  Physical  transformation  task  with  individual  cubes  solved  success- 
fully:    these  children  perform  at  or  above  the  start  of  the  multistruct- 
ural level  (Step  4)  in  Part  A. 

(c)  Pictured  transformation  task  with  individual  cubes  solved  succss  - 
fully:  these  children  perform  at  or  above  mul tiatructural  level  Step 
6    in  Part  A. 

(d)  Two  undivided  solid  transformation  tasks  solved  successfully: 
relational  level:  these  children  also  use  multiplication  in  Part  A 
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(Step  8)  and  on  the  other  transformation  tasks. 

Out  of  48  children,  5  were  exceptions  to  the  above  sequence:  r»0.S0. 
This  sequence,  together  with  the  detailed  developmental  steps  given  in 
Part  A,  appear  to  add  weight  to  Piaget's  claim  that  the  child's  first 
understandings  of  volume  are  topological.    That  is  the  child  starts  with 
the  external  aspects  of  the  figure  and  gradually  comes  to  an  appreciat- 
ion of  its  internal  structure.    This  occura  earlier  for  constructions 
where  diviaion  into  individual  cubes  Makes  the  internal  structure  easier 
to  grasp,  and  on  these  the  "curtain  wall"  approach  is  abandoned  at  the 
end  of  the  unistructural  level.    With  undivided  solids,  calculation  of 
"curtain  walls"  continues  throughout  the  multistructural  level,  and 
children's  first  attempts  at  sequential  addition  or  multiplication  are 
applied  to  this  inappropriate  structuring.    Resolution  of  the  problem, 
for  undivided  solids  marks  entry  to  the  relational  level. 
(C)    Numerical  Skills;    Several  additional  items  were  included  to  elim- 
inate the  possibility  that  the  developmental  sequence  merely  reflects 
the  child's  progressive  mastery  of  numerical  skills.    When  children  were 
asked  to  count  arrays  of  "X"s  there  was  no  difference  in  counting  acc- 
uracy across  grades  or  developmental  levels.    The  developmental  sequence 
cannot  thus  be  explained  by  simple  counting  ability.    Nor  can  it  be  seen 
as  depending  only  on  the  child's  proficiency  with  addition  and  multi- 
plication.   While  grade  2  and  3  children  had  lower  scores  on  these  tasks 
than  older  children,  within  grades  4,  5  and  6  there  wjs  no  relation  be- 
tween developmental  level  and  addition  skills.    Furthermore,  half  of 
these  children  did  not  use  multiplication  to  solve  any  cube  problem,  and 
yet  obtained  correct  answers  on  most  multiplication  items.    This  sugg- 
ests two  separate  sets  of  skills  are  necessary  for  solving  the  cube 
problems:     (1)  mastery  of  appropriate  numerical  operations,  (ii)  correct 
understanding  of  the  internal  structure  of  the  solid.    Relational  level 
skills  would  appear  to  include  appropriate  integration  of  both  domains. 
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CONCEPTIONS  OF  AREA  UNfrS 
BY  8-9  YEAR-OLD  CHILDREN 

Bernard  Heaud,  University  dc  Sherbrooke 


Many  investigations  have  shown  the  difficulties  experienced  by  children  in 
23  the  area  concept.  The  present  study  has  focused  on  a 
fundam^tub  concept  that  of  the  unit  of  area.  Twenty-five  third  graders 
who  ye  had  never  been  subjected  to  any  formal  teaching  of  this  notion, 
were  questioned  individually  .They  had  to  cover  up different figures  using  a 
variew  of  unit  shapes.  It  was  found  that  the  majority  of  them  arc  MtoraHy 
inclined  to  select  onty  one  type  of  units,  and  that  this  type  is  intimately  t  ed 
uo  t The  shape  of  the  figure  being  measured.  This  study  thus  raises  the 
Kern  of  using  exclusively  the  square  unit,  since  this  choice  does  not 
Smpote  itself  as  forcefuUy  as  one  usually  believes. 


THEORETICAL  FRAMEWORK 

According  to  the  three  successive  evaluations  of  NAEP  (National  Assessment  of 
Educational  Progress),  elementary  school  children  are  far  from  having  acquired  the  most 
primitive  notions  related  to  the  concept  of  area.  For  instance,  the  last  report  (L.ndqu.st  et 
al  1983)  confirms  the  preceding  results  and  shows  that  only  24%  of  9-ycar  olds  have 
been  able  to  determine  the  area  of  a  rectangle,  although  subdivided  into  square  units,  and 
only  8%  of  the  same  children  have  been  able  to  "nd  the  area  of  the  rectangle  using  the 
given  dimensions.  Hiebcrt  (1981)  stresses  the  fact  that  these  poor  results  point  to  a 
primitive  understanding  of  the  unity  concept,  a  key  notion  which  underlies  all  measure 
operations. 

Many  investigators  have  shown  interest  for  this  concept  and  have  tried  to  identify  the 
related  problems  of  understanding  and  learning.  For  example,  from  their  work  on 
conservation  and  on  the  measure  of  surfaces.  Piagct  et  al  (1948)  have  shown  that  recourse 
to  c-mmon  units  of  measure.,  in  order  to  compare  two  different  surfaces,  is  not  a  natural 
procedure  for  children.  Moreover,  when  faced  with  the  problem  of  enumeration,  children 
perceive  as  equivalent  units  which  are  certainly  not  (squares,  triangles,  rectangles).  More 
recently,  following  their  identification  of  misconceptions  of  the  concept  of  area,  H.rste.n  et 
al  (1978)  have  shown  the  importance  of  understanding  the  concept  of  a  unit  of  area  and  its 
spatial  characteristics.  Rogalski  (1982)  has  studied  the  covering  of  a  plane  figure  will, 
similar  figures  and  she  claims  that  the  operations  of  enumeration  develop  m  a  context  of 
constant  interaction  with  the  properties  of  the  figures  involved. 

Recently,  Mahcr  and  Bcattys  (1986)  have  studied  the  problem  of  choosing  an  appropriate 
measuring  unit  They  found  that  11-14-year  olds  prefer  a  square  unit  to  cover  up  a 
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rectangular  shape,  but  not  to  cover  up  a  circular  one.  But  in  that  study  the  type  of  shapes  to 
be  covered  was  quite  limited  (rectangular  or  circular)  and  so  was  the  choice  of  unit  shapes, 
the  only  octangular  unit  being  the  square. 

The  aim  of  the  present  investigation  is  to  look  more  closely  at  the  problems  related  to  the 
choice  of  an  appropriate  unit  in  the  measurement  of  plane  figures.  More  specifically,  we 
think  it  is  important  to  find  out  to  what  extent  children,  who  have  no  school  knowledge  of 
the  concept  of  area,  arc  inclined  to  choose  the  square  as  a  covering  unit.  This  study  should 
also  provide  an  answer  to  two  more  specific  interrogations: 

1)    When  covering  a  given  figure,  are  children  naturally  inclined  to  resort  to  only  one  or 

to  several  types  of  shapes? 
*)    Does  the  shape  of  the  figure  to  be  covered  influence  the  choice  of  a  unit?  Are  these 

units  similar  in  shape  to  the  figures? 

EXPERIMENTAL  DESIGN 

Twenty-five  third  grade  level  children  aged  8:9  years  old  on  the  average  and  living  in  a 
middle-sized  city,  were  individually  interviewed.  Each  interview  lasted  on  the  average  20 
minutes.  The  notion  of  area  had  not  been  studied  in  class  yet. 

Each  child  was  presented  with  four  geometrical  figures  of  about  the  same  size:  a  circle  (40 
cm.  diameter),  an  equilateral  triangle  (40  cm.  side),  a  square  (40cm.  side),  and  a  rectangle 
(48  x  32  cm).  These  dimensions  were  chosen  so  that,  on  the  one  hand,  the  different  areas 
be  approximately  the  same,  and  that  on  the  other  hand,  they  did  not  take  too  long  to  cover 
up  with  unitary  shapes,  the  reason  being  not  to  discourage  the  children  facing  the  task.  For 
each  figure  to  be  covered,  children  were  supplied  with  six  elementary  shapes:  the  square  (8 
cm.  side),  the  equilateral  triangle  (8  cm.  side),  the  circle  (8  cm.  diameter),  the  rectangle 
(made  up  of  two  squares),  the  rhombus  (made  up  of  two  triangles),  the  isosceles  trapezium 
(made  up  of  three  triangles).  Ihe  dimensions  of  these  unitary  shapes  were  chosen  so  that 
children  could  easily  manipulate  them  and  also  that  as  far  as  possible,  a  whole  number  of 
these  different  shapes  could  be  juxtaposed  to  cover  up  the  figure  to  be  measured. 

The  experimentation  has  been  conducted  by  a  single  investigator  using  a  semi-standardized 
form  of  interview.  At  first,  each  child  was  asked  how  many  (unitary)  shapes  was  needed  to 
cover  up  as  best  he/she  could  each  one  of  the  cardboards.  Care  was  taken  to  insure  that  the 
question  had  been  well  understood.  Then,  it  was  made  clear  to  the  child  that  'w/she  was 
free  to  start  with  any  one  of  the  cardboards,  and  that  to  achieve  this,  he/she  could  take  the 
pieces  (i.e.  the  units)  he/she  wanted.  Thus,  there  were  no  constraints  imposed  regarding 
the  choice  of  the  figure  to  cover  up.  or  the  units  to  take.  Once  the  covering  of  a  figure  was 
done,  the  unitary  shapes  covering  it  were  taken  away  so  that  the  child's  choice  would  not 
influence  his/her  next  covering. 
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After  having  completed  their  covering  tasks,  children  had  to  give  the  reasons  for  each  one 
of  their  choices.  Finally,  they  had  to  do  a  last  covering,  that  of  a  curvilinear  shape 
The  analysis  was  based  on  the  videotapes  of  the  inverviews. 


RESULTS 


Considering  the  first  question:  Do  children  choose  a  unique  type  of  unit  shape  (not 
necessarily  of  the  same  shape  as  the  figure  to  be  covered)?,  we  found  that  the  majority  of 
children  adopted  this  strategy  (cf.  Table ). 
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Thus-  in  68%  of  the  total  number  of  coverings  a  tingle  type  of  unit  hat  been  chosen. 
Considering  the  different  types  of  figutet,  the  highest  incidence  occured  for  the  rectangle 
(76%).  The  lower  incidence,  in  the  case  of  the  square  (68%),  could  be  attributed  to  the  fact 
that  quite  a  number  of  children  (28%  -  cf.  question  2),  for  efficiency  reasons,  were  inclined 
to  use  a  rectangular  unit  along  with  the  square  unit  (the  rectangle  being  twice  the  size  of  the 
square).  It  will  also  be  noted  that  the  results  obtained  for  non-rectangular  figures  (triangle 
and  circle)  are  only  slightly  inferior  to  the  rectangular  ones  (rectangle  and  square). 

In  analyzing  the  children's  strategies,  we  find  that  more  than  half  of  them  (56%)  have 
systematically  proceeded  in  this  way  (choice  of  only  one  type  of  unit)  for  the  four  types  of 
figures  to  be  covered.  And  we  find  only  16%  of  them  who,  for  all  cases,  alwnys  choose  at 
least  two  different  types  of  unit  It  thus  seems  quite  natural  for  children  in  this  age  group, 
to  resort  to  only  one  type  of  unit  shape. 

As  an  answer  to  the  second  question:  Is  the  choice  of  a  unit  dependent  on  the  shape  to  be 
covered?,  we  see  from  the  table  that  children  are  inclined  to  choose  a  type  of  unit  that 
somewhat  matches  that  of  the  figure  to  be  covered 

Thus,  as  far  as  the  rectangle  is  concerned,  we  find  that  64%  of  the  children  have  chosen  the 
rectangular  unit  as  the  sole  shape  to  cover  up  the  figure,  and  that  88%  of  them  have  selected 
exclusively  rectangular  units  (rectangles  or  squares).  Similarly  in  the  case  of  the  square, 
although  only  40%  of  the  children  have  chosen  the  square  units  as  covering  pieces  (the 
influence  of  the  rectangular  unit  has  been  mentioned  above),  we  find  that  in  all  96%  of 
them  have  restricted  their  choice  to  rectangular  units  only. 

Considering  the  triangle,  we  found  that  36%  of  the  subjects  resorted  to  triangular  units  to 
cover  up  this  type  of  figure  which  is  very  significant  if  we  consider  that  this  kind  of 
covering  proved  to  be  very  difficult  and  long  to  realize.  It  must  also  be  noted  that  no  child 
restricted  his  choice  to  either  the  rectangle  or  the  square  as  unit  pieces  to  cover  up  the 
triangle.  On  tlw  other  hand,  88%  of  them  have  chosen  units  of  a  triangular  type  (triangles, 
trapeziums  or  rhombuses)  to  cover  up  this  kind  cf  figure. 

Finally,  it  is  evident  that  the  circle  was  the  type  of  figure  having  been  the  most  problematic 
to  children.  Nevertheless,  when  compared  to  the  other  shapes,  the  circular  unit  has  been 
clearly  prcfetwd  (44%).  For  instance,  the  square  unit  has  been  chosen  by  only  4%  of  the 
subjects!  This  result  is  most  remarkable  if  we  consider  the  fact  that  the  circular  unit  has 
never  been  utilized  alone  in  covering  non  circular  figures.  Moreover,  in  combination  with 
other  shapes  of  units,  it  has  only  been  used  in  a  few  cases  to  cover  up  the  non  circular 
figures  (8%  for  the  triangle,  4%  for  the  rectangle  and  the  square). 

Thus,  we  can  conclude  that  whatever  the  type  of  figure  to  be  covered,  there  exists  a  direct 
link  between  it  and  the  type  of  unit  chosen. 
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THE  CURVILINEAR  FIGURE 


We  found  it  interesting  to  know  what  strategy  the  children  would  adopt  when  faced  with  a 
curvilinear  figure.  Globally  (cf.  table),  the  results  obtained  agree  with  our  previous 
findings.  Thus,  in  relation  with  question  1.  we  find  that  68%  of  the  subjects  have  chosen 
only  one  type  of  unit,  which  corresponds  to  the  averages  found  for  the  other  types  of 
figures.  In  relation  to  question  2,  our  global  results  are  nearly  equivalent  to  those  found  for 
the  circle:  32%  of  the  children  have  chosen  exclusively  the  circular  unit  because  it  is  belter 
suited  to  cover  up  a  round  thing.  Let  us  also  notice  that  very  few  subjects  (8%  total)  have 
chosen  either  the  rectangular  or  the  square  units.  Nevertheless,  we  note  that  28%  of  them 
have  shown  a  preference  for  a  unit  of  the  triangular  type.  This  could  be  explained  by  the 
fact  that  these  shapes  having  acute  angles  made  it  easier  to  follow  the  ed°e  of  the  figure  to 
be  covered. 

IN  CONCLUSION 

From  this  study  we  see  that  children  who  have  not  yet  formally  learned  the  concept  of  area 
are  naturally  inclined  to  resort  to  only  one  type  of  shape  when  choosing  appropriate 
covering  units.  This  has  been  true  whatever  type  of  figure  had  to  be  covered.  On  the  other 
hand,  the  choice  of  units  is  strongly  tied  to  the  shape  of  the  figure  to  be  covered.  For 
example,  the  units  of  a  certain  shape  (e.g.  rectangular  units)  will  mostly  be  used  to  cover 
up  a  figure  of  the  same  type  (e.g.  the  rectangle  or  the  square).  Nevertheless,  we  cannot 
claim  that  the  square  naturally  appears  as  a  unit  of  area.  This  is  especially  true  for  non 
rectangular  figures,  but  it  also  holds  for  rectangular  ones,  in  particular  for  the  rectangle. 

From  these  observations  it  appears  that  the  traditional  approach,  whereby  the  measure  of  a 
surface  area  is  presented  solely  in  terms  of  the  square  units,  has  to  be  questioned.  It  would 
probably  be  preferable  to  construct  a  different  introductory  teaching  unit  that  would  start 
with  the  utilization  of  a  variety  of  shapes,  and  that  would  finally  bring  the  child  to  a  rational 
choice  of  the  square  unit 


o 
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THE  CONSTRUCTIVIST 

JereConfrey 
Cornell  University 

This  is  the  first  one  of  a  series  of  dialogues  balwaen  Socrates  and  a  researcher  id 
mathematics  education  who  holds  constructivist  assumptions  named  Leggos  It  is  not 
necessary  to  understand  the  constructivist  position  before  reading  the  dialogue 
Leggos,  the  constructivist.  begins  with  naive  constructivist  assumptions  and  vith  the 
assistance  of  Socrates,  ho  moves  towards  more  radical  ones  throughout  the  course  of 
the  dialogue 

Sacraiaa:  Good  day.  Leggos  I  have  heard  rumors  that  you  have  invented  a  net  way 
to  leach  mathematics  to  the  youth  of  our  country  I  have  always  held  a  keen  interest 
in  the  teaching  and  learning  of  mathematics,  so  I  should  like  an  opportunity  to  learn 
more  about  these  methods 

Laggaa:  I  would  enjoy  discussing  these  matters  with  you.  Socrates,  for  I  consider 
you  to  be  the  patron  of  these  methods 
Sacralaa:  Tell  me.  what  are  you  engaged  in ' 

Laggas:  We  have  developed  -  ^ys  to  teach  the  students  to  understand  their 
mathematics 

Sacralas:  What  mathematics  is  this' 

Laggas:  The  arithmetic,  algebra,  geometry,  and  trigonometry  taught  in  our  schools, 
of  course  Socrates 

SacrsUm:  Ah.  school  mathematics,  then,  and  how  is  it  that  you  know  that  they  are 
not  understanding  this  mathematics? 

Laggaa:  The  evidence  is  abundant  They  can  not  solve  problems  which  deviate  only 
minimally  from  the  traditional  presentations  Their  knowledge  is  fragmented  nstd 
unstable  They  propose  solutions  without  assessing  their  adequacy  and  w host- 
credibility  is  negligible  When  problems  arc  embedded  in  real-world  contexts  the 
students  performance  on  them  is  significantly  diminished 
Sacralas:  Oh.  the  situation  is  indeed  dismal  How  has  it  come  about7 
Laggas:  Through  the  teaching-learning  process  The  students  imitate  the  mtaxnpltb 
in  tho  text  or  spoken  by  the  teacher  They  memorize  formulae  and  carry  out 
techniques  in  a  mechanistic  way 

Sacralas:  And  is  the  teacher  engaging  them  in  a  conversation  such  as  we  arc 
engaged  in  today 

Laggaa:  No.  Socrates,  the  students  arc  like  scribes  in  the  classroom  diligently 
copying  and  recording  the  lessons  answering  brief  product-oriented  questions  <ui<l 
returning  home  to  carry  out  the  calculations  which  will  produce  the  required 
answers  quickly  and  mechanically 

Sacralas:  So.  what  you  seek  to  do  is  U>  improve  the  students  performance  on  these 
problems'1 

Tha  Maiva  Camitr activist  Claim 

Laggas:  Oh  no.  Socrates,  not  on  those  exercises  but  on  real  problems  what  we  call 
problem  solving  problems  Problems  which  enuil  multiple  steps  and  which  are  set 
in  a  word  problem  context. 
Sacralas:  Can  you  givo  me  a  simple  example? 

Laggaa:  Well  for  instance  we  ask  the  student  to  write  an  equation  for  the  problem. 
there  are  six  plebitas  forever}-  orator 
Sacrataa:  And  what  happens7 
Laggaa:  They  write  6P«  0 


-  308  - 


Secrete*:  And  do  you  cltum  to  have  a  way  to  overcome  such  persistent  errors  in 
translating  from  the  wont  problem  context  to  the  algebraic  expressions' 
Legges:  Yes.  Socrates 
Sacrataa:  How  do  you  intend  to  O  *hls? 

Legges:  V«  involve  tbem  activ«;<' in  learning  Our  classrooms  ara  student-centered 
Our  teachers  do  not  teach;  they  provide  a  rich  environment  filled  with  hands-  on 
activities  and  the  children  take  part  in  active  ways  manipulating  the  objects  and 
discovering  the  important  concepts  for  themselves 
Sacrataa:  S«  y*a  claim  U  a*  aat*  t*  *v*rc*m*  the  errera  maaa  kf 
students  Uf  viiag  maaipaialives  nail  iavaiviag  taa  »**<*»  l*  actively  im 
tat*  laaraiag  »r*c*M.  I>  eking  a*.  yaw  claim  Ual  taa  at****!*  will  tear* 
haw  t*  sal**  prabi*a-s*ivj*g  arafclams  with  real  varM  ceateiU  a*  as  U 
leaxa  acltMl  aealaaautfict.  The  taackar'a  rale  in  u  craat*  smelt  am 
•aviraaaaat 
Laggaa:  Yes  Socrates 

Sacral**:  It  is  from  this  point  that  we  shall  begin  then  Ii  sounds  quite  simple  and 
so,  lei's  examine  these  ideas  a  bit  more  closely  I  have  heard  that  your  methods  have 
evolved  from  your  conduct  and  inslysis  of  clinical  interviews  with  students  How  are 
these  interviews  conducted? 

Laggm:  Task*  are  developed  to  allow  us  to  examine  students'  conceptions  of 
particular  concepts  The  interviewer  poses  the  problems  and  the  students  speak  aloud 
as  they  solve  the  problem.  The  interviewer  explores  the  students'  ideas  flexibily 
pursuing  the  students  line  of  thought  vhereever  it  may  stray  The  fundamental 
requirement  is  for  the  interviewer  to  attempt  to  reveal  the  rationality  in  the  students 
method*, 

tausJeliMJUi^^ 

Sacrataa:  What  have  you  learned  from  these? 

Lagg**:  We  have  found  all  the  things  I  described  before  poor  understanding, 
imitation,  blind  repitition  of  formulae,  and  weak  transfer  to  different  contexts. 
Svcrala*:  And  so.  the  students  perform  quite  poorly''' 
Legges:  Well,  in  fact,  we  have  found  some  positive  results  as  veil 
Sacral**:  And  what  are  those7 

Laggea:  We  have  found  that  the  students  errors  seem  to  be  systematic,  not  random 
Vhey  also  exhibit  some  original  attempts  to  solve  the  problems  in  potentially 
innovative  ways,  they  show  great  diversity  in  their  methods,  and  they  frequently 
express  delight  as  a  mult  of  their  participation  in  the  interviews 
Sacra***:  Now  this  is  interesting  indeed  Do  the  students  see  the  systematic 
character  of  their  errors? 

Laggea:  Well,  they  perform  them  repeatedly,  so  they  must  be  aware  of  them 
Sacral**:  Ah.  Leggos,  have  you  been  aware  of  your  tendency  to  rub  your  hands 
together  nervously? 
Legges:  No  I  was  not 

Sacral**:  Suppose  a  child  were  walking  about  in  a  unfamilar  room,  blindfolded, 
and  reporting  the  shape  of  the  things  s/he  encountered  to  an  experienced 
blindperson  Iwho  had  thus  been  in  many  similar  rooms  before  Perhaps  that 
blindperson  had  even  been  the  same  room,  though  s/he  had  no  way  of  knowing  if  it 
were  the  same  one.  except  through  the  child's  description  Isn't  it  entirely  possible 
and  indeed  likely  that  the  blindperson  would  be  sensitive  to  patterns  in  the  child's 
reports  which  the  child  did  not  notice7 
Legges:  It  is 
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Socrates:  And  would  the  child's  experience  in  the  room  mirror  the  blindperson  s 
were  they  both  to  walk  about  the  room? 

Loggos-  Not  if  it  woro  the  first  lime  s/he  hid  encountered  it  S/He  would  be 
avkward  and  uncomfortable  I  suspect  The  child's  reports  would  be  very  confused 
Socrates:  Could  the  blindperson  know  what  the  child  s  experience  was  even  alter 
many  reports  from  the  child7  . 
Loggos:  Only  as  it  appeared  like  his/here,  or  in  ways  which  it  explicitly  dUSered 
Lets  go  back  to  considering  the  interview  Can  you  give  me  an  example  of  a 
systematic  error  pattern  ? 

Loggos:  Well,  in  fractions,  the  students  will  claim  the  5/4.  2  and  pi  are  not 
fractions 

Socrates:  Why?  ,     ^  ,  „ 

Loggos:  II  seems  lhai  to  the  student,  a  fraction  is  a  cart  of  a  whole  You  see  they 

have  certain  misconceptions 

Socrates:  And  what  is  it  thai  they  cannot  do  with  such  a  misconception ' 
Loggos:  What  do  you  fiMran  Socrates? 

Socrates   Well  surely  Leggos.  you  would  not  be  concerned  about  such  a  thing 
unless  it  impeded  the  child's  progress,  would  you?  Does  it  cause  the  child  difficulty  in 
solving  problems7  ...  . 

Leggos:  I  hadn't  thought  about  thai  Socrates  I  simply  judged  it  as  mathematically 

Socrates-  I  see  Leggos  I  only  asked  because  I  thought  you  had  indicated  that  your 
goal  was  to  teach  the  child  to  solve  problems  I  see  now  thai  you  are  also  concerned 
that  the  child's  knowledge  of  mathematics  is  correct 
Lagg**:  Surely  Socrates  thai  is  whai  schooling  is  about 

Socrates:   Leggos.  let  us  return  to  this  question  of  what  correct  mathematics  is  in  a 

few  moments  I  am  captivated  by  your  example  of  this  child  s  misconception  How 

would  a  child  know  thai  5M  is  &  fraction' 

Loggos:  For  a  child  a  fraction  is  one  number  over  another 

Socrates:  And  what  kind  of  problems  is  it  used  to  solve? 

Leggos:  Problems  dividing  quantities  into  equal  shares 

Socrates-  And  does  the  answer  como  out  sometimes  to  be  3/4? 

Loggos:  Surely  Socrates  for  if  5  apples  ware  shared  equally  by  4  children  each 

child  would  get  3/4 

Sacratas:  It  is  so.  Leggos  How  would  a  small  girl  solve  such  a  problem  if  asked  to 
take  3  apples  and  to  divide  them  among  4  children? 

Loggos:    She  would  probably  give  each  child  an  apple  and  then  struggle  to  divide 
the  last  one  into  4  pieces 

Socrates:  So  each  person  would  have  1  and  1/4  apples 

Loggos:  But  Socrates  that  is  the  same  as  3/4' 

Socrates-  To  you  perhaps,  how  will  it  appear  to  the  child? 

Loggos:  As  I  apple  and  1/4  But  Socrates  3/4  means  3  divided  into  4. equal  parts  and 

t  1/4  is  the  same  as  five  I  /4  portions 

Socrates-  I  agree  Loggos  for  I  know  the  relationships  among  these  multiple 
meanings  but  the  child  has  solved  bor  problem  in  an  entirely  adequate  way  has  she 
not7 

Loggos:  She  b as 

Socrates:  And  so  does  this  child  possess  a  misconception  when  she  denies  that  5/4  is 
a  fraction 

Leggos:  Yes  Socrates  it  is  wrong 

Socrates:  Indeed  Leggos.  it  is  wrong  from  the  perspective  of  the  more  expert 
knower  Is  it  also  wrong  from  the  perspective  of  the  child?  Does  it  not  meet  the 
child  s  purposes? 

Loggos:   Yes  I  see  thai  the  child  cannot  know  unless  she  'he  is  told  she/he  is  wrong 
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Secraie*:  And  if  she  isioldshe  is  wrong  can  she  make  sense  of  why  she  is? 
L*gg«s:  Perhaps  not  but  ve  cannot  leave  her  with  this  wrong  idea 
Sec  rates:  Is  there  another  way?  Another  problem  vhich  might  leave  her  wanting 
to  assert  that  3/4  is  a  fraction  7 

Lsggas:  Han  perhaps  a  problem  with  a  ratio  of  3  yellow  apples  to  4  red  ones  In 
that  she  will  not  want  to  write  it  as  I  1/4 

Secrales:  Good.  Leggos.  now  you  are  on  your  way  to  exploring  interesting 
curricular  ideas  But  let  us  stay  with  this  idea  of  misconceptions  a  bit  longer 
Perhaps,  we  ought  to  declare  that  the  label  "misconceptions  is  unfortunate  for  it 
neither  conveys  who  is  aware  of  the  limitations  (the  observer)  nor  does  it  emphasize 
that  despite  its  limitations,  the  concept  does  function  to  assist  the  student  in  doing 
something 

Lsggas:  I  think  I  agree  Socrates,  and  I  can  see  from  our  example  that  it  conveys  a 
judgment  that  the  child  has  not  managed  to  learn  the  concept  which  s/he  could  have 
been  expected  to  learn.  What  I  vanled  required  a  different  problem  perhaps  But. 
Socrates,  if  "misconception"  is  misleading,  then  a  phrase  needs  to  be  developed  which 
conveys  what  the  primitive  or  naive  conceptions  of  a  student  allow  him/her  to  do  and 
how  they  are  restrictive 

Secratn:  Restrictive,  primitive,  naive  from  whose  point  of  view? 

Lagges:  The  teacher,  researcher  or  mathematician  So  perhaps  we  should  name  it 

from  the  perspective  of  the  child.,  say  child's  mathematics 

Sscrstss:  But  would  not  my  own  mathematics,  unsophosicated  as  it  is  appear  to  be  a 

childish  mathematics  to  a  research  mathematician 

Lagges:  Mine  might  as  well.  Socrates  there  are  many  subset's  of  the  population  who 
might  make  claim  to  their  own  mathematics,  and  perhaps  there  are  as  many 
mathematics  as  there  are  people  ultimatiely  But  for  my  situation .  where  I  am 
intureswd  in  educating  the  child,  perhaps  such  a  phrase,  though  limiting  serves 
some  purpose 

SecraJMs:  Leggos.  at  the  beginning,  you  claimed  that  your  methods  eliminate  errors 
and  misconceptions  If  you  were  to  cast  these  as  limited  but  sensible  conceptions,  as 
a  child's  mtth0smtics.  would  you  still  seek  to  eliminate  them' 
Lagges:  No,  I  see  that  I  would  not.  Socrates  I  would  seek  to  build  from  these  limited 
conceptions  towards  more  sophisticated  conceptions 

Sscrstss:  Is  there  a  way  to  assist  the  child  in  seeing  the  limitations  in  her  beliefs7 
Lsggss:  I  am  not  sure  that  one  can  ever  ta*  the  limitations  in  ones  own 
perspective  before  one  has' achieved  a  more  sophisticated  perspective  But.  I  can 
imagine  that  the  child  could  recognize  that  she  was  bumpin  g  up  against  a  problem 
which  she  could  not  solve  with  her  perspective 
Sscrstss:  And  how  might  you  do  that  with  5/4. 2  or  pi7 

Leggos:  Each  one  might  cause  a  different  difficulty  Socrates  Not  understanding 
that  pi  is  a  ratio  of  circumference  to  diameter  could  hide  the  recognition  that  for  all 
circles  that  ratio  is  constant,  not  recognizing  that  in  the  number  2  as  a  hidden  ratio 
to  the  unit  1.  can  cause  students  difficulty  in  solving  problems  with  quantities  such  as 
miles  per  hour,  feet  per  second,  pounds  por  inch,  the  "per"  quantities  And  not  seeing 
3/4  as  a  fraction  might  cause  the  student  to  lack  an  understanding  of  simple  ideas  of 
probability  I  see  that  the  name,  fractions,  hides  a  whole  host  of  different 
conceptions, each  one  complementary  but  different 

Sscrstss:  So  in  each  case  there  might  be  a  different  problem  circumstance  that 
could  be  devised  for  extending  and  modifying  the  concept  of  a  fraction  There  is 
something  more  that  intrigues  me  about  these  interviews  You  said  that  the 
interviewer  comes  to  the  interview  with  a  certain  set  of  tasks,  and  then  depending  on 
how  the  student  responds,  the  interview  evolves 
Lsggss:  Yes 
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Sacrates:  And  what  is  the  interviewer  finding  out7 
Laggas:  What  the  students  concept  is 

Sacrates:  Indeed,  and  is  that  indelibly  in  place  in  the  students  head,  awaiting 
discovery  by  the  interviewer? 

Laggas:  No.  it  takes  a  great  deal  of  skill  to  interview  You  must  enter  with  the 

expectation  of  seeking  these  stable  belief  systoms  in  students 

Sacrates:  What  you  have  said  is  that  through  these  tasks,  the  interviewer  can 

reveal  these  conceptions  held  by  students  which  appear  limited  to  the  interviewer 

Can  the  interviewer  also  reveal  the  child's  conceptions  which  do  cot  result  in  obvious 

limitations,  or  seem  to  differ  from  those  held  by  the  interviewer' 

Laggas:  What  do  you  mean  Socrates? 

Sacrates:  Well,  it  seems  that  one  can  examine  where  the  student  s  activities  and 
responses  differ  from  the  one's  expected  by  the  interviewer  When  the  responses  do 
not  differ,  can  the  interviewer  presume  that  the  student's  concept  is  the  same  as 
his/her  own? 

Laggas:  1  do  that,  but  I  must  admit  that  when  1  listen  closely.  I  am  often  surprised 
by  the  diversity  of  the  ideas  I  often  presume  agreement  only  to  learn  that  I  am 
mistaken 

Sacrates:  How  do  you  find  out  that  you  are  mistaken  7 

Leggos:  By  the  unexpected  responses  given  by  the  child 

Sacrates:  So  in  the  absence  of  evidence  to  the  contrary,  you  assume  agreement7 

Laggas:  I  suppose 

Sacrates:  And  so.  Leggos.  can  you  in  fact  claim  that  you  are  revealing  the  child  s 
conception7 

Laggas:  But  how  am  1  to  describe  the  results  of  our  investigations  it  I  am  not 
uncovering  the  child's  conceptions  For  documenting  these  provides  the  evidence 
for  our  claims 

Sacrates:  What  is  wrong  with  what  you  have  said  yourself7  As  you  have  said 
through  the  use  of  particular  problems,  designed  to  highlight  certain  aspects  of  a 
concept,  you  are  attempting  to  characterize  children  s  mathemuics  In  doing  so.  you 
build  *  model  of  what  a  student  believes  by  creating  an  outline  of  the  boundaries  of 
the  belief  system,  from  your  own  more  sophisticated  perspective  What  is  the  child 
doing  in  the  interview? 

Laggas:  Being  interviewed  Telling  us  what  s/he  knows 

Sacrates:  But  Leggos.  did  you  not  say  that  the  students  in  the  interviews  often 

express  pleasure  at  their  participation7  Why  is  this7 

Laggas:  Perhaps  because  they  seldom  get  the  opportunity  to  be  listened  to  in 
mathematics 

Sacrates:  That  may  be  so.  but  perhaps  there  is  more  to  it  than  that  What  is  it  that 
they  say  more  precisely7 

Laggas:  They  say  that  they  learned  more  in  the  interview  than  they  do  in  class  It 
is  always  an  embarrassment  Socrates  for  we  claim  to  be  examining  their  conceptions, 
not  changing  them 

Sacrates:  I  see   Suppose  you  took  thai  as  a  strength  of  the  interview  how  could 
you  understand  their  role7  Recall,  you  have  |ust  finished  revising  the  role  of  the 
interviewer  into  a  model  builder  modelling  children  s  muthemalj'cs  So  I  pose  the 
question,  if  the  child  s  active  participation  in  the  interview  process  were 
highlighted  how  might  you  characterize  it7 

Laggas:  Well.  I  doubt  they  are  trying  to  examine  the  interviewer  s  conceptions  il 

you  are  implying  that  Socrates 

Socrates:  Could  they  do  this  if  they  wished7 

Leggos:  Not  at  a  very  deep  level  for  we  decided  thai  to  build  a  m  idel  one  relies 
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heavily  on  the  discrepancies  with  expected  responses  and  the  interviewer  seldom 
makes  errors  or  deviates  from  the  students'  expectations 

Sacrataa:  Well  figuring  out  the  interviewer  s  mathematics  would  be  quite  difficult 
then  for  the  stuJent.  although  you  allow  this  might  occur  at  some  level  But  is  there 
something  else  that  the  student  might  be  inclined  to  do? 
Laggaa:  They  do  see.*  to  figure  out  what  it  is  that  the  interviewer  wants 
Secretes:  So  indeed,  they  too  are  in  the  process  of  model  building  but  their  task  is 
far  more  difficult,  is  it  not? 

Laggaa:  Well,  with  careful  analysis  of  the  conduct  of  interviewers,  it  is  often  the 
case  that  the  student  seems  to  respond  to  subtle  cues  on  the  part  of  the  interviewer 
Sheraton:  I  see.  and  so  is  this  what  students  gain  from  the  interview? 
Laggaa:  No.  I  do  not  believe  it  captures  it  all.  for  the  studen  t's  also  seem  to  be 
impressed  by  their  own  attempt*  to  solve  problems  They  seem  to  act  more  automously 
in  the  interview,  maintain  a  sense  of  responsibility  over  their  activities 
Secrates:  What  is  this  you  are  saying? 

Laggaa:  Well,  the  studentsoften  are  surprised  by  their  ability  to  explain  their 
methods,  and  by  describing  them  to  an  expert  listener,  they  seem  to  become  more 
aware  of  them  It  provides  quite  a  contrast  to  the  docility  we  witness  in  class 
Sacrataa:  Don't  they  feel  exposed? 

Laggaa:  At  times,  but  they  also  seem  to  gain  some  insight  into  the  concepts  through 
their  process  of  e lamination 

Secrates:  Is  that  because  they  solve  the  problems  successfully? 
Laggaa:  Perhaps,  in  part,  because  their  level  of  success  is  higher  in  an  interview 
than  with  paper  and  pencil  But  the  process  of  verbalizing  their  methods  to  another 
person  and  the  need  to  be  complete  and  caref ul  in  their  explanations  also  influence 
their  level  of  insight. 

Secrsiaa:  I  see.  so  the  interview  contributes  to  their  ability  to  see  their  own 
thinking 

Laggaa:  Yes.  Socrates,  it  does  seem  to  be  a  process  of  reflection  encouraged  by  a 
situation  in  which  they  wish  to  commumctie 

Sacrataa:  Ah.  Leggos.  this  business  of  the  social  interaction  in  the  interview  seems 
far  more  complex  that  we  had  expected.  It  seems  to  be  a  process  of  two  people 
building  models  of  the  other  and  of  themselves  Is  the  process  the  same  for  the  two 
people7 

Laggaa:  No.  for  the  student,  the  model  building  of  the  interviewer  is  difficult,  and 
they  are  encouraged  to  focus  back  on  themselves,  for  the  interviewer,  the  model 
building  of  the  student  is  primary,  and  the  model  of  him/herself  is  elaborated  as  the 
differences  in  expected  responses  are  explored. 

Taachiaa  ggj  Uuiiif  Hmwf^j 

Sacrataa:  And  now.  Leggos.  how  do  you  use  the  results  of  this  research' 
Laggaa:  From  it.  we  can  reveal  students'  conceptions  and  ve  design  materials  to 
build  from  them  With  these  materials,  the  students  can  develop  more  powerful 
conceptions 

Sacrataa:  Are  you  saying  that  you  treat  the  interviews  as  providing  model  of 
cbildraa  $  mathematics  and  using  these  you  create  materials  Does  not  our  discussion 
of  the  conduct  of  the  interview  provido  any  influence  on  the  design  of  the  teaching 
and  learning? 

Laggaa:  Yes.  Socrates  as  I  said  we  expect  students  to  construct  the  ideas  actively, 
for  we  know  active  participation  is  necessary 

Sacrataa:  Active  participation  Leggos.  is  just  a  phrase  What  happens  in  that 
interview  that  makes  it  active  participation  ?  How  can  these  things  be  encouraged  in 
the  leaching-  learning  process"'' 
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Laggas:  Socrates,  these  questions  are  quite  difficult,  but  I  ™ill  try  to  answer  them 
succintly  In  the  interview,  the  student  attempts  to  solve  a  prohlem  with  a  conceptual 
basis,  s/he  engages  actively  devising  strategies  to  solve  that  problem,  trying 
different  methods,  working  from  his/her  prior  knowledge,  and  in  doing  so  s/he 
becomes  aware  of  his/her  own  commitments,  beliefs,  and  strategies 
Sacrstas:  An  adequate  description  of  the  individual's  process  of  solving  the 
problem  Notice  that  your  portrayal  omits  the  part  of  interviewer  Who  in  the 
classroom  can  act  the  role  of  the  interviewer? 
Laggas:  The  teacher 
SacraUs:  Are  there  differences7 

Laggas:  Yes  the  teacher  is  responsible  to  a  number  of  students 
Sacrates:  Is  there  anyone  else7 

|.«g g«t:  No,  Socrates,  for  the  other  students  lack  the  necessary  knowledge  to  act  the 
part  of  the  interviewer 

Sacrmtas:  I  agree,  but  I  wonder  if  they  can  be  taught  to  play  some  role  to  assist  in 
the  process  of  active  participation  as  you  describe  it  Perhaps  we  can  define  this 
process  a  bit  more 

A  CaastrscUvittt  ftrcla 

Laggat:  Well,  Socrates,  at  first  the  student  interprets  the  problem 

Sacrntas:  Shall  we  call  that  finding  the  problematic,  using  that  term  to  describe 

what  problem  the  student  want*  to  solve? 

Laggas:  Okay,  and  we  must  recall  that  there  are  many  different  problematics  for  a 
given  problem.  Then  the  student  plans  and  executes  a  course  of  action  to  resolve  the 
problemmalic  using  his/her  child's  mathematics 
Sacratas:  And  that  shall  be  the  tctiaa 7 

Laggas:  And  the  student  becomes  aware  of  his/her  own  beliefs  and  strategies  as 
s/he  talks  out  loud? 

Sacrmtas:  A  process  of  raftactioa  is  it  not7 

Laggas:  Yes,  I  suppose  it  is  a  process  like  that,  a  problematic  action  and  reflective 
cycle  repealing  again  and  again  in  the  company  and  encouragement  of  an 
interviewer 

Sacrmtas:  So,  Leggos.  originally  you  claimed  to  overcome  the  errors  made  by 
students  by  using  manipulative;  and  involving  the  students  actively  in  the  learning 
process  You  said  the  teacher's  role  was  to  create  such  an  environment  Have  you 
changed  your  position? 

Laggas:    I  believe  my  original  statements  needs  some  improvement  indeed  Socrates 
I  now  see  that  it  is  not  a  case  of  overcoming  the  errors  of  the  student  but  it  is  a  case 
of  modelling  a  child's  mathematics  In  doing  this  discrepancies  between  the 
eipecwd  range  of  responses  and  the  responses  of  the  child  assist  us  in  devising  our 
models,  it  does  not.  however  give  us  access  to  the  child's  conceptions  in  any  direct 
sense  By  engaging  in  a  cycle  of  construction,  including  defining  the  problematic, 
acting  using  prior  knowledge  and  reflecting  a  student  constructs  his/her  ideas  And 
if  the  teacher  is  indeed  to  act  in  the  role  of  the  interviewer,  a  role  which  seems 
essential  in  the  process  of  construction  s/he  will  have  far  more  responsibility  in 
teaching  than  to  simply  create  the  appropriate  environment  Finally  our  discussion 
suggests  that  the  role  of  the  other  students  in  the  process  might  be  important  to 
attend  to 

That  is  kUthstatics:  Alf  romtivj  to  Idaalissi  mad  B«il»« 

Socrates.  You  arc  a  very  able  learner  Leggos  Nouce  that  so  far  it  is  not  obvious 
that  the  ideas  we  have  eiamined  are  unique  to  mathematics  Are  there  implication? 
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of  your  interviews  that  are  speafic  u>  autheasslks'' 

Laggas:  Socrates,  though  our  example  of  the  children  s  mathematics  vas 

mathematical.  I  do  not  tee  that  these  methods  are  limiwd 

Sacratos:  Leggos.  there  are  a  few  ideas  in  your  original  statement  which  ve  have 
not  examined  as  of  yet  Let  us  visit  those  very  briefly  You  said  that  you  use 
manipulative*  and  that  these  manipulative*  would  assist  students  in  solving 
real-vorld  problems  How  do  you  see  that  as  coming  to  pass? 
Laggas:  T»a  aaaif  vla&ivss  we  ass  ara  sasigaea  to  embed  tit*  ceacepts 
•r  autfcssMtics  ia  taasa.  Vasa  warkiag  with  that*,  ikaae  ieiu  will 
amarga.  lw  learning  msaaiagNUT  in  this  way.  the  chili  will  be  male  ta 
racsgaiia  the  mathematical  Macs  ia  the  renal  warM.  By  aaiag  a*,  ear 
gaal  is  to  assist  aha  ataswat  im  aawaiapieg  aa  aaaarscaaaiag  af 
mathematics. 

Sacratos:  Let  us  explore  your  ideas  about  mathematics  Can  you  give  me  an 
example7 

Laggas:  fell,  suppose  we  stay  with  fractions  since  our  explorations  have  been  with 
that 

Sacratos:  that  is  a  comet  understanding  of  a  fraction,  Leggos7 
Laggas:  A  fraction  ia  a  number  ia  th«  form  a/b  where  a  and  b  are  integers. 
Sacratos:  Oh.  then.  2  and  pi  are  not  fractions 

Laggas:  A  fraction  ia  a  aumber  which  an  bj  put  in  the  form  of  a/b  where  a  and  b 
are  integers 

Sacratos:  I  see.  then  a  fraction  is  a  rational  number  and  pi  is  not  a  fraction,  but  it  is 
a  ratio  I  was  mistaken  before  Do  the  students  understand  the  difference  between 
fractions  and  ratios?  These  definitions  caa  be  very  subtle  We  must  explore  the  place 
of  such  formalism  at  a  later  lime,  for  I  see  that  this  neat  and  tidy  stucture  underlies  f 
your  coacera  for  'correct"  mathematics  For  now  answer  me  this,  why  are  fractions 
important7 

Laggas:  Oa.  because  they  have  real-world  applications  Students  encounter  them 
all  the  time 

Sacratos:  Please  Leggos.  tell  me  where  in  the  world  a  student  will  stumble  over  a 
fraction7 

Laggas:  Suppose  a  young  boy  measures  himself  and  finds  that  his  height  falls 
between  43  and  46 

Sacratos:  And  where  is  the  fraction 7 

Laggas:  It  is  the  point  between  43  and  46  where  he  marks  his  height 
Sacratoa:  The  point  is  the  fraction  ? 

Laggas:  No.  well,  the  fraction  is  the  length  from  43  to  that  point 
Sacratos:  And  how  is  the  child  to  know  this7 
Laggas:  He  must  estimate  what  proportion  of  the  distance  is  covered 
Sacratoa:  So  Leggos.  where  is  the  fraction 7 

Laggas:  It  is  the  result  of  comparing  the  distance  between  43  and  the  point  to  the 
distance  between  43  and  46 

Sacratos:  Is  the  fraction  the  distance  or  is  it  a  comparison7 
Leggaa:  It  is  a  comparison  made  bv  the  child 

Socrates:  So  the  fraction  is  an  action  by  the  child  in  order  to  describe  a  distance 

which  is  less  than  one  unit  long  Ah .  it  is  a  part  of  a  whole  Can  it  be  determined  that 

this  is  really  his  height7 

Legges:  Someone  else  night  measure  as  veil 

Socrates:  Would  you  then  know  his  real  height7 

Laggas:  No.  you  would  have  other  measurement 

Sacratos:  Leggos  then  is  the  real  fraction  knovable 

Laggas:  Perhaps  not.  but  error  is  always  a  part  of  measurement 

Sacratos:  Is  it  error  you  need  to  speak  of  or  is  it  variability7  Cin  you  know  if  it  is 
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error  over? 

Leggos:  I  see  your  point  for  measurement  Socrates  perhaps  a  more  formal  example 
would  allov  us  to  demonstrate  the  perfection  and  eternal  qualities  of  mathematics 
iterates:  Okay,  let's  try  one 

Leggos:   1/2  •  1/3-5/6/  That  is  a  statement  about  fractions  which  is  really  true 
Socrates  We  can  prove  it 

Socrates:  Suppose  I  got  1  out  of  2  problems  correct  on  a  quiz  (orl/2)  and  1  out  ul'3 

on  the  other,  how  many  correct  will  I  have  of  my  total? 

Leggos:  2  out  of  5 

Sacrates:  Can  that  be  written.  2/3? 

Leggos:  Yes 

Sacrates:  So.  is  1/2  -  1/3  =  2/5? 

Laggas:  Yes.  but  that  is  not  what  we  mean  by  1/2  <  1/3  "5/6 
Sacrates:  Precisely  my  dear  Leggos  The  meaning  is  not  in  the  mathematics 
though  it  is  convenient  to  speak  that  way   Just  as  when  we  say  an  object  is 
symmetrical  we  mean  that  with  our  bilateral  way  of  viewing  and  a  mental  act  of 
folding,  one  side  of  the  object  will  land  on  lop  of  the  other  To  say  an  object  is 
symmetric,  is  to  embed  in  the  object,  the  mental  act  of  folding  Suppose  we  were  to 
differ  on  whether  an  object  were  described  as  symmetric,  how  would  we  decide? 
Leggos:  We  would  each  try  to  demonstrate  its  symmetry  to  each  other 
Sacrates:  And  could  we  know  raally  who  was  right? 
Leggos:  No.  although  we  could  appeal  to  an  expert 

Sacrates:  Let  us  return  to  the  question  of  the  room  again  with  the  blindperson  and 
the  child   If  no  one  with  vision  were  allowed  ever  in  the  room,  could  you  come  to 
know  the  real  interior  of  the  room? 

Leggos:  If  enough  people  were  to  report  on  it.  and  if  ve  were  to  test  out  the  level  of 
consensus  in  our  reports  by  experiments  conducted  within  and  outside  of  the  room 
we  could  achieve  a  measure  of  consistency  and  confidence  in  our  description 
Though,  no  doubt  even  within  that  apparent  consensus,  disagreements  would  likely 
arise  They  always  do 

Secretes:  And  would  any  of  those  descriptions  be  definitively  the  way  the  room 
really  was 

Leggos:  Not  necessarily,  but  if  we  could  communicate  to  enough  people  about  our 
experiences  would  it  matter? 

Socrates:  Indeed  it  would  not.  if  you  are  preparod  to  accept  that  no  way  of  knowing 
how  the  room  really  was  is  possible 

Lagges:  But.  Socrates,  you  would  simply  remove  the  blindfold  for  those  who  could 
Socrates:  And  how  would  you  know  another  more  figurative  blindfold  were  not  in 
place? 

Leggos:  Because  we  would  all  agree 

Socrates:  Though  ray  experience  denies  that  level  of  agreement  would  happen  it 

would  not  solve  the  problem,  for  even  consensus  is  achieved  through  another  act  of 

human  cognition  No  escape  from  this  predicament  is  possible   We  cannot  know 

reality  for  that  in  a  matter  of  ontology  Our  epistemological  boundaries  require  that 

all  knowledge  requires  acts  of  coaslructioa . 

Leggos:  And  is  that  the  assumption  behind  constructivism? 

Socrates:  It  is  and  Leggos  is  the  blind  person  like  any  other  person  but  s.  he  lacks 

sight?  Are  not  his/her  other  capabilities  more  acute  developed  and  perhaps 

different  in  quality  than  ours  from  the  absence  of  sight,  as  we  speak  of  it? 

Leggos:  Yes  I  believe  that  is  so 

Socrates:  So  canyou  indeed  declare  thai  removing  the  blindfold  is  a  initiation  into 
true '  vision  or  is  it  only  another  a  switching  of  systems  of  perception 7 
Leggos:  I  am  embarrassed  at  my  neglect  of  the  blindperson  s  strengths  Socrates 
And  Socrates  are  you  also  implying  that  a  researcher  a  mathematician  or  teacher  :s 


ERfc  1267 


-  316  - 


in  some  way  akin  to  the  blind  person  are  you  suggesting  thai  becoming  expert  can 

also  lead  to  a  blindness?  For  whereas  blinders  can  restrict  one's  field  of  vision,  there 

is  also  freedom  from  distraction  Perhaps  it  is  specialization  we  ought  to  speak  of  at 

the  same  time  as  we  speak  of  expertise 

SecraUt:  I  had  no  intended  that  Leggos.  but  perhaps  it  is  so 

Legg  •■:  It  may  be  true  that  knowledge  of  our  experience  of  the  world  is  bounded  by 

our  conceptions,  Socrates,  but  surely,  it  is  not  the  case  for  the  queen  of  the  exact 

sciences,  mathematics? 

SecraUt:  How  you  will  attempt  to  secure  this  special  status?  And  is  it  possible  in  the 
arena  of  human  knowledge  to  ever  escape  the  boundaries  of  human  knowing? 
Leggu:  Not  in  any  way.  though  I  must  confess  to  believing  there  is  a  lot  about 
human  knowing  that  we  do  not  know  yet  How  feelings  and  intuition  work,  how  we 
communicate  and  so  on  But  I  see  that  mathematics  seems  to  require  a  human 
activity  .though  I  cannot  say  that  when  I  see  a  fraction  I  go  through  the  complete 
process  of  construction 

SecraUt:  That  is  so.  Leggos,  for  automaticity  and  stability  are  certainly  necessary 
for  using  a  construct  efficiently  But  we  will  explore  this  further  at  another  time 
Legget:  I  do  hope  so.  Socrates,  for  I  fear  you  are  leading  me  down  the  path  of  the 
skeptics  And  no  son  or  daughter  of  the  ruling  class  will  attend  my  school  should  I  be 
cast  in  the  company  of  such  critics  But  for  now  !  must  admit  I  find  your  arguments 
compelling. 

SecraUt:  Ah  so  Leggos.  perhaps  mathematics  is  also  cultural  and  political,  if  you 
fear  such  reprisals. 

Legget:  Socrates,  all  knowledge  is  essentially  political,  as  you  well  know 
Set  re  Us:  Ves.  but  to  establish  that  the  content  of  mathematics  is  political  its 
concepts,  and  structures  as  is  its  means  of  access  and  its  dispersal  will  take  another 
conversation  Leggos 

Legget:  I  will  look  forward  to  such  a  conversation 

SecraUt:  Also,  keep  in  mind  that  a  coastructivist  way  of  looking  is  only  as  correct, 
as  it  is  helpful  to  you  in  solving  the  problems  you  have  described  about  students' 
learning  in  mathematics.  It  would  be  contradictory  for  me  to  assert  any  stronger 
position  than  that,  while  establishing  the  boundaries  of  knowledge 
Legget:  I  see 

SecraUt:  And.  Leggos.  one  last  line  of  questionning  will  complete  our  discussion 
today  You  have  claimed  the  mantpulatives  you  use  are  designed  to  embed  the 
concepts  of  mathematics  in  them  When  working  with  these  these  ideas  will  emerge 
By  learning  meaningfully  in  this  way.  the  child  will  be  able  to  recognize  the 
mathematical  ideas  in  the  real-  world  Do  you  wish  to  revise  that  portrayal? 
Legget:  Yes  Socrates.  I  must,  for  a*  you  have  led  me  to  see.  the  mathematics  is  not 
in  the  manipulative!  but  the  actions  and  operations  enacted  on  the  manipulati  ves  by 
the  child. 

Secretes:  And  how  shall  the  child  come  to  get  on  the  manipulative;? 
Legget:  Through  his/her  interpretation  of  a  problematic  which  she  finds  in 
her/his  interest  to  solve 

SecraUt:  And  how  shall  s/he  gain  facility  in  these  actions,  to  recognize 
opportunities  for  their  use? 

Legget:  S/He  must  reflect  on  those  actions  and  see  how  they  were  useful  in  solving 
the  problematic 

SecraUt:  And  is  this  activity  done  all  alone? 

Legget:   No.  Socrates,  in  this  the  lesson  is  the  clearest  of  all.  for  I  shall  have  to 
educate  my  teachers  in  the  ways  I  have  learned  today,  though  I  must  confess  I  have  a 
need  to  jsflfifiLon  all  of  this  myself  For  Socrates.  I  see  that  I  did  not  pay  close 
attention  to  what  it  was  I  had  learned  through  my  own  methods  of  interview  It  is 
clear  there  is  more  to  this  than  what  is  easily  noticed  from  the  interview  and  I  must 
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slreglhen  my  awareness  of  my  own  commitments  and  my  own  understanding  of  the 
problem  before  wo  can  continue  to  work 

SocraUs:  Leggos  thank  you  for  an  enjoyable  exchange  and  as  you  are  reflecting 
on  our  conversation  you  might  wish  to  include  another  item  in  your  deliberations 
L«fg«s:  And  what  is  that7 

SocraUs:  Do  not  forget  to  consider  my  role  in  this  exchange  for  what  is  contained 
in  the  container  has  the  same  shape  as  the  container  Perhaps  next  time  we  can  talk 
more  about  teaching.  Good  day 
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AS  *  CHILD  LEARNS,  SO  HUST  ONE  TEACH 
(ELEMENTARY  SCHOOL  MATHEMATICS  0IA6N0SIS  AND  INSTRUCTION)* 
Bruce  Harrison,  Thomas  L.  Schroeder,  and  Marshall  P.  Bye 
Department  of  Curriculum  and  Instruction,  The  University  of  Calgary 


Diagnosis  and  Instruction  In  elementary  school  mathematics 
nave  tended  to  focus  more  on  mathematical  content  and  on 
error  patterns  than  on  the  conceptual  misunderstandings 
within  the  learner.  The  present  review  cites  examples  of 
weaknesses  Inherent  In  such  approaches  and  contrasts  these 
with  the  strengths  and  practical  applicability  of  a  growing 
body  of  research  that  has  been  built  on  Insights  from 
genetic  eplstemology.  Exemplary  research  projects  offering 
promise  for.  the  advancement  of  knowledge  regarding 
meaningful  and  helpful  diagnosis  and  follow-up  Instruction 
are  described  and  discussed. 


A  natural  outgrowth  of  the  kind  of  behaviourist  thinking  that  has 
dominated  North  American  In  education  Is  the  tendency  to  focus  almost 
exclusively  on  the  mathematics  content  being  learned  by  children  and 
to  alter  mathematical  "stimuli"  according  to  observed  error  patterns 
while  providing  considerable  "drlll-and-practlce*  to  "extinguish" 
Inappropriate  responses.  A  more  realistic  approach  attempts  to 
understand  how  the  child  processes  the  Information  presented,  adapting 
to  feedback  from  real-life  experience.  When  knowledge  and 
understanding  of  mathematics  are  seen  In  terms  of  ongoing  thinking 
processes  rather  than  as  products,  traditional  tests  prove  less 
valuable  than  diagnostic  techniques  like  those  that  have  grown  out  of 
"genetic  eplstemology."  For  example,  the  Chelsea  Diagnostic 
Mathematics  Tests  (Hart  et  al.,  1985)  were  constructed  using 
Information  from  numerous  Plagetlan  and  neo-P1agetian  Interviews  of 
large  numbers  with  10-  to  15-year-olds.  However,  tests  like  these 
have  only  been  developed  relatively  recently.  What  about  their 
predecessors? 

♦Excerpts  from  a  review  of  more  than  300  diagnosis/Instruction  research 
documents  prepared  for  the  Student  Evaluation  Branch,  Alberta  Education 
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BEHAVIOURIST  APPROACHES 


Prior  to  the  popularization  of  "genetic  eplstemology ,"  North 
American  educational  test  design  was  (and,  1n  many  ways,  continues  to 
be)  dominated  by  behaviourist  learning  theories.  T>?  one  impossible 
weakness  1n  behaviourist  theories  is  that  the  "learning"  which  these 
theories  explain  bears  no  necessary  logical  relation  to  the  events  1n 
the  environment.  "It  1s  always  possible  that  the  reward  has  come  for 
reasons  that  have  nothing  to  do  with  the  response.  The  animal  never 
understands  the  nature  of  the  problem,  never  knows  why_  the  'operant' 
operates  and  therefore,  all  his  learning  1s  potentially  superstitious" 
(Mayer  1961,  p.  75). 

Many  diagnosis  and  remediation  studies  do  not  appear  to  have 
adequately   considered   underlying   cognitions.     One   such   study  was 
carried    out   with    36   Grade   3    pupils.     The    Key   Math  Diagnostic 
Arithmetic  Test  was  administered  with  items  in  ascending  or  descending 
order  of  difficulty.    There  were  15  addition  and  14  subtraction  Items. 
Four  feedback  item-order  treatments  were  given:    two  gave  1tem-by-1tem 
feedback    of    correctness    of    response    with    either    ascending  or 
descending  item  difficulty,  two  did  not  give  feedback.    In  any  event, 
when  feedback  was  given  1t  was  with  respect  to  answer  correctness 
only.    The  researchers  found  1t  "puzzling"  that  pupils  who  attributed 
success  or  failure  to  external  causes  like  "task  difficulty"  or  "luck" 
performed  better  1n  subtraction  when  receiving  feedback.  "Somehow, 
contrary  to  the  hypothesis,  it  appears  that  such  Individuals  found 
both   positive  and  negative  feedback  as  facilitating.     We  have  no 
reasonable  explanation  for  this   result.    .    .    ."     (Engiehardt,  Van 
Wengenen  S  Thomas  1982,  p.   56-60).     Such  "puzzles"  underscore  the 
importance  of  taking  Into  account  underlying  cognitions  and  processes, 
especially    in    relation    to    realistic,    concrete    constructions  of 
meanings.    More  reliable  evidence  1s  needed  than  that  drawn  from  naive 
student  introspection,  and  the  kind  and  quality  of  feedback  1s  an 
important  consideration. 

An  often-cited  guidebook  for  diagnostic  teaching  of  arithmetic 
(Relsman  1972)  suffers  from  a  preoccupation  with  correct  mechanical 
procedures  and  correct  answers,  to  the  neglect  of  ways  to  encourage 
children  to  construct  meaningful  ways  of  thinking  about  arithmetic  and 
its  concepts  and  proctsses.  It  focuses  almost  exclusively  on  the 
mechanics  of  computational  algorithms  and  on  the  "patching  up"  of 
erroneous  procedures.    While  it  is  unlikely  that  anyone  would  contend 
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that  computation  1s  unimportant  in  arithmetic  there  Is  a  growing  body 
of  evidence  to  support  the  -"lalm  that  the  best  way  to  Improve  student 
performance  1n  this  area  is  not  to  focus  on  the  algorithmic  mechanics 
and  the  vaguely  conceived  symbols  Involved.  An  Indicator  of  the  power 
of  hands-on  activities  with  concrete  materials  has  come  from  an 
analysis  of  64  elementary  school  research  studies  which  reported  that 
pupils  who  had  used  manipulative  materials  in  arithmetic  scored  at 
approximately  the  85th  percentile  on  achievement  tests  whereas  those 
who  had  not  had  such  experiences  scored  at  approximately  the  50th 
percentile  (Suydam  1986,  p.  32  citing  Parham  1983). 

Reue.-.rch  on  the  effects  of  "low-stress  algorithms"  appears  to 
have  focused  primarily  on  computational  mechanics  and  memorized 
shortcuts.  Examples  of  student  work  with  low-stress  algorithms  give 
the  Impression  that  they  are  heavily  dependent  on  pictorial 
organizational  "props"  (that  appear  to  have  little  to  do  with  the 
underlying  meanings  for  the  computations  being  carried  out)  and  that 
they  are  geared  toward  special -education,  severely  remedial,  or 
disadvantaged  children.  It  is  claimed  that  such  children  can  reach  "« 
normal  level  of  mastery  1n  critical  numerical  competencies,"  while 
normal  children  could  reap  time  savings  by  using  such  procedures 
(Hutchlngs  1980,  pp.  244,  245).  But  "numerical  competency"  only  means 
being  able  to  compute  accurately  with  simplified  algorithmic 
procedures.  What  about  promoting  understanding  and  realistic  problem 
solving?  Imitative  teaching  of  operations  and  solution  methods  for 
one-step  "word  problems"  Is  not  enough  (Cooper  &  English  1984,  p. 111). 


Learning  theories  are  being  developed  that  take  account  ".  .  .of 
the  systematic  development  of  an  organized  body  of  knowledge,  which 
not  only  Integrates  what  has  been  learnt,  but  is  a  major  factor  1n  now 
learning  .  .  ."  (Skemp  1962,  p.  133).  Any  teaching/learning  design 
which  can  ensure  that  each  Individual  will  be  able  to  build  the 
prerequisite  concepts,  before  or  while  tackling  new  learning  tasks, 
promises  to  facilitate  effective,  enjoyable,  useful,  and  transferable 
learning.  Such  an  approach  encourages  the  development  of  relational 
thinking  ("knowing  both  what  to  do  and  why")  rather  than  instrumental 
thinking  ("using  rules  without  reasons"),  which  is  likely  to  occur 
when  one's  mathematical  diet  1s  limited  to  a  steady  stream  of  narrowly 
focused  "explanations"  and  "exercises"  (Skemp  1978,  pp.  9,  14). 
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Thornton  (1970)  reported  the  results  of  using  experimental 
materials  1n  the  teaching  of  basic  facts  of  addition  and 
multiplication  to  students  in  Grades  2  and  4.  The  outcome 
performances  used  to  compare  the  effectiveness  of  the  experimental  and 
control  groups  were  timed  posttests  and  retention  tests  of  student 
achievement  1n  recalling  number  facts,  but  the  experimental  treatment 
was  essentially  a  cognitive  one  1n  which  students  were  encouraged  to 
organize  their  thinking  and  create  their  own  thinking  strategies  or 
adopt  strategies  suggested  in  the  Instructional  materials.  Superior 
performances  by  the  experimental  groups  were  taken  as  Indicating  that 
an  emphasis  on  the  cognitive  can  demonstrably  improve  students' 
achievement,  even  1n  routine  computational  skills. 

One  way  to  provide  supplementary  diagnosis  and  instruction  for  a 
classroom  teacher's  mathematics  program  1s  to  set  up  a  mathematics  lab 
that     includes     provisions     for     clinical      assessments.  The 
D1agnost1c-Prescr1pt1ve  Program  in  Mathematics  ".  .  .  was  designed  to 
Improve  mathematics  achievement  by  directing  the  Intervention  toward 
diagnosed   deficiencies    1n   number   concepts,    computational  skills, 
relationships  among  measures  and  problem  solving"  (Knight  1979,  p.  1). 
Mathematics  laboratories  were  set  up  1n  seven  participating  schools 
with  Stanford  Diagnostic  Tests  and/or  Metropolitan  Mathematics  Survey 
Tests   as  diagnostic  pretests   and  progress   posttests.  Mathematics 
activities  were  jointly  prescribed  and  planned  by  the  mathematics 
resource  teacher  and  the  regular  teacher.     A  variety  of  physical 
materials  such  as  Un1f1x  cubes  and  h.w-tpn  blocks  were  available  for 
hands-on  activities.    The  pupil  participants  were  420  2nd  through  8th 
graders    who    had    been     Identified    as    needing    remedial  help. 
Significantly  higher  posttest  scores  were  achieved  by  the  participant 
students  than  were  statistically  predicted  from  the  pretest  scores. 
Over  the  seven  month  treatment  period  the  smallest  grade-equivalent 
gain  was  11  months  and  the  largest,  14  months.  (Knight  1979,  pp.  1.  3, 
7-11). 

A  mathematics  lab  can  also  be  made  an  Integral  part  of  the 
Instructional  program  for  an  students.  The  formal  diagnostic 
assessments  can  be  replaced  with  dally  and  weekly  Individual  anecdotal 
appraisals  in  the  context  of  ongoing  learning  activities.  This  was 
the  approach  taken  in  the  Highwood  Bilingual  Elementary  School 
Mathematics  Lab  (Harrison  &  Harrison  1983).  The  Lab  was  started  1n 
1976  to  help  students  develop  a  better  understanding  of  mathematical 
concepts   through   purposeful    use   of   a  wide  range  of  manipulative 
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materials.  A  Project  Teacher  worked  with  the  classroom  teachers  over 
the  first  six  years  of  the  Project,  to  develop  student-centred, 
concrete,  mathematlcs-learning-activity  approaches  for  six-  to 
eleven-year-olds.  By  observing  how  real  objects  are  manipulated  and 
by  encouragin^discusslon  among  students,  the  classroom  teachers  were 
able  to  gain  valuable  Insights  Into  their  pupils'  understanding  of  the 
concepts  being  developed,  enabling  them  to  further  that  understanding 
through  supportive  activities.  A  frame  of  reference  based  on 
contemporary  cognitive  learning  theories  was  used  In  the  selection  of 
manipulative  materials  and  In  the  design  of  the  teaching  approaches 
used  In  the  Lab.  (Harrison  1982)  Just  before  the  Hlghwood  Hath  Lab 
project  began,  the  Stanford  Achievement  Test  median  arithmetic  score 
for  the  elgbt-year-old  students  was  5  to  10  percentiles  below  the 
median  reading  score,  approximately  the  50th  percentile.  After  the 
first  three  years  of  development  of  the  Lab,  the  eight-year-olds' 
median  ar1thmet<c  score  was  then  15  to  20  percentiles  above  that  of 
the  reading  scores,  which  had  remained  near  the  50th  percentile. 
(Harrison  6  Harrison  1983,  1986,  Hlghwood  1979) 

Several  studies  (e.g.,  Booth  ft  Hart  1983,  p.  80,  and  Romberg  & 
ColUs  1985,  p.  376,  377)  have  reported  on  the  Importance  that 
children  ascribe  to  their  own  Intuitively  devised  "child  methods"  1n 
arithmetic  and  how  these  can  Interfere  with  the  development  and  use  of 
paper-and-pendl  algorithms  that  should  prove  more  efficient  in  the 
long  run.  It  has  been  suggested  that  the  current  emphasis  on  paper- 
dnd-penc1l  procedures  as  early  as  Grade  3  may  bo  Inappropriate  in 
terms  of  pupil  cognitive  development,  partly  because  "...children's 
decisions  to  use  taught  algorithms  to  solve  these  problems  appear  to 
depend  more  on  the  semantic  structure  of  the  problems  than  on  either 
Instruction  or  cognitive  capacity...."  (Romberg  &  ColUs  1985  p. 376). 
Educators  would  do  well  to  invent  ways  of  building  on  these 
child-methods  instead  of  trying  to  subvert  them  with  algorithmic 
procedures  that  the  child  finds  meaningless,  at  least  Initially.  With 
so  many  electronic  machines  around  that  can  handle  algorithms 
consistently,  accurately,  iteratlvely,  and  endlessly,  why  promote 
anything  less  than  the  intelligent  learning  of  mathematics? 

CONCLUSION 

A  major  weakness    in   research   In   the   area   of  diagnosis  and 
instruction     in    mathematics    has    been     the    preoccupation  with 
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mathematical  content  and  computational  algorithms  to  the  exclusion  of 
considerations  of  the  processes  by  which  pupils  build  abstractions  and 
generalizations  from  their  own  actions  with  physical  objects.  It  is 
necessary  to  understand  how  children  learn  mathematics  and  how  to 
determine  the  levels  of  abstraction  and  sophistication  that  the 
children  concerned  bring  to  the  particular  mathematics  topics  at  hand. 
Approaches  that  have  taken  into  account  insights  from  cognitive 
assessments  of  child  responses  to  mathematical  tasks  have  proven 
particularly  successful  in  providing  effective  diagnosis  and 
instruction. 

One  source  of  interview  task  assessments  of  children's 
mathematical  cognitions  in  the  major  mathematical  topics  from  Grades  1 
to  3  is  the  Assessing  Cognitive  Levels  in  Classrooms  (ACLIC),  Final 
Report  (Marchand,  Bye,  Harrison  &  Schroeder  1985).  For  older 
children,  cognitive  assessments  can  be  made  by  means  of  paper-and- 
pencil  adaptations  of  individual  interviews  or  by  drawing  from 
existing  sources  of  cognitive  assessment  items  (e.g.,  Cornish  &  Wines 
1977  1978;  Hart  et  al.  1985;  Marchand,  Bye,  Harrison  &  Schroeder 
1985). 

Instructional  activities  suitable  for  providing  follow-up  to  the 
cognitive  assessments  need  to  be  mathematically  sound  and  relevant  to 
curricular  expectations  and  must  make  provision  for  the  child  to 
respond  naturally  at  or  near  the  level  of  cognitive  sophistication  so 
far  reached  in  the  particular  context.  Provision  must  be  made  for  the 
student  to  build  concepts  and  strategies  from  direct  experience,  by 
communicating  with  others,  and  from  within  through  imagination  and 
intuition.  A  particularly  rich  source  of  instructional  activities  in 
mathematics  for  5-  to  12-year-olds  has  been  developed  by  Richard  Skemp 
in  accordance  with  these  principles  just  stated.  (Skemp  1982-84, 
Primary  Mathematics  Project,  in  press)  Exemplary  process-oriented 
materials  for  mathematics  teaching,  learning  and  evaluation  have  been 
developed  for  secondary  school  students  at  the  Shell  Centre  for 
Mathematical  Education,  University  of  Nottingham.  Each  of  these 
sources  of  cognitively-oriented  learning  materials  describe 
field-tested,  inservice  strategies  that  can  be  used  to  lead  teachers, 
evaluators,  and  researchers  to  a  greater  appreciation  of  cognitive 
assessment  procedures  and  activity-based  instructional  methods. 
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Abstract 


In  this  work  an  analysis  of  the  epistemological  constituents  of  mathema- 
tical knowledge  is  attempted.  Its  involves  a  discussion  over  the  relationship 
between  the  roles  played  by  the  epistemic  object  and  subject,  as  well  as, 
within  the  first  but  with  its  own  status,  the  social  role  in  the  cognitive  result. 

Before  beginning  completely  the  chosen  set  of  problems,  an  attempt  is 
made  to  place  it  in  a  historico-philosophical  context  that  allows  a  better  un- 
derstanding of  its  nature.  This  is  given  especially  by  the  existing  contrapo- 
sition between  Empiricism  and  Rationalism,  and  in  particular  the  crisis  in 
the  latter  brought  on  by  the  results  of  Gbdel  in  the  thirties.  The  author 
affirms  that  these  results  show  the  need  for  an  epistemological  and  methodo- 
logical renewal  in  the  understanding  of  the  nature  of  Mathematics.  It  reveals 
a  weakening  in  the  rationalist  paradigm  which  emphasizes  the  deductive- 
formalizing  aspects,  and  the  a  priori  sense,  dominant  in  the  history  of  mathe- 
matics. , 

An  epistemologico-psychological  analysis  is  made  starting  Irom  the 
concept  of  Piaget  of  "reflexive  abstraction".  The  essence  of  this  concept  is 
described,  along  with  some  premises  and  limits  of  the  horizon  where  it  is 
inscribed,  which  is  to  say  in  that  of  the  so-called  genetic  epistemology. 

So  by  way  of  conclusions,  we  study  the  consequences  of  this  interpre- 
tation in  Mathematics  Education  and  its  psychology,  its  implications  in  the 
orientations,  but  above  all  in  the  methods  of  teaching.  Also  the  importance 
is  affirmed  of  the  history  of  Mathematics  to  give  structure  to  the  priorities 
and  orders  in  Mathematics  Education. 


1.  In  the  1950's  and  60's  took  place  the  now  famous  reform  which  introduced 
the  so-called  "modern  mathematics".  This  reform  sought  to  emphasize  the 
axiomatic,  deductive  and  abstract  character  of  mathematics.  A  structuralist  and 
formalist  vision  of  mathematics  was  favored  over  empirical,  heuristic,  intuitive  or 
constructive  approaches.  These  reforms  corresponded  completely  to  paradigms 
about  the  nature  of  mathematics  which  had  predominated  for  centuries  (in  dif- 
ferent manners)  and  had  been  in  vogue  in  the  period  known  as  the  "Crisis  or 
Mathematical  Foundations"  at  the  end  of  the  19th  and  beginning  of  the  20th 
centuries. 

In  reflecting  about  mathematics,  we  will  call  those  paradigms  which  affirm  the  a 
priori  character  of  mathematics  and  emphasizes  the  role  of  the  mind  as  a  producer  or 
absolute  and  eternal  truths  ntiomtkst  pmdigms.  The  rationalist  paradigms  have 
combined,  althought  not  always,  two  additional  visions  about  mathematics:  that  of 
Plato,  which  makes  mathematical  entities  citizens  of  an  abstract  and  independent 
world,  accesiblc  only  by  means  of  reason,  and,  on  the  other  hand,  the  vision  which 
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emphasizes  the  axiomatic  and  formal  as  determinant  characteristics  of  the  nature  of 
mathematics.  An  integrated  combination  of  these  ideas,  in  some  proportion,  consti- 
tutes what  can  generally  be  called  the  Rationalist  Paradigm  in  Philosophy  of  Mathe- 
matics (I  emphasize  rationalist  because  it  constitutes  the  decisive  theoretical  element 
in  tills  conceptual  conglomeration). 

The  reforms  previously  mentioned  were  made  in  large  part  on  the  basis  of  this  intel- 
lectual paradigm.  The  interesting  thing  is,  however,  tliat  they  were  made  20  or  30 
years  after  this  paradigm  was  severely  criticized  by  Godel  in  his  famous  article  "On 
Formally  UndecidaNe  Sentences  of  Prindpta  Mathematics  and  related  systems"  in 
1931.  The  conclusions  of  Godel  are  extraordinary.  On  one  hand  they  imply  that  any 
formalism  sufficiently  strong  for  expressing  the  basic  parts  of  the  elemental  theory  of 
bumbers  is  incomplete.  As  such,  he  concludes  that  mathematics  cannot  admit  any 
absolute  formalization  and  thai  formalizable  parts  do  not  guarantee  consistency.  On 
the  other  hand,  he  cast  doubt  on  the  Hilbertian  pretentions  for  proof  of  consistency 
and  mathematical  fundamentation  (pretentions  which  monopolized  the  interest  of 
many  mathematicians  and  philosophers  after  the  "inexcusable"  weakness  of  the  Logicist 
project  of  Frege-Russell).  Godel's  conclusions  were  directed  toward  breaking  the 
scheme  of  an  absolute  and  closed  system  for  any  discourse  and  the  pretention  of 
fttionalism  of  explaining  any  reality  on  the  basis  of  reason.  They  were  a  reminder  that 
no  rational  system  can  explain  the  totality  of  the  real,  as  well  as  a  call  for  seeking  a 
bridge  between  Rationalism  and  Empiricism,  giving  a  just  role  in  mathematics  to 
intuition  and  experience.  They  constituted  a  hard  blow  to  the  rationalist  paradigm 
about  mathematics  to  Formalism,  to  Platonism,  as  well  as  the  infallibility  of  this. 

The  reading  of  the  implications  of  the  results  of  Godel,  however,  was  not  under- 
taken in  an  ample  and  decisive  manner.  The  best  proof  of  this  is  probably  the  reality 
of  the  reforms  in  the  teaching  and  learning  of  mathematics,  which  might  be  explained 
by  the  Platonist  position  of  Gddel  himself,  or  by  the  weak  traditions  of  applied 
mathematics  in  North  America,  or  simply  by  the  enormous  life  of  a  paradigm  which, 
in  order  to  die,  needs  to  be  replaced  first  by  another.  What  is  clear  is  that  no  alternative 
paradigm  to  Rationalism  exists.  The  conventionalist  and  linguistic  proposal  of  Logical 
Empiricism  does  not  appear  a  totally  satisfactory  option. 

2.  The  crisis  of  Rationalism  rising  from  the  results  of  Godel  should  lead  to  the  deny- 
ing of  the  principal  premises  of  the  majority  of  thinkers  in  this  tradition.  Now  it  can't 
be  said,  for  example,  that  the  theorems  of  mathematics  are  true  in  the  real  world  and 
that  these  infallible  truths  are  accesible  to  human  thought;  or  that  intersubjectivity  is  a 
non-practical  and  non-material  metaphysical  fact.  These  have  been,  during  a  long 
period  of  time,  theoretical  suppositions  beyond  discussion  1.  The  results  of  Gddel  have 
created  the  necessity  for  a  theoretical  rethinking.  It  is  not  strange,  then,  that  Lakatos 
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insisted  since  the  I960's  on  the  "rebirth  of  Empiricism  in  recent  Philosophy  of  Ma- 
thematics" 2.  The  paradigm  of  the  injection  of  truth  from  the  summit  to  the  base 
entered  in  crisis  with  Godel's  results.  The  intents  (which  Lakatos  called  "Euclidian") 
to  incorporate  the  nature  of  mathematics  in  its  scheme  failed.  Lakatos  affirmed  the 
existence  of  a  ".  .  .  genuine  revolutionary  turning  in  the  philosophy  of  mathematics"3. 
To  what  point  a  reactivation  of  Empiricism  has  extended  is  difficult  to  know;  it  is  not 
easy  to  change  a  paradigm  when  this  has  been  a  fundamental  pillar  of  western  episte- 
mology  for  many  centuries.  But  it  is  obvious  that  Empiricism  has  received  greater 
attention. 

Alongside  Cartesian  rationalism,  the  empiricist  tradition  developed  together  with 
the  experimental  sciences.  This  gave  birth  to  a  different  rationality,  which  gave  pre- 
eminence to  the  sensory  in  the  knowledge  of  the  world.  Empiricism  has  stolen  much 
terrain  from  Rationalism  in  that  which  has  to  do  with  knowledge  in  general.  However, 
mathematics,  until  Gbdel,  had  been  the  last  redoubt  of  Rationalism.  Before  Gbdel, 
at  times  Empiricism  was  flirted  with,  but  the  predominant  mathematical  philosophy 
was  rationalist.  The  ideas  of  Mill  about  mathematics  were  always  strongly  attacked. 

The  two  traditions  could  both  be  characterized  as  rationalist,  in  the  sense  that 
both  work  on  the  basis  of  deduction  and  the  axiomatic,  but  in  their  bodies  of  theory 
they  differ  aoout  the  injection  of  truth  (in  one  case  from  top  to  base,  and  in  the  other 
the  reverse).  This  is  the  approximation  of  Lakator-  4.  Both  traditions  have  been  mutual 
antagonists  in  the  latest  centuries  of  epistemology.  It  is  only  natural  that  with  the 
weakening  of  Rationalism,  Empiricism  would  be  fortified.  However,  the  situation 
hasn't  been  so  simple.  The  classic  vision  of  Mill  isn't  so  easy  to  accept ;  the  character 
of  mathematics  a  product  of  the  generalization  of  physical  experience?  Go  back  to 
almost  mechanical  inductivism  in  reflecting  on  mathematics?  This  difficulty  had  led 
the  great  majority  of  empiricists  to  deny  real  material  content  to  mathematics,  and  like 
Ayer,  Pap,  Camap,  and  up  to  a  point  the  late  Russell,  concede  it  a  conventional  and 
linguistic  character:  "There  are  three  feet  in  a  yard".  Parting  from  the  considerations 
we  have  mentioned,  the  options  which  appear  are:  mathematics  has  to  do  with  infal- 
lible truths  i  priori,  without  material  content,  or  these  refer  to  some  ideal  or  material 
world;  or  mathematics  does  not  have  to  do  with  infallible  truths  and  so  the  options 
which  appear  are  inductivism  like  Mill  or  conventionalism.  This  appears  to  be  the  crux 
of  controversy  in  modem  mathematics.  If  the  scheme  of  i  priori  truths  is  soffocated 
by  the  "Gbdel  factor",  then  everything  indicates  a  tendency  to  submersion  in  some 
type  of  Empiricism. 

A  revision  of  reflection  on  the  nature  of  mathematics  has  been  nieded  for  several 
decades.  In  this  terrain  the  analysis  of  its  constituent  epistemologies  is  important.  We 
will  use  ideas  of  Piaget  to  develope  an  epistemological  proposal. 
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3.  In  the  theoretical  analysis  of  mathematics,  it  is  necessary  to  treat  the  central  theme: 
What  type  of  mental  activity  dcx">  mathematics  engender?  How  is  mathematical 
thought  generated?  Are  we  talking  about  the  inductivist  generalization  of  Mill?  If  not, 
are  we  not  affirming  typical  rationalism?  For  Piaget,  in  relation  to  mathematical 
thought,  there  has  been  an  evolution  in  human  beings  in  steps  from  birth  to  maturity. 
Each  of  these  steps  manifests  itself  in  mental  structures  S.  These  structures  are  oper- 
ational in  character  6.  The  passing  from  one  to  another  takes  place  through  an  abs- 
traction, different  than  that  postulated  by  Aristotle,  which  is  called  "reflexive"  7. 
We  are  talking  here  about  an  operatory  as  well  as  combinatory  generalization  S.  Each 
new  structure  adds  elements  to  the  former  in  a  new  synthesis  7.  This  leap  forward 
occurs  because  of  necessity  for  filling  voids  in  the  avoidance  of  contradiction  10.  This 
lack  of  contradiction,  or  coherence  is,  according  to  Piaget,  a  particular  case  or  operatory 
"reversibility"  12. 

As  such,  the  abstraction  ii  produced  parting  from  the  actions  of  the  subject,  not  of 
the  object  12.  The  reflexive  abstraction  is  idemificd  with  the  power  of  the  subject  to 
coordinate  actions.  Moreover,  we  are  speaking  of  an  abstraction  parting  from  the 
combination-coordination  of  actions  13.  This  power  of  the  subject  is  not  exactly 
hereditary,  but  it  is  biological  14.  It  is  part  of  the  "cognoscitive  functions"  in  general. 
According  to  Piaget  his  cognosctive  functions  are  the  differentiated  organs  of  the 
"autoregulatkm"  of  the  subject  in  relation  to  the  object;  it  is  something  which  affects; 
then,  behavior.  Thii  vital  autorcgulation  associated  with  any  living  thing  has  to  do 
with  the  organization  of  the  organic  structure  of  the  subject  in  assimilation  of  condi- 
tions produced  by  the  outside  environment.  As  such,  the  "reflexive  abstraction"  refers 
to  the  most  general  organizing  function  in  living  things:  the  "reconstruction  convergent 
with  supcration"  1 5. 

According  to  Piaget,  the  reflexive  abstraction,  the  evolution  of  structures  and  pre- 
eminence of  the  subject,  within  the  basic  biological  framework,  arc  the  key  to  mathe- 
matical reflection.  Mathematical  entities  are  produced  by  the  subject  in  steps  parting 
from  the  reflexive  abstraction  which  refers  to  the  form  of  organizing  content.  More- 
over, the  subject,  in  this  process,  separates  form  and  content.  Form  is  what  corresponds 
rightly  to  mathematics.  The  formal  character  of  mathematics  is  no  accident,  but  rather 
according  to  Piagei  it  intrimic  to  the  epistemological  nature  of  mathematics. 

In  all  this,  exists  a  basic  supposition  that,  parting  from  an  analysis  of  the  psycho- 
genetical  processes,  understanding  can  be  obtained  about  the  general  conditions  of  the 
epistemology.  This  is  a  point  of  departure.  The  reflexive  abstraction  permits  us  to 
explain  how  mathematical  structures  advance  from  one  level  to  another.  Piaget  says 
that  in  this  process  the  subject  is  active  factor  and  the  object  is  only  an  environment. 
Of  course,  all  this  is  only  an  interpretation.  In  order  to  do  Piaget  justice  we  should 
avoid  the  interpretative  and  seek  the  objective.  The  probable  is,  in  our  opinion:  ( I )  the 
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subject  needs  action  in  order  to  generate  change  in  mental  structures,  and  (2)  the 
concrete  material  object  is  necessary  in  alt  the  first  steps  in  psychogenetic  evolution. 
At  this  point,  knowing  with  certainty  how  much  corresponds  to  the  subject  and  how 
much  to  the  object  is  difficult.  Piaget's  interpretation  is:  the  emphasis  should  be  put 
on  the  subject,  along  with  a  recurrence  of  biological  hypothesis  nor  proven. 

At  this  point,  then,  a  methodological  and  philosophical  discussion  becomes  ex- 
traordinarily important.  Piaget,  through  hU  genetic  epistemology,  seeks  a  range  of 
statistical  results  about  the  development  of  mental  structures  in  children,  but  these 
are  inadequate  for  arriving  at  more  general  epistemological  conclusions.  In  any  case, 
the  processes  of  knowledge  can  only  be  explained  in  any  depth  parting  from  a  physical 
analysis  (in  the  general  sense).  Behavioral  data  cannot  be  conclusive  because  they  are 
indirect.  They  cannot  explain  the  material  phenomena  which  engender  them. 

The  power  of  abstraction  of  the  human  mind  over  the  real  and  objective  cannot  be 
apprehended  with  a  single  method.    Different  types  of  abstraction  exist,  not  only 
related  to  different  objects,  but  also  according  to  their  form  of  approximation.  The 
reflexive  abstraction  of  Piaget,  which  emphasizes  the  operative  does  not  represent  a 
complete  explanation  of  how  to  determine  mathematical  knowledge  epistemologically. 
It  is  even  possible  that  the  most  definitive  answer  is  related  to  deeper  knowledge  than 
the  science  we  possess  today.  In  any  case,  it  is  necessary  to  supply  some  methodolo- 
gical indicatives  to  this  discussion.  In  the  first  pUce,  an  cpistemic  subject  is  a  dynamic 
factor  of  central  Importance  in  mathematical  knowledge,  but  always  dependent  upon 
the  object.   At  this  point  it  is  also  necessary  to  point  out  that  the  social  is  not  only 
a  part  of  the  object,  but  also  intervenes  in  the  configuration  of  structural/mental  con- 
ditions which  participate  in  the  relation  object-subject.  We  can,  then,  speak  with 
security  of  three  functional  factors  in  the  process  of  knowledge:  the  subject,  the 
society  and  the  material  object.  These  are  simply  three  categories  that  refer  to  intricate 
overlapping  aspects  of  the  "non-null  intersection"  of  a  unified  totality.  The  three 
affect  the  epistemological  behavior  in  different  ways.  The  beliavior  of  the  object,  in 
its  most  general  sense,  affects  the  other  two.  Knowledge  is  a  dialectic  fusion  which 
encloses  three  different  functional  dynamics  in  a  proportion  difficult  to  establish  by 
merely  speculative  means.  I  even  believe  that,  up  to  a  point,  the  biological  interpre- 
tation of  cognoscitive  functions  of  Piaget  cannot  be  ignored  a  priori.  On  this  subject, 
the  point  which  should  be  understood  is  that  there  exists  at  this  time  an  impossibility 
for  sufficient  scientific  evidence  and  a  methodological  inconvenience  for  accepting  it. 
Seen  from  the  classic  framework  of  reference:  the  subject,  whose  ultimate  deter- 
minants are  biological  and  even  more  so  physical,  is  active;  but  not  in  a  vacuum,  but 
in  a  conjunction-fusion  with  the  object,  whose  independent  movement  incides  over  the 
subject.  The  social  is  a  bridge  which  penetrates  the  interior  of  the  subject,  supplying 
part  of  its  theoretical  supports.  The  epistemological  relationship  subject-object  esta- 
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Wished  within  the  general  social  framework  defines  a  different  reality  to  the  object  and 
subject  Thus,  the  object  is  not  the  object  itself,  but  rather  the  subjectlvized  object; 
the  characteristics  of  the  object  are  learned  and  understood  by  the  subject  within  the 
conditions  which  establish  their  own  limits.  This  subjectivized  ot^ect  is  the  departure 
basis  of  consciousness.  The  subject  is,  it  the  tame  time,  objectivizttl.  In  this  epistemo- 
logical  relationship,  while  it  is  true  that  both  poles  do  not  remain  as  they  were,  this 
does  not  mean  that  their  independent  conditions  disappear.  These  conditions  are 
points  of  support  for  the  relationship.  Tbia  it  •  methodological  interpretation.  From  - 
this  point  we  need  scientific  and  precise  empirical  support. 

In  the  classic  empiricism  of  Mill,  the  subject  is  reduced  to  a  blank  piece  of  paper 
on  which  the  object  print*  its  message.  In  Kantian  apriorism  the  object  almost  disap- 
pears (is  subjectivized)  and  the  subject  is  the  only  active  factor  which  produces  mathe- 
matical knowledge.  In  Piagctian  apriorism,  some  of  the  problems  of  Kant  are  inherited 
and  are  attempted  to  be  resolved  through  a  biological  interpretation.  The  analyst  of 
the  mental  factor  u  opera tory,  u  advanced  by  Piaget,  is  more  adequate  than  the  mere 
inductivitt  generalization.  The  epistemologjcal  problem  with  the  vision  of  Piaget  is, 
however,  the  reduction  in  the  active  role  of  the  object,  and  the  almost  total  absence  of 
the  social  as  a  special  factor;  the  limitation  of  the  types  of  mental  abstractions.  But 
through  this  analysis  we  have  identified  a  possible  point  of  methodological  reference: 
the  constituent  epbtemological  factors  of  mathematical  knowledge. 

4.  It  is  not  necessary  to  insist  upon  the  importance  and  implications  of  an  episte- 
mo logical  and  philosophical  revision  of  the  teaching  of  mathematics  or  its  implications 
upon  the  psychology,  programs,  and  methods  of  teaching.  If  we  adopt  the  point  of 
departure  identified  here,  some  consequences  are  inevitable: 

a)  Mathematics  should  be  taught  in  direct  relation  to  material  and  social  reality. 
This  implies,  apart  from  a  direct  approximation  to  objects,  a  strong  linkage  with  other 
natural  and  social  sciences. 

b)  The  content  of  mathematics  should  be  taught  with  an  understanding  that  a 
dialectic  relationship  exists  between  the  abstract  and  the  empirical.  It  is  necessary  to 
understand  the  specific  abstract  dimension  of  mathematics  integrated  in  a  special  sub- 
ject-object epistemologjcal  relationship  which  determines  its  character. 

c)  Mathematics  should  not  be  taught  as  absolute,  eternal  and  invariable  truths. 

d)  Axiomatic*  and  deduction  should  be  introduced  in  the  teaching  of  mathematics 
as  important  and  useful  instruments,  but  not  the  heart  of  mathematics.  (This  implies, 
for  example,  determining  precisely  when  certain  formalism  are  specifically  useful  or 
necessary  and  when  they  are  not). 

e)  A  new  teaching  of  mathematics  should  emphasize  heuristic,  intuitive,  concrete 
and  constructive  theoretical  methods. 
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One  of  the  decisive  resources  in  teaching  mathematics  which  assumes  this  type  of 
vision  is  the  use  of  the  history  of  mathematics.  Not  only  as  a  source  of  anecdotes 
which  give  "color"  to  mathematical  content,  but  rather  a  key  factor  in  the  structure 
of  the  teaching  of  these  contents,  the  programming  and  method  teaching.  This  does 
not  mean,  for  example,  that  the  order  and  logic  to  be  decided  should  simply  be  histor- 
ical and  the  deductive  logics:  an  adequate  convergence  between  sociogenetic  and 
psychogenetic  orders. 

It  is  probable  that  at  this  time  no  defined  program  of  how  to  achieve  a  new  stra- 
tegy of  teaching  mathematics  exists,  along  with  its  respective  philosophy,  methods, 
programs  and  texts.  I  believe  that  we  live  in  a  transitional  period  in  which  different 
concrete  ideas  and  plans  are  being  tested.  It  is  difficult  to  know  how  long  this  will 
last.  But  I  believe  that  in  this  period,  discussions  about  methodology  and  philo- 
sophy are  particularly  important.  (On  many  occassions,  there  is  a  tendency  to 
dismiss  philosophy  as  mere  empty  and  useless  sets).  In  this  sense,  perhaps,  all  this 
work  constitutes  a  defense  of  the  Philosophy  of  Mathematics. 
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STUDENTS'  UNDERSTANDING  OF  MATHEMATICS: 
A  REVIEW  AND  SYNTHESIS  OF  SOME  RECENT  RESEARCH. 


Thomas  L.  Schroeder 
University  of  Calgary,  Canada 


Atode/S  of  understanding  and  conceptual  frameworks  for  building  such  models 
that  have  been  developed  over  the  past  decade  are  described  In  three  broad 
categories:  (1)  The  Instrumental  vs.  relational  distinction  and  evolving 
epistemotogical  and  constiucthist  models,  (2)  Piagetian,  neo-Piagetlan,  and 
related  psychometric  mooeta,  and  (3)  human  information  processing  and 
cognitive  science  model*.  Some  examples  of  studies  of  students' 
understanding  of  mathematics  aie  reviewed  ami  discussed  in  terms  of  the 
practical  decisions  researchers  have  made  in  choosing  models  and  making 
operational  definitions,  the  feasibility  of  reinterpreting  the  studies'  findings  in 
different  theoretical  terms,  the  generalizabitity  of  their  findings,  and  the  potential 
benefits  of  the  studies  hr  curriculum  evaluation,  teachers'  professional 
development  and  the  Improvement  ot  Instruction. 


Mathematics  educators  have  been  concerned  about  students'  understanding  tor  many  years 
(Brownofa  work  In  the  1830'a  and  40*i  on  "meanlngingful  arithmetic"  Is  relevant  to  this  issue,  for 
example),  but  tha  past  decade  or  so  hat  Men  substantial  actlvtry  and  progress  In  this  area.  Trio 
numerous  models  and  ooncsaptualzaUons  ot  understanding  which  have  been  developed  can  be 
put  Into  three  broad  categories. 


In  a  seminal  arttcte,  Skemp  (1976)  distinguished  between  instrumental  understanding, 
"rules  without  reasons."  and  relational  understanding,  "knowing  both  what  to  do  end  why." 
Skemp  commented  that  formerly  he  would  not  have  considered  Instrumental  understanding  to  be 
understanding  at  all,  but  ha  gave  reasons  for  believing  that  "understanding"  Is  a  case  of  faux  amis, 
where  one  term  Is  used  with  two  entirely  different  meanings.  Skemp  also  discussed  mismatches 
between  the  goals  of  students  and  the  goals  of  their  teachers  with  respect  to  type  of 
understanding  they  sought,  and  argued  that  the  term  "mathematics"  Itself  could  be  a  case  of  faux 
amis.  Playing  Device  Advocate.  Skemp  fisted  some  supposed  advantages  of  Instrumental 
understand r>c,  and  gave  several  arguments  In  favour  of  relational  understanding.  The  theoretical 
formulation  Skemp  used  In  the  discussion  was  based  on  the  distinction  between  fixed  plans  for 
solving  particular  problems  and  schemas  from  which  plans  can  be  produced;  throughout  the 
article  he  was  concerned  with  the  nature  of  the  knowledge  students  have,  their  goals  In 
developing  It,  and  their  abiitles  to  use  It  in  solving  problems. 

Responding  to  Skemp,  Byers  and  Herscovtcs  (1977)  proposed  two  additional  types  of 
understanding:  Intuitive  understanding,  the  ability  to  solve  a  problem  without  prior  analysis  of  the 
problem,  and  formal  understanding,  the  ability  to  connect  mathematical  symbolism  and  notation 
with  relevant  mathematical  Ideas  and  to  combine  these  ideas  info  chains  of  logical  reasoning.  In 
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their  model  the  four  types  (or  "modes")  ot  understanding  ware  represented  as  tho  vertices  ol  a 
tetrahedron.  Byers  and  Herecovtcs  argued  that  formal  understanding  Is  not  merely  a  special  caso 
ol  relational  understanding,  by  giving  the  exar"pte  ot  an  algebra  problem  solved  "with 
understand!  no"  and  correctly  but  with  morally  Incorrect  symbolic  expressions.  They  also  noted 
that  effective  learning  cannot  bi  based  only  on  a  single  type  of  understanding,  that  at  any  given 
time  a  student's  understanding  of  a  particular  piece  ot  mathematics  will  be  of  a  mixture  of  types, 
that  the  types  cannot  be  arranged  In  any  strict  temporal  aequenoe,  and  that  the  system  Is  dynamic 
because  the  four  types  Interact  at  times  remfordng  or  hindering  one  another. 

Tan  (1978)  criticized  the  tetrahedral  model  because  It  can  only  represent  the  ralio 
between  types  of  understanding  and  suggosted  repesentlng  understanding  as  a  point  In  4- 
space.  Acknowledging  that  regardless  of  representation  understanding  Is  a  function  of  time,  ho 
urged  consideration  of  the  dynamics  ot  understanding  and  auggested  that  the  kinds  of 
understanding  should  be  seen  aa  facets  ot  a  single  development.  He  noted  that  schemas  grow 
and  become  more  versatile,  they  decay,  and  they  are  reformulated  consciously  and 
unconsciously  as  the  Individual  attempts  te  make  a  coherent  pattern  out  of  the  world. 
Understanding  which  results  from  such  a  search  for  coherence  Tall  Identified  as  relational 
understanding.  Instrumental  understanding  Is  characterized  by  compartmentallzation  of  ideas, 
not  wishing  to  make  an  overall  pattern,  preferring  a  limited  closed  system.  Thus,  type  of 
understanding  was  related  to  altitudes  and  goals.  Tall  argued  that  Intuitive  understanding  occurs 
when  a  developing  schoma  Is  no!  yet  sufficient  for  the  task  at  hand,  but  there  are  facets  ol  tho 
problem  that  seem  to  link  with  H.  Formal  understanding,  he  contendod,  has  both  Individual  and 
corporate  aspects.  The  Individual  reflects  on  his  schema  and  rationalizes  his  thinking  to  lit  it 
together  coherently,  a  process  reminiscent  ol  "formal  operations'  in  Plaget's  use  of  the  term.  The 
Individual  also  puts  mathematlca  Into  a  public  context  using  conventional  notations  appropriately. 
Turning  to  the  case  ol  non-understanding,  Tall  gave  examples  Illustrating  the  proposition  that,  il 
understanding  is  assimilation  Into  an  appropriate  schema,  then  non-understanding  may  mean 
either  assimilation  Into  an  Inappropriate  schema  or  failure  because  no  schema  Is  available. 

While  accepting  a  model  containing  four  types  ol  understanding,  Tall  expressed  tho 
concern  that  this  might  lead  to  the  development  ol  more  and  more  relined  categories,  some  ol 
which  might  not  be  universally  accepted  or  uniformly  Interpreted.  He  also  wondered  whether  tho 
presence  of  "intuitive"  and  "formaP  suggested  the  need  for  a  kind  ot  understanding  to 
correspond  wlh  Ptaget'6  "concrete."  Finally,  Tall  expressed  the  hope  that  focussing  on  tho 
distinctions  between  types  ol  understanding  would  not  obscure  the  connections  between  them, 
and  he  gave  the  separation  of  "cognitive"  from  "affective"  as  an  example  of  an  unhelptul 
distinction. 

Another  article  by  Skemp  (1979),  offered  as  a  synthesis  of  the  articles  mentioned  above 
and  othere,  was  based  on  his  model  of  Intelligence  In  which  human  behaviour  is  seen  as  goal- 
directed,  and  two  director  systems  are  posited.  Delta-one  receives  Information  from  (he 
environment  and  acts  upon  It,  comparing  the  present  state  of  the  environment  with  the  goal  state, 
constructing  plans  from  available  schemas  to  take  the  operand  to  the  goal-state  and  keep  it  there. 
Delta-two,  whose  operands  are  not  In  the  external  environment  but  In  delta-one,  has  the  function 
of  optimizing  the  functioning  of  delta-one.  "Itie  goal  of  Instrumental  learning  Is  to  give  right 
answers.  The  overt  operands  are  symbols,  mathematical  and  verbal,  spoken  and  written;  the 
hidden  operand  Is  the  teacher  or  exarrtnor,  and  the  goal  Is  to  gain  approval  and  avoid  disapproval. 
These  operands  are  In  the  environment,  so  the  activities  are  deita-one  activities.  When  pupils 
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learn  a  sat  of  rules  (degenerate  echemas)  that  ara  appropriate  to  a  limited  class  of  tastes,  the  rules 
ara  ruiaa  lor  manipulatino  symbols,  and  tha  <»nn*c*on«  ara  connections  between  symbols,  not 
between  ooocepu.  Trw  goal  ot  relaliooal  learning  is  ttt*  construction  ot  relational  schamas.  The 
operands  may  be  newly  encountered  concepts,  and  the  goal  to  connect  them  with  appropriate 
schemes;  trie  goal  may  be  to  deduce  specific  methods  lor  solving  particular  problems  or  rules  lor 
cutset  of  tasks;  or  She  goal  m*y  be  to  Improve  existing  schemes  by  redacting  on  them  to  make 
them  more  cohesive,  better  organized,  etc.  Thsse  operands  arc  concepts  and  schemas  within 
dose-one,  so  in  relational  learning  deNa-two  actMtee  are  dominant. 

Skemp  proposed  to  resolve  the  proliferation  ot  models  problem  with  a  new  model 
containing  three  kinds  ot  understanding:  Instrumental,  relational,  logical  (equivalent  to  formal)  and 
two  modes  ol  mental  activity:  Intuitive  and  reflective.  He  argued  that  the  two  modes  ol  mental 
functioning  do  not  correspond  to  different  kinds  ol  understanding,  but  that  they  occur  In  all 
combinations  with  thorn.  Skemp  offered  examples  to  show  that  tl>e  six  ceHs  of  this  model  are 
meaningful.  In  the  ceNa  lrtstrurr*r«aVV*urttve,  relational/reflective,  and  logical/reflective  the 
examples  ore  straightforward,  but  the  example  for  instrumental/reflective  seems  contrived. 
Skemp  himself  expressed  cSesskV action  with  his  attempt  at  an  example  for  tha  logical/intuitive  cell. 
The  retattoramuHlve  combination  Skemp  matched  with  Insights  which  develop  slowty,  as 
opposed  to  leaps  ol  intuition. 

OKve  (1962)  designed  a  group-administered  test  for  9th  and  10th  grade  students  to  test 
for  relational  or  Instalment*!  understanding  ot  various  mathematics  topics,  In  both  the  reflective 
mode  and  Intuitive  modes.  Some  Heme  were  found  successful  for  these  purposes,  and  some 
strong  correlations  between  Rem  responses  and  Interview  assessments  were  observed. 

Bergeron  and  Bertcovics  (1981)  reported  using  a  model  that  described  understanding  of 
rnatnematfcs  (as  tntuJavt,  Instrumental,  relational  or  formal)  In  a  project  with  elementary  school 
toachers.  They  found  that  the  teachers  could  Identity  different  modes  of  understanding  with 
various  topics  In  elementary  school  mathematics,  and  that  doing  so  changed  their  perception  of 
mathematics  and  their  view  ot  their  own  mathematical  competence.  Furthermore,  It  led  to  the 
development  of  a  const  ructMst  approach  to  learning,  a  deemphasls  of  the  Importance  of  written 
answers,  a  focus  on  thinking  processes,  and  an  awareness  that  only  through  an  appropriate  form 
of  questioning  can  children's  reasoning  be  uncovered.  Noting  certain  weaknesses  of  the  model 
and  dftlcuales  using  K,  these  researchers  set  themselves  the  task  ol  constructing  a  new  model 
better  suited  to  the  analysis  ol  concepts,  a  hybrid  model  that  would  apply  both  to  states  of 
understanding  as  we*  as  the  construction  of  understanding.  In  a  companion  paper  (Herscovlcs  & 
Bergeron,  1861),  they  concluded  that  some  of  the  criteria  for  classifying  understanding  were 
quite  useful  m  describing  concept  formation,  and  they  stated  that  they  "now  percelve[d]  these 
criteria  as  levels  of  understanding  which  in  fact  constitute  the  backbone  of  a  construct! vist  model 
of  understanding*  (p.  69)  The  new  model  (Herscovlcs  ft  Bergeron,  1982)  Included  the  intuitive 
and  procedural  levels  and  the  stages  ot  abstraction  and  formalzation. 


Many  mathematics  educators  consider  the  main  value  in  Piagetian  research  to  be  the 
extent  to  which  H  characterizes  students'  understanding  or  potential  for  understanding  of 
important  mathematical  Ideas.  For  example,  one  might  say  that  a  child  giving  a  pre-operational 
response  in  the  conservation  of  number  task  lacks  understanding  of  certain  number  concepts, 
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even  II  h«  doe*  have  abilities  with  counting,  or  on*  might  argue  thai  a  child  giving  a  concrete 
operational  response  to  a  task  has  a  poorer  ksvel  ol  understanding  than  a  child  who  responds  ai 
the  formal  operational  level.  The  power  to  reveal  students'  understanding  ol  mathematics  results 
Ifom  the  non-routine  nature  ol  the  assessment  tasks  and  the  ability  of  researchers  to  pursue  a  lino 
ol  questioning  In  a  task-based  Interview.  While  a  great  many  mathematics  topics  have  boon 
addressed  in  the  Piagetlan  literature,  many  others  (such  as  multi-digit  numeration  or  algebra)  have 
not,  but  a  number  of  researchers  Inspired  by  the  Piagetlan  approach  have  worked  In  these  areas 
with  similar  goals  and  tools. 

The  CSMS  project  (Hart,  1961)  established  heiraichies  ol  understanding  In  a  variety  ol 
topic  contexts  exhibited  by  English  schoolchildren  aged  1 1  to  16  years.  The  prolocl's  methods 
Involved  conducting  tape-recorded  Interviews  with  groups  ol  about  30  students  and  developing 
written  Kern*  thai  were  eventually  used  with  large  samples.  The  interviews  served  not  only  as  a 
rnearw  of  assessing  the  sultabirrty  ol  the  written  items,  but  also  to  Inform  the  Interpretation  ol  tho 
results  ol  the  written  tests.  In  measurement  and  ratio  and  proportion,  the  initial  Interviews  and 
written  items  were  based  directly  on  Piagetlan  tasks.  All  the  interviews  and  tests  were  designed  to 
reveal  the  method*  and  error*  ol  students  when  they  were  confronted  with  mathematical 
problems,  rather  than  to  assess  abiKtlea  to  use  methods  taught  in  school.  One  ol  the  project's 
main  findings  was  that  the  method*  students  used  were  often  not  "teacher-taught;"  but  nor  were 
they  Idiosyncratic,  for  similar  "clilkJ-methods"  were  observed  repeatedly.  Another  Important 
conclusion  was  that  mathematics  Is  very  difliculi  tor  most  6tudents,  since  the  levels  ol 
understanding  observed  were  often  much  lower  than  teachers  and  syllabi  expect. 

The  CSMS  hierarchies  were  constructed  within  topics;  the  number  ol  levols  per  topic 
varied  Irom  thrae  to  seven.  A  student's  level  In  a  helrarchy  was  determined  as  the  highest  ievol  ol 
Item-group  In  which  the  student  obtained  two-thirds  correct.  Criloria  used  to  group  Items  Into 
levels  Included  similarity  ol  difficulty  level,  acceptable  homogeneity  and  scalabiyty,  and 
mathematical  coherence.  In  the  discussion,  each  holrarchy  ol  levols  was  described  both  In  terms 
ol  content  and  processes  used  to  deal  with  content. 

The  Piagetlan  stage-theory  model  ol  cognitive  development  has  otlon  been  ciiticized  lor 
the  lad  that  the  same  sub|ect  may  appear  to  be  at  different  levels  of  development  In  different 
topic  contexts.  This  phenomenon,  which  Plaget  recognized  and  called  decalago,  suggests  that 
the  results  ol  this  type  ol  study  need  to  bo  reported  with  reference  to  the  particular  contexts  and 
tasks  used.  White  students'  responses  can  be  rated,  students  themselves  should  not  bo  labeliod 
"pre-operational,"  "concrete  operational,"  etc. 

A  useful  concept  when  applying  Piagetlan  constructs  and  methods  to  mathematics 
curriculum  contoxts  Is  the  concept  of  cognitive  demand.  By  this  Is  meant  the  nature  of  the 
thinking  that  Is  required  in  order  for  a  learning  activity  o  "make  sense"  to  the  student,  lor  the 
student  to  assimilate  it  Into  his  available  schemas.  In  the  CJHMP  project  (Bye,  Harrison,  8, 
Brindley,  1980)  and  the  ACLIC  project  (Marchand,  Bye,  Harrison,  &  Schroedar,  1985),  lor 
example,  a  great  deal  ol  effort  was  expended  developing  demand  criteria  and  analyzing  the 
cognitive  demands  ol  different  aspects  of  mathematics  curricula  such  as  objectives,  textbooks, 
tests,  and  teachers'  classroom  presentations.  By  using  the  same  cognitive  level  criteria  both  in 
assessing  the  responses  ol  students  and  rating  the  cognitive  demands  ol  aspects  ol  the 
curriculum,  H  is  possible  to  Investigate  whether  there  Is  a  match  or  mismatch  between  distributions 
ol  demands  and  of  responses.  Details  of  procedures  for  carrying  out  this  sort  of  analysis  have 
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been  given  by  By*,  Hantson.  snd  Brtndtey  (1960),  «nd  by  Marcharai,  By*,  Harrison,  and 
Schroeder  (1985). 

Th*  SOLO  tsxomony  (Btoga  &  CoWa,  1902)  may  b«  considered  to  be  both  an  application 
and  an  extension  of  th*  Piagetian  modal  of  cognMiva  rtevelopment.  It  la  based  on  two  constructs: 
hypotlwrtcai  cognitive  structure  (HCS;  and  structure  of  obtannd  teaming  outcomes  (SOLO). 
Th*  former  I*  ctoMfy  r*M*d  to  th*  Piagetian  stages  (sensorimotor,  intuifve/prtcperatlonai, 
concrete  operational,  formal  operational);  th*  totter  art  concerned  with  describing  th*  structure  ot 
a  given  response  m  «  phenomenon  In  Ks  own  right,  without  th*  respona*  n*c*s$ai1ly 
representing  a  particular  stag*  of  tntawidual  d*v*topm*r«  (Co**,  1982).  in  torn*  version*  of  the 
theory  (Coii,  1863)  th*  tfructures  ot  teamed  response*  am  regarded  aa  occurring  within  each 
stage  (or  'mode*),  and  they  become  Increasingly  complex  as  the  "cycle  ot  teaming"  davetops. 
Unl-etfuctufel  reeponee*  represent  the  use  of  onry  on*  relevant  aspect  or  the  mode;  muKI- 
sfeucturai,  several  dtelok*  aepecte,  usually  In  a*qu*nce;  nXMIonal,  several  aspects  related  Into  an 
Integrated  whole:  and  extended  abstract  move*  vte  process  Into  a  new  mode  of  functioning,  I.  e. 
extended  abstract  functioning  In  on*  mod*  I*  Identified  aa  equivalent  to  unlstructural  functioning 
m  the  next  higher  mode  (Cotes,  1962). 

hi  a  aerie*  of  reports,  Coils  (1962)  explained  the  theoretical  rote  lor  the  SOLO  taxonomy 
In  asseesioo  reasoning  ki  mathematical  problem  solving,  Jurdak  (1962)  gave  details  ot  the 
construction  of  super* ems  (dueler*  of  test  Kerns  with  a  common  stem  where  each  Individual  Item 
corresponds  to  a  dhlerent  SOLO  level)  for  thte  purpose,  and  Romberg  (1982)  gave 
MerpraMirxisof  csjstersof  superheros.  Th*  undertaking  described  ki  these  technical  articles 
seem*  quit*  complex,  especWty  m  compared  with  the  more  lamMar  Hegelian  terminology, 
oonetruct*.  and  assessment  procedures.  But  th*  SOLO  taxonomy  has  appeal  because  H  avoids 
the  problem  of  dtatlagt  and  focuses  on  the  structure  of  responses  which  can  be  observed, 
miner  Khan  on  structure*  of  the  Intellect  whWi  c*nr»t. 

HUMAN  INFORMATION  PROCESSING  AND  COQNfTIVF.  SCIENCE  MODELS 

A  relatively  new  theoretical  approach  to  mathematics  education  research  questions, 
etpeciakV  those  having  to  do  with  problem  solving,  Is  the  "human  Information  processing"  or 
"cognitive  science"  approach.  Robert  Davie  (1964)  has  recently  produced  a  major  book  which 
defines  key  terms,  presents  methods  and  findings  of  relevant  research  carried  out  In  this 
framework,  and  shows  how  the  concents  of  mathematics  education  researchers  are  addressee  by 
this  theory.  Undertaking  of  mathematics  was  the  focus  of  a  report  by  Davis,  Young,  and 
McLougMin  (1962)  which  used  human  information  processing  in  considering  the  question: 
"What  would  be  test  H  understandhig  was  eemineled  as  a  goal  of  Instruction?"  In  the  studies 
Included  In  the  report,  episodes  with  a  wide  range  of  students  were  analyzed  and  categorized  as 
indfcating  either  a  presence  of  lack  of  understanding  in  some  particular  form.  Identified  behaviors 
were  related  to  basic  conceptualzatlorvs  of  human  information  processing  such  as  sequential 
processes,  procedures,  knowledge  representation  systems,  frames,  retrieval  and  matching, 
pointers,  transfer  ot  control,  sub-  and  super-  procedures,  metaphor  and  isomorphism,  critics, 
planning  space,  planning  language,  and  mate-language. 

Casee  of  good  understanding  were  associated  with  characteristics  such  as  knowing 
necessary  techniques,  having  appropriate  descriptors  to  specify  what  each  technlquo  can 
aooomplsh,  having  a  collection  of  recognizable  sub-goal  candidates,  having  mechanisms  for 
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recognizing  appropriate  sub-goats  and  retrieving  appropriate  labels,  having  mechanisms  tor 
retrieving  a  tool  from  Its  tag,  and  having  mechanisms  for  assigning  correct  inputs  for  each  tool  or 
sub-proceedure.  It  was  observed  that  the  best  problem  solvers  were  exceptionally  skillful  in 
setting  goals  and  sub-goals,  using  a  powerful  meta-language  to  describe  and  analyze  what  they 
were  doing,  and  making  quick  revisions  to  their  strategy  whan  they  got  a  glimpse  of  a  new 
possibility,  or  when  they  saw  a  dead  end  looming  ahead. 

On  the  other  hand,  lack  of  understanding  was  characterized  by  lack  of  critics,  failure  to 
relate  mathematical  processes  (e.g.,  borrowing  and  carrying)  to  pre-matheatica!  schemas  (e.g., 
making  change  and  fair  trades),  failure  to  acknowledge  that  concrete  embodiments  (even  familiar 
ones)  had  anything  to  do  with  related  problems,  and  failure  to  appreciate  the  nature  of  the  task. 
The  report  concluded  that  the  overall  patterns  of  what  II  means  to  understand"  are  strikingly 
sirritar  at  both  ends  [of  the  continuum  from  Grade  3  arithmetic  to  calculus],  and  everywhere  in 
between.'  (p.  35). 


The  conceptualizations  of  understanding  described  above  differ  somewhat  in  the  terms 
they  use,  but  less  so  In  the  Ideas  that  these  terms  seek  to  express.  A  useful  exercise  for 
researchers  Investigating  students'  actual  understanding  (as  distinct  from  those  who  have 
proposed  to  conceptualize  It)  It  to  reinterpret  their  work  using  each  of  several  of  these  ways.  This 
has  value  In  focussing  the  observations,  and  new  Insights  often  result. 

A  second  worthwhile  activity  Is  to  compare  their  findings  with  those  of  others,  an  activity 
that  would  serve  (H  repeated  often  enough)  to  test  Davis,  Young,  and  McLoughlin's  (1982) 
conclusion  that  what  It  means  to  understand  is  similar  across  mathematical  contexts  and 
populations  of  students. 

There  is  already  evidence  that  studies  of  understanding  have  had  positive  Impacts  on 
teaching  practice  and  curriculum  development,  and  every  reason  to  believe  that  if  practitioners 
continue  to  be  Invbved  further  research  will  also  result  In  additional  benefits. 
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PREFERRED  LEARNING  STRATEGIES  AND  EDUCATIONAL/MATHEMATICAL  PHILOSOPHIES: 


This  paper  reports  an  exploration  of  the  relationships 
between  philosophies  of  education  and  mathematics  and  the 
preferred  learning  strategies  of  students  currently 
undertaking  courses  in  mathematical  education.  This 
exploration  represents  the  extension  of  an  earlier 
discussion  about  the  implications  of  Gordon  Pask's  Holist/ 
Serial ist  dichotomy  for  the  learning  and  teaching  of 
mathematics.  As  well  as  providing  a  theoretical  rationale 
for  the  hypothesis  being  tested,  the  report  presents  early 
results  frcm  an  empirical  study  currently  being  conducted  in 
London.  Directions  for  further  research  and  implications  for 
teacher  education  are  also  indicated. 


The  motivation  for  the  research  reported  here  stemmed  from  two  primary 
sources:  the  author's  earlier  theoretical  discussion  of  the  implications 
of  Pask's  Holist/Serialist  dichotany  for  the  learning  and  teaching  of 
mathematics  [1],  and  results  of  her  doctoral  research  programme  on 
pupils'  views  of  their  teachers  [2],  which  clearly  demonstrate  that  the 
pupils  involved  in  the  study  valued  teacher  behaviour  which  could  be 
interpreted  as  reflecting  a  particular  view  of  how  pupils  learn 
(serialistically)  and/or  a  specific  philosophy  of  the  nature  of 
mathematics  and  the  way  in  which  it  should  be  taught  (as  a  body  of 
knowledge,  known  to  the  teacher  and  to  be  conveyed  to  the  pupils).  These 
results  prompted  a  review  of  the  literature  relating  mathematical  to 
educational  philosophies  and  practices,  and  reflection  upon  the 
interrelationship  of  these  areas  of  study. 

Before  presenting  the  hypothesis  which  was  derived  from  these 
reflections,  and  describing  the  current  empirical  study  aimed  at  testing 
this  hypothesis,  the  underlying  strands  will  be  considered  separately. 
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IMPLICATIONS  CF  PASK'S  SERIALIST/HOLIST  DICHOTCMy 


Pask  and  his  colleagues  have  established  a  strong  case  for  the  existence 
of  two  distinct  learning  strategies  -  serial ist  and  holist.  Learners 
with  a  tendency  to  adopt  exclusively  serial istic  strategies  are  labelled 
'operational '  learners,  whilst  those  who  in  a  free  situation 
consistently  employ  a  holistic  approach  are  called  'comprehension' 
learners  [  3  ] . 

There  is  a  clear  link  between  the  level  of  uncertainty  at  which  a 
learner  is  prepared  to  work  and  their  preferred  learning  strategy. 
Operational  learners  are  characterised  by  a  preference  to  proceed  from 
certainty  to  certainty,  learning,  remembering  and  recapitulating  a  body 
of  knowledge  in  snail,  well-defined  and  sequentially  ordered  'parcels' 
[4].  They  are  confident  that  the  necessary  expertise  will  be  gained 
steadily.  Comprehension  learners,  on  the  other  hand,  prefer  to  start  in 
an  exploratory  way,  guessing  ahead  and  working  first  towards  an 
understanding  of  an  overall  framework,  before  filling  in  the  details.  In 
order  to  ensure  carpi ete  mastery  of  complex  topic  areas  interventions 
must  be  made  which  encourage  the  learner  to  explore  the  material  in  a 
variety  of  ways. 

A  consideration  of  reported  gender  differences  in  mathematics  led  the 
author  to  a  theory  about  the  implications  of  Pask's  theories  to 
mathematics  learning  and  teaching  [5];  a  brief  outline  of  the  argument 
is  given  below: 

The  evidence  suggested  that  some  pupils  (both  boys  and  girls,  but  more 
girls  than  boys)  may  be  adhering  to  serialistic  strategies  which  have 
led  to  their  success  in  mathematics  at  the  primary  level,  but  which, 
when  used  exclusively,  have  negative  implications  for  these  pupils' 
la'ior  mathematical  development.  It  is  argued  that  children  who  are 
predisposed  to  a  serialistic  approach  are  less  likely  to  develop  into 
versatile  learners  within  the  mathematics  classroom  than  those  who  are 
inclined  to  adopt  holistic  strategies.  This  is  held  to  be  directly 
attributable  to  the  fact  that  input  from  primary  teachers  tends  to  be 
serialistic  in  nature,  based  on  their  own  rule-based  experience  of 
mathematics,  and  lack  of  confidence  in  their  own   mathematical  ability. 


-  - 

The  effects  of  these  teacher  interventions  will  be  different  for 
comprehension  and  operational  learners;  the  operational  learners  will 
become  increasingly  committed  to  the  view  that  a  step-by-step  approach 
leads  to  success  in  mathematics;  even  those  with  enough  versatility  to 
become  mare  flexible  in  other  curriculum  areas,  where  they  are  actively 
encouraged  to  adopt  other  strategies,  will  fail  to  do  the  sane  in 
mathematics,  because  the  value  of  alternative  approaches  will  not  have 
been  demonstrated;  the  effect  on  the  comprehension  learners,  on  the 
other  hand,  will  be  mediatory;  by  showing  the  effectiveness  of 
techniques  associated  with  serialistic  skills,  the  teacher  provides  the 
impetus  for  them  to  supplement  their  self -developed  strategies  to 
produce  the  versatility  of  approach  which  underlies  complete 
understanding  of  mathematical  topic  areas. 


PHILOSOPHICAL  PERSPECTIVES 


Within  the  field  of  mathematics  education,  a  great  deal  of  recent 
research  has  focussed  on  the  relationship  between  teachers '  views  about 
the  nature  of  mathematics  and  their  educational  philosophies  and 
practices  [6].  There  is  not  room  here  to  discuss  this  work  in  detail, 
and  it  is,  in  any  case,  readily  accessible.  There  seems  to  be  agreement 
about  the  importance  of  these  interrelationships  [7]: 

"There  is  strong  reason  to  believe  that  in  mathematics, 
teachers' conceptions.,  .about  the  subject  matter  and  its 
teaching  play  an  important  role  in  affecting  their 
effectiveness  as  the  primary  mediators  between  the  subject 
and  the  learners." 

Some  researchers  have  gone  further,  [8],  identifying  a  particular 
mathematical  philosophy  as  being  the  most  compatible  with  current 
beliefs  about  what  constitutes  good  mathematical  education  practice  [9]: 

"It  is  concluded  that  each  of  the  views  (of  mathematics) 
provides  insights  as  to  the  nature  of  mathematics,  but  that 
Falliblism  is  perhaps  the  only  viewpoint  compatible  with 
humane  mathematical  education. " 
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INTERRELATIONSHIP  BETWEEN  PHILOSOPHICAL  AND 
PSYCHOLOGICAL  PREFERENCES 

Although  sate  writers  have  considered  philosophical  and  psychological 
constructs  as  separate  factors  influencing  teaching  strategies  [10], 
there  has  been  little  attempt  to  focus  on  links  between  them.  One 
exception  to  this  111]  concludes  that  there  is  a  relationship  between 
Platonism  and  Logician  with  right  hemisphere  processing  and  between 
Formalism,  Nominalism,  Constructivism  and  Intuitionism  with  left 
hemisphere  processing.  No  account  is  taken  of  the  'Falliblist'  stance 
taken  by,  for  exacple,  Iakatos. 

This  paper  differs  from  that  above  in  several  ways.  Firstly  it  is 
believed  that  the  distinction  between  certainty  and  'fallibility'  in 
mathematics  is  of  fundamental  importance;  secondly,  it  is  believed  that 
many  people  do  not  have  clear-cut  views  about  the  nature  of  mathematics, 
so  that  imposing  a  rigid  framework  in  terms  of  established  schools  of 
thought  may  distort  the  true  picture;  thirdly,  it  is  believed  that 
categorising  learning  strategies  and  styles  under  the  headings  right  and 
left  hemisphere  may  encourage  a  simplistic  view,  and  lead  to  unwarranted 
conclusions  about  the  relationship  between  achievement  and  'inherent 
ability ' . 

The  hypothesis  being  put  forward  here  is  that  relationships  between 
philosophical  views  and  cognitive  strategies  will  not  be  clear-cut,  but 
that  there  will  be  a  correlation  between  a  view  of  mathematics  as  a 
fixed  body  of  knowledge  and  a  tendency  to  adopt  serial  istic  learning 
strategies.  A  possible  rationale  for  this  situation  would  be  that  an 
individual 's  own  learning  experience  within  the  mathematics  classroom 
had  fostered  both  tendencies. 


THE  EMPIRICAL  STUDY 

The  research,  which  is  on-going,  focusses  on  initial  and  in-service 
students  of  primary  and  secondary  mathematics  education.  The  first  stage 
of  the  study,  now  completed,  consisted  of  establishing  the  students' 
preferred  learning  strategies,  by  means  of    the   Clobbit    learning  task 
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[12 1,  which  requires  students  to  learn,  under  restricted  conditions, 
about  the  taxonomy  of  a  fictitious  (tertian  species,  and  subsequently  to 
'teach  back'  what  they  have  learnt  to  the  researcher;  and  eliciting 
their  beliefs  about  ttathematics  and  irathematics  learning  using  two 
questionnaires.  The  first  of  these  is  based  on  bi-polar  constructs: 
e.g. 

Mathematics  learning  relies     A         B     Gives  opportunity  for 
almost  entirely  on  experts'  thinking  things  out  for 

thinking  and  knowledge.  oneself  in  learning. 

The  second  asks  for  a  response  to  statements  like: 

Creative  work  in  mathematics  is  possible  only  at  research  level, 
or   Matheiratics  is  accurate  and  precise  -  free  of  ambiguity  and 
vagueness . 


PRELIMINARY  RESULTS 


Overall  results  of  the  research  to  date  will  be  circulated  at  the 
Conference.  To  give  sane  idea  of  the  information  elicited,  the  results 
obtained  from  a  subset  of  the  sample  -  3rd  year  students  on  a  4  year 
Primary  B.Ed,  course  -  are  sumnarized  below.  These  particular  students 
have  not  elected  to  study  mathematics  as  their  specialist  subject. 

Analysis  of  the  strategies  employed  in  the  study  phase,  and  the 
protocols  of  'teachback',  led  to  five  students  being  categorised  as 
operational  learners,  and  five  as  comprehension  learners. 

The  questionnaire  analysis  revealed  a  high  level  of  agreement  between 
all  subjects  on  a  variety  of  areas :- 

Subjects  agree  overwhelmingly  that  mathematics  learning  is  fascinating, 
exciting  and  stimulating,  challenging  and  satisfying.;  it  was 
unanimously  agreed  that  mathematics  learning  gave  scope  for  imagination, 
and  provided  scope  for  finding  things  out  for  oneself  and  Cov  being 
creative  at  all  levels.  There  was  consensus,  too,  on  the  \  lew  that 
mathematical  problems  in  the  classroom  invite  a  variety  cf  .n-uropriate 
methods  of  solution,  and  different  'correct'  answers. 

It  was  only  with  regard  to  questions  about  the  nature  of  mathematics 
itself  that  there  was  disagreement  between  the  two  groups. 
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Three  of  the  five  operational  learners  gave  responses  which  were 
consistent  with  a  view  of  mathematics  as  an  irrefutable  body  of 
knowledge.  They  select  ad  most,  if  not  all,  of  the  following  statements: 

1.  Truths  have  existence  independent  of  peoples'  discovery  of  them. 

2.  Mathematics  is  essentially  hierarchical  and  cumulative. 

3.  It  has  developed  through  consolidation  and  extension  of  earlier 
work  -  previous  knowledge  is   not  rejected  as   untrue    in  the 
process. 

4.  Mathematical  truths  are  not  susceptible  to  revolutionary  change 
in  the  way  that  scientific  truths  are. 

5.  Mathematics  is  consistent  -  free  of  conflicting  ideas,  results 
and  conclusions. 

6.  Mathematical  truths  have  an  absolute  quality  about  them. 

7.  Mathematics  is  a  'tidy'  subject:  there  are  no  'loose  ends',  no 
anbiguities,  no  uncertainties ■ 

8.  I  do  not  think,  of  mathematics  as  a  changing  field  of  knowledge. 

9.  Mathematics  is  accurate  and  precise   -    free  of  ambiguity  and 
vagueness. 

Three  of  the  comprehension  learners  were  also  consistent  in  selecting 
statements  indicating  a  more  dynamic  model  of  mathenatical  knowledge: 

a.  Mathenatics  knowledge  is  hypothetical  and  potentially  subject 
to  modification  or  falsification. 

b.  I  think  of  mathematics  as  a  changing  field  of  knowledge. 

c.  Mathenatics  is  not  consistent. 

d.  Mathematics  is  not  accurate  and  precise. 

e.  Mathematical  truths  are  susceptible  to  revolutionary  change. 

f.  Mathematics  is  not  a  'tidy'  subject;  there  are  ambiguities  and 
uncertainties. 

g.  Mathematical  truths  are  not  absolute. 

The  other  four  subjects  were  inconsistent  in  their  responses,  selecting 
the  following  statements  from  the  lists  above: 

Operational  learner  4  l,2,3,5,7,a,b,e,g 

Operational  learner  5  l,2,3,b,c,d,e,f,g 

Comprehension  Learner  4    2,3, .,6,8,c,d,e,f 

Comprehension  Learner  5    1,2, 3.-4, 8,c,d,f ,g 


DISCUSSION 


The  evidence  so  far  collected  from  this  and  other  student  groups  docs 
suggest  a  strong  link  between  philosophies  of  mathenatics  and  preferred 
learning  strategies.  It  is  surprising,  given  this,  that  professed  views 
about  the  nature  of  mathematics  learning  are  so  similar.  Interviews  with 
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these  students  will  probe  reasons  for  this.  Many  of  the  students  have 
indicated  that  their  views  have  changed  dramatically  since  they  arrived 
at  college;  the  nature  of  these  changes  will  be  explored,  and  related  to 
earlier  learning  experiences,  and  their  current  teaching  practices. 


In  the  longer  term,  a  longitudinal  study  will  be  made  to  monitor  such 
changes  in  students  of  a  particular  cohort  from  their  arrival  until  the 
end  of  the  course. 


It  is  important  to  encourage  students  to  explore  the  interrelatedness  of 
their  beliefs  and  preferences,  and  those  of  their  future  pupils.  In 
this,  as  in  so  many  areas,  increased  versatility  can  only  begin  with  an 
awareness  of  current  beliefs  and  levels  of  understanding.  It  is  the 
responsibility  of  teacher  educators  to  foster  such  awareness,  and  to 
emphasise  the  necessity  of  adapting  teaching  approaches  to  take  account 
of  the  views  and  learning  styles  of  others. 
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A  SOCIAL  CONST RUCTI VIST  THEORY  OF  INSTRUCTION 
AND  THE  DEVELOPMENT  OF  MATHEMATICAL  COGNITION 
.Doam  Weinberg  and  Jim  Gavelek 
Michigan  State  University,  East  Lansing,  Michigan 


This  paper  presents  a  theoretical  framework  for  viewing 
mathematics  Instruction  and  development  of  Mathematical 
cognition  from  a  social  constructivl*t  point  of  view.  The 
paper  describee  the  philosophical  underpinnings,  taken 
from  Wittgenstein,  and  the  psychological  foundation,  drawn 
from  Vygotaky's  work.    In  addition,  it  describes  implications 
for  research  in  mathematics  education. 

INTRODUCTION 

The  purpose  of  this  paper  is  to  present  a  theoretical  framework  for 
viewing  the  teaching  and  learning  of  mathematics  (and  its  relationship 
to  the  development  of  mathematical  cognition)  aa  a  process  of  social 
construction.    The  pmper  will  present  its  theoretical  framework  which 
is  informed  by  the  conceptions  of  mind  and  knowledge  of  Wittgonstein'B 
philosophy  and  Vygotaky's  psychology.    The  paper  will  also  discuss  the 
implications  of  a  social  constructivist  view  for  research  in  mathema- 
tics education  and  teachor  education  in  mathematics. 

The  social  conatructivist  views  knowledge  not  as  a  reflection  of  soae 
reality  but  aa  an  artifact  of  communal  Interchange.    Cognition  is  some- 
thing social  in  its  very  essence.    Knowledge  is  based  on  social  Inter- 
action.   Research  in  mathematics  education  grounded  In  this  perspec- 
tive focuses  on  the  social  construction  of  mathematical  meaning  that  a- 
riuea  from  teacher-student  or  student-student  interaction  in  classroom 
settings. 


The  philosophical  framework  for  a  social  constructivlBt  view  of  learn- 
ing, Instruction,  end  cognitive  development  is  informed  by  the  writings 
of  Ludwig  Wittgenstein.    He  assumed  that  mind  and  knowledge  are  con- 
structed through  social  interaction.    The  properties  of  mental  states 
derive  from  the  fact  that  they  are  really  properties  of  groups  of  peo- 
ple Hhlch  have  been  Imputed  to  Individuals  (Bloor,  I985). 

One  of  Wittgenstein's  main  concerns  was  the  use  of  language  and  Its 
role  In  meaning  and  knowledge.    Meaning  1b  located  In  the  function 
words  have  ae  elpnalG  used  by  people|.n  the  course  of  shared  activity. 
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Language  ganseB  are  systems  of  communication)  languagas  which  are  com- 
plete In  themselves.    Wittgenstein's  social  theory  oi'  mind  derives  from 
hie  Goclal  theory  of  meaning.    ThlnKlng  Is  an  activity  of  operating  with 
signs.    The  mental  experiences  Khlch  accompany  the  use  of  signs  are  a 
result  of  our  patterns  of  usage  of  those  signs  In  a  particular  language. 
"When  I  think  In  language,  there  aren't  meanings  going  through  my  mind 
in  addition  to  the  verbal  expressions)  the  language  Itself  is  the  ve- 
hicle of  thought  (Wittgenstein,  1958,  p.  107). 

Instruction  plajis  a  central  role  in  Wittgenstein's  conception  of  mind 
and  oatheuatlcs  for  we  must  be  taught  to  use  these  signs  in  a  manner 
consistent  with  social  practice.    Our  knowledge  depends  on  our  patterns 
of  training.    Wittgenstein  saw  teaching  as  a  constituent  part  of  the 
"forms  of  life"  of  which  he  speaks.    It  Has  thought  of  as  one  of  the 
activities  that  go  to  make  up  a  form  of  life  and  of  an  activity  that 
shapes  hon  that  form  of  life  evolves.     "An  education  quite  different 
from  ours  might  also  be  the  foundation  for  quite  different  concepts...." 
(Wittgenstein,  1958.  P-  128). 

Wittgenstein  spoke  of  mathematics  as  one  of  many  language  games.  Math- 
ematics is  an  anthropological  phenomenon  —  a  system  of  signs  and  pro- 
dedures  for  manipulating  those  signs  which  are  established  through  con- 
vention.   As  conventions  these  procedures  are  not  accepted  because  they 
correspond  to  some  Ideal)  they  are  correct  because  they  are  accepted. 
And  they  are  accepted  because  they  have  proven  functional.  Wittgen- 
stein's point  is  not  that  anything  goes,  but  that  there  la  no  mathe- 
matical reality  which  guarantees    the  results  we  get.  Mathematical 
objectivity  Is  a  function  of  human  practice.    "What  I  am  saying  comes 
to  this)  that  mathematics  Is  normative .    But  norm  does  not  mean  the  same 
thing  as  Ideal."  (Wittgenstein,  1956,  p.  190). 

Mathematics  creates  concepts.    Mathematics  Is  the  process  of  inferring 
one  statement  from  another,  and  the  criterion  of  correctness  1g  found 
in  the  collective  behavior  of  humans,  In  the  results  of  their  calcula- 
tions.   Mathematical  statements  do  not  state  facts  of  any  sort,  but 
provide  us  with  a  linguistic  framework  in  which  we  can  classify  and 
organize  the  empirical  observations  we  make.      If  mathematical  propo- 
sitions do  not  state  facts,  do  not  tell  us  the  properties  of  numbers, 
what  do  they  do?    Wittgenstein  claimed  that  they  make  a  linguistic 
point.    "Rather  than  unfolding  the  properties  of  the  number  100, 
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for  example,  what  I  unfold  may  bo  said  to  be  the  role  which  100  plays 
In  our  calculating  system"  (Wittgenstein,  1956,  p.  26).  Wittgenstein 
emphasized  thf It  1b  Msential  to  mathematics  that  there  bo  agreement 
In  the  result i  of  calculation  anong  those  who  use  the  system.  "The 
mathematical  j^iiit  1b  only  another  expression  of  the  fact  that  mathema- 
tics forma  concepts  (Wittgenstein,  1956,  p.  190) ■ 


If  Wittgenstein  provides  the  philosophical  framework  for  the  social  con- 
structlviat  view,  then  Vygotoky  provides  the  psychological  underpin- 
nings.   Both  men  believed  that  thinking  Is  a  social  activity  and  that 
knowledge  1b  a  collective  achievement.    Vygotsky  believed  that  all 
higher  mental  processes,  such  as  logical  memory,  selective  attention, 
and  comprehension  of  sign  systems ,  occur  at  a  social,  lnterpsychological 
lovel  before  they  are  internalized  by  the  Individual,    ""he  vehlclo  for 
the  the  development  of  higher  psychological  functions  is  the  mastery 
of  sign  cystemn  such  as  language  and  mathematics  (Wertsch,  1985) .  This 
mastery  altera  the  nature  of  cognitive  functioning.    Another  ic-ortant 
aspect  is  the  process  by  which  the  meaning  of  eigne  becomes  loss  depen- 
dent upon  the  context  In  which  they  are  used  (Wertsch,  I985),  such  as 
the  use  of  numbers  abstracted  from  representation  of  concrete  objects. 
Thus  the  activities  associated  with  cultural  learning  play  a  loading 
role  in  the  development  of  the  individual. 

Vygotsky  believed  that  instruction  plays  a  major  role  in  leading  the 
child  to  now  developmental  levels.    "What  the  child  can  do  in  coopera- 
tion today  ho  can  do  alone  tomorrow.    Therefore  the  only  good  kind  of 
instruction  is  that  which  marches  ahead  of  development  and  leads  it" 
(Vygotsky,  1985,  P-  188).    Tho  zone  of  proximal  development  (ZPD)  Is  de- 
fined as  the  region  of  sensitivity  to  instruction  in  which  the  transi- 
tion from  lnterpsychological  to  lntrapsychological  functioning  can  be 
made.    It  Is  the  distance  between  the  child's  level  of  cognitive  func- 
tioning during  Independent  problem  solving  and  the  level  of  potontlal 
development  during  problem  solving  with  the  guidance  of  an  adult  (Vy- 
gotsky, 1978).    Adults  and  more  capahl*  peers  provide  Instruction  In  the 
ZPD  by  such  means  as  directing  attention  to  salient  features  of  a  task 
or  assuming  responsibility  for  parts  of  the  taEk  beyond  the  child's 
capabilities.  As  the  child  masters  previously  instructed  skills,  the 
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adulto  or  peers  provide  successively  less  assistance  with  tho  tack.  In 
thlo  way  other  people  provide  Instruction  In  skills  slightly  in  advance 
of  tho  child 1 o  cuxront  abilities. 

Central  to  tho  laoue  of  instruction  in  the  ZPB  are  situation  definition 
and  Intersubjectlvlty.    Situation  definition  la  tho  way  objects  and  e- 
vorrto  In  a  situation  are  represented,  and  Intersubjectlvlty  exists  when 
participants  share  some  aspect  of  tho  situation  definition  (Wertsch, 
I985).    Whan  tho  participants  in  Instruction  are  adult  and  child,  the 
comnunlcatlon  la  asynjaetrlc,  with  tho  adult  managing  the  control  of  In- 
teraction.   In  an  ideal  situation,  control  of  the  situation  moves  from 
teacher,  to  Joint  teacher- student,  to  student  as  the  student  becomes 
more  competent  with  mathematical  processes. 

Saxo  (I982)  defines  cognitive  development  as  the  transformation  and 
elaboration  of  systems  of  knowing  that  are  progressively  more  compre- 
hensive and  powerful  ao  relationships  develop  aaoiig  concepts.  Vygotsky, 
In  stating  that  higher  mental  processes  of  tho  Individual  originate  in 
social  procoBBOo,  claimed  that  we  must  consider  two  forms  of  cognitive 
development)  changes  in  ontogwijeelo  and  changes  In  oociocultural  his- 
tory (Wortoch,  1985).    To  understand  the  development  of  mthonatical 
cognition  In  the  child,  we  raur.t  understand  tho  cultural  and  historical 
development  of  mathematics  ao  social  practice. 

If  one  holds  that  mathematical  moaning  is  found  In  tho  shared  under- 
standings of  human  beings,  then  wo  have  to  account  for  how  this  under- 
standing, Initially  external  to  tho  child,  becomes  part  of  tho  child's 
own  cognitive  processes.    One  way  in  which  Internalization  might  occur 
la  that  children  first  acquire  part  of  tholr  culture's  sot  of  number 
terms  in  playful  activities.    As  children  use  those  terns  to  solve  nu- 
merical problems,  tholr  use  of  tho  terras  is  regulated  by  adulto.  The 
adults.'  conventionally  defined  system  becomes  a  means  of  number  repre- 
sentation for  the  child  through  further  constructive  procesoi  tho 
attoraptn  to  understand  the  organization  of  its  own  enuracrative  acti- 
vities.   With  progress  In  this  understanding,  the  child  would  be 
increasingly  capable  of  using  historically  and  culturally  determined 
number  terms  to  solve  numerical  problems  (Saxe,  1982). 
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A  SOCIAL  CONSTIUJCTIVIST  MODEL  OF  RESEARCH  IN  MATHEMATICS  EDUCATION 


The  Jtjsue  In  research  In  mathematics  education  which  takes  a  social  con- 
atructlvlst  perspective  la  the  specification  of  the  processes  which  make 
possible  the  transition  of  mathematical  cognition  from  the  lnterindl- 
vldual  to  the  lntralndivldual  plana.    The  teacher'B  definition  and  the 
student's  definition  of  the  task  might  be  totally  different.    In  addi- 
tion, tho  definition  of  the  task  might  change  for  any  of  the  partici- 
pants across  the  course  of  instruction    (Bauersfeld,  1979).  Inter- 
subjectlvlty,  or  a  shared  task/situation  definition,  Is  developed 

through  communication  and  negotiation  of  meaning.    The  communication 
takoc  place  on  two  levels i  communication  about  classroom  processes  and 
routines,  and  communication  about  mathematical  content.  Bauersfeld 
(1979)  points  out  that  mathematicians  have  Invested  much  effort  in  pro- 
ducing universal  statements,  and  most  school  mathematicians  would  claim 
any  mathematical  statement  as  universal  and  objective.    However,  math- 
ematical meaning  is  developed  in  the  context  of  social  interaction,  and 
"it  inescapably  becomes  dependent  upon  interpretive,  Indexlcal,  and  re- 
flexive constitution  of  meaning"  (Bauersfeld,  1979) • 

Articles  by  Bauersfeld  (1979),  Bishop  (1985)  and  Campbell  (1986)  suggest 
ways  of  using  discourse  analysis  as  a  means  of  examining  the  development 
of  mathematical  cognition.    Bishop  (1985)  suggests  a  new  orientation  for 
viewing  social  Interaction  in  mathematics  classrooms.    He  suggests  that 
mathematics  teaching  be  viewed  as  controlling  tho  organisation  and  dy- 
namics of  the  classroom  for  the  purposes  of  sharing  and  developing  nath- 
ematical  waning  —  knowledge  which  connects  with  the  individual's  cur- 
rent knowledge  about  mathematics,  knowledge  about  other  siubjecto,  and 
knowledge  about  the  real  world.    His  analysis  focuses  on  three  aspects 
of  tho  classroom)  l)mathomatical  activities,  focusing  on  the  learner's 
Involvement  with  mathematics;  2)  communication,  emphaeleing  the  process 
and  produot  of  snared  meanings  1  and  3)  negotiation,  focusing  on  the  non- 
aymmotry  of  the  teacher/student  relationship  in  tho  development  of 
shared  tsoaning. 

As  a  prerequisite  to  communication,  participants  have  to  share  common 
understandings,  which  they  take  as  a  basis  for  reference  when  speaking 
to  each  other.    What  a  participant  says  not  only  carries  the  intended 
message,  but  over  and  above  that,  the  utterances  contain  information 
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about  understanding  of  the  topic,  interpretation  of  the  situation,  and 
expectation!)  of  what  others  might  know  (Bauersfeld,  1979/ •    "The  stu- 
dent's reconstruction  of  mathematical  meaning  is  a  construction  via 
social  negotiation  about  what  is  meant  and  about  which  performance  of 
meaning  gets  the  teacher's  (or  the  peers')  sanction."    Negotiation  is 
goal -directed  interaction,  in  which  the  participants  each  seek  to  attain 
their  respective  goals.    Negotiation  includes  the  working  out  of  both 
the  rules  of  procedure  in  the  classroom  and  the  construction  of  a  way 
of  knowing,  which  the  teacher  is  trying  to  develop  in  the  students 
through  his/her  greater  mathematical  knowledge.    This  construct  catches 
the  imbalance  implicit  in  the  teaching/learning  situation  (Bishop, 
1985). 

Bauersfeld  (1979)  reanalyzed  a  portion  of  a  dissertation  by  Shirk  to 
demonstrate  the  process  of  negotiation  of  mathematical  meaning  and 
to  demonstrate  major  shifts  in  student-teacher  interpretation  of  the 
situation  definition  during  a  lesson  on  the  use  of  slide  arrows  in 
motion  geometry.    Bauersfeld  presents  116  lines  of  transcript,  which 
he  divides  into  four  parts.    In  each  of  the  sections,  the  teacher's  de- 
finition of  the  task  differs  from  the  students'  definition.    In  addi-  ■ 
tion,  the  task  definition  of  both  the  teacher  and  the  students  change 
across  the  four  segments  of  instruction.    Included  in  the  analysis 
are  the  changing  meaning  of  "slide  arrow"  for  the  students  across  the 
course  of  instruction. 

Campbell  (1986)  suggests  specific  points  of  the  discourse  to  examine 
to  gain  insight  into  student  learning  of  mathematical  concepts.  He 
analyzes  a  lesson  on  set  sentences  and  number  sentences  in  a  fifth 
grade  classroom  in  the  Phillipines.    He  uses  the  metaphor  "going  for 
the  answer"  to  examine  the  manner  in  which  the  teacher  and  students 
colla berated  to  produce  correct  answers  to  the  teacher's  questions. 
He  Begmentod  the  lesson  into  a  series  of  "question  on  the  floor"  and 
associated  "answer-established"  pairs.    Prom  this  he  was  able  to  illus- 
trate, with  examples  , from  the  transcript,  how  the  teacher  used  cor- 
rections, prompts,  and  hints  to  help  the  children  build  definitions 
to  "set  sentence"  and  "number  sentence." 

These  three  articles  demonstrate  the  usefulness  of  discourse  analysis 
in  examining  teacher-student  interaction  in  mathematics  classes.  This, 
in  turn,  will  help  uc  gain    insight  Into  the  way  mathematical  meaning 
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is  socially  constructed  in  natheraatics  classes. 
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THE  MATHEMATICAL  LEARNINGS  HISTORY  OF  PRE-SERVICE  TEACHERS 
Erika  Kuendiger 
University  of  Windsor 


Summary. Pre-service  teachers  -from  two  consecutive 
academic  years  were  investigated.  Consistently  in 
both  samples  it  was  -found  that  -future  primary/junior 
teachers  evaluate  their  own  -former  achievement  in 
mathematics  as  lower,  have  a  less  -favourable  causal 
attribution  pattern  -for  their  achievement  and  accor — 
dingly  are  less  confident  in  teaching  mathematics 
than  preservice  teachers  who  intend  to  teach  math  at 
the  junior/intermediate  or  intermediate/senior  level. 
Di-f -ferences  in  attributing  -failure  in  teaching  were 
not  -found  to  be  equally  consistent.  Moreover,  gender 
di-f -ferences  -for  teachers  o-f  the  latter  divisions  were 
Investigated. 

Motivation  theory  ,  based  on  attributions,  provides  a  basis 
•for  understanding  how  -former  and  -future  achievement  are 
interlinked  and  how  the  achievement  motive  of  a  student 
develops.  A  summary  o-f  relevant  research  results 
demonstrating  how  motivation  directs  the  learning  process 
in  general  is  provided  by  Alderman  et  al.  (1985).  A 
detailed  description  o-f  the  impact  o-f  a  specific  math- 
related  achievement  motive  can  be  found  in  Schildkamp- 
Kuendiger  (1982). 

Yet  little  is  known  abouti 

a)  teachers'  mathematical  learning  history;  that 

is,     their  evaluation  of  their  own  math  achievement  and 
its  causal  attribution;  and 

b)  the  relationship  of  this  history  to  their  confidence  in 
teaching  mathematics,  and  about  the  causal 
attribution  they  call   in  when  their  teaching  is  not 
successful . 

The  impact  of  what  has  been  called  the  mathematical 
learning  history  on  teaching-related  performance  seems  to 
be  of  particular  interest  at  the  beginning  of  a  teacher's 
career,  that  is,  at  the  pre-service  level.  Pre-service 
teachers'  perceptions  about  their  own  former  achievement 
are  well  established  as  they  are  based  on  extensive 
experience.  Applying  motivation  theory,  it  seems  reasonable 
to  assume  that  this  body  of  experience  forms  a  motivational 
set  that  has  a  high  impact  on  their  perceptions  related  to 
the  successful     teaching  of  mathematics. 
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It  is  generally  the  case  in  teaching  that  some  student* 
probably  will  not  reach  the  objectives  set  by  even  the  most 
successful  teacher.  The  students'  failure  to  reach  these 
objectives  provides  the  teacher  with  relative  failure 
experiences.  In  a  situation  where  one  learns  how  to  teach, 
the  interpretation  of  these  failure  experiences  is  crucial 
for  the  development  of  the  teaching-related  self-esteem  . 


a)     The  impact  of  the  variable     "  divisions  chosen  by 
pre-service  teacher" 

Eccles  U98&)  points  out  that  occupational  choices  are 
based  on  a  positive  attraction  to  a  profession. 

The  students  in  this  study,  whether  male  or  female  ,  who 
decided  to  bacon*  junior/intermediate  or  interme- 
diate/senior Mathematics  teachers  (j/i/s  teachers)  made  a 
positive  choice  for  mathematics.  This  is  not,  however,  the 
case  for  primary/ juni or  <p/j>  teachers,  as  mathematics  is 
only  one  of  the  many  subjects  they  have  to  teach.  These 
considerations  are  in  line  with  those  of  Aiken  <1976>,  who 
reports  that  future  secondary  mathematics  teachers  have 
more  positive  attitudes  towards  mathematics  than  primary 
teachers. 

Looking  at  these  pre-service  teachers  as  former  learners  of 
mathematics,  it  is  assumed  that  the  j/i/s  teachers  have  a 
more  positive  learning  history  than  the  group  of  p/j 
teachers.  More  positive  learning  history  means  herei  former 
mathematical  achievement  is  perceived  as  relatively  high, 
few  reasons  are  called  in  to  explain  this  achievement  and 
the  achievement  is  mostly  attributed  to  ability  and  effort. 
Less  positive  learning  history  means  i  former  achievement 
is  perceived  as  lower  ,  more  reasons  are  called  in  for 
explanation)  amongst  which  are  external  reasons  and  lack  of 
ability. 

No  reseach  results  could  be  found  that  relate  teachers' 
learning  history  to  their  perceived  success  in  teaching. 
The  line  of  reasoning  outlined  above  leads  to  the  following 
hypothesisi 

Hypothesis 


The  two  groups  of  pre-service  teachers  described  earlier 
differ  in  respect  to  their  mathematical  learning  history, 
in  the  direction  outlined  above.  Accordingly  these  two 
groups  of  teachers  differ  as  to  their  perceived  success  in 
teaching  mathematics  and  their  attribution  of  failure  in 
teaching  in  the  direction  that  p/j  teachers  are  less 
confident  and  call  in  more  reasons  to  explain  failure  in 
teaching. 
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b)     The     impact     of  the     variable  "  gender     of  pre-service 
student" 

The  research  of  Eccles  (1986)  clearly  indicates  that 
because  of  sex  -  rale  stereotyping,  woman  generally  are  not 
attracted  to  professions  in  which  mathematics  plays  an 
important  part. 

The  women  in  this  study  who  explicitly  chose  to  teach  math 
obviously  constitute  a  highly  selective  group  that  did  not 
-follow  the  general  trend.  There-fore  one  might  assume  that 
female  j/i/s  teachers  have  an  even  mare  positive  learning 
history  than  their  male  peers.  Qn  the  other  hand,  research 
studies  -focussing  on  attributions  have  revealed  that  sex- 
role  perceptions  mediate  the  attribution  o-f  academic 
achievement  in  general  and  that  o-f  mathematics  in  particu- 
lar;, the  direction  o-f  this  mediation  being  unfavourable 
for  women  (see  e.g.  Hansen  and  Q'Leary  1985) Schi 1 dkamp- 
kuendiger  1982).  As  no  related  research  results  could  be 
found  ,  no  directed  hypotheses  will  be  formulated.  Rather 
the  fallowing  research  question  will  be  investigated: 

Research  Question 


Does  this  selection  process  evoke  that  female  j/i/s 
students  differ  from  their  male  colleagues  as  to  the 
variables  considered  here  ? 


Since  in  the  sample  considered  in  this  research  there  were 
very  few  male  students  enrolled  in  the  p/J  division  a  com- 
parable question  for  this  division  cannot  be  investigated. 


Sample  and  Procedure 


Subjects  of  this  study  are  all  students  enrolled  in  the 
pre-service  programme  at  the  University  of  Windsor, 
and  who 

a)  either  had  chosen  to  become  primary/junior  (K-6) 
teachers;  referred  to  as  p/j  teachers  (  math  education 
is  a  compulsory  class  for  these  students)  or 

b)  had  chosen  to  qualify  to  teach  mathematics  at  the 
junior /inter mediate   (4-8)   or  intermediate/senior  (7-13) 
level,  referred  to  as  j/i/s  teachers     (math  education 
class  is  an  optional  choice  of  these  students). 

The  pre-service  programme  is  a  one  year  programme.  Data 
were  gathered  twice j  at  the  end  of  the  academic  years 
1984/85  and  1985/86  when  students  had  giiined  the  most 
experience  passible  in  teaching  mathematics. 


Sample  sizesi 

19B4/85              p/j  teachersi  111  (96  female,  15  male) 

j/i/s  teachersi  61  (36  female,  25  male) 

1985/86              p/j  teachers*  98  (84  female,  14  male) 

j/i/s  teachersi  58  (35  female,  23  male) 
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Relevant  information  was  gathered  via  a  questionnaire,  in 
which  subjects  were  asked  to  make  judgements  on  3  point 
scales.  The  questionnaire  contains  sub-questi onnaires 
developed  in  other  studies  that  were  slightly  modified  to 
fit  the  purpose  of  this  research;   these  arer 

a)  Attribution  of  former  mathematical   achievement  ; 

a  questionnaire  developed  by  Kuendiger  ,  referred  to  in 
Schildkamp-Kuendiger  1980;  this  questionnaire  was  chosen 
as  it  has  the  advantage  of  having  been  developed  from  the 
reasons  students  actually  call  in  for  the  kind  of  achieve- 
ment considered  in  this  research  study.  For  further  discus- 
sion of  this  issue  see  Hansen  and  O'Leary   (1985, p. 74). 

b)  Perceived  reasons  for  failure  in  teaching  mathematics; 
a  questionnaire  from  the  Second  International  Mathematics 
Study  (part  of  the  Teacher  General  Classroom  Processes 
Questionnaire) . 

To  investigate  the  above  formulated  hypothesis  and  the 
research  question  Chi  2  tests  on  the  item  level  were  done 
with  a  significant  level   of  5"/.  two-sided. 

In  the  graphs  showing  the  results,  arithmetic  means  are 
used  to  characterise  the  distributions. 

Data  were  analysed  seperately  for  each  academic  year  to 
inspect  whether   or   not  results  were  consistent  over  time. 

Results  and  Conclusions 


a)     The     impact  of  the  variable  "divisions  chosen     by  pre- 
service  teacher" 

Graph   1   and  2  display  the  results  for  the  1984/85  sample. 
Significant     results  of   the   1984/85  sample  are     added;  all 
differences  of  this  latter  sample  go  in  the  same  directions 
as  those  of  the  1984/85  sample' 

In  agreement  with  the  above  formulated  hypothesis  p/.i  pr  e- 
service  teachers  as  a  group  have  a  less  favourable  learning 
history  than  j/i/s  pre-service  teachers  in  both  samples  ; 
accordingly  the  former  group  feels  less  confident  in 
teaching  mathematics.  As  to  the  reasons  that  are  called  in 
for  students  not  mating  satisfactory  progress  in 
mathematics,  differences  between  the  two  groups  are  more 
distinct  for  the  1985/86  sample.  Yet,  if  they  accur  they  go 
in  the  expected  direction,  that  is  p/j  teachers  call  in 
more  reasons. 

Future  research  is  planned  to  identify  more  precisely  the 
subgroup  of  p/j  teachers  who  enters  the  teaching  profession 
with  a  negative  motivational  set,  and  to  investigate  in 
what  way  lacl-  of  confidence  in  teaching  mathematics  mode- 
rates actual  teaching.  Findings  will  provide  the  basis  for 
an  intervention  programme  intending  to  establish  a  positive 
motivational  set  related  to  the  mathematics,  teachers  will 
have  to  teach,    in  contrast  to  mathematics  in  general. 
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GRAPH 
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b)      The     impact     of  the  variable     "gender     of  pre-service 
teacher" 

Although  the  whcle  group  of  j/i/s  teachers  remembers  its 
math  achievement  curing  schooldays  as  above  average,  this 
is  even  more  true  -for  the  -female  teachers  <  p  <  0.05)  in 
both  samples.  Moreover,  female  teachers  o-f  the  1984/85 
sample  evaluate  their  math  ability  and  good  teachers' 
explanations  as  more  relevant  a  reason  -for  their 
achievement  than  do  male  teachers  <  p  <  0.05)  ;  whereas 
lack  o-f  e-f-fort  is  perceived  as  less  a  reason  by  -female 
teachers  (p  <  0.0S  ). 

In  the  19B5/86  sample  -female  teachers  attributed  their 
achievement  significantly  more  often  to  good  teacher's 
explanation  and     to  help  by  others. 

Overall, these  results  only  partly  indicate  that  female 
J/i/s  pre-service  teachers  have  a  somewhat  mora  positive 
learning  history  than  their  male  peers.  Further  research  is 
needed  to  get  a  clearer  picture  of  attributional 
differences  between  these  two  groups. 

Finally,  in  both  samples  there  is  another  rather  unexpected 
significant  difference  between  male  and  female 
teachers  swhen  it  comes  to  explaining  why  their  pupils  did 
not  make  satisfactory  progress  female  teachers  perceive 
insufficient  proficiency  on  their  part  to  be  more  relevant 
a  reason  (p<0.05),  although  both  groups  are  equally 
confident  to  teach  mathematics. 

It   is  intended  to  further  invastigate  the  implications  of 
this  finding. 
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INFINITY  COHCEPTS  AMONG  PRESERVICE  ELEMENTARY  SCHOOL  TEACHERS 
W.  dry  Mtrt in  and  Hargaricte  Montagu*  Whaaler 
Northern  Illinoia  Univcraity 


ABSTRACT 


Becauae  concepta  oE  infinity  hald  by  preadoleacent  atudent* 
are  reaiatant  to  the  effect  of  ac hooting  and  are  contextually 
aenaitive,  there  are  two  objective*  for  thia  reaearch.  Firtt, 
infinity  concepta  held  by  preaervice  teachera,     who  nay  even- 
tually teach  infinity  concepta,  are  daacribed  along  three 
diaenaiona:    arithaet ic-geoaetric ,  convergent-divergent,  and 
cardinal-liaiit.    Second,  the  stability  of  concepts  of  infi- 
nity along  the  diaienaiona  ia  ayateaatically  explored.  To 
meet  theae  objective!,  an  interview-baaed  reaearch  aiodel  waa 
developed  to  randomly  aaaign  eluatera  of  taaka  c roiling  the 
three  diaenaiona  to  48  aubjacta,  optiaizing  coapariaons  along 
each  of  the  three  diaenaiona.    Heny  teachera  provided 
responaes  which  were  finite  in  nature.    In  each  talk,  over 
SOX  of  the  reaponaea  reflected  incoaplete  concepta  of 
infinity.    Teachera'  iofinity  concepta  were  not  atable,  with 
inconaiatency  of  reaponaea  exceeding  45%  in  each  distension. 


The  aatheaatical  concept  of  infinity  contrad ictc  peraonal  exper- 
ience, which  ia  neceaaarily  finite.    Reaearch,  noaC  of  which  haa  been 
reported  within  the  laat  twenty  yeara,  haa  revealed  varioua  aapecta  of 
infinity  held  by  eleaentary  and  junior  high  achool  atudenta. 
Preschool  and  young  eleaentary  achool  children  ahow  intuitiona  of 
infinity  when  the  questions  are  incorporated  into  a  coapetitive  game 
aetting  or  are  phraaed  aa:    "Ia  there  a  biggeat  nuaber?",  "Can  you 
name  a  bigger  nuaber?",  "Can  you  count  forever?",  "Can  you 
auccesaively  halve  a  aegnent?",  "Can  you  draw  dote  forever?"  (Felk, 
et.  al.,  1986;  Celaan,  1980;  Lang  ford,  1974;   Piaget  t  Inhelder,  1949). 
Evana  (1984)  ahowed  that  children  in  the  priaary  gradea  had  knowledge 
of  infinity,  including  recognition  that  there  ia  no  largest  nuaber. 
Fiachbein,  Tiroah  and  Hcaa  (1979)  found  that  older  children,  starting 
about  age  11,  have  intuitiona  of  infinity  that  are  extremely  aenaitive 
to  the  conceptual  and  figural  context  of  the  problem  poaed.  Langford 
(1974)  found  children  able  to  conceive  of  indefinite  iteration  of 
addition,  aubtraction,  and  aultiplication  about  age  9,  but  not  until 
age  13  could  atudenta  conceive  of  indefinite  iteration  of  division. 

It  is  interesting  that  the  developaent  of  infinity  concepta  ariaea 
independent  of  foraal  achooling  (Celaan,  1980;  Evana,  1984),  yet 
appears  reaiatant  to  the  effect  of  achooling  (Fiachbein,  Tiroah,  4 
Heaa,  1979).     Intuitive  notions  of  infinity  aesa  to  cluater  in 
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developmental  levels  (Falk  et.  al>,  1986,  Gclman,  1980;  Langford, 
1974;  Piagat  t  Inhalder,  1949)  but  do  not  expand  to  increasingly 
abstract  and  foraal  concepts  through  the  process  of  schooling.  One 
reason  aay  lie  vith  the  concepts  of  infinity  as  developed  through 
instruction.     The  relationship  between  instruction  and  students'  con- 
cepts are  unclear  when  increasingly  sophisticated  conceptual  schema 
sre  considered.    If,  however,  a  teacher's  cchema  arc  incomplete  or 
inconsistent,  concerns  exist  about  the  teacher's  own  students  develop- 
ing increasingly  abstract  mathematical  concepts.    The  primary  objec- 
tive of  this  research  is  to  examine  the  infinity  concepts  held  by 
praservice  alaaentary  school  teachers. 

Previous  infinity  research  has  been  neither  comparative  nor  broad 
in  range.    Researchers  have  tended  to  focus  on  either  an  artihmetic 
context  (e.g.,  Evans,  1984,  Langford,  1974)  or  a  geometric  context 
(e.g.,  Fischbein,  Tirosch,  I  Hess,  1979).     They  have  not  compared  and 
contrasted  the  commonality  of  such  contexts.    Little  sttcntion  has 
been  given  to  differences  in  infinity  used  in  both  divergent  and 
convergent  contexts:     the  unboundedneso  of  the  whole  numbers  versus 
the  bounded  intervals  of  fractional  numbers,  or  lines  versus  line 
segments.     Infinity  used  in  a  cardinal  sense  has  not  been  contrasted 
vith  infinity  usad  in  a  limit  context.    A  secondary  objective  of  this 
research  Is  to  compare  and  contrast  behaviors  within  and  across  th«se 
domains:    arithmetic  versus  geoaetric,  bounded  versus  unbounded,  and 
cardinal  versus  limiting  processes. 

METHOD 

Three  dimensions,  srithraet  ic-geotnetric  ,  cocvergent-d  ivergent,  and 
cardinal-limit,  were  crossed  to  generate  eight  (2x2x2)  tasks:  ACC, 
GCC,  ACL,  GCL,  ADC,  GDC,  ADL,  and  GDL.    The  shaded  cell  in  the  figure 
identifies  Arithmet ic-Convcrgent-Card inal  task  named  by  the  ordered 
triple  ACC.    For  each  task,  three  subtasks  were  systematically  devel- 
oped in  order  to  exaaina  the  consistency  of  response  within  a  particu- 
lar taak.    These  ware  a  baseline  subtask  and  two  systematic  varia- 
tions.   The  first  variation  was  additive  in  nature  whereas  the  second 
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variation  waa  mu  1 1  ipl  ic  at  ive.    The  three  conitruct  ive  aubtaaka  of  the 
ACC  taals  as  printed  in  the  protocol  are  ••  followa: 

Let'a  construct  Set  S, 

Writ*  the  number  8,  the  firat  element  of  the  set. 
Multi.ly  the  element  by  1/2.     Include  the  product  in  the  get 
Multiply  that  produce  by  1/2.     Include  it  in  the  aet. 
Conaider  Set  S,  with  all  aucb  nuafcara. 
Deacriba  Set  S. 

Let' a  conatruct  Set  T. 

Write  the  nunbar  64,  the  tint  elanent  of  the  set. 
Multiply  the  elenent  by  1/2.     Include  the  product  in  the  act 
Multiply  that  produce  by  1/2.     Include  it  in  tha  act. 
Conaidcr  Set  T,  uith  all  such  nunbera. 
Deacriba  Sat  T. 

Let 'a  conatruct  Set  U. 

Write  the  nuaber  8,  the  firat  element  of  the  act. 
Multiply  the  elenent  by  1/8.     Include  the  product  in  the  aet 
Multiply  that  product  by  1/8.     Include  it  in  the  aat. 
Conaider  Set  U,  with  all  auch  nunbera . 
Deacriba  Set  U. 

A  act  of  queationa  for  each  aubtaak  waa  pr»;^.iLed  ao  that 
responses  to  queationa  concerning  the  baaeline  aubtaak  could  be 
contrasted  by  the  aubjact  to  the  other  two  aubtaska.    For  each  aubtaak 
of  the  ACC  taak,  tha  aubjact  waa  aaked  "How  Many  elements  are  in  the 
aet?"    Subsequently,  tha  subject  waa  aaked  to  think  about  the  element! 
in  Set  S  and  Set  T  (alao  Sat  S  and  Sat  U)  and  to  identify  the  aet 
which  haa  more  elaaenta  or  if  one  aet  haa  aa  many  elamenta  aa  tha 
other.     Each  reaponae  waa  probed  by  the  interviewer. 

With  the  ACL  taak,  the  three  aubtaak  aettinga  were  identical  but 
the  queationa  varied.    "What  ia  the  analleat  element  in  the  aet?"  vaa 
a  common  question  for  each  aubtaak.    Similar  to  the  ACC  taak,  the 
aubject  waa  subsequently  aaked  to  conaider  Set  S  and  Set  T  (alao  Set  S 
and  Set  U)  and  to  identify  the  aet  with  the  anal  leaf,  element  or  if  the 
■eta  have  the  aame  analleat  element. 

For  teating  purpoaea,  eight  taak-c lusters  were  developed.  Each 
tsok-c  luater  wao  formed  by  c  luattring  a  taak  with  the  three  taska 
differing  from  it  along  a  a  ingle  d  imcno  ion.    For  example,  a  task- 
cluater  waa  formed  by  cluatering  the  ACC  task  with  the  GCC,  ADC,  and 
the  ACL  tsshs  and  the  GCC  taak  was  clustered  with  the  ACC,  CDC,  and 
GCL  taaka.    When  the  eight  task-clusters  are  considered  collectively, 
each  task  appeara  in  four  different  clusters  and  each  singular  compar- 
ison appears  in  two  cluatera.    Thia  deaign  optimizea  singular  con- 
trasts along  the  three  dimensions. 

From  approximately  120  advanced  undergraduatea  enrolled  in  a 
methods  course  for  the  teaching  of  elementary  school  mathematics,  a 
pool  of  volunteera  waa  solicited.    Forty-eight  subjects  were  randomly 
selected  from  the  pool.     Six  atudents  were  randomly  aaaigned  to  each 


1315 


-  365  - 


tssk-clusteir,,    Subj.  ta  war*  individually  int  ,i-fi,*«i«d  by  tint  of  the  tvo 
investigators  nlip-  thv  nrotocola  appropriate  Cur  Che  talks  wi.thin  • 
particular  cluster.    '  -«  ortier  of  praaentetii     >»l:  the  tail;*  within  ti 
cl'Jttar  wan  readon.    fa.  aacb  rub  teat",  withid  it  task. -cluster,  t  printed 
description  of  the  setting  vaa  covrurrantly  ea/lfi  available  to  the 
eubject  while  the  interviewer  read  a?  cud  th    duacriptiou.    The  quia- 
tions,  pneented  only  in  oral  fora,  wears  pr,'iie::ib#d  by  this  pretocsl. 

Durieg  the  30-45  ainuta  iaterviav  eace>  ,.c  I,  audio-record iu|  s  md 
interviewer's  aotea  were  teade.    CoaplaCa  tr    "sr;,pi:e  were  prspsniiJ  f  ror. 
the  aotei  and  recording  e. 


Anilyeie  of  the  data  proceeded  in  two  et«g<ie,  :orrespomli»()  to 
Che  two  aajor  objective*  of  the  invent ignt icn.    Iu  the  f.irtt  iti»e,  an 
overview  of  infinity  coocepte  of  preeervict  «lant\at*ry  achool  t.eachare 
wee  sought.    To  this  and,  raeponsne  to  aacb  Cask  ware  categorised;  tie 
cetegoriae  and  result*  are  eaaaariied  in  Tuble  1.    "<i*  cetegoirics  wa:-e 
u«ed  Co  deecribe  responeeei    finite,  four  clesese  »'!  infinita,  naA 
uncatagoriaed.    The  KitUll  categorisation  i'xludus  teepontes  in  which 
specific  numbers  were  eaployad  or  in  which  tn  umipat'.if iad  auttbf i:  is 
indicated  (e.g..  "very  eaell"  or  Me  lot"). 

The  four  infinite  caccgoritationa  include  respoisee  in  vhxch  C-te 
Ceras  "infinite"  or  "infinity"  ware  explicitly  used.    Also  included 
are  responeee  <r>bich  indirectly  evoke  the  concept,    In  tbe  cardinal 
coucext,  these  responeee  included  "goee  on  and  on*  or  "unending"; 
whereas  in  the  context  of  limits,  the  reeponsee  include  "you  can't  say 
twbicb  ia  largest!"  and  "there  iaa't  [a  largest  eleaentl".    The  four 
infinite  categoriiatione  are  differentiated  froa  each  other  baaed  on 
responses  to  the  coaperison  subtesks.    In  Infinite,  njufchju;  aJJJLti  Che 
eubject  indicated  that  both  coaperison  subtasks  disagreed  either  in 
number  (cerdinality  tecks)  or  in  liait  (liait  teske)  with  the  baseline 
subtaak.    In  the  In* jnit»r  bjejtji  AUUUl  category,  the  subject  stated 
that  both  of  the  coaparisone  egree  with  the  baseline.    In  the 
Infinita.  inqnnap.at.ent,  category,  the  two  coapariaons  receive  unlike 
responsea.    In  the  Igfioitt.  GaBO&t.  Mil  cetegory,  when  asked  to 
coapara  the  tiubteaka  the  eubject  eteted  cttac  one  "can't  tell". 
Finally,  Uncnte yoriaad  task  responses  include  responses  which  did  not 
fit  into  any  of  the  other  categories. 

Several  observetions  based  on  the  data  in  Table  1  are  iaportant. 
In  only  one  teak  (CM.)  are  aore  then  501  of  the  responses  categorised 
es  finite.    Moreover,  when  euaaing  the  percentages  of  the  four  categor- 
ies judged  infinite,  the  reaeining  tesks  have  ratae  of  infinita 
responsee  of  over  SOX.    It  eppeers  thet  while  the  aajority  of  the 
atudsnts  have  soae  concept  of  infinity  in  aeny  tesk  settings,  finite 
responsee  continue  to  occur  with  soae  frequency.    Further,  three  of 
the  four  convergent  teeks  had  ratea  of  finite  reeponses  of  over  20X, 
while  no  divergent  taak  had  a  rate  of  finite  categorisetions  15X. 
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Table  1 . 

Percentage!  si  RcigQaSfil  \UL  IftfiJt 


Tank 


CCD 

GDL 

VMM 

GCC 

GCL 

ABC 

ADL 

ACC 

ACL 

Categorization 

a 

22 

21 

22 

25 

23 

23 

23 

23 

Finite 

14 

0 

36 

56 

9 

0 

13 

22 

Infinite 

Neither  agreaa 

23 

5 

5 

0 

43 

0 

22 

0 

Incom  it  tant 

23 

14 

18 

8 

17 

9 

35 

9 

Both  agree 

23 

43 

36 

16 

17 

57 

26 

39 

Cannot  compare 

9 

19 

0 

16 

8 

35 

4 

26 

Hot  categorized 

9 

19 

5 

4 

4 

0 

0 

4 

Table  2. 

EcxSJSfttflte*.  fti  Agreement  pi.  EflMflm  ta  IlXiJL^ 
HiUtifl  Dimenaiona 


Level    of  agreement 


Dimeniion  Cqmiiteat  Inconaiatent  Sot  CUiajf ltd 


Cardinal-Limita  41  34  61  5 

Convergent-Divergent         42  50  45  5 

Arittraet  ic-Ceoaetric         45  44  49  7 
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Thu..  the  converged  aetting  see..  1...  conducive  to  uoe  of  the 
infinity  concept  th.n  the  divergent  setting. 

Re.pon.e.  in  e.ch  of  the  fit.t  three  category. 

winit^  aitteL  igxBfii..  wd  infinite,  incaiuiiifiat)  of  Table 

S^SS^or  any  of  the  t..k.  .etting.     Su-.ing  the  percent- 
age, aero..  th..e  c.tegoriea,   five  of  the  eight  task.    GDC,  GCC  CCL 
i.  and  ACC)  have  inappropriate  re.pon.e  rate,  above  MX. ^  Thu.. 
object,  appear  otill  to  h.ve  an  inco.plete  concept  of  infinity.  Ml 
of  the  Cardinal  ta.k.  have  rate,  of  inappropriate  re.pon.e,  above  5  . 
while  only  one  of  the  four  li.it  t..k.  i.  over  SOX  appropriate.  It 
1.  appear,  that  comparing  ILL.  of  infinite  .et.  -ay  be  eaoier  then 

.Ion*  the  Arith««tic-G.o»etric,  Convergent-Divergent,  and  Cardinal 
ulu     Len.ion..     To  acco„pli.h  thi.,  a  .ubject'.  category,  ion  on 

h      rc.r.gori"tion  for  both  ta.k  judged  Caui^. 

.  el"  .ation.  differed,  the  .ubject  «..  judged  " 
either  or  both  of  the  ta.ks  -ere  not  categorized,  the  .ubject  «a.  Hat 
li^ieA.     B,.ult.  are  .«-.ri«d  »  T*l. ,2. 

in  -ch  ir  r.".::::;:0!  th i:^.  -  «- 

infinite.    The  percentage  of  incon.i.tent  re.pou.ea  -a.  greate  t  in 

Cn.l-Li.it  dLen.ion.  «hi!e  percentage,  of  incon. i.tent 
r    pon.e.  vere  nearly  balanced  in  the  other  two  "» 
ge.t.  that  .ubject.  .re  .ore  likely  to  be  incon.l.tent  between 

cardinal  «nd  limit  .etting..  difficulty  wit.,  .ne  concept 

Protective  elementary  teacher,  h.ve  difficulty  wit., 
of  infinity.     So»e  do  not  recognise  infinite  .itu.tion.  «  being 
i  fin         M  ny  h.ve  incomplete  conception,  of  infinity  in 

et  inga.     Their  conceptions  of  infinity  .ee„ed  frequently  to  be 
"cli.tent  vhen  an  arithmetic  context  U  contrasted  "J^-""' 

context' involving  ILL..     The  def  ic ienc ies  in  t he  concept  ^ 
inanity  of  theae  protective  te.cher.  .ugg  .  n.truction 
the  knowledge  nece...ry  to    eve p  a  -    ^  practicing 

on  the  infinity  concept.     If  iuch  deticie  ...  of 

ele.ent.ry  teacher.,  a  partial  explanation  of  the    n         ^  f 
.chooling  in  developing  children',  conception,  of  infinity  »ay  h.v 
en  identified.     The.e  re.ult.  .ugge.t  that  teacher  education  p 
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he.r  inf„lty  concept<<    In  thii  ^ 
future  .tudwt.  bro-der  conception,  of  infi 


'  mity. 
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INTERVENTIONS  TO  CORRECT  PRESERVICE  TEACHERS' 
MISCONCEPTIONS  ABOUT  THE  OPERATION  OF  DIVISION 
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In  this  study,  32  out  of  59  preservice  elementary 
teachers  experienced  difficulties  in  solving  division 
word  probleas  with  the  divisor  greater  than  the  divi- 
dend.   Two  interactive  computer  instructional  pro- 
grans,  a  tutorial  program  and  a  drill  and  practice 
progran,  were  developed  to  increaae  the  preservice 
teachers '  awareness  of  the  source  of  their  difficulties 
and  to  help  then  iaprove  their  performance  on  these 
problems.    Half  of  the  32  preservice  teachers  worked 
with  each  progran.    After  working  with  the  programs, 
the  performance  of  25  preservice  teachers  in  solving 
division  word  problems  improved.    Only  the  tutorial 
progran,  however,  was  effective  in  increasing  the 
preservice  teachers ' awareness  of  their  tendency  to 
reverse  the  roles  of  the  divisor  and  the  dividend. 


Arithmetic  operations  are  central  to  the  mathematics  curriculum 
of  all  countries.    A  relational  understanding  of  arithmetic  operations 
-  based  on  conceptual  and  operational  connections  -  is  essential  to 
avoid  nisconceptions.    Misconceptions,  once  learned,  may  be  difficult 
to  overcome.    An  understanding,  based  on  constructs  and  relationships, 
of  arithmetic  operations  is  likely  to  facilitate  students'  transition 
to  new  material  such  as  extending  their  conceptions  from  the  domain  of 
whole  numbers  to  the  doiuiin  of  rational  numbers. 

Studies  by  Greer  and  Mangan  (1986),  Tirosh,  Graeber  &  Glover 
(1986)  have  indicated'  that  a  substantial  portion  of  preservice 
elementary  teachers  hsve  difficulties  in  solving  division  word 
problems  with  divisor  greater  than  the  dividend.    The  main  purpose  of 
this  study  is  to  better  understand  this  particular  misconception 
among  preservice  elenentsry  teachers.    Prototypic  instructional 
computer  programs  were  written  to  implement  strategies  to  help 
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preservlce  elementary  teachers  (a)  to  become  aware  of  their  tendency 
to  reverse  the  role  of  the  divisor  and  the  dividend  In  solving 
division  word  probleas  with  the  divisor  greater  than  the  dividend,  and 
(b)  to  Improve  their  performance  in  solving  division  word  probleas. 


A  considerable  bod;  of  research  now  exists  on  children's  and 
adolescents'  erroneous  beliefs  about  the  operation  of  division.  One 
•oat  widespread  misconception  is  that  the  divisor  must  be  less  than 
the  dividend  (Hart,  1981;  Bell,  1982;  Bell,  Fischbeln  &  Swan,  1984). 
Due  to  this  misconception,  children  and  adolescents  are  faced  with 
difficulties  in  solving  division  probleas  with  divisor  greater  than 
the  dividend.  Tiroah,  Graeber.and  Glover  (1986)  found  that  preservlce 
elementary  teachers  held  this  Misconception.    Many  of  thea 
reversed  tho  role  of  the  divisor  and  the  dividend  In  probleas  with  a 
whole  number  divisor  greater  than  a  whole  number  dividend. 

Several  of  strategies  have  been  used  to  help  children  and 
adolescents  improve  their  performance  in  solving  word  probleas.  These 
strategies  Include  use  of  diagrams,  estimation  of  answers,  and 
eubatitutions,  of  simpler  numbers  (Bell,  Swan  ft  Taylor,  1981). 
Previous  Interviews  with  preservlce  teachers  indicated  that  the 
majority  of  them  accepted  diagrams  and  estimations  as  appropriate 
strategies.    The  authors  decided  to  implement  the  diagrams  and  the 
estimation  strategies  in  an  interactive  computer  instructional  program 
designed  to  increase  the  preservlce  teachers  awareness  of  their 
tendency  to  reverse  the  role  of  the  divisor  and  the  dividend  to 
improve  their  performance  in  solving  division  probleas. 

A  second  computer  Instructional  program,  developed  for  this 
study,  implemented  a  drill  and  practice  mode  with  immediate  feedback. 
This  program  provides  the  students  with  immediate  feedback  as  to  whether 
their  responses  are  right  or  wrong  and  with  opportunities  to  correct 
wrong  answers. 


PERSPECTIVE 


METHOD 


Subjects 


The  subjects  were  selected  from  59  college  students  enrolled  in 
sections  of  a  mathematics  content  course  or  a  methods  course  for  early 
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elementary  education  majors  at  the  University  of  Georgia  during  the 
Spring  Quarter  1986. 


Instruments 


1.    Writing  Expressions  for  Word  Problems.    This  test  included 


21  word  problems(  13  division,  4  multiplication,  1  addition  and  2 
subtraction).    Six  of  the  division  word  problems  had  a  divisor  greater 
than  the  dividend.    The  remaining  7  division  problems  had  a  dividend 
greater  than  the  divisor. 

The  13  division  items  were  interspersed  with  the  other  8  problems 
to  reduce  the  likelihood  that  correct  answers  would  result  from 
guessing.  The  students  were  instructed  to  write  an  expression  that 
would  lead  to  the  solution  of  each  problem. 

2.  Beliefs  about  Division.  Students  were  presented  with 
statements  about  multiplication  and  division.  One  of  these  statements 
was:  "In  division  problems,  the  divisor  can  be  larger  than  the 
dividend".  The  preservice  teachers  were  asked  to  determine  whether  the 
statements  were  true  or  false  and  to  defend  their  answers. 

3.  Tutoring  Computer  Program.    This  program  includes  eight 
division  word  problem,  four  problems  with  a  divisor  greater  than  the 
dividend  and  four  problems  that  have  divisors  smaller  than  the 
dividend.  Three  distinct  sets  of  cues  were  available  for  each  of  these 
problems:  (a)  diagrams  that  illustrate  the  word  problems,  (b) 
estimation  of  the  quotients,  and  (c)  completion  of  statement  about  the 
3ize  of  the  the  divisor  and  the  dividend.  The  preservice  teachers 
received  these  cues  in  the  above  order.  The  sequence  of  cues  was 
terminated  when  the  student  gave  a  correct  response  and  indicated  witli 
certainty  that  the  answer  was  correct.  If  the  student  finished  the  set 
of  cues  without  giving  a  correct  response,  a  correct  response  and 
rationale  was  provided.    After  completing  the  work  on  each  of  the  four 
problems  with  the  divisor  greater  than  the  dividend,  the  student  was 
shown  a  statement  about  the  relative  size  of  the  dividend,  divisor, 
and  the  quotient. 

A.    The  Drill  and  Practice  Computer  Program.    This  computer 
program  includes  the  same  problems  used  in  the  tutorial  program.  The 
student  has  three  opportunities  to  answer  each  problem.    Afte\  each 
trial  the  student  gets  an  immediate  response  as  to  the  correrr  less  of 
the  answer.     If  the  student  gave  incorrect  answers  in  each  of  the 
three  trials,  the  correct  response  was  provided. 


Procedure 
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At  the  beginning  of  an  acedealc  quarter,  the  preservlce  teachera 
coapleted  the  flrat  two  instruments.  Preservlce  teachers  who  reversed 
the  role  of  the  divisor  and  the  dividend  In  their  answers  to  at  leaat 
two  of  the  division  word  problems  with  the  divisor  greater  than  the 
dividend  were  assigned  to  use  one  of  the  coaputer  programs  In  the 
Instructional  stage.  A  short  interview  «u  conducted  by  one  researcher 
laved lately  after  the  preaervlca  teachera  worked  with  the  coaputer. 

Three  weeks  after  working  with  the  computers,  the  preservlce 
teachers  that  participated  In  the  instructional  stage  were  given  two 
Instruments  similar,  but  not  Identical,  to  the  instruments  given  to 
thea  before  instruction. 


Thirty-two  of  the  59  preservlce  teachera  (54%)  reversed  the  role 
of  the  divisor  and  the  dividend  in  their  answers  to  at  leaat  two  out 
of  the  six  division  probleae  with  the  divisor  greeter  than  the 
dividend.    Half  of  these  32  students  used  the  tutorial  prograaj  the 
other  half  used  the  drill  and  practice  prograa. 

In  the  tutorial  group,  only  one  of  the  16  preaervice  teachera 
correctly  coapleted  the  four  problems  with  the  dlviaor  greater  than 
the  dividend  without  using  any  of  the  assisting  cues.  Four  of  the  16 
used  the  diagram  in  answering  at  leaat  one  of  the  probleaa,  seven 
required  the  diagrams  and  the   estimation  cues,  and  four  all  three 
cues  (diagrams,  estimation,  and  completion  questions).    Eleven  of  the 
preservlce  teachers  reported,  Immediately  after  working  with  the 
tutorial  program,  that  the  technique  of  estimating  was  the  most 
helpful  to  them.    In  the  drill  and  practice  group,  only  one  of  the  16 
atudenta  correctly  completed  all  four  of  the  probleaa  with  the  dlviaor 
greater  than  the  dividend  on  the  flrat  atteapt,  eight  wrote 
appropriate  expressions  using  not  more  than  two  atteapts,  and  three 
needed  no  aore  than  three  atteapta.    Four  students  failed  to  give  a 
correct  answer  to  at  least  one  of  the  four  probleaa  after  the  three 
atteapta  allowed  by  the  prograa.  Thus  aost  of  the  students  in  both  the 
tutorial  and  the  drill  and  practice  groups  were  able  to  respond 
correctly  to  division  probleaa  when  sssiatsnce  was  available. 

In  an  Interview  with  each  of  the  preservlce  teachera  Immediately 
after  their  work  on  the  coaputer  10  of  the  16  students  in  the  tutorial 
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group  recognized  they  had  a  Tendency  to  reverse  the  roles  of  the 
divisor  and  the  dividend.    Only  four  of  the  16  students  in  the  drill 
and  practice  group,  however,  became  aware  of  this  tendency.    Most  of 
the  students  in  the  drill  group  argued  that  they  were  assigned  to 
"work  with  the  computer"  because  they  made  "careless  mistakes"  on  the 
pretest.    Moreover,  three  weeks  after  instruction  all  the  students  from 
the  tutorial  group  gave  a  correct  response  to  the  statement  about  the 
relative  size  of  the  divisor  and  the  dividend  whereas  two  students  from 
the  drill  group  still  claimed  incorrectly  that  the  dividend  must  always 
be  greater  than  the  divisor. 

Table  1  and  2  show  that  before  instruction  the  preservice 
teachers  performance  on  these  division  word  problems  was  rather  low. 
It  was  found  that  only  42  percent  of  the  preservice  teachers  in  the 
tutorial  group  and  41  percent  in  the  drill  group  wrote  appropriate 
expressions  to  the  division  word  problems.    After  instruction, 
however,  70  percent  of  the  preservice  teachers  wrote  appropriate 
expressions.  The  number  of  reversed  answers  decreased  from  44  to  23  in 
the  tutorial  group  and  froa  41  to  18  in  the  drill  group. 

The  difference  in  performance  between  the  tutorial  and  the  drill 
groups  after  instruction  is  rather  snail.    Both  of  the  computer  programs 
helped  the  students  write  appropriate  expressions  for  division  word  problems. 

DISCUSSION  AND  IMPLICATIONS 

The  results  show  that  both  the  tutorial  and  the  drill  and  practice 
programs  proved  to  be  effective  in  improving  students'  performance  in 
writing  expressions  for  division  word  problems.    The  frequency  of  reversed 
expressions  to  these  problems  decreased  by  half.    The  potential  of  computer 
instruction  programs  such  as  these  with  children  and  adolescents  and  the 
lasting  effects  of  such  interventions  needs  to  be  investigated. 

Preservice  teachers  that  used  the  tutorial  program  were  exposed 
to  appropriate  strategies  of  solving  division  word  problems  such  as 
drawing  diagrans  and  estiaation  of  the  answers.    The  majority  of  them 
identified  the  strategy  of  estimating  answers,  which  provided  the 
students  with  a  meana  of  checking  their  answers,  as  the  one  that  was 
most  helpful  to  them  in  monitoring  their  work.    The  estimation  strategy 
may  be  useful  for  helping  children  and  adolescents  as  well  as  preservice 
elementary  teachers  overcome  other  misconceptions  about  the  arithmetic 
operations  and  for  improving  their  performance  in  solving  word  problems. 
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teachers  with  strategies  for  solving  problems.  Immediate  feedback,  and 
the  opportunity  to  try  different  solutions  to  the  problems,  helped  the 
preservice  teachers  improve  their  performance.    Further  research  on 
the  effects  of  feedback  In  computer  instructional  programs  is  warranted. 
We  need  to  understand  more  about  the  processes  students  may  generate 
in  such  situations  in  order  to  correctly  perform  division  problems. 

The  tutorial  program  was  effective  in  helping  preaervice  teachers 
become  aware  of  their  tendency  to  reverse  the  role  of  divisor  and  divi- 
dend. After  working  with  the  computer  programs,  the  majority  of  the 
students  assigned  to  the  tutorial  program  were  aware  of  the  impact  that 
their  tendency  to  reverse  the  role  of  the  dividend  and  the  divisor  had  on 
their  performance.    Only  25  percent  of  the  students  assigned  to  the  drill 
and  practice  program,  however,  were  able  to  describe  their  misconceptions. 
The  influence  of  awareness  of  misconceptions  on  students'  understanding 
and  performance  on  problems  division  needs  to  be  investigated. 

Today's  preservice  teachers  are  tomorrow's  teachers.    It  is 
crucial  that  they  become  aware  of  and  and  develop  strategies  to 
overcome  their  misconceptions  about  the  operation  of  division  and 
about  other  arithmetic  operations. 
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ALTERATION  OF  DIDACTIC  CONTRACT  IN  CODIDACTIC  SITUATION 

Groups  da  Recherohe  aur  i' Eaaeignaaent  Superieur . 
Daniel  ALIBERT  (Institut  Fourier(UA  CKRS)  at  J  E  da  Didaotique)  , 
Haro  LEGRAMD,  Francoise  RICHARD  (  Jeune  Equip*  CURS  da  Didactique 
daa  Kkthftmtiquaa  at  da  1'  Inforwtique)    Universite   Grenoble  I. 
Expoue  an  anglaie  dm  Daniel  Alibart 


ForMlira  and  lack  of  functionality  of  proof ■  are 
frequently  observed  in  toe  first  year  etudant'e 
mthemtioal  productions  at  University,  aatheaatice 
aren't  acknowledged  aa  a  soientiiic  subject  playing  a 
r61e  in  the  underetanding  of  reality. 

Scientific  process  itself  seems  not  to  ba  an 
intsreeting  learning  aubjeot  to  deal  with. 

Facing  this  problem,  we  set,  within  a  definite 
theoretical  framework,  an  experimental  teaching  method 
for  ■ethsaatice  whoea  oharaotere  (uncertainty, 
ecientifio  debate  among  students,  srophasis  laid  on 
episteswlogy.)  preeuppoee  an  important  alteration  of 
the  didaotio  contract. 

Thie  altaration  produces  chaugee  .in  the  student's 
relation  with  aathaxntisal  knowledge  and  loarning  Wo 
analyse  theee  alterations  through  observations  of 
leaturee  and  etudent'e  answere  to  questionnaires. 


SI  PrnhlemHgiie  at  cadre  theorimii  asntral. 

Las  productions  mathematiques  d'un  grand  noahra  d'etudiants 
entrant  a  l'Universite  pour  y  suivre  dos  etudes  sciantif iquos 
lougues  consistsnt  sn  textes  ou  sn  disoours  visant  a  reproduire  la 
fonw  du  disoours  ds  1'  snseignant  sans  qus  Is  controls  da  la 
signification  eoit  reeeenti  oosne  pxijoord.ial :  eouvent  le  eyntaxique 
prend  ainsi  le  pas  but  le  seaantique.  On  observa  par  example 
([7]),  un  controla  insuffisant  sur  le  rsste  d'un  developpeneat 
liaite  (  "il  tend  vsrs  zero  ")  ce  qui  vide  de  ssna  la  partie 
principals;  oette  difficult*  est  sn  particulisr  un  obstacle 
important  a  la  isaitriee  de  la  sdaa  sn  equation  par  lse 
differentiate  ([7]). 
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Una  autra  observation  aat  la  danrntarat  tteoigna  par  baauooup 
d'atudianta  vie-A-via  da  la  prauva  an  ganaral.  vua  -iron  un 
•xaroioa  da  atyla  pxopra  a  l'aotivita  da  l'anaaignaat,  qu'il  faut 
aovtiir  rapcoduixa  davant  lui  aaoa  an  reaaantir  la  nvaaaaita 
profonda,  laa  problaawa  qu' alia  viaa  a  raaoudra  n'  ont  an  9 antral 
paa  fait  l'objat  d'una  varitabla  devolution  pax  1' cnaeignant,  ni 
d'una  appropriation  par  l'atudiaat. 

Qua*  oaa  atudiaata  entrapranant  das  atudaa  aoiantif iquaa 
univaraitaixas,  da  tallaa  oooatatatiana  aontrant  qua  laa 
■athaaatiquaa  na  aoot  paa  raooanuea  oaaaaa  una  discipline 
aoieatifiqua  pexMettant,  aoaaw  d'autraa  dieoipliaee  (aoienaaa 
peyaiquee  par  axeaple  ),  la  raaolution  da  oartaina  problltaeaa,  at  an 
liaieoa  avao  ellaa,  una  oartaina  apprehension  du  reel:  an 
pextioulier  on  paut  coaatater  un  vida  apiataaologiqua  quaei-total  . 

Kn  reponse  %ux  probltaaa  posts  par  oaa  obaarvationa,  noua 
avona  developpe  una  experimentation  d'  enaeigneannt  dan 
Mthtaatiquaa  an  premiere  annaa  rf'Univereite  (Deug  Al)  e'inaerant 
dana  la  oadra  thaoriqua  farad  par  laa  hypotheasa  oognitivee  at 
didaotiques    genera lee  auivmntea: 

-laa  etudiante  oonatruiaant  laura  propxee  connaiaaanoae  clana 
un  jeu  da  desaquilihre  nt  da  raaquilihra  dana  laqual  interviennent 
toua  las  oonatituanta  du  ajilieu  auquel  ila  aoot  uonfrontaa'  aavoir 
ttthaajatiqua,  prcbleJaee,  ajaltre,  autraa  etudiante  ( [6],  [3]) 

-Caa  oauaiseanoee  aaront  d'autant  plus  atablaa  at 
suaoaptiblaa  d'aa  reinreatiaeeaent  perfonmnt  qu'allaa  auxont  ate 
•tablies,  at  utilieaee,  dana  pluaiaura  oadraa  da  oonnaptualieation 
antra  laaquala  una  oaaaaunioation  aat.  poaaibla  ([■*]). 

-En  aa  qui  aavaerae  1' apparition  da  1a  nnceooita  da  la  prauva 
pour  laa  atudianta,  uoua  noua  appuyona  sur  laa  travaux  da 
N  BaUcheff  ([2])  pour  atudiar  an  quoi  las  situation/)  aieaa  an 
place  aunt  favorablta  a  oatta  apparition. 

Noua  coneiderona  d' autra  part,  pour  laa  atudianta  an  soolarita 
poat-obligatoire  au  anina,  qu'un  veritable  apprantiaaaga 
aathaaatiqua  dana  aa  dimension  eoientif ique  genernle  paaaa  par  la 
oonatitution  d'una  apistajaologia  das  notiona  abordeee. 
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ru — <~tina  lit  lL*sstsimuXkiim: 

Cm  ffyatfcM  deneeigne»ent.  qui  •  ate  experiment*  dapuia  troia 
ana  a  l'Unlvereite  da  Granobla  dan*  una  a action  d'una  oentaine 
d'atudianta  a  poor  prinoipnlee  oaxaoteriatiquae    laa  auivantee: 

1)  da  grandee  plages  d'  incertitude  eont  Nenageae  a  1' interiaur 
da  l'anaaignawant,  incertitude  inetitutiemnaliaee  pax  la  reooure 
aux  enoncee  expliciteaient  oonjeoturaux,  dont  I*  validation,  at 
a  current  la  produotion  mtm,  eat  devolue  a  la  oollaotivita  daa 
atudiante : 

En  affat  noua  panaona  qua  la  fonotionnalit*  da  la  prauva  na 
paut  apparaitca  reelleaent  qua  dana  una  aituation  oft  1' inoartituda 
oonetitne  una  variable  fondaiwntala . 

2}Lee  axguaente  da  preuve  apportae  par  ohaqua  etudiant  na  la 
aont  paa  dana  una  demarche  a'adraaaant  a  l'enaaignant,  a*ia  dana 
una  aituation  da  Debet  Soientifique  antra  paira,  laa  etudiante 
na  ■toaa: 

Moua  avoaa  ate  aaanaa  a  diatinguer  tree  nattaaant  antra  laa 
arguawntatiOM  da  prauva  "pour  oonvaiaore"  un  interloouteur  dont  on 
•ait  qu'il  no  poaaada  paa  la  oonnaiaannoe  vieea,  oaaaw  oonnaiaaanoa 
inatitutionnalla,  at  laa  arguawntatione  da  prauva  "pour  adherer"  a 
la  oonviotion  d'uaa  peraonne  poneedant  prealableawnt  oatta 
oonnaiaaanoa  (ioi  I'eneeignant) .  Catte  dietinotion  aat  la  baaa  da 
la  daaoription  theorique  elaboree  a  poetoriori,  aoua  la  nan  da 
"aituation  oodidaotique"  :  il  a'agit  d'una  aituation  dana  laqualla 
un  etudiant  eounaite  oonvainore  la  oollaotivita  daa  autree 
Atudianta  da  la  validita  d'una  oonnaiaaanoa  qu'il  poaaada,  eaohant 
qua  aaa  caawradaa  na  poeeedenfc  paa  oatta  oonnaiaaanoa.  Ceux-ci,  da 
laur  ofita,  aavant  qu'il  a'agit  d'un  aavoir  iwra  inatitutionnal  a 
exeainar.  La  aituation  oodidaotiqua  aat  du  typa  daorit  par 
M.Belaoheff  ooaaw  potentielleaMmt  oapabla  d'aewner  a  l'ea-rgenoe  da 
oontradiotiona  at  a  la  production  da  preuvaa. 

3 )L'  introduction  da  certain*  outila  ■»th*t»tiquea  nouveaux 
(integrate  par  ex**ple)  aat  organieee  da  talla  aorta  qu'ila 
apparaiaaant  oom  naoeeeaire*  a  la  reeolution  da  probleaee 
ooaplexee,  aouvant  da  Soianoaa  Phyeiquee.  Catta  ueoeeeite  aat 
randua  aemifeete  par  1'  iapoeaibilit*  on  aa  trouvent  laa  etudiante 
da  reeoudre  daa  eitu*tion«-probl*«ee,  par  aillaura  trie  ooncratea, 
aur  laaquala  ila  pauvant  avoir  un  oartain  oontrolo  ((5)).  La 
oiaaplaxiti  daa  probl*a««  a  raaoudra  aarvira  par  la  auita  da 
jnatitioation  a  1' important  effort  theorique  qui  eera  oonaenti  pour 
•tablir  laa  prinoipalaa  propriatie  da  l'outil  oonatruit . 
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A  tnvtri  oatta  oonatruotioo  d'un  outil  nouvaau,  ntrxm  ponaona 
qua  l'atudiant  pourra  aa  eonatituar  una  apiataanlogia  vmcitmblm  du 
ooaoapt  viae: 

Ea  partiouliar  noua  avoca  choiai  da  rapouaaar  losgtwapa 
1' introduction  d'algarithaaa  paxforaante  (osloula  da  prlaitiraa 
ioi)  pour  at&agar  In  poaaibilita  da  1a  xaflexion  an  prof  oritur  aur 
la  ooaoapt  lui-aaaa , 

4)  Noua  panaona  qu'a  am  niveau  d'atudaa,  la  priaa  da 
ooaaoiwaoa  par  laa  atudianta  qu'il  lauz  incoafea  da  ooaatruira,  d*nm 
un  prooaaaua  xaflaxif,  laura  pcopraa  oonaaiaaanaaa  aat  ua  faotaux 
poaitif  dm  rauaaita: 

Laa  priaoipalaa  propxiataa  daa  oonoapta  introduita  aaront 
atmbliaa  au  ooura  da  dafcata  autoux  da  aonjaoturen  .  Un  aartain 
noaiaxa  dm  coaaidarationa  aur  laa  aonnaiasancaa  anaaignaaa  alaai  qua 
aur  1m  prooaaaua  d'appzantiaaaga  aia  an  oauvra  gont  •galaawnt 
d*valoppa«a  dui  laa  iIuoh  d'  aoaaignaaant,  vlaant  k  faira 
raaacrtir  daa  ooanaiaaanoaa  *  om  aivaau,  loraqu'allaa  ant  at* 
produitaa  pax  le  ayataaa  oodidaotiqua . 

La  aiaa  an  plaea  da  oatta  axpariaamtation  paaaa  saoaaaairMaant 
par  un  enaagaaamt  radical  du  oontrat  didaotiqu*  mu  riguaur,  par 
l'inataurntian  d'una  nouvilli  ooutum  oonatitutiva  du  "ayitaan 
oadidautiqua*.  En  ptrtiouliar  il  aat  naaaaaairs  da  donnar  un  atatut 
isatitutiooMl  max  aaencaa  dont  on  n'a  paa  anoora  daa  id*  du 
c&raatara  da  varaaita,  aeua  la  nam  dm  oonjaoturaa.  Ca  tarat*  acra 
pax  la  suite  imraati  d'una  eignification  aupplaaamtaira  da  natura 
apiattaologiqua:  oonjaotuxa  axploxatoixa  paxtinanta,  dont  laa 
oonaaquaaoaa  aaraiant  iaportaataa.. 

ta  mthndfllroii  ri'ftndt; 

Laa  aaanoaa  da  Dabat  Soiantifiqua  an  ooura  da  a*tb*amtiquaa 
■oat  pxaparaaa  par  la  group*  da  raoharoba  par  una  analyaa  a  priori 
daa  aituationa-problaaaa  on  du  doaaina  daa  conjaotuxaa  propoaaaa, 
an  partiouliax  da  laur  potantial  d' ipparition  da  daanrohaa  jugaaa 
favorable*,  daa  taohniquaa  a  utiliear  pour  aohapper  a  tal  ou  tal 
blooaga  pxariaibla.  On  waaaia  da  pxaroir  laa  prinoipaux  onoix  da 
I'anaaignant,  an  partiouliar  laa  ■oaamta  oft  il  na  doit  paa 
intarranir . 

Caa  aaanoaa  ont  ata  anragiatraaa  at  obaarvaaa  par  la«  anaiLni 

du  groupa,  puia  analyaaaa  a  poatariori  an  ooaparant  prariaiona  at 
realisations    pour    aiaux    adajitair    lau    aaanoaa    suivantta.  Catta 
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analyaa    a    perwiB    da    reperBr    quals    changsaamta    profonda  ohiw 
V anaeignant  oonditionnant  la  ohangeaent  da  oontrat. 

Par  aillaura  reusable  dm  amm  obeervatione  a  fore*  la  baaa 
d'una  atuda  eapi,  >  da  1*  ■atboda  du  Debet  Soiantif  ique: 
typologie  daa  debate,  aiss  an  evidonos  da  taohniquaa  auaoaptiblaa 
d'itra  tratumiaaa  pour  provoquar  la  ohangeaent  da  oontrat  (II]) 

En  oa  qui  concerns  1' etude  daa  onangeawnta  dana  la  relation  da 
l'dtudiant  au  aavoir,  accoaaiagnant  oa  obangeaant  da  oontrat 
didaotique,  dana  la  cadre  da  la  probleaatique  enonoee  plua  haut, 
noua  avona  aene  nam  raobarohaa  aur  divara  points: 

-1"  analyaa  daa  anregiatreaeiitB  at  dee  observations  noua  « 
peraia  da  praoiaar  qualla  proportion  d'etudiante  partioipent  au 
dabat,  da  qual  niveau  aont  laa  arguaente  aohatujia  dana 
l'aaphltaaatra,  «i  1"  aonnaiaaanoaa  aatheaatiquaa 
inatitutionnaliaeea  aunt  daa  production*  oollaotivBa  daa  atudianta 
ou  da  1' anaeignant  ssul,  *t  qualla  aat  laur  nature. 

-1' analyse  daa  sepoasaa  a  un  questionnaire,  paeee  aprea 
pluaieura  aoie  da  pratique  du  nouvaau  oontrat  didaatique,  portent 
d'une  pert  aur  lee  reaction*  daa  etudiaata  fiot  a  una  oonjeoture, 
d"  autre  par'c  aur  laur  ooaprehanaion  d'un  oonoept  aalon  qu'il  a  eta 
introduit  dana  un  coura  "olair  at  Men  ocdonae"  ou  dana  daa  eeanoea 
de  debet.  Cette  analyaa  a  exaaina  (l)la  jugeaant  porta  globaleaant 
ear  le  ohaag— nt  da  oontrat  didaotiqua  (2)  laur  oonoeption  de 
1'apprentiaaagB  daa  aetheaatiques  (3)  laur  conaaption  du  aavoir 
jaatnaaatique  (4)  laur  attitude  £aoa  a  1' incertitude,  an  partioulier 
an  oa  qu'alls  induit  una  reoherohe  da  preuve  Moue  avona  agalaaent 
utiliae  un  queationnaira  da  bilan  propoae  en  fin  d'annee  a 
1' alienable  das  aaotiona  du  Daug  Al  (450  atudianta ) 

-lee  controles  dsa  aonnaiaaanoaa  periodiqueaent  orgaaiaaa  aont 
etudiee  quant  aux  aaaif BBtationa  d'una  pries  da  diatanca  reflexivB 
das  atudianta  via-a-via  daa  quaetione  poseee  et  aux  typae  da 
preuvae  daralopptaa . ila  portent  teaoignage  d'una  evolution  positive 
de  la  tendance  au  formal  at  a  1' algorithaique  vera  un  aouoi  da  la 
eiguif ioatioa  dee  arguasntationa 

<84  Pr— iera  raeultata  at  pergntnt^m 

En  oa  qui  concerns  la  participation  effective  daa  atudianta  au 
dabat,  on  observe  frequeaaent  qu'un  tiera  daa  preaente  prannent  la 
parole  au  cours  d'una  aeanoe  donnee,  aouvant  aprea  ooncartation 
avac  leura  voiaine  iaaediata  ca  qui  penaat  da  oonolure  a  unB 
inplioation  forta  dB  la  oollaotivite  dana  l'aotivite  propoeee:  laa 
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•njaux  aunt  raaaantia  ccaaM  auffiaanta  pour  prnvoqumr  1' antra*  daa 
atudianta  dana  una  variiabla  danaroha  raf laxiva.  C'aat  1*  tut 
prwiar  raaultat  an  oontradiation  avaa  l'avia  gtaaralaoMnt  porta 
cur  laa  atudianta  *  aw  nivaau.  Laa  anonoaa  propoaaa  at  dabattua  au 
ooura  da  amm  atanaoa  iont  loin  d'Atra  triviaux  at  ila  paraattant 
d'abordar  laa  probltaaa  raallsaant  poaaa  aur  laa  oonoapta 
anaaigaaa:  Laa  atudianta  antzant  dim  ua  rapport  da  produotaura  da 
laura  oonaaiasanoM  nathiamttlquaa . 

Dana  la  pcaaiar  qaaatioimaira  noua  ralavona 

(1)  obaa  60*  daa  atudianta  ua*  raponaa  oowparnti*a  arguaaataa 
antra  laa  daux  aetnodca,  donnant  largaaurat  (75*)  la  pcafcranoa  au 
da bat,  aana  axolura  toujour*  laa  partiaa  plus  traditienaallaa. 

(2)  an  oa  qui  eoncarna  laa  oonnaiaaanoaa  aoqu.iaaa,  ds  noabraux 
atudianta  ■ouiiguant  qua  la  dabat  aur  daa  ooojaoturaa  laur  peras'c 
da  aaiair  quela  aont  laa  problaaaa  qua  laa  oonnaiaaanoaa 
■athaantiquea  nourallaa  risaiant  a  raaoudra,  qualloa  aont  laa 
arraura  qua  1" on  paut  fair*  a  leox  propos.  Pour  mix,  ii  a'agit 
d'una  approoha  approfoadia  do  oonoapt. 

(3)  ami*  rarala  una  reflexion  aur  l'apprenticaage  daa 
amtaeamtiquee  pranant  an  asapta  1' importance  d'una  oertaina 
epiateaologie.  Cartaina  not ant  qua  aanla  1*  recherche  laur  paraat 
d'aaeiadler  on  oonoapt.  L'expoee  traditionnal  aat  appracie  (30*)  an 
aituation  d' inetitutionnalieation  .11  faut  toutefoie  notar  qua  10* 
dm  1' affect if  rajatta  la  aathoda  coaaa  inabordabla  at  trop  pau 
ordonnae.  En  partiouliar  oaa  atudianta  na  aa  aantant  paa  oonoarpea 
par  un  enonoe  conjectural,  aouvent  aana  idee. 

(4)  faoe  k  V  inoertitude  d'una  oonjeoture,  noabraux  aont  oaux 
qui  relevant  la  difficult*  du  tfpa  da  probleae:  entrer  dana  la 
oonjaotura,  bitir  una  daaonetration,  foraular  laa  idee*.  Ila 
antront  done  an  plain  dana  la  type  d' apprratiaeaga  via*  par  la 
aathoda.  halgra  oaa  difficult*!  ila  aa  aantant  oonoaraea  at 
inter Beeee:  la  ourioeite  aat  aouvant  invoquee.  la  dabat  avao  laa 
autraa  atudianta  egaleaent.  Caa  reflexione  teanignant  d'un  rapport 
nouYMu  avao  laur  adliau. 

La  quaatioanaire  da  bilan  a  peraia  da  ralavar  da  ocandaa 
differences  antra  laa  raponaaa  daa  divaraaa  aaotiona:  laa 
□oneiderationa  tree  aoolairaa  obeerveee  an  ganaral  aont  raafsleceae 
dana  la  aection  experiaentala  pax  daa  raf lexicon  aur  la 
coaprehenaion  at  1' autonomic  d'apprantiaaaga. 

II  raata  a  evoquer  quallaa  aont  laa  oonaequancee  pour 
l'eneeignant  da  oa  changeaaat  da  oontrat  didactiqua:  allaa  aa  aoat 
paa  negligeablae .  Ea  praaiar  liau  aoa  rapport  au  eavnir  eneaigne 
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ABSTRACT 


Mathematical  thinking  in  its  achieved  form  seems  to  be  a 
linear,  straightforward,  thinking,  without  feedback  fron 
intermediate  results  that  may  interfere  with  the  primitive 
assumptions.  This  is  nothing  but  an  utterly  appearance.  In 
building  up  a  theory,  the  Bind  of  a  working  mathematician 
goes  through  a  series  of  loops,  alternatively  bringing  him 
closer  to  the  solution  of  his  problem  or  taking  him  away 
from  it.  The  pattern  behind  this  schema  is  :  he  coins  a 
plausible  conjecture  (thesis)  which  is  submitted  to  an  ob- 
stacle (antithesis)  and  now  his  mathematical  creativity  is 
in  charge  of  finding  an  answer  (synthesis)  that  offers  a 
way  out  from  the  conflict.  In  the  mathematical  literature, 
very  few  papers  give  us  clear  insight  into  this  process, 
we  found  one  by  D.  Tall  relating  extensively  all  the  trou- 
bles involved  in  the  creation  of  a  deductive  theory.  This 
example  will  be  discussed  below. 


ENOHCE  D'UNE  THESE  EPISTEMOLOGIQUE 


La  pensSe  mathSmatique  se  presente  habituellement  sous  une  forme  pure- 
ment  deductive.  II  suffit  de  regarder  les  manuels  -  y  compris  les  ma- 
nuela  du  secondaire  -  et  les  articles  dans  les  pgriodiques  de  recherche 
pour  constater  que,  quasi  invariablement,  la  inatiere  defile  sous  forme 
d'un  enchainement  d'axiomes,  definitions,  lemmes,  thgoremea,  corol- 
laires  et  (parfois)  applications;  puis,  le  paragraphe  acheve,  on  re- 
commence ce  rituel  apres  avoir  adaptg  les  hypotheses  initialea. 

II  s'ensuit  que,  d' apres  les  documents  ecrits  disponibles,  le  develop- 
pement  de  la  pensSe  mathematique  semble  temoigner  d'une  linear) t6  aur- 
prenante,  fivitant  tout  retour  sur  elle-meme  et  ay ant  d6s  ses  debuts 
une  vision  prficise  des  objectifB  3  atteindre.  Une  telle  efficacitfi 
extreme  ne  se  manifeste  pas  dans  d'autres  sciences,  ni  dans  le  compor- 
tcment  humain  en  general. 
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S 1 interrogeant  sur  les  causes  de  ce  phSnomSne  extraordinaire)  il  con- 
vient  d'envisager  que  ces  Ccrits  "e  pr€sentent  la  mathematique  que  sous 
sa  forme  achivSe.  La  structure  deductive  de  celle-ci  est  appelee  5  ser- 
vir  un  triple  but  :  (1)  de  verification  :  le  math€naticien  desire  «' as- 
surer en  fin  de  travail  si  ses  assertions  sont  bien  fondeea,  a'appuient 
sur  les  hypotheses  (axiomes)  initialeaenf  gnoncles  et,  sfirtout,  s'il  y 
a  abssnce  de  contradiction;  (2)  de  commuaication  :  il  est  important  que 
les  idSes  de  l'auteur  puissent  se  transnattre  3  des  (mime  sans  contact 
personnel)  collSguea-mathematiciens  sans  perte  de  precision  et  sans  aar- 
biguitS;  ce  but  rend  imp€ratif  l'emploi  d'un  lsngage  formalise  5  l'in- 
tSrieur  d'une  structura  deductive;  (3)  da  constrvstion  :  il  faut  que 
lea  rfsultats  de  la  pensta  mathtaatiqua  puissent  rgsister  3  l'usure  du 
temps  at  restent  acceaaiblea  aux  generations  a  venir,  sans  qu'il  y  ait 
doute  aur  laa  intentions  de  l'auteur.  II  eat  important  d'accentuer  que 
1  'on  desire  preserver  les  rCaultata  et  non  pas  la  nfthode  ni  les  ava- 
tar* et  lea  dC tours  de  la  recherche;  cette  derniere  eat  tres  personnel- 
la  et  tris  pCrissable  dans  sa  facon  d'agir,  on  aaurait  prStendre  qu'il 
eat  impossible  de  la  rCdupliquer  en  detail  d'un  chercheur  21  1' autre. 

Soua  sa  forma  operatoira  et  creative,  la  mathSmatique  n'est  paa  plus 
lint  aire  qu*s  J'autres  aciencea  et  d'autrea  activitta  cognitivea  humai- 
naa.  Mia  en  route,  la  cheminement  de  la  pens£e  du  BathSmaticien  prend 
l'aapect  d'une  hGlice  avec  de  multiplea  retoura  en  arriSre  aous  l'in- 
fluence  d'obatacles  dont  la  nature  peut  etre  tria  variSe.  Devant  une 
difficult*  la  pensee  s'arrete  et  se  r€tr6cit  sur  elle-oeme  conme  pour 
raf ferair  aea  baaea.  Puia  une  impulsion,  une  illumination  so-.daine, 
fait  redSmarrer  l'enchainement  des  idSea  jusqu'S  heurter  un  nouvel  ob- 
stacle; puia  un  nouveau  cycle  commence. 

D'un  point  de  vue  plus  abatrait,  cea  conatatationa  se  traduiaent 
aoua  forme  du  schema.  genCral  suivant.  Confront*  1  un  probleme,  le  cher- 
cheur avance  un-i  thSae  (conjecture),  qui  peut  itre  vraie  ou  fauise,  et 
qui  subit,  souvent  spontanement,  l'opposition  d'une  antithSae  de  nature 
diverse,  p. ex.  elle  peut  dScouler  tout  aimplement  d'une  lacune  ou  d'un 
manque  de  comprehension  dans  la  masse  des  connaiaaances  acquises  antS- 
rieurement.  L'une  des  spparences  sous  lr.quelle  1'antithBse  peut  se  pre- 
senter, est  bien  connue  des  mathematiciens  :  c'eat  le  "contre-exemple", 
dont  l'apparition  entraine  la  menace  de  contradiction  interne  et  par 
consequent  arrete  dCfinitivement  un  train  d'ldeea  projetS,  mais  visi- 
blement  non  realisable. 

La  siEultan(it6  dea  deux,  these-antithfise,  provoquc  un  conflit  inte- 
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rieur  qui  louvent  reste  dissimule'  mail  dont  l'unpleur  peut  etre  tell« 
qu'il  entralne  un  blocage  complet,  parfoia  tr.in>oraire,  parfoia  perma- 
nent, du  processus  cognitif.     c'est  a  ce  moment  que  doit  ie  manif eater 
la  facult«  de  creativity  mathematique ,  en  forgeant  une  synthase  capable 
de  rfsoudre  ■oaantantment  le  conflit  et  dc  faire  avancer  d'un  cran  le 
m€canisme  de  la  conatruction  th£orique. 

Noua  retrouvona  ici  l'idee  de  l'exiotence  de  "coguitive  conflict 
factora"  dana  l'epprentissage  daa  aathtavatiquea,  enoncee  et  decrite 
dans  16).  En  effet,  on  paut  avancer  la  thJiae  que  lea  difficult*!  que 
lea  chercheura  ont  du  vaincre,  rfapparaiasent  dans  l'eaprit  de  1'Stu- 
diant  qui  veut  aaaiailer  ultfriaurement  la  oeme  thfiorie.  Noua  ren- 
voyona  a  la  rffe'rence  citSe  pour  dea  examples  concreta  da  tellea  aitu- 
ations. 

Le  processus  dialectique  dtcrit  ci-dessus  paase  le  plua  aouvent  in- 
apercu  et  reata  didaiauK  dana  le  aubconaciert  ,1u  chercheur  qui  n'y 
prete  paa  attention  at  l'Ccaxte  de  aon  champa  de  vision  comoe  Stant 
non  pertinent  pour  le  develop pa ment  da  la  thfiorie  en  voie  d'filabora- 
tion.  II  est  pourtant  extreacment  important  da  ae  rendre  compte  dc 
1 'existence  at  du  fcnctiooneaent  da  ce  processus  pour  comprendre  la 
pensee  du  mathematician.  La  littCrature  sur  le  sujet  semble  etre  trSs 
clairsenee,  il  n'y  a  qua,  1  notre  connaissance,  l'ecole  francaiae  de 
pensee  mathematique  qui  y  a  consacrg  l'attention  nScesssire  dans  les 
travaux  de  G.  Bachalard,  J.  CavaillSa,  A.  Lautman  e.s.  (C'est  pour 
rendre  boaauge  a  cette  Scole  que  cet  article  a  ttS  rSdigf  an  francaia). 
Citons  quelques  rextruits  de  la  these    Essai  sur  la  connaissance  appro- 
chee  (1928)  de  G.  Bachelard  :  "La  deduction  est  tout  au  plus  une  mtthode 
d'exposition"  (p.  178);  "La  construction  progressive  obeit  a  une  veri- 
table dialectique  ...  car  la  dialectique  incline  sans  opprimer"  (p. 
181);  "En  mathematiquea,  l'enrichiasement  le  plus  dgcisif  s'accomplit 
en  absorbant  l'antitheae  dans  l'hypothese"  (p.  242). 

ANALYSE  D'UN  EXEMPLE 

Rares  aont  les  contributions  dans  la  literature  mathematque  qui  noua 
fournissent  un  reportage  sur  le  p.-ocessus  de  decouverte  en  mettant  en 
lumiSre  la  va-et-vient  de  la  pensee,  les  tentatives  rfiussies  et  infruc- 
tueuses,  l'approche  pfinible  vers  la  "linfarit6". 
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II  y  a  le  livre  "Preuvea  et  refutations"  de  I.  Lalatos,  ouvrage  apleir 
dide  et  original,  dana  lequel  le  lecteur  est  invite  a  suivre  sur  le 
vif  lea  tatonnements  de  la  raison,  cherchant  a  Stablir  aussi  bien  1" 
gnonce  precis  que  la  demonstration  correcte  d'un  thgoreoe  ggometrique. 
Hais  il  faut  reconnaitre  qu'il  s'agit  la  d'un  exemple  imagine,  auasi 
bril.lant  qua  aoit  le  r£cit  des  hesitations  d«  la  pensce  mathematiquo. 
Quant  i  trouver  un  cas  r«el,  nous  avons  e^e  heureux  de  rencontrer  un 
article  de  David  Tall  qui  relate  implement  les  sinuositfis  inhgrentes 
a  un  aorceau  de  recherche.  L'auteur  desire  elaborer  une  theorie  de  nom- 
bres  superr6«ls  qui  contient  des  inf  iniments  petics  et  qui  est  pourtant 
plus  simple  que  l'analyse  non-standard  da  A.  Robinson.  La  technique 
purauent  matheswtique  utiliae*  na  joue  aucun  role  ici.  Le  recit  marque 
clairement  lea  conf rontationa  rgpgtgea  de  Cheaea  avec  d'antitheses  qui 
amortiaaent,  voire  entravent,  la  realisation  graduelle  de  l'objectif 
que  l'auteur  s'inpose.  Una  analyae  detaillge  noua  a  rSv616  l'apparition 
d'au  moina  une  dotueaine  de  caa  de  l'eapece,  qui  necesaitent  a'.itant 
d' interventions  de  la  part  de  l'auteur  afin  de  creer  une  aynthese  pro- 
viaoire  et  d'avancer  d'un  paa  vers  la  reponae  finale. 

Citona  qualquea  exemplas  d'incidenta  qui  se  produisent  en  cour3  de 
route  et  qui  permettent  de  suivre  en  detail  la  pensfie  creatrice  de 
l'auteur  : 

(a)  Au  d«but  il  y  a  un  problene  de  classification,  une  indecision  quant 
a  ranger  le  problSme  dana  la  theorie  dea  nonbrea  transfinis  ou  dans  la 
thgorie  de  la  mesure;  le  conflit  est'leve  en  decidant  de  creer  une 
theorie  ad  hoc  de  nombres  inf initesimaux; 

(b)  Un  autre  conflit  surgit  loraqu'il  faut  postuler  la  nature  des  fu- 
tura  infinitfaimaux  :  au  premier  abord  l'auteur  est  tente  de  lea  assi- 
miler  a  das  fonctions  rationnellea  -  ce  na  aeraient  done  pas  des  nom- 
brca  ou  dea  pointa  (concept  traditionnel) ;  un  co«promis  est  formule  en 
admettant  que  lea  inf initesimaux  seront  tout  aimplement  des  elements 
d'uu  ensemble,  dont  la  nature  reste  a  determiner; 

(c)  Pluaieura  foia,  une  intuition  qui  entraine  1' introduction  d'un  con- 
cept nouveau  fait  redemarrer  1 ' enchainenent  des  idees  et  1' elaboration 
de  la  theorie  avance  d'un  pas  dScisif;  ce  phenomene  se  presente  p. ex. 
lorsque  l'auteur  prend  conscience  du  fait  que  la  tonction  f(t)  "  t 
peut  jouer  le  role  d' inf initesimal  canonique;  aussi  lorsqu'il  introduit 
une  droite  3  l'infini; 

(d)  Des  obstacles  de  nature  diverse  peuvent  surgir  et  entraver  une 
serie  de  deductions;  p. ex.  en  oe  realilia»i<3u«5  la  thSoric  projetce  ne 
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eera  pa*  applicable  a  del  fonctiona  tout  2  fait  arbitraires,  d'ou  It 
resolution  dc  ne  coneiderer  que  des  fonctions  enelytiquee;  autre  exem- 
ple  :  la  rfticeucc  d'un  interlocuteur  i  accepter  un  point  de  vue  qui 
a'«loigne  trop  del  ideas  traditionnellement  admises  (obetacle  eubjec- 
tif,  eituf  tout  a  fait  en  dahora  d«  la  atructure  raathenatique  for- 
aelle); 

(e)  La  aiaulitude  apparenta  avac  una  thfiorie  bien  fond€e  (developpement 
an  atria  de  Taylor)  raffermit  la  confiance  en  la  nfthode  auivia;  cet 
eepoir  eat  aodirC  parfoie  par  un  vague  aentiaent  da  dCeagrSnent  ou  une 
aenece  latente  d'incohtranca  (problenee  da  convergence); 

(f)  L* intention  d'inclure  dana  la  nouvtlle  atructure  un  concept  prf- 
concu  (ax.  lea  noabree  euper-entiere)  peut  avoir  aea  fondementa  dana 
l'inconaciant  at/ou  la  aubjactif  peraonnal  ("whisful  thinking"); 
loraqua  la  raelieation  du  dCair  a'avera  inpoeaible,  1' abandon  de 
celui-ci  te  heurta  a  una  resistance  paychologique  :  uniqueaent  sous 

le  poida  daa  contre-indicetiona  foraele  (et  done  irrffutablea)  l'auteur 
ae  reaigne  a  abandonnar  le  concept  tant  d«eir«  :  il  n'y  a  paa  de  euper- 
entiara  dana  aa  theoria; 

(g)  A  pluaieura  ripriaii  l'auteur  reaaent  le  beaoin  de  rfidiger  dit  le 
dfbut  la  partia  appsr  assent  conaolidCe  de  aa  theorie.  Cea  rfdectionu 
frCquentea  aont  l'exteriorisation  du  beaoin  de  raff  emir  aea  basea  et 
du  aouhait  d'ecarter  da  vagune  doutea  aur  l'utilitf  ou  la  coherence 
de  1 'Cdifice,  en  paaaant  an  revue  minutieusenent  toutea  lea  premisses 
et  concluaiona  dont  1 'snchetueatent  censtitue  le  force  logique  et  deduc- 
tive de  ae  conatruction.  II  eat  bien  connu  qu'une  facon  de  controler 

le  validitt  d'un  raieonnanent  Bathfnatique  coneiete  i  le  r«peter  en 
l'ferivant  ligne  par  ligne,  aurveillent  a  cheque  paa  1 'application 
juetifite  daa  rag lea  de  deduction.  En  feinant  ceci,  l'auteur  deal re 
augaenter  aa  confianca  en  la  valeur  et  l'exactitude  de  aea  dfatonetra- 
tiona  (qui,  com  on  le  aeit  fort  bien,  ne  ae-ont  coneidereee  ezactea 
que  loraqu'ila  aoat  acceptees  par  la  comnunaute'  del  math««eticiena) . 
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INTERPRETATION  D' EN  ON  CES  IMPLICATES  ET  TRAITEMENTS  LOGiqUES 
LUIS  RADFORD 

ESCUELA  DE  FORMACION  DE  PROFESORES  DE  ENSERANZA  MEDIA 
UN I VERS I DAD  DE  SAN  CARLOS  DE  GUATEMALA 


Une  experience  a  4t6  menee  avec  des  lyceens  (16-18  ans)  sur 
la  recherche  des  obstacles  qui  empechent  la  distinction  entre 
condition  necessaire  et  condition  sufflsante.  On  met  en  Evi- 
dence 1  'existence  de  quatre  traltements  dlstlncts  de  V impli- 
cation. L 'analyse  qu'on  prfsente  de  ces  traltements  peut  per- 
mettre  de  coisprendre  pourquoi  un  cours  tradltlonnel  de  logl- 
que  n'est  souvent  pas  sulvi  de  succes,  ouvrant  alnsl  des 
perspectives  pour  envisager  un  enseignement  adequat  de  la  lo- 
glque  dans  les  lycees. 


Les  travaux  d'O'Brlen,  Shapiro,  Reall  (01),  (02),  (03),  (SI),  ainsl  que 
d'autres  chercheurs,  ont  montre"  di!s  le  d&ut  des  annees  70  que  lorsqu'on 
confronte  des  adolescents,  non  plir  comme  chez  Plaget,  a  des  experiences 
physiques  cD  Ton  peut  manlpuler  les  filaments  qui  interviennent  dans  un 
probleme  donne"  af1n  de  dfigager  des  relations  de  cause  a  effet,  mals  a  des 
enonces  1mpl1cat1fs,  ces  adolescents  -qui  etaient  censfis  avoir  attelnt  le 
stade  des  operations  formelles-  mettent  en  oeuvre  des  procedures  qui  sont 
loin  d'etre  en  accord  avec  le  ralscnnement  loglque.  Ces  procedures  non 
loglques  ont  tti  attributes  a  des  mauvalses  performances  des  sujets  1n- 
terroges  a  ralsonner  loglquetnent.  Toutefois,  des  llngulstes  dont  0.  Du- 
crot  (01)  ont  mis  en  evidence  des  differences  entre  TlrpHcatlon  (mate- 
rielle)  de  la  loglque  et  les  enonc6s  "Si  A  alors  B"  ou  "S1  A.B"  du  lan- 
gage  couranti1'  jettant  ainsl  une  ontore  de  doute  sur  les  conclusions 
d'O'Brien  et  les  autres,  car  11s  avalent  utilise"  des  enoncSs  Implicates 


(1)  "Si  vous  avez  soif,  il  y  a  du  whisky  dans  le  re'frige'rateur"  est  Equi- 
valent, d'apres  le  calcul  des:.pnoposit1ons,  i  "S'11  n'y  a  pas  de  whi- 
sky dans  le  rdfrlgerateur,  alors  vous  n'avez  pas  soif",  bien  que  ces 
deux  expressions  solent  dlffeVentes  dins  toute  langue  naturelle. 
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du  genre  "If  the  bike  is  blue,  it  is  not  old",  etc.  B.  Duroont  a  montrf 
(D2),  (D3)  d'une  facon  nette  Tinadequation  de  ce  type  d'enonces  pour  a- 
border  l'Stude  du  raisonnement  logique. 

Dans  le  but  de  mieux  comprendre  les  obstacles  qui  emp^chent  la  distinc- 
tion entre  condition  mScessaire  et  suffisante,  nous  avons  mis  en  place  en 
1983-85  a  1'IREM  de  Strasbourg,  France,  une  experience  centime  sur  un 
questionnaire  et  sur  des  entretiens  cliniques.  Les  questions  ont  6t6 
choisies  en  termes  d'un  cnntexte  algor  thwique.  un  tel  contexte  evite- 
rait,  pensions  nous,  et  le  deroulement  de  1 'experience  nous  a  (tonne  rai- 
son,  les  probletnes  linguistiques  observes  chez  nos  prfdScesseurs.  La  po- 
pulation etudiee  a  «te  constituee  d»  plus  de  300  fileves  du  Baccalaureat 
Francais  (classes  de  premiere:  16-18  ans). 

U  type  d'enonce-  implicatif  utilise  peut  se  conprendre  sur  l'exenple  sui- 
vant: 

Un  circuit  £lectique  intermittent  coraporte  trois 
lances  A,B,C.  Chacune  s'allume  et  s'Gteint  dans 
l'ordre  A,B ,C.A,B .C.A.etc.  Pendant  l'allumage 
chaque  lampe  imt  soit  une  lumie're  rouge,  soit 
une  lumie're  bleue.  Le  fonctionnement  du  circuit 
est  rfgi  par  un  ordlnateur  dont  on  ne  connaTt 

UhSobser^t™' suivi  pendant  un  long  te«ps  le  deroule«nt  du  circuit  et 
il  a  degage"  la  regie  que  voici: 

Si  C  est  rouge,  alors  a  1  'instant  sirrvant  A  sera  bleue. 

Le  type  de  question  pasee  fitait: 

Sachant  qu'i  un  certain  moment  la  lanpe  C  n'est  pas  rouge,  a  1 'Instant 

suivant  la  laajie  A  sera:    ,  . 

[  [  I      I  L__J 

rouge  bleue  opps  •  > 

r  uae  (=on  ne  peut  pas  savoir) 

Nous  avons  etudi^  trois  genres  de  questions,  qu'on  peut  resumer  ainsi : 

(A       B  f  A       B  f  A  B 

H*-1 

Par  exei*>le  Al  se  lit:  Si  A  alors  B.  Sachant  qu'on  a  non  A,  que  peut-on 
dire  de  B?  On  reconnaltra  en  d3  une  contraposee. 

TBAITEMENTS  D'ENONCES  IMPLICATIFS 

GROUPES  1  ET  2:  Dans  ces  groupes,  qui  s'dtendent  a  environ  25*  de  la  po- 
pulation chacun,  les  individus  ne  font  pas  de  distinction  entre  cause  et 
effet.  Dans  le  groupe  1,  Tenonce"  implicatif  "Si  A  alors  B"  apparuft 
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conwe  une  simple  association  entre  deux  choses:  ou  A  et  B  se  produisent 
ou  aucun  d'eux  ne  se  produit,  A  la  question:  Si  C  est  rouge  alors  au  mo- 
ment suivant  A  sera  bleue;  sachant  que  C  est  non  rouge,  quelle  sera  la 
couleur  de  A  apres?,  une  e*li»ve  rfpond:  "puisque  si  C  est  rouge  A  est 
bleue,  si  C  est  bleue  A  est  rouge".  Cette  6lSve  associe,  d'apres  la  rfc- 
gle,  C  rouge  a  A  bleue  et  C  bleue  a*  A  rouge.  II  n'y  a  pas  une  catbina- 
toire  ou  analyse  des  cas  possibles  id.  Men  n'est  hypothe"tique.  On  pen- 
sait  jusqu'a"  win  tenant  que  ces  indfvidus  confondaient  l'i^lication  et 
1  'equivalence.  II  est  clalr  que  cela  ne  peut  pas  tore  vrai,  vu  que  l'in- 
dlvidu  ne  se  place  pas  icf  dans  un  contexte  logique,  et  que  1 'equivalen- 
ce ClogiqueJ,  qui  s'exprlne  come  la  conjunction  de  o>ux  implications  r*- 
clproquesjne  peut  apparattre  qu'apres  avoir  vraiaent  acquis  la  notion 
d'iapllcatlon. 

Pour  le  group*  2,  ce  qui  est  Important  est  ce  qui  figure  ou  ne  figure 
pas  sur  Tenonce*  Implicatif.  Dans  la  question  (que  nous  scheawtisons): 
Si  P  est  non  jaune  alors  H  sera  verte.  Sachant  que  la  laope  P  £tait 
jaune,  quelle  sera  la  couleur  de  H?,  un  SlSve  dit:  "on  ne  peut  pas  sa- 
voir  (...)  oui,  parce  que  P  est  verte.  Tu  sais  pas  quelle  est  l'equa- 
tion  si  P  est  jaune.  Done  tu  peux  pas  savoir. "  L'Cldve  parle  d '"Equa- 
tion" pour  dtre  regie.  II  justlfte  "tu  peux  pas  savoir"  par  le  fait 
qu'11  n'y  a  pas  de  regie  mentionnant  le  cas  ou  P  est  jaune. 


En  designant  la  regie  par  A  ^B,  les  reponses  typiques  de  ces  groupes 
sent: 

dl  *2  d3 

Groupe  1         non  B  A  non  A 

Groupe  2          opps  A  opps 


GROUPES  3  ET  4:  Dans  ces  groupes,  qui  dependent  1  environ  2036  et  3*  de 
la  population,  respectlvenent,  11  apparatt  pour  la  prenrffere  fois  une  a- 
nalyse  logique  du  problems.  Le  conditlonnel  "si"  renvoie  I  une  situation 
hypothStlque  (cf.  1'exemple  ci-apres).  L'indlvidu  s'interroge  sur  le  rap- 
port entre  les  objets,  d£bouchant  ainsi  sur  une  coafcinatolre.  A  la  ques- 
tion: Si  C  est  rouge,  alors  au  moment  suivant  A  sera  bleua;  sachant  qu'a 
un  moment  A  est  non  bleue,  quelle  e"ta1t  la  couleur  de  C  au  ncment  pr**- 
ceMent?,  une  Slfcve  dit:  "moi  j'al  fait,  je  suis  partie  de  ca^  j'ai  dit 


(1)  "ca"  c!5signe  "C  est  rouge". 
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si  C  est  rouge,  j'ai  regarde"  si  5a  roarchait".  Plus  loin,  une  autre 
fileve  arrive  a  la  conclusion:  "C  force'ment  n'est  pas  rouge  (...)  parce 
que  si  C  est  rouge,  c'est  sur  t'as  A  bleue",  et  on  sait  qu'une  des  don- 
n«es  du  probleme  est  justement  que  A  etait  non  bleue,  Cette  demonstra- 
tion par  l'absurde  est  lotn  d'etre  eVidente:  elle  demande  que  l'61eve 
se  place  dans  une  situation  hypotMtique  et,  comme  nous  l'ayons  yu  pour 
les  groupes  1  et  2,  cela  ne  va  pas  dc  sol,  Bien  que  pour  les  eldyes  du 
groupe  3  la  resolution  d'un  probleme  tmplfcatif  se  fasse  dans  un  con- 
texte  hypothetlque,  ces  61fcves  n'arrivent  pas  a  rtpondre  correctement 
les  questions  de  type  d2>  mettant  en  Evidence  que  Tappar1t1on  d'une 
coi*inato1re  ne  saurait  rendre  compte  de  T1nten5lt6  de  la  demarche  lo- 
gique  deployed. 

Les  «leves  du  groupe  4  sont  ceux  qui  repondent  correctement  toutes  les 
questions. 

En  ctfsigr.ant  la  rSgle  implicative  par  A  }B,  les  rSponses  typiques  de 
ces  groupes  sont  les  suivantes: 

dj  d2  d3 

Groupe  3  opps  A  nun  A 

Groupe  4  opps  opps  non  A 

Le  probleme  qui  se  prfisente  aujourd'hui,  et  qui  conditlonnerait  dans 
une  large  mesure  la  forme  qui  devrait  prendre  un  enseignement  adequat 
de  la  logique,  est  celul  de  savoir  s1  un  1nd1vidu  traverse  successive- 
ment  les  groupes  que  nous  venons  de  ddcrire  ou  s1 ,  par  contre,  il  peut 
rester  "plafonne"  dans  un  de  ces  groupes.  Ces  deux  situations  sentient 
egalement  plausibles.  En  effet,  nous  avons  pu  observer  des  individus  du 
groupe  1  qui  n'acceptalent  pas  les  raisonnements  des  Individus  du  groupe 
3.  Mais  nous  avons  vu  des  individus  du  groupe  2  accepter  des  raisonne- 
ments plus  complexes.  Au  marge  de  ces  deux  posslbiHtds,  notre  travail 
-croyons  nous-  met  en  Evidence  que  la  difficult*?  a  raisonne-  logique- 
ment,  et  en  particuller  a  distlnguer  entre  cause  et  effet,  est  tres 
Hee  a  la  possibility  de  l'indlvldu  a  se  mettre  dans  une  situation 
hypothec  que,  et  ceci  ne  va  pas  de  sol.  Un  but  de  1 'enseignement  de  la 
logique  seralt  done  de  proposer  aux  (Sieves  des  activity  qui  leur  con- 
duisent  a  des  situations  hypothetlques  ou  s'exercer.  Et  cela  ne  peut 
pas  se  falre  dans  une  logique  depourvue  de  contenu,  e'est-a-dire  dans 
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une  logique  fortnelle.  C'est  d'ailleurs  cet  aspect  qui  nous  semble  e"tre 
a  la  base  de  1  'e"chec  des  cours  traditionnels  de  logique  (S2),  que  ce 
soit  sous  forme  de  tables  de  veVite-  ou  de  theorie  axiomatique.  Une  solu- 
tion peut  se  trouver  dans  ce  que  nous  avons  appele"  logique  send  fortnelle 
(Rl).  Celle-ci  se  distingue  de  la  logique  fortnelle  en  ce  que  les  propo- 
sitions ont  un  contenu  et  s'eioigne  de  la  logique  du  langage  ou  du  dis- 
cours  en  ce  que,  comme  la  logique  fortnelle,  Vunivers  du  di scours  est 
fixfi  d'avance.  C'est  id  que  nous  placons  les  raisonnemencs  math§ma- 
tiques  (la  phrase  "soit  f  une  fonction  continue"  n'est  pas  traitee, 
cotnme  en  logique  forroelle,  i  la  maniere  d'une  proposition  p  quelconque). 
Certains  jeux,  conn*  les  echecs,  se  deroulent  ici  aussi .  C'est  peut-ttre 
la  qu'il  faudrait  envlsager  1  'ensei gnement  de  la  logique  dans  les  lycSes. 
Probablement  les  etudes  que  nous  menons  actuellement  au  Guatemala,  pour- 
ront  apporter  quelques  rtponses  aux  problemes  encore  ouverts  de  la  lo- 
gique et  son  ensei  gnement. 


Dl     DUCROT  0.    Dire  et  ne  pas  dire.  Principes  de  semantique  Vlnguisti- 

que.    Paris,  Hermann.  1972. 
D2     DUMONT  B.  L'influence  du  decor  et  du  langage  dans  des  epreuves  de 

type  "logique"  portant  apparament  sur  1 'implication. 

Educational  Studies  in  Mathematics.  Vol  13.  N°4. 
D3     DUMONT  8.  L'influence  du  langage  et  du  contexte  dans  des  epreuves 

du  type  "logique".  These  de  3eme  cycle  en  Didactique  dss 

Mathfimatiques.  Paris  VII.  1980 

01  O'BRIEN  T.,  SHAPIRO  B. ,  REAL  I  N.  Logical  thinking, language  and 

contexte.  Educational  StudiesMn  Mathethati cs .  1971. 
Vol  4,  pp.  201-219. 

02  O'BRIEN  T.  Logical  thinking  in  adolescents.  Educational  Studies  in 

Mathematics.  1972.  Vol  4,  pp.  401-428. 

03  O'BRIEN  T.  Logical  thinking  in  college  students.  Educational  Stu- 

dies in  Mathematics.  1973.  Vol  5  pp.  71-79. 
Rl     RADFORD  L.  Interpretation  d'enoncSs  implicatifs  et  traitements  lo- 
giques.  These  de  3eme  cycle  en  Didactique  des  Mathema- 
tiques.  I  REM  de  Strasbourg.  1985. 


BIBLIOGRAPHIE 


-  397  - 


51  SHAPIRO  B.,  O'BRIEN  T.  Quasi-chi Ids  logics.  Educational  Studies  in 

Mathematics.  1973.  Vol  5, pp.  181-184. 

52  SIWEK  H.  Logique  fotmelle  et  raisonnement  naturel  des  elSves  dans 

Venseignement  de  la  mathematique.  Educational  Studies  in 
Mathemati rs .  1973.  Vol  5,  pp.  23-27. 


o 

ERIC 


1348 


RESEARCH  AGENDA 
PROJECT  PAPERS 


1347 

o 

IERJC 


-  kO\  - 


The  Research  Agenda  project 


Judith  Threadgill  Sowder 
San  Diego  State  University 


The  Research  Agenda  Project  focuses  on  research  areas  where 
previous  work  indicates  that  some  conceptual  and 
methodological  consensus  sterns  likely,  providing  that  a 
vehicle  is  furnished  for  this  purpose.     Accordingly,  four 
conferences  have  been  held,  in  the  areas  of  problem 
solving,  effective  mathematics  teaching,  algebra,  and 
middle  school  mathematics.    Conference  proceedings  will  be 
published  by  the  National  Council  of  Teachers  of 
Mathematics. 

The  Research  Advisory  Committee  of  the  National  Council  of  Teachers 
of  Mathematics  in  1985  proposed  to  the  National  Science  Foundation 
that  funding  be  provided  for  the  purpose  of  establishing  a  research 
agenda  in  mathematics  education.     He  believed  that  such  a  project 
was  needed  at  this  time  for  two  reasons:     first,  to  direct  research 
efforts  toward  important  questions,  and  second,   to  indicate 
potential  support  mechanisms  essential  to  collaborative  chains  of 
Inquiry . 

There  are  many  important  unanswered  questions  about  learning  and 
teaching  mathematics  for  which  real  solutions  will  be  found  only 
through  scholarly  inquiry.     He  agree  with  the  critics  that,   in  some 
areas,   past  research  on  the  learning  and  teaching  of  mathematics 
has  been  inadequate.    Many  past  research  studies  can  be 
characterized  as  piecemeal  inquiries  rather  than  sets  of  studies 
reflecting  conceptual  coherence.       Many  studies  have  been  based  on 
inadequate  conceptualization  of  the  problem  being  investigated  and 
have  employed  less  than  adequate  instrumentation  and  methodology. 
Such  weaknesses  ftre  typical  of  emerging  fields  of  inquiry.  Kuhn 
(1970)   has  argued  that  in  the  early  stages  of  the  development  of 
any  science;  different  scholars  confronting  different  portions  of 
the  same  phenomenon  arrive  at  different  descriptions  and 
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intepretations.     Real  research  progress  occurs  only  when  a  group  of 
investigators  agree  on  a  specific  area  of  specialization,  arrive  at: 
a  consensus  on  n  common  framework  or  paradigm  to  guide  their 
investigations,  and  accept  the  methodologies  associated  with  that 
paradigm  as  a  means  of  communicating  questions  and  results  among 
the  group's  members. 

We  clearly  know  more  today  about  teaching  and  learning  mathematics 
than  we  did  twenty  years  ago,  before  there  was  substantial 
financial  support  for  educational  research.     in  particular,  we  can 
point  to  several  significant  sets  of  studies  now  being  carried  out 
which  are  based  on  emerging  theoretical  frameworks.     For  example, 
young  children's  early  number  learning  and  older  children's 
understanding,  of  rational  numers  have  been  the  subject  of  several 
recent  or  current  studies.    Most  researchers  would  agree  that 
single,   isolated  studies  are  rarely  of  much  value  and  profitable 
research  proceeds  by  a  series  of  small  steps  taken  within  the  same 
framework,     h  conference  on  the  acquirition  of  number  concepts  and 
skills   (Carpenter,  Moser,  and  Romberg,  1982)  haa  served  as  an 
example  of  the  role  such  a  meeting  can  play  in  providing  a  vehicle 
for  increased  communication,  synthesis,  summary,  and 
cross-disciplinary  fertilization  among  researchers  working  within  a 
specialized  area  of  mathematical  learning. 

Other  such  specializations  have  emerged  which  could  also  benefit 
from  such  collaborative  efforts.     He  believed  that  the  most 
effective  way  of  setting  a  research  agenda  would  be  to  focus  on 
areas  where  conceptual  and  methodological  consensus  was  likely. 
Four  such  specialized  areas  were  selected  for  this  project:  the 
teaching  and  learning  of  algebra;  the  teaching  and  assessment  of 
problem  solving;  the  teaching  and  learning  of  middle  school 
mathematics  concepts;  and  effective  mathematics  teaching. 


-  1(03  - 


The  plan  for  the  project  included  a  working  group  conference  In 
each  of  the  four  areas,  with  monographs  of  conference  proceedings 
to  be  published  by  NCTM,    A  fifth  overview  monograph,  written  by 
advisory  board  members,   is  also  planned.     The  HCTM  Research 
Advisory  Committee  asked  Judith  Sowder  to  prepare  the  formal 
proposal  and  direct  the  project,  and  suggested  names  for  the 
advisory  board  and  for  conference  directors  and  monograph  editors. 
The  advisory  board  for  the  project  consists  of  eight  people; 
Joseph  Crosswhite,  James  Greeno,  Jeremy  Kilpatrick,  Douglas  McLeod, 
Thomas  Romberg,  George  Springer,  James  Stigler,  and  Jane  Swafford. 
For  each  of  the  four  selected  areas,  two  researchers  serve  as 
conference  co-directors  and  an  coeditors  of  the  monograph  of 
conference  proceedings.     These  pairs  are  Sigrid  Wagaer  and  Carolyn 
Kieran  for  learning  and  teaching  algebra;  Edward  Silver  and  Randall 
Charles  for  teaching  and  assessing  problem  solving;  Herlyn  Bohr  and 
James  Hiebert  for  middle  school  number  learning;  and  Douglas  Grouws 
and  Thomas  Cooney  for  effective  mathematics  teaching. 

The  project  began  with  a  planning  conference  of  advisory  board 
members  and  conference  directors.     Besides  identifying  issues  to  be 
addressed  and  possible  paper  topics  for  each  conference,  tentative 
lists  of  invitees  for  each  conference  wore  drawn  up  to  include 
representation  from  mathematics  education  researchers,  both 
established  and  new  to  the  field,  both  U.S.  and  foreign, 
researchers  from  relevant  fields  of  psychology  and  from 
mathematics,  and  practitioners.    The  concept  of  working  group 
conferences  funded  for  25  people  precluded  expanding  the  conference 

au  interested  persons.    We  therefore  decided  to  invite  people 
to  attend  only  one  conference,  thus  maximizing  the  number  of  people 
involved  in  setting  a  research  agenda. 

The  four  conferences  were  scheduled  for  the  spring  of  1987,  tc 
allow  adequate  time  in  the  fall  for  invitees  to  prepare  conference 
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papers.     The  conference  on  teaching  and  evaluating  problem  solving 
was  held  in  January  in  San  Diego,  California;     the  conference  on 
effective  mathematics  teaching  was  held  .In  early  March  in  Columbia, 
Missouri;  the  conference  on  the  teaching  and  learning  of  algebra 
was  held  in  late  March  in  Athens,  Georgia;  and  the  conference  on 
middle  school  number  learning  was  held  in  May  in  DeKalb,  Illinois. 
Each  of  the  conferences  was  indeed  •  working  conference.  Difficult 
questions  were  addressed,  discussions  were  lively  and  intense,  and 
new  understandings  were  reached  among  individual  researchers  across 
the  discipline  and  viewpoints  represented. 

A  second  meeting  of  the  advisory  board  is  scheduled  for  June  of 
1987,    for  the  purpose  of  evaluating  the  conferences  and  planning  an 
overview  monograph.     At  the  PME  session  associated  with  this  paper, 
I  will  discuss  the  contents  planned  for  the  overview  monograph. 
All  five  monographs  are  scheduled  for  publication  in  early  1988. 
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The  working  group  for  middle  school  number 
concepts,  part  of  the  Research  Agenda  Project  of  the 
National  Council  of  Teachers  of  Mathematics  and  tho 
National  Science  Foundation  (Grant  No.  KDR  8550614),  met 
in  DeKalb,  Illinois,  May  12-15,  1987.    Because  of  the 
deadlines  for  printing  these  Proceedings,  the  following 
summary  was  prepared  before  the  conference.  The 
comments  are  based  on  first  drafts  of  the  papers  written 
for  the  conference.    We  would  like  to  acknowledge  the 
authors  of  the  papers  for  generating  the  basis  for  the 
observations  recorded  here,  but  we  do  not  claim  that 
this  brief  summary  does  Justice  to  their  ideas.  The 
authors  are:    Merlyn  Behr,  Robbie  Case,  Kathleen  Hart, 
James  Hlebert,  Thomas  Kieran,  Richard  Lesh,  Perla 
Nesher,  Stellan  Ohlason,  Thomas  Post,  Robert  Sandieaon, 
Judah  Schwartz,  Judith  Sowder,  Leslie  Steffe,  Gerard 
Vergnaud,  and  Diana  Wearne.     Discussants  of  the  papers 
at  the  conference  were:     Ferdlnando  Arzarello,  Alan 
Bell,  Brian  Greer,  Magdalene  Lampert,  Glenda  Lappan, 
Richard  Lesh,  Jack  Lochhead,  Douglas  McLeod,  Joseph 
Payne,  Robert  Reys,  and  Ipke  Wachsnuth.    Robbie  Case  und 
Karen  Fuson  served  as  sumnarizers  during  the  final  con- 
ference session. 

The  past  decade  has  witnessed  a  significant  increase  in  research 
on  children's  knowledge  for  and  learning  of  middle  school  mathematics 
(about  ages  8-13).    Much  of  this  research  has  focused  on  rational 
number  learning,  including  the  development  of  proportional  reasoning 
skills.    More  recently,  attention  also  has  been  directed  toward 
multiplication  and  division,  with  emphasis  on  whole  numbers.    The  aim 
of  the  conference  was  to  reflect  on  the  variety  of  individual 
research  programs  that  are  flourishing  in  this  domain  and  to  search 
for  common  themes  and  theories  that  could  servo  as  avenues  of 
communication.    These  points  of  contact  would  not  only  inform  Che 
participants'  own  work,  but  also  would  provide  a  means  for  relating, 
with  other  significant  work  in  the  field,  and  would  provide  an 
appropriate  foundation  for  setting  a  research  agenda  in  this  domain. 
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Middle  School  Number  Concepts  -  Now  Complexities 

Perhaps  the  moat  striking  theuie  of  the  papers  prooonted  at  the 
conference  Is  that  the  nathematlca  students  encounter  In  middle 
school  Is  dranatically  different  than  the  early  number  and 
addition/subtraction  concepts  and  skills  of  the  earlier  years  of 
school.    The  conplexltlea  Increase  co  markedly  that  tho  mathematics 
apponrs  to  ba  qualitatively  different  than  anything  students  havo 
encountered  before. 

There  are  tvo  prluary  at.urcea  for  i'm  new  difficulties  of 
middle  achool  aatheaatlca.    One  la  that  the  altuatlona  that  gonorato 
mathematics  are  soatly  multiplicative  rather  than    additive.  For 
example,  how  many  outflta  can  be  created  from  four  different  skirts 
and  three  different  blouaea?    Or,  how  nany  pizzas  are  needed  for  20 
people,  if  three  plziaa  are  Just  right  for  seven  people?    To  handlo 
even  the  simplest  multiplication  situation  at  an  appropriate  level, 
students  must  develop  the  notion  that  a  unit  can  be  composed  of  more 
than  one  objoct.    This  achievement  reo.uires  a  significant  shift  in 
their  thinking,  a  shift  that  occurs  ovor  a  prolongod  period.  The 
redefinition  of  unit  ia  essential  Jn  multiplicative  situations  which 
are  not  reducible  to  additive  onea.    New  concepts  emorgo ,  such  as 
intensive  quantity  (e.g.,  represented  by  "per"  in  25  miles  per 
gallon),  which  have  no  appropriate  enaloguo  in  addition.  Using 
additive  strategies  often  is  Inadequate  and,  further,  may  inhibit 
appropriate  Multiplicative  strategies  from  dovoloplng.     So  tho  new 
complexities  of  multiplicative  situations  demand  a  significant 
extension  and  reorientation  in  children's  cognitive  structures  for- 
ma thematlcs . 

A  second  sot'ree  of  difficulty  for  students  is  that  tho  number 
system  Introduced  to  handle  multiplicative  structures  brings  with  it 
a  host  of  now  complexities.    The  system  of  rational  numbers,  although 
powerful  and  elegant,  la  far  moro  complex  than  the  whole  numbers 
encountered  to  this  point.    Rational  numbers  can  be  represented  with 
two  very  different- looking  symbol  systems- -common  fractions  and 
decimal  fractions.     Each  of  these  systems  introduces  complexities 
that  move  well  beyond  the  multiplicative  situations  that  motivated 
tholr  appearance     Procedures  for  handling  tho  symbols,  such  as 
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arithmetic  operetiona  for  fractions  and  daelaals,  generating 
equivalent  fraction*,  and  shifting  between  town  mid  decimal 
fraction  form,  become  objects  of  study  in  their  own  right.    Many  of. 
the  procedures  have  subtle  connections  with  well-practiced  oroccdures 
on  whole  nuabers ,  connections  that  are  important  but  not 
straightforward.    Sorting  out  the  eemancie  and  syntactic  similarities 
and  differences  between  symbol  systems  presents  a  significant 
challenge  for  students. 

Current  Status-Deacrlptlve  Analyses  of  Subject  Matter 

Because  most  of  ths  work  on  students'  learning  of  middle  school 
number  concepts  aivl  skills  is  reletively  new,  reeearch  efforts 
generally  are  directed  toward  des«rjMnjg  the  phenomena  In  some 
detail.    Careful  analyaee  of  subjsct  matter,  and  deacrlptlons  of: 
tasks  designed  to  tap  students'    knowledge  of  the  subject  matter,  and 
of  thslr  responses  on  such  tasks  characterise  much  of  ths  current 
work  in  the  flsld. 

It  is  apparent  that  the  analysis  of  subjsct  matter  la 
especially  important  In  a  domain  with  the  mathematical  cowplexltioa 
noted  above.    It  la  difficult  to  Imagine  making  progrsss  in  ressairch 
on  children* e  learning  of  thass  substantive  mathamatlcel  topics 
without  e  thorough  foundational  uoderetandlng  (by  the  rsseairchars)  of 
the  Mathematics  to  be  lsarned.    Although  thsre  now  sxlsts  a  wealth  of 
information  on  the  chlldrsn's  knowlodge  and  learning  of  beginning 
addition  and  subtraction  concepte  and  skills,  very  Uttlm  of  the 
information  has  helped  to  anticlpete  the  complexities  of  mlddla 
echool  number  learning.    Much  of  the  Information  on  children's  early 
mueber  skllle  seems  almost  Irrslsvsnt.    Of  course,  there  way  be 
Important  relationships  between  the  domains  that  have  yet  to  be 
uncovered.    There  doaa  exist  evioence  to  suggest  that  some  primative 
models  which  children  have  for  whole  number  concepts  interfer  with 
the  acquisition  of  concepts  for  sultipllcative  situations.     It  is 
clear,  however,  that  current  theories  of  learning  middle  school  level 
mathematics  are  domain  specific ,  and  that  the  analyels  of  this 
subject  matter  plays  a  crucial  role  in  the  development  of  the 
theories . 
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Consequence*  f  or_ Instruction 

Instructional  program*  tn  mlddla  eehool  mathematics  ordinarily 
preaent  •  limited  and  overly  simplified,  view  of  the  topic*  diacuasad 
above.    Multiplication  la  treated  aa  repeated  addition;  fractiona  are 
traatad  aa  parta-of -a-vhol*.    Tha  Mora  fuuda-eental  concaptual  baas* 
for  thaaa  quantitative  notion*  rarely  ara  traatad  In  a  aystematlc 
way.    Purthar,  ih*  symbol  systems  of  common  and  decimal  fractiona  ara 
handlad  by  aats  of  syntactic  ml  as,    The  semantic*  of  tha  systems 
racalva  relatively  little  attention. 

Although  results  Stem  descriptive  raaaarch  cannot  prescribe 
apaclfic  lnstructlonel  programs,  there  ara  soma  Important 
Implications  emerging  from  tha  rich  daacrlptlva  work  In  thin  domain 
and  form  aavaral  racewt  Instructional  projacta.    Two  point*  aa«M 
especially  algnlflcant.    First,  thara  may  ba  a  significant  coat  to 
atudants'  understanding  and  aubaafjuant  learning,  of  emphasising,  at: 
an  early  point  In  tha  curriculum,  (1)    oimplified,  limited  veraion* 
of  concapta  and  (2)  ayntactlc  rulaa  for  manipuleting  *ymbol»,  It 
appears  that  In  addition  to  providing  only  a  limited  view  of  topic* 
nuch  aa  multiplication  of  whole  numbers  and  operations  with 
fractiona.  an  emptutfcl*  on  overly  simplistic  concept*  and  atratagiea 
interferes  with  lfcter  effort*  to  acquire  wore  complete  notion*  of  tha 
target  concapta.    Student*  often  hold  on  to  primitive  strategies, 
even  whwn  thay  ara  inadequate  or  inappropriate.    Similarly,  early 
routlnisetJon  of  ayabol  manipulation  rule*  may  inhibit  tha 
development  of  mora  conceptual,  fiutlhla  aolutlon  atratagiea. 

A  aacond  Implication  eaerglng  from  currant  raaaarch  la  that  to 
Improve  instructional  program  In  middle  school  mathematics  It  will 
ba  naceaaary  to  identify  tha  central  conceptual  content  that 
undarllea  the  Varioua  topic*,  and  the  cognitive  procasaaa  tfiat  ara 
«aaantlal  for  making  tha  appropriate  connection* .    Identifying  the 
central  concept*  and  procaaaaa  le  an  Important  first  step  for  aaveral 
reasons.    First,  lasrnlng  may  ba  enhanced  through  instructional 
programs  that  emphasize  the  central  concapta  initially.  Thaaa 
provide  a  context  within  which  tha  more  limiting  aspects  of  tha 
concepts  can  ba  traatad  in  &  meaningful  way.    Second,  several  key 
cognitive  process**  seest  to  ba  responsible  for  connecting  tha 
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conceptual  content  with  Its  symbolic  representation,    Becaunc  none  ot 
middle  school  aatheoatlcs  in  conducted  and  coassunlcated  with  wrltton 
symbols,  Instructional  programs  i»uat  encourage  students  to  engage  tho 
cognitive  proceases  tliat  proaota  appropriate  noanlngs  for  nyrabola . 
Third,  central  concepts  and  procasaaa  may  hold  the  key  to  the  problem 
of  tranefer.    There  la  an  overwhelming  amount  of  knovlodge  presented 
In  middle  school  mathematlca  programa.     It  Is  Impossible  iut  students 
to  develop  cowpetence  by  acquiring  each  piece  of  inforaation 
separately.    They  must  be  able  to  generalize  acquired  eweupts  to  now 
altuatloiia.    The  central,  foundational  coticepta  show  the  most  promt >.<■ 
for  generalizing  appropriately,  and  the  key  cognitive  processes 
support  auch  transfer  by  establishing  connections  for  tho  learnor 
between  related  concepta  and  between  concepts  and  their  repro- 
aantatlona ■ 

Hie  current  state  of  reaearch  In  middle  ochool  mathoraatlcG 
suggesta  that  the  identification  of  central  concepta  and  procosnoo  in 
not  yet  complete.    Thorn  is  «  convergence  of  views,  but  not  yot  a 
consensus.    In  a  sense,  the  conference  could  be  viewed  as  tho  flrat 
conscious,  collective  step  In  this  field  of  research  toward  such  a 
consensus , 
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RESEARCH  AGENDA  CONFERENCE  ON  EFFECTIVE  MATHEMATICS  TEACHING 


Thomas  J.  Cooney 
University  of  Georgia 


Douglas  A.  Grows 
University  of  Missouri 


Research  on  mathematics  teaching  was  broadly  Interpreted  for  the 
conference  to  Include  classroom  studies,  policy  studies,  studies  of 
teachers,  conceptual  work,  and  philosophical  studies.   Discussion  at  the 
conference  centered  on  a  wide  range  of  topics  with  particular  attention 
given  to  the  Issues  addressed  by  the  ten  Invited  papers.   To  give  a  feel 
for  the  conference  we  briefly  summarize  each  of  the  presented  papers  and 
then  close  with  a  short  description  of  some  of  the  roost  Important  themes 
that  seemed  to  emerge  from  the  discussions. 

Teaching  for  Higher-Order  Thinking  In  Mathematics  (Penelope  Peterson, 
University  of  Wisconsin) 

The  focus  of  the  paper  was  on  determining  factors  related  to  higher 
order  thinking  by  elementary  students  and  the  means  by  which  teachers 
can  promote  such  thinking.    The  author  characterizes  the  teaching  of 
elementary  school  mathematics  1n  the  following  way.    It  consists  of 
essentially  two  activities:   whole  group  Instruction  and  seat  work.  In 
either  case,  the  Interaction  among  students  or  between  teachers  and 
students  1s  minimal.   Teachers  seem  to  hold  the  view  that  problem 
solving  can  not  begin  until  reasonable  competence  with  computational 
skills  1s  acquired.   Further,  most  of  the  Instructional  time  Involves 
the  teaching  and  learning  of  lower  order  skills,    in  the  main, 
elementary  teachers  do  not  facilitate  students'  higher  order  thinking  1n 
■athematl cs. 

The  Issue  then  becomes  one  of  determining  what  factors  contribute 
to  higher  order  thinking  and  how  teachers  can  be  trained  to  encourage 
and  promote  those  factors.    The  author  describes  three  examples  of  ways 
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to  promote  students'  higher  order  thinking:    (a)  using  small-group 
cooperative  learning  techniques  T«  foster  students'  autonomy  and 
Independence  as  well  as  students'  learning  of  cognitive  strategies  and 
roetacogni ti ve  strategies;  (b)  explicit  teaching  of  cognitive  strategies 
and  metacognltlve  strategies  to  elementary  students;  and  (c)  teaching 
first-grade  teachers  about  results  of  recent  cognitive  science  research 
1n  mathematics  to  enable  them  to  devise  appropriate  curricula  and 
Instructional  strategies. 

Central  to  much  of  the  research  1s  the  notion  of  "cognltlvely 
guided  Instruction".    Such  Instruction  1s  based  on  a  teachers'  sound 
knowledge  of  mathematics  and  relevant  research  findings,  the  teachers' 
ability  to  assess  whether  and  how  students  solve  problems,  and  the 
ability  of  the  teacher  to  use  this  Information  to  develop  effective 
teaching  strategies.    A  fundamental  question  associated  with  this 
research  is  the  extent  to  which  a  cause-effect  relationship  exists 
between  the  teaching  process  and  students'  higher  order  achievement. 
Interaction,  Construction,  and  Knowledge:    Alternative  perspectives  for 
mathematics  education     (Helnrich  Bauersfeld,  Universltat  Bielefeld) 

Bauersfeld  calls  into  question  the  universality  of  research 
findings  and  argues  for  the  necessity  of  looking  at  research  1n 
mathematics  education  from  perspectives  outside  the  field  of  mathematics 
education.    He  reflected  upon  his  own  experience  with  an  extensive 
project  In  which  teachers  were  trying  new  curricula  and  analyses 
involved  analytical  statistical  designs.    The  researchers  concluded  that 
"softer"  methods  were  needed  to  understand  the  complexities  associated 
with  teachers  trying  new  curricula,  the  nature  of  the  teachers' 
realities,  and,  1n  particular,  the  nature  of  students'  errors.  In 
general,  the  author  saw  the  researchers  shifting  their  attention  away 
from  subject  matter  structures  and  related  student  achievement  and 
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toward  a  perspective  of  social  Interaction  and  construction.   The  Issue 
became  one  of  understanding  a  teacher's  reality  and  underlying 
structures  of  the  teaching/learning  process  rather  than  searching  for 
variables  to  determine  the  effectiveness  of  a  training  program.  Thus 
classroom  Interaction  between  teachers  and  students  Is  better  conceived 
as  c  natter  of  social  Interaction  Investigated  through  the  lens  of 
symbolic  Interactional  Ism. 

Bauersfeld  argues  for  the  Importance  of  understanding  meanings 
teachers  hold  and  questions  the  applications  of  (and  even  the  existence 
of)  general  knowledge  that  applies  universally  to  classroom  situations. 
Knowledge  1s  not  content  ?ree,  It  1s  always  determined  and  defined  by 
the  social  context  1n  which  the  researcher  works.   Reality  of  teachers, 
students, /and/researchers  Is  a  product  of  constructions  by  each  of  the 
parties  Involved.   Thus  research  Is  not  a  matter  of  "discovering"  some 
objective  reality  which  can  be  revealed  by  carefully  defined 
experimental  analyses;  reality  1s  a  matter  of  Individual  construction. 

Bauersfeld's  position  Is  based  on  the  notion  of  fundamental 
relativism.    From  this  perspective,  "the  usual  research  game  of  turning 
disturbing  Interventions  Into  main  objects  of  follow-up  Investigations 
and  1n  effect  of  extending  theory  this  way  1s  doomed  to  circularity  and 
failure." 

Expertise  1n  Instructional  Lessons:    An  example  from  fractions  (Gaea 
Lelnhardt,  University  of  Pittsburgh) 

This  paper  deals  with  expertise  1n  the  teaching  of  elementary 
school  mathematics,  with  an  emphasis  on  fractions.    It  draws  on  three 
frames  of  reference:    classroom  processes  and  effectiveness  research, 
mathematical  education,  and  cognitive  psychology.   The  context  for  the 
research  1s  the  public  school  classroom  and  focuses  on  the  teaching  of 
"expert"  and  "novice"  teachers.    Lesson  segments,  routines,  scripts,  and 
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agendas  were  of  particular  interest  1n  comparing  experts  and  novices. 
Effective  teaching  1s  seen  as  "carefully  crafted  patterns  consisting  of 
short  segments ,  each  of  which  accomplishes  a  different  goal  and 
encompasses  a  different  set  of  student  and  teacher  actions." 

The  work  reflects  a  micro-analysis  of  lessons  in  which  segments  and 
routines  are  analyzed  in  detail.    Expert  teachers  tend  to  have  an 
efficient  set  of  basic  routines  and  seem  to  have  "scripts"  which  enable 
them  to  teach  a  lesson  1n  which  adjustment  can  be  made  for  the 
individual  students  but,  in  the  main,  enables  them  to  move  through  the 
lesson  in  an  efficient  way.    For  the  novice  who  does  not  possess  such 
scripts,  there:  are  the  problems  of  wasting  time  and  failing  to 
anticipate  the  crucial  features  of  a  given  lesson.   Thus,  a  task  for 
mathematics  education  researchers  1s  to  build  a  rich  taxonomy  of  lesson 
scripts  that  are  known  to  be  successful.   Too,  expert  teachers  have 
agendas  that  are  accumulations  of  considerable  experience  and  knowledge 
that  help  define  goals.   Overall  experts  have  routines,  patterns  of 
lesson  segments,  and  scripts  that  all  work  more  smoothly  than  those  of 
novices.    Experts  also  have  richer  agendas  at  their  fingertips. 
Generally,  novices  have  an  absence  of  useable  plans. 

With  respect  to  analyses  of  experts  and  novices  1n  the  tedching  of 
fractions,  experts  were  able  to  coordinate  numerical  and  concrete 
demonstrations  in  the  successful  completion  of  a  lesson  while  novices 
failed  to  complete  even  rudimentary  aspects  of  the  lesson.    A  central 
Issue  is  how  we  can  assist  teachers  to  make  their  patterns  more  complex, 
elaborate,  and  useful,  thereby  enriching  students'  mathematical 
experiences. 

Implications  of  Research  on  Pedagogical  Expertise  and  Experience  for 
Mathematics  Teaching  (David  Berliner,  University  of  Arizona) 

This  paper  also  dealt  with  differences  between  expert  and  novice 
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teachers.    Berliner  gives  four  reasons  for  studying  expert  teachers. 
First,  Is  the  question  of  whether  expert  teachers  resemble  experts  1n 
other  fields.    Second,  is  the  purpose  of  getting  access  to  the 
cognitions  that  accompany  behaviors  that  research  has  associated  with 
effective  teaching.  Third,  Is  to  Influence  state  and  local  school 
district  policies  regarding  master  teachers.   Fourth,  Is  to  influence 
current  policies  In  certain  states. 

Research  suggests  that  expert  teachers  ha*e  more  sophisticated 
means  of  analyzing  instructional  problems.   Too,  experts  are  more 
deliberate  In  analyzing  classroom  scenarios  and  seen  to  have  a  richer 
problem  representation  than  do  novice  mathematics  teachers. 

In  a  study  Involving  experts,  novices,  and  postulants  (scientists 
and  engineers  from  business  who  were  interested  In  teaching  careers  but 
who  had  no  formal  training  or  experience  as  teachers)  1n  science  and 
mathematics  at  the  secondary  level,  It  was  found  that  both  experts  and 
postulants  could  provide  a  more  detailed  label  for  a  given  problem  than 
could  novices.    Further,  the  experts  could  provide  a  detailed  task 
analysis  In  a  way  that  the  postulants  could  not.    Experts  were  also  more 
sophisticated  than  postulants  and  novices  In  terms  of  their  knowledge 
about  the  way  students  thought  about  mathematics  and  science  and  were 
better  able  to  Identify  Incorrect  algorithms. 

When  shown  slides  depicting  classroom  situations,  the  postulants 
and  novices  provided  literal  descriptions  that  were  accurate  but  the 
experts  responded  with  inferences  about  what  they  saw.   The  experts  were 
able  to  Identify  information  that  was  deemed  Important;  the  novices  and 
postulants  were  much  less  discerning.   Too,  experts  tended  to  focus  on 
the  more  dynamic  aspects  of  teaching,  e.g.,  "students  working 
independently"  while  novices  and  postulants  tended  to  focus  on  the  more 
static  aspects  of  teaching  and  generally  did  not  describe  students' 
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activities  any  more  than  the  physical  aspects  of  the  room.  Experts 
could  describe  what  1s  and  1s  not  going  on;  novices'  descriptions  tended 
to  be  step  by  step  accounts  with  fewer  Inferences  about  what  was 
happening.    In  general,  the  experts  were  better  able  to  agree  on  what  Is 
important  1n  classrooms,  provide  richer  analyses  of  students'  conceptual 
problems,  and  had  an  Image  of  what  1s  to  be  expected. 
Content  Determinants  In  Elementary  School  Mathematics  (Andrew  Porter, 
Robert  Floden,  Donald  Freeman,  William  Schmidt,  John  Schwille.  Michigan 

State  University) 

The  authors  distinguish  content  from  metnod  in  an  effort  to  focus 
on  factors  that  affect  what  1s  taught.    In  light  of  competing  notions  of 
what  mathematics  should  be  taught  and  the  limited  amount  of  time  given 
to  teaching  mathematics,  it  1s  essential  that  we  understand  factors  that 
affect  the  selection  of  content.    In  some  sense  content  decisions  for 
elementary  teachers  are  secondary  to  the  selection  of  activities  or 
concerns  about  such  things  as  citizenship.    Generally,  teachers  will 
teach  that  content  with  which  they  feel  comfortable. 

The  authors  used  five  different  studies  to  reach  various 
conclusions.    They  bring  Into  question  whether  or  not,  and  the  extent  to 
which,  teachers  follow  the  textbook.    They  conclude  that  first  year 
teachers  are  more  likely  to  follow  the  text  but  that  more  experienced 
teachers  use  the  text  more  as  a  source  book  from  which  content  Is 
selected.    It  also  appears  that  teachers  are   not  Influenced  very  much 
by  standardized  tests  given  once  a  year.    There  are,  however,  important 
influences  of  testing  on  teaching  when  the  tests  are  tied  to  curriculum, 
e.g.,  tests  Involved  1n  a  management  system. 

Students  also  Influence  what  1s  taught.    The  authors  found 
considerable  variance  regarding  content  covered  within  classes.  Slower 
students  spent  more  time  on  computational  skills  than  did  their  brighter 
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counterparts.   There  also  seemed  to  be  some  gender  differences.  For 
example,  girls  encountered  more  topics  than  boys;  boys  tend  to  encounter 
more  conceptual  and  application  oriented  content  than  do  girls. 

Principals  were  not  significant  factors  In  determining  content. 
Teachers'  convictions  did  have  some  Impact  In  content  decisions.  While 
teachers  uniformly  felt  computational  skills  constituted  the  most 
important  content,  there  was  considerable  variance  among  teachers  in  the 
time  devoted  to  computational  skills.    Their  convictions,  however,  seem 
to  be  generally  unexamined  by  both  themselves  and  others. 
From  Fragmentation  to  Synthesis:   An  Integrated  approach  to  research  on 
the  teaching  of  mathematics  (Cell a  Hoyles,  University  of  London 
Institute  of  Education) 

The  author  reviews  some  major  research  themes  relevant  to 
mathematics  teaching.    Included  are  discussions  of  the  ORACLE  research 
programme  In  the  United  Kingdom.,  as  well  as  other  studies  of  teaching. 
An  omission  In  much  of  this  research   Is  that  there  is  no  real 
consideration  to  the  content  being  taught.    The  author  argues  that 
research  on  teaching  more  generally  1s  not  likely  to  Improve  the 
teaching  of  mathematics. 

The  Mathematics  Teaching  Project  1n  England  1s  described  which 
takes  account  of  both  pupils'  and  teachers'  perspectives.    Pupils  were 
asked  to  react  to  ten  different  factors  that  might  bo  associated  with 
desirable  characteristics  of  a  mathematics  teacher.  Teachers' 
perspectives  Included  their  expectations  about  pupil  performance,  e.g., 
teachers  tend  to  Ignore  responses  or  questions  from  less  able  students. 
Gender  also  plays  a  role:    boys  tend  to  monopolize  the  teacher's  time 
through  questions  asked  and  initiated.    Teachers'  conceptions  about 
mathematics  are  additional  factors  that  Influence  what  happens  in  the 
teaching  of  mathematics. 
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The  author  provides  these  central  recommendations:    the  need  to 
preserve  the  complexity  of  the  research,  the  need  to  work  with  teachers 
as  research  collaborators,  and  the  need  to  acknowledge  that  teacher  and 
pupil  behavior  in  the  context  of  a  classroom  cannot  be  understood 
through  analysis  of  mathematical  content  or  its  related  psychological 
complexity  alone.    The  recontextual i sation  of  the  mathematics  in  order 
for  1t  to  be  socially  enacted  in  schools  and  the  constraints  of 
classroom  relationships  must  also  be  considered.    The  use  of 
microcomputers  as  a  special  learning  environment  within  the  theoretical 
model  proposed  is  described.    The  author  argues  that  researchers  should 
resist  the  temptation  to  cope  with  the  complexity  of  mathematics 
teaching  by  concentrating  on  only  a  single  aspect  of  teaching,  e.g., 
cognitive  aspects,  but  rather  to  consider  other  aspects  as  well,  e.g., 
attltudinal  considerations  and  the  milieu  of  the  classroom. 
Computer  Usage  In  the  Teaching  of  Mathematics:    Issues  which  need 
answers  (Janet  Schofleld,  David  Verban,  University  of  Pittsburgh 

The  study  which  served  as  a  basis  for  the  paper  occurred  1n  a 
large,  four-year  high  school  located  in  an  urban  setting  with 
approximately  1300  students.    The  research  was  primarily  enthnographic 
1n  nature. 

The  authors  found  that,  the  exception  of  a  field  test  of  the 
computer-based  geometry  tutor,  computers  were  rarely,  if  ever,  used  in 
teaching  mathematics.    In  general,  the  "mathematics  teachers  appeared  to 
have  little  conception  of  what  parts  of  the  curriculum  might  well  be 
taught  using  computers,  and  when  and  how  they  should  be  used  for  drill 
and  practice,  for  simulations,  for  their  graphic  capabilities,  or  the 
like." 

The  authors  Identified  several  impediments  to  the  utilization  of 
computer  technology  in  mathematics  education.    Lack  of  familiarity  with 
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computers  was  considered  to  be  a  major  barrier.   Potential  embarrassment 
which  undermined  the  teachers'  sense  of  competence  was  one  fallout  from 
a  lack  of  familiarity.   Hore  recently  trained  teachers  nay  solve  part  of 
the  problem  but  rapid  technological  advances  and  the  general  aging  of 
the  teaching  profession,  suggest  that  research  Is  needed  on  how  best  to 
overcome  the  problem.    Another  barrier  Is  the  work  "overload"  of 
knowledge  teachers.   Since  computer  knowledge  rested  with  only  a  select 
few  teachers,  those  few  had  responsibilities  above  and  beyond  those  of 
their  less  computer-wise  counterparts. 

While  providing  information  may  solve  part  of  the  problem, 
attltudlnal  factors  need  to  be  addressed  as  well.   That  1s,  remedies 
will  be  effective  only  If  teachers  want  to  use  computers.    It  may  be  the 
case  that  computers  pose  a  threat  to  the  teachers'  autonomy  and  to 
predictability  In  teaching.   There  was  some  concern  that  computers  night 
somehow  replace  teachers. 

Other  barriers  that  the  authors  Identified  were  logistical  and 
practical  Impediments  to  computer  usage.   The  use  of  computers  requires 
extra  preparation  time  and  sometimes  presents  logistical  problems  In 
terms  of  moving  the  class  to  a  laboratory  setting. 

A  problem  that  needs  to  be  considered  Is  the  availability  of 
computers  to  minorities  and  females.    This  will  become  more  critical  as 
the  population  In  the  United  States  becomes  proportionally  more 
minority.   As  Is  the  case  with  mathematics,  computer  science  Is  seen  as 
a  male  dominated  field. 

The  authors  suggest  several  areas  worthy  of  consideration  for 
promoting  computer  usage.    One  of  these  Is  a  greater  emphasis  on 
Individualization  and  another  Is  consideration  of  alternative  evaluation 
schemes— for  both  students  and  teachers. 

The  authors  conclude  that  research  on  computers  and  mathematics 
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Instruction  needs  to  be  grounded  in  a  conception  of  why  an  how  computers 
can  be  effectively  used. 

Teacher  Thought  and  Teacher  Behavior  In  Mathematics  Instruction:  The 
need  for  observational  resources  (Tom  Good,  Bruce  Biddle,  University  of 
Missouri ) 

Good  and  Diddle  argue  that  observational  research  in  classrooms  has 
not  been  utilized  sufficiently  to  Improve  mathematics  education.  They 
contend  that  the  expansion  of  observational  research  can  yield  better 
theories  for  understanding  the  learning  of  mathematics  and  can  produce 
more  adequate  models  for  Improving  mathematics  teaching. 

The  authors  discuss  various  reform  efforts  1n  American  public 
education  when  sweeping  recommendations  for  educational  reform  were 
made.    Unfortunately,  these  often  Involved  simplistic  Ideas  about 
schools  or  curriculum  problems  and  Included  little,  1f  any, 
documentation  of  the  classroom  problems  that  reforms  were  Intended  to 
address.    Too  often  reformers  claimed  that  all  teaching  was  similar  and 
that  all  practice  needed  to  be  reformed  In  a  simple  way.    Such  claims 
are  wrong  and  are  demeaning  and  unfair  to  excellent  teachers.    Many  of 
these  reforms  seemed  to  reflect,  an  unwillingness  to  view  teaching  as  a 
complex,  challenging,  multlfaceted  process  that  still  Inadequately 
understood.    Rather,  It  was  assumed  that  both  the  problems  and  solutions 
for  Improving  American  education  were  obvious.    In  addition,  many  of 
these  reforms  were  eventually  judged  to  have  failed,  but  since  little, 
if  any,  observational  data  had  been  collected  to  examine  their  effects 
1n  classrooms,  it  was  difficult  to  say  why  the  reforms  failed. 

To  Illustrate  the  problems  associated  with  past  reforms,  the 
authors  discuss  two  reform  efforts:    discovery  learning,  and  the 
curricular  reforms  of  the  School  Mathematics  Study  Group.    They  also 
note  that  the  cycle  of  reform  continues  today  and  curriculum  changes  are 
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still  advocated  with  little  attention  to  the  effects  of  these  changes  on 
classroom  practice. 

Observational  studies  of  classrooms  find  consistently  that 
educational  problems  vary  among  schools  and  classroom,  thus 
observational  research  conducted  before  currlcular  reform  1s  undertaken 
can  lead  to  Improved  understanding  and  the  testing  of  alternative 
solutions  to  problems.    As  well,  observational  research  is  needed  during 
periods  of  currlcular  reform  to  establish  the  effects,  1f  any,  of  those 
reform  efforts.   To  Illustrate  the  values  of  observations!  studies,  the 
authors  describe  two  programs  of  classroom  research:    one  that  focuses 
on  teacher  expectations;  the  other,  the  studies  that  produced  the 
Missouri  Mathematics  Program. 

Can  Teachers  Be  Professionals?  (Tom  Romberg,  University  of  Wisconsin) 

Romberg  claims  that  today's  mathematics  teachers  arc  not 
professionals,  but  neither  are  they  given  the  opportunity  to  be 
professional.    He  suggests  that  1n  order  for  teachers  to  become 
professionals—and  he  firmly  believes  that  they  can--there  must  be  a 
reconceptuallzatlon  of  the  teacher's  role  and  a  radically  different  work 
environment.    The  author  offers  a  definition  of  professionals  as  those 
who,  through  education  and  experience,  have  a  "professed"  knowledge  that 
sets  them  apart  from  others;  professionals  also  make  use  of  this  special 
knowledge  when  making  judgments  and  decisions  1n  their  occupations. 

Romberg  suggests  that  current  routinized  and  textbook-based 
classroom  teaching  does  not  require  teachers  to  make  use  of  their 
professional  knowledge.    He  claims  that  a  feeling  of  collegiallty  is 
vital  1f  teachers  are  to  become  professional;  however,  there  are  many 
impediments  to  the  establishment  of  this  colleglal  relationship.  Among 
these  are  the  constraints  of  time,  scheduling,  and  the  conception  of  the 
teacher's  role  as  being  primarily  managerial. 
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Three  projects  are  described  which  represent  the  kind  of  work 
needed  1f  teachers  are  to  become  professional.   The  first  1s  the  Urban 
Collaborative  Projects  sponsored  by  the  Ford  Foundation.    The  Ford 
Foundation  projects  are  Intended  to  provide  a  framework  for  enhanced 
teacher  professional  activities,  primarily  through  the  encouragement  of 
colleglal  networks.    A  second  project  reported  1s  the  Mathematics 
Curriculum  and  Teaching  Project,  sponsored  by  the  Australian  federal 
government.   The  government  has  endeavored  to  provide  ttw  best  possible 
Illustrations  of  classroom  practice  and  to  encourage  and  support 
teachers  1n  their  efforts  to  Implement  materials  and  reflect  on  their 
use.    The  third  project  cited  1s  the  University  of  Wisconsin's 
Cogrrltlvely  Guided  Instruction  Project.   The  aim  of  this  project  1s  to 
enrich  the  knowledge  base  of  teachers  so  that  they  can  make  better 
(professional)  judgments  and  decisions  1n  their  classrooms. 

The  author  closes  by  offering  suggestions  that  would  make  teaching 
an  occupation  for  professionals.    This  requires  a  new  conception  of 
mathematical  literacy  which  sees  as  Us  primary  goal  long-term  learning. 
It  must  include  the  creation  of  eplstemlc  and  generative  situations  1n 
which  children  explore  problems,  create  structures,  and  generate 
questions  and  reflect  on  patterns.   This  requires  mathematics  teachers 
to  have  flexible  approach  and  to  value  Informal  and  multiple 
representations.    The  vision  also  requires  a  new  school  organization. 
This  means  that  the  public  must  offer  teachers  a  professional  work 
environment.    The  author  offers  guidelines  for  such  an  environment, 
r.rnss-cultural  Studies  of  Mathematics  Teaching  and  Learning:  Recent 
findings  and  new  directions  (Jim  Stlgler.  Marcia  Perry.  University  of 
Chicago) 

The  authors  describe  the  cross-cultural  studies  done  by  the 
International  Association  for  the  Evaluation  of  Educational  Achievement 
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(IEA)  which  compared  mathematics  achievement,  in  numerous  countries  and 
two  studies  done  by  the  Center  for  Human  Growth  and  Development  at  the 
University  of  Michigan  which  compared  the  teaching  of  mathematics  1n  the 
United  States,  Japan,  and  Taiwan.    The  authors  suggest  that  there  have 
tjiin  too  few  cross-cultural  studies  and  that  past  studies  have  had  too 
narrow  a  scope.   The  IEA  studies  have  been  ground-breaking  In  their 
analyses  of  curriculum  and  achievement,  but  have  not  pursued  some  of  the 
more  important  cultural  factors  that  surround  the  teaching  of 
mathematics,  nor  have  they  examined  student  outcomes  other  than 
achievement. 

The  authors  feel  that  more  students  ore  needed  that  fO(.us 
particularly  on  how  mathematics  is  taught  in  classrooms  In  different 
cultures.    They  describe  in  some  detail  the  Michigan  studies'  attempt  to 
do  this,  reporting  on  the  varying  amounts  of  time  available  for 
class.N)om  instruction,  the  organization  of  '.Hat  t1mt,  the  coherence  of 
the  lesson  and  the  amount  of  reflectivity  promoted  by  teachers  In 
different  cultures.    The  authors  claim  that  many  aspect;-  of  culture  are 
brought  to  bear  in  the  teaching  and  lparnlnq  of  mathematics,  including 
beliefs,  attitudes,  practices,  tools,  and  traditions.    They  also  claim 
that  there  can  be  no  doubt  that  what  happens  1n  the  classroom  is  1n  some 
sense  a  reflection  of  the  wider  society  within  which  the  classroom 
exists.    Nevertheless,  1f  reform  of  mathematics  teaching  is  a  goal,  it 
seems  that  the  classroom  is  good  place  to  start.    Although  1t  1s 
difficult  to  change  what  happens  In  classrooms,  it  is  far  more  difficult 
to  change  broader  aspects  of  the  culture. 

Included  1n  the  paper  are  preliminary  analyses  of  narrative 
observations  of  first-grade  mathematics  classrooms  in  Japan,  Taiwan,  and 
the  United  states.   The  authors  suggest  that  there  1s  a  great  deal  that 
we  can  learn  about  ourselves  by  carefully  observing  others  1n 
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cross-cultural  studies. 
Research  Issues  and Ji'homos 

Discussion  of  the  preceding  papers  raised  many  Issues  and  important 
research  questions.    It  Is  Impossible  to  list,  them  all,,  so  wo  now 
summarize  some  of  the  more  Important  and  Most  frequently  mentioned 
Ideas. 

1.  While  current  research  paradigms  have  helped  establish  much  of 
our  contemporary  knowledge  base  about  effective  mathematics  teaching, 
future  research  should  not  be  restricted  to  current  designs.    In  fact, 
there  1s  a  great  ne«d  for  more  theory  building  research  and  studies  that 
approach  questions  from  a  variety  of  philosophical  perspectives. 

2.  The  study  of  export  teachers  of  mathematics  1s  becoming  more 
prevalent,    Future  research  of  this  typo  must  carefully  add  >ss  the 
mathematics  content  taught  and  the  sample  of  expert  teachers  studied 
must  be  carefully  defined  and  described.    Within  this  research  area 
attention  to  special  need  situations  such  as  mathematics  learning  1n 
minority  and  English  as  a  second  language  classrooms  might  be 
particularly  appropriate. 

3.  There  1s  a  need  for  observation  as  an  Integral  part  of  many 
research  studies.    This  may  help  characterize  the  effects  of  reform 
movements,  document  the  nature  of  Instructional  treatments,  and  assist 
1n  understanding  why  treatments  work  or  fail  to  work. 

4.  StudU-s  of  teacher  knowledge  and  teacher  beliefs  and  especially 
how  they  moderate  teaching  behavior  and  student  learning  are  needed.  It 
may  be  particularly  useful  1f  such  studies  concentrate  on  particular 
teacher  knowledge  (e.g.,  knowledge  of  how  students  learn  basic  addition 
and  subtraction  problem  solving  strategies)  or  beliefs  about,  specific 
things  (e.g.,  the  nature  of  mathematics). 

5.  The  professional  life  of  teachers  1n  all  Its  many  aspects  both 
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Inside  and  outside  the  classroom  needs  further  study.    The  effects  of 
cultural,  financial,  and  societal  factors  on  what  1s  taught,  how  1t  1s 
taught,  and  what  mathematics  learning  takes  place  1s  needed. 

6,  Additional  cross  cultural  studies  of  student  mathematics 
learning  should  be  conducted  and  concomitantly  there  needs  to  be  a 
better  understanding  of  the  factors  associated  with  the  differences 
uncovered  In  such  studies. 

7.  Finally,  just  as  teacher  development  and  teacher  education 
Interact  In  Important  ways  with  mathematics  teaching,  so  to  does 
research  1n  these  areas.    For  theoretical  and  practical  reasons,  It  1s 
essential  that  our  knowledge  of  teacher  education  move  forward 
hand-1n-hand  with  advances  1n  our  understanding  of  mathematics  teaching. 

In  closing,  1t  1s  Important  to  point  out  that  there  1s  a  need  for 
much  more  high  quality  research  on  mathematics  teaching.    Research  along 
the  themes  just  mentioned  Is  Important,  at  the  same  time  there  1s  always 
a  need  for  Innovative  methods  and  new  ways  to  look  at  familiar  problems. 
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R.A.P.  CONFERENCE  ON  THE  TEACHING  AND  LEARNING  OF  ALGEBRA 


Carolyn  Her  an 
Unlverslte  du  Quebec  a  Hontreal 

Slgrld  Wagner 
University  of  Georgia 


Thla  paper  summarizes  the  alms,  activities,  and  results  of  a 
four-day  working  conference  on  the  teaching  and  learning  of  algebra. 
This  conference  was  part  of  the  Research  Agenda  Project  (R.A.P. >,  a 
two-year  project  (1986-1988)  conducted  by  the  National  Council  of 
Teachero  of  Mathematics  with  funding  provided  by  the  National  Science 
Foundation.    The  aim  of  the  project  Is  to  develop  conceptual  frameworks 
and  research  agendas  In  four  critical  areas  of  mathematics  education 
research  —  namely,  middle  school  number  concepts,  the  teaching  and 
learning  of  algebra,  the  teaching  and  evaluation  of  problem  solving,  and 
effective  mathematics  teaching.    To  achieve  these  goals,  four  dlffferent 
working  groups,  each  with  about  25  participants,  met  early  this  year  to 
consider  the  significant  Issues  In  each  area  of  research.    The  task  of 
these  working  meetings  was  to  synthesize  the  current  knowledge  base  In 
the  given  area  and  to  Identify  Important  directions  for  future  research. 
Five  monographs  are  to  be  produced  —  the  proceedings  from  each  working 
group  conference,  plus  an  overview  monograph  to  be  written  by  members  of 
ths  project  advisory  board. 

The  algebra  working  group  met  In  March  at  the  University  of  Georgia 
In  Athens.    It  brought  together  mathematicians,  psychologists, 
technologists,  mathematics  educators,  researchers,  teachero,  and 
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curriculum  developers.  See?  of  the  more  general  questions  and  leowea 
underlying  the  structure  of  tho  planned  program  werei    (1)  What  la 
algebra?   (2)  Whet  does  research  stay  about  th«  learning  and  teaching  of 
algebra?   (3)  What  Is  algebraic  thinking  and  how  does  It  relate  to 
general  Mtheatatlcal  thinking?    (4)  What  Iti  the  significance  of 
representation  In  ulgebra?  <5)  What  should  algebra  be,  particularly  in 
view  of  continuing  technological  advances. 

The  conference  opened  with  a  Mathematician's  perspective  on  the 
nature  of  algebra  and  on  the  factors  Involved  In  the  learning  of  algebra 
at  the  school  level.    Several  topics  were  examined  for  potential 
Inclusion  In  a  aodlf led  curriculum  using  the  three  criteria  of  Intrinsic 
value,  pedagogical  value,  and  Intrinsic  excitement.    The  concept  of 
function,  distance  formula,  percentages,  graphs,  probability  and 
statistics  were  all  suggested  as  examples  of  topics  with  clear  Intrinsic 
value,  that  lo,  they  are  or  will  be  Important  In  the  lives  of  the 
students.   Topics  considered  to  be  Important  because  of  their 
pedagogical  value,  that  Is,  not  for  their  own  utility  but  rathw  because 
they  forsi  a  foundation  for  soae  other  topic  with  Intrinsic  value, 
Include  the  technique  for  completing  the  square.    Certain  topics  were 
proposed  because  they  are  Just  so  Interesting  and  exciting  that  their 
Inclusion  In  the  curriculum  does  not  require  any  other  Justification, 
for  example,  exponential  growth  and  decay,  the  Ideas  of  chaotic 
dynamics,  and  tomography  (the  science  of  reconstructing  Images  of  the 
Interior  of  an  object  from  shadow  Images,  such  as,  those  obtained  from 
CAT  scans).    Standard  Items  in  the  secondary  school  algebra  curriculum 
were  then  examined  from  the  perspective,  of  these  three  criteria.    A  case 
was  made  for  using  both  a  function  approach  to  the  teaching  of  algebra 
and  the  cfeclna!  representation  ct  real  numbers. 
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In  order  to  provide  the  group  with  another  mathematician's 
perspective,  a  reaction  to  the  opening  session  was  given  by  a  second 
mathematician.    This  presenter  also  underlined  the  need  to  change  our 
approach  to  teaching  algebra.    It  was  argued  that  we  must  make  essential 
concepts  mora  understandable  to  students  and  strive  to  give  then  access 
to  topics  that  otherwise  would  be  delayed  until  late  In  the  curriculum. 
The  availability  of  calculators  and  computers  permits  a  numerical 
approach  to  algebra  quite  different  from  the  formal  axiomatic  approach 
of  recent  years.    Furthermore,  experience  with  computing  functional 
values  In  concrete  situations  can  provide  students  with  a  foundation  for 
understanding  functions  which  are  represented  by  expressions  Involving 
variables.    It  was  also  suggested  that,  In  order  to  make  the  teaching  of 
mathematics  exciting  and  Interesting,  teachers  should  be  constantly  on 
the  lookout  for  examples  of  new  developments  In  mathematics,  and  for 
applications  that  make  sense  to  students. 

These  two  presentations  were  followed  by  two  reviews  of  the 
research  literature  by  matheaatlca  education  researchers,  one  covering 
the  early  learning  of  algebra  (an  Introduction  on  pre-algebra,  followed 
by  the  literature  on  literal  terms,  algebraic  expressions,  equations  and 
equation  solving,  and  algebra  word  problems),  and  the  other  dealing  with 
the  later  learning  of  algebra  (equations  In  two  variables,  graphs,  and 
the  concept  of  function).    The  first  ressarch  review  traced  the 
experience  of  elementary  school  children  with  simple  algebra-like 
equations,  and  pointed  out  that  children  rarely  use  equations  as  a  tool 
for  solving  word  problems.    When  students  are  Introduced  to  algebraic 
representations  and  procedures  In  secondary  school,  their  orientation 
toward  finding  answers  makes  them  unreceptlve  to  the  ta3k  of  expressing 
mathematical  relationships  with  variables  and  algebraic  expressions. 
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Other  negative  effects  of  their  arithmetic  knowledge  concorn  the  uee  of 
the  equal  sign  (a  signal  to  find  an  answer  rather  than  a  symbol  for 
equivalence)  and  their  understanding  of  the  principle  of  concatenation 
<4c  weaning  4  +  c  rather  than  H  *  c).     It  was  also  reported  that  when 
learning  procedures  for  solving  equations,  see*  students  show  a 
preference  for  arithmetic  methods  ouch  as  substitution  and  that  others 
prefer  algebraic  methods  such  as  transposing.    There  Is  an  Indication 
that  those  who  prefer  arithmetic  solving  methods  say  have  a  better  sense 
of  the  left-right  balance  structure  of  an  equation  and  may  be  more  able 
to  wake  sense  of  the  symmetric  solving  procedure  of  performing  the  same 
operation  on  both  sides  of  the  equation  than  are  those  who  prefer  the 
transposing  solving  method. 

However,  the  difficulties  encountered  by  students  In  the  early 
learning  of  nlgebra  are  not  all  rooted  in  their  previous  arithmetic 
experience.    Research  shows  that  beginning  algebra  students  lack 
knowledge  of  the  structure  underlying  algebraic  expressions  and 
equations.    For  example,  they  will  evaluate  a  given  expression  one  way 
on  one  occasion  and  do  It  another  way  on  the  next.    Without  a  knowledge 
of  structure,  beginning  algebra  students  cannot  be  consistent  In  their 
approach  to  testing  conditions  before  performing  some  operation,  nor 
with  the  process  of  performing  the  operations. 

The  next  review  that  dealt  with  the  mathematics  education  tesearch 
literature  on  the  later  learning  of  algebra  focused  on  the  "cognitive 
obstacles1  Involved  In  learning  algebra.    Cognitive  obstacles  were 
characterized  as  difficulties  that  arise  when  CI)  the  learner  attempts 
to  use  a  Mental  structure  that  Is  not  appropriate  for  the  algebraic 
materia!  to  be  learned,  but  Is  valid  In  another  domain  such  as 
arithmetic  or  natural  language!  or  (2)  there  Is  an  inherent 
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hlstorlcal-eplsteaologlcal  obstacle  In  the  material  to  be  presented  for 
which  the  learner  has  no  structure  to  which  It  can  be  assist! lated. 
Examples  of  various  cognitive  obstacles  were  presented.  Students' 
misuse  of  literal  terns  In  the  context  of  two-var lable  equations  was 
found  to  be  based  on  their  use  of  symbols  and  abbreviations  In  everyday 
language  situations.    On  the  other  hand,  the  graphing  of  equations  In 
two  variables  Involves  grasping  the  notion  of  continuity,  a  concept 
requiring  a  major  eplateaologlcal  Jump.    Finally,  students'  difficulties 
with  functions  appear  to  be  related  more  to  the  Inadequacies  of  a  formal 
approach  to  teaching  functions  rather  than  to  the  nature  of  students' 
Intuitions  of  the  concept  of  function. 

The  conference  program  continued  with  two  presentations  from 
cognitive  psychologists,  one  of  whoa  spoke  on  the  research  literature 
related  to  algebra  word  problem  solving.    An  aim  of  this  report  was  to 
describe  the  perspective  that  psychologists  use  to  study  algebra  problem 
solving.    In  general,  cognitive  research  done  by  psychologists  has  not 
examined  the  question  of  what  Is  to  be  counted  as  "algebra".  Most  of  the 
studies  have  taken  textbook  problems  as  the  definition  of  algebra.  It 
was  also  pointed  out  that  their  algebra  research  has  often  proceeded  In 
terms  of  what  can  be  done,  as  opposed  to  what  Is  needed.  Thus,  the  stu~y 
of  the  cognitive  aapectc  of  problem  solving  has  Illuminated  the  kinds  of 
Intellectual  problems  that  students  face  In  solving  these  problems,  but 
It  has  not  addressed  the  pedagogical  problems  of  presenting  the  material 
so  that  students  are  Interested  In  It,  or  of  decomposing  the  Instruction 
Into  manageable  units.    It  was  suggested  that  some  sensitivity  will  be 
required  on  the  part  of  mathematics  educators  who  are  Interested  In 
using  these  research  results  to  guide  their  practice. 

The  second  presentation  by  a  psychologist  focused  on  a  cognitive 
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model  of  algebraic  reasoning  and  Included  discussion  of  general 
cognitive  science  techniques  for  Modelling  complex  human  behavior  and  a 
proposal  for  testing  the  model  by  using  It  to  design  Instruction.  The 
cognitive  model  was  a  two-tiered  ono.    It  Involved  a 
representation-bill  Idlng  part  which  acts  on  the  data  and  builds  a  richer 
data  structure,  and  a  profiles-solving  part  which  acts  on  the  enriched 
data  structure.    The  errors  which  beginning  algebra  students  make  were 
hypothesized  to  be  due  to  their  construction  of  a  rather  different  data 
structure  (a  string  structure)  than  that  which  experienced  students 
build  (a  hierarchical  tree  structure).    A  specific  Instructional  display 
that  makes  explicit  the  hierarchical  structure  of  an  equation  was 
proposed  as  a  possibly  powerful  means  of  helping  algebra  students  to 
construct  more  adequate  data  strucures. 

The  potential  role  and  Impact  of  technology  was  taken  up  In 
subsequent  presentations.    One  of  these  considered  recent  developments 
In  Intelligent  computer-assisted  Instruction  (ICM)  and  cautiously 
described  the  power  of  ICAI  for  task  and  concept  analysis,  along  with 
the  potential  of  such  systems  for  presenting  algebraic  content  In 
substantially  new  ways.    It  was  pointed  out  that,  In  the  ICAI 
literature,  competence  In  algebra  Is  depicted  as  the  possession  of  a  set 
of  correct  algebraic  rules!  thus,  errors  are  manifestations  of 
Incorrectly  learned  rules.    However,  this  view  of  competence  falls  to 
look  at  Incompetence  as  steaming  from  Impoverished  conceptual  knowledge. 
Recent  non-ICAI  work  suggests  that  If  algebra  Instruction  were  to 
emphasize  the  concept  of  an  expression  as  an  entity  having  an  internal 
structure,  and  If  'rules'  were  proposed  as  structure-modifying 
transformations  which  leave  some  aspect  of  an  expression  Invariant,  then 
the  cannon  errors  which  have  been  reported  In  the  ICAI  literature  may 
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not  be  so  common. 

Another  presentation  of  thlo  segment  of  the  program  focused  on  the 
issue  of  representation  In  algebra,  In  particular,  on  the  use  of 
technology  to  support  slmul taneous  multiple  representations  (e.g., 
tables,  graphs,  equations)  of  algebraic  subject  utter.    It  was 
hypotheslxed  that  appropriate  experience  In  a  multiple,  linked 
representation  environment  can  provide  the  referential  waning  missing 
from  much  of  school  mathematics,  and  also  help  the  learner  to  generate 
the  cognitive  control  structures  required  to  move  free  one 
representation  to  another.    Though  some  Inroads  have  been  made  In 
developing  software  that  embodies  these  Ideas,  It  was  pointed  out  that 
research  has  not  been  able  to  keep  step  with  these  advances.    We  need  to 
address  the  Issue  of  the  kinds  of  learning  which  take  place  In 
representation-rich  environments. 

The  last  presentation  of  the  program  provided  a  mathematics 
educator's  perspective  on  the  Impact  that  recent  and  future  developments 
In  computer  technology  should  have  on  our  conception  of  algebra,  and 
suggested  dramatic  ways  of  modifying  the  curriculum,  based  on  an 
assumption  of  universal  access  to  the  new  technology.    One  suggestion 
was  to  rebalance  the  relation  among  skill,  understanding,  and 
-—■  problem-solving  objectives  In  algebra.    Computer  tool  software  allows  us 
to  modify  our  ski  1 1 -dominated  conception  of  school  algebra.  Another 
suggestion  focused  on  the  power  of  literal  symbols  when  used  as 
yjEJjfaka  In  realistic  problem  situations  (as  opposed  to  viewing  literal 
symbols  merely  as  letters  that  represent  numbers  or  as  symbols  that 
stand  for  any  one  of  the  elements  of  a  given  set).    The  kinds  of  problem 
situations  chosen  are  those  where  one  or  more  Input  variables  are  used 
to  predict  one  output  variable;  In  other  words,  the  output  13  a  function 
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of  the  Input.    However.  It  was  pointed  out  that  this  co«*>uter-besed 
problem-sol  vino  approach  to  algebra  makes  use  of  a  "guess-and-test" 
solving  strategy  which  may  be  quite  unsettling  to  many  who  believe  that 
algebra  Is  a  subject  where  there  Is  always  a  systematic  method.  The 
presentation  concluded  with  a  challenge  to  genercte  a  rich  agenda  of  new 
research  questions  based  on  the  opportunities  provided  by  Impressive 
technological  capabilities. 

Interspersed  aaong  the  preceding  presentations  were  both  large  and 
small  group  discussions.    The  large  group  discussions,  led  by  a 
discussant,  generally  focused  on  the  presentation  which  had  Just  taken 
place  and  provided  a  forua  for  participants  to  state  how  the  presented 
Ideas  informed  their  own  research.    The  anal  I  group  discussions  were  an 
attempt  to  draw  out  the  cosmonautics  among  the  various  presentations 
and  to  pull  together  and  synthesize  the  Ideas  which  had  been  presented. 
Some  of  the  questions  dealt  with  by  the  small  groups  were:    (1)  What  Is 
algebra,  as  reflected  In  the  papers?    (2>  What  learning/teaching 
theories  guide  our  research?    (3)  What  research  haa/has  not  been  done 
from  a  content  perspective?    <4>  What  research  has/has  not  been  done 
from  a  learning  theory  perspective? 

The  above  paper  presentations  and  discussion  sessions  constituted 
the  first  pai-t  of  the  program.    They  were  followed  by  the  second  part  — 
the  generatlro  of  Issues  to  be  considered  for  a  research  agenda  In 
algebra,    '.his  proved  to  be  a  rather  difficult  exercise  for  several 
reasons.    To  begin  with,  It  was  clear  that  we  could  only  predict  what  It 
would  be  useful  to  know  on  the  basis  of  what  we  knew  already.  Secondly, 
the  task  was  even  more  complex  In  that  we  were  attempting  to  predict  for 
a  situation  In  which  changes  can  happen  oo  fast.    The  potential 
relationship  between  school  algebra  and  technology  made  It  seem 
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Impossible  to  be  able  to  design  a  long-tern  research  program  that  would 
retain  its  precise  relevance  throughout  an  extended  period  of  tine. 
Thus,  It  was  considered  unrealistic  to  expect  to  generate  a  sequential 
plan  for  a  research  agenda  in  algebra!  all  that  could  be  hoped  for  was  a 
grouping  together  of  Issues  which  were  considered  by  Individual 
participants  to  be  Important  not  Just  for  the  present  but  for  the  future 
too. 

In  generating  Issues  for  the  research  agenda,  four  broad  categories 
•Merged  —  content,  learning,  Instruction,  and  representation.  In 
brief,  the  content  dimension  Included  Issues  such  as  the 
Interconnections  between  symbol  1c  manipulation  and  conceptual 
understanding  In  algebra,  the  approprlatenese  of  certain  algebraic  Ideas 
for  different  populations  of  students  at  different  points  In  their 
school  careers,  and  the  cognitive  and  affective  outcomes  of  different 
approaches  to  algebra.    The  learning  dimension  Included  Issues  such  aa 
the  characterization  and  development  of  algebraic  thinking,  levels  of 
understanding  In  algebraic  thinking  with  respect  to  specific  concepts 
and  processes,  and  the  Identification  of  difficulties  Inherent  In  the 
learning  of  algebra.    The  Instruction  dimension  Included  Issues  such  a3 
the  effectiveness  of  alternative  modes  of  Instruction  and  novel 
technological  approaches,  the  need  for  Improved  theories  of  learning  In 
order  to  have  a  possible  effect  on  algebra  Instruction,  the  study  of  the 
Interaction  between  methods  of  evaluation  and  Instruction,  and  the 
Identification  of  expert  algebra  teachers'  knowledge  and  skill.  The 
representation  dimension  Included  Issues  such  as  the  study  of  how 
students  learn  to  use  and  coordinate  multiple  representations  of  a 
situation,  and  the  extent  to  which  dynamically-linked  representations 
enhance  or  Inhibit  metacognlt Ive  processes. 
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The  anal  I -group  sessions  devoted  to  generating  these  1  tents  for  the 
research  agenda  cane  to  an  end  well  before  conference  participants  had 
had  time  to  reflect  on  then  or  to  react  to  them  as  a  coherent  set.  This 
Is  currently  being  done  by  Mans  of  corretpondence  between  the 
conference  organizers  and  participants.    Despite  the  fact  that  the 
agenda  was  far  froa  being  In  Its  final  for*  by  the  tine  of  the  closing 
sessions,  the  Ideas  which  had  been  generated  served  as  a  basis  for  the 
two  closing  panels.    One  of  these  panel  sessions  provided  four  different 
perspectives  on  the  embryonic  research  agenda  —  that  of  a  mathematics 
educator,  a  curriculum  developer,  a  cognitive  scientist,  and  a  school 
board  person.    Some  of  the  naln  Issues  which  panelists  tended  to 
«mphaslxe  were  Implementation  Issues.    For  example,  it  was  pointed  out 
that  a  primary  goal  of  mathematics  education  research  has  always  been  to 
have  an  impact  on  classroom  practice.    If  research  Is  to  have  an  Impact, 
teachers  must  be  brought  Into  the  research  process,  Into  both  the 
conceptualizing  and  designing  phases  of  research.    It  was  also  suggested 
that  research  Issues  and  results  be  Incorporated  into  preservlce  and 
lnservlce  teacher  education  courses.    But  it  was  pointed  out  that  more 
than  research  studies  and  results  are  needed.    It  Is  necessary  to  have 
curriculum  and  assessment  materials  that  reflect  the  (implications  of 
research.    Other  Issues  raised  by  panelists  concerned)    (1)  the  kinds  of 
algebraic  skills  and  understandings  required  by  today's  students,  and 
(2)  what  teachers  can  and  should  do  with  technology. 

The  other  closing  panel  session  of  the  four-day  conference  focused 
on  the  Issue  of  theoretical  and  conceptual  frameworks.    Three  panelists 
froa  different  research  traditions  discussed  the  existence  (or 
non-existence)  and  desirability  of  theory  In  algebra  research.    Some  of 
the  Ideas  emerging  from  this  exchange  concerned  the  two-way  relationship 
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between  theory  and  practice  and  the  need  to  build  theories  based  on  the 
experience  of  practitioners.    It  was  also  suggested  that  theories  need 
to  be  constructed  In  order  to  atteapt  to  tie  together  the  results  of 
researchers  and  to  be  able  to  predict  how  algebra  learning  might  take 
P I  ace . 

in  closlnc,  It  needs  to  be  mentioned  that  this  paper  has  merely 
sklaned  the  surface  of  the  richness  of  the  presentations  and  discussions 
which  took  place  at  the  RAP  algebra  working  conference.    H  Is  hoped 
that  the  monograph  of  the  conference  proceedings  which  la  currently  In 
preparation  will  be  able  to  convey  more  profoundly  the  contributions  of 
all  the  conference  participants. 
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Gentry,  w.  Michael  1-99 

Mary  Baldwin  College 

Staunton, 

Virginia  24401 

U.S.A. 

Glrardon-Momnd,  Catherine  Ui-148 

U.Q.A.M.,  ate  Jean  Charles  Morand 

C.P.8B88.SuccA 

Montreal,  Quebec 

CANADA 

H3C3P8 

Goktenbarg,  E.  Paul  1-197 
Education  Development  Center,  Inc. 
55  Chapel  Street 
Newton,  MA  02I60 
U.SA 

Gonen,  R.  1-255 

see 

Zehavi 

Graeber,  Anna  O.  111-369 

Dept.  of  Curr.  4  Instruction 

University  ol  Maryland 

College  Park,  MD  20742 

U.S.A. 

Gravemeljer,  Koeno  P.E.  111-255 
University  of  Utrecht  (OW  &  OC) 
Tfoerdreef  4 
3561  GG  Utrecht 
THE  NETHERLANDS 

Greer,  Brian  imo2 

Department  ol  Psychology 

Queen's  University  at  Belfast 

Bellas!  BT71NN 

IRELAND 

Grenler,  Denlse  111-124 
Unlversitelde  Grenoble 
I  MAG  Lab.  LSD  •  Dldactique 
BP  68  38402  St.  Martin  d'Heres 
FRANCE 
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Grouws,  Douglas  A. 
301  Education  Bkfg. 
University  o!  Missouri 
Columbia,  MO  65211 
U.S.A. 


-  1(1(3  - 

111-410        Haussmann,  Krlslina  111-57 
Padagogische  Hochschule  Karlsruhe 
7500  Karlsruhe  1 
Postlach4960 
WEST  GERMANY 


Gurtner,  Jean-Luc  H-229 

Concordia  Univ.,  Dept.  ol  Math. 

7141  Sherbrooke  Street  West 

Montreal,  Quebac 

CANADA 

H4B1R6 

Gutierrez,  Angel  111-131 

E.U.  del  Prolesorado  de  E.G.8. 

Alcalde  Reig,8 

46006  ■  Valencia 

SPAIN 

Hanna,  Gila  Hl-269 

Dept.  otMECA, 

Ont.  Inst.torStud.lnEd. 

252  Bloor  Street  West 

Toronto,  Ontario 

CANADA 

M5SIV6 


I-383 


H-269 
H-282 


111-316 


Hardlman,  Pamela 

University  ot  Massachusetts 
Physics  Department  Hasbrouck 
Amherst,  MA  0I007 
U.SA. 

tiaral,  Guershon 

Northern  Illinois  University 
Dpt  ol  Mathematical  Sciences 
Dekalb,  111  60II5 
U.S.A. 

Harrison,  Bruce 

U.  ol  Calgary, 

Fac.o!Ed.,Curr.&lnstr. 

ED  T  702, 2500  University  Dr.  N.W. 

Calgary,  Alta. 

CANADA 

T2NIN4 


Hart,  Lynn  II-236 

Kennesaw  College 

4I7  Ridgewcod  Road 

Atlanta,  Georgia  30307 

U.SA 

Had,  Kathleen  U-408 

Dir.  Nuffield  Sec.  Math., 

Kings  College 

552  Kings  Road 

London  S.W.  10  OUA 

ENGLAND 


Heraud,  Bernard  111-299 

Un'rversite  de  Sherbrooke 

730  Thibault 

Sherbrooke,  Quebec 

CANADA 

Htrrt,  Jean  1-211 

see 

LesM 

Heracovlcs,  Nicolas  1-357 

Concordia  University,  Math.  Dept.  11-344 

7MI  Sherbrooke  St.,  West  11-352 

Montreal,  Quebec 

CANADA 

H4BIR6 

Hleben,  James  1-391 
University  ol  Delaware  111  -405 

College  of  Education 
Newark,  DE  19716 
U.S.A. 

Hlrabayashl,  Ichtel  H-243 

NARA  University  ot  Education 

Takabatake-cho 

NARA  City 

JAPAN 

Hoyles,  Cella  Mary  11-17 

Univ.  of  London,  I1-60 

Inst,  ol  Educ.,  Maths 

20  Bedford  Way 

London  WC1H0AL 

ENGLAND 

Hoz,Ron  U19 

Ben-Gurion  Univ.  Negev. 
Dept.  ot  Educ. 
P.O  Box.  653 
Beer-Sheva  84105 
ISRAEL 

Human,  Plet  II-437 
University  ot  Stellenbosch 
Rumeus,  Faculty  ot  Education 
Stellenbosch7600 
SOUTH  AFRICA 

Hutchison,  Nancy  III-85 

Queen's  University 

Fac.oiEd.,  McArlhurHall 

Kingston,  Ontario 

CANADA 

K7L3N6 
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1-78 
1-84 


111-131 


Jackson,  Lorraine 

Univ.  o(  Windsor, 
Dept.  d  Psychology 
401  Sunset  Ave., 
Windsor,  Ont. 
CANADA 

Jaime,  Ad*  la 

Opto,  de  DSdacttca  da  la  Matematica 
Universidad  de  Valencia 
Alcalde  Relg,  8  Valencia  46006 
SPAIN 


Janvier,  Claude  1-204 

CIRADE/Utw.du  Quebec  a  Montreal  1111-48 

C.P.8888,Succ.A 

Montreal,  Quebec 

CANADA 

H3C3P8 

Jaworskl,  Barbara  11-33 
Centre  (or  Mathematics  Education 
The  Open  University 
Milton  Keynes  MK76AA 
ENGLAND 

Kaput,  James  J.  1-345 
Dept.  of  Mathematics  11-289 
Southeastern  Massachusetts  Univ. 
No.  Dartmouth,  MA  02747 
U.SA 


1-183 
III-425 


I-426 


Kleran,  Carolyn 

Dept.  Maths  &  Info.,  U.Q.AM. 

C.P.8838,Succ.A 

Montreal,  Quebec 

CANADA 

H3C3P8 

Kleren,  Thomas  E. 

Dept.  of  Secondary  Education 
University  ol  Alberta 
Edmonton,  AKa 
CANADA 
T502EI 

Kilpatrlck,  Jeremy 

University  ol  Georgia 
105  Aderhotd  Hall 
Athens,  Georgia  30602 
U.SA 


Klrshner,  David  1-308 
University  ol  British  Columbia 
Faculty  of  Educ.,  Dept  of  Maths  &  Educ. 

Vancouver,  B.C. 

CANADA 

V6T125 


1-3 


Koch,  Laura  Coffin  11-296 

Univ.  of  Minnesota, 

106  Nicholson  Hall 

216  PiKsbury  Drive  SE 

Mimeapois,  Minnesota  55455 

U.SA 

Kouba,  Vicky  L  M06 
State  Univ.  of  New  York  at  Albany 
ED113B  1400  Washington  Avenue 
Atoany,  New  York  12222 
U.SA 

Kroll,  Diana  Lambdln  H-222 

309  Education  BkJg., 

Indiana  University 

Bkxmington,  Indiana  4740I 

U.SA 

Kuendlgar,  Erlka  m-355 

University  ol  Windsor 

3570  Dandurand 

Windsor,  Ontario 

CANADA 

N9E2GI 

Kurtti,  Wllfrled  u-303 
Univ.  OsnabrOck,  FB  Maths  &  Into. 
Postfach  4469 
D-4500  OsnabrOck 
WEST GERMANY 

Kynlgos,  Chronls  ni-43 

Un.  of  London  Inst,  ol  Ed., 

M.S.C.  Dept. 

20  Bedford  Way 

London  WCIHOAL 

ENGLAND 

Laborde,  Colette  111-194 
Equlpe  de  did.  Maths  &  Info. 
IMAG,  Untversite  de  Grenoble 
BP  68, 38402  St  Martin  c^Heres 
FRANCE  (Cedex) 

Lccaase,  Raynald  1-113 

Universite  dOttawa 

45  Centrepark  Drive 

Gloucester,  Ontario 

CANADA 

K1B3C8 

Lankenau,  Cheryl  A  11-24 

Dtv.  of  Educational  Studies 

Emory  University 

Atlanta,  GA  30322 

U.SA 
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lappan,  Glenda  11-100 
213  D  Web  Kail 

Dapt.  of  Math,  Michigan  State  Univ. 
EastLarteirg.MI  48824 
USA 

Larson,  Carol  HovHtta  1-398 

University  of  Arizona 

3851 N.  Four  Winds  Dr. 

Tucson,  AZ  6576 

U.SA 


Laah,  Richard  1-211 

WICAT  Systems  II-269 

3278  Mohican  Way  U-282 

Provo.Utah  84604  11-31 p 
U.SA 

Leetar,  Jr.,  Frank  II-222 

309  Education  Bldg  II-257 
InrJana  University 


Btoominglon,  Indiana  47401 
U.SA 


Lawton,  Michael  J.  11-170 
School  of  Ed.,  FHndera  University 
Bedford  Park 
South  Australia 5042 
AUSTRALIA 


Un,  Fou-Lai  11-416 
Dept.  ot  Maths,  Taiwan  Normal  Univ. 
88,  Sac  .5,  Roosevelt  Road 
Taipei 

TAIWAN  (Rap.  ot  China) 


Lee,  Laaley  1-316 

Concordia  Univ., 

Hingston  Hal  (Maths) 

7141  Sherbrooke  Guest 

Montreal.  Quebec 

CANADA 

H4B1R6 

LegauK,  Us*  1-120 

Univ.  du  cuaboc  aTois-Rivieres 

K5925  boul.  St-taurart,  app.  2 

Montreal,  Quebec 

CANADA 

H3L2R2 

LagauR,  Bertrand  Ul-35 
see 

Lemoyna 

Lag  rand.  Marc  HI-379 

sea 

Albert 


Lucoek,  RK*y  1-126 

12  Hampton  Raids 

Utaenampton 

W.  Sussex,  B.N.I76JB 

ENGLAND 

Luke,  CUfton  11-289 

see 

Kaput 

Madsan-Nasort,  Anne  U-100 

227  Dwells  Hall 

Dptol  Mathematics. 

Michigan  State  Univ. 

East  Lansing,  Michigan  48824 

U.SA 

Maher,  Carolyn  11-107 

Rutgers  University 

30  Heyward  Kits  Drive 

Ho kndel,  New  Jersey  07733 

U.SA 


Lemoyna,  Glaele  HI-35 

Univ.  de  Monlr6al,  Orthopedagcgle 

C.P.6t28,Succ.A 

Montreal,  Quebec 

CANADA 

H3C3J7 

Leonard,  Francois  II-444 
Labo.  de  Psy.  Experfmentate  II-449 
20  Avenue  Alfred  de  Vgny 
061 00  Nice 
FRANCE 

LeepokS,  Sharon  I-333 

807LRDC, 

Unrv.  of  Pittsburgh 

Pittsburgh,  PA  15260 

U.SA 


Mamede  Nevee,  Maria  ApparscKla  111-17 

Rua  Homam  de  Meto  347  apt.  40I 

Tijuca 

Rio  de  Janeiro,  R  J- 20510 
BRASH. 

Martin,  W.Gary  111-362 
Northern  Illinois  University 
DepL  of  Mathematical  Sciences 
DeKab.  Denote  60W 

U.SA 

Mason,  John  111-275 

Matt*  Faculty 

Open  University 

MMon  Keynes  MK7  6AA 

ENGLAND 
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McDonald,  Janet  L.  1-106 
St.  Unhf.ofNewYork 
atAfeany  EO(09 
l400Wa»l*gtonAva.. 
Atoany,  NY  12222 
USA 


Netooo-Le  Gail,  Sharon  HWtS 

Learning  Research*. 

Develop.  Cantor 

Un.  of  P«. 3939  OHara  Street 

Pittsburgh.  PA  £2260 

USA 


Mcleod,  Douglas  B. 
Washington  Stata  University 
Mathematics  Department 
Pulman.WA  99164-2930 
USA 

Uatasner,  Kattwlg 
We<4S.  Witotas-Universilaet 
BnsteJnair.62 
O4400Muen*ter 
WEST  GERMANY 

MUer,  L.  Diana 

LotHaiana  Stata  Uriversty 
223PeabodyHal 
Baton  Rouge.  LA  70803 
U.SA 

MorrJ*  MontokD,  CecWa 

Rua  Antonio  Strornp  No.6-1  ESQ 

1600Lisboa 

PORTUGAL 

MovshovKz-Hadar,  NiUa 

Israel  msUuta  of  Technology 
Dept  ol  Education  In 
Science  &  Tech. 
Technton,  Haifa  32000 
ISRAEL 

Mukuni,  E.  .Juiheogl 

Kenyatta  University.  Math.  Dept. 

P.O.  Box  43844 

Nairobi 

KENYA 

Murray,  Hani  I 
tea 

Human 

Nantais,  Nicola 

Fac.  rfEd .  Univ.  de  Sherbrooke 
2S00  boul.  Universite 
Sharbrootai,  Quebec 
CANADA 
J1K  2RI 

Nalaon,  Gary  T. 
Kemesaw  Collage 
P.O.  Box  444 
Marietta,  GA  30061 
USA 


1-133 
1-170 


11-361 


1-140 


IM14 


111-101 


M47 


11-437 


11-121 


1-221 


Njlaane,  Rafaai  111-117 

Kwazuki  Oaptof 

Education  &  Culure 

P.OBox79 

Es*hawW3887 

SOUTH  AFRICA 

Mormon,  Ptorra  1-223 

Univ.  da  MB,  Tacit.  Erjucattomele 

C.P.6I28.SOCC.A 

Montreal,  Quebec 

CANADA 

H3C3J7 

Norman,  F.  Alexander  1-324 
Univ.  of  North  Carolina  at  Chartotte 
Department  of  Mathematics 
Chartotte.  NC  28223 
USA 

Note,  Richard  11-17 
Uot  London, 

Dep.  of  Math,  Stat,  &  Compt. 
20  Bedford  Way 
London  WCIHOAL 
ENGLAND 

OUve,  John  n-24 

Univ.  of  Georgia, 

Dept.  of  Math.  Education 

lOSAderholdHaa 

Athena,  GA 30602 

U.SA 

Omar,  8.  1-255 
sea 

Zehavi 

Onalcw,  Barry  n-275 
143  3id.  Street 

Atoerta 
CANADA 

Oprea,  Janaal  MS6 

Miami  Univ., 

Dept.  of  Math  &  Statistics  11-199 
Bachelor  Hal 
Oxford.  Onto  45056 
U.SA 
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Oray,  MehtM  A.  11-389 
400  War  Memorial  Gym 
Virginia  Polytechnic  &  State  Univ. 
Blacksburg.VA  24061 
OSA 


-  fci»7  - 

Pome,  Joao  11-71 

Dept.  da  Ed,  11-114 
Fac.  da  Clencias  da  Usboa 
Av.24JUIHONo.B4-40 

PORTUGAL 

11-31 

Post,  Thomas  II-269 

Udversity  of  Minnesota  lt-282 

240PsltHal  11-310 
Miiwasota,MN  55455 
U.SA 


Oeta,  (man 

Lab.  LSD  •  Insttut  IMAG  -  Granobte 
Campus  da  St-Martin  r/Heras, 
Bat  67,  R.P.  68 -38402 
St-Martin  cfHtmtCadax 
FRANCE 

Owens,  Douglas  T.  H-423 

Univ.  cl  B.C.,  Faouty  of  Education 

2125  Main  Malt 

Vancouver,  B.C. 

CANADA 

V6TIZ5 

Owens,  John  E.  1-163 

University  of  Alabama 

Box  R.  306  Graves  Hal 

Tuscaloosa.  AL 35487 

U.SA 

Pace,  John  H-177 

Essex  County  Cotege,  Math.  Dept. 

303  University  Ave., 

Newark,  N J.  07X12 

U.SA 

Pallsscio,  Richard  H-39 
U.OA.M.. 

Dept  Maths  &  Info  -  C-B800 

C.P.888a,Succ.A 

Montreal,  Quebec 

CANADA 

H3C3P8 

Peted,  trtt  11-184 

Univ.  of  Pittsburg,  828  LRDC 

3939  OUaraSt.. 

Pittsburgh,  PA  15260 

U.SA 

Pemlra-Mendoza,  Lionet  1-331 

Faculty  ot  Education 

Memorial  Imrvertity 

St.  John's,  Nfkt 

CANADA 

AH  3X8 

Ptrte,  Susan  11-128 
Science  Education  Department 
University  of  Warwick 
Coventry  CV47AL 
ENGLAND 

Poholsky,  Joel  II-2B9 
see 

Kaput 


Putnam,  Ralph  1-338 

Mfchirjan  State  University 

441  Eriefcson  HaS 

East  Lansing.  Ml  48824-1034 

U.SA 

Radford,  Luis  111-392 
Univ.  do  San  Carlos  da  Guatemala 
17  aventta  50-08  zona  t2 
Guatemala,  Gualemala 
CENTRAL  AMERICA 

Refss,  Matthias  11-310 
ParJagogischa  Hochscnute 
Btsmarckstr.  10 
7500  Karlsruhe 
WEST  GERMANY 

Rene  deCotret,  Sophie  111-155 

Ltorverslecte  Grenoble  I 

20  rue  Thiers 

38000  Grenoble 

FRANCE 

nesnlcfc,  Lauren  B.  1-338 
U.  of  Pittsburgh,  11-184 
Learn.  Res.  &  Dev.  Cent.  111-215 
3939  OUara  Street 
Pittsburgh,  PA  15260 
U.SA 

RetachlUM,  Jean  ill-50 

UniversiterJeFribourg 

FSeutedesFougeres 

Ch-!700Frtoourg 

SWITZERLAND 

Rice,  Donald  N.  11-1 70 

Inst,  tor  the  Study  of 

Learning  Difficulties 

S.  Australian  Cod.  of  Adv.  Education 

Sturt  Campus.  Bedford  Park  5042 

AUSTRALIA 

Richard,  Francois*  Hl-379 
see 

Albert 
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Rojano,  Teresa  1-301 

r^ritrocie  Invest  iEslud. 

Avan.dellPN 

Niooii*  San  Juan  No.1421. 

Col.  Dei  Vale 

Mexico.  D.F.  03100 

MEXICO 


H-135 


111-76 


W-325 


11-444 
11-449 


1-71 


Roa#n,  Ganthon 

Dpt.  ol  Science  Teaching 

Welzmam  institute  for  Science 

Renewal  78100 

ISRAEL 

Roocnler,  Andre 
Unfvenrte  dOrteans  -  BP  6759 
I.R.E.M.  Dep.  da  Math,  at  tflnfo. 
45067  Orleans  Cedex2 
FRANCE 

Rute-Zuntga,  Angel 
Escuftiade  Matemaifcas 
UnivtrsidaddaCoctaRica 
San  Jost.Coata  Rica 
CENTRAL  AMERICA 

Sacfcur-Grtavant,  Catherine 
InMChartMdaFoucauU 
O6IO0  Nice 
FRANCE 

Sakonkas,  Haraaamboa 

King's  Cofc.Educ.  Stud.. 
Chelsea  Campus 
552  tang's  Road 
London  SW10  OVA 
ENGLAND 


Sayar,  Attn*  11-289 
sea 

Kaput 

ScaUy.  Suaan  Paotz  11-46 

Emory  Uriversty 

OMslon  of  Educational  Studies 

Atlanta.  Qaorgia  30322 

USA. 

SchHamann,  Anatucta  Dtw  1-289 

Mestrado  am  Pstedooia, 

Soandar.CFCH 

Univ.  Fed.  da  Pemambuco, 

Cid.Urivarsia. 

50.739  Recie,  PE 

BRASH. 

Schroeder,  Thomas  L.  ltl-31 8 

Dept.  olCurrft  Inst.  II1-332 

University  oi  Calgary 

Calgary,  Ata. 

CANADA 

T2NN4 


ScnutrjcKaren  U-250 

Qaorgia  State  Univ., 

DeptofCurr.&lnet. 

(Jntvertly  Plaza 

Atlanta,  GA 30303 

USA 

8ch*ertz,ShJriey  S.  HI-285 

2304NBen|amifi  Building 

U.  ol  Maryland.  Dap.  d  Curr.  &  Instr. 

Coaaga  Park,  MO  20742 

U.SA 

Scftwartt,  Jodah  L  (-235 

Educ.  Tech.  Center, 

Harvard  Unlvereny 

337 Gasman  Ubrary, 

Grad.Sch.o(Educ 

Appian  Way.  Cambridge,  MA  021 38 

USA 

Scott-Hodgattt,  Roealinda  111-339 
Dep.  ol  Math.  Sc.  &  Computing 
South  Bank  Polytechnic 
Borough  Rd,  London  SB  OAA 
ENGLAND 

Slant,  Anna  111-162 
Israel  Science  Teaching  Contra 
Hebrew  University  of  Jerusrfain 
Ghat  Ram,  Jerusalem  8604 
ISRAEL 

Shaughnetsy,  Hchaei  H-148 

Department  of  Mathematics 

Oregon  State  University 

CorvaHt,  Oregon 97330 

USA 

Shkjematsu,  KeUcH  11-243 

NARA  University  ol  Education 

Takanatake-cho 

Nara  City.  630 

JAPAN 

Shirk,  George  llt-S2 

Univ.  ol  Toledo. 

DefjlofEwtyChUEduc. 

2801 W.  Bancroft  St 

Toledo,  Ohio  43606 

U.SA 

SJerpkttfc*,  Anns  tll-170 

Inst  of  Maths  ol  the 

PoashAc-olScierca 

P.a  137 

00460  Warsaw 

POLAND 
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Rtlutr  Frtwarri  A 

OllWI|  bUTIBIU  n. 

MfcUO 

TKArlAn  1  nTf* 
IIWlKfll,  L.U1U 

l~4  I  1 

1  Irtfuoretta  fit*  QKonSmnka 
Ul  [{Vtfiotio  UtJ  ollttiUiUUfttf 

Malh.&Sc.  Educ. 

Facutted'Educatton 

San  Diego  State  University 

ShertxcoKe,  Quebec 

Can  Ria/Yt  PA  09109 

PAN AH A 

lie  t 

U.O.A. 

UK  9R1 

o  i  r\  cry  i 

Sinclair  Harmlna 

l-9ft 

Ttwrinunn  Patrick  W 

1  cto 

HI  HV.  Uo  UUI  loVtJ, 

luinoiS  oiaie  university 

Pat  Pity  A  Crl  Piiiir 

UVyaAUlKJin  UI  tVldUIOFlKlUlfO 

9A  niA f^AnAmUrVifnur 

1  ¥J  It  t  W(  1 1             1  /V  1 

1911  ftarWWa  4 

lie  i 

SWIT7ERI  AND 

1  ltunifJ9Ull|  Mlud  vs. 

1.9  Aft 

wwuii ,  vuunn 

minois  oiaie  university 

Hard  Al  M*)thnmAtl/*£ll  Qf-inrirjic 

Can  DiArm  PA  091 AP 

1 1  A 

U.S.A. 

in  ooy 

Sterrett,  Susan  G. 

I-338 

School  of  Education 

3939  O'Hara  Street 

University  of  Tel  Aviv 

Pftlchnmh  PA  KORn 

To!  Auiu  R0O7A 

USA 

IQnntL 

oiuiivwaioii  uwiiy 

1-1  Rfi 

1  IIU9U|  UUld 

III  QftQ 

Dept.  of  Mathematics  &  Statistics 

IM91 

Tel  Aviv  University 

Miami  University 

RamatAvlv  69  97B 

Ii/aiUIU,  Win  43U9D 

1  UI  rtVIV 

U.SA 

ISRAEL 

OllWlMlllUf  LtVwII 

l~**U3 

IUII1CI,  Ii£iJR 

I^11Q 
l**t  1? 

vHUId  UlllVUlMy  Ui  UllUW H 

riant  nf  PH 

oRci  fin  1  ItrArtit 

P.O.B.  653 

THE  NFTHFR1  AMDS 

ISRAEL 

(SdthArlanri  Rfyutmtind 

wutim  «0i |U|  nwiHuiiuiiu 

1-241 

Dan*  nl  Maths  Rtnte  A  P.cimniitinn 

tindarhlll  Robert 

US nJv<  1*111)  nwl/Ill 

11-389 

Univ.  of  London  Inst,  ol  Education 

Virginia  Tech 

11-396 

20  Bedford  Way 

300  Memorial  Gym 

Rl-irkshiirn  VA  ?4nfil 

ENGLAND 

U.S.A. 

<?utlnn  RnoAiimrv  P 

99 

V0(Uc1IIU(UO|  IVI. 

1  ODD 

ninvfllatvl  filatft  Unh/Arcftv 

Vn3  VVKIl  M  OIQIO  UI  NYOI  <3'ljr 

see 

Colleoo  of  Education 

niavalarvl  Ohio  44 11 S 

U.S.A. 

VHiyilaUu,  UVIolU 

1*42 

Greco  Didactique 

Tolzl,  N. 

1-255 

54,  Boulevard  Raspail 

see 

uci\j  rata  vcutjA  yo 

Zfihavi 

PRANCE 

Tnll  tlav  tri 
i  u(i|  liflvni 

1-262 

WIIHiyV|  nvrvwll 

111  t**J 

Lf  1  HVUOIty  UI  VVdlVYIvn 

Hl-fiQ 

OldlCJ  UI  llvuiaHy  ui  utioolU 

HJ-9AQ 

Math*;  Frtiicfltinn  Rflftftarrh  Cfintnr 

Coventry  CV4  7AL 

Tibordreel  4 

ENGLAND 

3561  GG  Utrecht 

THE  NETHERLANDS 

-  w- 


Verachaftol.  Uavsrt  11-375 

Vesaiusstnut  23000 

Leuven 

BELGIUM 

Vlncant,  Hugh  11-317 

I  Sycamore  Dene 

Che  sham 

Bucks  HPS  3JT 

ENGLAND 

Vlnrter,  Shtomo  M-177 
Israel  Science  Teaching  Center 
The  Hebrew  University  of  Jerusalem 
Grval  Ram,  Jerusalem  9804 
ISRAEL 

Wagner,  Slgrtd  m-425 

105  AderhoW  Hall 

UnivorsilyofGeoftjia 

Athens.  GA  30602 

U.S.A. 

V/axman,  Barbara  11-142 

Pine  Manor  Co tege 

400  Heaih  Street 

Chestnut  Hit),  MA  02167 

U.S.A. 

Weame,  Diana  1-391 

College  o(  Education 

University  ot  Delaware 

Newark,  DE  I97I6 

U.S.A. 

Weinberg,  Donna  m-346 

Michigan  State  Unlversly 

Dept  ot  Mathematics,  Wels  Hall 

East  Lansing.  Ml  48824 

U.S.A. 

Whaeler,  David  1-55 

Concordia  University. 

Math.  Department 

1455  De  Maisonneuve  Brvd  West 

Montreal,  Quebec 

CANADA 

H3G1M8 


Wolf,  Nelly  1419 
Dept.  of  Ed.. 

Bon-Gurion  Univ.  of  Negev 
P.O.  B.  653 
Beer-Sheva  84I05 
ISRAEL 

Yackel,  Ema  m-208 

Purdue  University 

Education  Department 

West  Lafayette,  IN  47907 

U.SA 

Yemthalmy,  Michal  H-53 

4  Bet-El  Street 

Haifa 

ISRAEL 

Ztmbujo,  Marta-Crtstlna  m-63 

E.S.dosOSvaisNo.l 

Urb.Portela  Lote427oA 

P.Z685Sacavem.Usboa 

PORTUGAL 

Zehavl,  Nurtt  1-255 
Department  of  Science  Teaching 
The  Weizmann  Institute  of  Science 
Rehovot  76100 
ISRAEL 

Zehnan,  Susan  11-142 

Emmanuel  College,  Boston,  Mass. 

*  Kensington  Pk. 

Artington,  Mass  02(74 

U.SA 


Wheeler,  Margariata  M. 

Dopt  ot  Mathematical  Sciencso 
Northom  Illinois  University 
DeKatt),  IL  60H5 
U.S.A. 


III-362 


Wilson,  Jamas  w. 

Ur.iv.of  Georgia.  Maths.  Educ.  Dpt 
B5  AderholdHall 
Athens,  GA  30002 

U.S.A. 


IH-369 


ERIC 


139,' 


